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Abstract

This paper proposes a real-time planning scheme and its implementation for a class of dynamic systems.
The planner is aimed to satisfy the state equations, the path and actuator constraints, and the given initial
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differential constraints in the flat space, and appropriately transform the boundary conditions; (ii) using semi-
infinite optimization theory, an inner approximation of nonlinear constraints is made to replace these by a set
of linear inequalities in the flat space, i.e., by a polytope; (iii) this polytopic representation of the system that
satisfies the state equations and the constraints is then parameterized using basis functions and the planning
problem is turned around into solution of a set of linear inequalities in the coefficient space of the basis functions.
It is then demonstrated that numerically efficient algorithms can be built to solve the planning problem in real-
time. The essence of the approach is demonstrated by two examples: (i) an implementation is performed on a
spring-mass-damper system to demonstrate the real-time capability of evasion-pursuit; (ii) a VTOL aircraft is
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Figure 1: A schematic of a generic motion control system

Figure 1 shows the schematic of a motion controller along with a possible implementation.
This two part motion controller consists of a trajectory generator, and a tracking controller.
Here, the role of the trajectory generator is to provide to the tracking controller feasible reference
trajectories that satisfy the dynamic equations, path and actuator constraints, and end-point
constraints. The tracker’s role is to implement these trajectories to a sufficient high degree of
accuracy. This two part controller is similar to two degree-of-freedom controllers found in optimal
control [20], [21], [15]. Conceptually, the roles of the trajectory generator and tracking controller
are different and have their own importance. A good reference command has a higher chance of
being implemented by the servo controller. The purpose of this paper is to focus on the trajectory
generator and propose methods how this block can provide and update reference commands in
real-time.

The need to perform computations in real-time comes from the requirement that the system
model may be inexact or the constraints and boundary conditions may be changing over time. For
instance, a missile targeting a moving object needs to constantly update its trajectory to account
for perceived target motion. In such situations, real-time trajectory generation is a necessity to
accomplish the task. The methods proposed in this paper for trajectory generation are motivated
from their real-time worthiness.

The statement of the problem is as follows: For a dynamic system

q=f(q)+9(qu (1)

with the states ¢ € R® and controls « € R™, build a motion planner to determine in real-time g(t)

and u(t) to take the system from an initial state ¢(0) to a final state g(t;) while satisfying Eq. (1)



and path and actuator constraints
Aqa) < 0, Vit e [0,t] 2)

where the constraints ¢ € ®7. Equations (1) are intrinsic to the physical system and represent
mathematically its behavior. Equations (2) are constraints which have been put externally on the
system. For instance, an airplane carrying passengers would execute yaw and pitch maneuvers
within safe limits for passengers. A cargo carrying airplane would not be subject to the same

constraints. A subclass of Eq. (2) are path constraints of the form
h(g) < 0, h € R, (3)
only dependent on g. Another class of constraints are actuator saturation limits

Liower < u < Lypper- (4)

The system may also be subject to end-point constraints, e.g.,

(j = (jo, at t =0
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qr, at f:tf (5)

The main contribution of this paper is the development of real-time planners which suitably
exploit the structure of the dynamic system. This problem is computation intensive, therefore, it is
unrealistic to look for a technique applicable to all problems. Instead, we restrict our attention to
a class of systems for which the structure of the dynamic system allows canonical transformations
to a higher-order form. This higher-order form trivially satisfies the state equations and this class
has been labeled as higher-order systems [1] or differentially flat systems ([10], [18]). In some
earlier work, it has been hypothesized that the planning problem for this class of systems can be
solved in real-time. However, all studies so far are limited to planning in the absence of inequality

constraints. The flow of arguments in this paper is as follows:
o Eliminate state equations by transforming the problem to differentially flat space
e Inner approximate the path and actuator constraints by linear inequality constraints
e Solve a trajectory generation problem in the flat space with linear inequality constraints

e Transform the motion plans to the original space.



The organization of the paper is as follows: Section 2 describes higher-order or differentially
flat systems. Section 3 considers inequality constraints and proposes schemes to accommodate
them to real-time planning. Section 4 outlines trajectory generation when the constraints are

approximated by linear forms. Examples, including experiments, are presented in Section 5.

2 Differentially Flat Dynamic Systems
In this paper, only those systems (1) are considered which admit the following alternate form

_ 1) I) -
=y, Y ), (6)

ﬂ:ﬁ(g’§7§7...7"§2)’ (7)

where 3 € R™ and py, po represent the highest derivatives. Systems which have this property have
been referred to as higher-order systems [3] or differentially flat systems [10]. Examples of flat
systems include controllable linear systems, feedback linearizable systems, and chained systems.
Physical examples of differentially flat systems are commonly found in mechanical engineering
[18], in electrical engineering [23] as well as in chemical engineering [4].

For differentially flat systems, trajectories consistent with the dynamics can be planned using
y. Further, using Eqs. (6) and (7), the state ¢(t) and input trajectories wu(t) can be obtained
by simple differentiations. This is definitely advantageous over its alternatives, e.g., finding a
trajectory consistent with the dynamics using collocation or by shooting techniques. In some
recent publications, Agrawal and coworkers have investigated the problem of optimal trajectory
generation of classes of differentially flat systems which are not subject to auxiliary constraints
(1], [2], [3], [7]). Also, Murray and coworkers have investigated the feasible motion planning
problem for such systems without auxiliary constraints with application to ducted fan experiments
[20].

The purpose of this paper is to extend these planning techniques to systems with path and
actuator constraints (3) and (4). In the present section specific example classes of differentially
flat systems will be considered. Figure 2 shows a planning problem in its original and transformed

space. From this figure, it is evident that the state equations in the flat space are trivially satisfied.
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Figure 2: The planning problem in the original and transformed space.

3 Inequality Constraints: Polytopic Approximation

In Section 2, the higher-order property of differentially flat systems was used to transform the
state equations to the flat space where these were trivially satisfied. As was illustrated in Figure 2,

the inequality constraints are also transformed to the flat space and these equations provide the

=

In general, the set S is non convex in the space of y and its derivatives. In order to determine S,

following feasible region:

~
|

O < Clpgnn i) < Do) (8)

one requires to solve nonlinear inequalities which is quite computationally expensive. In general,
the boundary of set S is a collection of hypersurface patches obtained from Eq. (8). All feasible
trajectories of the problem must lie entirely within this set S. An attempt to build a real-time
trajectory generation scheme by solving for S is simply impossible because of computation burden.

With the goal to provide a real-time solution procedure, simplifications are proposed in this
section. We will distinguish between three classes: (i) linear systems with linear inequality
constraints; (ii) linear systems with nonlinear inequality constraints; and (iii) nonlinear systems
with linear or nonlinear inequality constraints. These three problem classes encompass most
problems of interest. It can be shown that for linear systems, on invoking a transformation to
the flat space, linear inequalities remain linear [8]. This is not the case for linear systems with
nonlinear constraints. However, if the constraint set is convex in the original space, under a linear
transformation to the flat space, the set S will remain convex [3]. It is well known that a convex
set can be well represented by a system of linear inequalities by selecting an arbitrary number

of points on the boundary of this set. In summary, linear systems with linear inequalities or



convex nonlinear inequalities have a natural alternate representation of a set of linear inequalities

(a polytope) in the flat space.
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Figure 3: Polytope P, P,, P; embedded within a non convex set S.

However, for linear systems with general nonlinear inequalities or nonlinear systems, a natural
polytopic representation is not possible. Hence, in this paper, we propose to replace S by a poly-
tope that lies entirely within it. We recall that polytopes are sets enclosed by linear inequalities.
Figure 3 shows an example where polytopes Py, P, P; are embedded within a non convex region S
in two dimensions. Since each polytope is embedded within the feasible region, all points within
it is feasible. As will be shown in following sections, trajectories can be generated in real-time
for polytopic sets in a rather convenient manner. One challenge, however, is to approximate S
by a polytope that encloses the maximum region. This is posed as an optimization problem and
solved using results of semi-infinite optimization theory as described below [12].

A formal problem statement is Given a feasible set
Sy = {?7 : Ul S Z](gvga sy “:l;/pa T) S UZ} ) (9)
find the largest polytope P such that P Cc S. Such a polytope can be written in the following form:
~(p—1)

Mo G+ My jj 4+t Myy 5 +M, i +e<0 (10)

where for I, number of facets in the polytope, M; are (I x m) matrices, and e denotes a constant

(I x 1) vector.



3.1 Semi-infinite Optimization

In order to ensure that the polytope P always lies in S,, every point within the polytope must
be verified to satisfy each constraint in Eq. (9). However, there are infinite such points and it
is impossible to verify the constraints at every point. An approximate solution is to check for
satisfaction of the constraint at a finite set of points.

The choice of these finite points is an open question. A good approximation scheme will use
points which are sufficient guaranteers for all other points in P. Namely, the satisfaction of the
constraints at these finite points serves a guarantee for the satisfaction of the constraints in P.
One means of choosing the points is to cover the polytope with a finite grid of equally spaced
points. A finer grid results in a larger number of grid points and a better approximation of the
region. However, a larger number of grid points increases the number of constraints and adds to
the total computation effort needed. Also the grid points must be “sufficient” points as explained.

Semi-infinite Optimization Theory provides a formal technique to solve optimization problems
with semi-infinite constraints. It will provide a formal framework in generation of the finite points

needed to determine a finite number of constraints. The following terminology is needed.

P = Polytope P
V = Set of Vertices of polytope P
Volume P(V) = Volume of Polytope P with vertices V
From convexity theory it follows that for vertices V. = {Vi,V5,...,V,}, and a vector \ =
A1, A2,...,\,], every point y € P is represented
B B B q
o= ViM+Vaha+. VA A €0] D> N =1
j=1
= (V,)) (11)

Then C(V, ) represents the inequality constraints evaluated at each point in the polytope.

Problem Definition
The polytopic approximation problem is cast in an optimization theory framework and is stated
as a semi-infinite optimization problem (SNP) as

(SNP) = max{Volume P(V)| V € D}, (12)

D ={V| C(V,}) <0,X € B} (13)



q
B={AeRI= (A Ao, A A €[0,1],) N = (14)
=1

From a mathematical point of view, the semi-infinite polytopic optimization problem is a problem
of semi-infinite parameter optimization, i.e. an optimization problem with a finite number of opti-
mization variables V and an infinite number of inequality constraints which are parameterized by
the parameter A; € [0,1]. The domain of set D is exactly the feasible set S,. The set B always lies in

the positive domain, i.e. B c ®¢", and is upper bounded by the unit hyperplane, A;+Ay+---+X, = 1.

Local Reduction Technique

For efficiently determining an optimal solution of (SNP), the problem is reduced to a finite-
dimensional parameter optimization problem where the number of constraints is finite. We
follow the Local reduction technique proposed by Hettich and Kortanek [12] for semi-infinite

programming. A new problem (NP) is defined as

(NP) = max{Volume P(V)| V € D}, (15)

D ={V| C(V,}) <0,) € B}, (16)

B:{j\175\2,...7)\,«} C

w

; (17)

and a finite-dimensional optimization problem is obtained. The local reduction technique then
specifies conditions for the equivalence of the locally transformed finite-dimensional parameter
optimization problem (NP(V)) and the semi-infinite parameter optimization problem (SNP).
Evaluating the constraints at the finite number of points in set B, results in a finite number
of constraints to be verified. Satisfaction of these constraints is a sufficient condition for the
satisfaction of all the constraints in (SNP). A full treatment of the local reduction technique is

available in the paper by Hettich and Kortanek [12].

3.2 Examples of Polytopic Approximation

A general purpose program has been developed to implement the local reduction technique.
The program is written in MATLAB [17] and uses NPSOL [11], a nonlinear programming solver.
Some results from this program are shown in Figure 4. The polytopic approximation is an off-line

process and needs to be performed only once.
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Figure 4: Polytopic approximation of some non convex regions.
4 Trajectory Generation

From the last two sections, one arrives at a simplified problem where the state equations are triv-
ially satisfied and the nonlinear inequalities are replaced by linear inequalities. The problem now
is to develop trajectories for this new system (10) subject to boundary conditions. A statement

of the problem is to find a solution y(t) over the time [to,#;] such that it satisfies Eq. (10) and

(p=1)

boundary conditions of ¢, y,..., y = at to and ¢;. In this study, the solution y(¢) is characterized
as
nj
y;(t) = ®,0(t) + Zajkcpjk(t), j=1,...,m, (18)

where ®;4(t) satisfy all boundary conditions on y;(t), ¢;;(t) are scalars that satisfy the boundary
conditions homogeneously, and a;; are m-dimensional vectors of mode coefficients [9]. With this
form, y;(t) satisfies all boundary conditions of the problem regardless of the values of a;;.

On substituting y(t) from Eq. (18) in Eq. (10), and defining M, as the j-th row of matrix ;,

the form for the inequalities becomes

ny

P m
SINTS T Mijaueli +ZZJVLJ<I>§Q +e<O. (19)

i=0 j=1k=1 i=0 j=1
This equation should be valid at all points in the domain [to,t/], i.e., it represents an infinite
number of constraints on the mode coefficients ai1,...,amns,, . It must be noted that these constraints
are linear in the elements of the mode coefficients a,;; and nonlinear in time.
The feasible trajectories are then characterized as follows: (i) satisfy Eq. (19) exactly or
approximately within the domain by using a finite set of constraints; (ii) since the mode coefficients
ai1,.--,amn,, appear linearly in these constraints, the feasible solution space of aj1,...,amn,, 1S a new

polytope whose vertices can be characterized in real-time by a simple computational procedure;



(iii) select a point within this new polytope and form the trajectory y(t) according to Eq. (18).
This trajectory y(t) will be consistent with the state equations, constraints, and the boundary

conditions posed on the problem.

4.1 Finite Constraint Set

We propose here briefly a few schemes to satisfy Eq. (19) within the domain by using a finite

number of constraints. More details of implementation are available in [§].
4.1.1 Collocation Scheme

In the first scheme, a finite number of collocation points is selected within the domain of interest.
At each of the collocation points, the constraint functions and a finite number of their derivatives
are bounded to ensure satisfaction of Eq. (19). In order to describe this method intuitively,

consider a single inequality |g(t)| < c¢. Given g(t), g(t + AT) can be approximated by

(AT)"

gt + AT) = g(t) + gV (AT + ... + ¢ (1) 5

(20)

where 0 < AT < 1 and terms of the order (AT)™*! and higher are considered negligible. If the
functions ¢ (t) satisfy appropriate bounds, i.e., | ()] < g;, i =0,...,r, g(t + AT) is bounded in the

neighborhood of ¢ in the following way:

AT)”
ol + AT)| < go + AT ..+ g, 20 (21)

As a result, given the original bound ¢ for ¢(t) and a choice for derivative bounds g¢;, i = 1,....7, a
modified bound ¢¢ can be determined

Sl (2)

go=c— [¢1AT + ...+ g,

with the following interpretation: If |g(t)] < go and its derivatives are bounded according to
gD ()| < giy i = 1,...,7, then |g(t + AT)| < ¢ in the neighborhood of ¢+ under the specific assumptions
on terms of order (AT)"*! and higher.

Using this reasoning, for the system described in Eq. (19), N +2 equally spaced collocation
points tg, t1, ..., tn, ty are chosen such that to < t; <ty < .. <ty <ty and 0 < AT < 1 is the spacing
between the collocation points. At a collocation point, for every constraint, a bound on its r
derivatives is specified and an appropriate bound on the constraint is computed using Eq. (22).

For the [ inequality constraints of Eq. (19), on bounding their r derivatives at N + 2 collocation

10



points, results in a total of (N + 2)(r + 1) linear inequalities on the km elements of the mode
coefficients ai1,...,amn,,. In general, these linear inequalities enclose a convex polyhedral region in
the coefficient space which represent the feasible trajectories of the dynamic system within the

characterization of Eq. (18).
4.1.2 Conservative Scheme

In this scheme, the elements of the vector ®4(#) and the mode functions ¢,(¢) are chosen prudently
to come up with inequalities on the elements of aji,...,amn,, that satisfy Eq. (19) at every point
in the domain of interest. Along these lines, it may be worth noting that polynomial functions
1, t, t2,...,;t* possess the property that they are positive in the domain 0 < ¢ty < ¢t < t; and their
derivatives are closed within the set. Some special linear combinations of polynomial functions,
e.g., Chebyshev’s polynomials, also share this property.

In order to get an intuitive understanding of the method, consider a single linear inequality
g(t) < c. Let the function g(t) be parameterized using suitable basis functions so that the constraint

is written in the following form,

g(t) —c= a1y1(t) + azya(t) + ... + axy(t) <0 (23)

where «; are linear functions of the parameters used to express g(t) and ~;(t) are functions of time.
Now, if each ~;(t) possessed the property that it is non-negative over [to,1,], a sufficient condition
for the inequality (23) to hold in the domain of interest is that the coefficients «; < 0. It must be
noted that the basis functions that are used to parameterize g(t) need not be the same as ~;(t).
For example, one could use Chebyshev’s polynomials to express ¢(t) while select ~;(t) to be the
simple polynomials 1, ¢, 2,...,t.

Using this reasoning, with proper choice of ®y(¢) and ¢;(t), the component equations of (19) are
written in the form of Eq. (23). Then, appropriate linear inequalities are imposed on the elements
of ai1,...,amn,, to guarantee satisfaction of the constraints everywhere in the domain. These linear
inequalities again enclose a convex polyhedral region in the coefficient space which represent the

feasible trajectories of the dynamic system.
4.1.3 Min-Max Scheme

In this scheme, a set of sufficient conditions are obtained such that Eqgs. (19) are satisfied at every

point. In order to illustrate this idea, consider one such inequality after the solution form has

11



been imposed

co(t) +ci(t)ar + ca(t)as + ...+ cp(t)ar < 0, te€[0,t5]. (24)

where ¢;(t) are time-varying coefficients over t € [to,t;] and ax are the mode coefficients. Each ¢;
has a minimum and maximum over [to,;]. Using these extrema, one could replace Eq. (24) by
a single sufficient conditions that is valid over each set of possible coefficient sign distributions,
i.e., when each a4 is less than or greater than zero. In general, this procedure could be repeated

for every constraint until a set of sufficient conditions is found for the entire problem

4.2 Linear Inequalities and Convex Sets

From the three schemes described, it is clear that finding a solution of Eq. (19) is equivalent
to characterizing the convex feasible region bounded by I linear inequalities on the elements of
115 y0mn,, 10 R™F. In general, the forms of the inequalities arising from the different schemes
of Section 4.1 will be different, however, the inequalities will still be linear. This section briefly
outlines the computational aspects of determining the feasible region of a set of inequalities ([22],
5)).

Every constraint partitions R™* in a half space. Let the intersection of these half spaces be
denoted by a convex set K. It is possible for K to be (i) empty, if the inequalities are inconsistent,
(ii) a bounded polytope, or (iii) an unbounded convex region. These possibilities are illustrated
for a 2-dimensional space in Figure 5. It is implicitly assumed in this section that the system
of inequalities is consistent, i.e., the convex set K is non-empty. In order to mathematically
characterize the feasible region K, one needs to define some terminologies and mathematical
procedures.

In general, a system of linear inequalities is non homogeneous, i.e., contains constant terms.
We label such a system as A(Z). Correspondingly, one can define a system of homogeneous
inequalities, i.e., all constant terms are set to zero, labeled as H(Z). Also, one defines N(€)
corresponding to N(Z) and H(&) corresponding to H(Z), where all inequalities are replaced by
equalities. The characteristics of £ depend on the properties of these four systems N(Z), H(Z),
N(€), and H(E).

A system of inequalities NV(Z) is called normal if the corresponding system of homogeneous
equations H (&) has only null solution. We will first consider the case where the system is normal

and later extend these ideas to systems which are not normal. A normal system of inequalities

12



Figure 5: Convex sets K in two variables with (i) consistent feasible region, (ii) unbounded feasible
region, (iii) inconsistent feasible region.

N (Z) possesses vertices, which are defined as points of £ which are not interior points of any line
segment lying entirely within K.

In order to find the vertices of K, from the system AN(€) consisting of I equations, we solve
all combinations of mk equations which have unique solution points. In general, there are 1C,.
choices of such combinations. From these solutions, we discard those which do not satisfy the
original inequalities NV(Z). Let us assume that this process results in a set of points Pi,...,Py.
These H points are the vertices of K. Using these H points, a conver hull (Py, Ps, ..., Py) is defined

as follows:

<f:)17 PQ, ceey PH) = 81P1 + SQPQ + ...+ SHPH

sl, 82, .,51>0 & s14+s9+...+5=1 (25)

In order to fully characterize K, one needs to check the existence of a polyhedral cone. This is
done by solving all combinations of mk — 1 equations from H(£). There are C,,,_1 such choices
and corresponding to each, we pick a solution and its negative and check if H(Z) is satisfied by
any of these two points. All points that satisfy #(Z) through this procedure are retained and are

labeled as Ny,...,Nc. The convex cone is defined as (Ny, ..., N¢), where

(Nl, No, ...,Nc) =1r1Ny+1ro9oNg+ ...+ rcN¢

rl, r2, . ,r¢ >0 (26)

Proposition 1: If the system of linear inequalities A'(Z) is normal and the convex hull of its vertices,

as defined in Eq. (8), is (P1, P, ..., Py) and the convex cone, as defined in Eq. (26), is (N1, Na, ..., N¢),

13



then the domain K has the following analytical form
K = (P1, Py, ..., Pg) 4+ (N1, N2, ..., No) (27)

From this characterization, if (Ny, Na, ..., N¢) is empty, the domain K is a convex bounded polytope.
If (P, P, ..., Py) is empty, the domain K is a convex cone. In general, £ is a semi bounded convex
region. If both (Ny, Ns, ..., N¢) and (P, P, ..., Pg) are empty, K is empty.

If the system of inequalities N(Z) is not normal, the corresponding system of homogeneous
equations H(€) contains a higher dimensional subspace £ besides the origin. For such a case, K
has the following form:

Proposition 2: If the system of linear inequalities A(Z) is not normal, then
K=K, +L (28)

where K, is the convex region enclosed by a reduced set of inequalities N, (Z) which is obtained

from N(Z) by setting an appropriate number of variables to zero that equals the dimension of L.

4.3 Real-time Computations

For the solution to be real-time, the trajectory must be determined at a rate faster than the
response time of the system. In general, boundary conditions at the final time are either supplied
by the user or determined by on-board sensors. Similarly, the current conditions are known from
sensors. It is assumed that the form of the inequalities during trajectory recomputation does not
change but the end conditions do. A typical example of this is pursuit-evasion problem. From
the steps in the previous sections, the trajectory determination problem is reduced to finding
a solution of Eq. (19). The schemes of Sections 4.1 further modified the problem to finding
intersection of I half spaces characterized by N (Z). From the point of view of determination
of a feasible trajectory for the system, any solution of the mode coefficients that satisfies N(Z)
is acceptable. However, our approach in this paper is to characterize the entire set of feasible
solutions K enclosed by N(Z) using convexity theory so that the feasible trajectory can be selected
in a judicious way.

In general, the inequalities N(Z) arising from the procedures of last section are normal and
I > mk. From the characterization of £, the main computation steps are to find the vertices P; of
the convex hull and N; of the convex cone. In order to compute the vertices P;, one requires solving

ICmr sets of mk linear equations in mk variables, followed by I inequality checks to determine

14



feasibility with respect to A(Z). In the computation of vertices N;, one requires solving Cpx_1
sets of mk — 1 linear equations in mk — 1 variables, followed by 271 inequality checks to determine
feasibility with respect to H(Z). These solutions must be done in real-time as end-conditions may
change continuously.

A significant computational effort goes into solution of the vertices P; as end conditions change,
since C,,; sets of mk linear equations in mk variables are solved. A similar computational burden
is faced in the computation of N;. However, it is important to note a property stated in the
following proposition:

Proposition 3: If the only difference in two trajectory computations is a new set of end con-
ditions then the set A(Z) in the two computations differ only in their homogeneous terms. As a
consequence, to compute P;, it is no longer necessary to solve in real-time C,,;, sets of mk linear
equations in mk variables. Instead, the corresponding matrix inverses may be computed off-line
and stored. In real-time, a single matrix-vector computation is required to determine a P;. Also,
due to the above mentioned property of NV(Z), H(Z) in the two computations are identical. As a
result, the computation of N; needs to be performed only once even when the boundary conditions
are changed.

As a consequence of the above observations, the real-time trajectory generation becomes even
more attractive as boundary conditions are changed. The computations do not require matrix
inversions or solution of simultaneous linear equations in real-time but only matrix-vector multi-

plications.

5 Examples

The methods proposed in this paper are illustrated by two examples in this section. In the first
example, a laboratory experiment is used to highlight the real-time implementation aspects. This
example has upper and lower bound constraints on states and input and is quite representative
of constraints of a large number of physical systems. The second example is of a VT'OL aircraft,

which is also a simplified model for a V-22 Osprey aircraft.

5.1 Mass-spring-damper system

This example is motivated from an experiment of a rectilinear spring-mass-damper system shown

in Figure 6. The system is driven by a single motor acting on mass 1 while the positions and

15



rates of the three masses are available to the controller through encoders. In order to demonstrate
aspects of real-time planning, mass 3 is physically disconnected from the other masses. It is then
used as a hand held joystick to command the motion of the remaining system which now consists
of masses 1 and 2. This experiment is designed to demonstrate real-time planning and on-line

implementation during situations such as “pursuit-evasion”.
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Figure 6: A schematic model of the three mass-spring-damper system.

A schematic of this system is shown in Figure 6. It consists of two degrees-of-freedom and a

single input, i.e., n =4 and m = 1. The equations of motion for this system are:

miiy = —ko(xy —x2) — kix1 +u

TTI/Q.;I}Q = kg(l‘l — .732) — C.T/'él) (29)

From the structure, these equations can be rewritten in the following higher-order form without

change of coordinates:

T2 =y (30)
ma .. c .
v = 2§+ — 31
1 TRty (31)
w o= Tzt macs o gy Mt k), etk (32)
kg kiQ kl k2

From the physical limitations, the motion of the system must satisfy the following 2-sided con-

straints: |z1]| < xy, |72 < 2y, and |u| < ;. On substituting from Egs. (32), we get

ly| < zo
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2+ 5y +yl <oy

C2(k1+k2)

m2(k1+k2)]

‘m1m2 Z/ +m162 Z/ +[my + i+ U+ kyl <wy (33)

The boundary conditions at to on zy, #1, 72, @2 are known using the encoder readings. At t,
the boundary conditions on z, and i, are obtained from sampled position and rate of slider 3
using a specific heuristic. As a result, four boundary conditions on ';1)3, i, ¥, y at to and two
boundary conditions on y and y at ¢; are known. The statement of the problem is to find a
feasible trajectory for the dynamic system that satisfies Eqs. (33) and the appropriate boundary

conditions on derivatives of y.

50 04 05
i L) . ]

03[} [145
0 \

az| | 04
A

\\ 01 \\\ 35
d

100 — 1 0 - 03 -
iy o ® 5|03 03 2 x| D5 04 u 03

Figure 7: Example 1 feasible regions with collocation scheme: (i) six collocation points, (ii) six
collocation points with bounded first derivatives, (iii) six collocation points with bounded first
and second derivatives.

First, we want to note that due to the 2-sided nature of the constraints (33), the conservative
scheme can not be used. This scheme gives a set of inconsistent inequalities. As a result, the

collocation scheme is used to develop the feasible solution selected to have the following form:

y(t) = ¢o(t) + ar¢1(t) + ax¢a(t) (34)

where ¢o(t) = bg + bit + bat? + bat3 + bat®(1 — ) + bst>(1 — )2, ¢1(t) = t4(1 — )2, and ¢g = t5(1 — 1),
assuming to = 0 and ¢, = 1. The coefficients b; are determined from the six boundary conditions
specified on the problem. Due to the forms of ¢,(t) and ¢s(t), y(t) is admissible regardless of
the values for a; and ay;. Consistent with the physical set up, the following parameters were
used in the simulation and hardware implementation (all in MKS units): m; = 0.237, ma = 0.49,

k1 = 800, ky = 100, ¢ = 1.0, x1; = 0.03, x5 = 0.03, and «; = 52.5. For a representative set of boundary
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conditions, (wa,42,71,71)T |0 = (0.0, -0.0015,0.0,0.0)T and (x2,42)T|; = (0.011,0.0015)7, variants of the

algorithm was implemented in simulation using six equally spaced collocation points.

0.1 b 02 , b 02 :
L 1 : L ;
LE] leil ": _______ leil per e
g 04 1 1% 0s 1 1% 0% 1
100 : 10 , 10 :
L ________.-"':’J—’_\_/ L : u :

0 e 0 e Tttt ar-- sdewEmnnns
100 ' -0 : 0 '

0 0% r oy 0 ns I 9 0 0s L

Figure 8: Constraint satisfaction with a vertex point and the centroid of Figure 7: (i) six collocation
points, (ii) six collocation points with bounded first derivatives, (iii) six collocation points with
bounded first and second derivatives.

Figure 7 shows the feasible regions with the following specifications: (i) constraints are satisfied
at the collocation points, (ii) constraints and their first derivatives are bounded at the collocation
points, (iii) constraints and their first and second derivatives are bounded at the collocation
points. With 6 constraints, 6 collocation points, and two mode functions, the convex sets K in
the three cases are described respectively by 36, 72, and 108 linear inequalities in two variables.
All computations were performed symbolically using MAPLE. From the figure, one observes
that the size of the feasible region reduced progressively as further bounds on the derivatives
of the constraints are added. For each case, trajectories corresponding to a vertex point and
centroid of the feasible region were checked for constraint satisfaction. The results are plotted in
Figure 8. From these plots, we notice that as higher derivatives of the constraints are bounded,

the trajectories satisfy the constraints throughout the domain.

5.1.1 Hardware Implementation

A Pentium 166 Mhz PC running Windows 95 was used to host ECPUSR software and its scripting
language compiler. The real-time trajectory generator and tracker were written within ECPUSR
environment. As a result, the experiments were limited by compiler restrictions in terms of char-
acter length of the program. The experiments were carried out using 3 equally spaced collocation
points. With 6 constraints, 3 collocation points, and 2 modes, the feasible space was characterized

by a system of 18 linear inequalities in 2 variables.
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Figure 9: The data of a typical ‘pursuit-evasion’ experiment where mass 3 is moved around and
mass 2 follows mass 3 while satisfying the constraints. The plot overlays the commanded motion
of mass 3 and followed motion of mass 2 and mass 1.

The controller samples the position and speed of mass 3 every second and uses this to assign
goal position and speed of mass 2 to be attained at the end of next second. The current position
and speed of masses 1 and 2 are used to generate the four initial conditions on derivatives of y.
In ECPUSR environment, the trajectory generation takes roughly 20 milliseconds and the data
is implemented over the next 0.98 seconds.

In the hardware implementation, an exponential trajectory tracker is designed to follow yq4(t).

The form of the input u(t) is
u(t) = By (1) + Bay$ (1) + By (8) + Bry(V (1) + Boya(t) + 136 (1) + 126D (1) + 731D (1) + 10e(t)  (35)

where e(t) = ya(t) — y(t), i are the coefficients of ¥ in the higher-order model of the system, and

v are the feedback gains selected to make the error dynamics stable, i.e., the solution e(t) of the
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following equation

@ Je s @y P22 o) Bt o)y Potre gy (36)
fa Pa Ba Ba

from any initial conditions approaches zero with a desired transient dynamics. Figure 5.1.1 shows
the typical results of an experiment where mass 3 is moved over a length of time and mass 2 follows

the motion of mass 3 while satisfying the six constraints.

5.2 V-22 Osprey aircraft

The V-22 Osprey is a tiltrotor aircraft designed and built jointly by Boeing and Bell Helicopters.
This new kind of aircraft features a modification to conventional thrust mechanisms. It is fitted
with tilt-rotors making it unique in that it takes off and lands like a helicopter, but once airborne
converts to a turboprop airplane capable of high-speed, high-altitude flight. The operation of the
tilt-rotors in take-off, landing, and forward propulsion is best explained with the aid of a diagram.

Figure 10 depicts the tiltrotor action.

Figure 10: Tilt-rotor operation. Picture courtesy, The Boeing Company. http://www.boeing.com

In the present work we are interested in VT'OL operation of the V-22. This includes the flight
phase from take-off to the point where the desired altitude is acheived and the rotors are hori-

zontal.
5.2.1 V22-Osprey modelling

For the purposes of this work a simplified representation of the Osprey is formulated. The first

simplifying assumption is restriction of motion to the vertical plane. To determine the dynamic
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parameters of the V-22 physical data available from Boeing is used. Based on these dimensions
the center of mass was found to be located at = = 0.435 m,y = 0 m from the geometrical center of
the fuselage. Assumming a mass of 17000 kg, the inertia about the center of mass was found to

be 256388.6 kgm?. To dynamically model the aircraft Figure 11 is used.
Y.

g
A

0, >~ X,

Figure 11: V-22 modeled as a planar body with two thrusters

Figure 11 shows the aircraft modelled as a planar body B with a single thruster F. The position
of the center mass C in inertial frame (0, X,,Y,) is (z, y). The mass of body B is m, and its inertia
at C about an axis perpendicular to the plane of the body is J. Frame (0, X;,V;) is attached
to body B with 0,, a distance | from C, v; along 0,C, and o = £(X,X;). The orientation of the
thruster is independently controller by the angle 0 = /(X F). The thruster force F is resolved into
its two independent components u;, us, aligned along axis Y, and X, respectively. us = F cosf and

u; = Fsinf. The equations of motion of body B are:

mi = —uqSina -+ ugcosa,
my = uicosa+ uzsina —mg,
Ja = lus. (37)

5.2.2 Problem Description

In a typical flight planning problem, the aircraft is to take off from a position and reach a
predetermined altitude, while staying within its operating limits and maintaining a clear flight
trajectory (i.e. avoiding any obstacles). In order to produce planned motions, all forces applied
to the body, must be consistent with the dynamic equations. Only then can we be certain that
the system will move as desired, let alone reach prescribed points. The system dynamic equations

represented in Eq. (37) represents a constraint that must be satisfied at all times.
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Besides system equation constraints, physical and operating constraints are also present.

better explain these depict a typical flight planning situation in Figure 12

enve lope B _

Hountain

Figure 12: A typical flight planning situation.

To

Depicted is an airplane in take-off from a postion P1 on a helipad. The airplane is to reach a

position P4 in a prescribed final time. P2, P3 are feasible intermediate points. The space is

cluttered. Physical obstacle like buildings and a mountain are to be avoided. The airplane must

also maintain an approximate flight lane to avoid intrusion in paths of other aircraft. Envelope

A is the lower bound of the flight lane, avoiding physical obstacles. Envelope B is the upper

limit of the flight lane. The airplane must at all times in flight lie within the physical limits of

the flight lanes. Denoting the center of mass of the aircraft as x,y, the entire flight enevelope is

mathematically modelled as follows:

Envelope B Y < 1500 sin 5555

Envelope A 750 sin —”(‘;gggo) < Yy
Physical limits on x < T < 1000
Physical limits on y 0 < Y

(38)

The final time is assumed to be 1000 seconds. The airplane will also have operating constraints on

maximum rates of accelerations and thrust produced. The vertical velocity is a limited quantity
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and will have a maximum limit. We choose to retain this constraint as representative of thrust

limitations. From technical specifications on the V-22 available from Boeing we have
¥ < 10ms™* (39)
Initial and final conditions are also specified

2(0) =50, y(0)=1, #(0)=0, 7(0)=0, #0)=0 (40)

2(ty) =850, y(ty) =850, @(ty) =0, yty) =0, §(ty) =0 (41)

These conditions account for the fact that during take-off the tilt-rotors are directed vertically
and there is no component of horizontal acceleration, while at the final point, the tilt-rotors are
directed horizontally and there is no component of vertical acceleration.

In the present form the constraint equations are nonlinear and will not be solvable in real-
time for solution. The constraint structure needs to simplified, and inorder to do so, first the
system equations will be simplified, followed by a simplification of the position, rate and obstacle

constraints.
5.2.3 Differentially flat form

Defining v; = &, vy =22 X =2 5 simplified version of the equations of motion are obtained:

m’ m

¥ = —wisina+ vgcosa,
Y = wvicosa+ vysina — g,
& = Aug. (42)

Now defining two functions =, and y; as in [?]:

1 1
rp=T-y sina,  yr=y+ 3, s, (43)

it is possible to express all states and inputs in the system of Eq. (42), in terms of x; and y; and
their derivatives (i.e. in a differentially flat form). Greater details are available in [8] and also

available “on-line” at http://mechsys4.me.udel.edu/publications.html.
5.2.4 State, rate and obstacle constraints

Using the transformations in Eq. (43), the constraints in Eq. (44) are transformed to the flat

space. A closer examination of these transformed constraints will reveal that the nonlinear terms
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are much smaller than the linear terms when considered over the domain of interest. For instance
% ~20,and 0 < = < 1000, 0 < y < 1000. Ignoring the nonlinear terms in the expressions results

in a simplification which is both useful and justified for the present problem. Therefore we have

and the nonlinear constraints are as

1500 sin =&

Yr < 2200
750 sin T=100) - < yr
0 < xy < 1000 (44)
0 < Yr
Yy < 10

Using the polytopic approximation scheme the constraints are replaced by linear inequality con-
straints. Figure 13 depicts the original nonlinear feasible region, followed by the polytopic ap-

proximation within the region The resulting 5-gon is represented by 5 linear inequalities

1500 1500
1000 1000
= =
500 500
o nU o
0 00 400 &0 200 1000 a 00 400 &0 200 1000
x, x,

Figure 13: Feasible region followed by polytopic approximation.

0 < ys, xp < 1000, 0.01 27 —0.01 y; < 1, —0.000928 27 +0.001285 y; < 1, y; < 1.7457 x;. (45)

5.2.5 Trajectory Generation

The linear inequalities in Eq. (45) together with limits on rates, are satisfied in trajectory genera-
tion using the collocation scheme. Here a solution form is chosen for the flat outputs in weigthed

residual form as:

2y =®10+ a11P11 +a12®P12, yy = Pog + a21Po1 + a22P22, (46)
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where @4, ®y are termed the initial solution and chosen to satisfy the boundary conditions in
Eq. (44), ®11, ®12, and 9y, a0, termed the basis functions, are chosen to be homogenous at the
boundaries (i.e. they have no contribution to any of the boundary terms). The coefficients a;,
a1, az1, azs are chosen to satisfy the inequality constraints. In the present example polynomials

in ¢ are chosen for the initial solution and basis functions

D19 = ap+art +ast(ty —t) +ast>(ty — t) + agt>(ty — 1)

A
]
|

= b+ byt +bat(ty — 1) + bat?(t; —t) + bat*(t; —t)?

g
I

Bty —1)2, Oy = 2ty —1)%, Ppp = Pap = t3(t; —1)3 (47)

Using the collocation method with 5 collocation points chosen evenly over ¢t < [0,1000], linear
inequality constraints in the coefficient variables ai;, ai2, as1, azs are obtained. The resulting
inequalities are then solved simulataneously to determine all solutions. The solutions form the
vertices of a polytope in ayy, as, as;, ass space. The ceontroid of the polytope is chosen, as the final
value for the coefficients. In the present problem 63 vertices were obtained, the solution being
evaluated in under 2 seconds. Note also that we choose to determine all polytope vertices, and
then evaluate the centroid, as a final values. Strictly, any one polytope vertice is also a feasible
solution, and had we chosen to accept the first generated polytope vertice as our final solution,
evaluation time is vastly reduced. The solution was implemented in a high-level package as is
MATLAB. Choosing instead to implement a solution in C language or FORTRAN, a greater
savings in execution times are expected. It has been observed in such implementations, that
a 1000 fold savings in computation time is acheived. Figure 14 depict the feasible trajectories

generated.

6 Conclusion

This paper presented a methodology to generate feasible trajectories of linear and nonlinear
dynamic systems which admit higher-order (or flat) forms in the presence of inequality constraints.
The methodology consists of three steps: (i) inner approximate the constraint set in the higher-
order space by linear inequalities; (ii) choose an admissible form of the solution with a set of basis
function and through collocation transform the semi-infinite problem into a problem with finite
number of inequality constraints; (iii) identify a feasible polytope in the coefficient space of the

basis functions such that all points within it are feasible solutions. The inner approximation of
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Figure 14: Figure on left depicts the initial trajectories, generated using only the initial conditions.
Notice that a constraint violation occurs in the period of 50 to 250 seconds (in x;-y; plot).
After running the problem through the collocation scheme an improved trajectory satisfying the
constraints at all points is achieved. This is shown in the figure on the right.

the nonlinear constraints by linear constraints can be done once off-line assuming that the set of
inequalities do not change during motion. The feasible trajectories within the linear inequalities
can be determined in real-time because of the need to solve only simultaneous linear equations.
The method was successfully implemented in hardware to simulate a ‘pursuit-evasion’ maneuver
with a linear spring-mass-damper system. Also, simulation results were provided for a VTOL
aircraft. We believe that this methodology can be extended for real-time planning of nonlinear

systems such as air vehicles and missiles.
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