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Abstract

We propose a method to compute invariant subsets of the region-of-attraction for asymptotically sta-

ble equilibrium points of polynomial dynamical systems with bounded parametric uncertainty. Parameter-

independent Lyapunov functions are used to characterize invariant subsets of the robust region-of-

attraction. A branch-and-bound type refinement procedure reduces the conservatism. We demonstrate

the method on an example from the literature and uncertain controlled short-period aircraft dynamics.

I. INTRODUCTION

We consider the problem of computing invariant subsets of the region-of-attraction (ROA) for

systems with polynomial vector fields and bounded parametric uncertainty. Since computing the

exact ROA, even for systems with known dynamics, is hard, research has focused on determining

Lyapunov functions whose sublevel sets characterize invariant subsets of the ROA [8], [9], [19].

Recent advances in polynomial optimization based on sum-of-squares (SOS) relaxations [12] are

utilized to determine invariant subsets of the ROA for systems with known polynomial and/or

rational dynamics solving optimization problems with matrix inequality constraints [21], [15],

[7], [14], [17]. The literature on ROA analysis for systems with uncertain dynamics includes

a generalization of Zubov’s method [4] and an iterative algorithm that asymptotically gives

the robust ROA for systems with time-varying perturbations [11]. Systems with parametric

uncertainties are considered in [5], [13], [18]. The focus in [5] is on computing the largest

sublevel set of a given Lyapunov function that can be certified to be an invariant subset of

the ROA. References [13], [5] propose parameter-dependent Lyapunov functions which lead to

potentially less conservative estimate of the ROA compared to parameter-independent Lyapunov

functions at the expense of increased computational complexity.
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This paper follows [16], using bilinear sum-of-squares optimization to determine invariant

subsets of the robust ROA. The differences lie in the allowed uncertain parameter dependence

and the class of Lyapunov functions. The approach in [16] employs parameter-independent

Lyapunov functions for systems whose vector field depends affinely on uncertain parameters

known to lie in a given polytope, reminiscent of quadratic stability analysis [3], where a single

quadratic Lyapunov function certifies the stability of an entire family of uncertain linear systems,

usually described by a polytope of linear vector fields. Of course, using a common Lyapunov

function tends to yield conservative results, and the restriction to polytopes of vector fields

is undesirable. This paper partially alleviates both of these limitations. First, vector fields are

allowed to depend affinely on polynomial functions of the uncertain parameters, and we develop

methods to cover these with a polytope of vector fields (so that [16] applies). Additionally, we

propose a branch-and-bound type procedure [10] to partition the uncertainty set, computing a

different parameter-independent Lyapunov function for each cell of the parameter space. Taken

together, this collection implicitly defines a parameter-dependent Lyapunov function, V (x, δ)

which is polynomial in x (state) for fixed δ (uncertain parameter), and piecewise constant in δ

for fixed x. We note that in robustness analysis involving time-invariant unknown parameters, it

is common, [2], [22], to combine easily-computable sufficient conditions with branch-and-bound

strategies, often yielding improved analysis results.

An alternate for the conservativeness of parameter-independent Lyapunov functions is using

polynomially parameter-dependent Lyapunov functions as proposed in [5], [13]. Although SOS

optimization can be used with parameter-dependent Lyapunov functions, the ensuing optimiza-

tion problem is challenging because uncertain parameters are treated as additional independent

variables in the SOS conditions, which can greatly affect the size of the semidefinite programs.

Moreover, choosing a suitable and effective polynomially parameter-dependent basis for the

Lyapunov function is not intuitive.

Finally, the methodology based on branch-and-bound, applied to robust ROA analysis here,

is also applicable to local reachability and gain analysis of systems with parametric uncertainty.

Notation: R[x] is the set of polynomials in x with real coefficients. For π ∈ R[x], ∂(π) denotes

the degree of π. The subset Σ[x] := {π2
1 + · · · + π2

m : π1, · · · , πm ∈ R[x]} is the set of

SOS polynomials. For η ∈ R and g : Rn → R, the η-sublevel set Ωg,η of g is defined as

Ωg,η := {x ∈ Rn : g(x) ≤ η}. C1(Rn) denotes the set of continuously differentiable, scalar



valued functions on Rn.

II. ESTIMATION OF THE ROBUST ROA OF SYSTEMS WITH PARAMETRIC UNCERTAINTY

Consider the system governed by

ẋ(t) = f(x(t), δ), (1)

where δ ∈∆ ⊂ Rm is the vector of unknown parameters and ∆ is a known bounded polytope.

For each δ ∈ ∆, f(·, δ) : Rn → Rn is locally Lipschitz and satisfies f(0, δ) = 0. The robust

region-of-attraction (ROA) is the intersection of the ROAs for all systems governed by (1),

i.e.,
⋂

δ∈∆ {x0 ∈ Rn : limt→∞ ϕ(t;x0, δ) = 0}, where ϕ(t;x0, δ) denotes the solution of

(1) at time t with initial condition x0 and fixed parameter value δ ∈ ∆. Trivial extensions of

results found in classic texts [20] show that sublevel sets of appropriate Lyapunov functions

are invariant subsets of the robust ROA. For any D ⊂ Rm and V ∈ C1(Rn), define MD,V :=
⋂

δ∈D {x ∈ Rn : ∇V (x)f(x, δ) < 0} .

Proposition 2.1: If there exist γ > 0 and V ∈ C1(Rn) such that

V (0) = 0 and V (x) > 0 for all x &= 0, (2)

ΩV,γ is bounded, and (3)

ΩV,γ\{0} ⊂M ∆,V , (4)

hold, then for all x0 ∈ ΩV,γ and for all δ ∈ ∆, ϕ(t;x0, δ) exists, satisfies ϕ(t;x0, δ) ∈ ΩV,γ for

all t ≥ 0, and limt→∞ ϕ(t;x0, δ) = 0, i.e., ΩV,γ is an invariant subset of the robust ROA. '

Now restrict attention to a special case, where the dependence of f on δ is affine, to obtain

conditions equivalent to (4) but suitable for numerical verification (a generalization to polynomial

dependence on δ is treated in section III). Assume that (1) is in the form

ẋ(t) = f0(x(t)) +
m∑

i=1

δifi(x(t)), (5)

where f0, f1, . . . , fm : Rn → Rn are known locally Lipschitz functions and satisfy fi(0) = 0

for i = 0, 1, . . . ,m, and δ ∈∆. Further, denote the set of vertices (extreme points) of ∆ by E∆.

Then, the affine dependence of the vector field on δ trivially implies the following (e.g. [16]).

Proposition 2.2: For the vector field in (5) and V ∈ C1(Rn), M∆,V = ME∆,V . '



Consequently, for any V ∈ C1(Rn) satisfying (2), (3), and

ΩV,γ\{0} ⊂M E∆,V , (6)

the sublevel set ΩV,γ is an invariant subset of the robust ROA. In order to enlarge the computed

invariant subset of the robust ROA by choice of V, we introduce a fixed, positive definite, convex

function p, called the analysis shape factor and maximize β while imposing the constraints (2)-

(3), (6), and Ωp,β := {x ∈ Rn : p(x) ≤ β} ⊆ ΩV,γ . This is written as an optimization problem,

βopt
∆ (V) := max

V ∈V,β>0,γ>0
β subject to (2), (3), (6), and Ωp,β ⊆ ΩV,γ. (7)

Here, V ⊂ C1(Rn) denotes the set of candidate Lyapunov functions over which the maximum

is computed. In practice, p is problem-dependent and chosen by the analyst. Since the form

of the certified inner estimate of the robust ROA is a sublevel set of p, the sublevel sets of

p should be well-understood (for in high-dimensions they cannot be visualized), and should

reflect directionality/scaling information that the analyst is interested in learning with regard

to the robust ROA. In order to relax the problem in (7) to a SOS programming problem, we

require f0, f1, . . . , fm and p to be polynomials and restrict V to be a polynomial in x of fixed

degree. Further, we use generalizations of the S-procedure [16] to obtain sufficient conditions

for the set containment constraints in (7) and SOS conditions for polynomial nonnegativity [12]:

if π ∈ Σ[x], then π is nonnegative.

Let Vpoly ⊆ V , S1, S2, and S3 be prescribed finite-dimensional subsets of R[x], and denote

S = (S1,S2,S3). For a polytopic subset D of ∆ and positive definite polynomials l1 and l2

(typically li(x) = εixT x with small scalars εi), define βD(Vpoly,S) as

βD(Vpoly,S) := max
V ∈Vpoly,β,γ,s1∈S1,s2δ∈S2,s3δ∈S3

β subject to

s1 ∈ Σ[x], s2δ ∈ Σ[x], s3δ ∈ Σ[x], for all δ ∈ ED, (8a)

β > 0, γ > 0, V (0) = 0, V ∈ Vpoly, V − l1 ∈ Σ[x], (8b)

− [(β − p)s1 + (V − γ)] ∈ Σ[x], and (8c)

− [(γ − V )s2δ +∇V (f0 +
∑m

i=1 δifi)s3δ + l2] ∈ Σ[x], for all δ ∈ ED. (8d)

The feasibility of the constraints in (8) is sufficient for the feasibility of the constraints in (7).

Therefore, β∆(Vpoly,S) ≤ βopt
∆ (V). Note that in (8a), since ED is a finite set, {s2δ, s3δ}δ∈ED is a

finite set of polynomials in x, indexed by δ.



The optimization in (8) is naturally converted to a bilinear semidefinite program (SDP), with 3

“types” of decision variables: the free parameters in V , the free parameters in the s polynomials,

and the free parameters introduced by the SOS constraints. The SDP is bilinear in the free

parameters in V and multipliers s, as evidenced by the product terms (e.g. V s2δ, ∇V fs3δ, etc).

We have made significant pragmatic progress in obtaining high-quality solutions to (8), using

simulation to first derive a convex outer-bound on the set of feasible V parameters [17], followed

by coordinatewise optimization over V and (s1, s2δ, s3δ). Nevertheless, the nonconvexity is not

to be taken lightly, and any numerical attempt to compute βD(Vpoly,S) must itself treated as a

lower bound.

Finally, note that, if l1 and l2 have positive definite quadratic part, then the feasibility of

(8) implies the robust stability of the uncertain linearized dynamics established with a common

quadratic Lyapunov function. For systems with cubic vector fields, the feasibility of (8) is also

necessary by the following theorem whose proof is in the Appendix.

Theorem 2.1: Let f0, . . . , fm be cubic polynomials in x satisfying f0(0) = . . . = fm(0) = 0,

P * 0, L1 * 0, L2 * 0, p(x) = xT Px, l1(x) = xT L1x, and l2(x) = xT L2x. For δ ∈ ∆, let Aδ

be such that Aδx is the linear (in x) part of f0(x)+
∑m

i=1 δifi(x). If there exists Q * 0 satisfying

AT
δ Q+QAδ ≺ 0 for all δ ∈ E∆, then the constraints in (8) are feasible with ∂(V ) = ∂(s2δ) = 2

and ∂(s1) = ∂(s3δ) = 0. '

III. POLYNOMIAL PARAMETRIC UNCERTAINTY

We extend section II to systems with polynomial parametric uncertainty

ẋ(t) = f0(x(t)) +
m∑

i=1

δifi(x(t)) +

mpu∑

j=1

gj(δ)fm+j(x(t)), (9)

where f0, f1, . . . , fm, fm+1 . . . , fm+mpu : Rn → Rn are vector valued polynomial functions

satisfying f0(0) = . . . = fm+mpu(0) = 0, and g1, . . . , gmpu ∈ R[δ] are scalar valued polynomial

functions, and δ takes values in a bounded polytope ∆. We begin with mpu = 1 (for simplicity)

and then generalize for mpu ≥ 1.

Replacing g1(δ) by an artificial parameter φ, the dynamics in (9) can be written as

ẋ(t) = f0(x(t)) +
m∑

i=1

δifi(x(t)) + φfm+1(x(t)). (10)



Our approach is based on covering the graph of g, {(ζ, g(ζ)) ∈ Rm+1 : ζ ∈∆} , by a bounded

polytope Γ ⊂ Rm+1. Then, the dependence of the vector field in (10) on the parameters (δ, φ)

is affine and (δ, φ) takes values in the bounded polytope Γ. Therefore, results from section II

are applicable for the system in (10) by replacing ∆ by Γ.

A polytope Γ covering the graph of g can be obtained by bounding g from above and

below by affine functions aT
u δ + bu and aT

l δ + bl over the set ∆, namely Γ(al, au, bl, bu) :=
{
(ζ, ψ) ∈ Rm+1 : ζ ∈∆, aT

l ζ + bl ≤ ψ ≤ aT
u ζ + bu

}
. The volume of Γ is a linear function of

al, au, bl, and bu, Volume(Γ(al, au, bl, bu)) = (au − al)T

∫

∆

ζdζ + (bu − bl)

∫

∆

dζ. The polytope

with smallest volume among such covering polytopes can be characterized via

min
al,au,bl,bu

Volume(Γ(al, au, bl, bu)) subject to

g(δ)− (aT
l δ + bl) ≥ 0 and g(δ)− (aT

u δ + bu) ≤ 0, ∀δ ∈∆.
(11)

An upper bound for this minimal volume can be computed by a linear SOS optimization problem.

To this end, let affine functions hi, i = 1, . . . , N , provide an inequality description for ∆, i.e.,

∆ = {ζ ∈ Rm : hi(ζ) ≥ 0, i = 1, . . . , N} .

Proposition 3.1: The value of the optimization problem

min
a,b,σui∈Sui,σli∈Sli

Volume(Γ(al, au, bl, bu)) s.t. σαi ∈ Σ[δ], α ∈ {l, u} , i = 1, . . . , N,

−g(δ) + (aT
u δ + bu)−

∑N
i=1 σui(δ)hi(δ) ∈ Σ[δ],

g(δ)− (aT
l δ + bl)−

∑N
i=1 σli(δ)hi(δ) ∈ Σ[δ]

(12)

is an upper bound for (11). Here S’s are finite dimensional subsets of R[δ]. '

Proof: Since ∆ is defined by {hi(δ) ≥ 0}i=1,...,N , constraints in (12) imply that aT
l δ + bl ≤

g(δ) ≤ aT
u δ + bu for all δ ∈∆.

Remark 3.1: Volume(Γ(al, au, bl, bu)) = Volume(Γ(0, au, 0, bu))−Volume(Γ(0, al, 0, bl)), hence

the optimizing values of a and b in (12) can be computed by two smaller optimizations. '

In case mpu ≥ 1, affine upper and lower bounds for g1, . . . , gmpu (regardless of whether gj

are polynomials) can be used to construct a polytope covering the graph of (g1, . . . , gmpu) as

formally stated in the following proposition from [1].

Proposition 3.2: For j = 1, . . . ,mpu, let aT
ljδ + blj and aT

ujδ + buj be affine functions bound-

ing gj over ∆ from below and above, respectively. Then, the polytope Γ with the vertex

set EΓ :=
⋃

ζ∈E∆

{
(ζ, ψ1, . . . , ψmpu) ∈ Rm+mpu : ψj = aT

αjζ + bαj, α ∈ {l, u}, j = 1, . . . ,mpu

}

contains the graph of (g1, . . . , gmpu). '



This gives one specific procedure to cover the graph of a vector-valued multivariate polynomial by

a convex polytope. Advances in graph covering strategies and quantifying the trade-off between

the number of vertices and the volume of the covering polytope would be relevant to the robust

ROA problem.

IV. BRANCH-AND-BOUND TYPE REFINEMENT IN THE PARAMETER SPACE

The problem in (8), applied with D = ∆, computes invariant subsets of the robust ROA

characterized by a single Lyapunov function though its results may be conservative: the certified

invariant subset may be too small relative to the robust ROA. On the other hand, a less conser-

vative estimate of the robust ROA is “obtained” by solving (8) for each δ ∈ ∆ with D = {δ}.

For a subset D ⊆∆, define

β∗D(Vpoly,S) := min
δ∈D

β{δ}(Vpoly,S). (13)

Then, β∆(Vpoly,S) ≤ β∗∆(Vpoly,S). However, computing β∗∆(Vpoly,S) requires solving an opti-

mization problem for each δ ∈∆, and consequently is impractical. Next, we propose an informal

“branch-and-bound” type procedure for computing lower and upper bounds for β∗∆(Vpoly,S), i.e.,

localizing the value of β∗∆(Vpoly,S). The method is based on computing a different Lyapunov

function for each cell of a finite partition, D, of ∆.

Branch-and-bound (B&B) is an algorithmic method for global optimization based on two

steps: the search region is partitioned into a union of smaller regions, or cells (branching) and

then upper and lower bounds for the objective function restricted to each cell are computed

(bounding) [10]. These steps are repeated, refining the partition each repetition (e.g. subdividing

the cell with the worst lower bound). If the upper and lower bounds are such that their difference

converges to zero uniformly as the size of the cell goes to zero, then the B&B algorithm converges

to a global optimum. Without such specific guarantees, steps are simply repeated until the gap

between the upper and lower bounds gets suitably small or a maximum number of steps is

reached. Additionally, for our problem, we take into account the polytopic covering described

in section III, and recompute this covering whenever any cell is subdivided.

The lower and upper bounds are defined over any polytope D ∈ ∆. Certainly βD (Vpoly,S)

is a lower bound for β∗D(Vpoly,S). Upper bounds for β∗D(Vpoly,S) can be obtained via divergent

trajectories and infeasibility of certain necessary conditions for the constraints in (8). Let δ ∈ D



and βnc(δ) be the minimum value of p attained on all non-convergent trajectories of (5), with

βnc(δ) :=∞ if there is no non-convergent trajectory. Since every trajectory entering an invariant

subset of the robust ROA has to converge to the origin, Ωp,βnc(δ) cannot be a subset of the robust

ROA; hence, for any Vpoly and S, β∗D(Vpoly,S) < βnc(δ). Note, any non-convergent trajectory

yields an upper bound on βnc(δ), and consequently on β∗D(Vpoly,S). In order to establish another

upper bound, let β > 0 and δ ∈ D be fixed. If there exists V ∈ V certifying that Ωp,β is in

the robust ROA through the constraints in (7), then V has to be (i) positive for all nonzero

x ∈ Rn, (ii) less than or equal to 1 (without loss of generality) and decreasing along every

trajectory of (5) (for this fixed δ) starting in Ωp,β. Therefore, if no V ∈ V satisfies properties (i)

and (ii), then there is no V ∈ V certifying that Ωp,β is in the robust ROA via (7). The minimum

such value, denoted βlp(δ), is an upper bound on β∗D(Vpoly,S). In the case V is parameterized

as V (x) = αT z(x) with z a vector of basis functions and α a vector of real scalar decision

variables, constraints on V along trajectories are affine constraints on α; consequently, an upper

bound on βlp(δ) can be determined by simulation and linear programming (see [17]). As in all

B&B algorithms, the minimum (over the subsets that partition ∆) of these upper and lower

bounds are upper and lower bounds for β∗∆(Vpoly,S).

V. IMPLEMENTATION ISSUES

The optimization problem in (8) provides a recipe to compute invariant subsets of the robust

ROA. However, the number of constraints in (8) and consequently the number of decision

variables increase exponentially with m + mpu because (8d) contains a SOS constraint for

each vertex value of the uncertainty polytope. The increase in the problem size may render (8)

computationally challenging for even modest values of m+mpu. An ad-hoc, sequential approach

(from [16]), partially alleviates this difficulty, but without quantified, a priori guarantees as to

its success. To this end, let D be a polytopic subset of ∆ and Dsample be a finite sample in D,

with (typically) significantly fewer points than ED:

• Solve (8) with Dsample, Vpoly, and S and call the optimizing Lyapunov function Vsample.

• For each δ ∈ ED, compute

γδ := max
0<γ,s2δ∈S2,s3δ∈S3

γ subject to s2δ ∈ Σ[x], and s3δ ∈ Σ[x],

−[(γ − Vsample)s2δ +∇Vsample(f0 +
∑m

i=1 δifi))s3δ + l2] ∈ Σ[x],
(14)



and define γsubopt := min {γδ : δ ∈ ED} . At this point, ΩVsample,γsubopt is an invariant subset

of the robust ROA.

•Determine the largest sublevel set Ωp,βsubopt
D (Vpoly,S) of p contained in ΩVsample,γsubopt by solving

βsubopt
D (Vpoly,S) := max

s1∈S1,β
β subject to s1 ∈ Σ[x]

−[(β − p)s1 + Vsample − γsubopt] ∈ Σ[x].
(15)

While this sequential procedure sacrifices optimality (i.e., for a given polytopic subset D ⊆∆,

βsubopt
D (Vpoly,S) ≤ βD(Vpoly,S)), it has some practical advantages: For a fixed Lyapunov function

candidate Vsample, constraints in (8d) (one SOS constraint for each vertex value of D) decouple.

Therefore, it is possible to determine largest value of γ such that ΩVsample,γ ⊂ {x ∈ Rn :

∇Vsample(x)f(x, δ) < 0} for every δ ∈ ED by solving (14) independently for each δ ∈ ED.

Remark 5.1: If Dsample is a singleton, the value βDsample
(Vpoly,S)−βsubopt

D (Vpoly,S) is always

non-negative and can be interpreted as a measure of potential improvement in the lower bound

for β∗∆(Vpoly,S) by further subdivision of D. Therefore, it may be used as an informal stopping

criterion in the B&B algorithm. However, we re-emphasize that βDsample
(Vpoly,S) is computed

solving a non-convex optimization problem, so that its use as an upper bound is ad hoc and

referred to as a “quasi-upper” bound (e.g. see Figure 2). '

VI. EXAMPLES

For the following examples, we implemented the sequential procedure from section V using

the method from [17] in the first step with l1(x) = l2(x) = 10−6xT x and p(x) = xT x.

A. An example from the literature

Consider the system, [6], governed by

ẋ =



 −x1

3x1 − 2x2



 +



 −6x2 + x2
2 + x3

1

−10x1 + 6x2 + x1x2



 δ +



 4x2 − x2
2

12x1 − 4x2



 δ2,

with δ ∈ [0, 1] =: ∆. We applied the refinement procedure with the initial partition {[0, 1]} for

∂(V ) = 2 and ∂(V ) = 4. Upper and lower bounds for β∗∆ (top left for ∂(V ) = 2 and top right

for ∂(V ) = 4) and certified invariant subsets of the robust ROA are shown in Fig. 1. In both

cases, the first iteration (a parameter independent Lyapunov function for ∆, [16]) and even a

few more do not yield a certified region.



10 20 30 40 50
0

0.5

1

number of iterations

!

!
nc!

lp

lower bounds

20 40 60
0

0.5

1

number of iterations

!

!
nc

lower
bounds

!" !"

•Determine the largest sublevel set Ωp,βsubopt
D (Vpoly,S) of p contained in ΩVsample,γsubopt by solving

βsubopt
D (Vpoly,S) := max

s1∈S1,β
β subject to s1 ∈ Σ[x]

−[(β − p)s1 + Vsample − γsubopt] ∈ Σ[x].
(15)

While this sequential procedure sacrifices optimality (i.e., for a given polytopic subset D ⊆∆,

βsubopt
D (Vpoly,S) ≤ βD(Vpoly,S)), it has some practical advantages: For a fixed Lyapunov function

candidate Vsample, constraints in (8d) (one SOS constraint for each vertex value of D) decouple.

Therefore, it is possible to determine largest value of γ such that ΩVsample,γ ⊂ {x ∈ Rn :

∇Vsample(x)f(x, δ) < 0} for every δ ∈ ED by solving (14) independently for each δ ∈ ED.

Remark 5.1: If Dsample ⊂ D is a singleton, the value βDsample
(Vpoly,S)− βsubopt

D (Vpoly,S) is

always non-negative and can be interpreted as a measure of potential improvement in the lower

bound for β∗∆(Vpoly,S) by further subdivision of D. Therefore, it may be used as an informal

stopping criterion in the B&B algorithm. However, we re-emphasize that βDsample
(Vpoly,S) is

computed solving a non-convex optimization problem, so that its use as an upper bound is ad

hoc and referred to as a “quasi-upper” bound (e.g. see Figure 2). $

VI. EXAMPLES

∂(V ) = 2 ∂(V ) = 4

For the following examples, we implemented the sequential procedure from section V using

the method from [17] in the first step with l1(x) = l2(x) = 10−6xT x and p(x) = xT x.

A. An example from the literature

Consider the system, [6], governed by

ẋ =



 −x1

3x1 − 2x2



 +



 −6x2 + x2
2 + x3

1

−10x1 + 6x2 + x1x2



 δ +



 4x2 − x2
2

12x1 − 4x2



 δ2,

with δ ∈ [0, 1]. We applied the refinement procedure with the initial partition {[0, 1]} for ∂(V ) =

2 and ∂(V ) = 4. Upper and lower bounds for β∗[0,1] (top left for ∂(V ) = 2 and top right for

∂(V ) = 4) and certified invariant subsets of the robust ROA are shown in Fig. 1. In both cases,

the first iteration (a parameter independent Lyapunov function for ∆, [16]) and even a few more

do not yield a certified region.

•Determine the largest sublevel set Ωp,βsubopt
D (Vpoly,S) of p contained in ΩVsample,γsubopt by solving

βsubopt
D (Vpoly,S) := max

s1∈S1,β
β subject to s1 ∈ Σ[x]

−[(β − p)s1 + Vsample − γsubopt] ∈ Σ[x].
(15)

While this sequential procedure sacrifices optimality (i.e., for a given polytopic subset D ⊆∆,

βsubopt
D (Vpoly,S) ≤ βD(Vpoly,S)), it has some practical advantages: For a fixed Lyapunov function

candidate Vsample, constraints in (8d) (one SOS constraint for each vertex value of D) decouple.

Therefore, it is possible to determine largest value of γ such that ΩVsample,γ ⊂ {x ∈ Rn :

∇Vsample(x)f(x, δ) < 0} for every δ ∈ ED by solving (14) independently for each δ ∈ ED.

Remark 5.1: If Dsample ⊂ D is a singleton, the value βDsample
(Vpoly,S)− βsubopt

D (Vpoly,S) is

always non-negative and can be interpreted as a measure of potential improvement in the lower

bound for β∗∆(Vpoly,S) by further subdivision of D. Therefore, it may be used as an informal

stopping criterion in the B&B algorithm. However, we re-emphasize that βDsample
(Vpoly,S) is

computed solving a non-convex optimization problem, so that its use as an upper bound is ad

hoc and referred to as a “quasi-upper” bound (e.g. see Figure 2). $

VI. EXAMPLES

∂(V ) = 2 ∂(V ) = 4

For the following examples, we implemented the sequential procedure from section V using

the method from [17] in the first step with l1(x) = l2(x) = 10−6xT x and p(x) = xT x.

A. An example from the literature

Consider the system, [6], governed by

ẋ =



 −x1

3x1 − 2x2



 +



 −6x2 + x2
2 + x3

1

−10x1 + 6x2 + x1x2



 δ +



 4x2 − x2
2

12x1 − 4x2



 δ2,

with δ ∈ [0, 1]. We applied the refinement procedure with the initial partition {[0, 1]} for ∂(V ) =

2 and ∂(V ) = 4. Upper and lower bounds for β∗[0,1] (top left for ∂(V ) = 2 and top right for

∂(V ) = 4) and certified invariant subsets of the robust ROA are shown in Fig. 1. In both cases,

the first iteration (a parameter independent Lyapunov function for ∆, [16]) and even a few more

do not yield a certified region.
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Fig. 1. Top figures: Bounds for β∗
[0,1] vs. number of B&B iterations with ∂(V ) = 2 (left) and ∂(V ) = 4 (right). Curves

with “◦” are for the lower bounds obtained by directly solving (8) with D taken as the 4 vertices of the corresponding cell and

curves with “"” are for the lower bounds obtained by applying the sequential procedure from section V by taking Dsample as

the center of the corresponding cell. Bottom figure: Intersections of sublevel sets of V ’s certified to be in the robust ROA with

∂(V ) = 2 (inner red, solid curve) and ∂(V ) = 4 (outer red, solid curve), Sublevel sets of p certified to be in the robust ROA

∂(V ) = 2 (inner black, dashed curve) and ∂(V ) = 4 (outer black, dashed curve), estimate of the robust ROA reported in [6]

(blue, dotted curve). Gray dots are the initial conditions of trajectories which do not converge to the origin for some δ ∈ [0, 1].

B. Controlled short-period aircraft dynamics

We apply the robust ROA analysis for uncertain controlled short-period aircraft dynamics (see

the Appendix for parameters)

ẋp =





c01(xp) + δ1c11(xp) + δ2
1q31(xp)

q02(xp) + δ1/T
12xp + δ2q22(xp)

x1




+





/T
b xp + b11 + b12δ1

b21 + b22δ2

0




u,

where xp = [x1 x2 x3]
T , x1, x2, and x3 denote the pitch rate, the angle of attack, and the pitch

angle, respectively, c01 and c11 are cubic polynomials, q02, q22, and q31 are quadratic polynomials,

/12 and /b are vectors in R3, b11, b12, b21, and b22 ∈ R, and u, the elevator deflection, is the
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Fig. 2. Lower bounds for β∗
∆ with ∂(V ) = 2 (solid black with “×”) and ∂(V ) = 4 (solid blue curve with “"”) and βnc (solid

red with “◦”) computed at the centers of the cells generated by the B&B Algorithm for the ∂(V ) = 4 run. Dashed curves

are for (computed values of) β{δ} where δ is the center of the cell with the smallest lower bound at the corresponding step of

the B&B refinement procedure for ∂(V ) = 2 (dashed black with “×”) and ∂(V ) = 4 (dashed blue with “"”).

control input. δ1 ∈ [0.99, 2.05] and δ2 ∈ [−0.1, 0.1] model the variations in the center of gravity

in the longitudinal direction and the mass, respectively. The control input is determined by

ẋ4 = −0.864y1 − 0.321y2 and u = 2x4, where x4 is the controller state and the plant output

y = [x1 x3]
T . Define x :=

[
xT

p x4

]T
. We applied the B&B refinement procedure with ∂(V ) = 2

and ∂(V ) = 4 using the sequential implementation on 9 processors: after each B&B iteration,

the cell with the smallest lower bound is subdivided into 3 subcells and cells with next three

smallest lower bounds are sub-divided into 2 subcells. Fig. 2 shows the lower bounds and upper

bounds. Smallest value of p attained on divergent trajectories, βnc, is 8.60 and obtained for

(δ1, δ2) = (2.039,−0.099) and the initial condition (0.17, 2.65,−0.10, 1.24).

C. Controlled short-period aircraft dynamics with first-order unmodeled dynamics

Consider the closed-loop system in Figure 3 where uncertain first-order dynamics are intro-

duced between the controller output (v) and the plant input (u) from section VI-B

u(s) = (1.25 + G(s; δ3, δ4)) v(s) =

(
1.25 + 0.75δ3

s− δ4

s + δ4

)
v(s). (16)

Here, δ3 ∈ [−1, 1] and δ4 ∈ [10−2, 102] are uncertain parameters and G(s; δ3, δ4) is introduced

to examine the effect of unmodeled dynamics on the ROA. Let ẋ5 = −δ4x5 − δ4v and u =

1.5δ3x5 + (1.25 + 0.75δ3)v be a realization of G and x =
[
xT

p x4 x5

]T denote the state of the



ẋ4 = Acx4 + Bcy

v = Ccx4

!v

! 0.75δ3
s−δ4
s+δ4

1.25 "•
+

! !u ẋp = fp(xp, δp) + B(xp, δp)u

y = [x1 x3]
T

y
!

Fig. 3. Closed-loop system with the uncertain first-order dynamics between the controller and the plant (δp = (δ1, δ2)).

closed loop dynamics. The resultant vector field is affine in δ1, δ2, δ3, δ4, δ1δ3, δ2δ3, and δ2
1 , so the

covering polytopes are in R7 with 128 vertices. We applied the sequential approach of section V,

using the center of each parameter hyper-rectangle as Dsample. The B&B algorithm partitioned

the 4-dimensional δ space into 2221 regions, certifying Ωp,2.8 in the robust ROA. Simply due to

the large number of partitions, this indeed required significant time to solve. Nevertheless, every

computational step consisted of either finding a Lyapunov function for a single, not-uncertain

vector field; or assessing the certification power of a given Lyapunov function on a specified

vector field. These individual computations are “simple,” in that they involve no uncertainty

and decoupled. The complexity is the large number of computations performed, which taken

together, yield a certified robust ROA for the uncertain vector field.

VII. CONCLUSIONS

This paper considers the problem of finding certified, inner-estimates of the region-of-attraction

for a certain class of uncertain nonlinear systems. At its core, the solution approach combines

Lyapunov analysis, S-procedure relaxations, and SOS/SDP optimization. Four factors contribute

to the problem complexity: number of state variables; degree of vector field; number of uncertain

parameters; dependence of vector field on uncertain parameters. The challenges associated with

state dimension and vector field degree (often large optimization problems) appear somewhat

common across solution techniques. By contrast, the issues which arise from uncertainty are

attacked using a variety of diverse techniques.

We address the difficulties due to parameter uncertainty through parallelization, partitioning

the parameter space, solving a large number of (uncoupled) sub-problems. While the Lyapunov

function for each sub-problem is independent of the uncertain parameter, the net result yields a

parameter-dependent (piecewise-constant in the parameter) Lyapunov function. This is an alter-

native to more direct approaches which use explicitly parameter-dependent Lyapunov functions,



e.g. [13], [5], and a single optimization (with additional indeterminate and decision variables,

used to represent the uncertain parameters and capture their constraints) to solve the problem.

Of course, the question of how fine the parameter space partition must be before the proposed

method yields a certified robust ROA is still largely open, so it is impossible to say that one

approach is superior/inferior to another. Similarly, we do not claim that the proposed strategy

is practical for all instances of systems modeled by (9). Indeed, large numbers of uncertain

parameters, entering the dynamics in complex ways might require an untenable level of parameter

space partitioning to yield a positive result. Nevertheless, we have illustrated the approach on

several academic, but nontrivial, examples, including a 5-state, 4-parameter model with non-affine

parameter dependence. Moreover, for cubic (in state) vector fields, we have a (weak) positive

result which follows from Theorem 2.1, namely for any specific partition of the parameter space,

if over each cell, the linearized uncertain dynamics are quadratically stable, then the certification

conditions (8) are guaranteed to be feasible (with analytically derived choices for the decision

variables). Among other things, this implies that the uncertain linearization could provide insight

into the level of parameter space division needed for robust region-of-attraction certification.
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IX. APPENDIX

Let z(x) be a vector of all monomials of degree 2 with no repetition and nz be its length.

Lemma 9.1: Let Q ∈ Rn and Q = QT . 0. Then there exists a positive definite matrix

H ∈ Rnz×nz such that xT xxT Qx = z(x)T Hz(x). '

Proof: Let Li ∈ Rn×nz be such that Liz(x) = xix, then
(
xT x

)
xT Qx =

∑n
i=1(xix)T Q(xix) =

∑n
i=1 z(x)LT

i QLiz(x) = z(x)T Hz(x) Note that L =
[
LT

1 . . . LT
nz

]T has full column rank since

every entry of z(x) is xjxk for some 1 ≤ j, k ≤ n; consequently, H = LT (In ⊗Q)L * 0.



Proof of Theorem 2.1: Let Q̃ * 0 satisfy AδQ̃ + Q̃Aδ 0 −2L2, for all δ ∈ E∆, and

Q̃ . L1 (by scaling Q). Let ε := λmin(L2), V (x) := xT Q̃x, and H * 0 be a Gram ma-

trix for (xT x)V (x) (by Lemma 9.1). Let M2δ ∈ Rn×nz , and M3δ = MT
3δ ∈ Rnz×nz be

such that xT M2δz(x), and z(x)T M3δz(x) are cubic and quartic (in x) parts of ∇V (f0(x) +
∑m

i=1 δifi(x)), respectively. Define s1(x) = λmax(Q̃)/λmin(P ), s2δ(x) = α2δxT x with α2δ =

λmax

(
M+

3δ + 1
2εM

T
2δM2δ

)
/λmin (H) (where for a symmetric matrix Λ, Λ+ denotes the pro-

jection on the positive semidefinite cone), s3δ(x) = 1, γ = min {ε/(2α2δ) : δ ∈ E∆} , and

β = γ/(2s1). Then, V − l1 and − [(β − p)s1 + (V − γ)] are SOS since they are positive

semidefinite quadratic polynomials. For δ ∈ E∆, bδ(x) := −
[
(γ − V )s2δ + ∂V

∂x fδs3δ + l2
]

=
[
xT z(x)T

]
Bδ

[
xT z(x)T

]T
, where

Bδ =



 −γα2δI − L2 − (AT
δ Q̃ + Q̃Aδ) −M2δ/2

−MT
2δ/2 α2δH −M3δ



 .




ε
2I −M2δ/2

−MT
2δ/2 α2δH −M3δ



 .

(17)

Note that α2δH =
λmax(M+

3δ+ 1
2ε MT

2δM2δ)
λmin(H) H . λmax

(
M+

3δ + 1
2εM

T
2δM2δ

)
I . λmax

(
M3δ + 1

2εM
T
2δM2δ

)
I .

M3δ + 1
2εM

T
2δM2δ. Consequently, Bδ is positive semidefinite by the Schur complement formula

applied to the far left term in (17) and bδ ∈ Σ[x]. !
Parameters for the uncertain controlled short-period aircraft dynamics: c01(xp) = −0.24366x3

2+

0.082272x1x2 + 0.30492x2
2 + 0.015426x2x3 − 3.1883x1 − 2.7258x2 − 0.59781x3; /b = [0 −

0.041136 0]T ; b11 = 1.594150; q02(xp) = −0.054444x2
2+0.10889x2x3−0.054444x2

3+0.91136x1−

0.64516x2 − 0.016621x3; b21 = 0.0443215; c11(xp) = 0.30765x3
2 + 0.099232x2

2 + 0.12404x1 +

0.90912x2 +0.023258x3; b12 = −0.06202; /12 = [0 0.00045754 0]T ; q22(xp) = −0.054444x2
2 +

0.10889x2x3 − 0.054444x2
3 − 0.6445x2 − 0.016621x3; b22 = 0.044321.


