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Problem 1 (Nawaf Bou-Rabee)

The one-parameter subgroups generated by A and B are provided by the
matrix exponential as follows,

At | cost sint Bt 1t
¢ _{—Sint COSt:| € _[+Bt_{0 1

a basic result from linear odes.

The corresponding actions on R? are the restriction of the natural action
of GL(2,R) to the subgroups generated by A and B. For x € R? written
component-wise as x = (x1, xs), these actions are given by:

At | cos(t)zy + sin(t)xs Bt _\ | T1+xat
fale™,x) = [ —sin(t)zy + cos(t)z, Op(e™, x) = To

with corresponding infinitesimal generators:

d

Ya(x) = 7

a0 = | 72| vato = 4

t=0 t=0

Problem 2 (MTA 5.3-1) (Arash Yavari 2003)

G x V is a product of manifolds and therefore is itself a manifold. It remains
to show that the group structure on G x V satisfies the properties of group
multiplication. Note that the group multiplication as given is smooth because
the products and sums of smooth functions are smooth.

e Associativity:

(92,v2) - (93,v3) = (9293, g2v3 + v2)
(91,01) - ((g2,v2) - (93, v3)) = (919293, 9192V3 + g1v2 + V1)
= ((g1,v1) - (g2, v2)) - (g3, v3)

e Identity: The identity element is (e, 0) where e and 0 are identities in G
and V', respectively, because,

(9,v) - (e,0) = (ge, g0 +v) = (g,v)
(e,0) - (g9,v) = (eg,ev +0) = (g,v)



e Inverse: The (unique) inverse for (g,v) is (g7, —g~'v), because

(g.v)-(g7" =g ") = (997", —g9 v +v) = (¢,0)

(g7 —g7'0) (g,v) = (g7 9,97 "v — g 'v) = (e,0)
The Lie algebra of G(®V is the tangent space at the identity, that is, T,G x

ToV, therefore every element in g(@© V has the form p = (£, v) with £ € g and
v € V. We will compute the Lie bracket in g@® V' using the equation

Te¢” ' 5 = [ga 77]

from the text.
Let v = (n,w) and consider the curves

c1(t) = (expt€,tv) and ceo(t) = (expin, tw),
which satisfy ¢;(0) = ¢2(0) = eggv and ¢} (0) = p, 4(0) = v; then
d d
[, v] = %%Q(ﬂ@(s)cl(ﬂ_l i
d d
= s (exp t€ exp sn exp —t&,
(— exp t& exp snexp —t&)tv + (exp t&)sw + tv) ‘s:O,t:O

d
T dt (Adexp e 0, —(Adexpre )tv + exp t§ - w)
t=0
= ([5»77]7510 - 77@)

where

d
Sw = Eexptf-w

t=0

for { egand w e V.

Problem 3 (MTA 5.3-2)

Solution for (a) Elements of F(3) are of the form (A, v), where A € O(3),
v € R3, and the group multiplication in F(3) is

(A1, v1) - (Ag,v9) = (A1 As, Ayus + v7).

Thus, by taking Ajvs as the action of A; on v, and identifying F(3) with
O(3)xR3, (Ay,v1) with (g1, v1), and (Ag, vo) with (g, vs), we see that the group
multiplication in F/(3) is nothing but (gi,v1) - (g2, v2) as defined in Problem
5.3-1. This shows that F(3) can be written as O(3)®R?.



Solution for (b) Just define the mapping f as follows:

Fotaoe o 7]

where A € O(3), v € R3. Tt is clear that f is bijective. Now use the usual
matrix multiplication as the group multiplication on the group of those 4 x 4
matrices. We get

(A1, v1) - (Ag, 1)) =

Al U1 AQ V2
0 1 0 1

(A1, v1) - f(Ag, v2),

(18 50 ()
0 1 0 1 o 0 1

= (A14,, Ajvg +v1)

= (Alavl) ) <A2,U2)

(v ) ()

Thus, f is a group isomorphism, and F(3) is isomorphic to the group of those
4 X 4 matrices.
Problem 4 (MTA 5.3-4)

We will identify TG with G x g via right translations. This puts a group
structure in G x g which we will show coincides with G © g when G acts on g
via the adjoint map.

Let vy, vy, € T'G be vectors at g and h respectively. By definition,

Vg - On = Tigm(vg, Vn).

It is clear that (v, - vy) is a vector at gh, which we will call vg.
Let

§=TyRy1vg, n=T,Ry1v, and v ="TgyRyp-1vg.

Then in terms of G x g, the relation v,-vy, = vy, is written (g, £)(h,n) = (gh,v).
We calculate v:

Ugh = T(g,h)u(vga Uh) = T(g,h)M(TeRg£7 TeRhn)
T.Ryn - €+ T.(RpoLy)-n.



Then v = Typ Rign)-1vgn = § + Adyn. Therefore we obtain

as predicted.

Problem 5 (PS 2009)

(a) Taking the zero of potential energy at the center of the disc, the La-
grangian for the disc is

1 1. . 1 .
I = 5M(g‘g2 + %) + 51992 + §1¢¢2

where M is the mass of the disc, and Iy, [, are the moments of inertia
corresponding to rotation in €, ¢ directions (if the disc is taken as infin-
itesimally thin, then Iy = 1Mp? and I, = 1 Mp?, where p is the radius
of the disc).

Let g(a,c,d) € SE(2) denote a counterclockwise rotation by angle «
followed by a translation by (¢, d). The action of SE(2) on @ is given by

Do) (T,Y,0,0) = (rcosa —ysina+ ¢, rsina +ycosa +d,0 + o, ¢).
The tangent of this map is given by

Tz,y.0.0) (I)g(a,c,d)'(vxy Uy, Vg, Vg) = (U COS av—0y, sin @, v, SIn a0y, oS o, Vg, V).
L is easily seen to be invariant under this mapping.

(b) Here we take the base to be S' x S! (corresponding to angles 6 and ¢),
and the fiber to be R? (corresponding to position on the plane). The
noslip conditions can be written either as

vy cos 0 + v, sinf — pvy, =0

— Uy sinf + vy cost) =0

(corresponding to decomposition along and perpendicular to the plane
of the disc) or as

Uy — Ugppcost =0
vy — Vgpsind = 0



(corresponding to decomposition along the x and y axes). The latter is
in the form required for a principal connection; in the notation of the

paper

['(q)
Note that
and

LY

[0, — vgpcosf
| vy — vgpsind

(%

'vw] _ [0 p COS 9] |:U9:| € Ty O)RQ ~R2.

0 psind| |vy

['(q)

o O >R
I
—
R
—

D(Ty®a) - Xq) = T'(Xy) = Adc.a)I'(Xy)

(since R? is abelian), so I" obeys the required properties to be a principal

connection.

From the above we read off the local version of the connection

a0.0) |10 == |3 o] [11].

Vg 0 psinf| vy

(¢) There are two ways to show this:

(i) The distribution defined by the connection I' (i.e. such that
I'(q) - X = 0) is spanned by

0
0 0 9 8 0
|1 _{pcosea_x+p81nea_y+a_¢a@}—{Xl,Xg}
0
. 0 )
(X1, Xo] = pSan(?—x — pcos&a—y
0 0

[X1, Xo], X5 = _PCOSHa—J; — psint——

dy

Clearly { X1, Xo, [X1, Xa], [[X1, X2, X3]} spans all of T'Q), and so the
system is totally controllable, and hence fiber controllable.



(ii) Writing A explicitly as a differential form

A0, ¢) = — [(1)] pcosBdo — l(ﬂ psinOd¢
= dA(0, ¢) = [(1)] psinfdl A do — [(1)] pcosOdi A do

Then clearly we have that
span{(dA),(X,,Y,)| X,,Y, € T,(S* x §'),p € S* x §'} = R?

(e.g. take p = (0,0),(7/2,0) and X, = 2.V, = 8%). So by the
abelian version of the Ambrose-Singer theorem, the system is totally

controllable, and hence fiber controllable.

(d) One possible trajectory is this: set § = arctan(y/x), and move the disc
till it hits the origin. Then set # to 0. Finally, ¢ can be set to 0 by
executing a circle of radius p(1 — %)



