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Abstract

We propose a method to compute invariant subsets of the region-of-attraction for asymptotically sta-
ble equilibrium points of polynomial dynamical systems with bounded parametric uncertainty. Parameter-
independent Lyapunov functions are used to characterize invariant subsets of the robust region-of-
attraction. A branch-and-bound type refinement procedure reduces the conservatism. We demonstrate

the method on an example from the literature and uncertain controlled short-period aircraft dynamics.

I. INTRODUCTION

We consider the problem of computing invariant subsets of the region-of-attraction (ROA) for
systems with polynomial vector fields and bounded parametric uncertainty. Since computing the
exact ROA, even for systems with known dynamics, is hard, research has focused on determining
Lyapunov functions whose sublevel sets characterize invariant subsets of the ROA [8], [9], [19].
Recent advances in polynomial optimization based on sum-of-squares (SOS) relaxations [12] are
utilized to determine invariant subsets of the ROA for systems with known polynomial and/or
rational dynamics solving optimization problems with matrix inequality constraints [21], [15],
[7], [14], [17]. The literature on ROA analysis for systems with uncertain dynamics includes
a generalization of Zubov’s method [4] and an iterative algorithm that asymptotically gives
the robust ROA for systems with time-varying perturbations [11]. Systems with parametric
uncertainties are considered in [5], [13], [18]. The focus in [5] is on computing the largest
sublevel set of a given Lyapunov function that can be certified to be an invariant subset of
the ROA. References [13], [5] propose parameter-dependent Lyapunov functions which lead to
potentially less conservative estimate of the ROA compared to parameter-independent Lyapunov

functions at the expense of increased computational complexity.
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This paper follows [16], using bilinear sum-of-squares optimization to determine invariant
subsets of the robust ROA. The differences lie in the allowed uncertain parameter dependence
and the class of Lyapunov functions. The approach in [16] employs parameter-independent
Lyapunov functions for systems whose vector field depends affinely on uncertain parameters
known to lie in a given polytope, reminiscent of quadratic stability analysis [3], where a single
quadratic Lyapunov function certifies the stability of an entire family of uncertain linear systems,
usually described by a polytope of linear vector fields. Of course, using a common Lyapunov
function tends to yield conservative results, and the restriction to polytopes of vector fields
is undesirable. This paper partially alleviates both of these limitations. First, vector fields are
allowed to depend affinely on polynomial functions of the uncertain parameters, and we develop
methods to cover these with a polytope of vector fields (so that [16] applies). Additionally, we
propose a branch-and-bound type procedure [10] to partition the uncertainty set, computing a
different parameter-independent Lyapunov function for each cell of the parameter space. Taken
together, this collection implicitly defines a parameter-dependent Lyapunov function, V'(z, J)
which is polynomial in = (state) for fixed J (uncertain parameter), and piecewise constant in ¢
for fixed x. We note that in robustness analysis involving time-invariant unknown parameters, it
is common, [2], [22], to combine easily-computable sufficient conditions with branch-and-bound
strategies, often yielding improved analysis results.

An alternate for the conservativeness of parameter-independent Lyapunov functions is using
polynomially parameter-dependent Lyapunov functions as proposed in [5], [13]. Although SOS
optimization can be used with parameter-dependent Lyapunov functions, the ensuing optimiza-
tion problem is challenging because uncertain parameters are treated as additional independent
variables in the SOS conditions, which can greatly affect the size of the semidefinite programs.
Moreover, choosing a suitable and effective polynomially parameter-dependent basis for the
Lyapunov function is not intuitive.

Finally, the methodology based on branch-and-bound, applied to robust ROA analysis here,
is also applicable to local reachability and gain analysis of systems with parametric uncertainty.
Notation: R|z]| is the set of polynomials in x with real coefficients. For 7 € R[z], (7) denotes
the degree of 7. The subset X[z] := {7} + --- + @2 : m, -, € Rlz]} is the set of
SOS polynomials. For n € R and ¢ : R"™ — R, the n-sublevel set €2, of g is defined as
Qpn ={z e R" : g(x) <n}. C*R") denotes the set of continuously differentiable, scalar



valued functions on R".

II. ESTIMATION OF THE ROBUST ROA OF SYSTEMS WITH PARAMETRIC UNCERTAINTY

Consider the system governed by

#(t) = f(x(t),9), (D

where § € A C R™ is the vector of unknown parameters and A is a known bounded polytope.
For each 6 € A, f(-,0) : R™ — R™ is locally Lipschitz and satisfies f(0,0) = 0. The robust
region-of-attraction (ROA) is the intersection of the ROAs for all systems governed by (1),
ie, Nsea {Xo € R™ @ lime .o p(t;X0,0) = 0}, where ¢(t;xo,9) denotes the solution of
(1) at time ¢ with initial condition X, and fixed parameter value 6 € A. Trivial extensions of
results found in classic texts [20] show that sublevel sets of appropriate Lyapunov functions
are invariant subsets of the robust ROA. For any D C R™ and V € C'(R"), define Mp y :=
Nsep tzr € R™ : VV(x)f(x,0) <0}.
Proposition 2.1: If there exist ¥ > 0 and V € C'(R™) such that

V(0) =0 and V(x) > 0 for all = # 0, (2)
2y, is bounded, and 3)
Qv \{0} M Ay, (4)

hold, then for all x, € Qy,, and for all 6 € A, ¢(t;x¢,0) exists, satisfies ¢(t;Xg,0) € Qy,, for
all t > 0, and lim;_. ¢(t;x0,6) = 0, i.e., 2y, is an invariant subset of the robust ROA. <

Now restrict attention to a special case, where the dependence of f on ¢ is affine, to obtain
conditions equivalent to (4) but suitable for numerical verification (a generalization to polynomial

dependence on ¢ is treated in section III). Assume that (1) is in the form
i(t) = fo(x(t) + Y 8:filx (1)), (5)
=1

where fo, fi,..., fm : R™ — R™ are known locally Lipschitz functions and satisfy f;(0) =0

fori =0,1,...,m, and 0 € A. Further, denote the set of vertices (extreme points) of A by Ea.

Then, the affine dependence of the vector field on ¢ trivially implies the following (e.g. [16]).
Proposition 2.2: For the vector field in (5) and V € C}(R"™), Mayv = Mg, v. q



Consequently, for any V € C'(R") satisfying (2), (3), and

Qv \{0} CM g v, (6)

the sublevel set {2y, is an invariant subset of the robust ROA. In order to enlarge the computed
invariant subset of the robust ROA by choice of V, we introduce a fixed, positive definite, convex
function p, called the analysis shape factor and maximize (5 while imposing the constraints (2)-

(3), (6), and Q, 3 := {x € R" : p(x) < B} C Qy,,. This is written as an optimization problem,

PHYY = biect to (2 dQ 5C Q.. 7
(V) ra max B subject to (2), (3), (6), and €, 53 C Qv (7)

Here, V C C'(R™) denotes the set of candidate Lyapunov functions over which the maximum
is computed. In practice, p is problem-dependent and chosen by the analyst. Since the form
of the certified inner estimate of the robust ROA is a sublevel set of p, the sublevel sets of
p should be well-understood (for in high-dimensions they cannot be visualized), and should
reflect directionality/scaling information that the analyst is interested in learning with regard
to the robust ROA. In order to relax the problem in (7) to a SOS programming problem, we
require fo, f1,..., fm and p to be polynomials and restrict V' to be a polynomial in x of fixed
degree. Further, we use generalizations of the S-procedure [16] to obtain sufficient conditions
for the set containment constraints in (7) and SOS conditions for polynomial nonnegativity [12]:
if 7 € ¥[z], then 7 is nonnegative.

Let Vyoiy € V, Si, Ss, and Ss be prescribed finite-dimensional subsets of R[z], and denote
S = (81,8, 83). For a polytopic subset D of A and positive definite polynomials /; and [y

(typically I;(z) = ¢;z"x with small scalars ¢;), define 3p(V,ory,S) as
B Vpoly, S) = Vevpdyﬁmsg‘%};wes%s%e&ﬁ subject to
s1 € X[x], s95 € X[x], 835 € X[zx], for all § € Ep, (8a)
B>0,7>0, V(0)=0, VEVyy V-—1Iel, (8b)
—[(B—p)si+(V—7)] € Zz], and (8¢)
— (v = V)s2s + VV (fo + D00, 0ifi)sss + lo] € X]z], forall § € Ep. (8d)

The feasibility of the constraints in (8) is sufficient for the feasibility of the constraints in (7).
Therefore, Ba(Vpory, S) < ﬁ"Apt(V). Note that in (8a), since &p is a finite set, {sas, S35}sce, 1S @

finite set of polynomials in x, indexed by 0.



The optimization in (8) is naturally converted to a bilinear semidefinite program (SDP), with 3
“types” of decision variables: the free parameters in V', the free parameters in the s polynomials,
and the free parameters introduced by the SOS constraints. The SDP is bilinear in the free
parameters in V' and multipliers s, as evidenced by the product terms (e.g. V'sas5, VV fs35, etc).
We have made significant pragmatic progress in obtaining high-quality solutions to (8), using
simulation to first derive a convex outer-bound on the set of feasible V' parameters [17], followed
by coordinatewise optimization over V' and (s, Sas, S35). Nevertheless, the nonconvexity is not
to be taken lightly, and any numerical attempt to compute B Vpoly, S) must itself treated as a
lower bound.

Finally, note that, if /; and [, have positive definite quadratic part, then the feasibility of
(8) implies the robust stability of the uncertain linearized dynamics established with a common
quadratic Lyapunov function. For systems with cubic vector fields, the feasibility of (8) is also
necessary by the following theorem whose proof is in the Appendix.

Theorem 2.1: Let fo, ..., fm be cubic polynomials in z satisfying fy(0) = ... = f,,(0) =0,
P=0,L =0, Ly =0, plx) = 2" Px, ly(x) = 2T L1z, and ly(x) = 27 Lyz. For 6 € A, let A
be such that Az is the linear (in x) part of fo(x)+ >\~ d;fi(x). If there exists Q) > 0 satisfying
ATQ+QA; < 0 for all § € Ea, then the constraints in (8) are feasible with 9(V) = 9(s95) = 2
and O0(s1) = 0(s35) = 0. N

III. POLYNOMIAL PARAMETRIC UNCERTAINTY

We extend section II to systems with polynomial parametric uncertainty

Mpuy

&(t) = fo(z(t)) + Z 0 fi(x(t)) + Zgj(é)fm-&-j(x(t))a )

where fo, f1,.. ., fos fg1 - frnmpe © R™ — R™ are vector valued polynomial functions
satisfying fo(0) = ... = fimim,.(0) =0, and g1,. .., gm,, € R[J] are scalar valued polynomial
functions, and ¢ takes values in a bounded polytope A. We begin with m,,, = 1 (for simplicity)
and then generalize for m,, > 1.

Replacing ¢1(4) by an artificial parameter ¢, the dynamics in (9) can be written as

B(0) = ol (1)) + D 0ufie(0)) + 6 s (4(0)), (10)



Our approach is based on covering the graph of g, {(¢,g(¢)) € R™"! . ( € A}, by a bounded
polytope I' C R™"!. Then, the dependence of the vector field in (10) on the parameters (J, @)
is affine and (0, ¢) takes values in the bounded polytope I'. Therefore, results from section II
are applicable for the system in (10) by replacing A by I'.

A polytope I' covering the graph of g can be obtained by bounding g from above and
below by affine functions agé + b, and af5 + b; over the set A, namely I'(a;, ay,b;,b,) =
{(¢v)eR™ (€A, af (+b <9 <al{+b,}. The volume of I is a linear function of
ay, ay, by, and b, Volume(I'(a;, ay, by, b)) = (ay — al)T/ Cd¢ + (b, — bl)/ d¢. The polytope

A A

with smallest volume among such covering polytopes can be characterized via

min  Volume(I'(a;, ay, b, b,)) subject to
ag,au,bybu (11)

g(0) — (af6 +b) >0 and ¢(d) — (ald+0,) <0, VieA.
An upper bound for this minimal volume can be computed by a linear SOS optimization problem.
To this end, let affine functions h;, © = 1,..., N, provide an inequality description for A, i.e.,
A={CeR™ : h(()>0,i1=1,...,N}.

Proposition 3.1: The value of the optimization problem

a,b,omé%igoliesu Volume(I'(ay, ay, by, by)) s.it. 04 € X[d],a € {l,u} ,i=1,... N,
=9(0) + (a5 + bu) = £iL, 0i(0)u(6) € 2[0] (12)
9(8) = (af 6 +br) = 323, 0u(8)hi(6) € o]

is an upper bound for (11). Here S’s are finite dimensional subsets of R[]. <

Proof: Since A is defined by {h;(d) > 0};—1_. v, constraints in (12) imply that af 6 +b; <

g(6) < al§+b, forall § € A. |
Remark 3.1: Volume(I'(a;, ay,b;,b,)) = Volume(I'(0, ay, 0, b,))—Volume(I'(0, a;, 0,b;)), hence

the optimizing values of a and b in (12) can be computed by two smaller optimizations. <

In case my,, > 1, affine upper and lower bounds for g1, ..., gm,, (regardless of whether g;

are polynomials) can be used to construct a polytope covering the graph of (gi,...,gm,,) as

formally stated in the following proposition from [1].
Proposition 3.2: For j =1,...,my,, let aj;0 + by and a;;0 + b,; be affine functions bound-
ing g; over A from below and above, respectively. Then, the polytope I" with the vertex

set & = U {01, Ym,,) € R ) = agjg +baj, @ € {lu}, j=1,...,mp,}
CE€A
contains the graph of (gi,..., gm,.)- q



This gives one specific procedure to cover the graph of a vector-valued multivariate polynomial by
a convex polytope. Advances in graph covering strategies and quantifying the trade-off between
the number of vertices and the volume of the covering polytope would be relevant to the robust

ROA problem.

IV. BRANCH-AND-BOUND TYPE REFINEMENT IN THE PARAMETER SPACE

The problem in (8), applied with D = A, computes invariant subsets of the robust ROA
characterized by a single Lyapunov function though its results may be conservative: the certified
invariant subset may be too small relative to the robust ROA. On the other hand, a less conser-
vative estimate of the robust ROA is “obtained” by solving (8) for each § € A with D = {4}.
For a subset D C A, define

6*D(Vp01ya S) = I&Iél[r)l ﬁ{é}(vpolya S) (13)

Then, Ba(Vyory: S) < Ba(Vpory, S). However, computing 54 (Vpory, S) requires solving an opti-
mization problem for each 6 € A, and consequently is impractical. Next, we propose an informal
“branch-and-bound” type procedure for computing lower and upper bounds for 34 (Vpoiy, S), i.e.,
localizing the value of 54 (Vpoiy,S). The method is based on computing a different Lyapunov
function for each cell of a finite partition, D, of A.

Branch-and-bound (B&B) is an algorithmic method for global optimization based on two
steps: the search region is partitioned into a union of smaller regions, or cells (branching) and
then upper and lower bounds for the objective function restricted to each cell are computed
(bounding) [10]. These steps are repeated, refining the partition each repetition (e.g. subdividing
the cell with the worst lower bound). If the upper and lower bounds are such that their difference
converges to zero uniformly as the size of the cell goes to zero, then the B&B algorithm converges
to a global optimum. Without such specific guarantees, steps are simply repeated until the gap
between the upper and lower bounds gets suitably small or a maximum number of steps is
reached. Additionally, for our problem, we take into account the polytopic covering described
in section III, and recompute this covering whenever any cell is subdivided.

The lower and upper bounds are defined over any polytope D € A. Certainly 8p (Vpoiy, S)
is a lower bound for 5}, (Vpoiy, S). Upper bounds for 3}, (Vypory, S) can be obtained via divergent

trajectories and infeasibility of certain necessary conditions for the constraints in (8). Let 6 € D



and 5"¢(9) be the minimum value of p attained on all non-convergent trajectories of (5), with
[3"¢(0) := oo if there is no non-convergent trajectory. Since every trajectory entering an invariant
subset of the robust ROA has to converge to the origin, {2, gnc(5) cannot be a subset of the robust
ROA; hence, for any V., and S, B5(Vyory, S) < 3"(9). Note, any non-convergent trajectory
yields an upper bound on 5"¢(¢), and consequently on [3},(V,1y, S). In order to establish another
upper bound, let 3 > 0 and 6 € D be fixed. If there exists V' € V certifying that ), 5 is in
the robust ROA through the constraints in (7), then V' has to be (i) positive for all nonzero
x € R", (i) less than or equal to 1 (without loss of generality) and decreasing along every
trajectory of (5) (for this fixed ¢) starting in €2, 3. Therefore, if no V' € V satisfies properties (i)
and (ii), then there is no V' € V certifying that €2, 5 is in the robust ROA via (7). The minimum
such value, denoted 3'7(6), is an upper bound on 35 (Vyory, S). In the case V is parameterized
as V(z) = a’z(x) with z a vector of basis functions and « a vector of real scalar decision
variables, constraints on V' along trajectories are affine constraints on «; consequently, an upper
bound on 3'7(§) can be determined by simulation and linear programming (see [17]). As in all
B& B algorithms, the minimum (over the subsets that partition A) of these upper and lower

bounds are upper and lower bounds for G4 (V,oy,S).

V. IMPLEMENTATION ISSUES

The optimization problem in (8) provides a recipe to compute invariant subsets of the robust
ROA. However, the number of constraints in (8) and consequently the number of decision
variables increase exponentially with m + m,, because (8d) contains a SOS constraint for
each vertex value of the uncertainty polytope. The increase in the problem size may render (8)
computationally challenging for even modest values of m+m,,,. An ad-hoc, sequential approach
(from [16]), partially alleviates this difficulty, but without quantified, a priori guarantees as to
its success. To this end, let D be a polytopic subset of A and Dggmpie be a finite sample in D,
with (typically) significantly fewer points than &p:

e Solve (8) with Dggmpie, Vpoy, and S and call the optimizing Lyapunov function Vigpie-

e For each 0 € £p, compute

Y5 = max v subject to so5 € X[z], and s35 € X[x],
0<7,826€82,535€S3 (14)

_[(’Y - V;ample)s% + vv:sample(fo + Zzil 5Zfl))836 + lz] = Z[ZE],



and define 4***" := min {v; : 6 € Ep}. At this point, Qy,
of the robust ROA.

e Determine the largest sublevel set Qp geubort
"PD

subopt 1S @n invariant subset

of p contained in )y, subopt DY solving

Vpolyvs) ampley
sDubopt(VPOZy7S) — slnel‘%fcﬁ B  subject to s; € X[x] (15)

—[(B — p)s1 + Viampte — 7***7"] € Zlz].

While this sequential procedure sacrifices optimality (i.e., for a given polytopic subset D C A

f)“b()p t(Vpoly, S) < BpVpoiy, S)), it has some practical advantages: For a fixed Lyapunov function
candidate Vgpie, constraints in (8d) (one SOS constraint for each vertex value of D) decouple.
Therefore, it is possible to determine largest value of  such that Qy, . . C {r € R" :
V' Vaampie(z) f(x,0) < 0} for every § € Ep by solving (14) independently for each 6 € Ep.

Remark 5.1: Tf Dy is a singleton, the value 8o, . (Vyotys S) = 85" (Vyory, S) is always
non-negative and can be interpreted as a measure of potential improvement in the lower bound
for S5\ (Vpory, S) by further subdivision of D. Therefore, it may be used as an informal stopping
criterion in the B& B algorithm. However, we re-emphasize that 8p_, .. (Vpory, S) is computed
solving a non-convex optimization problem, so that its use as an upper bound is ad hoc and

referred to as a “quasi-upper” bound (e.g. see Figure 2). N

VI. EXAMPLES

For the following examples, we implemented the sequential procedure from section V using

the method from [17] in the first step with [;(x) = ly(x) = 107%27x and p(z) = z7x.

A. An example from the literature

Consider the system, [6], governed by

—1 —6z9 + 23 + 2% N 4y — 22

2
3, — 2, —1021 + 62 + 129 122, — 4 "

with § € [0,1] =: A. We applied the refinement procedure with the initial partition {[0, 1]} for

J(V) =2 and 9(V') = 4. Upper and lower bounds for 3} (top left for (V') = 2 and top right

for (V) = 4) and certified invariant subsets of the robust ROA are shown in Fig. 1. In both

cases, the first iteration (a parameter independent Lyapunov function for A, [16]) and even a

few more do not yield a certified region.
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Fig. 1. Top figures: Bounds for 3[; ;; vs. number of B&B iterations with (V) = 2 (left) and 9(V)) = 4 (right). Curves
with “o” are for the lower bounds obtained by directly solving (8) with D taken as the 4 vertices of the corresponding cell and
curves with “¢” are for the lower bounds obtained by applying the sequential procedure from section V by taking Dsampie as
the center of the corresponding cell. Bottom figure: Intersections of sublevel sets of Vs certified to be in the robust ROA with
A(V) = 2 (inner red, solid curve) and (V) = 4 (outer red, solid curve), Sublevel sets of p certified to be in the robust ROA
A(V') = 2 (inner black, dashed curve) and (V') = 4 (outer black, dashed curve), estimate of the robust ROA reported in [6]

(blue, dotted curve). Gray dots are the initial conditions of trajectories which do not converge to the origin for some § € [0, 1].
B. Controlled short-period aircraft dynamics

We apply the robust ROA analysis for uncertain controlled short-period aircraft dynamics (see

the Appendix for parameters)

co1(wp) + d1c11 () + 5%(131(%) egxp + b11 + b1261
T, = qo2(zp) + 51€1T255'p + d2q22(7)) + ba1 + b220 u,
x 0

where x, = [x1 9 xg]T, x1, T2, and x3 denote the pitch rate, the angle of attack, and the pitch
angle, respectively, cg; and c;; are cubic polynomials, oz, 22, and g3; are quadratic polynomials,

(15 and /, are vectors in R3, by, bia, bor, and byy € R, and u, the elevator deflection, is the
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Fig. 2. Lower bounds for S with (V') = 2 (solid black with “x™) and (V') = 4 (solid blue curve with “¢”) and 8¢ (solid
red with “o”) computed at the centers of the cells generated by the B& B Algorithm for the (V) = 4 run. Dashed curves
are for (computed values of) B(s3 where § is the center of the cell with the smallest lower bound at the corresponding step of

the B& B refinement procedure for (V') = 2 (dashed black with “x”) and (V') = 4 (dashed blue with “¢0”).

control input. §; € [0.99,2.05] and d5 € [—0.1,0.1] model the variations in the center of gravity
in the longitudinal direction and the mass, respectively. The control input is determined by
x4 = —0.864y; — 0.321y, and u = 2z4, where x4 is the controller state and the plant output
y = [x1 x3]" . Define x := ES xdT . We applied the B&B refinement procedure with 9(V') = 2
and (V') = 4 using the sequential implementation on 9 processors: after each B& B iteration,
the cell with the smallest lower bound is subdivided into 3 subcells and cells with next three
smallest lower bounds are sub-divided into 2 subcells. Fig. 2 shows the lower bounds and upper

bounds. Smallest value of p attained on divergent trajectories, "¢, is 8.60 and obtained for

(01, 02) = (2.039, —0.099) and the initial condition (0.17,2.65, —0.10, 1.24).

C. Controlled short-period aircraft dynamics with first-order unmodeled dynamics

Consider the closed-loop system in Figure 3 where uncertain first-order dynamics are intro-

duced between the controller output (v) and the plant input (u) from section VI-B

u(s) = (1.25 + G(s;03,04)) v(s) = <1.25 + 0.75(532 1 ((;4) v(s). (16)
4

Here, 03 € [—1,1] and 0, € [1072,10%] are uncertain parameters and G(s;d3,d,) is introduced
to examine the effect of unmodeled dynamics on the ROA. Let @5 = —d405 — d04v and u =

15655 + (1.25 4 0.7503)v be a realization of G and x = [ 24 :1:5}T denote the state of the
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Fig. 3. Closed-loop system with the uncertain first-order dynamics between the controller and the plant (6, = (1, §2)).

closed loop dynamics. The resultant vector field is affine in 0y, do, 3, 04, 6103, 9203, and 62, so the
covering polytopes are in R7 with 128 vertices. We applied the sequential approach of section V,
using the center of each parameter hyper-rectangle as Dgp.. The B& B algorithm partitioned
the 4-dimensional ¢ space into 2221 regions, certifying €2, ¢ in the robust ROA. Simply due to
the large number of partitions, this indeed required significant time to solve. Nevertheless, every
computational step consisted of either finding a Lyapunov function for a single, not-uncertain
vector field; or assessing the certification power of a given Lyapunov function on a specified
vector field. These individual computations are “simple,” in that they involve no uncertainty
and decoupled. The complexity is the large number of computations performed, which taken

together, yield a certified robust ROA for the uncertain vector field.

VII. CONCLUSIONS

This paper considers the problem of finding certified, inner-estimates of the region-of-attraction
for a certain class of uncertain nonlinear systems. At its core, the solution approach combines
Lyapunov analysis, S-procedure relaxations, and SOS/SDP optimization. Four factors contribute
to the problem complexity: number of state variables; degree of vector field; number of uncertain
parameters; dependence of vector field on uncertain parameters. The challenges associated with
state dimension and vector field degree (often large optimization problems) appear somewhat
common across solution techniques. By contrast, the issues which arise from uncertainty are
attacked using a variety of diverse techniques.

We address the difficulties due to parameter uncertainty through parallelization, partitioning
the parameter space, solving a large number of (uncoupled) sub-problems. While the Lyapunov
function for each sub-problem is independent of the uncertain parameter, the net result yields a
parameter-dependent (piecewise-constant in the parameter) Lyapunov function. This is an alter-

native to more direct approaches which use explicitly parameter-dependent Lyapunov functions,



e.g. [13], [5], and a single optimization (with additional indeterminate and decision variables,
used to represent the uncertain parameters and capture their constraints) to solve the problem.
Of course, the question of how fine the parameter space partition must be before the proposed
method yields a certified robust ROA is still largely open, so it is impossible to say that one
approach is superior/inferior to another. Similarly, we do not claim that the proposed strategy
is practical for all instances of systems modeled by (9). Indeed, large numbers of uncertain
parameters, entering the dynamics in complex ways might require an untenable level of parameter
space partitioning to yield a positive result. Nevertheless, we have illustrated the approach on
several academic, but nontrivial, examples, including a 5-state, 4-parameter model with non-affine
parameter dependence. Moreover, for cubic (in state) vector fields, we have a (weak) positive
result which follows from Theorem 2.1, namely for any specific partition of the parameter space,
if over each cell, the linearized uncertain dynamics are quadratically stable, then the certification
conditions (8) are guaranteed to be feasible (with analytically derived choices for the decision
variables). Among other things, this implies that the uncertain linearization could provide insight

into the level of parameter space division needed for robust region-of-attraction certification.
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IX. APPENDIX

Let z(z) be a vector of all monomials of degree 2 with no repetition and 7, be its length.
Lemma 9.1: Let Q € R™ and Q = Q7 = 0. Then there exists a positive definite matrix
H € R"*"= such that 722" Qv = 2(2)T Hz(z). N
Proof: Let L; € R™*"= be such that L;z(z) = z;x, then (z7z) 27Qz = > (2;2)" Q(z;x) =
S 2(2)LTQL;z(x) = z(z)"Hz(x) Note that L = [LT ... LEZ]T has full column rank since
every entry of z(x) is @,z for some 1 < j, k < n; consequently, H = L*(I, Q)L = 0. ®



Proof of Theorem 2.1: Let Q = 0 satisfy A;Q + QAs = —2L,, for all § € Ea, and
Q > Ly (by scaling Q). Let € := Apin(L2), V(z) := 27Qz, and H > 0 be a Gram ma-
trix for (z7x)V(z) (by Lemma 9.1). Let My € R™ ", and Mz; = MJ; € R™ " be
such that 27 Mysz(x), and z(x)T Masz(x) are cubic and quartic (in z) parts of VV (fo(z) +
S 6ifi(x)), respectively. Define s1(2) = Apaz(Q)/Amin(P), s25(x) = agsz’z with ags =
Amaz (M5 + 5= M5 Mos) /Amin (H) (where for a symmetric matrix A, AT denotes the pro-
jection on the positive semidefinite cone), s3s(x) = 1, v = min{e/(2a9s) : § € Ea}, and
B = v/(2s1). Then, V —[; and —[(8 —p)s1 + (V —~)] are SOS since they are positive
semidefinite quadratic polynomials. For § € Ea, bs(z) = — [(y — V)sas + G- fsszs + o] =

(27 2(2)T] Bs [« z(x)T}T, where

5 —yagsT — Ly — (AYQ + QAs)  —Mys/2 . 1 — Moy /2
5 — -
_M27;/2 agsH — Mss —MQT(;/Q s H — Mss
a7
Amaz ( Mg+ MI M.
Note that as H = 7! ;i;?;l) 25) F o N (M5 + = MEMos) I = Ao (Mas + o= M5 Mos) I =

Mss + iMQEM%. Consequently, By is positive semidefinite by the Schur complement formula
applied to the far left term in (17) and bs € X[z]. |

Parameters for the uncertain controlled short-period aircraft dynamics: co1(z,) = —0.2436625+
0.082272x1 x5 + 0.3049223 + 0.0154262923 — 3.1883w1 — 2.7258w5 — 0.59781z3; £, = [0 —
0.041136 0]7; b1y = 1.594150; oo () = —0.05444422+0.10889x973—0.05444422+0.9113621 —
0.6451622 — 0.016621x3; byy = 0.0443215; ¢11(2,) = 0.3076525 + 0.09923223 + 0.12404x1 +
0.90912x5 + 0.023258z3; bya = —0.06202; £15 = [0 0.00045754 0] goo(z,) = —0.05444423 +
0.10889x9x3 — 0.054444x2 — 0.6445x9 — 0.01662123; byy = 0.044321.



