ESE 680-004: Learning and Control Fall 2019

Lecture 11: System Level Synthesis and Robust Control Bounds

Lecturer: Nikolai Matni Scribes: Haimin Hu

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.

1 Introduction

In the last few lectures we have seen how to use machine learning and probability tools to perform system
identification and quantify associated uncertainties. More specifically, these uncertainties are produced via
concentration bounds and they are in form of error bounds with probability profiles. Now, as depicted in
Figure 1, the remaining component in our familiar learning and control pipeline is, how do we explicitly
account for this uncertainty when designing control policies? In this lecture, we will see ways to handle
uncertainties stemming from system identification using robust control tools. In the end, we would expect
end-to-end guarantees like:

With probability 1 — 6§, for N sufficiently large, the synthesized controller is stabilizing and achieves the
relative performance bound

j—J, d+ p)log (}
J _ J < C( robustness, excitability ) %
Jx

(1)

where J is the performance of the learned controller on true system, Jy is the optimal performance achievable,
d is the number of states and p is the number of inputs. Further notice that C is a constant depending only
on the true system matrices.
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Figure 1: A learning and control pipeline

Denote AA= A — A and AB = B — B, the uncertainties in estimated system matrices. If we know that
[|Aall <ea,||Ag|| < ep, the main challenge therein is to quantify the performance degradation of a robust
controller with respect to the optimal controller as a function of (e4,e5). We will see that System Level
Synthesis (SLS) is an effective way to achieve robust control synthesis in this context.

2 Finite Horizon System Level Synthesis
Consider the linear time varying (LTV) system

Ti41 = Atl‘t =+ Btut + Wt (2)
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where x; € R" is the state, u; € RP is the control input and w; € R™ is the disturbance. We consider a time
horizon of t =0,...,T. Let us define a linear and time-varying state-feedback law in form of

t
Uy = Z Ky v, (3)
7=0

and write the signals in compact form

T
i) (') wo KO’O
1 (751 wo Kl’l Kl’o
X = . ,ll = . W = 1 aK = . . . (4)
T ur ) KT ... KTl KTO
Wr-1

Now, we introduce down-shift operator Z, i.e. a matrix with identity matrices along the first block sub-
diagonal and zeros elsewhere. Subsequently, we can compactly rewrite the behavior of the system (2) as

x=(I—-Z(A+BK)) 'w (5)
u=K({ - Z(A+BK))'w

where A := blkdiag (Ao, A1,...,Ar_1,0),B := blkdiag (By, B1, ..., Br_1,0). In other words, these maps
describe the system responses achieved by feedback law K from w to (x,u). Here, we highlight that the
key idea of SLS is to optimize directly over those maps, as opposed to K. More concretely, we would like to
optimize over Block Lower Triangular (BLT) matrices {®,, ®} defined as

0,0 0,0
(I)ilv 1 1,0 ¢1111 1 1,0
D L3 D (3
@, = . . . , By = . . . (6)
T, T .. T,1 T,0 T . T,1 T,0

and they satisfy

MR ™

The following theorem ensures that there exists a BLT controller K such that the closed loop system (5)
achieves the desired behavior (7).

Theorem 1 (Theorem 2.1 [1]). For the dynamics (2) over a horizont =0,...,T, for BLT K and u = Kx,
the following are equivalent:

1. The affine space of BLT (®,,®,,) satisfying

[1- 24 —ZB][gi]:I (8)

parameterizes all achievable maps (7).

2. For all (®,,®,) satisfying the above constraint, denoted by C (®,,®,) = I for short, the controller
K = ®,®_! achieves the desired response (7).

Proof. 1 = 2: Notice first that ®, ! exists because (8) implies that its block-diagonal components are I. By
substituting K = ®,®, ! into (5) we have that

x=(I-Z(A+B2,®,')  w 9)
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Consider the following algebra
_ -1
(1- 72 (A+B8,8;1) 7 = (I - ZA)®, — ZBS,) ®,') =&, (I - ZA)®x — 2B8,)"" = &, (10)
the last step is implied by 1. For the control map:
u=%,8 'x=9,8,'®,w=>a,w (11)

2 = 1: Consider the following algebra

I—Z(A+BK))™ -
[[-ZA — ZB] K((I B Z((A+BI?))—1 } =(I—-ZA-ZBK)(I - Z(A+BK)) =1 (12)
where we have utilized the definition of (®,, ®,,) via (5). O

2.1 Recipe of Formulating SLS Problems

To summarize, there are three steps for turning a standard finite-time optimal control problem (FTOCP)
into an SLS problem:

1. Rewrite the problem in vector + BLT notation (4).
2. Set x = ®,w, and u = ®,w and constrain (®,, ®,) to obey C (®,,P,) = I.
3. Optimize over system responses (®,, ®,,) with appropriate disturbance model and cost function.

In the following we perform those steps on LQR and £; optimal control as illustrative examples.

2.2 Constrained LQR without Noise

The finite-time constrained LQR problem is formulated as
EE& Z x) Qs + u/l Reuy

subject to 441 = Azy + Buy, t =0,...,T -1 (13)
zo known

Ty € Xt,ut €U

Using vector notation, this problem can be written as

5 w][3]

subject to x = ZAx + ZBu
reXueld

2

min
X, u

F (14)

where w = [zg 0 ... O}T, Q := blkdiag (Qo, Q1,-..,Qr) and R := blkdiag (Ro, Ry, ..., Rr). Notice that
x=®,w=2=,(:0)z and u = ®,w = &,(:,0)z9. Here we use ®(:,0) to denote the first block column of
a matrix ®. Applying Theorem 1 to (14) we arrive at

5w ][
0 Rz ®,(:,0
subject to [I — ZA — ZB] { T( 70) 7 (15)
B, (-, 0)z0 € X, B (- )xo eu

ming, o,

This is an SDP problem which can be solved efficiently using existing solvers, for example MOSEK.
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2.3 L; Optimal Control

Consider the following £, optimal control in vector form

. Q: 0 X
mlnx’u maXHwHocél 0 R% u (16)
subject to X =ZAx + ZBu+w OC
Once again we apply Theorem 1 and arrive at
min max { Q: 0 } { @, ] WH
Py, Py Iwlleo <1 %
subject to I—-ZA —ZB| [ <I>1 =1

Using the definition of £1 norm we can eliminate the inner optimization problem over w, leading to the final
optimization problem over system responses (®,, ®,)

[ P ik ”LW (18)

subject to [ — ZA — ZB| ix =T

ming, e,

Notice that this is a linear program and thus can be solved efficiently.

3 Infinite-Horizon State-Feedback SLS

Now, let us try to extend results on finite-horizon SLS in Section 2 to the setting of infinite-horizon optimal
control. Consider a linear time invariant (LTI) plant

z(t + 1) = Az(t) + Bu(t) + B,w(t) (19)
The z-transform of dynamics (19) is given by
(21 — A)x = Bu+ §, (20)

where §, := B, w denote the disturbance affecting the state. Consider state-feedback control policy u = Kx
as defined in (3) and substitute it into the above equation, leading to system responses (®,, ®,,) for (19)
defined as
®, = (21 — A— BK) ™'
®,=K(z2I—-A—-BK)™"
Theorem 2 (Theorem 4.1 [1]). For the LTI dynamics (19) under state-feedback control law u = Kx, the
following statements are equivalent:

1. The affine space of BLT (®,,®,) satisfying

(21)

@,

[ 21— A —B][%

} I @, @, € RHL (22)
z

parameterizes all responses (21), achievable by an internally stabilizing state feedback controller K.

2. For all (®,,®,) satisfying (22), the controller K = ®,®, %, implemented as

x

u=2z29,6,

. . (23)
0y =x+ (I — 2®,) 0,

is internally stabilizing and achieves the desired response (21).
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Proof. Almost identical to Theorem 1. See Section 4 in [1]. O

Remark 1. Constraint ®,, P, € %R’Hoo in (22) means that systems responses (®,,®,) are stable and
strictly proper.

4 Robust SLS

In this section, we will develop robustness result for the infinite-horizon SLS that provides necessary and
sufficient conditions under which a controller that only approximately satisfies the achievability constraint
(22) is stabilizing.

4.1 Robust Achievability and Stability

Let us now derive the robust variant of Theorem 2, which shows achievability and stability for the infinite-
horizon SLS under the presence of uncertainty.

Theorem 3 (Theorem 4.3 [1]). Let (@m, <i>u7A) be a solution to

[ 2I-A _B][zz}:]_yA, @w,éue%RHo@ (24)

u

and assume that (I — A)~! exists. Then the controller K = éuigjl achieves the response

BRI

Further, K is stabilizing if and only if (I — A)™! € RHoo.
Proof. First multiply (I — A)~! to both sides of (24) and we have

[ 214 —B][zz](I—A)_lzl (26)

Then follow proof of Theorem 2. For the control we have that
u=&,(1 - A)! [«i’x(lfA)*l}_l = &, 'x = Kx (27)
Finally, to show that K is stabilizing refer to Section 4.5.1 in [1]. O

4.2 Robust LQR Synthesis

Now we would like to understand how our model error in system matrices (A, B) affects closed loop behavior
and performance. Recall the following assumption on the model uncertainty

Ap:=A—A, Ap:=B-B, max{||A4],|As]}<e (28)

Let the noise term w(t) in (19) be such that w(t) = wy N (0,021). Consider the following infinite-
horizon robust LQR problem

minimize Sup a,|,<c, IM7rco % ZtT:1 E [fomt + ut*flRut_l]
Iagl,<cn ) ) (29)
subject to T4l = (A + AA> Ty + (B + AB> up + Wi

We introduce an additional notation
Ry o= (2] — M)~! (30)
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Lemma 1 (Lemma 3.4 [2]). Let the controller K stabilize (A, B) and (®,,®.,) be its corresponding system
response (21) on system (A, B). Then if K stabilizes (A, B), it achieves the following LQR cost

1 -1
0 P, P,
J(A,B,K):—‘H% R;H@ }<I+[AA AB}LI, D (31)
u u HZ
Furthermore, letting
. b,
A = [ Ax Ap } |: P, ] = (AA+ABK)9{E+§K (32)

a sufficient condition for K to stabilize (A, B) is that | Al < 1.
Proof. Consider the following algebra

[2I-A -B|=[z21-A -B|-[A-A B-B|=[z21-A4 -B]-[AA AB] ()

Recall that

[ 21-4 _EH?]:I (34)
Therefore, the following holds
[2I-A —B}[iw]:IJrA (35)

where we have used definition of A in (32). The rest of the proof directly follows Theorem 2, 3 and Corollary
3.3 in [2] (stabilization condition stemming from the small gain theorem). O

Consider the LQR problem (29) in the equivalent form

min<1>x,q>u SupHAAH2§fA J(A,B,K)

lagll,<en 36
: ~ S @ ) (36)
subject to z2I-A -B ] P =1, P,,®,€ RHw

where J(A, B,K) is as defined in (31). Unfortunately, problem (36) is non-convex. In the following, we will
derive a conservative but interpretable upper bound. To begin with, we give the following lemma

Lemma 2 (Proposition 3.5 [2]). For any a € (0,1) and A as defined in (32)

e,

Proof. See Section 3.2 in [2]. O

1Al <

=: H, (®,,®,) (37)
Hoo

We also provide the following corollary as an immediate consequence of Lemma 2.

Corollary 1 (Corollary 3.6 [2]). Let the controller K and resulting system response (®,, ®,,) be as defined
in Lemma 1. Then if Hy (®,,®,) < 1, the controller K = ®,®, ! stabilizes the true system (A, B).

Based on Lemma 2, we may arrive at the following optimization problem

. L (Qz 0 ][ @,
Miyefo,1) 7— MNe, $, 0 1 o, N
= 2
subject to - A —-B } { ix } =1, ®,®,c %RHN (38)
s, ]
Ve ‘ <7
L 1-a ™ Y Tl
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Remark 2. Problem (38) is quasi-convex (convez for fized ). It can be effectively solved with methods like
golden section search. Moreover, it is an infinite-dimensional optimization problem. It is possible to take
finite dimensional approzimations that converge exponentially quickly to infinite dimensional solution (see
Section 6 in this note).

Remark 3. Any feasible solution to (38) will stabilize the true system (A, B). This is because v € [0, 1) which
implies that the stabilizing condition Hy, (®,, ®,,) < 1 in Corollary 1 holds and hence the true system (A, B)
is stabilized. Therefore, even if the solution is approzimated, as long as it is feasible, it will be stabilizing.

5 Sub-Optimality Guarantees

Now let us revisit the coarse-ID control problem and wrap up everything we have just covered to derive
end-to-end bound in (1). We start with the following technical lemma in which we construct a feasible
solution to the robust control problem (38) using the optimal controller.

Lemma 3 (Lemma 4.2 [2]). Let K, be the optimal LQR static state feedback matrixz for the true dynamics
(A, B) and denote A := — [Ax + ApK | Ray5K, . Define ¢ := (ea + ep [|Killy) [|RatBx, Iy, and suppose

that ¢ < (14 +/2)7'. Then (’yo,i)l, <i>u> is a feasible solution of (38) with a = § where

_ V2
=1_¢
Proof. Denote vo(¢) = 1‘[?22 Note that the function vo(¢) is monotonically increasing on (—oo, (1 4 v/2)™!]
and v0((1 4+ v/2)71) = 1. Therefore vo(¢) < 1 for all ¢ < (1 ++/2)7L.

To prove the achievability constraint, plug in expressions of ®, and &, into the following algebra

Yo ‘i’T = %A-l—BK* (I + A)il, ‘iu = K*%A-FBK* (I + A)71 (39)

; - ® e, —1
[21-A B [ o } _([sI-4 -B|+[-A4 -AB)) [ by ] (I +A) (40)
where {®,, ®,} are responses achieved by K, for the true system (A, B). Since
P, P,
(214 _B][q)u]_fand [ —AA _AB][(I,J_A (41)
we have that B
p A L]
_ _ o 42
[ 2I-A -B] [ 5. } (42)
Next we show the inequality constraint defined by v = 9 holds. First notice that
1Al < (€a+ e [[Kully) [Raspr.lly, =¢ <1 (43)
Consider the following bounding procedure:
Ve e — /3 €aRas Bk, (I+A)"
L, e e KN a4 BK, oo
. 1 eaRatBK,
(Cauchy-Schwarz Inequality) < v/2 ||(I +A) H?-Loo [ s K Rasni. ] HH
\/E EAI
i A 1) <—bF— R (44)
(ince |8l <1) < TAT [ sk, ] e W
. V2
(Cauchy—Schwarz Inequality) < T A (ea + e | Killy) Ravnr, 4
_ Ho

(Since [|All3., <€)

< Y% _
<

Yo



Lecture 11: System Level Synthesis and Robust Control Bounds 8

Finally, by construction we have that ®,,®, € %T\’,’Hoo. This completes the proof. O

Based on Lemma 3, we can upper bound the performance of the controller synthesized from (38) in terms
of the model uncertainty (A4, Ap). This is addressed by the following Theorem.
Theorem 4 (Theorem 4.1 [2]). Let J, denote the minimal LQR cost achievable by any controller for the
dynamical system with transition matrices (A, B), and let K, denote the optimal contoller. Let (A, B) be
estimates of the transition matrices such that |Aally < €a,[|Aplly < €p. Then, if K is synthesized via (38)
with o = %, the relative error in the LQR cost is
J(A,B,K) — J,
I
as long as (ea + e | Ki||,) |RatBK, HH@O <1/5.

<5(eat e |Eilly) [Rarpr. [y, (45)

Proof. Let (74, @}, ®;) be an optimal solution to problem (38) and let K = &, (®%)"'. First, note that if
[[A]l,., <1, we have that

1

JABK) <[+ JABK) < ————J(ABK) (46)
Hoo 1— [ Al
From Lemma 2 and the fact that (7., ®%, ®7) is feasible for problem (38) we have that
1A 3. < 7 (47)
Consider the following bounding procedure
1 o
J(A,B,K) < —— J(4, B,K) (From (46))
1= A%
<5 J(A,B,K) (From (47))
—
< J (A\, B, K*) (By optimality of ) (48)
L=
J (A7 B7 K*) LI
< (Similar argument as (46))
(1=7) (1= [All..)

I
(1 =20) (1 = |All3.)
As the final step, recall that ||A|x_ < ¢ and 9 = v/2¢/(1 + ¢) which yields

J(ABK) ], _ 1 (V) <5 (49)
I, TS (vVaC L T- (14 V2K
where in the last inequality we have used the fact that ¢ < 1/5 < 1/(2 + 2v/2). O

Finally, based on the above Theorem, we can give an end-to-end performance guarantee for the system
identification procedure analyzed in previous lectures, when the independent data estimation scheme is used,
along with the SLS-based robust LQR control scheme discussed in this lecture.

Corollary 2 (Corollary 4.3 [2]). Let A¢ = Amin (O’iAc (A,B,T)+ o2 Ac(A, T, T)) Suppose the independent

data estimation procedure analyzed in previous lecture is used to produce estimates (E, E) and K is synthe-
sized via (38) with a = L. Then there are universal constants Cy and Cy such that the relative error in the

2
LQR cost satisfies

J A, B, K) — J,
% < Coow ||Ra+BEK, ||Hoo

( ! +||K*||2> (n + p) log(1/9) (50)

AV )\G Oy N
with probability 1 — &, as long as N > C1(n + p)o2, |Rat sk, ”itoo (1/)\G + || KI5 /05) log(1/9).

*
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Proof. Recall from the independent data estimation scheme we have that

160, [(n+ 2p)log(32/6) 1607, \/ (n + 2p)log(32/6)
< < 1
eA_\/E N , and eg < - I (51)
with probability 1 — 4§, as long as N > 8(n + p) + 161log(4/d). Since
N > 0{(n+p)o? [Rarzr. 3. (1/Ac+ IK.I5 /02 ) 10g(1/9)} (52)

we may conclude that (ea + ep [|Kslly) [Ras Bk, Iy < 1. This enables us to use Theorem 4. Finally,

plugging (51) into Theorem 4 gives the above result. O

6 Finite Impulse Response Approximation

As mentioned earlier, the optimization problem (38) is infinite dimensional. In this section we introduce the
method of finite impulse response approzimation (FIR) that provide upper bounds to the optimal value of
(38) and that can be solved in polynomial time.

6.1 A Finite Dimensional Optimal Control Problem using FIR

An elementary approach to reducing the aforementioned infinite dimensional program (38) to a finite dimen-
sional one is to only optimize over the first L elements of the system responses (®,,, ®,,), effectively taking
an FIR approximation. Since these are both stable maps, the effects of such an approximation is expected
to be negligible as long as the optimization horizon L is chosen to be sufficiently large. By restricting our
optimization to FIR approximations of (®,, ®,,), we can cast the Hy cost as a second order cone constraint.
Formulation in Theorem 5.8 of [3] is used to pose the Ho, constraint in (38) as a semidefinite program, since
it takes advantage of the FIR structure in our problem. We note that using [3], the resulting problem is
affine in « when ~ is fixed, and hence we can solve for the optimal value of . Then the resulting system
response elements can be cast as a dynamic feedback controller using Theorem 2 in [4].

Before introducing the approximated problem, we introduce additional concepts and notation needed to
formalize guarantees in the FIR setting.

Lemma 4. A linear-time-invariant transfer function is stable if and only if it is exponentially stable, i.e.,
b =37 2 'P(t) € RHo if and only if there exists positive values C and p € [0,1) such that for every
spectral element ®(t),t > 0, it holds that ||®(t)|2 < Cpt.

In what follows, we pick C, and p, to be any such constants satisfying |Raytpxk, (t)|l, < Cypl for all t > 0.
Now we are ready to introduce a version of problem (38) with a finite number of decision variables

. 1 . [ Q% 0 1[ ®,
mln.ye[()’l) 1~ mine  &,,v 0 R% &
Jd L u Ho
subject to 2I—-A —-B @, | _ I+ XV
) ) 2, : (53)
“aPp,
% & +VI2 <7
Vi—a T U Heo

) L i L
@, = Zt:l é(bw(t)a P, = Et:l %(I)u(t)

In this optimization problem we search over finite dimension decision variables {®,, (lc)}fz1 and {®, (k)}ﬁ:1
Given a feasible solution (®,,®,) of problem (53), we can implement the controller K; = ®,®, ! with
an equivalent state-space representation (Ag, Bx,Ck,Dk) using the response elements {@z(k)}izl and
{@u(k)}ézl via Theorem 2 of [4]. The slack term V accounts for the error introduced by truncating the
infinite response transfer functions of problem (53). Intuitively, if the truncated tail is sufficiently small,
then the effects of this approximation should be negligible on performance. The next section presents result
that formalizes this intuition.
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6.2 Sub-Optimality Guarantees of FIR-Based Controller

In the following Theorem we examine the sub-optimality guarantees when the FIR-based controller synthe-
sized from (53) is used on the true system (A, B).

Theorem 5 (Theorem 5.1 [2]). Let « = 1/2 in (53) and let C,, > 0 and p, € [0,1) be such that
||9%(A+BK*)(t)||2 < Cypt for all t > 0. Then, if Ky is synthesized via (53), the relative error in the
LQR cost is

J(A,B,Ky) — J,

J < 10 (€A+€B ||K*||2) HmAJ"BK*”'HW (54)
as long as
4log ( Cs
1—p. (catenlKull,)IRavnr, 4,
€A+ €B ||K*||2 < 10C, and L > 1— . (55)

Proof. See Section 5.1 in [2]. The proof is conceptually very similar to the one of Theorem 4. The main
difference is that one must ensure that the approximation horizon L is sufficiently large so as to ensure
stability and performance of the resulting controller. O

Finally, an end-to-end sample complexity result analogous to that stated in Corollary 2 can be easily obtained
by simply substituting in the sample-complexity bounds on €4 and ep specified in (51).
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