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CDS 202 Winter 2009 Solution Set 9

Problem 1 (Nawaf Bou-Rabee)

Solution for (i),(ii) The derivative of a two-form ω in R3 is,

dω = (div~F )dx ∧ dy ∧ dz

where ω = f1dy ∧ dz + f2dz ∧ dx + f3dx ∧ dy and ~F = (f1, f2, f3). Therefore,
for ω = z2dx ∧ dy − (z2 + 2y)dz ∧ dx,

dω = (2z − 2)dx ∧ dy ∧ dz

since div(~F = (0,−z2 − 2y, z2)) = 2z − 2.

Solution for (iii) The derivative of the one-form ω = fdg is,

d(fdg) = d (f(gxdx + gydy + gzdz))

= d(fgx) ∧ dx + d(fgy) ∧ dy + d(fgz) ∧ dz

= gxdf ∧ dx + gydf ∧ dy + gzdf ∧ dz since d(dg) = 0

= df ∧ gxdx + df ∧ gydy + df ∧ gzdz

= df ∧ (gxdx + gydy + gzdz)

= df ∧ dg

Solution for (iv) The derivative of a two-form ω = (x + 2y3)(dz ∧ dx −
1
2
dx ∧ dy) is,

dω = (6y2)dx ∧ dy ∧ dz

since div(~F = (0, x + 2y3,−1/2(x + 2y3))) = 6y2.

Problem 2 (MTA 7.4-3)

For the given ϕ,

Dϕ =

[
−r sin θ cos θ
r cos θ sin θ

]
.

Consequently,

ϕ∗dx = −r sin θdθ + cos θdr,

ϕ∗dy = r cos θdθ + sin θdr,

ϕ∗(dx ∧ dy) = ϕ∗dx ∧ ϕ∗dy

= (−r sin θdθ + cos θdr) ∧ (r cos θdθ + sin θdr)

= −r sin2 θdθ ∧ dr − r cos2 θdθ ∧ dr

= rdr ∧ dθ.
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On the other side,

d(ϕ∗x) ∧ d(ϕ∗y) = d(r cos θ) ∧ d(r sin θ)

= (−r sin θdθ + cos θdr) ∧ (r cos θdθ + sin θdr)

= rdr ∧ dθ

= ϕ∗(dx ∧ dy)

Problem 3 (MTA 7.5-6)

We will use the following key identities:

£[X,Y ] = [£X ,£Y ]

As described in Corollary 7.4.12 this identity follows from Cartan’s formula
and the fact that

i[X,Y ] = [£X , iY ]

Now we compute using Cartan’s formula

divµ[X, Y ]µ = £[X,Y ]µ

= £X£Y µ−£Y £Xµ

= £XdivµY µ−£Y divµXµ

= (X[divµY ]− Y [divµX])µ,

and so divµ[X, Y ] = X[divµY ]− Y [divµX].

Problem 4 (MTA 8.2-1)

Suppose that M and N are oriented n-manifolds with boundary and f : M →
N is an orientation-preserving diffeomorphism. Let ω be any compactly sup-
ported (n − 1)-form on N . Note that ∂f , the restriction of f to ∂M , is a
diffeomorphism onto ∂N by Proposition 8.2.6. Then we have∫

M

df ∗ω =

∫
∂M

f ∗ω by Stokes’ theorem

=

∫
f(∂M)

ω by change of variables

=

∫
∂N

ω since f(∂M) = ∂N and the two

orientations on ∂N agree (see below)

=

∫
N

dω by Stokes’ theorem

=

∫
M

f ∗dω by change of variables



3

Note that the orientation on ∂N induced by the diffeomorphism f is con-
sistent with the Stoke’s orientation: if the orientation on M is defined by the
volume form µM , then the orientation on ∂M is defined by iXµM , where X
is any outward pointing vector field on ∂M . Then the orientation on ∂N
induced by f is f∗(iXµM) = if∗Xf∗µM . f is orientation-preserving, and so
f∗µM and µN define the same orientation on N . Also, since X is outward
pointing, Xx = [c]x where c is a curve in M which ends at x ∈ ∂M . Then
Txf(Xx) = [f ◦ c]f(x), and f ◦ c is a curve in N which ends at f(x) ∈ ∂N
(by lemma 8.2.4). So f∗X is outward pointing also. Together, these two facts
imply that the orientations on ∂N defined by f∗(iXµM) and if∗XµN agree. The
latter is the Stoke’s orientation.

Since ω was arbitrary, the above equality implies that

d ◦ f ∗ = f ∗ ◦ d

as required.

Problem 5 8.2-2 (Steve Waydo 2003)

We can write dα = βµ, where β : M → R is a coefficient depending on
location on M and µ is a choice of volume element on M . By Stokes’ theorem,∫

M
dα = 0 because M is boundaryless. This leaves two possibilities: either

dα = 0 everywhere, in which case the result is trivially true, or β must be
positive in some regions and negative in others. By the continuity of dα, this
implies that β = 0 at some point and hence dα must vanish at some point.

Problem 6

See solution set 7, problem 5 (c)


