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Abstract  This papers applies a recertly developed
"generalized averaging theory" to construct stabilizing
feedba& control laws for underactuated driftless sys-
tems. These cortrols exponertialy stabilize in the av-
erage. Conditions relating the properties of the averaged
and unaveragedsystemsare given. An examplevalidates
the theory, demonstrating its utilit y.

1 Intro duction

A tremendous amourt of researt has goneinto under-
standing cortrollabilit y and determining conditions un-
der which a systemis cortrollable. There is still a gap,
however, betweenthe tests that determine cortrollablil-

ity and the actual feedbak lawsthat realizecortrol. This
paper demonstrateshow a recertly dewveloped "general-
ized averaging theory" [13] may be usedin conjunction
with controllabilit y tests to realize feedbad control for
underactuated driftless systems. Our approad is an eas-
ily implementable and understandable strategy for de-
signing exponertially stabilizing cortrollers for sud sys-
tems. The results hold to generalorders of Lie bracket-
ing. The method does not use a homogeneousnorm to
demonstrate the exponertial stabilization, does not re-
quire complicated coordinate expansions,the construc-
tion of Lyapunov functions, or the pre-existenceof stabi-
lizing controllers. The complexity of the nonlinear anal-
ysisgrows with the order of Lie bracketing. Due to space
constraints, only lower orders will be discussed. Exten-
sionsto higher order follow the sameprinciples, but may
be more involved computationally.

We seekto unite averagingtheory and nonlinear cortrol

design. Our generalizedaveragingtheory, which captures
the dynamics of a systemto arbitrary orders of approxi-

mation [13], hasits roots in prior work on seriesexpan-
sionsdue to Magnus, Chen, and Agrachev and Gamkre-
lidze [23, 8, 1]. Sussmanand Kawski have analyzedseries
expansionswith respect to cortrollabilit y. The strongest
results tying controllabilit y analysisto cortrol designis
found in the work of Sussmanand Liu [6, 7, 24].

Moving from anaylsis to the designof stabilizing feedbad
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laws is a challenge. Bullo [4, 5] has developed seriesex-
pansionsfor similar o wsand their concomitart approxi-
mate inversionformulas in the caseof simple medanical
systemsand kinematic actuation.

The control of underactuated driftless systemshas been
widely studied. Generically, smooth state-feedba& will
not stabilize thesesystems[2(], leadingto the useof time-
varying or non-smaooth feedbad techniques. In the time-
varying control domain, the use of sinusoidal functions
with appropriate phasing leadsto motion in Lie bracket
directions [17]. The analysis of open-loop responseto si-
nusoidal inputs has been well studied [19. Some have
used averaging methods to understand the nonlinear re-
sponse under time-periodic inputs [9, 24]. The closed
loop problem for time-varying cortrols is more di cult
and fewer general solutions exist. In [18], a method
to transform asymptotically stabilized homogeneousys-
tems into an exponertially stabilizing homogeneoussys-
tem is given. Stabilization is with regardsto a homoge-
neousnorm. In [11], a solution requiring the useof homo-
geneity is found for global or local stabilization, but the
algorithm is computationally dicult and stabilization
is with respect to a homogeneousnorm. Alternativ ely,
methods basedon non-smaooth or discortin uous feedbad
may be used. Howewer, these solutions are largely found
in a speci ¢ application domain [2, 3, 10].

Section 2 reviewsthe key elemeris of the generalizedav-
eraging theory developed in the companion paper [13].
Section 3 appliesthis theory to the control of underactu-
ated driftless systems. Section4 demonstratesthe utilit y
of the approadc via an example.

2 A Generalized Av eraging Theory

The ow of the di erential equation,

x= Xt )= Rx1); x(0)= xXo; (1)
with X, T-periodic, i.e., X (X;t; ) = X(x;t+ T; ) can
be analyzed by a non-linear version of Floquet theory.
This approach represerts the ow as the composition of
a periodic ow and the ewolution of an averagedvector
eld. Thesecan be approximated to arbitrary order by
appropriate seriesexpansions.



Theorem 1 (Nonlinear Flo quet Theorem) [13]
Let &, be the ow of the time-periodic dier ential
equation (1). If the monadramy map has a logarithm,
thenthe ow §, can be representel as a composition of
ows &, = P(t) exp(Yt)ld, wher P is T-periodic.

The monodramy map is the ow of X at time T, e.g.,
&1- It coincides with the ow of the avemgel au-

tonomous vector eld, Y, at time T, e.g.,exp(Y T).

Theorem 2 [13] If the monodramy map has a xed
point, the actual ow hasa periodic orbit whosestability
is determined by the stability of the monodramy map.

Corollary 1 [13] If the ow of system (1) hasa xed
point x , as does the monadramy map, then stability of
the actual ow may be determined using the monodramy
map. A linearly (asymptotically) stable xed point for
the monaodramy map implies a linearly (asymptotically)
stable xed point for the system(1).

Averagingtheory seekgo nd suitable approximations to
the in nite seriesexpansionsgiven by P(t) and Y. The
theorems below relate the properties of the truncated
seriesversionsof these mapsto the full expansions.

Theorem 3 [13] The m'" -order truncation of the loga-
rithm of the monadramy map givesan (m + l)th -order
ow approximation for nite time, i.e., for time O(1)

exp(Yt) = exp(Y™t) + O( "™): ()

Theorem 4 [13] An m™" -order truncation of the time-
periodic Floquet mappingis of order (m + 1)-closeto the
time-periodic Floquet mapping on the time sale o(1).

P(t) = Truncy (P(t)) + O( ™*1)

Prop osition 1 [13] If the Floquet mapping has a time-
independent bias, i.e., P(t) = B(t) Pg. Then the new
averagel vector eld may be written Z = (Py) VY:

The ewolution of the Floquet solution becomes,x(t) =
B(t) exp(Zt), with zo = Py (Xo).

3 Control of Kinematic Systems

The standard form for an underactuated driftless a ne
cortrol systemis

a= Ya(qu?(qg;t) 3)

dened onadomainD R" fora= 1;:::;m < n. For
driftless a ne control systems,small- t|me IocaI cortrol-
lability (see[22] for details) is basedon the Lie Algebra
Rank Condition (LAR C),

dim (g) = dimT4D; 892D 4)
where ~ is the involutiv e closure of the cortrol vector

eld distribution.

Theorem 5 (Chow's Theorem) [22] The system (3)
is small-time locally controllable if and only if the Lie
Algebia Rank Condition holds.

We assumethat this theorem is satis ed, and now focus
on relating the termsin  to control system design.

3.1 Averaging Theory for Control

The controls u2(q;t) in Eq. (3) can be decomposedinto
state feedbak and time-dependert oscillatory terms,

a= Ya(a)f *(q) + Ya(qv?(t=): ®)
The functions v2(t) are T-periodic functions (typically
with zero average)and the functions f 2(q) stabilize the
directly controlled states. A transformation of time,

d
= Ya@F (@ + Ya(@v(): (6)

takes(5) into a form compatible with averagingtheory.

The averagedsystemvector elds will contain combina-
tions of time integrals and Lie brackets. Sincethe peri-
odic inputs act as coe cien ts to the input vector elds,
and iterated Lie brackets are multi-linear, the integrals
can be factored. Theseterms represen the net e ect of
the inputs onthe Lie bracketsterms. De ne the following

notation for the averaging coe cients :
Z.Z z

a

Vin () = O

The time-averagedterms are averagel coe cients . Cases

of multiple upper and lower indices denote products of
this type of integral. E.g., Véftl’g (t) hasthe form
z t z t

v3(s1)dsy

S2
v3(s1)ds

Sn 1

dsp, 11 (7)

V(a) V(b) —

b
Vi ® = Vi) vE)

;1) Vb(Sl)dsl

o : (a) (@ @
Additionally de ne the following, V(n) V(n) V(n) and

for the multi-index version VEQ)) VEQ)) VEQ)) where
(A) = (ar;az;:::;aaj) and (N) = (ng;nz;:iiinjng)-
The b symbol will denote integrals within the product
structure. For example,

v ()

@

t
(&bic) — (asb)
V(@o 1)(t) - 0 V(O;O)( )d

15t and 2"9-order averaging. The 15t order averaged

verion of system (5) is,

2@F2(@) + Ya@VE ():

Secondorder terms are typically usedwhenthe 15t-order

averagevanishes. Let us assumethat: Eg)) (t) = 0: All

higher-order averaging use this assumption. The 2" or-
der averagedsystem has the form

Z_:

2= Ya@ 22+ VO (1) [Ya(2): Yo(2) *(2)]

L1 nggg(t) [Ya(2); Yo(2)] :



2= Ya@f 2@+ VE (1) Ya(@): Yo(2)f *(2)

+ 2 VERO Mal2): V2]

(1;0)
2 NCIEURVC]
+ —TV(l) 0+ Ve
Ya(2)f a(Z); Yo(2)f °(2); Ye(2)
2 ) (6:0) 1.,&b) 1y
+ §V<1 o () + —Tv(1 51 3Vie®
[Ya(2)f 2(2); [Yo(2); Ye(2)]]
1, T@Ep (ab) v/ (&b)
37 Van® TVag®+ Vg,

[Ya(2): [Yo(2); Ye(2)f “(2)]]

b 3 AVEDE 0 () [6(2): Y@

Table 1: 3"9-order average

3dorder averaging If the LARC is satised via
higher levels of iterated Lie brackets, then higher-order
averaging is required. The averagedvector eld, includ-
ing third level iterated Lie brackets, is found in table 1.

The above analysis demonstrates that although Lie
brackets determine possible o w directions, the averaged
coe cien ts dictate the degreeof o w in those directions.
Sincethe LAR C predicts the controllable directions, one
would like to have a similar procedureto determine when
input functions cortribute to critical bracket directions.

3.2 Sinusoidal Inputs for Indirect Actuation

Ref.s[17]and [2] have demonstratedthe useof sinusoidal
inputs for motion generation in Lie bracket directions.
By approximating the ow, one can compute the am-
plitudes of the sinusoidal functions for a given direction.
This approximate inversion technique is successfullyused
in [5] and [21] to derive motion cortrol algorithms for un-
deractuated medhanical systems. We generalizethis work
and provide constructive control laws for underactuated
driftless a ne control systems.

Recert work on the 2" -order averaged casehas shown
how to construct sinusoidalinputs with proper amplitude
modulation and frequency spacingrelations so as to iso-
late various Lie bracket cortributions [14, 16]. We now
show how the averagedcoe cien ts lead to thesekinds of
relations. Unlessnoted, the inputs are either cosinesor
sineswith whole number frequency coe cien ts.

Preliminary  Investigation, 2"-order Av eraging
Determining the inputs for arbitrary systemsat any av-
eraging order is di cult. However, guidelinescan be es-
tablished by investigating simple, lower-order cases.Ab-
straction to higher order follows naturally.

For 2".-order averaging, the averaged coe cient is
g% (t): The possibleinputs for v&(t), a= 1:::m, are
asin(! at) or 4cog! 5t): Of the four options for a de-

sired input pair, simultaneous sinusoidal inputs do not

work. Additionally , the algebraic equality

la 1p=0 ®)

must hold for the desired input pair and for no other
inputs. The net result will be a set of inputs that operate
at unique carrier frequencies;a commonly known fact.

Lemma 1 For the caseof two vector elds entering into
the 2" -order Lie brackets[Yy; Yp], if the inputs

V3(t) = apcog!t); vP(t) = ! sin(! t) (9)
are chosenfor some principle carrier frequency,! , then
only the bracket[Ya; Yp] will be excited.

3.2.1 Higher Order Sinusoidal Actuation:

Higher-order expansionswill have additional algebraicre-
strictions analogousto (8) in order to keepthe e ect of
the inputs isolated. Theserestrictions will alsoa ect the
previous construction if both 2" and 3¢ order e ects
are desired simultaneously.

3d.order averaging Consider the third order aver-
(a;b;c)

agedvector eld with coecient V (1-1:0) (t). The 8 pos-

sible input permutations lead to the contributions found
in Table 2, with potential coupling found in Table 3.

vi(y = V(1)
sin; sin; sin = 8 0
5 li+1, 13=0;
sin; sin; cos = 41'1'2 1y 1z 13=0
’ ’ [ l,+13=0
. 0 otherwise
§ ﬁ ifly+1, 13=0;
sin; cos sin = 1 tetls=0
' 2 S5 Ril. 12 1s=0
"0 otherwise
sin; cos cos= 8 0
§ 4,1!2 f!l [ !3=0;
S [ I, +13=0
cos sin;sin = 41!12!23 f1,41, 1520
"0 otherwise
cos sin; cos= 0
Ccos cos sin = 8 0
541!12!23 ifly 1y 13=0;
COS COS COS= f1 o+ ls=0
41,1,2If!1+!2 13=0
"0 otherwise
Table 2: Averagedcoe cien ts for third order



V() la=lpla=1lg ly=1,
sin; sin; sin 0 0 0
sin; sin;cos 0 3 I
sin; cos sin 0 0 5 12! 23
sin; cos cos 0 0 0
cos sin;sin 0 TS 0
cos sin; cos 0 0 0
cos cos sin 0 0 0
COS COS coS 0 0 0

Table 3: Coupling of averagedcoe cien ts for third order

Thus, the important algebraic equalities are

Pa+lo 13=0;11 1o 13=0;11 lo+!13=0: (10)
In order to avoid coupling betweenterms, the following

inequalities may also needto hold,

Ly 2!,-60;0r!i6!j: (11)
With the above conditions met, the only non-zerocom-
binations involve an odd number of cosinesand an even
number of sines.

This example highlights a few critical issueswhen mov-
ing to higher order. First, the coupling due to integrally
related choices of frequency may fail to satisfy the al-
gebraic inequalities (11). Secondly more than one Lie
bracket may be simultaneously excited.

Lemma 2 When two distinct vector elds enter into the
3"d_order Lie brackets[Yp;[Ya; Yo]], if the inputs

V3(t) = I coq2! ¢); VP(t) = pap! sin(! t) (12)

are chosenfor some principle carrier frequency,! , then
only the bracket [Yp; [Ya; Yb]] will be excited.

Pro of:  Assumefor now that thesearethe only nonzero
inputs to the system. Without lossof generality, let a =
1, b= 2. Setthe input functions to be,

vi(t) = 1coq2!t); V3(t) = ,sin(lt):  (13)
The critical elemers of the averagedcoe cien t are,
2 " #3
0 0
(G.dc) w 0 " B
Vi M = 0 # , 2 (14)
. g 412
8!, 0
The corresponding cortribution is then,
—ead) . - 3 2
VSO0 Nail¥ei Yall = g2 [Vai Y Y]l (15)
With the choiceof 1= s and =1,
VESI O Mai Vo Yall = S22 [Yoi[Yis Il (16)

(1:1,0 8

and, the sum over all averagedcoe cien ts is,

3
5 Do lYaiYell  (17)
If there are other input functions, then ! must be chosen

accordingto the algebraic equalities (10) and (11). n

vEde) v v
VL0 Ml Vel =

Lemma 3 When 3 distinct vector elds entering into a
3 d_order Lie bracket(a6 b, a6 ¢, andb6 c), no choice
of inputs resultsin a single bracket. If the inputs

va(t) = | coq! t); vP(t) = ! sin(3!t)

VE(t) = apesin(2! t) (18)

a re chosenfor someprinciple carrier frequency,! , then
only the bracket[Ya; [Yp; Yc]] and a cyclicy related bracket,
[Ye; [Ya; Yoll or [Yp; [Ye; Yal], will be excited.

Pro of:  Assumethat theseare the only nonzerosystem
inputs. Without lossof generality, let a= 1, b= 2, and
c= 3,andalso! ;> ! 3> 14, with the input functions,

vi(t) = pcoq! at); V3(t) = 2sin(! ot);
Vg(t) = gsin(! 3t):
The critical elemerns of the averagedcoe cien t are:
2 23 2 32 3
0 0 0 3
405 4 0 54 1235
113
2 03 2w 2 0 3
0 O 1 2 3
vede B4 o 5 405 4 H°5
(1;1;0) (1) = 0
4it 32 O 0
2 442 32 3 2-3
0 1 2 3 O
241 51 3
4 34235470°5 405
0 0

After grouping like Jacobi-Lie bracket terms,

V) (1) [Ya; [Yo; Yall

(1;1;0)
_ 123 1 1 .
R 1, 1. [Y1;[Ys; Y2]]
1 (19)
+ | 2| 3 | l' ) [YZ![Y31Y1]]
1 1
1 + 3 s [Ys; [Y1; Y2]]
Denoter‘ibyr\lz% %+%,r\2:%% %

. With thesede nitions,
N>0 N<0 P3>0

The Jacobi-Lie identit y results in,
Vitio (® [Yai [Yo: Yall =
(1;1,0) arLThs Ta

(P P [YE Vs VoIl + (P2 + 19) [V [Ys; Va)




The secondLie bracket can be cancelled only if there
exists a choice of ! ; satisfying one of the equalities (10),
such that, ", + "3 = 0: This requires nding ! ; and! 3,
acheiving the equality,

2 1 1

+ =0;
(Pa+13)s (Pp+!3)y 1gla

(20)

or equivalently, 2! ; !3+ (! 1+ 13) = 31 = 0; which
is not a valid solution. Thus, there is no choiceof ! , >
I 3> 1, that leadsto a single Lie bracket contribution.

As for the choiceof inputs givenabove, notice that select-
ingany !, > 13> 1, sucthat the equality! , =1 1+!3
holds will give a cortribution with the two Lie brackets.
Choosing! 3 = 2! ; = 2! will do the trick.

ng;l;%)) (t) [Ya; [Yo; Yal] =

18| 22 3 (3 [Ylu [Y3. YZ]] + [YQ, [Y3| Yl]])

With the choice of !

1=+, 2=

v@ba) v v
VL0 M Y

—5 GBIV5 Ve Vol + [Ya; [Va; Vall) - (21)

Abstracting badk to arbitrary inputs functions, the anal-
ysis implies,

VL) (1) [Ye; [Ya; Yel] =

(1;1;0)
& (B0Yai [Yor Yell + [V [Ye: Yal) - (22)
Like the previous Lemma, with other input functions
preser, ! must meet equalities (10) and (11). ™

This theorem is not asrestrictive asit may seem.To ex-
cite only one of the terms, it will be necessanto expand
the set of available input functions. Alternativ ely, one
might have a vanishing bracket, e.g., [Yp; [Yc; Ya]] = O.

For higher order expansions,myriad algebraic identities
must hold. Each averagedcoe cien t must be examined
to determine its cortribution, and the limitations arising
from the chosenset of input functions. Note that oncea
particular calculation is done, it neednot be repeatedfor
another problem with the sameLie bracket structure.

3.3 Stabilization

It was previously shovn how to obtain the system re-
sponseof an oscillatory cortrol to somearbitrary order.
Subsequetly, the required inputs for someof the expan-
sionswere analyzed. Theseinputs are -parametrized so
that the e ect of the cortrol could be arbitraily selected
according to one's choice of the . The idea, now, is to
determine a a feedbadk strategy for stabilization.

Using Sinusoids

A lexigraphical ordering will be introduced once more
to deal with the Jacobi-Lie brackets. A multi-index

is dened to be a sequenceof whole numbers, as
per the de nitions of the averaged coecients, a =
fag;ap;:::ak 1;ak g: whoselength jajj = k, the num-
ber of terms in the multi-index. The ordering will follow
the rules below. g
< jaj < jbjor
fag<fhgif jaj=jbjand9%: a b;

List the Jacobi-Lie brackets shaving up in the averaged
vector eld accordingto this ordering. Once ordered, let
Ti( ) denote the averagedcoe cien ts corresponding to
the i Lie bracket, ¥;. This will convert the averaged
equation into,

2= Y.@f 2@+ T' (¥ @) (23)
The averagedsystemwill now be written as,
2= Ya(X)f (x) + B(2)H( ) (24)
where the matrices B and H are,
B(z)= [P1:::®nJandH( )= [TY::: TN (25)

Ideally, the only non-zeroaveragedcoe cien t terms are

a Lie algebra basisfor the tanget spacesover the ertire
con guration space.

Oscillatory  Control via Discretized Feedback
The feedbak that will be introduce is periodic discrete
feedbadk. It is very similar to the motion cortrol algo-
rithms using approximate inversion for open loop stabi-
lization and trajectory tracking. The ideais to usethe
state error as feedbak to modulate the parameters in
such a way that stabilization occurs.

Theorem 6 Consider a system of the form (5) which
satis es the LARC. Let u?(t) be the correspnding set
of parametrized, T -periodic input functions where a =
l:::mand 2 R"™ ™. Lastly denote by z(t), the av-
eragal systemresmnse to the inputs. Given the aver-
agel system(24), assumingthat the m directly controlled
stateshavebeen linearly stabilized and that the lineariza-
tion of H with respctto at = Oandz = z isin-
vertible on the (n  m) dimensional subsgce to control,
then there existsa K 2 R(" M) " gsychthat for

= Kz(Tht=To)

where (™ M (m M) js jnvertible and b c denotes the
o or function, we have stabilized the average systemre-
sponse.

Pro of:  The proof wasalready givenin [16], but will be
quickly sketched. Given the assumptionson the system,
the averagedsystem (24) is fully cortrollable. Lineariza-
tion of the systemwith respectto z and yields

@

z=Az+ B—

=Az+ B
@

(26)



Choosing constart over a period, the above systemcan
be directly integrated to obtain a discrete, linear system

z(k+ 1) = Az(k) + B (27)

The control assumptionson the systemimply that B has
apseudo-irverse,, forthe (n m) dimensionalsubspace
to stabilize. ChooseK such that the eigenvaluesof A

K lie within the unit circle. With this choice of
and K, the discrete systemhas beenstabilized, asis the
continuous systemwith piecewiseconstart feedbak. m

Commen ts. This theorem stabilizes an equilibrium
point of the averagedsystem. To track a trajectory, re-
place x(t) with x(t) xq4(t). Whether the system sta-
bilizes to an orbit or to a xed point will depend on
whether Theorem 2 or Corollary 1 is usedin the above
proof. Typically this will be decidedby the inputs (see
section 4). Due to the periodic nature of the feedbad,
the Nyquist criteria is a limiting factor in tracking a tra-
jectory for the indirectly cortrolled states.

Lastly, when applying this to an actual system, the feed-
back valuesare averagesof the indirectly controlled states
over the previous period asopposedto instantaneousval-
uesof the states.

4 Example
The nonholonomic integrator in R3 is a driftless system
with two cortrol inputs given by,

Yi(x) = 1;0; x2 " and Y2(x) = 0;1; x1 T

The systemis not linearly controllable, but does satisfy
the LARC. To seethis, take the Lie bracket of the two
input vector elds,

Ya(x); Y200] = 0;0;2 " ;

and only secondorder averaging will be necessary As
per the discussionin subsection3.2,to excite the critical
averagedcoe cien t out of phasesinusoidswill be used.
De ne,

vi(t) =

and use state-feedbak to stabilize the rst two states,

sin(t) ; v3(t) = coqt); (28)

f2(g = 3. This choice of control inputs results in
the averagedvector eld, after linearization,
8 9 8 9 8 9
g <#u= < 3z, = < 0=

gi: 2. 7. 3% +a 0. (29)
. 23! 0 L . 11

and can be stabilized accordingto theorem 6. To deter-
mine the range of feedbad gains that will stabilize the
system, it su ces to work out the derivation of the feed-
back law in the proof. Integrating over one time period,
givesthe following discrete time system:

zi(k+ 1) = exp( 3T)zu(k)
zp(k + 1) = exp( 3T)zz(k)
zs(k+ 1) = zz(k) + T

The rst two states are exponertially stabilized (in the
average), so the primary concernis the last state. By
choosing = Kzz(k), K > 0, exponertial stabilization
occursfor j1+ T K| < 1: The range of stabilizing feed-
badk gainsis K 2 0;-%; . Notice that it dependson
(smaller , larger range).

The most e ectiv e gain lies at the midpoint of the range,
whereasthe boundary coincideswith nominal stability.
In fact, simulations of gains set slightly outside of the
boundary points do diverge. A plot of the step response
is givenin gure 1for = 1=5and K = 3. The averaged
systemresponsestabilizes exponertially , whereasthe ac-
tual system orbits about the origin. For kinematic sys-
tems deactivation of the cortrol inputs halts the system.
Stopping at the end of a cycle will leave one ( )-closeto
the origin.

1
08
06
04
02

02
04

Figure 1: Orbit Stabilization for (28)

If, onedoesnot mind periodic discortin uities in the con-
trol inputs, then the equivalent control law will exponen-
tially stabilize the system

vi(t) = sign( )IO j jsin(t) ; V3(t) = P j jcogt): (30)

The discortinuity occurs for the secondinput, v2(t), at
the end of each period, asthe feedba& gain is adjusted.
Notice that the exponertial envelope hasthe characteris-
tic exponert of the slowvestconvergert mode, which would
be that of the last state.

1 1
08 08
06 06
04 04
02 02

02 02

Figure 2: Point Stabilization for (30)

5 Conclusion

A generalizedaveraging theory was applied to underac-
tuated driftless a ne cortrol systems,resulting in an ex-
ponertially stabilizing control strategy. Sincethe cortrol
strategy and stabilization theorem are constructive, any
systemsatisfying the conditions can be stabilized by this
theory. This approach may have other attractiv e fea-
tures. Sincethe time dependert portions of the inputs
are integrated (thereby smoothing out discortin uities),
this approac can be usedfor leggedlocomation cortrol
design. Recent researt [12] studies this idea for a sim-
ple bipdel model. Although there are unique problems
inherent to systemswith drift, the general strategy set
forth in this paper still holds in this case. For example,



averagingmethods have recerily beenapplied to the sta-
bilization of a carangiform sh [16] and the snakeboard
[15]. After averaging, both of these systemswith drift
have remarkably similar control laws. Lastly, the proof
of stabilization for the feedbad cortrol law use a dis-
cretized linear model. The samemodel could be usedto
perform robust cortrol under parametric uncertainty.
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