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ABSTRACT

When used as part of a hybrid controller, finite-memory strategies
synthesized from linear-time temporal logic (LTL) specifications
rely on an accurate dynamics model in order to ensure correctness
of trajectories. In the presence of uncertainty about the underlying
model, there may exist unexpected trajectories that manifest as
unexpected transitions under control of the strategy. While some
disturbances can be captured by augmenting the dynamics model,
such approaches may be conservative in that bisimulations may fail
to exist for which strategies can be synthesized. In this paper, we
consider games of the GR(1) fragment of LTL, and we characterize
the tolerance of hybrid controllers to perturbations that appear as
unexpected jumps (transitions) to states in the discrete strategy
part of the controller. As a first step, we show robustness to certain
unexpected transitions that occur in a finite manner, i.e., despite
a certain number of unexpected jumps, the sequence of states ob-
tained will still meet a stricter specification and hence the original
specification. Additionally, we propose algorithms to improve ro-
bustness by increasing tolerance to additional disturbances. A robot
gridworld example is presented to demonstrate the application of
the developed ideas and also to perform empirical analysis.
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1 INTRODUCTION

The ability of strategies synthesized from formal specifications to
be tolerant to unexpected events such as disturbances or failures
is important, especially for safety-critical applications. Reactive
strategies synthesized to meet temporal logic objectives are not
error resilient by default. Even with non-critical disturbances that
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were not accurately modeled during synthesis, no guarantees can
be provided about satisfaction of the temporal-formula used for syn-
thesis. In some cases it may not be possible to synthesize a strategy
if these perturbations are fully modelled through the dynamics.

In this paper, we make progress towards enhancing the tolerance
of strategies synthesized to satisfy specifications in the generalized
reactivity(1) (GR(1)) fragment of linear-temporal logic (LTL) [11, 12].
GR(1) formulae are considered because they are quite expressive
in terms of temporal properties captured, yet symbolic synthesis
algorithms are possible with relatively low computational complex-
ity [3, 7, 10]. The first result we show is that by refining a strategy
synthesized to satisfy a GR(1) formula, a strategy that is winning
against a stricter formula can be generated and is robust to certain
unexpected events. Then, exploiting this tolerance, we propose
multiple algorithms that combine separately synthesized strategies
to form a single robust winning strategy. It is often desired that the
system can recover from these unexpected events and this be done
without resynthesizing the entire strategy again. In this regard, we
propose an approach which lets us recover from these unexpected
events without a complete resynthesis.

Understanding the response of systems to perturbations has
been extensively studied in control theory and more recently, for
reactive controllers and their synthesis. In [9, 13], the robustness
considered is in terms of bounded input-output deviation. This re-
lates directly to the prevalent notion in control for robustness [16],
where controllers are designed to ensure bounded disturbances lead
to bounded deviations from nominal-behavior for the system. In
the current work, the tolerance to disturbances is in the form of
satisfaction of a formula representing the desired system behavior.
In [2], the effect of disturbances on system behavior is quantified
and the focus on synthesizing robust systems that degrade grace-
fully - smallest number of system failures possible but not primarily
directed at GR(1) specifications. Some existing work on notions of
robustness in terms of satisfaction or violation of a formula can be
found in [1, 14].

In [4], they use a similar underlying idea to the one in the current
work to re-synthesize a strategy against a new GR(1) formula that
is more robust. In scenarios where unforeseen perturbations occur
when the controller is implemented on the hybrid system, the
results presented in our paper allow for continued execution with
guarantees in terms of formula satisfaction. In [15], motivated by a
similar idea, they propose an approach which uses the saved results
from an intermediate step during synthesis to construct sequences
of control actions that can tolerate violations of environmental
safety assumptions. However, the work presented here differs
in that the perturbations tolerated are more general. Additional
guarantees are provided, for instance, where there is a failure on
the system end. This has other potential implications as discussed
in Section 6. Additionally, an approach to recover from both system
failures and environmental assumption violations when possible
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is proposed that does not involve enumeration of an entire GR(1)
strategy as in [15].

In summary, the main contributions of this work are the follow-
ing: 1) to characterize the inherent tolerance of GR(1) strategies to
unexpected events; 2) to propose approaches to refine enumerated
GR(1) strategies to augment their tolerance to unexpected pertur-
bations and prove that they satisfy a stricter temporal formula; 3)
to quantify empirically the cost of augmenting the tolerance using
the proposed schemes.

2 PRELIMINARIES

Let X be a finite set. The power set of X (i.e., the set of all subsets
of ¥) is denoted by P (Z). The set of all finite strings formed from
concatenating elements of ¥ is denoted by 2*, which is known as the
Kleene closure [6]. The set of all countably infinite strings of ¥ is .
In this paper, a subscript notation is used, e.g., cpo103 - - - o € 2%,
but observe that infinite strings can also be regarded as functions
of the natural numbers N into X.

Let APepy be a set of input atomic propositions, and APgys be
a set of output atomic propositions such that APepy N APsys =
0. A state s is an assignment of True and False to the atomic
propositions in APeny U APgys. We use subset notation to indicate
states and thus, for brevity, introduce 3 = P (APeny U APgys).

A nondeterministic finite-memory strategy is a pair (f,mg) to-
gether with a finite set M, where my € M and

f:MXP(APeny) — P (M X P(APsys)) (1)

is a function. Intuitively the set M represents the memory of the
strategy. At each move, a new output is given depending on the
input and the current memory value. As part of the move, a memory
value is selected. Since we are only concerned with finite-memory
strategies in this paper, we refer to them as strategies. The set of
input-output sequences that may occur under f is defined as

Plays(f) = {cr €X? | dm e M® ¥k > 0.
(Mir1,0% N APsys) € f(mp,0p O APeny)},  (2)

where every m € M® has the same first element, my. Elements of
Plays(f) are referred to as plays. The set of prefixes that may be
extended into a play is

Pref(f) = {c € £* | Ja € .0 € Plays(f)} . (3)

We describe specifications for these strategies in linear-time tempo-
rallogic (LTL) [12]. LTL formulae over propositions (APeny U APsys)
are evaluated over positions i in ¢ € X%, where 0 = opo71---.
In addition to the Boolean operators, the standard LTL operators
O (always), < (eventually) and O (next) are used here for the spec-
ification.

A finite-memory strategy (f,my) is said to be

o input-enabled if and only if for every c*™ € P(APeny)?,
there exists o € Plays(f) such that 0™ = of N APeny for
k>o0.

o deterministic if and only if |f(m,s)| < 1 for all (m,s) €
M X P(APeny).

e a realization of an LTL formula ¢ if and only if (f,mq)
is input-enabled and Plays(f) € L(¢), where L(¢p) is the
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language of ¢ . This is to say, for every o € Plays(f),
o= o.
Deterministic strategies imply a function from state sequences to
memory sequences.

REMARK 1. Let (f,mg) be a deterministic strategy. For each o €
Plays(f), there exists a unique m € M® satisfying f(my,or N
APeny) = {(myes1,0% N APsys)} fork = 0.

It follows from the remark that a sequence of inputs determines
precisely one output sequence for a deterministic strategy.
A GR(1) formula is an LTL formula of the form

J
env env env
O A 0™ A ( /\ ooy )

Jj=1
K

= O APV A /\ ooy* | (@)
k=1

where O™ is a state formula (i.e., without temporal operators)
that is a function of APepy, ©%S is a state formula that is a func-
tion of APgys, and all lﬁ;m’, l//zys subformulae are functions of
APeny U APgys and also without temporal operators. The subfor-
mula p®" is a function of APepy U APgys U O APeyy, where

OAPeny = {Ox | x € APeny} -

Except for O operators appearing as subformulae from O APepy,
there are no other temporal operators in p®. Finally, p%YS is
defined similarly to p**¥ but as a function of APeny U APsys UO
APenv U O APgys.

To facilitate working with (4), and in particular the subformulae
P and p®Y®, we extend the semantics of the operator |= for finite
strings. For a finite string y, by y—1 we refer to the last element of
y. In other words, y_1 = y|y|-1. Let ¢ € 2*. To further simplify
notation, the superscripts sys and env for s € ¥ indicate projections
on to APgys and APepy respectively. That s, givens, s¥° := sNAPsys
and sV := s N APepy. Define

olEp & oal=pforanyac?, (5)

where p is any Boolean formula that is a function of APepy U
APgys U O APeny U O APsys. Because at most one O operator binds
to each atomic proposition, it follows that only og, 01 determine
whether the formula is satisfied.

Let ¢ be a GR(1) formula, i.e., be of the form (4), and let (f,mq)
be a finite-memory strategy.

DEFINITION 2. A state s € ¥ is said to be @-reachable under
(f,mo) if and only if there exists o € Plays(f) such that for some
k>0,

O =S, (6)
o =0, ™)
0jj+1) |E P forj <k-1. 8

The set of all states that are p-reachable under (f,mg) is denoted by
Iy (f mo).

The finite-memory strategy (f,myo) is said to be a strict realization
of (or to strictly realize) the GR(1) formula ¢ if it is a realization of
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¢ and for all o € Plays(f)
o =0 = o 0%, 9)
o = (8o = Bp%). (10)
Intuitively, strict realizability ensures that blocking of an environ-
ment liveness condition when the other assumptions are met only

occurs when the system is following transition rules. Here, & is the
‘historically’ LTL operator whose semantics are as defined in [10].

3 PROBLEM FORMULATION

3.1 LTL on state-memory pairs

A basic idea behind the methods presented in later sections is to
begin with a given finite-memory strategy and construct another
one that is more robust. The construction involves re-using “pieces”
of the given strategy, such as memory-values and transitions. As
such, the memory values occurring during each play become impor-
tant for reasoning about correctness and resilience to perturbations.
Thus motivated, the semantics of |= for LTL as invoked in Section 2
is extended to handle memory values of strategies. Let (f,myq)
be a strategy that strictly realizes ¢, and has set M of memory
values. Following the notation used in the previous section, let
% = P(APenv U APsys) be the set of game states. Define a set of
state-memory pairs,
S=32xM.

An element & € 5 is thus a sequence of state and memory pairs,
ie., there is 0 € 2 and m € M® such that for k > 0, 5 =
(ok,my). Given an LTL formula ¢ that is in terms of APeny U APsys
and a variable that takes values in M, the operator |= can thus be
interpreted on .

3.2 Memory sequences associated with plays

Because properties will be expressed in terms of sequences of states
and memory values that occur during plays, a means for obtaining
memory values that can occur in the strategy during a given play is
needed. For this purpose, define the function Mem/ on Pref ( fHu
Plays(f) as follows. Let o € Pref(f) U Plays(f). Define o;° :=

k
0% N APgsys and 0',:“" = 0 N APeny. If 0 € Pref(f), then define

Mem/ (¢) = {m € M* | Vk > 0,k < |o].

(Mes1,0,°) € flmp,og™)). (1)
If o € Plays(f), then define

Mem/ (¢) = {m € M® | Vk > 0.

(Mes1,0,°) € flmp,og™)). (12)

Observe that Pref(f) N Plays(f) = 0 (recall (2) and (3)), hence
Mem/ is well-defined.

3.3 Problem of recovery from perturbations

Though there are many distinct notions of robustness for control
systems, a common theme is tolerance to deviation from nominal
plant behavior. Note that the “plant” includes actuators and sen-
sors on the robot itself. Thus in the context of reactive synthesis,
deviance can also arise on the side of the controlled system, not
only the adversarial environment.
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We begin by introducing a few definitions first. Define the set
I(y(f,mo) C Yas

Ip'(f.mo) = {(s.1) | s € Ip(f.mo). 1 = mgy).
ceX meM".
os € Pref(f)A

me Memf(os) A
Yk < |o|.o € Ip(f,mo)}.

Igl (f,mop) contains the set of p-reachable states along with the
corresponding memory locations. Given that we have the set of
@-reachable states, we need to extract all paths to these ¢-reachable
states that have only ¢-reachable states to get all possible combi-
nations of memory, ¢-reachable states to which the system can be
perturbed to. Given a ¢-reachable state s, we find a prefix (o) that
ends with this state and this prefix has only ¢-reachable states (Con-
dition: Yk < |o|.0x € I, (f,mo)). Once this prefix has been found,
we generate the memory sequence in accordance with (f,my) to get
the corresponding memory at this state in the strategy (Condition:
vk < |o|. (mk+1’(03)k+1 N Al:)sys) € f (mg,(08)k41 N APeny)).

Using the definitions above, a function is constructed that indi-
cates feasible transitions (in a sense to be made precise) that are not
in the given strategy f. This function is crucial for studying pertur-
bations and applications of a given strategy that are extrinsic to its
original semantics. To this end, define the set of all state-memory
pairs that can be reached by some play of f, ie.,

I(f) = {(s;w) | 3o € Plays(f), Im € Mem/ (o) :
Jdk:s=op Aw= mk+1}. (13)

Using this definition of reachable state-memory pairs, we introduce
the notion of a perturbation for a strategy (f,mo) that realizes ¢.

DEFINITION 3. A perturbation for a controller implementing the
finite-memory strategy (f,mo) occurs when the system transitions
from a state-memory pair (s,w) € I(f) to a state s’ in 3. such that
ss’ [ p™ or for allw’ € M (w’,s" N APgys) ¢ f(w,s” N APeny).

The condition ss’ |= =p corresponds to the environment
violating an assumption on its behavior. And Yw’ € M : (w’,s’ N
APgys) ¢ f(w,s” N APeny) corresponds to a disturbance during the
application of an output action. This work proposes approaches
that enable recovery from certain such perturbations.

Define the function ExtTs on I(f) as follows. For (s,w) € I(f),

ExtTs(s,w) = {(s",w’) | s’ € Z,w’ € M.
(s w') € IN(f.mo)A

ss” = pSVSA
((W” (S/)SYS) ¢ f(W, (S/)enV) \V Ss/ |= _|penV }.

The function ExtTs maps a state-memory pair (s,m) in a strategy
to all state-memory pairs (s’,m’) that occur in Iy (f,mp) that are
not immediate successors according to (f,my), or violate the as-
sumption on environmental safety (Condition: (w’,s” N APgys) ¢
f(w,s"NAPepy)Vss’ | =p™™). An additional constraint is imposed
where it is required that the transition between the state-memory
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pair (s,m) and any state-memory pair ((s’,m’) € ExtTs(s,m)) to
which it is mapped to does not violate p5s i.e ss’ |= ps.

3.4 Refinement of a strategy

Given ¢ and (f,mg) we construct a nondeterministic strategy (f,mo)
with f : P(APeny)® X M — P(2¢). Because the strategy is non-
deterministic, for a given sequence of inputs, there is a set of state-
memory sequences generated.

Plays(f) = {a €X?|dme Mw.(Vk > 0.

sys
(mys1,0,7) € f(mp, o™

V(oK. M) € ExtTS(0k—1.my))
Nmy,0,°) € f(mo,ognv)}. (14)

Observe that the successor memory-state pair (m’,s’) in Plays(f)
depends on the current memory-state pair (m,s) and the next input
Sinput = 8’ N APeny. By augmenting the memory-values with
elements from ¥, new memory-values can be created that f can
use as memory inputs. Given a memory-state pair and an input
in P(APeny), f can map to an output in P (APsys) and a memory-
value in the augmented memory domain. This way Plays(f) can
be used to construct a strategy f (in the conventional sense) that
maps from a memory value and an input to a memory value and
an output.

Notice that here m is the memory sequence corresponding to o
in accordance with f.

To simplify notation, for (s,m) € ¥ introduce the indicator for-
mula

1(s,m) = /\ p A /\ -q,
pesU{m} qEAPeyy U APy UM\sU{m}

where M is a finite universal set of memory values. The indicator
formula 1(5 ,,,) evaluates to True at (x,y) € £ x M if and only if
x = s and y = m. Define 1j,mp as

(1(s,m) -

o v

(s’,m’) €ExtTs(s,m)

Liump =
(s,m)edom(ExtTs)

l(s’,m’) ) .

PROPOSITION 4. Let 6 € Plays(f) and m € M® such that it
satisfies the conditions in (14), and let & € £ such thatVk > 0.5} =
(0, M+1). Then,

J
O™ AD(P™ V Ljump) A| [\ BOYE™ | A OO 1 jumy
j=1

K
= O%S A 0pYs A A ooy* | (15)
k=1

This proposition arises as a special case of Proposition 5 where
n = 0 in the setup before Proposition 5. Proposition 5 proposes an
approach to combine multiple strategies to provide tolerance to per-
turbations, when there is just one strategy the current proposition
results.
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Figure 1: Gridworld setup

Intuitively, the practical significance of Proposition 4 is that, if
there is a disturbance that causes an unexpected transition to some
state that is ¢-reachable in other plays and if there are only finitely
many such disturbances, then execution of the finite-state machine
can continue after an appropriate change of its internal state (mem-
ory value) and still result in a correct input-output sequence. If p*v
is violated during a particular transition between a state s and its
successor s’, i.e, ss” [£ pY, and s is ¢-reachable, then a sequence
of input-outputs that satisfies the system part of ¢ is still possible
if there are finitely many such disturbances. It also allows for such
disturbances during application of the output action to a hybrid
system — where (m’,s” N APsys) ¢ f(m,s” N APeny). Here m is the
current memory value and s” N APepny the input and s” N APy the
ground truth system state after the application of the output action.

However, this result not does imply that all disturbances in
which the system fails to transition to the desired state or the
transition rule p" is violated can be handled. Only perturbations
to g-reachable states that do not violate pY® are tolerated.

The added ¢U-1jymp segment on the assumption side in (15)
ensures that the perturbations do not occur infinitely often.

4 AUGMENTING ROBUSTNESS

To illustrate the methods proposed in this section to augment ro-
bustness, we begin with a small deterministic example. Consider
planar robotic motion planning on a 4 X 4 grid. In the example in-
stance shown in Figure 1, the robot begins in the cell marked T’ and
has to visit the cells marked ‘G’ infinitely often while avoiding the
shaded walls. The robot can transition to any of its non-diagonally
adjacent cells.

For a given gridworld, two strategies satisfying the safety and
progress requirements but differing in their initial poses are syn-
thesized. While the robot was executing Strategy 1 (in Figure 2),
a perturbation causes the robot to transition from the cell Y =
(Y,,Ye) = (0,1) with memory m = 11 to (0,2) where Y, refers to
the row position of the robot and Y, refers to the column position.
This transition is not desired according to Strategy 1 but is still safe
for the system, i.e, p° is still satisfied by the move of the robot
from (0,1) to (0,2). However, the strategy fails to predict what the
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Figure 3: Synthesized strategies to augment robustness

sequence of actions from there should be such that ¢ can be satisfied.
Proposition 5 guarantees that continued execution along strategy 2
from the state (0,2) with memory m = 3 would satisfy ¢ for the
robot. Here, Strategy 2 (in Figure 3a) was synthesized to satisfy a
specification similar to the one used to synthesize Strategy 1.
Now consider a scenario where it is not desirable to resynthesize
or enumerate a new strategy. We wish to find a sequence of actions
to a g-reachable state visited by Strategy 1 such that continued
execution along Strategy 1 satisfies ¢. Proposition 6 guarantees the
correctness of the algorithm to find such a sequence of actions. For
this example, Strategy 3 (in Figure 3b) depicts one such path that
was synthesized starting from (3,2) reconnecting to a ¢-reachable
state. The reader must note that the absence of an adversary in this
example makes the recovery process trivial, but solving a reach-
ability game for general GR(1) formulae so as to reconnect to a
p-reachable state in the original strategy is more involved.
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4.1 Combining Multiple Strategies

In this section, the intuition from Section 3.4 is used and a more
general proposition is presented and proved. The results in this sec-
tion allow for the concatenation of multiple strategies synthesized
with formulae differing in the initial condition.

Let ¢o be a GR(1) formula, and let (go,mo) : Mo X P(APeny) —
P (Mo X P(APsyS)) be a strategy that realizes ¢o. Let n1,72,. .. ,1n
be the additional states in X to which the system is likely to be
perturbed to. The strategy must visit these states for the system
to be able to recover after being perturbed to these states. For
i € {1,2,...,n} where n < oo, define @?“V as a Boolean formula
which is True for a state s in ¥ if and only if s N APeny = n§™.
Similarly, define G)?ys as a Boolean formula which is True for a
state s in X if and only if s N APsys = ry?ys.

Then, construct a set of strategies (gi,mé) such that for each
iel{1,2,...,n}, (gi,m(i)) strictly realizes ¢;, where

J
pi = O™ A D™ A (/\ DoY) =
J=1

K
07 A Dp™* A (/\ ooy, (16)
k=1

To simplify notation, without loss of generality, let g; : M; X
P (APeny) — P (M; X P(APgy)) such that Vi,j € {0,1,...,n},i #
Jj—=> MinM;j=0.

LetM = . 1% M;. Define a partial function ExtTs : & x M —
i=0,1,2,...,n
P( U Igf(g,-,m(i))) such that for (s,w) € I(g;) for some i < n
i=0,1,2,...,n

ExtTs(s,w) = {(s’,w’) | s’ € Z,w’ € M;,i € {0,1,...,n}.
(s’,w') € Igf(gi,m(i))/\
ss’ = pYEA

((w',s' N APgys) € gi(w,s" N APeny) Vss” |= —\penv)}.

Define 1jy,mp as

ijump =

(1<s,m>
(s,m)edom(ExtTs)

-0 \/ l(s’,m’))-

(s’,m’) €ExtTs(s,m)

4.1.1 Robust Strategy from combining strategies. Construct a
nondeterministic strategy (g, mg).

Plays(g) = {0' €X? | dm € M® ¥k > 0.3i.

Sys
(mi1,07°) € gilmy, o™

V((Uk,mkﬂ) € ExtTS(qu,mk))
Am1,0y"%) € go(mf.as™)}. (17

Consider o € Plays(g) and m € (M) that satisfy the conditions
in (17). Let & € £¢ such that Vk > 0.6% = (0}, mg4q). Here, m is



ICCPS, April 2017, Pittsburgh, PA USA

Algorithm 1 Multi-strategy combination (Section 4.1)

Input: o Finite-memory strategies (gi,mé) Vi €
{0,1,2,...,n},
e Sequence of inputs 0"V € APY .,

e A system to which the sequence 6%Y° € (P(APeny))?
can be applied to and its state s € ¥ after the control
action has been applied

e Set IM (gi,m (i)) and function ExtTs

Output: Sequence of control actions o®* € P (AP )

1: memory= m ,i=1, safety=1, 1=0

2 (memoryNew, on ) = Strategy f : (memory, a5™")

3. while (True) do
4 if (0%,0777)(0%™) |= p° and safety=1 then

i-1°
5 Choose (memoryNew, o; ¥He fi : (memory, o7™)
6: Run: SafetyCheck
7. elseif safety=0 A (07,0 sys)(oem’) = p™ then
8: if 3j < n,m e M.(m, aenVquys)eﬂ”(ﬁ, 0) then
9 Choose (memoryNew,o; Y5y e fi(m,oi™)
10: I =
11 Run: SafetyCheck
12: else
13: EXIT
14: end if
5. elseif (0,0 SyS)( V) [E p° then
16: if 3j < nm € M;,s € P(APsys).(m,of™ U's) €
ExtTs(memory, o™y U crl.SZi) then
17: (memoryNew,aiS %) = (m,s)
18: I=j
19: Run: SafetyCheck
20: else
21: EXIT
22 end if
23 endif

24:  i+=1, memory=memoryNew
25: end while

Algorithm 2 SafetyCheck

. apply O'Sys measure s

. if (O'f’“;’, Sys)s [ p*Y° then
EXIT

end if

if (o-l?m’aisys) = s then
safety=1

else
safety=0, 0'

. end if

—_

V=5 N APepy, 0 s APgys

R A A o

the memory-sequence corresponding to o generated in accordance

with g.
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ProPoOSITION 5. For all such &, the following holds:

J
& = O™ AD(P™™ V Tjump) A /\ OOYs™ | A OB~Tjump

Jj=1
SyS Sys
= ;" ADpV A A ooy . (18)
A proof is provided in the appendix.
Algorithm 1 gives a formal description of the implementation
of a controller on a ‘plant’ that exploits the nondeterminism in the
strategy g to tolerate certain perturbations. Algorithm 2 measures

the state of the system after the application of the output action. If
PS8 is violated because of a disturbance, execution is terminated.

When there is a system-actuation failure i.e [(w’,s’ N APeny) ¢

gj(w,s” N APsys) |, it is checked if the resulting state s’ corre-

sponds to a transition that is permissible in accordance with g.
If so, the memory is reset to an appropriate memory such that
(s, w’) € Iy M and execution is continued. At a state s, if the next
input (s’ )env € P(APepy) is such that s(s")™V |= —=p" then we
choose (s”)%Y5 as indicated by ExtTs. In this case we contmue ex-
ecution from a state indicated by ExtTs as continuing execution
along the original strategy would give no guarantees. By choosing
to deviate in accordance with Proposition 5, we are able to pro-
vide guarantees about system behavior. To summarize, for a set of
strategies {g; : i < n}, we proposed an algorithm that can tolerate
an augmented set of perturbations finitely many times by allowing
for hops between the different strategies.
Informal descriptions of several parts of Algorithm 1:

o Line 4-6: Check for successful actuation and satisfaction of
assumptions on environment, and continue along original
strategy.

e Line 7-14: Check for actuation failures and satisfaction of
environmental assumption violation, and continue along
altered path.

e Line 15-21: Check for environmental assumption violation,
and continue execution along altered path.

4.2 Building patches to handle perturbations

This section proposes an approach to add ‘patches’ to a strategy
that enable recovery from perturbations by finding a safe sequence
of states back to the original strategy. As opposed to the previous
section where complete strategies were synthesized, here only a
recovery patch is synthesized. Let (ho,mg) : Mo X P(APepy) —
P (APsys) (Mo X P (APsys)) be a finite-memory strategy that strictly
realizes a GR(1) formula ¢. For i € {1,2,...,n}, let n; be a state in =
such that n; ¢ I(ho,mg). Define @?n",@jys corresponding to 7; as
in Section 4.1. Define 7;¢4cp as a Boolean formula that evaluates
to True at a state s in X if and only if s € I (h°). Define ¢! as
below:

reach

i =@ A O env

Preach =

/\ Dowenv .

(@)?ys A Op*Ys A <>7;each) .
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Fori < n,let (h',m}) : MiXP(APeny) — P(APgys) (M xP (APsys))
be a finite-memory strategy that strictly realizes(defined as for the
GR(1) specification) (pimch, Define M as before and let M; NM; = @
for any i,j < n with i # j. Note that (pieach can be converted to a
GR(1) formula by introducing an auxillary variable as in [3]. Define

Irfach as

Preach

I/\{—reach ={(s,w) | sel (hl,m(l)),"_\’zm\o'sl'

Preach Preach
cex , me M:‘

os € Pref(h')A
me Memhi(as)/\

Vk <lol-(ox €1, ‘h(hi,m(")) Aok E~Treach))-

This definition is similar to that of 12/[ except for the additional
constraint where we require that all states in the prefix are such
that they are not from I, (h°, mg).

This is to allow pertubation to states in sequences before 7,41
was satisfied. This is because if a sequence of states in Plays(h?)
(for i > 0) satisfies O™ A Op®™ A (/\Ik(:1 DOI//]‘:“V) then it satisfies
OTreach- Since we are synthesizing a patch back to the original
strategy, jumping to a state in IM~"€4¢% engures that if the envi-
ronment satisfies the assumptions on safety and liveness, we will
reach a state where 7, 4.5 holds.

Next, define ExtTs,.qqcp, for (s,w) € I(h') for some i < n as

ExtTs,eqch(s,w) := {(s",w') | s" € Z,w’ € M;,
i€{0,1,...,n}.
(i=0) = (s.w) € I (K, m)A

(i>0) = (s',w') elgffreach)A

reach

ss’ I= psys/\

(W, (s))%) ¢ hE(w, (s)™Y) V s |= =pY ).

This again is similar to the earlier definition of ExtTs except that
we distinguish between the case where i = 0 and i > 0. Define

Ljump as:

Ljump = A 1(s,m)
(s,m)edom(ExtTs,eqch)

-»-0
(s’,m") €ExtTs e qcn (s, m)

l(sl’m/)).

4.2.1 ‘Patched’ Robust Strategy. Construct a nondeterministic
strategy h defined as below:
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Plays(h) = {0 € 3% | Im € M Vk > 0.3i.

(i=0) = ((mk+170,s<ys) € k' (my,of™)

V(ok,mg41) € EXtTSreach(Uk—pmk))

A (i>0) = [(Ukvmkﬂ) € ExtTs,eqcn(ok—1,mk)
V(Vw € My.(w,01) ¢ Iy(ho,mg)/\

Sys i
(mis1.0)%) € h'(mk,a,?”))

Amy,03"%) € B (m,o6™)}. (19)

The definition of & is similar to f defined earlier, except for i > 0.

The condition (i > 0) —

(g mp41) € ExtTs(op_q1,mg) V (Vw €

Mo.(w,01) ¢ pr”(ho,mg) A (mkﬂ,azys) € hi(mk,azm’))] ensures

that unless pertubed according to ExtTs, .4, On reaching a state
in state in I,p(ho), execution is continued in accordance with the
strategy h. Consider o € Plays(h) and m € (M)“ that satisfy the
conditions in (19). Let & € %% such that Vk > 0.5 = (0%, Mp41)-
Here, m is the memory-sequence corresponding to o generated in
accordance with h.

PROPOSITION 6. For all such &, the following holds:

J
& = O™ A O™ V 1jump) A /\ OOY™ | A OO-Tjump
j=1

K
= 0)° AOpVs A A 0oy |, (20)
k=1

A proof is provided in the appendix.

Algorithm 3 formally describes the implementation of a con-
troller based on /. The controller makes use of the nondeterminism
to recover from perturbations to the patches. Execution is begun
along the strategy KO till a perturbation sets in. The controller at-
tempts to recover using a patch (when perturbed onto a patch) if
feasible and execution is continued along the patch to a state in
Iq,(ho). Following this, execution along the original strategy is con-
tinued. Also, note the algorithm allows for jumps to ¢-reachable
states in the strategy itself (as does £). The strategy also allows for
perturbations from one patch to another during execution of the
patch itself. In the presence of an adversary, the ¢p-reachable states
encodes the adversary’s state as well as the system state.

Informally, the recovery trajectory takes the system to A when
the adversary reaches B where (A,B) is a g-reachable state. Addi-
tional informal descriptions of specific parts of Algorithm 3:

e Line 5-7: Check for successful actuation, satisfaction of
environmental assumption, and for whether original strat-
egy is being executed before continuing execution along
original strategy.
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Algorithm 3 Execute controller for a patched strategy

Input: e GR(1) formula ¢
e Finite-memory strategy (h?, mg) realizing ¢ and a set of
strategies (hl,mé) forl € {1,2,...,n} realizing q)reach
e Sequence of inputs 0™V € P(APeny)?
e System whose state s € 3 is measured after a control
action ( € P (APsys)) has been applied
o Sets I,(h°), 1} (ho,m) := IDI(R°, m{), IM(h!,m]) =
If”e‘“h(hl,m(l)) forl e {1,2,...,n}
Output: Sequglaccg of control actions ¢* € P(APg )
1: memory:mg
2: i=1, 1=0, safety=1, reached=1
3: (memoryNew, agys) = Strategyh® : (memory, ag™)
4: while (True) do
52 if (071, 0,7 sys (6f™) |= p® and safety=1 and reached=1
then
6: (memoryNew, cr ¥®) = Strategy h® : (memory, o o)
7: Run: SafetyCheck
& else if (of,0 Sys)(a"'nv) = p and safety=1 and
reached=0 then
9: (memoryNew 0' Yy = Strategy h! : (memory, ai™)
10: if 0'l. Su i e l,(h ,mg) then
11 Choose (memoryNew, al.sys) such that
(aisys U o™, memoryNew) € Ié”
12: reached=1
13: end if
14: Run: SafetyCheck
15: elseif safety=0 A (o€%,073)(08™) |= p then
16: if 3j <n,m e M.(m,0®™ Uo}) eIM(hJ, m)) then
17: Choose (memoryNew,o; AN fi(m,oi™)
18: I =j,if j > 0 then reached=0.
19: Run: SafetyCheck
20: else
21: EXIT
22: end if
23:  elseif (afni’,asys (of™) [F p* then
24: if 3j < nm € Mj,s € P (APsys).(m, o™ U s) €
ExtTs,¢qcp (memory, oty U CfiSZi) then
25: (memoryNeW,O'l.syS) = (m,s)
26: I =j,if j > 0 then reached=0.
27: Run: SafetyCheck
28: else
29: EXIT
30: end if

31:  endif
32:  i+=1, memory=memoryNew
33: end while

e Line 8-9: Check if executing a patch and update accord-
ingly.

e Line 10-13: Check if p-reachable state from original strat-
egy has been reached during execution along the patch,
and switch back to original strategy if condition holds.
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e Line 15-22: Check for actuation failures and satisfaction
of environmental assumptions, and continue along a patch
with an altered memory value.

e Line 23-30: Check for environmental assumption viola-
tion, and continue execution along a patch with an altered
memory value.

5 EXAMPLE IMPLEMENTATION AND
ANALYSIS

Examples are implemented for the analysis of the techniques de-
scribed in Section 4 for the task of planar robot motion planning
in environments similar to that shown in Figure 1. The robot is
required to visit a set of locations infinitely often. A moving obsta-
cle whose motion constraints are similar to those of the robot but
differing in the starting position and progress states is added to the
setup.

5.1 Complexity for refinement

An empirical analysis of the computational costs involved in each
of the approaches to augment robustness is presented here. The
computations were performed on a 2.40GHz Quadcore machine
with 16 GB of RAM. The synthesis was performed with gric[8],
used in the Temporal Logic Planning (TuLiP) toolbox [5]. The
experiment described below is repeated 50 times and the average
synthesis times are presented (See Table 1).

Random 5X5 gridworlds are generated with a wall density of
0.2. The moving obstacle and robot have two different progress-
locations which they visit infinitely often and different initial posi-
tions. For each of the approaches perturbation points are chosen as
below:

e Multiple Strategy Approach: A single perturbation point
is chosen that is not in the set of ¢-reachable states visited
by the initial strategy. A strategy is synthesized with this
perturbed state as the initial condition and the states visited
by the new strategy are stored. A new perturbation point
is chosen that was not visited by the earlier strategies. And
the procedure is repeated.

e Patching: The points are chosen as in the previous ap-
proach and patches are generated iteratively. However, at
each iteraton only those states from the new strategy are
stored that occurred before the trajectories reached the
stored set of p-reachable states.

Coverage | Mean time

Approach (unique for synthesis(s)
states)
New strategy from perturbed state 145.14 0.22
Patching 173.63 2.98

Table 1: Runtimes and unique states visited in 50 trials.

The coverage i.e the number of unique states - robot, moving
obstacle position combinations - visited by each strategy is also
presented. It loosely characterizes the robustness for the concate-
nated strategies, as this count represents the number of ¢-reachable
states to which the system can be perturbed to. Patching is imple-
mented iteratively, with the visited states augmented in each patch.
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With iterative patching, the time for synthesis tends to decrease
progressively with each patch for a given gridworld because the
number of unique visited states tends to go up.

6 DISCUSSION AND CONCLUSION

This paper characterizes the inherent robustness of finite-memory
strategies synthesized to satisfy GR(1) formulae and also proposes
approaches to refine them to increase their tolerance to pertur-
bations. We show that these refined strategies satisfy a stricter
formula than the one used for synthesis. This tolerance is useful
when the model is not exact for either the system behavior or the
environment behavior. However, not all perturbations as defined
in Section 3 can be tolerated. The system cannot recover from per-
turbations where p%Y* is violated and perturbations to states that
are not winning using the approaches described here.

Another application of the results presented here is in the pres-
ence of noise in measurements. Reacting to environmental events
in physical systems involves measurements about the environment,
and in the presence of noise, false inferences could be made under
which the guarantees provided in terms of formula satisfaction
would no longer hold. False inferences about an environmental
event could alternatively be viewed as the system failing to apply
the correct control action. Though pV was satisfied, the false infer-
ence could result in the system applying an incorrect control action.
Let y € P(APeny) be the inferred environmental event and the
ground truth environmental event be 1 € P (APepy) . The system
control action s € P (APsys) was decided based on f(my,y) where
my is the current memory state. This can be viewed as a perturba-
tion with (myq,s) € f(my,p) forany mp,; e M. IfsUpeXisa
state for which any of the above described approaches apply, the
system can recover to satisfy the guarantees on system behavior.

Future Work. We plan to extend the framework built here to the
case of infinitely many jumps. We also intend to develop a metric
that would quantify the robustness added to a strategy through
a given concatenation and prescribe approaches for refinement
of strategies to make them more robust with optimal synthesis
time/memory costs. Also, we plan to implement the approaches
in Sections 4.1 and 4.2 using enumeration from a stored BDD com-
puted during the original synthesis as opposed to resynthesis.
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Appendices

A PROOF OF PROPOSITION 5

PrOOF. Let 0 € % and m € M® be such that (oy,my) = 0.
When ¢ = OO1jyump, the proposition holds trivially. Consider
the case when & | $O=1jymp. This means that there are only
finite instances of 646y 41 [F 1jump i.e in other words, only for a
finite number of k > 0, (o}, my) € ExtTs(og_1,mk_1)- Let there be
r < oo such instances i.e 3i; € N such that 5;, , 63, |= ijump for
lef{1,2,...,rh

Without loss of generality, assume 0 < iy < iy < -+ < ip.
Yl e {1,2,...r—1}dq; € {0,1,2,...,n} such that (m;,0; N APsys) =
9q,(mi-1,0i N APeny) for i € {ij,ij+1,...,ij+1 — 2}. Otherwise at
some i between ij and ij+1 — 2, §iGi+1 = ijump - contradicting
our assumption. Similarly, Vi € {0,1,...,i; — 2}, (m;,0; N APsys) =
go(mi-1,0; N APepy).

Yl e {1,2,...,r — 1},(0y;,m;;) € ExtTs(oy,_,,mj,_,) by the def-
inition of 1jymp. From the definition of ExtTs we can conclude
that (oj;,,m;,) € Iﬁ”tn where m;, € Mg, i.e oy, is ¢q,-reachable. For
I €{1,2,...,r} by definition of ¢;-reachability and the discussion
above, there exists ! € Plays(gq,) and k; such that o;, = ﬁ]lcl

B = O, and

'le':(Hl) E ™ forj < k-1, (21)
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andVli<r-1
ﬁ,lmw = Gjyw fOr0 < w < iy — g, (22)
Forl=r
ﬁll<,+w = 0j;+w for0 < w, (23)
since &i,: |= ~0O1jump.
We write r!¢lal = gl by taking T; = ﬁjl for0 <j<k. Forl <
_ pl
—ki—iptip — pj for
j=kj+ip—ip. Forl=r,(&"a");_g, = Pjforj > kr. To conclude

r—1, fi‘, = ﬁ]lcﬁw where 0 < w < ij,—i;, and a]l.

the setup, we argued that o = 7061£% ... " a” where 7° € Pref(g).
Combine with m as in constructing & to have 6 = 7°1&2 .. £"a".
We want to show that

f0§71§72~--fk§k“--~§"d” I=

J
O™ A T(p™™ V 1jump) A (/\ D<>¢jen")
j=1

K
= 0" 0pVs A ( /\ Dowzys). (24)
k=1

This is equivalent to at least one of the following subformulae being
satisfied: —@8“", O(=p Y A ﬁijump), <>III—|¢;?“V for some j, or

K
ey A Tp™ A (/\ DOI//ZyS). (25)
k=1

Since 70 € Pref(go) by hypothesis, there exists y € 3¢ such that
7% € Plays(go). Also by hypothesis, (go,mo) realizes ¢o, i.e.,
Plays(go) C L(go), hence % = ¢o. Note that |[z°] > 1 since

(m1,7% N APeyy) = go(mo, 7t N APgys) by the definition of Plays f.

O = -0g" ifand only if 6 |= ~©F". Thus, if oy -©g", then

(24) holds directly. Otherwise (i.e., if 7%y = ©§™), consider the

subformula & (=pY A =1jyump).

For all k < |20 = 1,6p.441 = —1jump by construction. Also, for
. — 1 0g1g2 gkyk+l _ zry zn

k2 ke =ldd & § l’ak—IE,k+1—IE

Frosro 7. s . -0 F1 _
&y E =1jump. From the decomposition given above, 2, &;

E —1jump and

Ljump and E_il _é“ I= Tjump for I < r — 1. For this case, we can
conclude

G OEp™ A ALjump) = (% E O=p"™)v
(glgz . §k§k+l . grar |: <>_|p€nV).

If 2% |= O-p®™, then there is a minimum k such that oy.y |=
env env A

=P O (ko )): E —p™. If k < |o| — 1, then & |= O(=p
“1jump) (recall 6.k 41 = ~1jump). Then (24) is satisfied.

From the definition of ExtTs and 1 jump we have

hiéo P (26)
and
gL = syl e 1,2,3,. .0 — 1, 27)
which we will refer to later while addressing the final case. The other
case in which & [ O(=p™Y A =1 jump) is if & e Ompeny for some
Lor & a" |= O=p®™ (recall 2° &) = 1jump and ﬁl%“ = Ljump
forl <r—1).Ifforanyd < || —1forl <r,

14l
$abam F —p,
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then (24) is directly satisfied. If £"a” |= O-p®Y then again (24)
holds.

Otherwise, suppose that & |= <>E|—|¢jenv for some j. From the
semantics of LTL and the fact that 1//]?“" contains no temporal oper-
ators, this implies a” |= <>D—|¢j?n" ©d = <>D—|¢;“V. In this case
where a” |= <>E|—|¢;“V, (24) again holds.

We now consider the final case where ¢ |= @™ A CO(p*" v
Tjump) A (/\j],:1 Dowjm). By ¢g, -reachability, T{;,d+1 |= p for
alld < |t"| = 1. And, é"a" |= Op®™ as argued for this case (oth-
erwise (24) would directly hold). Thus, " ¢&"a" |= Op®"Y. Recall
that "7¢"a” |= ©F)". Because t"¢"a” € Plays(fg,) and r"¢"a” =
O, if neither 7 ¢"a” | O—p®™Y nor <>D—|¢J‘.’nv for any j, it must
be that r"&"a" satisfies @f}:s A OpSYS A (/\f:1 DOI//ZYS).

By ¢g,-reachability of §é and strict-realizability, §Cli a F psYs
Yd < |§l| — 1for ! < r — 1. From (26) and (27), it follows that

K
T_01§1§2 “.grar = Dpsys A (/\ DOWZYS).
k=1

Recall the suffix y such that 7% € Plays(go). (go,mo) strictly re-
alizes ¢, therefore if 7%y |= O§™", it must be that % @gys.
7= O(S)ys since & [= ©¢" (9). Furthermore, because in this case we
\'s

are assuming there isno 0 < k < |7%| -1 such that Tlg_(k+1) = —p

(otherwise we would have (24) hold directly), it follows from strict
realizability (cf. (10)) that for 0 < k < |7°] -1, r£:(k+1) I= p¥%, and
therefore the condition in the proposition for & holds.

[m}

B PROOF OF PROPOSITION 6

Proor. Let 0 € 2 and m € M® be such that (o, my) = J%.
Repeating the arguments in Section 4.1, we only need to reason
about the case where 6 |= <>D—|ijump. In this case, as before, let
there be r < oo instances in which 1 jump holds. Let these instances
be ij for I < r such that 0 < i; < iz < --- < i,. By definition,
6i;-10i;, = ljump = i, € ExtTs,.qcn(5i,—1). Reasoning as
before, for I € {1,2,...,n}, dg; such that ,BI € Plays(hql) and k;
such that g, = ﬂ,lq,ﬁl I= ©§" and conditions (21),(22),(23) hold.

As before, we write 7'éla! = B!, Then, repeating the argu-
ments from earlier decompose & as & = 7' ... E"@" where 70 €
Pref(h®). Note that the decomposition was such that for € {1,2
rh e rMireach holds if g > 1and &' € ID!if g = 0. That is

reach

to say each §é is q)géac ,,-reachable or g-reachable, as the case may
be. We want to show (24).

Reasoning about the other trivial cases as before and rejecting
them, consider the case when

J
5= 05" ATV Ljump) A (/\ Dowjnv).
j=1
66" o 0 o™, 10 e Pref(h’) —» Jy € 3°. ¥y €
Plays(h°). By strict realizability, we have %y |= oY -1y @Zys.
Therefore, & |= @f)ys.
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For 2 <[ < r -1, we have §é§é+l = p%8 from the definition
of ijump %nd ExtTs,¢qcn- We also have 1{)1 é = p%¥5. When 6 |=
O(p*™ V 1jump), by strict realizability and ¢Zéach — realizability
(or ¢p-reachability as the case maybe) for [ < r—1, we have ¢ {11 d
Y8 Vd < |E!| — 1 since §¢l1-d+1 = p™Vd < |£l] — 1. Also, we have
TdO:dH I= pSYS for Vd < |7°] — 1 since 72:d+1 = p™Vd < |7% — 1.

Consider t"&"a” € Plays(h?r). If ¢, > 0, h9" strictly realizes
qr

Preach
@ and £ is p-reachable. Therefore, if {"a" = Op®" we have

tTEa” |= Op®Y. By strict realizability, we have t7¢"a" |= OpSYs.
To conclude, we showed & [= O5™ A O(p*™ V 1jump) = 6 |

and &J is qogéach—reachable. If ¢, = 0, kO strictly-realizes

@;ys A OpSYs. Now only showing liveness remains. If g, > 0, we
have 77¢"a" |5 T eqen or 7 ¢7a" satisfies =@F" or O—p or

<>D—|¢;?n" for some j since h9r realizes Wg;ach' But, as an assump-

tion we have ¢ |= (/\]JZI DQW;HV) and by the semantics of LTL
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we have a” = (/\]].=1 DO[#J‘?“V). And, a" | (/\J].=1 DO[ﬁJ‘?nV) o
thEa” = (/\JJ.:1 D<>1//J?nv). By (pg;ach—reachability of £J, we have
t"Ea” | g, And, above we reasoned "¢ a” |= Op" for
this case. Therefore, it must be the case that z"é"a" = OTreqch-
Observe that if s € I(p(ho,mg) then Fw € MO.(s,w) € Iy(ho,wg),
T a” |= O each leads to a contradiction as by the definition
of Plays(h), we should switch strategies when we reach a state s
that satisfies 77 ¢, Therefore, g, = 0 when & = @5™ A O(p v

ijump) A (/\11'21 DOI//;nV)-

By strict realizability and ¢-reachability, we reasoned that 7" ¢"a”
E O A Dp™ - 5 = ©° A Ops. Additionally t7¢7y" |=
(/\JJA:1 E\<>1//J‘?“V), by which we have r"¢"a” |= G)(S)ys A OpSYS A
(/\]J.:1 DOlﬁ;ys) (since g, = 0 and from the definition of (ho,mg)
realizing ¢). Therefore, we have & |= @Zys/\ OpSYSA ( /\]].:1 D<>¢;YS),
hence proving the proposition. O
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