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CDS 202 Winter 2009 Solution Set 7

Problem 1 (Nawaf Bou-Rabee)

The one-parameter subgroups generated by A and B are provided by the
matrix exponential as follows,

eAt =

[
cos t sin t
− sin t cos t

]
eBt = I +Bt =

[
1 t
0 1

]
a basic result from linear odes.

The corresponding actions on R2 are the restriction of the natural action
of GL(2,R) to the subgroups generated by A and B. For x ∈ R2, written
component-wise as x = (x1, x2), these actions are given by:

θA(eAt,x) =

[
cos(t)x1 + sin(t)x2

− sin(t)x1 + cos(t)x2

]
θB(eBt,x) =

[
x1 + x2t
x2

]
with corresponding infinitesimal generators:

ψA(x) =
d

dt

∣∣∣∣
t=0

(
θA(eAt,x)

)
=

[
x2

−x1

]
ψB(x) =

d

dt

∣∣∣∣
t=0

(
θB(eBt,x)

)
=

[
x2

0

]

Problem 2 (MTA 5.3-1) (Arash Yavari 2003)

G× V is a product of manifolds and therefore is itself a manifold. It remains
to show that the group structure on G × V satisfies the properties of group
multiplication. Note that the group multiplication as given is smooth because
the products and sums of smooth functions are smooth.

• Associativity:

(g2, v2) · (g3, v3) = (g2g3, g2v3 + v2)

(g1, v1) · ((g2, v2) · (g3, v3)) = (g1g2g3, g1g2v3 + g1v2 + v1)

= ((g1, v1) · ((g2, v2)) · (g3, v3)

• Identity: The identity element is (e, 0) where e and 0 are identities in G
and V , respectively, because,

(g, v) · (e, 0) = (ge, g0 + v) = (g, v)

(e, 0) · (g, v) = (eg, ev + 0) = (g, v)
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• Inverse: The (unique) inverse for (g, v) is (g−1,−g−1v), because

(g, v) · (g−1,−g−1v) = (gg−1,−gg−1v + v) = (e, 0)

(g−1,−g−1v) · (g, v) = (g−1g, g−1v − g−1v) = (e, 0)

The Lie algebra of GsV is the tangent space at the identity, that is, TeG×
T0V , therefore every element in gsV has the form µ = (ξ, v) with ξ ∈ g and
v ∈ V . We will compute the Lie bracket in gsV using the equation

Teϕ
η · ξ = [ξ, η]

from the text.
Let ν = (η, w) and consider the curves

c1(t) = (exp tξ, tv) and c2(t) = (exp tη, tw),

which satisfy c1(0) = c2(0) = eG s V and c′1(0) = µ, c′2(0) = ν; then

[µ, ν] =
d

dt

d

ds
c1(t)c2(s)c1(t)

−1

∣∣∣∣
s=0,t=0

=
d

dt

d

ds
(exp tξ exp sη exp−tξ,

(− exp tξ exp sη exp−tξ)tv + (exp tξ)sw + tv)|s=0,t=0

=
d

dt
(Adexp tξ ·η,−(Adexp tξ ·η)tv + exp tξ · w)

∣∣∣∣
t=0

= ([ξ, η], ξw − ηv)

where

ξw =
d

dt
exp tξ · w

∣∣∣∣
t=0

for ξ ∈ g and w ∈ V .

Problem 3 (MTA 5.3-2)

Solution for (a) Elements of E(3) are of the form (A, v), where A ∈ O(3),
v ∈ R3, and the group multiplication in E(3) is

(A1, v1) · (A2, v2) = (A1A2, A1v2 + v1).

Thus, by taking A1v2 as the action of A1 on v2, and identifying E(3) with
O(3)×R3, (A1, v1) with (g1, v1), and (A2, v2) with (g2, v2), we see that the group
multiplication in E(3) is nothing but (g1, v1) · (g2, v2) as defined in Problem
5.3-1. This shows that E(3) can be written as O(3)sR3.
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Solution for (b) Just define the mapping f as follows:

f : (A, v) 7→
[
A v
0 1

]
,

where A ∈ O(3), v ∈ R3. It is clear that f is bijective. Now use the usual
matrix multiplication as the group multiplication on the group of those 4× 4
matrices. We get

f((A1, v1) · (A2, v2)) = f(A1A2, A1v2 + v1)

=

[
A1A2 A1v2 + v1

0 1

]
=

[
A1 v1

0 1

] [
A2 v2

0 1

]
= f(A1, v1) · f(A2, v2),

also

f−1

([
A1 v1

0 1

] [
A2 v2

0 1

])
= f−1

([
A1A2 A1v2 + v1

0 1

])
= (A1A2, A1v2 + v1)

= (A1, v1) · (A2, v2)

= f−1

([
A1 v1

0 1

])
· f−1

([
A2 v2

0 1

])
Thus, f is a group isomorphism, and E(3) is isomorphic to the group of those
4× 4 matrices.

Problem 4 (MTA 5.3-4)

We will identify TG with G × g via right translations. This puts a group
structure in G× g which we will show coincides with Gs g when G acts on g

via the adjoint map.
Let vg, vh ∈ TG be vectors at g and h respectively. By definition,

vg · vh = T(g,h)µ(vg, vh).

It is clear that (vg · vh) is a vector at gh, which we will call vgh.
Let

ξ = TgRg−1vg, η = ThRh−1vh and ν = TghR(gh)−1vgh.

Then in terms of G×g, the relation vg ·vh = vgh is written (g, ξ)(h, η) = (gh, ν).
We calculate ν:

vgh = T(g,h)µ(vg, vh) = T(g,h)µ(TeRgξ, TeRhη)

= TeRgh · ξ + Te(Rh ◦ Lg) · η.
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Then ν = TghR(gh)−1vgh = ξ + Adg η. Therefore we obtain

(g, ξ) · (h, η) = (gh,Adg η + ξ)

as predicted.

Problem 5 (PS 2009)

(a) Taking the zero of potential energy at the center of the disc, the La-
grangian for the disc is

L =
1

2
M(ẋ2 + ẏ2) +

1

2
Iθθ̇

2 +
1

2
Iφφ̇

2

where M is the mass of the disc, and Iθ, Iφ are the moments of inertia
corresponding to rotation in θ, φ directions (if the disc is taken as infin-
itesimally thin, then Iθ = 1

4
Mρ2 and Iφ = 1

2
Mρ2, where ρ is the radius

of the disc).

Let g(α, c, d) ∈ SE(2) denote a counterclockwise rotation by angle α
followed by a translation by (c, d). The action of SE(2) on Q is given by

Φg(α,c,d)(x, y, θ, φ) = (x cosα− y sinα+ c, x sinα+ y cosα+ d, θ + α, φ).

The tangent of this map is given by

T(x,y,θ,φ)Φg(α,c,d)·(vx, vy, vθ, vφ) = (vx cosα−vy sinα, vx sinα+vy cosα, vθ, vφ).

L is easily seen to be invariant under this mapping.

(b) Here we take the base to be S1 × S1 (corresponding to angles θ and φ),
and the fiber to be R2 (corresponding to position on the plane). The
noslip conditions can be written either as

vx cos θ + vy sin θ − ρvφ = 0

− vx sin θ + vy cos θ = 0

(corresponding to decomposition along and perpendicular to the plane
of the disc) or as

vx − vφρ cos θ = 0

vy − vφρ sin θ = 0
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(corresponding to decomposition along the x and y axes). The latter is
in the form required for a principal connection; in the notation of the
paper

Γ(q)


vx

vy

vθ

vφ

 =

[
vx − vφρ cos θ
vy − vφρ sin θ

]

=

[
vx

vy

]
−

[
0 ρ cos θ
0 ρ sin θ

] [
vθ

vφ

]
∈ T(0,0)R2 ' R2.

Note that

Γ(q)


a
b
0
0

 =

[
a
b

]

and
Γ(TqΦ(c,d) ·Xq) = Γ(Xq) = Ad(c,d)Γ(Xq)

(since R2 is abelian), so Γ obeys the required properties to be a principal
connection.

From the above we read off the local version of the connection

A(θ, φ)

[
vθ

vφ

]
= −

[
0 ρ cos θ
0 ρ sin θ

] [
vθ

vφ

]
.

(c) There are two ways to show this:

(i) The distribution defined by the connection Γ (i.e. such that
Γ(q) ·X = 0) is spanned by


ρ cos θ
ρ sin θ

0
1

 ,


0
0
1
0


 =

{
ρ cos θ

∂

∂x
+ ρ sin θ

∂

∂y
+

∂

∂φ
,
∂

∂θ

}
= {X1, X2}

Then

[X1, X2] = ρ sin θ
∂

∂x
− ρ cos θ

∂

∂y

[[X1, X2], X2] = −ρ cos θ
∂

∂x
− ρ sin θ

∂

∂y

Clearly {X1, X2, [X1, X2], [[X1, X2], X2]} spans all of TQ, and so the
system is totally controllable, and hence fiber controllable.
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(ii) Writing A explicitly as a differential form

A(θ, φ) = −
[
1
0

]
ρ cos θdφ−

[
0
1

]
ρ sin θdφ

⇒ dA(θ, φ) =

[
1
0

]
ρ sin θdθ ∧ dφ−

[
0
1

]
ρ cos θdθ ∧ dφ

Then clearly we have that

span{(dA)p(Xp, Yp) | Xp, Yp ∈ Tp(S
1 × S1), p ∈ S1 × S1} = R2

(e.g. take p = (0, 0), (π/2, 0) and Xp = ∂
∂θ
, Yp = ∂

∂φ
). So by the

abelian version of the Ambrose-Singer theorem, the system is totally
controllable, and hence fiber controllable.

(d) One possible trajectory is this: set θ = arctan(y/x), and move the disc
till it hits the origin. Then set θ to 0. Finally, φ can be set to 0 by
executing a circle of radius ρ(1− φ

2π
).


