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Problem 1 (Nawaf Bou-Rabee)

Solution for (i),(ii) The derivative of a two-form w in R? is,
dw = (divE)dz A dy A dz

where w = fidy A dz + fodz A dz + fsde A dy and F = (f1, f2, f3). Therefore,
for w = 2%dx A dy — (2 + 2y)dz A dz,

dw = (22 — 2)dx N dy N dz

since div(F = (0, —22 — 2y, 22)) = 2z — 2.

Solution for (iii) The derivative of the one-form w = fdg is,

d(Fdg) = d (f(gudz + g,dy + g.d2))
=d(fg.) Ndx +d(fgy) Ndy +d(fg.) Ndz
= g, df Ndx + g,df Ndy + g.df Ndz  since d(dg) =0
=df A gzdx +df N gydy + df N g.dz
= df A (gudx + gydy + g.dz)
=df Ndg

Solution for (iv) The derivative of a two-form w = (z + 2y3)(dz A dx —
sdx A dy) is,
dw = (6y*)dz A dy A dz

since div(F = (0,2 + 23, —1/2(z + 2¢3))) = 63>

Problem 2 (MTA 7.4-3)
For the given ¢,

Do — [ —rsinf cosf } .

rcosf sinf

Consequently,

©*dxr = —rsin 0df + cos Odr,
©*dy = rcos 0df + sin dr,
O (dx N dy) = p*dx A p*dy
= (—rsin0df + cos Odr) A (r cos 0df + sin 0dr)
= —rsin®0df A dr — rcos> 0d A dr
=rdr A df.



On the other side,

d(p*z) ANd(¢*y) = d(rcosf) A d(rsind)
= (—rsinfdfh + cos Odr) A (r cos 0dO + sin Odr)
=rdr A\ df
= ¢ (dz A dy)

Problem 3 (MTA 7.5-6)
We will use the following key identities:
Lixy) = [£x, Ly]

As described in Corollary 7.4.12 this identity follows from Cartan’s formula
and the fact that

ixy) = [£x,iy]

Now we compute using Cartan’s formula

div,[X,Y|p = Lixyp
= LxLyp—LyLxp
= Lxdiv,Ypu — Lydiv, X
— (X[div,Y] - Ydiv, X)),

and so div,[X,Y] = X[div,Y] — Y|[div,X].

Problem 4 (MTA 8.2-1)

Suppose that M and N are oriented n-manifolds with boundary and f: M —
N is an orientation-preserving diffeomorphism. Let w be any compactly sup-
ported (n — 1)-form on N. Note that df, the restriction of f to M, is a
diffeomorphism onto ON by Proposition 8.2.6. Then we have

/ dffw = ffw by Stokes’ theorem
M oM

= / w by change of variables
f(oM)

:/ w since f(OM) = 0N and the two
ON
orientations on ON agree (see below)

= / dw by Stokes’ theorem
N

= / f*dw by change of variables
M



Note that the orientation on N induced by the diffeomorphism f is con-
sistent with the Stoke’s orientation: if the orientation on M is defined by the
volume form gy, then the orientation on M is defined by ixpy, where X
is any outward pointing vector field on M. Then the orientation on ON
induced by f is fi(ixpnm) = ip.xfepnr. f is orientation-preserving, and so
fepar and ppy define the same orientation on N. Also, since X is outward
pointing, X, = [c], where ¢ is a curve in M which ends at x € OM. Then
T.f(Xs) = [f ocfwm), and focisa curve in N which ends at f(z) € ON
(by lemma 8.2.4). So f.X is outward pointing also. Together, these two facts
imply that the orientations on 0N defined by f.(ix ) and iy, xpun agree. The
latter is the Stoke’s orientation.

Since w was arbitrary, the above equality implies that

do f*=f"od
as required.

Problem 5 8.2-2 (Steve Waydo 2003)

We can write da = (u, where § : M — R is a coefficient depending on
location on M and p is a choice of volume element on M. By Stokes’ theorem,
Il 1y da = 0 because M is boundaryless. This leaves two possibilities: either
da = 0 everywhere, in which case the result is trivially true, or # must be
positive in some regions and negative in others. By the continuity of da, this
implies that § = 0 at some point and hence da must vanish at some point.

Problem 6

See solution set 7, problem 5 (c)



