
8 Remark on Invariance of Manifolds

Let
ẋ = f(x, y)
ẏ = g(x, y)

(12)

for x ∈ Rk, y ∈ Rm, k +m = n, and let a manifold S be de�ned by

S = {(x, y) ∈ Rk × Rm | y = h(x)}.

Proposition: If
g(x, h(x)) = Dh(x)f(x, h(x)) (13)

then S is an invariant manifold of (12).

Proof: Let
(x, y) = (x, h(x))

be a point on S. The vector �eld at this point is given by

(f(x, h(x), g(x, h(x))

and a tangent vector to the manifold at this point is given by −→τ = (1, Dh(x)), and therefore a vector normal
to the surface S is

−→n = (−Dh(x), 1)

(since −→τ · −→n = 0). Since

−→n · (f(x, h(x), g(x, h(x)) = (−Dh(x), 1) · (f(x, h(x), g(x, h(x))

= g(x, h(x))−Dh(x)f(x, h(x))

= 0,

we have that the vector �eld at any point on S is tangent to S, and therefore S is invarant with respect to
the �ow of (12).
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