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w : N → V !
2V ,N ! {0, 1, . . . } V ! {p, q, . . . }
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w[i . . . ]
w[i]w[i+1] . . .
∧ ∨ ¬

p p p
p Uq

p p
w

ϕ i (w, i) |= ϕ

• (w, i) |= ϕ
(
w, (i+ 1)

)
|= ϕ

• (w, i) |= ϕ Uψ ∃k ∈ N.
(
w, (i + k)

)
|= ψ

∀j ∈ N<k.
(
w, (i+ j)

)
|= ϕ

ϕ ! ⊤ Uϕ ϕ ! ¬¬ϕ
• (w, i) |= ϕ i = 0

(
w, (i− 1)

)
|= ϕ

• (w, i) |= ϕ ∀j ∈ N≤i.
(
w, (i− j)

)
|= ϕ

ϕ
V !ϕ"V ! {u ∈ V | u |= ϕ}

ψ
!ψ"V ! {u ∈ V N| (u, 0) |= ϕ}

!f" f
D

V ! DV ϕ′

ϕ
V N

p (p↔ ¬p)
p

p
µ

µ ν
!S" !f(S)"

!S" !µX. I ∨ f(X)"

!I" !µX. f(I) ∨ f(X)"

!µX. f(X)" = ∅

n

Xj

j xj

Xj

x ! (x0, x1, . . . , xn−1)
x̄j ⋃n−1

k=0,k ̸=j Xk

i
V ! {i} ∪

⋃n−1
j=0 Xj

D ! N ∪ { , } V ! DV

V Vj ⊆ V i = j
j Vj

xi i
j

ρ̂j(x, x′
j)

ρj(x, x′
j , i) !

(
i ̸= j, x′

j =
xj , ρ̂j∧(i′ = i⊕n1)

)
, ρ̄j(x, x̄′

j , i) !
∧

k ̸=j ρk(x, x
′
k, i)

a ⊕c b ! (a + b) c (a, b, c)

V
w Wj

j w ∈ Wj j
w

ϕj Wj

ϕj

∧
( ∨ )∨

(∧) ∨ ∧

(
∨N) ∨

∧M 

N,M

Mj ⊆ N |Mj | < ∞

j T : Vj ×Mj → V̄j !
V \ Vj Tj j

T̄j !
∏

k ̸=j Tk u ∈ V
(u, T0, . . . , Tn−1) ⊆ V N

j < n j Tj

(u, T0, . . . , Tn−1)
u L(j, u, Tj) !⋃

T̄j∈T̄j
(u, T0, . . . , Tn−1)

ϕ j ! (j,ϕ)" !{
u ∈ V | ∃T ∈ Tj . L(j, u, T ) ⊆ !ϕ"

}



ρe, ρs We,Ws

−◃
(ρe ∧We) −◃ (ρs ∧Ws) ! 

(
(ρe)→ ρs

)
∧

((ρe∧We)→Ws) = (ρe) −◃
(
ρs∧(Ws →We)

)

k ∈ N<N , r ∈ N<M

Pjk(x, i), Rjr(x, i)

ϕj ! (ρ̄j) −◃
(
ρj ∧ (

∧
kPjk →

∧
rRjr)

)

j

n

!I" ̸= ∅
(ϕ0, . . . ,ϕn−1) I →

∧
j (j,ϕj)

ϕ(V),ψ(W)
V ,W !ϕ"V∪W ⊆ !ψ"V∪W

ϕ ψ
ϕ u ∈ V

ψ u ϕ

∧
j ϕj(V) I ϕ !

(ϕ0, . . . ,ϕn−1)
ψ ! (ψ0, . . . ,ψn−1)

!
∧

j ψj"V ⊆
!
∧

j ϕj"V ψ

ϕ
P CK(P ) ! {w ∈

(DK)N| ∀k ∈ N. ∃σ ∈ P. w[0 . . . k] = σ[0 . . . k]}

ψ ϕ
C(!

∧
j ψj"V) =

C(!
∧

j ϕj"V)

ψ(V)
ϕ(V) V

ϕ(V)
ψ(V) ϕ

j
ϕj = ρj

−1 V
C ! (−1,

∧
j ϕj)

!C" = ∅ !
∧

j (j,ϕj)" =
∅

!C" ̸= ∅ ϕ
F j(F ) !

λx. λi. (i = j)∧∃x′
j . ρ̂j(x, x

′
j)∧F |x′

j/xj
(x̄j , x′

j , j⊕n1)
x′
j/xj

xj x′
j

(F ) ! ∨
j j(F )

∗(F ) ! µX. F ∨ (X) ϕ !C"
νZ. (Z)

S ⊆ V (S) ! {w ∈ V N| ∀k ∈
N. w[k] ∈ S ∧ (w, 0) |=

∧
j ρj}

(!C") = C(!
∧

j ϕj")
C

ρj j
ρC,j ! C∧C|x′

j/xj
ρ̄C,j !

∧
k ̸=j ρC,k

ϕj = ρj
ψj !

(
(ρ̄j ∧ ρ̄C,j)

)
−◃ (ρj ∧

ρC,j)
C C

C
I ! C

∀j ∈ N<n. I → (j,ψj) !C" ̸= ∅
!I" ̸= ∅ (S) ψj

!
∧

j ψj" = (!C") P



C(P ) = P C(!
∧

j ψj") = !
∧

j ψj" =
(!C") = C(!

∧
j ϕj") = !

∧
j ϕj" ψ

ϕ

Gjr

νZ.
∧

j νZj . Z ∧∧
r

∗(Gjr ∧ (Zj)
)

ϕ
ϕ0 = ρ0 ∧ G j > 0 ϕj = ρj

G ψ
V

ρ0, ρ1
V ! {s0, . . . , s7} !G" ! {s6}

!P " ⊆ V ψ1 !
(ρ0) −◃

(
ρ1∧P

)
ψ0 !

(
ρ1∧P

)
−◃(

ρ0∧G
)

! (0,ψ0)"∩! (1,ψ1)" = ∅
P

{s0, . . . , s3}

P P
{s0, s1} {s2, s3} P {s0, s1}

{s2, s3}
s4 s1 s4

s0 s1 s2 s3
P

s4
ψ1 !P " = {s5}

s4
ψ0

s4 P
ψ0

G

1(s5 ∨ s6)
0(G)

s2s0 s1 s3 s4 s5 s6

s7

ϕj = ρ̄j −◃
(
ρj ∧∧

m
(
(Pm ∧

∧
l¬ηml) → Qm

)
∧ (Qm →∧

l¬ξml)
)

!Pm−1" ⊆ !Qm" ⊆
!Pm", !ηml" ⊆ !Pm ∧ ¬Qm" !ξml" ⊆ !Qm ∧
¬Pm−1" ϕj

j
a ⊆ b ⊆ · · · ⊆ c a, b, . . . , c

Pm ¬ηml

Qm

m

¬ηml

!C"
G C

F
j j(F ) ! λx. λi.

∨n−1
k=0

(
(k = i) ∧

¬k ̸=j∃x′
k. ρ̂k(x, x

′
k) ∧ ¬k ̸=jF |x′

k/xk
(x̄k, x′

k, k ⊕n 1)
)

j(F ) ! µX. F ∨ j(X)
j

F
S j(S,E) ! νX. E∨( j(X)∧S)

j

j(S,E)
E E



B = k(A)

A = j(g)

g

¬A ∧B ∧ j(B,A)

ϕ = (ϕ0, . . . ,ϕn−1) ϕ0 = ρ0 ∧ G
∀k > 0. ϕk = ρk O(n |V |2)

j 0, G, C, s
s

ϕ I = C

r j
k j g

j k
l ¬ηml

j η = = r
¬ξm′l k ξm′l =
ν.µ.µ r

?

O(|V |)
C

n

O(n |V |2) ?

G
s6

A = 0(s6) = s5 ∨ s6
A B = 1(A) = s4 ∨ s5 ∨ s6

r = ⊥ s1
s0 ∨ s1 ∨ s2 ∨ s3 ∨ s4

(s5 ∨ s6)
A = 1(s5 ∨ s6) = s4 ∨ s5 ∨ s6
B = 0(s4 ∨ s5 ∨ s6) = ⊤

s4∨s5∨s6

¬(s0 ∨ s1 ∨ s2 ∨ s3)

ϕ

G

j, G, ,
← ⊤, ← G, ← ()

◃ ηml

! " ̸= ∅ ◃
k ̸= j

, ← j, k,
← ∨

.
(
(k, ¬ )

)

! " ̸= ∅

← (j, , G, )
. ( )

← ∧ ¬
◃

! " = ∅

◃
j⊕n 1, , ,

j, k, g
A← j(g)
B ← k(A)
r ← ¬A ∧B ∧ j(B,A)

A, r

ϕ

ϕ

ρ0, ρ1 G1 ! {s6}, G2 !
{s0} P

ψ1 ! (ρ0) −◃ (ρ1∧P ) ψ0 ! (ρ1∧P ) −◃
(ρ0 ∧G1 ∧G2)
! (0,ψ0)" ∩ ! (1,ψ1)" = ∅

ψj W V



G1G2

s2s0 s1 s3 s4 s5 s6

P W ⊇ K K
πK(P ) ! {w ∈ (DK)N| ∃σ ∈ P. ∀k ∈ N. w[k] = σ[k]∩
DK}

V πV
(
CW

(
!
∧

j ψj"W
))

= CV
(
!
∧

j ϕj"V
)

V ⊆W ψ(W) !
∧

j ψj"W ⊆ !
∧

j ϕj"W
V ψ(W)

ϕ W \ V

ϕ(V)
ψ(W) ϕ W \ V

C

gj ∈ N≤Nj Nj

Gjr j
j

∧
r

(
(gj = r) →

(Gjr, g′j = gj + 1, g′j = gj)
)
,

(
(gj = Nj) →

((gj⊕n1 = Nj⊕n1 − 1) ∧ (gj⊕n1 = Nj⊕n1), g′j =
0, g′j = Nj)

)
(g0 = 0) ∧

(∀k > 0. gk = Nk)
r (gj = r)

Pm Qm ϕj

A,B

a
b A B

(a ̸= b ̸= a′) A A B
0 5→ 1 5→ 2 5→ 3 5→ 4 5→ 5 5→ 0 0 5→ 5 5→ 4 5→

3 5→ 2 5→ 1 5→ 0 2 5→ 6 5→ 2 0 5→ 7 5→ 0
A B

A

ϕ ! (ϕa,ϕb) ϕa ! ρa ∧ (a = 4)
ϕb ! ρb C(!ϕa ∧ ϕb")

(a = 4)
(a = 3) ∧ (b = 4)

A a = 4
A,B
ρC,j

C
C ¬C

u ! (a = 3) ∧ (b = 5) ∧ (i = 1) C
v ! (a = 3) ∧ (b = 4) ∧ (i = 0) i

a
b u 5→ v ρa∧ρb

ρa∧ρb∧(a = 4)
ρa, ρb ρC,a, ρC,b

ψa P0 = C, Q0 = (a = 4) ∨ (b ∈ {0, . . . 3, 6, 7})
η0,0 =

(
(a = 1) ∧

(
(b ∈

{2, . . . 5})∨ (b = 0∧ i = 1)∨ (b = 6∧ i = 1)
))
∨
(
(a =

5)∧
(
(b ∈ {0, 1})∨(b = 7∧i = 1)

))

ψa 
(
(P0 ∧¬η0,0)→

Q0

)
A !Q0" ⊆

!a = 4" !P0"
(a = 0)∧(b = 3) A

B A
A

B B
ρC,b B

B

B

η0,0
B
A !η0,0" a = 1

B !η0,0"
B !η0,0"

A (a = 1)∧(b = 6)∧(i =
1) η0,0 (a = 1)∧ (b = 6)∧ (i = 0)



g d

m

h

s

A B ψb

¬ξ0,0 ξ0,0 = η0,0 B
A

ϕ
ψ ψ

C ϕ

B

B
ψb ψ

ϕ

g
d

s ∈ {0, . . . , 1000}
h ∈ {0, . . . , 100} m

((g ̸= 2) → (h > 3))
((s > 300) → (d = 0))

((g ̸= 0) → (d = 2))
((h = 0)→ (g = 2))

((m = 0)→ (g =
2))
((m = 1) → (g = 0))

∧2
k=0(m = k)

(m = 0)

Qd,0

Pg,0

Qg,0

Pa,0

(m =
1)



µ

µ


