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Abstract— New methods for model validation of continuous-
time nonlinear systems with uncertain parameters are presented
in this paper. The methods employ functions of state-parameter-
time, termed here as barrier certificates, whose existence proves
that a model and a feasible parameter set are inconsistent
with some time-domain experimental data. A very large class
of models, including differential-algebraic models, models with
memoryless/dynamic uncertainties, and hybrid models, can
be treated within this framework. Construction of barrier
certificates can be performed by convex optimization, utilizing
the sum of squares decomposition of multivariate polynomials.

I. I NTRODUCTION

Modelling is an important precursor to system analysis
and controller design. For successful analysis and design,it
is crucial to obtain a model that captures essential behaviors
of the system under consideration. Model validation provides
a way to evaluate the ability of a proposed model to represent
observed system behaviors. However, as often mentioned in
the literature [13], [8], [2], “model validation” is actually a
misnomer; it is impossible to validate a model, because to do
so requires an in�nite number of experiments and data. The
role of model validation is toinvalidatea model, by proving
that some experimental data are inconsistent with the model,
thus indicating that a re�nement of the model is required.

Model validation was �rst treated in [13] in the context of
invalidation using frequency-domain data. Other references
on model validation include [8], in which model validation
using time-domain data was addressed, and [12], which con-
sidered model validation of sampled-data models. Nonlinear
model validation was previously investigated e.g. in [2].
Most of these work addressed model validation in the robust
control domain and their results are obtained using operator
theoretic approaches. Besides modelling, model validation is
related to the areas of system identi�cation, fault detection,
prediction, and veri�cation. See e.g. [3] for related results on
prediction using model and data.

In this paper, we present a novel methodology for inval-
idation of continuous-time nonlinear models with uncertain
parameters. The methodology is based on functions of state-
parameter-time which we termbarrier certificates, that are
reminiscent of Lyapunov functions or storage functions [14]
in dissipative systems theory. Barrier certi�cates can be re-
garded as a mechanism for generating contradictions between
model and data. Some level sets of a barrier certi�cate act as
barriers between possible model trajectories and experimental
data, and therefore they give an exact proof that the model
and its associated parameter set are inconsistent with the data.

With this methodology, we are able to treat in a uni�ed
way model validation of a very large class of continuous-

time models — some of which have never been addressed
before. This includes differential-algebraic models, models
with uncertain inputs, models with memoryless and dynamic
uncertainties, hybrid models, and their combinations. More-
over, the methods are computationally tractable, as barrier
certi�cates can be constructed using the sum of squares
decomposition [7]. Such decomposition can be ef�ciently
computed using semide�nite programming [1], for which
software tools [11] are available. These we consider as some
of the most important features of our approach.

The outline of this paper is as follows. In Section II, basic
results on invalidation using barrier certi�cates are presented.
The key ideas will be illustrated using some simple, easy to
visualize examples. Section III is devoted to computational
issues. In particular, it will be shown how the search for a
barrier certi�cate can be formulated as a convex optimization
problem. Sections IV and V address the invalidation methods
for models with constraints and hybrid models, respectively.
Finally, an application example will be given in Section VI.
For brevity, most of the proofs are omitted from this paper.
They can instead be found in [9].

II. I NVALIDATION USING BARRIER CERTIFICATES

A. The two-measurement case

Consider the following state space model:

ẋ(t) = f(x(t), p, t), (1)

where x(t) ∈ Rn is the vector of state variables,t is the
time, andp ∈ Rm is the parameter vector, assumed to take
its value in a setP ⊂ Rm. Let an experiment be performed
with the real system, and two measurements be taken at time
t = 0 and t = T . Suppose that these measurements indicate
that x(0) ∈ X0 and x(T ) ∈ XT , where bothX0 and XT
are subsets ofRn. In addition, assume thatx(t) ∈ X for
all t ∈ [0, T ], where X ⊆ Rn. With these notations, the
invalidation problem can be stated as follows:

Problem 1: Given the model (1), parameter setP , and
trajectory information{X0, XT , X}, provide a proof that
the model (1) with parameter setP is inconsistent with
{X0, XT , X}. That is, prove that for all possible parameter
p ∈ P , the model (1) cannot produce a trajectoryx(t) such
that x(0) ∈ X0, x(T ) ∈ XT , andx(t) ∈ X, ∀t ∈ [0, T ].

Before proceeding further, we would like to remark that
necessarilyX0 ⊆ X and XT ⊆ X, and in most casesX
will be much larger than X0 or XT . In fact, X can be
the whole state space. The information aboutX may come
from the experiment and/or froma priori knowledge about
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the system1, and such information will strengthen the model
validation test. Note also that output measurement using the
output y = g(x) can be accommodated, e.g. by de�ning
X0 = {x ∈ X : y0 ≤ g(x) ≤ y0}, and similarly forXT .

If such a proof in Problem 1 can be found, then we
say that the model (1) and parameter setP are invalidated
by {X0, XT , X}. Traditional approaches for solving this
problem include exhaustive simulation of (1) using parame-
ters p and initial conditionsx(0) sampled randomly from
P and X0. If after many such simulations no trajectory
x(t) that satis�es the initial hypothesis can be found, then
inconsistency is concluded. Indeed simulation (possibly after
some parameter �tting) is a good way for proving that
a model can reproducesome behaviors of the system it
represents. However, for proving inconsistency, the required
number of simulation runs will soon become prohibitive.
Moreover, a proof by simulation alone isnever exact, simply
because it is impossible to test allp andx(0).

On the other hand, our method relies on the existence of
a function of state-parameter-time, which we term barrier
certi�cate. A barrier certi�cate gives anexactproof of incon-
sistency by providing a barrier between possible trajectories
of the model starting atX0 and the �nal measurementXT .
This is accomplished without performing any simulation nor
computing the �ow of the model. The method is summarized
in the following theorem.

Theorem 2:Let the model (1) and the setsP, X0, XT , X
be given. Assume that there is a functionB : Rn×Rm×R →
R (a barrier certi�cate), differentiable with respect tox and
t, such that

B(xT , p, T ) − B(x0, p, 0) > 0
∀xT ∈ XT , x0 ∈ X0, p ∈ P, (2)

∂B
∂x

(x, p, t)f(x, p, t) +
∂B
∂t

(x, p, t) ≤ 0

∀x ∈ X, p ∈ P, t ∈ [0, T ]. (3)

Then the model (1) and its associated parameter setP are
invalidated by{X0, XT , T }.

Proof: Our proof is by contradiction. Assume that there
exists a barrier certi�cateB(x, p, t) satisfying conditions (2)–
(3), while at the same time (1) andP are consistent with
{X0, XT , X}, namely that there are parameter vectorp ∈ P
and initial conditionsx0 ∈ X0 such that the �owx(t) of the
modelẋ = f(x, p, t) starting atx(0) = x0 satis�esx(t) ∈ X
for all t ∈ [0, T ] andx(T ) ∈ XT . Condition (3) states that the
time derivative ofB(x, p, t) along this �ow is non-positive
on the time interval[0, T ]. A consequence of this is that
B(x(T ), p, T ) must be no greater thanB(x(0), p, 0), which
is contradictory to (2). Thus the initial hypothesis is incorrect:
(1) andP must be inconsistent with{X0, XT , X}.

Example 3:For the �rst, simplest example, consider a
model without parameter onR2: ẋ1 = x1, ẋ2 = −x2, with
X = R2. Let the measurement data beX0 = [−2.5, −2] ×
[3, 3.5] and XT = [−1, −0.5] × [1.5, 2] at T = 1. We

1For example, in biological systems typical state variables are the con-
centration of some chemical substrates. In this case, they canbe neither
negative nor very large.
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Fig. 1. Phase portrait of the model in Example 3. The solid patches are
(from the left)X0 andXT . Shown as dashed curves are the level set�4x2

1+
x2

2 = �2.5 of B(x). These curves prove that a �ow starting atX0 cannot
reachXT .
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Fig. 2. A level set of the barrier certi�cateB(x, t) in Example 4 is shown
as a dashed curve in this �gure. Bold line att = 4 is XT , whereas the solid
patch is the collection of all possible trajectories of the model with p 2 P ,
starting atx(0) 2 X0.

show that the measurements are inconsistent with the model
by constructing a barrier certi�cate. An example of barrier
certi�cate is B(x) = −4x2

1 + x2
2. In the state space, we have

a plot as shown in Figure 1. It is shown how a level set of
the barrier certi�cate provides a barrier, in the sense thatit
“prevents” a �ow starting atX0 from reachingXT .

Example 4:As the second example, consider the model
ẋ = −px3, with X = R andP = [0.5, 2]. The measurement
data used for invalidating this model areX0 = [0.85, 0.95]
and XT = [0.55, 0.65] at T = 4. For this example, we
construct a barrier certi�cate that is time dependent, of the
form B(x, t) = B1(x)+tB2(x), whereB1(x) andB2(x) are
polynomials inx. Using the computational method that will
be described in Section III and the software [11], we obtain
as a barrier certi�cateB(x, t) = 8.35x + 10.4x2 − 21.5x3 +
9.86x4 − 1.78t + 6.58tx − 4.12tx2 − 1.19tx3 + 1.54tx4. It
is shown in Figure 2 how this function serves as a barrier in
the state-time space.
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B. Three Measurements and Beyond

In this subsection we discuss the case of three or more
measurements. Assume that measurements performed att =
T0, T1, ..., TN indicate thatx(Ti) ∈ XTi , for i = 0, ..., N .
These data will be used for invalidating the model (1).

A direct, computationally less expensive way to achieve
this is to consider the measurements pairwise (for example
at t = Ti and t = Tj , wherei < j), and use Theorem 2 to
invalidate the model. Unfortunately, a potential problem with
this approach is that it may give conservative results. The rea-
son is that for all possiblei andj the parameter sets̃Pij ⊆ P
de�ned by P̃ij = {p ∈ P : ∃x(t) s.t. ẋ = f(x, p, t), x(Ti) ∈
Xi, x(Tj) ∈ Xj , andx(t) ∈ X ∀t ∈ [Ti, Tj ]} can be
not empty, while the set̃P = {p ∈ P : ∃x(t) s.t. ẋ =
f(x, p, t), x(Ti) ∈ Xi ∀i = 0, .., N, andx(t) ∈ X ∀t ∈
[T0, TN ]} is empty. Since thẽPij 's are not empty, each of the
measurement pairs{XTi , XTj } is consistent with the model,
and therefore a barrier certi�cate associated to it will never
be found. On the contrary, the model is actually inconsistent
with the dataX0, ..., XT , becauseP̃ is empty.

To overcome this conservatism, all the measurement data
need to be considered at once and the couplings between two
segments of state trajectory (namely thatlimt→T −

i
x(t) =

limt→T +
i

x(t) = x(Ti)) need to be taken into account. This
is accomplished using an extended model that captures the
evolution of all trajectory segments in parallel, as described
in the following theorem.

Theorem 5:Consider the model (1), parameter setP , and
trajectory data{XT0 , ..., XTN , X}. Let ∆Ti = Ti − Ti−1 for
i = 1, 2, ..., N , and de�ne the extended vector �eld̃f(x̃, p, t)
as follows

f̃(x̃, p, t) ,





∆T1f(x̃1, p, t∆T1 + T0)
∆T2f(x̃2, p, t∆T2 + T1)

...
∆TN f(x̃N , p, t∆TN + TN−1)




, (4)

wherex̃ = (x̃1, ..., x̃N ) ∈ RNn, x̃i ∈ Rn for eachi. Suppose
that there exists a functioñB : RNn+m+1 → R such that

B̃(x̂1, x̂2, ..., x̂N , p, 1) − B̃(x̂0, x̂1, ..., x̂N−1, p, 0) > 0
∀x̂i ∈ XTi , i = 0, 1, ..., N, and∀p ∈ P, (5)

∂B̃
∂x̃

(x̃, p, t)f̃(x̃, p, t) +
∂B̃
∂t

(x̃, p, t) ≤ 0

∀x̃ ∈ XN , p ∈ P, t ∈ [0, 1], (6)

where XN = X × X × ... × X (N times). Then the
model (1) and parameter setP are inconsistent with the
data{XT0 , ..., XTN , X}. Moreover, this test is more powerful
than the test by considering pairwise measurements.

Proof: See [9].
Two things should be noted in relation to Theorem 5.

First, the fact that the parameter of the system does not
change along the whole trajectoryx(t) is taken into account
by using the same parameterp for all the components
∆Tif(x̃i, p, t∆Ti + Ti−1) of the extended vector �eld (4).
Second, the continuation condition between the trajectory
segments is actually imposed in (5). This is achieved by

requiring the �nal value of̃xi(t), which enters as an argument
of the �rst term in this inequality (cf. also condition (2)) and
is denoted bŷxi, to be the same as the initial condition of
x̃i+1(t), which enters as an argument of the second term.

Example 6:Consider the same model̇x = −px3 as
in Example 4, withX = R and P = [0.5, 2]. Let the
measurement data beXT0 = [0.85, 0.95], XT1 = [0.55, 0.65],
XT2 = [0.20, 0.30], whereT0 = 0, T1 = 2, andT2 = 4. Here
the pairwise measurement test will not be able to invalidate
the model. In fact, the pairs{XT0 , XT1}, {XT1 , XT2}, and
{XT0 , XT2} are consistent with the model, because

• for x(0) = 0.95, p = 0.5, we havex(2) ∈ [0.55, 0.65],
• for x(2) = 0.55 andp = 2, we havex(4) ∈ [0.20, 0.30],
• for x(0) = 0.85 andp = 2, we havex(4) ∈ [0.20, 0.30].

However, as the reader may expect already, these measure-
ment data are actually inconsistent with the model. The
barrier certi�cate B(x̃, t) = 6.81x̃1 − 57.9x̃2 + 13.4x̃2

1 −
50.3x̃1x̃2 + 94.4x̃2

2 − 3.66t + 2.53tx̃1 + 9.05tx̃2 + .758tx̃2
1 +

7.25tx̃1x̃2−25.9tx̃2
2 satis�es all the conditions in Theorem 5,

thus proving the inconsistency.
Variations of Theorem 2 can be derived for other invalida-

tion settings. One of such instances is invalidation of models
with inputs, for which we refer the reader to [9].

III. C ONSTRUCTION OF BARRIER CERTIFICATES

Similar to the case of Lyapunov functions, construction
of barrier certi�cates is in general not easy. In fact, even
verifying that the conditions (2)–(3) are satis�ed by a given
barrier certi�cate is hard. However, for models with polyno-
mial vector �elds and setsP, X0, XT , X described by poly-
nomial equalities and inequalities, a tractable computational
relaxation for solving this problem exists. The relaxationis
provided by thesum of squares decomposition[7].

A multivariate polynomialp(x) is a sum of squares if
there exist polynomialsp1(x), ..., pm(x) such thatp(x) =∑m

i=1 p2
i (x). This is equivalent to the existence of a positive

semide�nite matrix Q, and a properly chosen vector of
monomialsZ(x) such thatp(x) = ZT (x)QZ(x). Such a
sum of squares decomposition forp(x) can be computed
using semide�nite programming [1], since the computation
of Q is actually a search for a positive semide�nite matrix
subject to some af�ne constraints. Coupled with the property
that p(x) being a sum of squares implies2 p(x) ≥ 0,
the sum of squares decomposition provides a computational
relaxation for proving polynomial positivity, which belongs
to the class of NP-hard problems.

The sum of squares decomposition has been exploited for
algorithmically constructing Lyapunov functions for nonlin-
ear systems [7], [6]. Similar idea can be used in the com-
putation of barrier certi�cates. In this case, real coef�cients
c1, ..., cm are used to parameterize a set of candidate barrier
certi�cates in the following way:

B = {B(·) : B(x, p, t) =
m∑

i=1

ciBi(x, p, t)}, (7)

2Note that the converse implication is true only in special cases, e.g. when
the polynomial is quadratic.
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where theBi(x, p, t)'s are some polynomials inx, p, t; for
example they could be monomials of degree up to some
number. The search forB(x, p, t) ∈ B (or equivalently
coef�cients ci's) satisfying the conditions in Theorems 2 or
5 can still be formulated as a sum of squares problem and
solved using semide�nite programming.

More concretely, consider the two-measurement case with
the modelẋ = f(x, p, t), wheref is polynomial, and assume
that the parameter set is de�ned as follows:

P = {p ∈ Rm : gP,i(p) ≥ 0 ∀i ∈ IP } (8)

where thegP,i(p)'s are polynomials inp, andIP is an index
set. For example, when the elements ofp take their values
on the intervalspi ≤ pi ≤ pi, we may de�negP,i(p) =
(pi −pi)(pi −pi), for i ∈ IP = {1, ..., m}. Similarly, let the
trajectory data be de�ned by

X0 = {x0 ∈ Rn : g0,i(x0) ≥ 0 ∀i ∈ I0}, (9)

XT = {xT ∈ Rn : gT,i(xT ) ≥ 0 ∀i ∈ IT }, (10)

X = {x ∈ Rn : gX,i(x) ≥ 0 ∀i ∈ IX}. (11)

Then a barrier certi�cate can be computed by solving the
convex optimization problem in the following proposition.

Proposition 7: Let the modelẋ = f(x, p, t) and the sets
P, X0, XT , X in (8)–(11) be given. Suppose there exist a
polynomial B(x, p, t), a positive numberǫ, and sums of
squaresMP,i(x0, xT , p), M0,i(x0, xT , p), MT,i(x0, xT , p),
NP,i(x, p, t), NX,i(x, p, t), Nt(x, p, t), such that

B(xT , p, T ) − B(x0, p, 0) − ǫ −
∑

i∈IP

MP,i(·)gP,i(·)...

−
∑

i∈I0

M0,i(·)g0,i(·) −
∑

i∈IT

MT,i(·)gT,i(·) (12)

and

−
∂B
∂x

(x, p, t)f(·) −
∂B
∂t

(·) −
∑

i∈IP

NP,i(·)gP,i(·)...

−
∑

i∈IX

NX,i(·)gX,i(·) − Nt(·)(T t − t2) (13)

are sums of squares. ThenB(x, p, t) satis�es the conditions
(2)–(3) of Theorem 2, and therefore it is a barrier certi�cate.

Proof: See [9].
We would like to remark that although the computational

approach discussed in this section assumes that the descrip-
tion of the model and sets are polynomial, non-polynomial
descriptions can be handled (although possibly with some
conservatism) and non-polynomial barrier certi�cates canbe
constructed by recasting of variables as proposed in [6].

IV. I NVALIDATION OF MODELS WITH CONSTRAINTS

As mentioned in the introduction, the methods proposed
in Section II can be extended to accommodate larger class
of models. Consider now the following model:

ẋ(t) = f(x(t), v(t), p, t), (14)

0 = g(x(t), v(t), p, t), (15)

0 ≤ h(x(t), v(t), p, t), (16)

0 ≤
∫ T

0
σ(x(t), v(t), p, t)dt ∀T ≥ 0, (17)

wherex(t) andp are the same as before, andv(t) ∈ V ⊆ Rℓ

is a vector of auxiliary variables. This formulation includes
a very large class of models, for example:

• models described by differential-algebraic equations
(DAE) can be accommodated by including the equality
constraints (15) in the formulation,

• memoryless uncertainties relating some signals in the
model can be taken into account by the inequality
constraints (16),

• uncertain time-varying inputs can be characterized using
(16), e.g. for inputs with bounded magnitude, or (17),
e.g. for inputs with bounded energy [4],

• dynamic uncertainties can be described usingintegral
quadratic constraints(IQCs) [4], which is a special
case of (17). Standard model validation techniques often
use constraints like this in the form of theextension
principle [8].

More importantly, their combinations clearly can still be
described by (14)–(17). Note that (16) and (17) introduce
in�nite dimensional uncertainty to the model and thus in this
case exhaustive simulations cannot even give an approximate
proof of inconsistency.

For handling this class of models, we will add the prod-
ucts of g(·), h(·), and σ(·) given in (15)–(17) with some
function multipliers satisfying certain positivity criterions to
the conditions of Theorem 2 that must be satis�ed by barrier
certi�cates. This can be regarded as a generalization of the
so-calledS-procedure(in which the multipliers are constants,
see e.g. [1]). Ideas using the S-procedure in model validation,
although in an approach different from ours, can also be
found in [2].

The extension of Theorem 2 will now be stated in Theo-
rem 8. If the descriptions of the model and sets are polyno-
mial, then polynomial barrier certi�cate and multipliers can
be computed using the method described in Section III.

Theorem 8:Let the model (14)–(17) and the sets
P, X0, XT , X, V be given. Suppose there exist a barrier cer-
ti�cate B(x, p, t) and multipliersλ1(x, v, p, t), λ2(x, v, p, t),
λ3(p) such that

B(xT , p, T ) − B(x0, p, 0) > 0
∀xT ∈ XT , x0 ∈ X0, p ∈ P, (18)

∂B
∂x

(·)f(·) +
∂B
∂t

(·) + λ1(·)g(·) + λ2(·)h(·) + λ3(·)φ(·) ≤ 0

∀x ∈ X, v ∈ V, p ∈ P, t ∈ [0, T ], (19)

λ2(·) ≥ 0 ∀x ∈ X, v ∈ V, p ∈ P, t ∈ [0, T ], (20)

λ3(·) ≥ 0 ∀p ∈ P. (21)

Then the model (14)–(17) and its associated parameter setP
are invalidated by{X0, XT , T }.

Proof: See [9].
Remark 9:Notice that the multiplierλ3(p) is a function

of p only. If g(·), h(·), and σ(·) are vectors, then the
correspondingλ's will also be vectors. In this case, the
multiplications in (19) should be interpreted as sums-of-
products, and the inequalities in (20)–(21) are entry-wise.
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V. I NVALIDATION OF HYBRID MODELS

Hybrid systems are systems whose dynamics involve both
continuous and discrete processes. Models of these systems
take the form

ẋ = fi(t)(x(t), p, t), i(t) ∈ I = {1, ..., N}, (22)

wherex(t) ∈ Rn is the continuous state,i(t) is the discrete
state,fi(x, p) is the vector �eld describing the dynamics of
the i-th mode/subsystem, andI is the index set. A special
class of hybrid systems is switched systems, in which only
one mode is associated to eachx ∈ Rn. General hybrid
systems assume that for somex multiple modes are possible.

The evolution of the discrete state in a hybrid system is
governed by

i(t) = φ(x(t), i(t−)), i(0) ∈ I0, (23)

with φ : Rn × I → I and3 I0 ⊆ I. Corresponding to the
transition law φ, there exists a region of the state space
where a particular mode can be active. For thei-th mode,
the active region is denoted byAi, and for example can be
described byAi = {x ∈ Rn : gik(x) ≥ 0 ∀k ∈ KAi},
for somegik : Rn → R, with KAi being a set of indices.
Note that necessarily

⋃
i∈I Ai = Rn, and in the case of

switched systems we will have int(Ai) ∩ int(Aj) = ∅ for
i 6= j. The transition from thej-th mode to thei-th mode in
a hybrid system occurs atSji = {x ∈ Rn : i = φ(x, j)}. It is
assumed in this paper that the discrete statei(t) is piecewise
continuous in time. Systems with in�nitely fast switching are
excluded from our discussion.

It is clear that the model (22) is invalidated by some
trajectory dataX0, XT , X, if a barrier certi�cateB(x, p, t)
that satis�es conditions (2)–(3) for eachfi(x, p, t) can be
found. In fact, the existence of such a barrier certi�cate
will prove that the model is inconsistent with the trajectory
data for any discrete state sequence. However, this test is
unnecessarily too restrictive if the discrete transition law (23)
is speci�ed, since in that case the discrete state sequence
cannot be arbitrary.

In the latter case, ideas similar to those used in analysis of
hybrid systems using piecewise Lyapunov functions (see e.g.
[10]) can be utilized to obtain a less conservative test. The
key concept here is to invalidate the model using apiecewise
barrier certificate, i.e., a barrier certi�cate patched from
several functionsBi(x, p, t). Each Bi(x, p, t) corresponds
to an active regionAi and needs to satisfy condition (3)
only inside its active region. In addition, on the transition
set Sji it is only required that the value ofBi(x, p, t) in
the destination mode is less than or equal to the value
of Bj(x, p, t), as opposed to being exactly the same. The
complete conditions for invalidation test using a piecewise
barrier certi�cate are stated in Theorem 10. If the vector �elds
fi(p, x, t) are polynomials and the setsAi, Sji, P , X0, XT ,
X are described by polynomial equalities and inequalities,

3This is included to account for the fact that the initial discrete statei(0)
in hybrid systems is often speci�ed in advance, for whichI0 will be a
singleton. In switched systems, the initial discrete state is dependent on the
initial conditionsx(0). In this caseI0 should be set equal toI.

then the search for a piecewise polynomial barrier certi�cate
can be performed using the method described in Section III.

Theorem 10:Let the model (22) and the setsAi, Sji, P ,
X0, XT , X be given. De�neÎ0 , {i ∈ I0 : X0 ∩ Ai 6= ∅},
and ÎT , {i ∈ I : XT ∩ Ai 6= ∅}. If there exist functions
Bi(x, p, t) for all i ∈ I such that

Bi(xT , p, T ) − Bj(x0, p, 0) > 0 ∀i ∈ ÎT , j ∈ Î0, ...
xT ∈ XT ∩ Ai, x0 ∈ X0 ∩ Aj , p ∈ P, (24)

∂Bi

∂x
(x, p, t)fi(·) −

∂Bi

∂t
(·) ≤ 0 ∀i ∈ I, ...

x ∈ Ai ∩ X, p ∈ P, t ∈ [0, T ], (25)

Bi(x, p, t) − Bj(x, p, t) ≤ 0 ∀i, j ∈ I, ...
x ∈ Sji ∩ X, p ∈ P, t ∈ [0, T ], (26)

then the hybrid model (22) with discrete transition law (23)
and parameter setP is invalidated by{X0, XT , X}.

Proof: See [9].

VI. A PPLICATION EXAMPLE : ENZYMATIC REACTIONS

In this section, we present a physically motivated example
to illustrate the use of the results in this paper. The system
we consider here is a system of enzymatic reactions:

S1 + E1
k1⇋

k−1
C1

C1
k2→ S2 + E1
...

C2
k3→ S3 + E2






(27)

Systems of this type can be found in the metabolic path-
way of living organisms. See [5] for more background and
modelling details. In this system, a substrateS1 reacts with
an enzymeE1 in a reversible reaction to form a complex
C1. The complex is then converted into a productS2 and
the enzymeE1. The productS2 is converted through another
series of reactions to result in the �nal productS3. The dotted
part in the diagram above is assumed not exactly known, but
it will be represented by an uncertain operator in our model.

A model of this system and the list of variables in it are
given in Table I. Thepi's are time-invariant parameters, with
p2 > p1. The rationale in the derivation of this model will
be brie�y explained now.

The equations describing evolution of the concentration
of S1, E1, and C1 can be obtained using thelaw of mass
action [5]. After suitable simpli�cation (see [9] for details)
and non-dimensionalization, they result in the differential-
algebraic equations (28) and (31). The time evolution ofS2
can be modelled in a similar manner. The substrateS2 is
produced fromC1 and consumed by the forward reactions
in the chain. However, since these reactions are not known,
the consumption ofS2 will be represented by an uncertain
negative feedback with feedback gainv2(t). Thus we obtain
(29), where the time-varying feedback gainv2(t) is assumed
to satisfy (32). Finally, the unknown reactions fromS2 to C2
are modelled by an uncertain operator withL2-gain equal to
one, which is represented by the IQC (33), and the dynamics
of the �nal productS3 is described by (30).
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ẋ1(t) = −x1(t) + (x1(t) + p1)v1(t), (28)
ẋ2(t) = p3v1(t) − v2(t)x2(t), (29)
ẋ3(t) = v3(t), (30)

0 = x1(t) − (x1(t) + p2)v1(t), (31)
0 ≤ (v2(t) − v2)(v2 − v2(t)), (32)

0 ≤
∫ T

0
x2

2(t) − v2
3(t)dt ∀T ≥ 0. (33)

x1(t): dimensionless concentration ofS1
x2(t): dimensionless concentration ofS2
x3(t): dimensionless concentration ofS3
v1(t): dimensionless concentration ofC1
v2(t): time-varying uncertain feedback gain forS2
v3(t): dimensionless concentration ofC2

TABLE I

AN ENZYMATIC REACTIONS MODEL AND THE LIST OF VARIABLES.

Sincex1, x2, x3, v1, andv3 represent physical substrate
concentrations, they can neither be negative nor very large.
Thus we assume that they take their values on the interval
[0, 10]. This de�nes the setsX and V in Theorem 8. We
let v2 be “free”, although it will be constrained by (32), for
which it is assumed thatv2 = 0.5 andv2 = 2. The parameters
are known to be in the following intervals:p1 ∈ [0.5, 1.5],
p2 ∈ [2, 3], p3 ∈ [3, 4]. These de�ne the setP .

Suppose now that measurements of the initial and �nal
substratesx1(t), x3(t) are performed with the real system4

at time t = 0 and t = 1 , T . The results indicate that
x1(0) ∈ [0.9, 1.1], x1(1) ∈ [0.4, 0.6], x3(0) ∈ [0.9, 1.1],
x3(1) ∈ [3.9, 4.1]. Neither x2(0) nor x2(1) is measured.
However, it is known that the initial quantity ofx2 is not
abundant and therefore we assume thatx2(0) ∈ [0, 2]. No
further restriction is put onx2(1). All these information
de�ne the setsX0 andXT in Theorem 8.

In this example, the model and its parameter set turn out to
be inconsistent with the measurement data. A barrier certi�-
cate and multipliers that satisfy the conditions in Theorem8
can be found, thus suggesting that a re�nement of the model
and/or parameter ranges is necessary.

VII. C ONCLUDING REMARKS

In the previous sections we have presented a new method-
ology for invalidation of nonlinear models using barrier
certi�cates. Theorem 2 can be regarded as the fundamental
result in this work, from which the other results are derived.
Other variations besides those given in this paper are possible
and can be found in [9]. One advantage of this methodology
is that it encompasses a very large class of model validation
problems within a single framework, including several that
have not been addressed before in the literature.

The results are presented with the parameter, measurement,
and input data given as sets. This clearly includes the
case when some of these sets are singletons. It additionally
corresponds to the fact that in practice the data are not
known with zero tolerance; there is always some degree of
uncertainty associated to them.

4For our purpose here, an experiment with the “real system” is just a
simulation of the full model of (27) where the dotted part is known and
with parameters �xed at some values.
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