Recall: the small-gain theorem

For stable M and @, the feedback interconnec-

tion is internally stable if [
z

V(M)y(®) < 1.

).

» ~ is an upper bound on the global L5 — L5 gain.

» Extensively used in linear robustness analysis where M is

linear time-invariant (existence of global gains is guaranteed).
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Recall: the small-gain theorem

For stable M and @, the feedback interconnec-
tion is internally stable if ¢

V(M)y(®) < 1. z

» ~ is an upper bound on the global L5 — L5 gain.

» Extensively used in linear robustness analysis where M is
linear time-invariant (existence of global gains is guaranteed).

» How to generalize to nonlinear M with possibly only local
gain relations?
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Local small-gain theorems for stability analysis

dX/dt_:hf(x’W) — Let I be a positive definite func-
Z=hy) tion with [(0) = 0 e.g. Il(z) =
exTz and R > 0.

w
—>

M

For M: There exists a positive definite function V' such that 2y o
is bounded and for all z € 2y, pe and w € R™

VV - f(z,w) < wlw — h(z)Th(z) — I(z).

[M is “locally strictly dissipative” w.r.t. the supply rate

wlw — 27z certified by the storage function V]
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Local small-gain theorems for stability analysis

i dX/dt_:hf(x’W) = Let I be a positive definite func-
Z=hy) tion with [(0) = 0 e.g. Il(z) =

M
ex’x and R > 0.
= © Let [ be a positive definite func-
YL =) tion with 1(0) = 0.

w = k(n)
For M: There exists a positive definite function V' such that Qy g2
is bounded and for all z € 2y, pe and w € R™

VV - f(z,w) < wlw — h(z)Th(z) — I(z).

[M is “locally strictly dissipative” w.r.t. the supply rate

wlw — 27z certified by the storage function V]

For ®: There exists a positive definite function @ such that for all
n € R™ and z € R"*

VQ-g(n,2) < 27z — k()" k(n) — ().
[® is “strictly dissipative” w.r.t. 27z — wlw.]
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Local small-gain theorems for stability analysis (2)
z
z=h(x)

dy/dt = g(n,2)
w = k()

Conclusion: § := V + @ is a Lya- 7}
punov function for the closed-loop for
the closed-loop dynamics (¢ = F'(€)).
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Local small-gain theorems for stability analysis (2)

dx/dt = flx,w) | z
z=h(x)

Conclusion: § := V + @ is a Lya- 7}
punov function for the closed-loop for
the closed-loop dynamics (¢ = F'(€)).

Proof:

VV - f(z,w) <wlw-—2Tz-1(z) Vr € Qype & weR™
VQ-g(n,2) <ZTz—wTw—1I(n) VneR™ & zc R™
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Local small-gain theorems for stability analysis (2)

dx/dt = flx,w) |_z
z=h(x)

Conclusion: § := V + @ is a Lya- 7}
punov function for the closed-loop for
the closed-loop dynamics (¢ = F'(€)).

Proof:

VV - f(z,w) <wlw-—2Tz-1(z) Vr € Qype & weR™
VQ-g(n,z) <Zlz—wlw—I(n) VneR™ & zecR™

VS - F(§) < —l(x) —l(n) = —L(¢)
V(z,n) € {(z,n) : S(z,n) < R?}
Corollary:

» {(z,n) : V(z)+ Q(n) < R?} is an invariant subset of the
ROA for the closed-loop dynamics.
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Interpretation for the states x and (z,7)

dx/dt = flx,w) |_z
z = h(x)

dn/dt = g(n,z)
w = k(n)

w

{(z,n) : V(z)+Q(n) < R?} ={¢ : S(€) < R?} is an invariant
subset of the ROA for the closed-loop dynamics (€ = F(¢)).

Consequently,
» For (0) = 0 and any x(0) € Qy g2, x(t) € Qy g2 forall t >0
and z(t) — 0 as t — oo.
> For any £(0) = (2(0),1(0)) € Qg g2, z(t) € Qy, g2 for all
t>0and z(t) — 0 as t — oo.

Reiterating: For 7(0) = 0, conclusions on z (in the first bullet
above) hold even if ® is not known but known to be strictly

dissipative w.r.t. 27z — wTw.

159/235



Estimating the ROA (for x states)

Let p be a shape factor (as before) and (V/, 3, R) be a solution to
the above optimization

max B subject to
VEY,3>0,R>0

V(z) > 0 for all x #0, V(0)=0,
Qpp C Qv pe,
Qy, g2 is bounded,
VVf(z,w) <wlw—2T2—1(z) Vae€Qyg, VweR™,

If ® is strictly dissipative w.r.t. 27z —w”w and (0) = 0, then for
any z(0) € ©,, 3,
> x(t) stays in Qp o

> z(t) — 0 as t — 0.
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Estimating the ROA - SOS problem

Original problem:

max B subject to
VeV, 3>0,R>0

V(x) >0 forall z 40, V(0)=0,
Qp,ﬁ - QV,R27
Qy, g2 is bounded,

VVf(ww) <wlw—2"2—-1(z) VzeQyp, YweR™.

Use the S-procedure and standard relaxations to obtain a SOS
reformulation:

max [ subject to
Vevpoly ,820,R>0,51€81,52€852

V-l €Xz], s €3], s2€X[(z,w)],
(R2—V) —s1(B—p) € Tzl
~VVf+wTw—2T2—1(z) — s9(R? - V) € Z[(z,w)].
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Incorporating parametric uncertainties in M

w__| dx/dt = fix,w,0) |z

z = h(x)
M
)
dn/dt = g(n,z)

w = k(n)

Uncertain parameters ¢ in the vector fields f can be handled as
before.
» Restrict to polytopic A and affine § dependence

L(t) = fo(z(t), w(t)) + F(x(t))o
Resulting SOS condition is affine in §
—VV (fo(z,w)+F(x)8)+wl w—2T 2—1(x)—s2(R*=V) € 3[(z, w)]

and if it holds for the vertices of A then it holds for all § € A.
» Branch-and-bound in A
» Coverings for non-affine § dependence and non-polytopic A
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Example: Controlled aircraft dynamics with unmodeled
dynamics . .

4 = Aczy + Bey 1.2 U ap = fp(op,dp) + Blwp, p)y Y
v =Cczyq i T

y = [z1 =3]

no dy, with d,,
noA |94/161|55/7.9 B 2o = 4
with A | 42 /67 | 24 ] 41

Closed-loop response with randomly generated first-order LTI ®:

pitch rate (xﬂ)
angle-of-attack (x2)
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Relaxed version of the local small-gain theorem

Relax the strict dissipation for ® by dissipation (i.e., I(n) = 0):

VQg(n,2) < 2"z—ww  VneR™ & zeR™
Weaker conclusion: For 7(0) = 0 and for any 0 < R < R,

> 2(0) € Qg = (2(t),n(t) € Qg VE>0

> 2(0) €EQup = () €Qupe VE20 &limpooz(t) =0

Proof idea: arguments as before + Barbalat’s lemma
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Unit gain — Gains v and 1/~

Conditions (that hold appropriately for x,n, w, z as indicated
before)

VVf(z,w) <wlw— 2Tz — (=) = || Moo < 1
VQg(n,2) < z¥z —wlw—1(n) = || P)leo < 1.

These gain conditions can relaxed to gain of non-unity.

Previous results will hold when the dissipation inequalities are
replaced by

VV f(z,w) <wlw -T2 = l(z) (= [M]le <1/7)
VQg(n,z) < v*2Tz — whw — i(n) (= [1®lleo < 7)-
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Generalization to generic supply rates

Results hold when the “Ls-gain supply rate” is
replaced by a general supply rate. z w

Suppose that

» & is strictly dissipative w.r.t. the supply rate r1(z,w) with the
corresponding storage function @)

> M satisfies
VVf(x,w) <ro(w,z) —l(z) VreQyp &weR™

with
r1(z,w) = —ro(w,2) Vw,z.

Then, {(z,n) : V(z)+ Q(n) < R?} is an invariant subset of the
ROA for the closed-loop dynamics.
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Local small-gain theorems for performance analysis

W,

2 dx/dt = flx,w, w,)

z=h(x)

D

W,
|1/1

dn/dt = g(n,z)
w = k(n)

5

Global gain condition on ®:
starting from rest (i.e., initial
condition equal to 0) ® satisfies

[wall2 = [|2(2)[l2 < [|2l2-

Goal: Find an upper bound on ||e||2 provided that M and & start

from rest and ||wi|]2 < R.
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Local small-gain theorems

w; e
2 dx/dt = flx,w, w,) >
2= h(x)

w, z
M
[
dn/dt = g(n,z)

w = k()

Goal: Find an upper bound on ||e||2 provided that M and & start

from rest and ||wi|]2 < R.
Strategy:

for performance analysis

Global gain condition on ®:
starting from rest (i.e., initial
condition equal to 0) ® satisfies

[wall2 = [|2(2)[l2 < [|2l2-

» Bound [|wa||2 in terms of ||wy||2.

w;

—_—

W,

M .

167/235



Local small-gain theorems for performance analysis

w
e [P
o=

w, z
M
[
dn/dt = g(n,z)

w = k()

Goal: Find an upper bound on ||e||2 provided that M and & start
from rest and ||wi|]2 < R.

Strategy:

Global gain condition on ®:
starting from rest (i.e., initial
condition equal to 0) ® satisfies

[wall2 = [|2(2)[l2 < [|2l2-

» Bound ||wa||2 in terms of [jw||o.

» Bound |e|| in terms of ||wq||2.

(@

M y

» Each step is a separate local gain analysis.
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Step 1 (bound |[wz||2,7 in terms of ||wy||2,7):
For R>0,0<a<1andg3>0,if 3C! function V. = 3
s. t. V(0) =0, V(z) > 0 Vz #0, Qy e is bounded, H
1
VV f (2, w1, ws) < 2w wy +wj wy — —2" 2
!
Vo € Qy pe, w1 € R™1, and wy € R™2, then for ® starting from
rest and for all 7" > 0

z(0) =0& ||wil2r < R/B = |wallo,r < aR/V1 - a2
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Step 1 (bound |[wz||2,7 in terms of ||wy||2,7):
For R>0,0<a<1andg3>0,if 3C! function V. = i

s. t. V(0) =0, V(x) >0 Vz #0, Qy g is bounded, II

1
va(ZU, w17w2) S ,62’(0?11—‘“)1 + w%—"l,UQ — TZTZ

Vo € Qy pe, w1 € R™1, and wy € R™2, then for ® starting from

e

rest and for all 7" > 0
z(0) =0& ||wil2r < R/B = |wallo,r < aR/V1 - a2

Step 2 (bound |le||2,7 in terms of ||wi|]27): In ad-
dition to above conditions, if 3 C' function Q s.t. /

Q(0) =0, Q(z) > 0 Vz # 0, and -M
2, T T 1 7
VQf(z,wi,wz) < frwjwi +wywz — € e
Vz € Qg p2/(1-a2), w1 € R™1, wy € R™2, then for ® starting
from rest and for all T"> 0

2(0) = 0 & |lwill2,r < R/B = lello.r < YR/V1 — a2,
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