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'LmHUHQWLDOO\ )ODW 6\VWHPV ZLWK ,QHTXDOLW\ &RQVWUDLQWV� $Q $SSURDFK

WR 5HDO�WLPH )HDVLEOH 7UDMHFWRU\ *HQHUDWLRQ

1DGHHP )DL]
�
� *UDGXDWH VWXGHQW

6XQLO .� $JUDZDO
�
� $VVRFLDWH 3URIHVVRU

0HFKDQLFDO 6\VWHPV /DERUDWRU\� 'HSDUWPHQW RI 0HFKDQLFDO (QJLQHHULQJ
8QLYHUVLW\ RI 'HODZDUH� 1HZDUN� '( ������

5LFKDUG 0� 0XUUD\
�
� $VVRFLDWH 3URIHVVRU

'LYLVLRQ RI (QJLQHHULQJ DQG $SSOLHG 6FLHQFH
&DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\� 3DVDGHQD� &$ ������

$EVWUDFW

7KLV SDSHU SURSRVHV D UHDO�WLPH SODQQLQJ VFKHPH DQG LWV LPSOHPHQWDWLRQ IRU D FODVV RI G\QDPLF V\VWHPV�
7KH SODQQHU LV DLPHG WR VDWLVI\ WKH VWDWH HTXDWLRQV� WKH SDWK DQG DFWXDWRU FRQVWUDLQWV� DQG WKH JLYHQ LQLWLDO
DQG WHUPLQDO FRQVWUDLQWV� ,Q RUGHU WR JHQHUDWH WUDMHFWRULHV LQ UHDO�WLPH� WKUHH EURDG VWHSV DUH SHUIRUPHG�
�L� WKH VWUXFWXUH RI GLmHUHQWLDOO\ oDW V\VWHPV LV XVHG WR H[SOLFLWO\ HQFDSVXODWH WKH VWDWH HTXDWLRQV LQWR OLQHDU
GLmHUHQWLDO FRQVWUDLQWV LQ WKH oDW VSDFH� DQG DSSURSULDWHO\ WUDQVIRUP WKH ERXQGDU\ FRQGLWLRQV� �LL� XVLQJ VHPL�
LQnQLWH RSWLPL]DWLRQ WKHRU\� DQ LQQHU DSSUR[LPDWLRQ RI QRQOLQHDU FRQVWUDLQWV LV PDGH WR UHSODFH WKHVH E\ D VHW
RI OLQHDU LQHTXDOLWLHV LQ WKH oDW VSDFH� L�H�� E\ D SRO\WRSH� �LLL� WKLV SRO\WRSLF UHSUHVHQWDWLRQ RI WKH V\VWHP WKDW
VDWLVnHV WKH VWDWH HTXDWLRQV DQG WKH FRQVWUDLQWV LV WKHQ SDUDPHWHUL]HG XVLQJ EDVLV IXQFWLRQV DQG WKH SODQQLQJ
SUREOHP LV WXUQHG DURXQG LQWR VROXWLRQ RI D VHW RI OLQHDU LQHTXDOLWLHV LQ WKH FRHpFLHQW VSDFH RI WKH EDVLV IXQFWLRQV�
,W LV WKHQ GHPRQVWUDWHG WKDW QXPHULFDOO\ HpFLHQW DOJRULWKPV FDQ EH EXLOW WR VROYH WKH SODQQLQJ SUREOHP LQ UHDO�
WLPH� 7KH HVVHQFH RI WKH DSSURDFK LV GHPRQVWUDWHG E\ WZR H[DPSOHV� �L� DQ LPSOHPHQWDWLRQ LV SHUIRUPHG RQ D
VSULQJ�PDVV�GDPSHU V\VWHP WR GHPRQVWUDWH WKH UHDO�WLPH FDSDELOLW\ RI HYDVLRQ�SXUVXLW� �LL� D 972/ DLUFUDIW LV
XVHG WR LOOXVWUDWH WKH DSSOLFDWLRQ RI WKLV DSSURDFK LQ VLPXODWLRQ WR QRQOLQHDU SUREOHPV�

.H\ZRUGV� UHDO�WLPH SODQQLQJ� GLmHUHQWLDO oDWQHVV� LQHTXDOLW\ FRQVWUDLQWV� FRQYH[ SURJUDP�
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)LJXUH �� $ VFKHPDWLF RI D JHQHULF PRWLRQ FRQWURO V\VWHP

)LJXUH � VKRZV WKH VFKHPDWLF RI D PRWLRQ FRQWUROOHU DORQJ ZLWK D SRVVLEOH LPSOHPHQWDWLRQ�

7KLV WZR SDUW PRWLRQ FRQWUROOHU FRQVLVWV RI D WUDMHFWRU\ JHQHUDWRU� DQG D WUDFNLQJ FRQWUROOHU�

+HUH� WKH UROH RI WKH WUDMHFWRU\ JHQHUDWRU LV WR SURYLGH WR WKH WUDFNLQJ FRQWUROOHU IHDVLEOH UHIHUHQFH

WUDMHFWRULHV WKDW VDWLVI\ WKH G\QDPLF HTXDWLRQV� SDWK DQG DFWXDWRU FRQVWUDLQWV� DQG HQG�SRLQW

FRQVWUDLQWV� 7KH WUDFNHU
V UROH LV WR LPSOHPHQW WKHVH WUDMHFWRULHV WR D VXpFLHQW KLJK GHJUHH RI

DFFXUDF\� 7KLV WZR SDUW FRQWUROOHU LV VLPLODU WR WZR GHJUHH�RI�IUHHGRP FRQWUROOHUV IRXQG LQ RSWLPDO

FRQWURO >��@� >��@� >��@� &RQFHSWXDOO\� WKH UROHV RI WKH WUDMHFWRU\ JHQHUDWRU DQG WUDFNLQJ FRQWUROOHU

DUH GLmHUHQW DQG KDYH WKHLU RZQ LPSRUWDQFH� $ JRRG UHIHUHQFH FRPPDQG KDV D KLJKHU FKDQFH RI

EHLQJ LPSOHPHQWHG E\ WKH VHUYR FRQWUROOHU� 7KH SXUSRVH RI WKLV SDSHU LV WR IRFXV RQ WKH WUDMHFWRU\

JHQHUDWRU DQG SURSRVH PHWKRGV KRZ WKLV EORFN FDQ SURYLGH DQG XSGDWH UHIHUHQFH FRPPDQGV LQ

UHDO�WLPH�

7KH QHHG WR SHUIRUP FRPSXWDWLRQV LQ UHDO�WLPH FRPHV IURP WKH UHTXLUHPHQW WKDW WKH V\VWHP

PRGHO PD\ EH LQH[DFW RU WKH FRQVWUDLQWV DQG ERXQGDU\ FRQGLWLRQV PD\ EH FKDQJLQJ RYHU WLPH� )RU

LQVWDQFH� D PLVVLOH WDUJHWLQJ D PRYLQJ REMHFW QHHGV WR FRQVWDQWO\ XSGDWH LWV WUDMHFWRU\ WR DFFRXQW

IRU SHUFHLYHG WDUJHW PRWLRQ� ,Q VXFK VLWXDWLRQV� UHDO�WLPH WUDMHFWRU\ JHQHUDWLRQ LV D QHFHVVLW\ WR

DFFRPSOLVK WKH WDVN� 7KH PHWKRGV SURSRVHG LQ WKLV SDSHU IRU WUDMHFWRU\ JHQHUDWLRQ DUH PRWLYDWHG

IURP WKHLU UHDO�WLPH ZRUWKLQHVV�

7KH VWDWHPHQW RI WKH SUREOHP LV DV IROORZV� )RU D G\QDPLF V\VWHP

BxT  I�xT� � J�xT�xX ���

ZLWK WKH VWDWHV xT � 5
�

DQG FRQWUROV xX � 5
�

� EXLOG D PRWLRQ SODQQHU WR GHWHUPLQH LQ UHDO�WLPH xT�W�

DQG xX�W� WR WDNH WKH V\VWHP IURP DQ LQLWLDO VWDWH xT��� WR D nQDO VWDWH xT�W � � ZKLOH VDWLVI\LQJ (T� ���
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DQG SDWK DQG DFWXDWRU FRQVWUDLQWV

xF�xT� xX� � �� � W � >�� W � @ ���

ZKHUH WKH FRQVWUDLQWV xF � � � � (TXDWLRQV ��� DUH LQWULQVLF WR WKH SK\VLFDO V\VWHP DQG UHSUHVHQW

PDWKHPDWLFDOO\ LWV EHKDYLRU� (TXDWLRQV ��� DUH FRQVWUDLQWV ZKLFK KDYH EHHQ SXW H[WHUQDOO\ RQ WKH

V\VWHP� )RU LQVWDQFH� DQ DLUSODQH FDUU\LQJ SDVVHQJHUV ZRXOG H[HFXWH \DZ DQG SLWFK PDQHXYHUV

ZLWKLQ VDIH OLPLWV IRU SDVVHQJHUV� $ FDUJR FDUU\LQJ DLUSODQH ZRXOG QRW EH VXEMHFW WR WKH VDPH

FRQVWUDLQWV� $ VXEFODVV RI (T� ��� DUH SDWK FRQVWUDLQWV RI WKH IRUP

xK�xT� � �� xK � ��
�
� ���

RQO\ GHSHQGHQW RQ xT� $QRWKHU FODVV RI FRQVWUDLQWV DUH DFWXDWRU VDWXUDWLRQ OLPLWV

/ ����� ��� � xX � / 
 ��� ��� � ���

7KH V\VWHP PD\ DOVR EH VXEMHFW WR HQG�SRLQW FRQVWUDLQWV� H�J��

xT  xT � � DW W  �

xT  xT � � DW W  W � ���

7KH PDLQ FRQWULEXWLRQ RI WKLV SDSHU LV WKH GHYHORSPHQW RI UHDO�WLPH SODQQHUV ZKLFK VXLWDEO\

H[SORLW WKH VWUXFWXUH RI WKH G\QDPLF V\VWHP� 7KLV SUREOHP LV FRPSXWDWLRQ LQWHQVLYH� WKHUHIRUH� LW LV

XQUHDOLVWLF WR ORRN IRU D WHFKQLTXH DSSOLFDEOH WR DOO SUREOHPV� ,QVWHDG� ZH UHVWULFW RXU DWWHQWLRQ WR

D FODVV RI V\VWHPV IRU ZKLFK WKH VWUXFWXUH RI WKH G\QDPLF V\VWHP DOORZV FDQRQLFDO WUDQVIRUPDWLRQV

WR D KLJKHU�RUGHU IRUP� 7KLV KLJKHU�RUGHU IRUP WULYLDOO\ VDWLVnHV WKH VWDWH HTXDWLRQV DQG WKLV FODVV

KDV EHHQ ODEHOHG DV KLJKHU�RUGHU V\VWHPV >�@ RU GLmHUHQWLDOO\ oDW V\VWHPV �>��@� >��@�� ,Q VRPH

HDUOLHU ZRUN� LW KDV EHHQ K\SRWKHVL]HG WKDW WKH SODQQLQJ SUREOHP IRU WKLV FODVV RI V\VWHPV FDQ EH

VROYHG LQ UHDO�WLPH� +RZHYHU� DOO VWXGLHV VR IDU DUH OLPLWHG WR SODQQLQJ LQ WKH DEVHQFH RI LQHTXDOLW\

FRQVWUDLQWV� 7KH oRZ RI DUJXPHQWV LQ WKLV SDSHU LV DV IROORZV�

q (OLPLQDWH VWDWH HTXDWLRQV E\ WUDQVIRUPLQJ WKH SUREOHP WR GLmHUHQWLDOO\ oDW VSDFH

q ,QQHU DSSUR[LPDWH WKH SDWK DQG DFWXDWRU FRQVWUDLQWV E\ OLQHDU LQHTXDOLW\ FRQVWUDLQWV

q 6ROYH D WUDMHFWRU\ JHQHUDWLRQ SUREOHP LQ WKH oDW VSDFH ZLWK OLQHDU LQHTXDOLW\ FRQVWUDLQWV

q 7UDQVIRUP WKH PRWLRQ SODQV WR WKH RULJLQDO VSDFH�
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7KH RUJDQL]DWLRQ RI WKH SDSHU LV DV IROORZV� 6HFWLRQ � GHVFULEHV KLJKHU�RUGHU RU GLmHUHQWLDOO\

oDW V\VWHPV� 6HFWLRQ � FRQVLGHUV LQHTXDOLW\ FRQVWUDLQWV DQG SURSRVHV VFKHPHV WR DFFRPPRGDWH

WKHP WR UHDO�WLPH SODQQLQJ� 6HFWLRQ � RXWOLQHV WUDMHFWRU\ JHQHUDWLRQ ZKHQ WKH FRQVWUDLQWV DUH

DSSUR[LPDWHG E\ OLQHDU IRUPV� ([DPSOHV� LQFOXGLQJ H[SHULPHQWV� DUH SUHVHQWHG LQ 6HFWLRQ ��

� 'LmHUHQWLDOO\ )ODW '\QDPLF 6\VWHPV

,Q WKLV SDSHU� RQO\ WKRVH V\VWHPV ��� DUH FRQVLGHUHG ZKLFK DGPLW WKH IROORZLQJ DOWHUQDWH IRUP

xT  xT�x\� Bx\� �x\� � � � �
����� �

�
x\ �� ���

xX  xX�x\� Bx\� �x\� � � � �
��� � �

�

x\ �� ���

ZKHUH x\ � 5
�

DQG S � � S � UHSUHVHQW WKH KLJKHVW GHULYDWLYHV� 6\VWHPV ZKLFK KDYH WKLV SURSHUW\ KDYH

EHHQ UHIHUUHG WR DV KLJKHU�RUGHU V\VWHPV >�@ RU GLmHUHQWLDOO\ oDW V\VWHPV >��@� ([DPSOHV RI oDW

V\VWHPV LQFOXGH FRQWUROODEOH OLQHDU V\VWHPV� IHHGEDFN OLQHDUL]DEOH V\VWHPV� DQG FKDLQHG V\VWHPV�

3K\VLFDO H[DPSOHV RI GLmHUHQWLDOO\ oDW V\VWHPV DUH FRPPRQO\ IRXQG LQ PHFKDQLFDO HQJLQHHULQJ

>��@� LQ HOHFWULFDO HQJLQHHULQJ >��@ DV ZHOO DV LQ FKHPLFDO HQJLQHHULQJ >�@�

)RU GLmHUHQWLDOO\ oDW V\VWHPV� WUDMHFWRULHV FRQVLVWHQW ZLWK WKH G\QDPLFV FDQ EH SODQQHG XVLQJ

x\� )XUWKHU� XVLQJ (TV� ��� DQG ���� WKH VWDWH xT�W� DQG LQSXW WUDMHFWRULHV xX�W� FDQ EH REWDLQHG

E\ VLPSOH GLmHUHQWLDWLRQV� 7KLV LV GHnQLWHO\ DGYDQWDJHRXV RYHU LWV DOWHUQDWLYHV� H�J�� nQGLQJ D

WUDMHFWRU\ FRQVLVWHQW ZLWK WKH G\QDPLFV XVLQJ FROORFDWLRQ RU E\ VKRRWLQJ WHFKQLTXHV� ,Q VRPH

UHFHQW SXEOLFDWLRQV� $JUDZDO DQG FRZRUNHUV KDYH LQYHVWLJDWHG WKH SUREOHP RI RSWLPDO WUDMHFWRU\

JHQHUDWLRQ RI FODVVHV RI GLmHUHQWLDOO\ oDW V\VWHPV ZKLFK DUH QRW VXEMHFW WR DX[LOLDU\ FRQVWUDLQWV

�>�@� >�@� >�@� >�@�� $OVR� 0XUUD\ DQG FRZRUNHUV KDYH LQYHVWLJDWHG WKH IHDVLEOH PRWLRQ SODQQLQJ

SUREOHP IRU VXFK V\VWHPV ZLWKRXW DX[LOLDU\ FRQVWUDLQWV ZLWK DSSOLFDWLRQ WR GXFWHG IDQ H[SHULPHQWV

>��@�

7KH SXUSRVH RI WKLV SDSHU LV WR H[WHQG WKHVH SODQQLQJ WHFKQLTXHV WR V\VWHPV ZLWK SDWK DQG

DFWXDWRU FRQVWUDLQWV ��� DQG ���� ,Q WKH SUHVHQW VHFWLRQ VSHFLnF H[DPSOH FODVVHV RI GLmHUHQWLDOO\

oDW V\VWHPV ZLOO EH FRQVLGHUHG� )LJXUH � VKRZV D SODQQLQJ SUREOHP LQ LWV RULJLQDO DQG WUDQVIRUPHG

VSDFH� )URP WKLV nJXUH� LW LV HYLGHQW WKDW WKH VWDWH HTXDWLRQV LQ WKH oDW VSDFH DUH WULYLDOO\ VDWLVnHG�
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2ULJLQDO 3ODQQLQJ 3UREOHP

BxT  xI�xT� � xJ�xT�xX

x8 � � xF�xT� xX� W� � x8 �

xT��� � xT�W � � W � >�� W � @
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x\  x\�xT� xX�

7UDQVIRUPHG 3ODQQLQJ 3UREOHP

x8 � � x&�x\� Bx\�
��� � �x\ � W� � x8 �

x\��� � x\�W � � W � >�� W � @

)LJXUH �� 7KH SODQQLQJ SUREOHP LQ WKH RULJLQDO DQG WUDQVIRUPHG VSDFH�

� ,QHTXDOLW\ &RQVWUDLQWV� 3RO\WRSLF $SSUR[LPDWLRQ

,Q 6HFWLRQ �� WKH KLJKHU�RUGHU SURSHUW\ RI GLmHUHQWLDOO\ oDW V\VWHPV ZDV XVHG WR WUDQVIRUP WKH

VWDWH HTXDWLRQV WR WKH oDW VSDFH ZKHUH WKHVH ZHUH WULYLDOO\ VDWLVnHG� $V ZDV LOOXVWUDWHG LQ )LJXUH ��

WKH LQHTXDOLW\ FRQVWUDLQWV DUH DOVR WUDQVIRUPHG WR WKH oDW VSDFH DQG WKHVH HTXDWLRQV SURYLGH WKH

IROORZLQJ IHDVLEOH UHJLRQ�
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x\ � x8 � � x&�x\� Bx\� ����
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,Q JHQHUDO� WKH VHW 6 LV QRQ FRQYH[ LQ WKH VSDFH RI x\ DQG LWV GHULYDWLYHV� ,Q RUGHU WR GHWHUPLQH 6�

RQH UHTXLUHV WR VROYH QRQOLQHDU LQHTXDOLWLHV ZKLFK LV TXLWH FRPSXWDWLRQDOO\ H[SHQVLYH� ,Q JHQHUDO�

WKH ERXQGDU\ RI VHW 6 LV D FROOHFWLRQ RI K\SHUVXUIDFH SDWFKHV REWDLQHG IURP (T� ���� $OO IHDVLEOH

WUDMHFWRULHV RI WKH SUREOHP PXVW OLH HQWLUHO\ ZLWKLQ WKLV VHW 6� $Q DWWHPSW WR EXLOG D UHDO�WLPH

WUDMHFWRU\ JHQHUDWLRQ VFKHPH E\ VROYLQJ IRU 6 LV VLPSO\ LPSRVVLEOH EHFDXVH RI FRPSXWDWLRQ EXUGHQ�

:LWK WKH JRDO WR SURYLGH D UHDO�WLPH VROXWLRQ SURFHGXUH� VLPSOLnFDWLRQV DUH SURSRVHG LQ WKLV

VHFWLRQ� :H ZLOO GLVWLQJXLVK EHWZHHQ WKUHH FODVVHV� �L� OLQHDU V\VWHPV ZLWK OLQHDU LQHTXDOLW\

FRQVWUDLQWV� �LL� OLQHDU V\VWHPV ZLWK QRQOLQHDU LQHTXDOLW\ FRQVWUDLQWV� DQG �LLL� QRQOLQHDU V\VWHPV

ZLWK OLQHDU RU QRQOLQHDU LQHTXDOLW\ FRQVWUDLQWV� 7KHVH WKUHH SUREOHP FODVVHV HQFRPSDVV PRVW

SUREOHPV RI LQWHUHVW� ,W FDQ EH VKRZQ WKDW IRU OLQHDU V\VWHPV� RQ LQYRNLQJ D WUDQVIRUPDWLRQ WR

WKH oDW VSDFH� OLQHDU LQHTXDOLWLHV UHPDLQ OLQHDU >�@� 7KLV LV QRW WKH FDVH IRU OLQHDU V\VWHPV ZLWK

QRQOLQHDU FRQVWUDLQWV� +RZHYHU� LI WKH FRQVWUDLQW VHW LV FRQYH[ LQ WKH RULJLQDO VSDFH� XQGHU D OLQHDU

WUDQVIRUPDWLRQ WR WKH oDW VSDFH� WKH VHW 6 ZLOO UHPDLQ FRQYH[ >�@� ,W LV ZHOO NQRZQ WKDW D FRQYH[

VHW FDQ EH ZHOO UHSUHVHQWHG E\ D V\VWHP RI OLQHDU LQHTXDOLWLHV E\ VHOHFWLQJ DQ DUELWUDU\ QXPEHU

RI SRLQWV RQ WKH ERXQGDU\ RI WKLV VHW� ,Q VXPPDU\� OLQHDU V\VWHPV ZLWK OLQHDU LQHTXDOLWLHV RU

�



FRQYH[ QRQOLQHDU LQHTXDOLWLHV KDYH D QDWXUDO DOWHUQDWH UHSUHVHQWDWLRQ RI D VHW RI OLQHDU LQHTXDOLWLHV

�D SRO\WRSH� LQ WKH oDW VSDFH�

)LJXUH �� 3RO\WRSH 3 � � 3 � � 3 � HPEHGGHG ZLWKLQ D QRQ FRQYH[ VHW 6�

+RZHYHU� IRU OLQHDU V\VWHPV ZLWK JHQHUDO QRQOLQHDU LQHTXDOLWLHV RU QRQOLQHDU V\VWHPV� D QDWXUDO

SRO\WRSLF UHSUHVHQWDWLRQ LV QRW SRVVLEOH� +HQFH� LQ WKLV SDSHU� ZH SURSRVH WR UHSODFH 6 E\ D SRO\�

WRSH WKDW OLHV HQWLUHO\ ZLWKLQ LW� :H UHFDOO WKDW SRO\WRSHV DUH VHWV HQFORVHG E\ OLQHDU LQHTXDOLWLHV�

)LJXUH � VKRZV DQ H[DPSOH ZKHUH SRO\WRSHV 3 � � 3 � � 3 � DUH HPEHGGHG ZLWKLQ D QRQ FRQYH[ UHJLRQ 6

LQ WZR GLPHQVLRQV� 6LQFH HDFK SRO\WRSH LV HPEHGGHG ZLWKLQ WKH IHDVLEOH UHJLRQ� DOO SRLQWV ZLWKLQ

LW LV IHDVLEOH� $V ZLOO EH VKRZQ LQ IROORZLQJ VHFWLRQV� WUDMHFWRULHV FDQ EH JHQHUDWHG LQ UHDO�WLPH

IRU SRO\WRSLF VHWV LQ D UDWKHU FRQYHQLHQW PDQQHU� 2QH FKDOOHQJH� KRZHYHU� LV WR DSSUR[LPDWH 6

E\ D SRO\WRSH WKDW HQFORVHV WKH PD[LPXP UHJLRQ� 7KLV LV SRVHG DV DQ RSWLPL]DWLRQ SUREOHP DQG

VROYHG XVLQJ UHVXOWV RI VHPL�LQnQLWH RSWLPL]DWLRQ WKHRU\ DV GHVFULEHG EHORZ >��@�

$ IRUPDO SUREOHP VWDWHPHQW LV *LYHQ D IHDVLEOH VHW

6 �  
Q

x\ � x8 � � xJ�x\� Bx\� ����
� ��� �x\ � W� � x8 �

R
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nQG WKH ODUJHVW SRO\WRSH 3 VXFK WKDW 3 | 6� 6XFK D SRO\WRSH FDQ EH ZULWWHQ LQ WKH IROORZLQJ IRUP�

0 � x\ �0 � Bx\ � ����0 ��� �
����� � ��� ���
x\ �0 �

��� � �x\ �H � � ����

ZKHUH IRU O� QXPEHU RI IDFHWV LQ WKH SRO\WRSH� 0 � DUH �O d P� PDWULFHV� DQG H GHQRWHV D FRQVWDQW

�O d �� YHFWRU�
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��� 6HPL�LQnQLWH 2SWLPL]DWLRQ

,Q RUGHU WR HQVXUH WKDW WKH SRO\WRSH 3 DOZD\V OLHV LQ 6 � � HYHU\ SRLQW ZLWKLQ WKH SRO\WRSH PXVW

EH YHULnHG WR VDWLVI\ HDFK FRQVWUDLQW LQ (T� ���� +RZHYHU� WKHUH DUH LQnQLWH VXFK SRLQWV DQG LW

LV LPSRVVLEOH WR YHULI\ WKH FRQVWUDLQWV DW HYHU\ SRLQW� $Q DSSUR[LPDWH VROXWLRQ LV WR FKHFN IRU

VDWLVIDFWLRQ RI WKH FRQVWUDLQW DW D nQLWH VHW RI SRLQWV�

7KH FKRLFH RI WKHVH nQLWH SRLQWV LV DQ RSHQ TXHVWLRQ� $ JRRG DSSUR[LPDWLRQ VFKHPH ZLOO XVH

SRLQWV ZKLFK DUH VXpFLHQW JXDUDQWHHUV IRU DOO RWKHU SRLQWV LQ 3 � 1DPHO\� WKH VDWLVIDFWLRQ RI WKH

FRQVWUDLQWV DW WKHVH nQLWH SRLQWV VHUYHV D JXDUDQWHH IRU WKH VDWLVIDFWLRQ RI WKH FRQVWUDLQWV LQ 3 �

2QH PHDQV RI FKRRVLQJ WKH SRLQWV LV WR FRYHU WKH SRO\WRSH ZLWK D nQLWH JULG RI HTXDOO\ VSDFHG

SRLQWV� $ nQHU JULG UHVXOWV LQ D ODUJHU QXPEHU RI JULG SRLQWV DQG D EHWWHU DSSUR[LPDWLRQ RI WKH

UHJLRQ� +RZHYHU� D ODUJHU QXPEHU RI JULG SRLQWV LQFUHDVHV WKH QXPEHU RI FRQVWUDLQWV DQG DGGV WR

WKH WRWDO FRPSXWDWLRQ HmRUW QHHGHG� $OVR WKH JULG SRLQWV PXVW EH ?VXpFLHQW� SRLQWV DV H[SODLQHG�

6HPL�LQnQLWH 2SWLPL]DWLRQ 7KHRU\ SURYLGHV D IRUPDO WHFKQLTXH WR VROYH RSWLPL]DWLRQ SUREOHPV

ZLWK VHPL�LQnQLWH FRQVWUDLQWV� ,W ZLOO SURYLGH D IRUPDO IUDPHZRUN LQ JHQHUDWLRQ RI WKH nQLWH SRLQWV

QHHGHG WR GHWHUPLQH D nQLWH QXPEHU RI FRQVWUDLQWV� 7KH IROORZLQJ WHUPLQRORJ\ LV QHHGHG�

3  3RO\WRSH 3

9  6HW RI 9HUWLFHV RI SRO\WRSH 3

9ROXPH 3 �9�  9ROXPH RI 3RO\WRSH 3 ZLWK YHUWLFHV 9

)URP FRQYH[LW\ WKHRU\ LW IROORZV WKDW IRU YHUWLFHV 9  Ix9 � � x9 � � � � � � x9 � J� DQG D YHFWRU xw  

>w � � w � � � � � � w � @� HYHU\ SRLQW x\ � 3 LV UHSUHVHQWHG

x\  x9 � w � � x9 � w � � � � �� x9 � w � � w � � >�� �@�

�
;

��� �

w�  �

s �9� xw� ����

7KHQ x&�9� xw� UHSUHVHQWV WKH LQHTXDOLW\ FRQVWUDLQWV HYDOXDWHG DW HDFK SRLQW LQ WKH SRO\WRSH�

3UREOHP 'HnQLWLRQ

7KH SRO\WRSLF DSSUR[LPDWLRQ SUREOHP LV FDVW LQ DQ RSWLPL]DWLRQ WKHRU\ IUDPHZRUN DQG LV VWDWHG

DV D VHPL�LQnQLWH RSWLPL]DWLRQ SUREOHP �613 � DV

�613 � s PD[I9ROXPH 3 �9�M 9 � 'J� ����

'  I9M x&�9� xw� � x�� xw � %J ����

�



%  Ixw � ,5
�
 �w � � w � � � � � � w � �M w � � >�� �@�

�
;

��� �

w�  �J ����

)URP D PDWKHPDWLFDO SRLQW RI YLHZ� WKH VHPL�LQnQLWH SRO\WRSLF RSWLPL]DWLRQ SUREOHP LV D SUREOHP

RI VHPL�LQnQLWH SDUDPHWHU RSWLPL]DWLRQ� L�H� DQ RSWLPL]DWLRQ SUREOHP ZLWK D nQLWH QXPEHU RI RSWL�

PL]DWLRQ YDULDEOHV 9 DQG DQ LQnQLWH QXPEHU RI LQHTXDOLW\ FRQVWUDLQWV ZKLFK DUH SDUDPHWHUL]HG E\

WKH SDUDPHWHU w � � >�� �@� 7KH GRPDLQ RI VHW ' LV H[DFWO\ WKH IHDVLEOH VHW 6 � � 7KH VHW % DOZD\V OLHV LQ

WKH SRVLWLYH GRPDLQ� L�H� % | � ��� � DQG LV XSSHU ERXQGHG E\ WKH XQLW K\SHUSODQH� w � �w � �c c c�w �  ��

/RFDO 5HGXFWLRQ 7HFKQLTXH

)RU HpFLHQWO\ GHWHUPLQLQJ DQ RSWLPDO VROXWLRQ RI �613 �� WKH SUREOHP LV UHGXFHG WR D nQLWH�

GLPHQVLRQDO SDUDPHWHU RSWLPL]DWLRQ SUREOHP ZKHUH WKH QXPEHU RI FRQVWUDLQWV LV nQLWH� :H

IROORZ WKH /RFDO UHGXFWLRQ WHFKQLTXH SURSRVHG E\ +HWWLFK DQG .RUWDQHN >��@ IRU VHPL�LQnQLWH

SURJUDPPLQJ� $ QHZ SUREOHP �13 � LV GHnQHG DV

�13 � s PD[I9ROXPH 3 �9�M 9 � 'J� ����

'  I9M x&�9� xw� � x�� xw � A%J� ����

A%  Ixw � � xw � � � � � � xw � J | %� ����

DQG D nQLWH�GLPHQVLRQDO RSWLPL]DWLRQ SUREOHP LV REWDLQHG� 7KH ORFDO UHGXFWLRQ WHFKQLTXH WKHQ

VSHFLnHV FRQGLWLRQV IRU WKH HTXLYDOHQFH RI WKH ORFDOO\ WUDQVIRUPHG nQLWH�GLPHQVLRQDO SDUDPHWHU

RSWLPL]DWLRQ SUREOHP �13 � A9�� DQG WKH VHPL�LQnQLWH SDUDPHWHU RSWLPL]DWLRQ SUREOHP �613 ��

(YDOXDWLQJ WKH FRQVWUDLQWV DW WKH nQLWH QXPEHU RI SRLQWV LQ VHW A%� UHVXOWV LQ D nQLWH QXPEHU

RI FRQVWUDLQWV WR EH YHULnHG� 6DWLVIDFWLRQ RI WKHVH FRQVWUDLQWV LV D VXpFLHQW FRQGLWLRQ IRU WKH

VDWLVIDFWLRQ RI DOO WKH FRQVWUDLQWV LQ �613 �� $ IXOO WUHDWPHQW RI WKH ORFDO UHGXFWLRQ WHFKQLTXH LV

DYDLODEOH LQ WKH SDSHU E\ +HWWLFK DQG .RUWDQHN >��@�

��� ([DPSOHV RI 3RO\WRSLF $SSUR[LPDWLRQ

$ JHQHUDO SXUSRVH SURJUDP KDV EHHQ GHYHORSHG WR LPSOHPHQW WKH ORFDO UHGXFWLRQ WHFKQLTXH�

7KH SURJUDP LV ZULWWHQ LQ 0$7/$% >��@ DQG XVHV 1362/ >��@� D QRQOLQHDU SURJUDPPLQJ VROYHU�

6RPH UHVXOWV IURP WKLV SURJUDP DUH VKRZQ LQ )LJXUH �� 7KH SRO\WRSLF DSSUR[LPDWLRQ LV DQ Rm�OLQH

SURFHVV DQG QHHGV WR EH SHUIRUPHG RQO\ RQFH�

�



)LJXUH �� 3RO\WRSLF DSSUR[LPDWLRQ RI VRPH QRQ FRQYH[ UHJLRQV�

� 7UDMHFWRU\ *HQHUDWLRQ

)URP WKH ODVW WZR VHFWLRQV� RQH DUULYHV DW D VLPSOLnHG SUREOHP ZKHUH WKH VWDWH HTXDWLRQV DUH WULY�

LDOO\ VDWLVnHG DQG WKH QRQOLQHDU LQHTXDOLWLHV DUH UHSODFHG E\ OLQHDU LQHTXDOLWLHV� 7KH SUREOHP QRZ

LV WR GHYHORS WUDMHFWRULHV IRU WKLV QHZ V\VWHP ���� VXEMHFW WR ERXQGDU\ FRQGLWLRQV� $ VWDWHPHQW

RI WKH SUREOHP LV WR nQG D VROXWLRQ \�W� RYHU WKH WLPH >W � � W � @ VXFK WKDW LW VDWLVnHV (T� ���� DQG

ERXQGDU\ FRQGLWLRQV RI x\� Bx\�����
����� � ��� ���
x\ DW W � DQG W � � ,Q WKLV VWXG\� WKH VROXWLRQ x\�W� LV FKDUDFWHUL]HG

DV

\ � �W�  j � � �W� �

���
;

� � �

D � � j � � �W�� M  �� � � � � P� ����

ZKHUH j � � �W� VDWLVI\ DOO ERXQGDU\ FRQGLWLRQV RQ \ � �W�� � � � �W� DUH VFDODUV WKDW VDWLVI\ WKH ERXQGDU\

FRQGLWLRQV KRPRJHQHRXVO\� DQG D � � DUH P�GLPHQVLRQDO YHFWRUV RI PRGH FRHpFLHQWV >�@� :LWK WKLV

IRUP� \ � �W� VDWLVnHV DOO ERXQGDU\ FRQGLWLRQV RI WKH SUREOHP UHJDUGOHVV RI WKH YDOXHV RI D � � �

2Q VXEVWLWXWLQJ x\�W� IURP (T� ���� LQ (T� ����� DQG GHnQLQJ 0 � � DV WKH M�WK URZ RI PDWUL[ 0 � �

WKH IRUP IRU WKH LQHTXDOLWLHV EHFRPHV

�;

� � �

�
;

� � �

���
;

� � �

0 � � D � � �
� � �
� � �W� �

�;

� � �

�
;

� � �

0 � � j
� � �
� � �W� � xH � x�� ����

7KLV HTXDWLRQ VKRXOG EH YDOLG DW DOO SRLQWV LQ WKH GRPDLQ >W � � W � @� L�H�� LW UHSUHVHQWV DQ LQnQLWH

QXPEHU RI FRQVWUDLQWV RQ WKH PRGH FRHpFLHQWV D � � �����D � ��� � ,W PXVW EH QRWHG WKDW WKHVH FRQVWUDLQWV

DUH OLQHDU LQ WKH HOHPHQWV RI WKH PRGH FRHpFLHQWV D � � DQG QRQOLQHDU LQ WLPH�

7KH IHDVLEOH WUDMHFWRULHV DUH WKHQ FKDUDFWHUL]HG DV IROORZV� �L� VDWLVI\ (T� ���� H[DFWO\ RU

DSSUR[LPDWHO\ ZLWKLQ WKH GRPDLQ E\ XVLQJ D nQLWH VHW RI FRQVWUDLQWV� �LL� VLQFH WKH PRGH FRHpFLHQWV

D � � �����D � � � DSSHDU OLQHDUO\ LQ WKHVH FRQVWUDLQWV� WKH IHDVLEOH VROXWLRQ VSDFH RI D � � �����D � � � LV D QHZ

SRO\WRSH ZKRVH YHUWLFHV FDQ EH FKDUDFWHUL]HG LQ UHDO�WLPH E\ D VLPSOH FRPSXWDWLRQDO SURFHGXUH�

�



�LLL� VHOHFW D SRLQW ZLWKLQ WKLV QHZ SRO\WRSH DQG IRUP WKH WUDMHFWRU\ x\�W� DFFRUGLQJ WR (T� �����

7KLV WUDMHFWRU\ x\�W� ZLOO EH FRQVLVWHQW ZLWK WKH VWDWH HTXDWLRQV� FRQVWUDLQWV� DQG WKH ERXQGDU\

FRQGLWLRQV SRVHG RQ WKH SUREOHP�

��� )LQLWH &RQVWUDLQW 6HW

:H SURSRVH KHUH EULHo\ D IHZ VFKHPHV WR VDWLVI\ (T� ���� ZLWKLQ WKH GRPDLQ E\ XVLQJ D nQLWH

QXPEHU RI FRQVWUDLQWV� 0RUH GHWDLOV RI LPSOHPHQWDWLRQ DUH DYDLODEOH LQ >�@�

����� &ROORFDWLRQ 6FKHPH

,Q WKH nUVW VFKHPH� D nQLWH QXPEHU RI FROORFDWLRQ SRLQWV LV VHOHFWHG ZLWKLQ WKH GRPDLQ RI LQWHUHVW�

$W HDFK RI WKH FROORFDWLRQ SRLQWV� WKH FRQVWUDLQW IXQFWLRQV DQG D nQLWH QXPEHU RI WKHLU GHULYDWLYHV

DUH ERXQGHG WR HQVXUH VDWLVIDFWLRQ RI (T� ����� ,Q RUGHU WR GHVFULEH WKLV PHWKRG LQWXLWLYHO\�

FRQVLGHU D VLQJOH LQHTXDOLW\ MJ�W�M � F� *LYHQ J�W�� J�W�c7 � FDQ EH DSSUR[LPDWHG E\

J�W�c7 �  J�W� � J
� ���
�W�c7 � ���� J

� � �
�W�
�c7 �

�

U�
����

ZKHUH � � c7 � � DQG WHUPV RI WKH RUGHU �c7 � ���
� DQG KLJKHU DUH FRQVLGHUHG QHJOLJLEOH� ,I WKH

IXQFWLRQV J � � � �W� VDWLVI\ DSSURSULDWH ERXQGV� L�H�� MJ � � � �W�M � J � � L  �� ���� U� J�W�c7 � LV ERXQGHG LQ WKH

QHLJKERUKRRG RI W LQ WKH IROORZLQJ ZD\�

MJ�W�c7 �M � J � � J � c7 � ���� J �
�c7 � �

U�
����

$V D UHVXOW� JLYHQ WKH RULJLQDO ERXQG F IRU J�W� DQG D FKRLFH IRU GHULYDWLYH ERXQGV J � � L  �� ���� U� D

PRGLnHG ERXQG J � FDQ EH GHWHUPLQHG

J �  F b >J � c7 � ���� J �
�c7 �

�

U�
@ ����

ZLWK WKH IROORZLQJ LQWHUSUHWDWLRQ� ,I MJ�W�M � J � DQG LWV GHULYDWLYHV DUH ERXQGHG DFFRUGLQJ WR

MJ � � � �W�M � J � � L  �� ���� U� WKHQ MJ�W�c7 �M � F LQ WKH QHLJKERUKRRG RI W XQGHU WKH VSHFLnF DVVXPSWLRQV

RQ WHUPV RI RUGHU �c7 �
��� � DQG KLJKHU�

8VLQJ WKLV UHDVRQLQJ� IRU WKH V\VWHP GHVFULEHG LQ (T� ����� 1 � � HTXDOO\ VSDFHG FROORFDWLRQ

SRLQWV W � � W � � ���� W � � W � DUH FKRVHQ VXFK WKDW W � � W � � W � � ��� � W � � W � DQG � � c7 � � LV WKH VSDFLQJ

EHWZHHQ WKH FROORFDWLRQ SRLQWV� $W D FROORFDWLRQ SRLQW� IRU HYHU\ FRQVWUDLQW� D ERXQG RQ LWV U

GHULYDWLYHV LV VSHFLnHG DQG DQ DSSURSULDWH ERXQG RQ WKH FRQVWUDLQW LV FRPSXWHG XVLQJ (T� �����

)RU WKH O LQHTXDOLW\ FRQVWUDLQWV RI (T� ����� RQ ERXQGLQJ WKHLU U GHULYDWLYHV DW 1 � � FROORFDWLRQ

��



SRLQWV� UHVXOWV LQ D WRWDO RI �1 � ���U � ��O OLQHDU LQHTXDOLWLHV RQ WKH NP HOHPHQWV RI WKH PRGH

FRHpFLHQWV D � � �����D � � � � ,Q JHQHUDO� WKHVH OLQHDU LQHTXDOLWLHV HQFORVH D FRQYH[ SRO\KHGUDO UHJLRQ LQ

WKH FRHpFLHQW VSDFH ZKLFK UHSUHVHQW WKH IHDVLEOH WUDMHFWRULHV RI WKH G\QDPLF V\VWHP ZLWKLQ WKH

FKDUDFWHUL]DWLRQ RI (T� �����

����� &RQVHUYDWLYH 6FKHPH

,Q WKLV VFKHPH� WKH HOHPHQWV RI WKH YHFWRU j � �W� DQG WKH PRGH IXQFWLRQV � � �W� DUH FKRVHQ SUXGHQWO\

WR FRPH XS ZLWK LQHTXDOLWLHV RQ WKH HOHPHQWV RI D � � �����D � � � WKDW VDWLVI\ (T� ���� DW HYHU\ SRLQW

LQ WKH GRPDLQ RI LQWHUHVW� $ORQJ WKHVH OLQHV� LW PD\ EH ZRUWK QRWLQJ WKDW SRO\QRPLDO IXQFWLRQV

�� W� W
� �����W

�

SRVVHVV WKH SURSHUW\ WKDW WKH\ DUH SRVLWLYH LQ WKH GRPDLQ � � W � � W � W � DQG WKHLU

GHULYDWLYHV DUH FORVHG ZLWKLQ WKH VHW� 6RPH VSHFLDO OLQHDU FRPELQDWLRQV RI SRO\QRPLDO IXQFWLRQV�

H�J�� &KHE\VKHY
V SRO\QRPLDOV� DOVR VKDUH WKLV SURSHUW\�

,Q RUGHU WR JHW DQ LQWXLWLYH XQGHUVWDQGLQJ RI WKH PHWKRG� FRQVLGHU D VLQJOH OLQHDU LQHTXDOLW\

J�W� � F� /HW WKH IXQFWLRQ J�W� EH SDUDPHWHUL]HG XVLQJ VXLWDEOH EDVLV IXQFWLRQV VR WKDW WKH FRQVWUDLQW

LV ZULWWHQ LQ WKH IROORZLQJ IRUP�

J�W�b F  m � o � �W� � m � o � �W� � ���� m � o � �W� � � ����

ZKHUH m � DUH OLQHDU IXQFWLRQV RI WKH SDUDPHWHUV XVHG WR H[SUHVV J�W� DQG o � �W� DUH IXQFWLRQV RI WLPH�

1RZ� LI HDFK o � �W� SRVVHVVHG WKH SURSHUW\ WKDW LW LV QRQ�QHJDWLYH RYHU >W � � W � @� D VXpFLHQW FRQGLWLRQ

IRU WKH LQHTXDOLW\ ���� WR KROG LQ WKH GRPDLQ RI LQWHUHVW LV WKDW WKH FRHpFLHQWV m � � �� ,W PXVW EH

QRWHG WKDW WKH EDVLV IXQFWLRQV WKDW DUH XVHG WR SDUDPHWHUL]H J�W� QHHG QRW EH WKH VDPH DV o � �W��

)RU H[DPSOH� RQH FRXOG XVH &KHE\VKHY
V SRO\QRPLDOV WR H[SUHVV J�W� ZKLOH VHOHFW o � �W� WR EH WKH

VLPSOH SRO\QRPLDOV �� W� W
� �����W

�

�

8VLQJ WKLV UHDVRQLQJ� ZLWK SURSHU FKRLFH RI j � �W� DQG � � �W�� WKH FRPSRQHQW HTXDWLRQV RI ���� DUH

ZULWWHQ LQ WKH IRUP RI (T� ����� 7KHQ� DSSURSULDWH OLQHDU LQHTXDOLWLHV DUH LPSRVHG RQ WKH HOHPHQWV

RI D � � �����D � � � WR JXDUDQWHH VDWLVIDFWLRQ RI WKH FRQVWUDLQWV HYHU\ZKHUH LQ WKH GRPDLQ� 7KHVH OLQHDU

LQHTXDOLWLHV DJDLQ HQFORVH D FRQYH[ SRO\KHGUDO UHJLRQ LQ WKH FRHpFLHQW VSDFH ZKLFK UHSUHVHQW WKH

IHDVLEOH WUDMHFWRULHV RI WKH G\QDPLF V\VWHP�

����� 0LQ�0D[ 6FKHPH

,Q WKLV VFKHPH� D VHW RI VXpFLHQW FRQGLWLRQV DUH REWDLQHG VXFK WKDW (TV� ���� DUH VDWLVnHG DW HYHU\

SRLQW� ,Q RUGHU WR LOOXVWUDWH WKLV LGHD� FRQVLGHU RQH VXFK LQHTXDOLW\ DIWHU WKH VROXWLRQ IRUP KDV

��



EHHQ LPSRVHG

F � �W� � F � �W�D � � F � �W�D � � � � �� F � �W�D � � �� W � >�� W � @� ����

ZKHUH F � �W� DUH WLPH�YDU\LQJ FRHpFLHQWV RYHU W � >W � � W � @ DQG D � DUH WKH PRGH FRHpFLHQWV� (DFK F �

KDV D PLQLPXP DQG PD[LPXP RYHU >W � � W � @� 8VLQJ WKHVH H[WUHPD� RQH FRXOG UHSODFH (T� ���� E\

D VLQJOH VXpFLHQW FRQGLWLRQV WKDW LV YDOLG RYHU HDFK VHW RI SRVVLEOH FRHpFLHQW VLJQ GLVWULEXWLRQV�

L�H�� ZKHQ HDFK D � LV OHVV WKDQ RU JUHDWHU WKDQ ]HUR� ,Q JHQHUDO� WKLV SURFHGXUH FRXOG EH UHSHDWHG

IRU HYHU\ FRQVWUDLQW XQWLO D VHW RI VXpFLHQW FRQGLWLRQV LV IRXQG IRU WKH HQWLUH SUREOHP

��� /LQHDU ,QHTXDOLWLHV DQG &RQYH[ 6HWV

)URP WKH WKUHH VFKHPHV GHVFULEHG� LW LV FOHDU WKDW nQGLQJ D VROXWLRQ RI (T� ���� LV HTXLYDOHQW

WR FKDUDFWHUL]LQJ WKH FRQYH[ IHDVLEOH UHJLRQ ERXQGHG E\ , OLQHDU LQHTXDOLWLHV RQ WKH HOHPHQWV RI

D � � �����D � � � LQ 5
� �

� ,Q JHQHUDO� WKH IRUPV RI WKH LQHTXDOLWLHV DULVLQJ IURP WKH GLmHUHQW VFKHPHV

RI 6HFWLRQ ��� ZLOO EH GLmHUHQW� KRZHYHU� WKH LQHTXDOLWLHV ZLOO VWLOO EH OLQHDU� 7KLV VHFWLRQ EULHo\

RXWOLQHV WKH FRPSXWDWLRQDO DVSHFWV RI GHWHUPLQLQJ WKH IHDVLEOH UHJLRQ RI D VHW RI LQHTXDOLWLHV �>��@�

>�@��

(YHU\ FRQVWUDLQW SDUWLWLRQV 5
� �

LQ D KDOI VSDFH� /HW WKH LQWHUVHFWLRQ RI WKHVH KDOI VSDFHV EH

GHQRWHG E\ D FRQYH[ VHW .� ,W LV SRVVLEOH IRU . WR EH �L� HPSW\� LI WKH LQHTXDOLWLHV DUH LQFRQVLVWHQW�

�LL� D ERXQGHG SRO\WRSH� RU �LLL� DQ XQERXQGHG FRQYH[ UHJLRQ� 7KHVH SRVVLELOLWLHV DUH LOOXVWUDWHG

IRU D ��GLPHQVLRQDO VSDFH LQ )LJXUH �� ,W LV LPSOLFLWO\ DVVXPHG LQ WKLV VHFWLRQ WKDW WKH V\VWHP

RI LQHTXDOLWLHV LV FRQVLVWHQW� L�H�� WKH FRQYH[ VHW . LV QRQ�HPSW\� ,Q RUGHU WR PDWKHPDWLFDOO\

FKDUDFWHUL]H WKH IHDVLEOH UHJLRQ .� RQH QHHGV WR GHnQH VRPH WHUPLQRORJLHV DQG PDWKHPDWLFDO

SURFHGXUHV�

,Q JHQHUDO� D V\VWHP RI OLQHDU LQHTXDOLWLHV LV QRQ KRPRJHQHRXV� L�H�� FRQWDLQV FRQVWDQW WHUPV�

:H ODEHO VXFK D V\VWHP DV 1 �,�� &RUUHVSRQGLQJO\� RQH FDQ GHnQH D V\VWHP RI KRPRJHQHRXV

LQHTXDOLWLHV� L�H�� DOO FRQVWDQW WHUPV DUH VHW WR ]HUR� ODEHOHG DV +�,�� $OVR� RQH GHnQHV 1 �(�

FRUUHVSRQGLQJ WR 1 �,� DQG +�(� FRUUHVSRQGLQJ WR +�,�� ZKHUH DOO LQHTXDOLWLHV DUH UHSODFHG E\

HTXDOLWLHV� 7KH FKDUDFWHULVWLFV RI . GHSHQG RQ WKH SURSHUWLHV RI WKHVH IRXU V\VWHPV 1 �,�� +�,��

1 �(�� DQG +�(��

$ V\VWHP RI LQHTXDOLWLHV 1 �,� LV FDOOHG QRUPDO LI WKH FRUUHVSRQGLQJ V\VWHP RI KRPRJHQHRXV

HTXDWLRQV +�(� KDV RQO\ QXOO VROXWLRQ� :H ZLOO nUVW FRQVLGHU WKH FDVH ZKHUH WKH V\VWHP LV QRUPDO

DQG ODWHU H[WHQG WKHVH LGHDV WR V\VWHPV ZKLFK DUH QRW QRUPDO� $ QRUPDO V\VWHP RI LQHTXDOLWLHV

��



)LJXUH �� &RQYH[ VHWV . LQ WZR YDULDEOHV ZLWK �L� FRQVLVWHQW IHDVLEOH UHJLRQ� �LL� XQERXQGHG IHDVLEOH
UHJLRQ� �LLL� LQFRQVLVWHQW IHDVLEOH UHJLRQ�

1 �,� SRVVHVVHV YHUWLFHV� ZKLFK DUH GHnQHG DV SRLQWV RI . ZKLFK DUH QRW LQWHULRU SRLQWV RI DQ\ OLQH

VHJPHQW O\LQJ HQWLUHO\ ZLWKLQ .�

,Q RUGHU WR nQG WKH YHUWLFHV RI .� IURP WKH V\VWHP 1 �(� FRQVLVWLQJ RI , HTXDWLRQV� ZH VROYH

DOO FRPELQDWLRQV RI PN HTXDWLRQV ZKLFK KDYH XQLTXH VROXWLRQ SRLQWV� ,Q JHQHUDO� WKHUH DUH
�
& � �

FKRLFHV RI VXFK FRPELQDWLRQV� )URP WKHVH VROXWLRQV� ZH GLVFDUG WKRVH ZKLFK GR QRW VDWLVI\ WKH

RULJLQDO LQHTXDOLWLHV 1 �,�� /HW XV DVVXPH WKDW WKLV SURFHVV UHVXOWV LQ D VHW RI SRLQWV 3 � �����3 � �

7KHVH + SRLQWV DUH WKH YHUWLFHV RI .� 8VLQJ WKHVH + SRLQWV� D FRQYH[ KXOO K3 � � 3 � � ���� 3 � L LV GHnQHG

DV IROORZV�

K3 � � 3 � � ���� 3 � L  V � 3 � � V � 3 � � ���� V � 3 �

V�� V�� ���� V � w � 	 V � � V � � ���� V �  � ����

,Q RUGHU WR IXOO\ FKDUDFWHUL]H .� RQH QHHGV WR FKHFN WKH H[LVWHQFH RI D SRO\KHGUDO FRQH� 7KLV LV

GRQH E\ VROYLQJ DOO FRPELQDWLRQV RI PN b � HTXDWLRQV IURP +�(�� 7KHUH DUH
�
& � �

� � VXFK FKRLFHV

DQG FRUUHVSRQGLQJ WR HDFK� ZH SLFN D VROXWLRQ DQG LWV QHJDWLYH DQG FKHFN LI +�,� LV VDWLVnHG E\

DQ\ RI WKHVH WZR SRLQWV� $OO SRLQWV WKDW VDWLVI\ +�,� WKURXJK WKLV SURFHGXUH DUH UHWDLQHG DQG DUH

ODEHOHG DV 1 � �����1 � � 7KH FRQYH[ FRQH LV GHnQHG DV �1 � � ���� 1 � �� ZKHUH

�1 � � 1 � � ���� 1 � �  U � 1 � � U � 1 � � ���� U � 1 �

U�� U�� ���� U � w � ����

3URSRVLWLRQ �� ,I WKH V\VWHP RI OLQHDU LQHTXDOLWLHV 1 �,� LV QRUPDO DQG WKH FRQYH[ KXOO RI LWV YHUWLFHV�

DV GHnQHG LQ (T� ���� LV K3 � � 3 � � ���� 3 � L DQG WKH FRQYH[ FRQH� DV GHnQHG LQ (T� ����� LV �1 � � 1 � � ���� 1 � ��

��



WKHQ WKH GRPDLQ . KDV WKH IROORZLQJ DQDO\WLFDO IRUP

.  K3 � � 3 � � ���� 3 � L� �1 � � 1 � � ���� 1 � � ����

)URP WKLV FKDUDFWHUL]DWLRQ� LI �1 � � 1 � � ���� 1 � � LV HPSW\� WKH GRPDLQ . LV D FRQYH[ ERXQGHG SRO\WRSH�

,I K3 � � 3 � � ���� 3 � L LV HPSW\� WKH GRPDLQ . LV D FRQYH[ FRQH� ,Q JHQHUDO� . LV D VHPL ERXQGHG FRQYH[

UHJLRQ� ,I ERWK �1 � � 1 � � ���� 1 � � DQG K3 � � 3 � � ���� 3 � L DUH HPSW\� . LV HPSW\�

,I WKH V\VWHP RI LQHTXDOLWLHV 1 �,� LV QRW QRUPDO� WKH FRUUHVSRQGLQJ V\VWHP RI KRPRJHQHRXV

HTXDWLRQV +�(� FRQWDLQV D KLJKHU GLPHQVLRQDO VXEVSDFH / EHVLGHV WKH RULJLQ� )RU VXFK D FDVH� .

KDV WKH IROORZLQJ IRUP�

3URSRVLWLRQ �� ,I WKH V\VWHP RI OLQHDU LQHTXDOLWLHV 1 �,� LV QRW QRUPDO� WKHQ

.  . � � / ����

ZKHUH . � LV WKH FRQYH[ UHJLRQ HQFORVHG E\ D UHGXFHG VHW RI LQHTXDOLWLHV 1 � �,� ZKLFK LV REWDLQHG

IURP 1 �,� E\ VHWWLQJ DQ DSSURSULDWH QXPEHU RI YDULDEOHV WR ]HUR WKDW HTXDOV WKH GLPHQVLRQ RI /�

��� 5HDO�WLPH &RPSXWDWLRQV

)RU WKH VROXWLRQ WR EH UHDO�WLPH� WKH WUDMHFWRU\ PXVW EH GHWHUPLQHG DW D UDWH IDVWHU WKDQ WKH

UHVSRQVH WLPH RI WKH V\VWHP� ,Q JHQHUDO� ERXQGDU\ FRQGLWLRQV DW WKH nQDO WLPH DUH HLWKHU VXSSOLHG

E\ WKH XVHU RU GHWHUPLQHG E\ RQ�ERDUG VHQVRUV� 6LPLODUO\� WKH FXUUHQW FRQGLWLRQV DUH NQRZQ IURP

VHQVRUV� ,W LV DVVXPHG WKDW WKH IRUP RI WKH LQHTXDOLWLHV GXULQJ WUDMHFWRU\ UHFRPSXWDWLRQ GRHV QRW

FKDQJH EXW WKH HQG FRQGLWLRQV GR� $ W\SLFDO H[DPSOH RI WKLV LV SXUVXLW�HYDVLRQ SUREOHP� )URP

WKH VWHSV LQ WKH SUHYLRXV VHFWLRQV� WKH WUDMHFWRU\ GHWHUPLQDWLRQ SUREOHP LV UHGXFHG WR nQGLQJ

D VROXWLRQ RI (T� ����� 7KH VFKHPHV RI 6HFWLRQV ��� IXUWKHU PRGLnHG WKH SUREOHP WR nQGLQJ

LQWHUVHFWLRQ RI , KDOI VSDFHV FKDUDFWHUL]HG E\ 1 �,�� )URP WKH SRLQW RI YLHZ RI GHWHUPLQDWLRQ

RI D IHDVLEOH WUDMHFWRU\ IRU WKH V\VWHP� DQ\ VROXWLRQ RI WKH PRGH FRHpFLHQWV WKDW VDWLVnHV 1 �,�

LV DFFHSWDEOH� +RZHYHU� RXU DSSURDFK LQ WKLV SDSHU LV WR FKDUDFWHUL]H WKH HQWLUH VHW RI IHDVLEOH

VROXWLRQV . HQFORVHG E\ 1 �,� XVLQJ FRQYH[LW\ WKHRU\ VR WKDW WKH IHDVLEOH WUDMHFWRU\ FDQ EH VHOHFWHG

LQ D MXGLFLRXV ZD\�

,Q JHQHUDO� WKH LQHTXDOLWLHV 1 �,� DULVLQJ IURP WKH SURFHGXUHV RI ODVW VHFWLRQ DUH QRUPDO DQG

, ! PN� )URP WKH FKDUDFWHUL]DWLRQ RI .� WKH PDLQ FRPSXWDWLRQ VWHSV DUH WR nQG WKH YHUWLFHV 3 � RI

WKH FRQYH[ KXOO DQG 1 � RI WKH FRQYH[ FRQH� ,Q RUGHU WR FRPSXWH WKH YHUWLFHV 3 � � RQH UHTXLUHV VROYLQJ
�
& � � VHWV RI PN OLQHDU HTXDWLRQV LQ PN YDULDEOHV� IROORZHG E\ , LQHTXDOLW\ FKHFNV WR GHWHUPLQH

��



IHDVLELOLW\ ZLWK UHVSHFW WR 1 �,�� ,Q WKH FRPSXWDWLRQ RI YHUWLFHV 1 � � RQH UHTXLUHV VROYLQJ
�
& � �

� �

VHWV RI PN b � OLQHDU HTXDWLRQV LQ PN b � YDULDEOHV� IROORZHG E\ �, LQHTXDOLW\ FKHFNV WR GHWHUPLQH

IHDVLELOLW\ ZLWK UHVSHFW WR +�,�� 7KHVH VROXWLRQV PXVW EH GRQH LQ UHDO�WLPH DV HQG�FRQGLWLRQV PD\

FKDQJH FRQWLQXRXVO\�

$ VLJQLnFDQW FRPSXWDWLRQDO HmRUW JRHV LQWR VROXWLRQ RI WKH YHUWLFHV 3 � DV HQG FRQGLWLRQV FKDQJH�

VLQFH
�
& � � VHWV RI PN OLQHDU HTXDWLRQV LQ PN YDULDEOHV DUH VROYHG� $ VLPLODU FRPSXWDWLRQDO EXUGHQ

LV IDFHG LQ WKH FRPSXWDWLRQ RI 1 � � +RZHYHU� LW LV LPSRUWDQW WR QRWH D SURSHUW\ VWDWHG LQ WKH

IROORZLQJ SURSRVLWLRQ�

3URSRVLWLRQ �� ,I WKH RQO\ GLmHUHQFH LQ WZR WUDMHFWRU\ FRPSXWDWLRQV LV D QHZ VHW RI HQG FRQ�

GLWLRQV WKHQ WKH VHW 1 �,� LQ WKH WZR FRPSXWDWLRQV GLmHU RQO\ LQ WKHLU KRPRJHQHRXV WHUPV� $V D

FRQVHTXHQFH� WR FRPSXWH 3 � � LW LV QR ORQJHU QHFHVVDU\ WR VROYH LQ UHDO�WLPH
�
& � � VHWV RI PN OLQHDU

HTXDWLRQV LQ PN YDULDEOHV� ,QVWHDG� WKH FRUUHVSRQGLQJ PDWUL[ LQYHUVHV PD\ EH FRPSXWHG Rm�OLQH

DQG VWRUHG� ,Q UHDO�WLPH� D VLQJOH PDWUL[�YHFWRU FRPSXWDWLRQ LV UHTXLUHG WR GHWHUPLQH D 3 � � $OVR�

GXH WR WKH DERYH PHQWLRQHG SURSHUW\ RI 1 �,�� +�,� LQ WKH WZR FRPSXWDWLRQV DUH LGHQWLFDO� $V D

UHVXOW� WKH FRPSXWDWLRQ RI 1 � QHHGV WR EH SHUIRUPHG RQO\ RQFH HYHQ ZKHQ WKH ERXQGDU\ FRQGLWLRQV

DUH FKDQJHG�

$V D FRQVHTXHQFH RI WKH DERYH REVHUYDWLRQV� WKH UHDO�WLPH WUDMHFWRU\ JHQHUDWLRQ EHFRPHV HYHQ

PRUH DWWUDFWLYH DV ERXQGDU\ FRQGLWLRQV DUH FKDQJHG� 7KH FRPSXWDWLRQV GR QRW UHTXLUH PDWUL[

LQYHUVLRQV RU VROXWLRQ RI VLPXOWDQHRXV OLQHDU HTXDWLRQV LQ UHDO�WLPH EXW RQO\ PDWUL[�YHFWRU PXOWL�

SOLFDWLRQV�

� ([DPSOHV

7KH PHWKRGV SURSRVHG LQ WKLV SDSHU DUH LOOXVWUDWHG E\ WZR H[DPSOHV LQ WKLV VHFWLRQ� ,Q WKH nUVW

H[DPSOH� D ODERUDWRU\ H[SHULPHQW LV XVHG WR KLJKOLJKW WKH UHDO�WLPH LPSOHPHQWDWLRQ DVSHFWV� 7KLV

H[DPSOH KDV XSSHU DQG ORZHU ERXQG FRQVWUDLQWV RQ VWDWHV DQG LQSXW DQG LV TXLWH UHSUHVHQWDWLYH

RI FRQVWUDLQWV RI D ODUJH QXPEHU RI SK\VLFDO V\VWHPV� 7KH VHFRQG H[DPSOH LV RI D 972/ DLUFUDIW�

ZKLFK LV DOVR D VLPSOLnHG PRGHO IRU D 9��� 2VSUH\ DLUFUDIW�

��� 0DVV�VSULQJ�GDPSHU V\VWHP

7KLV H[DPSOH LV PRWLYDWHG IURP DQ H[SHULPHQW RI D UHFWLOLQHDU VSULQJ�PDVV�GDPSHU V\VWHP VKRZQ

LQ )LJXUH �� 7KH V\VWHP LV GULYHQ E\ D VLQJOH PRWRU DFWLQJ RQ PDVV � ZKLOH WKH SRVLWLRQV DQG

��



UDWHV RI WKH WKUHH PDVVHV DUH DYDLODEOH WR WKH FRQWUROOHU WKURXJK HQFRGHUV� ,Q RUGHU WR GHPRQVWUDWH

DVSHFWV RI UHDO�WLPH SODQQLQJ� PDVV � LV SK\VLFDOO\ GLVFRQQHFWHG IURP WKH RWKHU PDVVHV� ,W LV WKHQ

XVHG DV D KDQG KHOG MR\VWLFN WR FRPPDQG WKH PRWLRQ RI WKH UHPDLQLQJ V\VWHP ZKLFK QRZ FRQVLVWV

RI PDVVHV � DQG �� 7KLV H[SHULPHQW LV GHVLJQHG WR GHPRQVWUDWH UHDO�WLPH SODQQLQJ DQG RQ�OLQH

LPSOHPHQWDWLRQ GXULQJ VLWXDWLRQV VXFK DV ?SXUVXLW�HYDVLRQ��

)LJXUH �� $ VFKHPDWLF PRGHO RI WKH WKUHH PDVV�VSULQJ�GDPSHU V\VWHP�

$ VFKHPDWLF RI WKLV V\VWHP LV VKRZQ LQ )LJXUH �� ,W FRQVLVWV RI WZR GHJUHHV�RI�IUHHGRP DQG D

VLQJOH LQSXW� L�H�� Q  � DQG P  �� 7KH HTXDWLRQV RI PRWLRQ IRU WKLV V\VWHP DUH�

P � �[ �  bN � �[ � b [ � �b N � [ � � X

P � �[ �  N � �[ � b [ � �b F[
� � �
� ����

)URP WKH VWUXFWXUH� WKHVH HTXDWLRQV FDQ EH UHZULWWHQ LQ WKH IROORZLQJ KLJKHU�RUGHU IRUP ZLWKRXW

FKDQJH RI FRRUGLQDWHV�
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)URP WKH SK\VLFDO OLPLWDWLRQV� WKH PRWLRQ RI WKH V\VWHP PXVW VDWLVI\ WKH IROORZLQJ ��VLGHG FRQ�

VWUDLQWV� M[ � M � [ � � � M[ � M � [ � � � DQG MXM � X � � 2Q VXEVWLWXWLQJ IURP (TV� ����� ZH JHW
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 � � � � � � � �
� � B\ � N � \M � X � ����

7KH ERXQGDU\ FRQGLWLRQV DW W � RQ [ � � B[ � � [ � � B[ � DUH NQRZQ XVLQJ WKH HQFRGHU UHDGLQJV� $W W � �

WKH ERXQGDU\ FRQGLWLRQV RQ [ � DQG B[ � DUH REWDLQHG IURP VDPSOHG SRVLWLRQ DQG UDWH RI VOLGHU �

XVLQJ D VSHFLnF KHXULVWLF� $V D UHVXOW� IRXU ERXQGDU\ FRQGLWLRQV RQ
��� � �
\ � �\� B\� \ DW W � DQG WZR

ERXQGDU\ FRQGLWLRQV RQ B\ DQG \ DW W � DUH NQRZQ� 7KH VWDWHPHQW RI WKH SUREOHP LV WR nQG D

IHDVLEOH WUDMHFWRU\ IRU WKH G\QDPLF V\VWHP WKDW VDWLVnHV (TV� ���� DQG WKH DSSURSULDWH ERXQGDU\

FRQGLWLRQV RQ GHULYDWLYHV RI \�

)LJXUH �� ([DPSOH � IHDVLEOH UHJLRQV ZLWK FROORFDWLRQ VFKHPH� �L� VL[ FROORFDWLRQ SRLQWV� �LL� VL[
FROORFDWLRQ SRLQWV ZLWK ERXQGHG nUVW GHULYDWLYHV� �LLL� VL[ FROORFDWLRQ SRLQWV ZLWK ERXQGHG nUVW
DQG VHFRQG GHULYDWLYHV�

)LUVW� ZH ZDQW WR QRWH WKDW GXH WR WKH ��VLGHG QDWXUH RI WKH FRQVWUDLQWV ����� WKH FRQVHUYDWLYH

VFKHPH FDQ QRW EH XVHG� 7KLV VFKHPH JLYHV D VHW RI LQFRQVLVWHQW LQHTXDOLWLHV� $V D UHVXOW� WKH

FROORFDWLRQ VFKHPH LV XVHG WR GHYHORS WKH IHDVLEOH VROXWLRQ VHOHFWHG WR KDYH WKH IROORZLQJ IRUP�

\�W�  � � �W� � D � � � �W� � D � � � �W� ����

ZKHUH � � �W�  E � � E � W � E � W
�
� E � W

�
� E � W

�
�� b W� � E � W

�
�� b W�

� � � � �W�  W
� �� b W�

� � DQG � �  W
�
�� b W�

� �

DVVXPLQJ W �  � DQG W �  �� 7KH FRHpFLHQWV E � DUH GHWHUPLQHG IURP WKH VL[ ERXQGDU\ FRQGLWLRQV

VSHFLnHG RQ WKH SUREOHP� 'XH WR WKH IRUPV RI � � �W� DQG � � �W�� \�W� LV DGPLVVLEOH UHJDUGOHVV RI

WKH YDOXHV IRU D � DQG D � � &RQVLVWHQW ZLWK WKH SK\VLFDO VHW XS� WKH IROORZLQJ SDUDPHWHUV ZHUH

XVHG LQ WKH VLPXODWLRQ DQG KDUGZDUH LPSOHPHQWDWLRQ �DOO LQ 0.6 XQLWV�� P �  ������ P �  �����

N �  ���� N �  ���� F  ���� [ � �  ����� [ � �  ����� DQG X �  ����� )RU D UHSUHVHQWDWLYH VHW RI ERXQGDU\

��



FRQGLWLRQV� �[ � � B[ � � [ � � B[ � �
�

M �  ����� b������� ���� ����
�

DQG �[ � � B[ � �
�

M �  ������� �������
�

� YDULDQWV RI WKH

DOJRULWKP ZDV LPSOHPHQWHG LQ VLPXODWLRQ XVLQJ VL[ HTXDOO\ VSDFHG FROORFDWLRQ SRLQWV�

)LJXUH �� &RQVWUDLQW VDWLVIDFWLRQ ZLWK D YHUWH[ SRLQW DQG WKH FHQWURLG RI )LJXUH �� �L� VL[ FROORFDWLRQ
SRLQWV� �LL� VL[ FROORFDWLRQ SRLQWV ZLWK ERXQGHG nUVW GHULYDWLYHV� �LLL� VL[ FROORFDWLRQ SRLQWV ZLWK
ERXQGHG nUVW DQG VHFRQG GHULYDWLYHV�

)LJXUH � VKRZV WKH IHDVLEOH UHJLRQV ZLWK WKH IROORZLQJ VSHFLnFDWLRQV� �L� FRQVWUDLQWV DUH VDWLVnHG

DW WKH FROORFDWLRQ SRLQWV� �LL� FRQVWUDLQWV DQG WKHLU nUVW GHULYDWLYHV DUH ERXQGHG DW WKH FROORFDWLRQ

SRLQWV� �LLL� FRQVWUDLQWV DQG WKHLU nUVW DQG VHFRQG GHULYDWLYHV DUH ERXQGHG DW WKH FROORFDWLRQ

SRLQWV� :LWK � FRQVWUDLQWV� � FROORFDWLRQ SRLQWV� DQG WZR PRGH IXQFWLRQV� WKH FRQYH[ VHWV . LQ

WKH WKUHH FDVHV DUH GHVFULEHG UHVSHFWLYHO\ E\ ��� ��� DQG ��� OLQHDU LQHTXDOLWLHV LQ WZR YDULDEOHV�

$OO FRPSXWDWLRQV ZHUH SHUIRUPHG V\PEROLFDOO\ XVLQJ 0$3/(� )URP WKH nJXUH� RQH REVHUYHV

WKDW WKH VL]H RI WKH IHDVLEOH UHJLRQ UHGXFHG SURJUHVVLYHO\ DV IXUWKHU ERXQGV RQ WKH GHULYDWLYHV

RI WKH FRQVWUDLQWV DUH DGGHG� )RU HDFK FDVH� WUDMHFWRULHV FRUUHVSRQGLQJ WR D YHUWH[ SRLQW DQG

FHQWURLG RI WKH IHDVLEOH UHJLRQ ZHUH FKHFNHG IRU FRQVWUDLQW VDWLVIDFWLRQ� 7KH UHVXOWV DUH SORWWHG LQ

)LJXUH �� )URP WKHVH SORWV� ZH QRWLFH WKDW DV KLJKHU GHULYDWLYHV RI WKH FRQVWUDLQWV DUH ERXQGHG�

WKH WUDMHFWRULHV VDWLVI\ WKH FRQVWUDLQWV WKURXJKRXW WKH GRPDLQ�

����� +DUGZDUH ,PSOHPHQWDWLRQ

$ 3HQWLXP ��� 0K] 3& UXQQLQJ :LQGRZV �� ZDV XVHG WR KRVW (&3865 VRIWZDUH DQG LWV VFULSWLQJ

ODQJXDJH FRPSLOHU� 7KH UHDO�WLPH WUDMHFWRU\ JHQHUDWRU DQG WUDFNHU ZHUH ZULWWHQ ZLWKLQ (&3865

HQYLURQPHQW� $V D UHVXOW� WKH H[SHULPHQWV ZHUH OLPLWHG E\ FRPSLOHU UHVWULFWLRQV LQ WHUPV RI FKDU�

DFWHU OHQJWK RI WKH SURJUDP� 7KH H[SHULPHQWV ZHUH FDUULHG RXW XVLQJ � HTXDOO\ VSDFHG FROORFDWLRQ

SRLQWV� :LWK � FRQVWUDLQWV� � FROORFDWLRQ SRLQWV� DQG � PRGHV� WKH IHDVLEOH VSDFH ZDV FKDUDFWHUL]HG

E\ D V\VWHP RI �� OLQHDU LQHTXDOLWLHV LQ � YDULDEOHV�

��



)LJXUH �� 7KH GDWD RI D W\SLFDO CSXUVXLW�HYDVLRQ
 H[SHULPHQW ZKHUH PDVV � LV PRYHG DURXQG DQG
PDVV � IROORZV PDVV � ZKLOH VDWLVI\LQJ WKH FRQVWUDLQWV� 7KH SORW RYHUOD\V WKH FRPPDQGHG PRWLRQ
RI PDVV � DQG IROORZHG PRWLRQ RI PDVV � DQG PDVV ��

7KH FRQWUROOHU VDPSOHV WKH SRVLWLRQ DQG VSHHG RI PDVV � HYHU\ VHFRQG DQG XVHV WKLV WR DVVLJQ

JRDO SRVLWLRQ DQG VSHHG RI PDVV � WR EH DWWDLQHG DW WKH HQG RI QH[W VHFRQG� 7KH FXUUHQW SRVLWLRQ

DQG VSHHG RI PDVVHV � DQG � DUH XVHG WR JHQHUDWH WKH IRXU LQLWLDO FRQGLWLRQV RQ GHULYDWLYHV RI \�

,Q (&3865 HQYLURQPHQW� WKH WUDMHFWRU\ JHQHUDWLRQ WDNHV URXJKO\ �� PLOOLVHFRQGV DQG WKH GDWD

LV LPSOHPHQWHG RYHU WKH QH[W ���� VHFRQGV�

,Q WKH KDUGZDUH LPSOHPHQWDWLRQ� DQ H[SRQHQWLDO WUDMHFWRU\ WUDFNHU LV GHVLJQHG WR IROORZ \ � �W��

7KH IRUP RI WKH LQSXW X�W� LV

X�W�  n � \
� � �
� �W� � n � \

� � �
� �W� � n � \

� � �
� �W� � n � \

� � �
� �W� � n � \ � �W� � o � H

� � �
�W� � o � H

� � �
�W� � o � H

� ���
�W� � o � H�W� ����

ZKHUH H�W�  \ � �W�b \�W�� n � DUH WKH FRHpFLHQWV RI \ � � � LQ WKH KLJKHU�RUGHU PRGHO RI WKH V\VWHP� DQG

o � DUH WKH IHHGEDFN JDLQV VHOHFWHG WR PDNH WKH HUURU G\QDPLFV VWDEOH� L�H�� WKH VROXWLRQ H�W� RI WKH

��



IROORZLQJ HTXDWLRQ

H
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IURP DQ\ LQLWLDO FRQGLWLRQV DSSURDFKHV ]HUR ZLWK D GHVLUHG WUDQVLHQW G\QDPLFV� )LJXUH ����� VKRZV

WKH W\SLFDO UHVXOWV RI DQ H[SHULPHQW ZKHUH PDVV � LV PRYHG RYHU D OHQJWK RI WLPH DQG PDVV � IROORZV

WKH PRWLRQ RI PDVV � ZKLOH VDWLVI\LQJ WKH VL[ FRQVWUDLQWV�

��� 9��� 2VSUH\ DLUFUDIW

7KH 9��� 2VSUH\ LV D WLOWURWRU DLUFUDIW GHVLJQHG DQG EXLOW MRLQWO\ E\ %RHLQJ DQG %HOO +HOLFRSWHUV�

7KLV QHZ NLQG RI DLUFUDIW IHDWXUHV D PRGLnFDWLRQ WR FRQYHQWLRQDO WKUXVW PHFKDQLVPV� ,W LV nWWHG

ZLWK WLOW�URWRUV PDNLQJ LW XQLTXH LQ WKDW LW WDNHV Rm DQG ODQGV OLNH D KHOLFRSWHU� EXW RQFH DLUERUQH

FRQYHUWV WR D WXUERSURS DLUSODQH FDSDEOH RI KLJK�VSHHG� KLJK�DOWLWXGH oLJKW� 7KH RSHUDWLRQ RI WKH

WLOW�URWRUV LQ WDNH�Rm� ODQGLQJ� DQG IRUZDUG SURSXOVLRQ LV EHVW H[SODLQHG ZLWK WKH DLG RI D GLDJUDP�

)LJXUH �� GHSLFWV WKH WLOWURWRU DFWLRQ�

)LJXUH ��� 7LOW�URWRU RSHUDWLRQ� 3LFWXUH FRXUWHV\� 7KH %RHLQJ &RPSDQ\� KWWS���ZZZ�ERHLQJ�FRP

,Q WKH SUHVHQW ZRUN ZH DUH LQWHUHVWHG LQ 972/ RSHUDWLRQ RI WKH 9���� 7KLV LQFOXGHV WKH oLJKW

SKDVH IURP WDNH�Rm WR WKH SRLQW ZKHUH WKH GHVLUHG DOWLWXGH LV DFKHLYHG DQG WKH URWRUV DUH KRUL�

]RQWDO�

����� 9���2VSUH\ PRGHOOLQJ

)RU WKH SXUSRVHV RI WKLV ZRUN D VLPSOLnHG UHSUHVHQWDWLRQ RI WKH 2VSUH\ LV IRUPXODWHG� 7KH nUVW

VLPSOLI\LQJ DVVXPSWLRQ LV UHVWULFWLRQ RI PRWLRQ WR WKH YHUWLFDO SODQH� 7R GHWHUPLQH WKH G\QDPLF

��



SDUDPHWHUV RI WKH 9��� SK\VLFDO GDWD DYDLODEOH IURP %RHLQJ LV XVHG� %DVHG RQ WKHVH GLPHQVLRQV

WKH FHQWHU RI PDVV ZDV IRXQG WR EH ORFDWHG DW [  ����� P� \  � P IURP WKH JHRPHWULFDO FHQWHU RI

WKH IXVHODJH� $VVXPPLQJ D PDVV RI ����� NJ� WKH LQHUWLD DERXW WKH FHQWHU RI PDVV ZDV IRXQG WR

EH �������� NJP
� � 7R G\QDPLFDOO\ PRGHO WKH DLUFUDIW )LJXUH �� LV XVHG�=
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)LJXUH ��� 9��� PRGHOHG DV D SODQDU ERG\ ZLWK WZR WKUXVWHUV

)LJXUH �� VKRZV WKH DLUFUDIW PRGHOOHG DV D SODQDU ERG\ % ZLWK D VLQJOH WKUXVWHU ) � 7KH SRVLWLRQ

RI WKH FHQWHU PDVV & LQ LQHUWLDO IUDPH �2 � � ; � � < � � LV �[� \�� 7KH PDVV RI ERG\ % LV P� DQG LWV LQHUWLD

DW & DERXW DQ D[LV SHUSHQGLFXODU WR WKH SODQH RI WKH ERG\ LV -� )UDPH �2 � � ; � � < � � LV DWWDFKHG

WR ERG\ % ZLWK 2 � � D GLVWDQFH O IURP &� x< � DORQJ 2 � &� DQG m  
�
� x; � x; � �� 7KH RULHQWDWLRQ RI WKH

WKUXVWHU LV LQGHSHQGHQWO\ FRQWUROOHU E\ WKH DQJOH t  
�
� x; � x) �� 7KH WKUXVWHU IRUFH ) LV UHVROYHG LQWR

LWV WZR LQGHSHQGHQW FRPSRQHQWV X � � X � � DOLJQHG DORQJ D[LV < � DQG ; � UHVSHFWLYHO\� X �  ) FRV t DQG

X �  ) VLQ t� 7KH HTXDWLRQV RI PRWLRQ RI ERG\ % DUH�

P�[  bX � VLQm� X � FRVm�

P�\  X � FRVm� X � VLQm b PJ�

- �m  OX � � ����

����� 3UREOHP 'HVFULSWLRQ

,Q D W\SLFDO oLJKW SODQQLQJ SUREOHP� WKH DLUFUDIW LV WR WDNH Rm IURP D SRVLWLRQ DQG UHDFK D

SUHGHWHUPLQHG DOWLWXGH� ZKLOH VWD\LQJ ZLWKLQ LWV RSHUDWLQJ OLPLWV DQG PDLQWDLQLQJ D FOHDU oLJKW

WUDMHFWRU\ �L�H� DYRLGLQJ DQ\ REVWDFOHV�� ,Q RUGHU WR SURGXFH SODQQHG PRWLRQV� DOO IRUFHV DSSOLHG

WR WKH ERG\� PXVW EH FRQVLVWHQW ZLWK WKH G\QDPLF HTXDWLRQV� 2QO\ WKHQ FDQ ZH EH FHUWDLQ WKDW

WKH V\VWHP ZLOO PRYH DV GHVLUHG� OHW DORQH UHDFK SUHVFULEHG SRLQWV� 7KH V\VWHP G\QDPLF HTXDWLRQV

UHSUHVHQWHG LQ (T� ���� UHSUHVHQWV D FRQVWUDLQW WKDW PXVW EH VDWLVnHG DW DOO WLPHV�

��



%HVLGHV V\VWHP HTXDWLRQ FRQVWUDLQWV� SK\VLFDO DQG RSHUDWLQJ FRQVWUDLQWV DUH DOVR SUHVHQW� 7R

EHWWHU H[SODLQ WKHVH GHSLFW D W\SLFDO oLJKW SODQQLQJ VLWXDWLRQ LQ )LJXUH ��

)LJXUH ��� $ W\SLFDO oLJKW SODQQLQJ VLWXDWLRQ�

'HSLFWHG LV DQ DLUSODQH LQ WDNH�Rm IURP D SRVWLRQ 3� RQ D KHOLSDG� 7KH DLUSODQH LV WR UHDFK D

SRVLWLRQ 3� LQ D SUHVFULEHG nQDO WLPH� 3�� 3� DUH IHDVLEOH LQWHUPHGLDWH SRLQWV� 7KH VSDFH LV

FOXWWHUHG� 3K\VLFDO REVWDFOH OLNH EXLOGLQJV DQG D PRXQWDLQ DUH WR EH DYRLGHG� 7KH DLUSODQH PXVW

DOVR PDLQWDLQ DQ DSSUR[LPDWH oLJKW ODQH WR DYRLG LQWUXVLRQ LQ SDWKV RI RWKHU DLUFUDIW� (QYHORSH

$ LV WKH ORZHU ERXQG RI WKH oLJKW ODQH� DYRLGLQJ SK\VLFDO REVWDFOHV� (QYHORSH % LV WKH XSSHU

OLPLW RI WKH oLJKW ODQH� 7KH DLUSODQH PXVW DW DOO WLPHV LQ oLJKW OLH ZLWKLQ WKH SK\VLFDO OLPLWV RI

WKH oLJKW ODQHV� 'HQRWLQJ WKH FHQWHU RI PDVV RI WKH DLUFUDIW DV [� \� WKH HQWLUH oLJKW HQHYHORSH LV

PDWKHPDWLFDOO\ PRGHOOHG DV IROORZV�

(QYHORSH %
(QYHORSH $

3K\VLFDO OLPLWV RQ [

3K\VLFDO OLPLWV RQ \

\ � ���� VLQ �
�

� � � �
��� VLQ � �

�
� � � � �

� � � � � \

� � [ � ����
� � \

����

7KH nQDO WLPH LV DVVXPHG WR EH ���� VHFRQGV� 7KH DLUSODQH ZLOO DOVR KDYH RSHUDWLQJ FRQVWUDLQWV RQ

PD[LPXP UDWHV RI DFFHOHUDWLRQV DQG WKUXVW SURGXFHG� 7KH YHUWLFDO YHORFLW\ LV D OLPLWHG TXDQWLW\

��



DQG ZLOO KDYH D PD[LPXP OLPLW� :H FKRRVH WR UHWDLQ WKLV FRQVWUDLQW DV UHSUHVHQWDWLYH RI WKUXVW

OLPLWDWLRQV� )URP WHFKQLFDO VSHFLnFDWLRQV RQ WKH 9��� DYDLODEOH IURP %RHLQJ ZH KDYH

B\ � ��PV � �
����

,QLWLDO DQG nQDO FRQGLWLRQV DUH DOVR VSHFLnHG

[���  ��� \���  �� B[���  �� B\���  �� �[���  � ����

[�W � �  ���� \�W � �  ���� B[�W � �  �� B\�W � �  �� �\�W � �  � ����

7KHVH FRQGLWLRQV DFFRXQW IRU WKH IDFW WKDW GXULQJ WDNH�Rm WKH WLOW�URWRUV DUH GLUHFWHG YHUWLFDOO\

DQG WKHUH LV QR FRPSRQHQW RI KRUL]RQWDO DFFHOHUDWLRQ� ZKLOH DW WKH nQDO SRLQW� WKH WLOW�URWRUV DUH

GLUHFWHG KRUL]RQWDOO\ DQG WKHUH LV QR FRPSRQHQW RI YHUWLFDO DFFHOHUDWLRQ�

,Q WKH SUHVHQW IRUP WKH FRQVWUDLQW HTXDWLRQV DUH QRQOLQHDU DQG ZLOO QRW EH VROYDEOH LQ UHDO�

WLPH IRU VROXWLRQ� 7KH FRQVWUDLQW VWUXFWXUH QHHGV WR VLPSOLnHG� DQG LQRUGHU WR GR VR� nUVW WKH

V\VWHP HTXDWLRQV ZLOO EH VLPSOLnHG� IROORZHG E\ D VLPSOLnFDWLRQ RI WKH SRVLWLRQ� UDWH DQG REVWDFOH

FRQVWUDLQWV�

����� 'LmHUHQWLDOO\ oDW IRUP

'HnQLQJ Y � s

 �
� � Y � s


 �
� � w s

� �
� � D VLPSOLnHG YHUVLRQ RI WKH HTXDWLRQV RI PRWLRQ DUH REWDLQHG�

�[  bY � VLQm� Y � FRVm�

�\  Y � FRVm� Y � VLQm b J�

�m  wX � � ����

1RZ GHnQLQJ WZR IXQFWLRQV [ � DQG \ � DV LQ >"@�

[ �  [ b
�

w
VLQm� \ �  \ �

�

w
FRVm� ����

LW LV SRVVLEOH WR H[SUHVV DOO VWDWHV DQG LQSXWV LQ WKH V\VWHP RI (T� ����� LQ WHUPV RI [ � DQG \ � DQG

WKHLU GHULYDWLYHV �L�H� LQ D GLmHUHQWLDOO\ oDW IRUP�� *UHDWHU GHWDLOV DUH DYDLODEOH LQ >�@ DQG DOVR

DYDLODEOH ?RQ�OLQH� DW KWWS���PHFKV\V��PH�XGHO�HGX�SXEOLFDWLRQV�KWPO�

����� 6WDWH� UDWH DQG REVWDFOH FRQVWUDLQWV

8VLQJ WKH WUDQVIRUPDWLRQV LQ (T� ����� WKH FRQVWUDLQWV LQ (T� ���� DUH WUDQVIRUPHG WR WKH oDW

VSDFH� $ FORVHU H[DPLQDWLRQ RI WKHVH WUDQVIRUPHG FRQVWUDLQWV ZLOO UHYHDO WKDW WKH QRQOLQHDU WHUPV

��



DUH PXFK VPDOOHU WKDQ WKH OLQHDU WHUPV ZKHQ FRQVLGHUHG RYHU WKH GRPDLQ RI LQWHUHVW� )RU LQVWDQFH
�
� { ��� DQG � � [ � ����� � � \ � ����� ,JQRULQJ WKH QRQOLQHDU WHUPV LQ WKH H[SUHVVLRQV UHVXOWV

LQ D VLPSOLnFDWLRQ ZKLFK LV ERWK XVHIXO DQG MXVWLnHG IRU WKH SUHVHQW SUREOHP� 7KHUHIRUH ZH KDYH

[ � { [� \ � { \� B[ � { B[� B\ � { B\

DQG WKH QRQOLQHDU FRQVWUDLQWV DUH DV

\ � � ���� VLQ �
���

� ��� �
��� VLQ � � � �

� � � � �
� ��� � � \ �

� � [ � � ����
� � \ �
B\ � � ��

����

8VLQJ WKH SRO\WRSLF DSSUR[LPDWLRQ VFKHPH WKH FRQVWUDLQWV DUH UHSODFHG E\ OLQHDU LQHTXDOLW\ FRQ�

VWUDLQWV� )LJXUH �� GHSLFWV WKH RULJLQDO QRQOLQHDU IHDVLEOH UHJLRQ� IROORZHG E\ WKH SRO\WRSLF DS�

SUR[LPDWLRQ ZLWKLQ WKH UHJLRQ 7KH UHVXOWLQJ ��JRQ LV UHSUHVHQWHG E\ � OLQHDU LQHTXDOLWLHV

)LJXUH ��� )HDVLEOH UHJLRQ IROORZHG E\ SRO\WRSLF DSSUR[LPDWLRQ�

� � \ � � [ � � ����� ���� [ � b ���� \ � � �� b �������� [ � � �������� \ � � �� \ � � ������ [ � � ����

����� 7UDMHFWRU\ *HQHUDWLRQ

7KH OLQHDU LQHTXDOLWLHV LQ (T� ���� WRJHWKHU ZLWK OLPLWV RQ UDWHV� DUH VDWLVnHG LQ WUDMHFWRU\ JHQHUD�

WLRQ XVLQJ WKH FROORFDWLRQ VFKHPH� +HUH D VROXWLRQ IRUP LV FKRVHQ IRU WKH oDW RXWSXWV LQ ZHLJWKHG

UHVLGXDO IRUP DV�

[ �  j � � � D � � j � � � D � � j � � � \ �  j ��� � D � � j � � � D � � j � � � ����

��



ZKHUH j � � � j ��� DUH WHUPHG WKH LQLWLDO VROXWLRQ DQG FKRVHQ WR VDWLVI\ WKH ERXQGDU\ FRQGLWLRQV LQ

(T� ����� j � � � j � � � DQG j � � � j � � � WHUPHG WKH EDVLV IXQFWLRQV� DUH FKRVHQ WR EH KRPRJHQRXV DW WKH

ERXQGDULHV �L�H� WKH\ KDYH QR FRQWULEXWLRQ WR DQ\ RI WKH ERXQGDU\ WHUPV�� 7KH FRHpFLHQWV D � � �

D � � � D � � � D � � DUH FKRVHQ WR VDWLVI\ WKH LQHTXDOLW\ FRQVWUDLQWV� ,Q WKH SUHVHQW H[DPSOH SRO\QRPLDOV

LQ W DUH FKRVHQ IRU WKH LQLWLDO VROXWLRQ DQG EDVLV IXQFWLRQV

j � �  D � � D � W� D � W�W � b W� � D � W
�
�W � b W� � D � W

�
�W � b W�

�

j � �  E � � E � W� E � W�W � b W� � E � W
�
�W � b W� � E � W

�
�W � b W�

�

j � �  W
�
�W � b W�

�
� j � �  W

�
�W � b W�

�
� j � �  j � �  W

�
�W � b W�

�
����

8VLQJ WKH FROORFDWLRQ PHWKRG ZLWK � FROORFDWLRQ SRLQWV FKRVHQ HYHQO\ RYHU W � >�� ����@� OLQHDU

LQHTXDOLW\ FRQVWUDLQWV LQ WKH FRHpFLHQW YDULDEOHV D � � � D � � � D � � � D � � DUH REWDLQHG� 7KH UHVXOWLQJ

LQHTXDOLWLHV DUH WKHQ VROYHG VLPXODWDQHRXVO\ WR GHWHUPLQH DOO VROXWLRQV� 7KH VROXWLRQV IRUP WKH

YHUWLFHV RI D SRO\WRSH LQ D � � � D � � � D � � � D � � VSDFH� 7KH FHRQWURLG RI WKH SRO\WRSH LV FKRVHQ� DV WKH nQDO

YDOXH IRU WKH FRHpFLHQWV� ,Q WKH SUHVHQW SUREOHP �� YHUWLFHV ZHUH REWDLQHG� WKH VROXWLRQ EHLQJ

HYDOXDWHG LQ XQGHU � VHFRQGV� 1RWH DOVR WKDW ZH FKRRVH WR GHWHUPLQH DOO SRO\WRSH YHUWLFHV� DQG

WKHQ HYDOXDWH WKH FHQWURLG� DV D nQDO YDOXHV� 6WULFWO\� DQ\ RQH SRO\WRSH YHUWLFH LV DOVR D IHDVLEOH

VROXWLRQ� DQG KDG ZH FKRVHQ WR DFFHSW WKH nUVW JHQHUDWHG SRO\WRSH YHUWLFH DV RXU nQDO VROXWLRQ�

HYDOXDWLRQ WLPH LV YDVWO\ UHGXFHG� 7KH VROXWLRQ ZDV LPSOHPHQWHG LQ D KLJK�OHYHO SDFNDJH DV LV

0$7/$%� &KRRVLQJ LQVWHDG WR LPSOHPHQW D VROXWLRQ LQ & ODQJXDJH RU )2575$1� D JUHDWHU

VDYLQJV LQ H[HFXWLRQ WLPHV DUH H[SHFWHG� ,W KDV EHHQ REVHUYHG LQ VXFK LPSOHPHQWDWLRQV� WKDW

D ���� IROG VDYLQJV LQ FRPSXWDWLRQ WLPH LV DFKHLYHG� )LJXUH �� GHSLFW WKH IHDVLEOH WUDMHFWRULHV

JHQHUDWHG�

� &RQFOXVLRQ

7KLV SDSHU SUHVHQWHG D PHWKRGRORJ\ WR JHQHUDWH IHDVLEOH WUDMHFWRULHV RI OLQHDU DQG QRQOLQHDU

G\QDPLF V\VWHPV ZKLFK DGPLW KLJKHU�RUGHU �RU oDW� IRUPV LQ WKH SUHVHQFH RI LQHTXDOLW\ FRQVWUDLQWV�

7KH PHWKRGRORJ\ FRQVLVWV RI WKUHH VWHSV� �L� LQQHU DSSUR[LPDWH WKH FRQVWUDLQW VHW LQ WKH KLJKHU�

RUGHU VSDFH E\ OLQHDU LQHTXDOLWLHV� �LL� FKRRVH DQ DGPLVVLEOH IRUP RI WKH VROXWLRQ ZLWK D VHW RI EDVLV

IXQFWLRQ DQG WKURXJK FROORFDWLRQ WUDQVIRUP WKH VHPL�LQnQLWH SUREOHP LQWR D SUREOHP ZLWK nQLWH

QXPEHU RI LQHTXDOLW\ FRQVWUDLQWV� �LLL� LGHQWLI\ D IHDVLEOH SRO\WRSH LQ WKH FRHpFLHQW VSDFH RI WKH

EDVLV IXQFWLRQV VXFK WKDW DOO SRLQWV ZLWKLQ LW DUH IHDVLEOH VROXWLRQV� 7KH LQQHU DSSUR[LPDWLRQ RI

��



)LJXUH ��� )LJXUH RQ OHIW GHSLFWV WKH LQLWLDO WUDMHFWRULHV� JHQHUDWHG XVLQJ RQO\ WKH LQLWLDO FRQGLWLRQV�
1RWLFH WKDW D FRQVWUDLQW YLRODWLRQ RFFXUV LQ WKH SHULRG RI �� WR ��� VHFRQGV �LQ [ � �\ � SORW��
$IWHU UXQQLQJ WKH SUREOHP WKURXJK WKH FROORFDWLRQ VFKHPH DQ LPSURYHG WUDMHFWRU\ VDWLVI\LQJ WKH
FRQVWUDLQWV DW DOO SRLQWV LV DFKLHYHG� 7KLV LV VKRZQ LQ WKH nJXUH RQ WKH ULJKW�

WKH QRQOLQHDU FRQVWUDLQWV E\ OLQHDU FRQVWUDLQWV FDQ EH GRQH RQFH Rm�OLQH DVVXPLQJ WKDW WKH VHW RI

LQHTXDOLWLHV GR QRW FKDQJH GXULQJ PRWLRQ� 7KH IHDVLEOH WUDMHFWRULHV ZLWKLQ WKH OLQHDU LQHTXDOLWLHV

FDQ EH GHWHUPLQHG LQ UHDO�WLPH EHFDXVH RI WKH QHHG WR VROYH RQO\ VLPXOWDQHRXV OLQHDU HTXDWLRQV�

7KH PHWKRG ZDV VXFFHVVIXOO\ LPSOHPHQWHG LQ KDUGZDUH WR VLPXODWH D CSXUVXLW�HYDVLRQ
 PDQHXYHU

ZLWK D OLQHDU VSULQJ�PDVV�GDPSHU V\VWHP� $OVR� VLPXODWLRQ UHVXOWV ZHUH SURYLGHG IRU D 972/

DLUFUDIW� :H EHOLHYH WKDW WKLV PHWKRGRORJ\ FDQ EH H[WHQGHG IRU UHDO�WLPH SODQQLQJ RI QRQOLQHDU

V\VWHPV VXFK DV DLU YHKLFOHV DQG PLVVLOHV�

� $FNQRZOHGJPHQW

7KH VXSSRUW RI 1DWLRQDO 6FLHQFH )RXQGDWLRQ 3UHVLGHQWLDO )DFXOW\ )HOORZVKLS 
�� WR WKH VHFRQG DXWKRU LV JUDWHIXOO\

DFNQRZOHGJHG� 7KLV ZRUN ZDV DOVR SDUWLDOO\ VXSSRUWHG E\ $LU )RUFH GXULQJ VDEEDWLFDO OHDYH RI WKH VHFRQG DXWKRU DW

&DOWHFK� 7KH DXWKRUV DOVR DFNQRZOHGJH KHOSIXO GLVFXVVLRQV ZLWK 'U� 0D[LPLOLDQ 6FKOHPPHU�

5HIHUHQFHV

>�@ $JUDZDO� 6� .�� DQG 9HHUDNODHZ� 7�� ?$ +LJKHU�2UGHU 0HWKRG IRU '\QDPLF 2SWLPL]DWLRQ RI

D &ODVV RI /LQHDU 7LPH�,QYDULDQW '\QDPLF 6\VWHPV�� -RXUQDO RI '\QDPLF 6\VWHPV� 0HDVXUH�

PHQWV� DQG &RQWURO� 7UDQVDFWLRQV RI $60(� 9RO� ���� 1R� �� ����� SS� ��������

��



>�@ $JUDZDO� 6� .�� DQG ;X� ;�� ?$ 1HZ +LJKHU�2UGHU 0HWKRG IRU 2SWLPL]DWLRQ RI D &ODVV RI

/LQHDU 7LPH�9DU\LQJ '\QDPLF 6\VWHPV�� -RXUQDO RI 9LEUDWLRQV DQG &RQWURO 9RO� �� 1R� ���

����� SS� ��������

>�@ $JUDZDO� 6� .�� DQG )DL]� 1�� ����� ?$ 1HZ (pFLHQW 0HWKRG IRU 2SWLPL]DWLRQ RI D &ODVV

RI 1RQOLQHDU 6\VWHPV :LWKRXW /DJUDQJH 0XOWLSOLHUV�� -RXUQDO RI 2SWLPL]DWLRQ 7KHRU\ DQG

$SSOLFDWLRQV� 9RO� ��� 1R� �� ����� ������

>�@ )� $OOJ�RZHU DQG 'R\OH� )�-� ,,,� ?1RQOLQHDU SURFHVV FRQWURO � ZKLFK ZD\ WR WKH SURPLVHG

ODQG"�� 3URF� &KHPLFDO 3URFHVV &RQWURO 9� /DNH 7DKRH� &$� �����

>�@ %R\G� 6� DQG 9DQGHQEHUJKH� /�� &RQYH[ 2SWLPL]DWLRQ� ((��� /HFWXUH 1RWHV� 6WDQIRUG 8QL�

YHUVLW\� �����

>�@ 0DQXDO IRU 0RGHO �������D 5HFWLOLQHDU &RQWURO 6\VWHP� (&3 (GXFDWLRQDO 3URGXFWV ,QF� �����

>�@ )DL]� 1� DQG $JUDZDO� 6� .�� ?2SWLPDO &RQWURO RI ��,QSXW &KDLQHG 6\VWHPV XVLQJ +LJKHU�2UGHU

0HWKRG�� ���� $PHULFDQ &RQWURO &RQIHUHQFH� 3KLODGHOSKLD� SS� ���� �����

>�@ )DL]� 1�� 5HDO�WLPH DQG RSWLPDO WUDMHFWRU\ JHQHUDWLRQ IRU QRQOLQHDU V\VWHPV� 'RFWRUDO 'LVVHU�

WDWLRQ� 'HSDUWPHQW RI 0HFKDQLFDO (QJLQHHULQJ� 8QLYHUVLW\ RI 'HODZDUH� �����

>�@ )OHWFKHU� &� $� -�� &RPSXWDWLRQDO *DOHUNLQ 0HWKRGV� 6SULQJHU 9HUODJ� �����

>��@ )OLHVV� 0�� /HYLQH� -�� 0DUWLQ� 3�� 5RXFKRQ� 3�� ?)ODWQHVV DQG 'HIHFW RI 1RQOLQHDU 6\VWHPV�

,QWURGXFWRU\ 7KHRU\ DQG ([DPSOHV�� ,QWHUQDWLRQDO -RXUQDO RI &RQWURO� 9RO� ��� 1R� �� �����
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