CDS 202 Winter 2009 Solution Set 2
Problem 1 (MTA 2.3-1) (PS 2009)

Note: we are taking the vector space structure on E x F to be E ® F, so for
clarity I'll use this notation explicitly.

Using the bilinearity of B we have that
Blu+e,v+ f) = B(u,v) + B(u, f) + Ble,v) + Ble, f)
If S:E®F — G is the function defined by

S((e, f)) = B(u, [) + B(e, v)
then S is linear in E@® F (i.e. S(ai(er, f1) + aalea, f2)) = a1 S((e1, f1)) +
a25((e2, f2)): note, it is not required to be linear in E and F separately). Also
15((e, )l < 1B, Dl + 1B(e, )l
< 1Bl ymra e [/1le + 1Bl @re) el V]
< [[Bllpgra) max{||ullg, [Vl (lellg + 1 f]l£)
= 1Bl (g, 5:c) max{][ullg , [[v][g} | (e, /) |gar
so S is bounded. Finally
||B(€7f)||c; < ||BHL(E,F;G) HeHE HfHF
(e, Nllgar — llellg + I1f]le
so B(e, f) is o((e, f)). This implies that S is the derivative of B at (u,v)

DB(u,v) - (e, f) = B(u, f) + B(e,v).

-0,  (e,f)—(0,0)

Now

DB(u+ h,v+k)=B(u+h, )+ B(,v + k)
= B(u,-)+ B(-,v) + B(h,-) + B(-, k)
= DB(u,v) + B(h,) + B(-, k).

Let T:E®F — L(E® F, G) be defined by
T((h,k)) = B(h,-) + B(:, k)
T is linear in E @ F and
TR k)| Lmer.) < 1B )| ymer) + 1BE B Lmer.a)

<||Blly®rc) 1M + 1Bl @rac) ||kl
= ||B||L(E,F;G) H(h; k)HE@F



implies that 7' is bounded. Also, there is no o((h,k)) term. So T is the
derivative of DB at (u,v)

DQB(U’aU) ’ (h7k) ) (evf) = B(h7f> +B(6,l€)
Since D?B is constant as a function of (u,v), all of its derivatives vanish, i.e.

D*B(u,v) =0, Vk > 3.

Problem 2 (MTA 2.3-4)

We will first show that A o Df(u) is the derivative of (A o f) at u. By the
linearity of A, we get

L Ao futv) = Ao f(u) — (AoDf() vl _ . [Ao(f(u+v)— f(u) = Df(u)-v)]|

v—0 ||| B 11):0 [[v]]
i 4 L0 0) = ) = DFw) o
v=0 o]
=0.

Furthermore, (A o D f(u))(v) is linear in v, since

(Ao Df(u))(arvy + agvy) = A(Df(u) (v + agug))
= Al D f(u)(v1) + aaD f(u)(v2))
= ADf(u)(v1)) + a2 A(D f (u)(v2))
= ar(AoDf(u))(v1) + az(A o Df(u))(ve)
and bounded since both A and D f(u) are. Therefore we conclude that (Ao f)
is differentiable, and the derivative is D(A o f)(u) = Ao Df(u). If Df(u) is
continuous (i.e., if fis C'), then so is D(A o f)(u).

Now suppose that f is C". We prove that (Ao f) is also C" and D"(A o
f)(u) = Ao D" f(u) by an induction, i.e., by showing for k = 1,2,--- | r, that
if

fis C* and D¥1(Ao f)(u) = Ao D* 1 f(u)
then (Ao f) is also C* and D*(A o f)(u) = Ao D*f(u). The case for k = 1
has been prove above. Suppose that the premises are fulfilled, then

|[D*(Ao f)(u+v) —D* (Ao f)(u) — (Ao D*f(u)) - v]|

2 o]
m HA o (D*1f(u+v)—D*1f(u) — D*f(u) - ’U)H
0 [[v]]
o D750+ 9 - D) D100 o)
~ v o]l

= 0.



The linearity and boundedness of A o D¥f(u) follows by the same argument
as for k = 1. This shows that (Ao f) is C* and D*(A o f)(u) = Ao D*f(u).
Since this holds for k£ = r, we conclude that (Ao f) is also C".

Problem 3 (MTA 3.1-4 (i))
(i) First consider the Mobius band M which is obtained from [0, 27[xR by
identifying (0,z) with (27, —x). Use two charts:

(U1, 1) = (]0,27[xR, identity)
(Us, 2) = (([0, w[U]mr, 27[) X R, s is as defined above).

Each ¢; is a bijection from U; to an open subset of R%. We see that
Uy UU; = [0,27[xR = M. Furthermore,

©1(Uh NU2) = (J0, 7[U]m, 27]) x R
wa(Uy NUy) = (] — m,0[U]0,7w]) x R

are open in R?, and the overlap map

1 [ (0,2), if0<O<m
(2001 ‘901<U1QU2))<9’@_{ (0 —2m,—x), ifr<0<2rm

is a diffeomorphism, where the inverse is given by

_ f,z), if0<f<m
(erowrtleainU@0) ={ G705 TI<AST L

All of these imply that (Uy, ¢;1) and (Us, o) define an atlas on M. There-
fore M is a manifold.

Problem 4 (MTA 3.1-5) (PS 2009)

(i) Clearly R? = UUU, and ¢ and ¢, are easily seen to be bijective. Also
UNUsx =R\{0} = ¢(UNUx) = ¢poo(U NUsx) = R\{0}.

On R\{0}

TINIT]
[

($0d)(y) = ——
]

which are C* since the denominator is never zero. So A, defines a
smooth manifold structure.

<¢oo © (bil)(x)



(i)

(iii)

Let {O4 }aer be an open cover of R”. At least one O,, contains the point
co. Every open subset of R” is the union of inverses of open sets in R"
via @, ps. Since oo € O,, there exists an € > 0 such that

¢ (De(0)) C Oa
=RN\Oa € R\bog (De(0)) = 650 (R"\D(0)) U {0}.

It’s straightforward to check that ¢!(R™\D.(0)) = D1(0)\{0}, so
RO, C D1(0).

So R\ O,, is bounded. It is also closed in R? and doesn’t contain oo, so it
is closed in R™. By the Heine-Borel theorem, it is compact. {Og}ger\ {a}
and hence {Og N R"}ge7\(a), is an open cover of R}\O,, and so by
compactness must contain a finite subcover {Og, NR", O5,NR", ..., Op,N
R"}. Then {O,, Op,, Og,, ...,0p,} is a finite subcover of R?. Hence R”
is compact.

We just need to check that 1, is compatible with the existing charts
¢, poo. This follows because on R™\{0}

(@ova)@) =) =+ = H
(o 0 1) (2) = t(z) = =" = HjF

while on R"

-1

ou)(e) = { ) = =2 2 A
(600 0¥ (2) {%(m)_o -
o s = 4 ¥ () = (@) =2 =#0

Yoo(00) =0 z2=0
which are all smooth functions.

Using the stereographic charts ¢1, ¢ defined on P.129, we construct two
maps

“log : S\{N} - R"

¢
Poo © G2 1 ST\{S} — RY\{oo}.



They agree on their common domain of definition S™\{N, S} since

(qb_loqbl)(xl,... xn+1):¢—1 2 - 2+
’ 1—at 1 —at
_ Z‘Q xn—‘,—l
S\l —V T =
2 n+1
-1 1 ntly _ -1 X X
(poe 0 o) (7. 2" ) = Py (1—1—:1:1"“’1—4—:1:'1)

_(1+a)? ( 22 pH! >

Cl— ()2 \ 1+t 4t

22 Lt
1—2t7 71 =gt

so together the define a bijection F': S™ — R?. Since the open sets on
S™ and R} are derived from their respective charts, it is clear that F' is
a homeomorphism.

Problem 5 (PS 2009)

(i) To show that go f : M — P is smooth at x, let ¢ : U — E be a chart on
M containing z, ¥ : V' — F a chart on N containing f(z), x : W — G
a chart on P containing g(f(z)). Then

xo(gof)og ™ =(xogo ) o(ofog™)

is smooth when defined on the appropriate domain (namely ¢((gof)~(W)N
g1 (V)NU) C E), since Yogoy ' and ¢ o fo¢~! are smooth on their
respective domains, and composition of smooth functions between open
subsets of Euclidean spaces are smooth. By definition, this implies that

g o f is smooth.

(ii) f and g are bijections, therefore so is go f. f and g are both smooth, so
by part (i) go f is smooth. f~! and ¢! are both smooth, so (go f)™! =
f~tog!is smooth, again by part (i). Hence g o f is a diffeomorphism.

Problem 6 (MTA 3.3-1)
See HW 4



