Numerically Efficient Robustness Analysis of
Trajectory Tracking for Nonlinear Systems

Jorge E. Tierno Richard M. Murray John C. Doyle
Irene M. Gregory
Division of Engineering and Applied Science

California Institute of Technology
Pasadena, California 91125

Submitted, ATAA Journal of Guidance, Control, and Dynamics.
November 29, 1995.

1 Introduction

The engineering motivation behind the theory of robust control is based on two
unavoidable facts: first, all analysis and synthesis methods are based on the use
of models. In most cases it is not practical to try the designs in prototypes at
the early stages. Furthermore, critical control systems must have a reasonable
expectation of good performance before they are implemented, since their failure
can lead to significant losses. These factors force us to extensively analyze
systems using models before we proceed to the implementation stage. The
second fact is that models are, by nature, incomplete and inaccurate. They are
incomplete because they are deduced from a finite observation of the system.
They are inaccurate because the observation is noisy and, what is even more
important, because we are trying to project a physical system into a particular
class of mathematical models we believe to be representative (e. g., the class of
linear, finite dimensional model).

Theoretical and computational tools for analysis and synthesis of robust
controllers for linear systems are well developed in a variety of instances. Con-
trollers generated with these tools can provide guaranteed performance in the
presence of structured uncertainty, and the worst case disturbances for a given
controller can be determined.

There are several possible choices of performance measures and uncertainty
sets for which we can determine robustness. For linear time invariant (LTT) sys-
tems with structured uncertainty, analysis of robust performance can be reduced
to computing a single scalar function of the system known as the structured
singular value and denoted p [8]. Although this function cannot be computed
exactly, we are able to find computationally efficient algorithms to compute up-
per and lower bounds, such as the power algorithm for the p lower bound [9, 15],



without doing an explicit parameter search involving repeated simulation. This
works because the system is linear and the performance and uncertainty de-
scriptions are chosen so as to give computationally attractive solutions, even for
large problems.

Analysis of nonlinear systems, on the other hand, has stayed mainly at
the theoretical level. A large body of work has been devoted to extend the
linear analysis techniques to nonlinear systems. As part of this work, conditions
for robust stability and robust performance similar to the structured singular
value have been established. Robustness for nonlinear systems was proved to
be equivalent to the existence of solution to Hamilton-Jacobi equations [14] or
nonlinear matrix inequalities [5]. However, computational methods to establish
the existence of these solutions have not been developed to a level comparable
to their linear counterpart (i. e., existence of solutions of Riccati equations and
linear matrix inequalities).

The state of the art in industry still consists in obtaining lower bounds to
the performance indices through extensive simulation or local optimization tech-
niques. However these methods require large amounts of computation; standard
optimization techniques fail even for small problems, and a search over param-
eter space exhibits exponential growth with the number of parameters. The
methods actually used in industry share two main characteristics: performance
specifications are made over a finite time horizon, and the interface between the
analysis method and the system is a simulation.

The intention of the work in this paper is to extend the robustness analysis
techniques of linear systems, and in particular the associated computational
methods, to nonlinear systems. Given the diversity of nonlinear behavior, it
is clear that this cannot be done in complete generality and still maintain the
efficiency and usability of the methods. In this paper we will develop analysis
methods for a specific nonlinear robust performance problem. We will show that
an efficient numerical algorithm can be developed to compute a lower bound on
the corresponding performance index. The problem, and the corresponding
algorithm, share the characteristics of current industrial practice mentioned
earlier.

The problem we will study 1s that of tracking a trajectory in the presence of
noise and uncertainty. Many nonlinear analysis problems of engineering interest
can be reduced to such a problem. A common example is an airplane performing
an automatic change of altitude and heading. The pilot enters the new heading
and altitude and the flight computer determines nominal commands to perform
it. A second control loop maintains the airplane around the planned trajec-
tory. The designer has in mind an appropriate path to be completed in a finite
predetermined time, and designs the control system accordingly. Since the real
system is not exactly the one used for the design, and since it is also subject
to noise, the system will not follow the intended trajectory. The question of
interest becomes: will the real trajectory, under the worst conditions possible,
remain close enough to the nominal one in an appropriate norm? We will call
this question the robust trajectory tracking problem. (We will give it a more
formal definition in the next section.)



In this paper we develop a power algorithm to compute a lower bound on
the performance index associated with the robust trajectory tracking problem
(i. e., the distance from the actual to the nominal trajectory). This algorithm is
similar in nature to the one developed for the structured singular value [8, 15],
and has similar behavior. Since, as was the case for linear systems, the algo-
rithm is not guaranteed to converge in general, its analysis is done empirically.
We test this algorithm by applying it to simulations of real systems. We carry
out several different performance tests on two different platforms: the Caltech
ducted fan experiment and a simplified model of an F-16 jet fighter. The results
of these tests are reported in Section 5. These results indicate that without
significant additional computation, and avoiding computationally expensive pa-
rameter searches, a lower bound on the given performance index can be com-
puted that gives more information on the worst case behavior of the system
than the standard Monte Carlo procedures.

2 Problem Formulation

We will be concerned with the study of perturbations of systems around a pre-
specified nominal trajectory over a finite time horizon with initial time ¢; and
final time £;. The performance specifications and all characterizations of the
noise signals, under-modeled components, and uncertain parameters affecting
the system will be given over this time interval.

We will restrict our study to nonlinear systems whose dynamics can be rep-
resented by a smooth function F' of the states x, a set of signals u corresponding
to external disturbances, a set of signals v corresponding to the effect of under-
modeled components, a set of parameters ¢, and a set of nominal commands U
responsible for steering the nominal system along the nominal trajectory. The
evolution of the system will thus be the solution to

&= F(x,u,v,8 U, 1),

with initial conditions x = x,. The trajectory will be described by a set of
coordinates Y, given by a smooth function ¢ of the same variables

Y =G(z,u,v,8,U,t).
The nominal trajectory Y,, will thus be given by
Yn = G($a Oa Oa 6na Uat)a

where 6,, are the nominal values for the parameters.

The signals v are not independent of the other signals, but the exact de-
pendence is not known (hence the name under-modeled dynamics.) We know
however that v is the image under a structured, norm bounded operator of a set
of variables z, given as a smooth function of the other variables in the problem

z=H(z,u,v,6U,1).



We will denote A the mapping from z to u, A the class of operators with same
block diagonal structure. Since we will analyze the system for a fixed nominal
trajectory, we can incorporate the nominal commands into the functions F', G,
and H, and define

Jolz,u,v,6,t) = F(e,u,v,6,Ut)
hu(z,u,v,6,t) = H(x,u,v,8,Ut).

Since we are only interested in the error between the nominal trajectory and
the actual one, we will also define

gu(z,u,v,6,1) = G(z,u,v, 6, U t) =Y,

Whenever no confusion is possible we will drop the subscript U. The structure
of the operator A we will consider is block diagonal, and will thus induce a
partition in the sets of signals v and z

v = [Ula02a~~~avp]

z = [z1,29,..., %)

Note that v and z are divided in the same number of blocks of signals, but
correspondent blocks do not have to have the same number of signals. The size
of the noise signals entering the problem will also require the introduction of a
partition of the signal set u

U= [ulaUZa"'aum]'

Figure 1 shows a diagram of the system interconnection. There are several
similarities with the linear p framework reviewed in the previous chapter, and
some differences. The under-modeled dynamical components are feedback loops
as 18 the case in linear systems. However the effect of the parameters on the
system can be more general. The dynamics are not only nonlinear, but they are
also autonomous: the system includes explicit functions of time.

We will measure the sizes of all signals in the two norm defined as usual over

1 b :
l|a]]2 = [ / ala dt] .
ty —1t; Jq,

The performance index is given by the 2-norm of the error signal

a finite time horizon

T = [lyllo-

The size of the noise signals will be specified for each block of signals in the
partition given
||uill2 = N; i=1,2,...,m.

All the information we have on the under-modeled dynamical components 1s
that A isin BA. We will use the induced 2-norm as a measure of the size of A.



Figure 1: Uncertain system interconnection.

This restriction is then equivalent to imposing the following relations between
the signals v and z

l[villa = ||zl i=1,2,...,p.
We will allow the parameters é to vary in closed intervals
di < 6 < D; i=1,2,...,7.

Finally we will also allow some or all of the initial conditions to vary in given
closed intervals
Clgl‘l(tl)gcl i:l,?,...,n.

The preceding performance, noise, and uncertainty descriptions given in this
section can be summarized as a constrained optimization problem. Since we
only use one norm will drop the subscript 2 from now on to keep the notation
unencumbered. We now state the following

Problem 1 (Robust Trajectory Tracking) Given an uncertain nonlinear
system, driven by the equation

= fu(z,u,v,61)
and the nominal command signal U, with initial conditions satisfying
e < wi(t;) < G 1=1,2,...,n,
what is the marimum value of the norm of the error signal
vl = llgo (2, u, v, 6, 2)|

subject to the constraints

luillo = N; i=1,2,...,m
lvilla = lzill2 i=1,2,...,p
di< & <D i=1,2,...,r ?



This problem may seem too specific to be of any consequence to real life
applications. When analyzing linear systems, we use different kinds of multi-
plicative weighting functions (weights) to impose a frequency content to noise
signals, to determine the bandwidth of an uncertain operator, or to determine
the region in frequency domain over which we would like to impose the per-
formance specification. The use of these weights adds a flexibility to the linear
analysis techniques, and is in general fundamental to establish the validity of the
method. With similar techniques we can reduce many interesting application
problems to a particular instance of Problem 1.

3 Necessary Conditions

The first step in deriving a power algorithm is establishing conditions charac-
terizing local maxima. First order conditions for extrema of dynamical systems
have been developed for different optimization indices and signal constraints.
(See for example [6] or [2].) We derive the necessary conditions for a local max-
imum of Problem 1 from the Euler-Lagrange optimization setup. In this section
we first review briefly the standard Euler-Lagrange optimization framework for
dynamical systems and we show how the robust trajectory tracking problem
reduces to an instance of the general Euler-Lagrange problem.
The following theorem summarizes the Euler-Lagrange framework:

Theorem 1 [2] For a dynamical system described by the equations:
&= f(z,u,t) 2(0) given,t; <t <ty
a performance index of the form

ty
J:/ L(xz,u,t)dt
t

i

and restrictions on the final state

Gla(ty)) =c
if the signal u, achieves an extremum of J, then there exists a vector of constants
¢ and a solution to the two point boundary value problem

o= flz,ut)
@)@
- ()@

with boundary conditions:



Furthermore, if these conditions are met we will have

At;) = 8?{0) . (3)

This theorem states necessary conditions for a set of signals being a first order
extremum of the performance index, in terms of the existence of a solution of
an associated adjoint system (Equation 1. Furthermore, the solutions of the
original and adjoint system verify the constraint equation 2. We will see that
this constraint can be interpreted as an alignment condition between the inputs
of the original nonlinear system and a set of outputs of the adjoint one. This
structure will be exploited when we develop the power algorithm.

3.1 Reduction to the Euler-Lagrange setup

To use the Euler-Lagrange necessary conditions in the robust trajectory track-
ing problem, we have to write the performance index, noise signals, uncertain
parameters and under-modeled dynamical components of the system as con-
straints compatible with the hypothesis of Theorem 1.

Performance index

The performance index we described 1s very naturally written in the form re-
quired by Theorem 1. Letting

1

L=—4
nya

then optimizing ||y|| is equivalent to optimizing

ty 1 .
J :/ Ldt = §||y|| .
13

i

Noise signals

The only constraints allowed by Theorem 1 are in the final values of states. The
norm restrictions for the noise signals and the uncertain operator have then to be
imposed through final conditions of additional states, created for that purpose.
We will describe the case for one noise signal only. However the generalization
to several signals is obtained simply by repeating the single signal case. To
impose the 2-norm condition on the noise signals, we add to the system a new
state named x, governed by the differential equation

1
Ty = iutu zu(t;) = 0.
Then ||ul| = N if and only if z,(t;) = %N.



Under-modeled dynamical component

The under-modeled dynamical block is characterized by a constraint on the
norms of its input signals v and output signals z

lloll = ll=II
To impose this equality we add to the system a state za, governed by the
differential equation
S t _
l‘A—Q(ZZ—U v) za(ty) =0.

Then ||v]| = ||2]] if and only if zA(t;) = 0.

3.2 Uncertain parameters and uncertain initial conditions

Optimality with respect to uncertain initial conditions or uncertain parameters
will be established through the gradient condition given by Equation (3). To
treat parameters as initial conditions we create a state that tracks the parameter
6. Let x5 follow the equation

i‘5 =0 l‘g(ti) = 4.

At a local maximum, either this derivative of the performance index with
respect to the value of the parameter or the state initial condition is zero, or it
is negative and the parameter is at the lower end of the interval or it is positive
and the parameter is at the higher end of the interval.

3.3  Summary

Summarizing, the robust trajectory tracking problem is equivalent to optimizing

the performance index
ty 1
7= [ = g
t

i

for the system verifying the differential equation

z = f($a u, v, $6> (Dynamics)
Ty = %utu (Noise constraint)
EA = %(ztz —v'v) (Uncertainty constraint)
x5 = 0, (Uncertain parameter)
where
y = g(e,u,v, zs) (Performance output)
z = h(z,u,v,xs) (Uncertainty output)

with given initial conditions

l‘(tl) = Xy, l‘u(tl) = 0, l‘A(ti) = 0, l‘g(ti) =6



and final conditions
1
zu(ty) = 5, zalty) = 0.

This problem is in the form required by Theorem (1). So a set of signals u, v,
and a parameter 6 achieve the worst case value of the performance index J only
if there exists Ay, Ay, Aa, As, verifying

t t
: d t d
s (- (3
. t ’ t
Moo= (%) A - e (%) (4)
b= 0
Aa = 0,
with final state conditions
/\(t ) = 0
!
As(ty) = 0,
verifying the following alignment conditions
t ’ t
(g—u) At udy + (52) 228 + (g—g) y = 0 -
ar\’ t ag\?
(8) 2+ (@) = =) 2+ (8) v = o,
and such that the initial state verifies
6=-—1 6=1
As(t;) =0, or and or and (6)
/\5(152') <0 /\5(152') > 0.

The nature of the performance index chosen, and the fact that none of the
functions f, g, or h depend explicitly on the additional states =, and za give
FEquations (4) and (5) a particular structure. The states A, and Aa will be
constants. And the choice of the 2-norm as a performance measure, is reflected
in the fact that the adjoint system dynamics are driven by the performance
output of the system. In the following sections we will make this structure
clearer by introducing convenient notation, and we will show how a natural
power like iteration can be derived from it.

3.4 Dynamical systems interpretation

For a given trajectory of the original nonlinear system, define the time varying
matrices



=

REGR (@) @
C(t) = (%)t . D(t) = (g_v)t (o

and consider the dynamical system driven by the equations

13
13

=Y
= 8

A = AA—|—B[§]

| — |
|
3
| I |
[l

CA—l—D[g],

with zero final conditions. Then if the signals u and v and the value of the
parameter 6 achieve a local maximum, there exist constants A, and Aa, such
that the following alignment conditions are verified between inputs and outputs
of the direct and adjoint dynamical systems

= Yy
f = /\AZ (8)
and
Ayt =
AAY = K. (9)

Fquation (6) states that at an optimum, either the derivative of the perfor-
mance index with respect to the value of the parameter is zero, or it is negative
and the parameter is at the lower end of the interval or it is positive and the
parameter is at the higher end of the interval.

This interconnection structure is represented in Figure 2. Note that although
the two point boundary value problem has both initial and final state conditions,
in this case they separate into two sets. The initial conditions are imposed on
the states of the original nonlinear system and the final conditions are imposed
on the states of the adjoint system. It is this particular structure of the two
point boundary value problem, that will allow us to develop a power algorithm
to solve it.

4 A Power Algorithm

Power algorithms have been successfully used to compute among other things,
fixed points and local maximums of nonlinear functions and eigenvalues and
singular values of matrices. The main advantage of power algorithms, when
compared to other iterative methods, is the simplicity of each iteration. Iter-
ations usually consist of little more than a function evaluation. In the case of

10



u, v, 6 Y, z
System
Alignment Given initial state. Alignment
condition condition
(9) (8)
Adjoint
System
v, K (7) v, ¢

Zero final state.

Figure 2: Dynamical systems interpretation of the equilibrium conditions.

eigenvalue computations, iterations usually require simply computing a matrix
vector product. Another important characteristic of power methods is their ten-
dency to explore a large region of the search space in their early stages. When
applied to computing lower bounds for the linear performance index p, power
algorithms have proven to be fast and reliable. The robust trajectory track-
ing problem is very similar in nature to the structured singular value problem.
(When applied to linear systems the robust trajectory tracking problem actually
reduces to a special case of p [12].) This motivates the development of a power
like algorithm to compute a lower bound for Problem 1. In this section we will
first give a qualitative description of power algorithms when applied to matrix
problems; we will briefly describe the application of the standard g power al-
gorithm to linear systems over a finite time horizon; finally we will show how
these ideas can be extended in an elegant way to the general nonlinear problem.

4.1 Heuristics behind power algorithms for linear matri-
ces

Power algorithms are normally used to compute eigenvalues and singular values
of matrices. Suppose that the matrix M is diagonalizable, and that its largest
eigenvalue is unique. Starting from a random point vy the power algorithm
produces a sequence as follows [4]:

A8 = M=)
AR) .= ||Z(k)||2
p(F) = Z(k)/A(k),

11



Let x; be the eigenvectors of the matrix M. If vy has a component along the
maximum eigenvalue direction

VO =y + Y ai

=2

then it follows that

MFO) = ay A¥

n s s k

A
A

If the terms

are sufficiently small, then the component of #(°) along the maximum eigenvec-
tor direction is amplified, while the others are contracted, and the procedure
converges to the maximum eigenvalue. Since singular values of M are eigen-
vectors of M*M the same procedure can be used to compute the maximum
singular value. In this case we will have to perform alternating power steps, by
M and M*.

Power type algorithms are naturally suited for searching for directions of
maximum gain. This fact makes them appealing to the computation of perfor-
mance measures in disturbance rejection settings. Computing the structured
singular value, for example implies computing the largest of the spectral radi
of the matrices in a set. There are two search directions: one within the set
of matrices to find the one that has the largest spectral radius, and one for a
given matrix to find its eigen-direction of maximum gain. The power algorithm
for u does both searches simultaneously. From a qualitative point of view, the
power steps, alternating multiplications by M and M*, help look for directions
of maximum gain of the particular matrix under study. The alignment con-
ditions forced between power steps perform the search in the matrix set. A
discrete time linear system, considered over a finite time horizon, can be rep-
resented by the matrix of the map between inputs and outputs. Many robust
performance questions asked of this type of systems can be solved by computing
the structured singular value of the map matrix with respect to an adequate
structure [12]. Tt is interesting to note that in this case the power step with
respect to M is taken by integrating the difference equations of the system for-
wards in time, and the power step by M* is computed by simulating an adjoint
dynamical system backwards in time. The succession of simulations of linear
systems amplifies the component the chosen input has along the direction of
maximum gain, while the operations carried out in between power steps look
for the system in the class with maximum gain.

Conceptually, all the operations necessary to carry out this procedure are
still well defined when the system is nonlinear. The substitutions needed to
convert one case into the other are natural. Multiplication by the system matrix
is equivalent to integration of the equations of motion. Multiplication by the

12



adjoint matrix is equivalent to integration of the transposed linearized system.
Although numerically harder, the operations are not conceptually different than
in the linear case. And in principle, the heuristics explaining why this type of
algorithm is efficient at finding directions of maximum gain still hold even when
the system 1s nonlinear. In the next section we will prove that these substitutions
are the adequate ones, and from them we will develop a power algorithm to solve
the nonlinear robust trajectory tracking problem.

4.2 Power algorithm for nonlinear systems

Earlier in this section we showed how the first order necessary conditions for
robust performance could be interpreted as an interconnection of dynamical
systems. Four maps can be identified in the diagram of Figure 2. The first map
integrates the equations of motion of the original system, with the given initial
conditions and for a set of input signals u, v. The constants A, and Aa are not
changed. (These are included in the definition of the map to simplify the final
expression.)

D (ult),v(t), 6, Ay, Aa) — (Y(t), (1), 6, Ay, Aa).

The position of the map ® in the system interconnection corresponding to the
necessary conditions is shown in Figure 3.

The second map generates the input signals for the adjoint system by forcing
the alignment conditions in Equation (8).

T (y(t), 2(t), 6, Au, Aa) — (y(t), Aaz(t), Ay, Aa).

Figure 4 indicates the position of this map in the general interconnection.
The third map in the sequence will integrate the equations for the adjoint
system along the current trajectory with the given inputs.

v (VagaAuaAA) = (P)/aK:aAuaAA)

The final map we will define computes new inputs for the original system by
using the alignment condition in Equation (9), and will also compute new values
for 6, Ay, Aa. There is more than one way of carrying out this evaluation. We
propose here one possibility

O (7,5 A, A8) = (u(t), v(?),8, Ay, Aa)

A ._ ||7| YU
u =
Ue [[¥[[Ue
. e
: "
&l %-v
/\A = TEETS
[l 211 {l[[[]]
K
v = —.
Aa

and & is computed as follows:
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X o= 64 As(t)
—1 y<—1
6 = x —1<x<1
1 x > 1.

Figures 6 and 5 show these maps relative to the necessary conditions intercon-
nection.

The mappings ® and ¥ are, as described in the previous section, the nonlin-
ear equivalent of power steps or matrix vector multiplications. The operations
carried out in the mappings Il and ©, impose the alignment conditions for op-
timality. The diagram in Figure 2 commutes when the signals v and v and the
constants 6, Ay, and Aa are the ones corresponding to an extremum point. In
other words, by going once around the diagram following the maps &, II, ¥,
and © we should return to the starting point. This fact is formalized in the
following

Lemma 2 The signals u and v, and the parameter § verify the optimality con-
ditions if and only if there exists Ay, Aa such that

(U, v, 6a Aua AA)
15 a fized point of the composition @ o Woll o .

We can now use an iterative algorithm to search for the fixed points of this
composition. The standard form of such an algorithm is given by the pseudo-
code in Table 1.

x(l):=random;
repeat

2U+) .= ©@oWollo <I>(a:(i));
until (|20t — 20| < ¢|z®)])

Table 1: Power algorithm pseudo-code.

If the algorithm converges, it converges to a fixed point of the composition

OoWollo®d and thus, according to Lemma 2, to a set of signals that meet the
necessary conditions for a critical point.
Remarks: In order to prove convergence we would have to prove that the
composition @ oWollod is a contraction around local maximums. We can only
prove this under very limiting conditions. The standard power algorithm for
the lower bound of g has not been proven to be stable for a general uncertainty
structure, and is in fact known to be unstable in some cases [7]. Hence the
evaluation of the algorithm will have to be done empirically.

The algorithm developed has many of the characteristics of the power al-
gorithm for linear systems. In particular, if the system 1is linear, the adjoint

15



system is linear time invariant, and in this case the algorithm reduces to the
standard power iteration alternating multiplication by M and M*.

The iteration presented is not the only one possible. In particular it is not
necessary to update the adjoint system every iteration. The adjoint can be
computed once every n iterations for example. The effect of this modification
depends on the characteristics of the nonlinear dynamics, the size of the distur-
bances and the particular trajectory under consideration. It could in principle
be harmful or beneficial. Since the behavior of nonlinear system is a lot more
diverse than in the linear case, it is important to tailor the analysis tools to the
particular problem at hand. An advantage of the power algorithm is that due
to 1ts simplicity, 1t easily accepts modifications that adapt it to the application
being considered. Given the wide diversity in the behavior of nonlinear systems,
it 1s fair to say that no one optimization algorithm will work always. This fact
makes comparison between different algorithms hard. It also makes it difficult
to prove that any given algorithm is suitable for a general purpose. Evaluation
of the performance of the algorithms has to be done on a case by case basis.
Nonlinear systems however can still be classified in families of problems. All
aircraft models for example are very similar, and variations in the possible be-
haviors are more of a quantitative than a qualitative nature. Evaluation of the
algorithm can be done on test cases for classes of problems. These examples
have to be chosen so as to contain all the important characteristics of their class.

5 Numerical Examples

In this chapter we present the results obtained from trying the power algorithm
presented in 4 on two different systems for several different disturbance and
performance specifications. The systems are nonlinear, parts of the models are
obtained from first principles (equations of motion of rigid bodies), and parts of
the models are obtained through measurements and implemented with look-up
tables. The models include command and rate saturations. These systems, and
the performance problems we set up for them, have many of the characteristics
of typical aircraft (or other types of vehicles) applications.

The results obtained are compared with different alternative approaches to
solving the problems. These results prove the viability of the algorithm. Further
evaluation of its behavior and 1ts applicability to real life problems can only be
obtained through extensive use in industrial applications.

This chapter will be divided in two sections, corresponding to each of the
systems analyzed. A brief description of the dynamics of the system is included
at the beginning of each section, followed by the different problems solved and
the results obtained.

5.1 The Caltech Experimental Ducted Fan

The first example we will treat tests the noise rejection capabilities of a full
state feedback LQR design for an experimental ducted fan platform (Figure 7).
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Also, information on the experimental setup used, including copies of the sim-
ulation files can be obtained from http://avalon.caltech.edu/"dfan. The

. propellor housing
adjustable U fourb
counterbalance our-bar
/ /7& / mechanism
) C
w
/
ducted fan A
\ |
S
adjustable flaps

Figure 7: Overview of the experimental setup.

experimental vehicle consists of a relatively simple ducted fan aircraft that can
provide two dimensional vectored and reverse thrust. The aircraft is bolted to
a rotating arm, which limits its motion to three degrees of freedom: one rota-
tional and two translational, approximately on the surface of a sphere defined
by the arm. With this geometry, the ducted fan is completely controllable with
just the vectored thrust. The ducted fan itself is a wooden duct powered by a
variable speed electric motor driving a propeller. A detachable flap assembly,
mounted at the end of the duct gives the fan vectored and reverse thrust. The
setup and its nonlinear model are described in more detail in [3].

We consider a controller whose objective is to make the vehicle track a step
in vertical position, i. e., we want to move it from hover at zero altitude to hover
at another pre-specified altitude. The performance measure for the disturbance
rejection problem will be the 2-norm of the distance from the nominal to the
actual trajectory in the y position of the vehicle from beginning to end of the
maneuver. A time domain weight multiplies the error signal to capture the
fact that we consider the error at the final time to be more important than at
the beginning. We will have three disturbances entering as torques along the
three axes of rotation. The 2-norm of each of this noise signals is set to be
0.006 Nm over the 9 second time horizon (i. e., the rms value of the torque is
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0.006 Nm). The uncertain block tries to capture the unmodeled dynamics of
the electrical motor that is driving the fan. The input of the uncertain block
is the command signal given to the motor filter through a high pass filter. The
uncertain parameter represents the application point of the reaction force on
the vehicle, since this point changes with, among other factors the position of
the flaps. This distance is considered to be 0.25m + § with |§] < 0.1m.

The maneuver specifies that we start at hover, i.e. with zero velocity in all
directions, and end at hover. Furthermore, it is not only important to reach
the desired height, we also want to keep the z position constant. In order to
impose these restrictions we will use as performance signals the error in all the
six state variables for the vehicle. (These are the mechanical states. We are
not considering the states added by the controller and the different filters.) All
other specifications remained the same.

After 30 iterations the algorithm converged to within 2 percent, and reports
a value of J = 0.411. The algorithm reached a point within a few percent of the
maximum reported after 10 iterations. We believe that this is due to the fact
that there exists a subspace of signals for which the value of the optimization
index is fairly constant. The algorithm then rotates in this subspace. The
signals change, but the optimization index remains within small margins. This
is a characteristic of power algorithms. A similar situation can happen when
using power algorithms to compute the maximum eigenvalue of a matrix. If
the corresponding eigenspace is not of dimension 1, the algorithm will converge
to the value of the spectral radius, but not necessarily to one eigenvector. We
compared our algorithm in this case with the one developed in [10]. Each
iteration of this algorithm is more expensive than the one carried out by the
power algorithm. After 500 iterations the algorithm in [10] reported a value
for the local maximum of J = 0.431. After 30 iterations it reported a value of
J = 0.165. The comparison between power type and gradient based algorithms
shown here is very similar to the one observed in the linear case [7]. The latter
kind of algorithms requires a much larger number of more expensive iterations
to give a similar answer than the former one.

Although gradient methods provides a more accurate answer, it requires a
far larger amount of time to do so. In practical applications the tradeoff of 5
percent in accuracy for reducing the number of iterations by 10 is reasonable,
and in many cases necessary.

Figures 8 and 9 compare the disturbance signals obtained by the gradient and
power algorithms respectively. Their similarity confirms that both algorithms
converged to the same local extremum.

5.2 F-16 Maneuver

We want to determine whether the algorithm is suitable for aerospace applica-
tions. As a first step, the algorithm’s ability to handle a model that includes a
number of nonlinear equations and tabular data with a relatively high number
of parameters,all characteristic of a typical aircraft, must be ascertained.

The aircraft used in this example application is an F16. The aerodynamic
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model is a reduced version of the full model obtained in wind tunnel tests at
NASA Langley in 1979 [11]. Tt consists of tabular data with typical interpola-
tion routines and nonlinear equations of motion. The engine model 1s that of
an after-burning turbofan. The airplane model utilized in this application is de-
fined for speed range of up to Mach 0.6 and angle of attack interval between -10
and 45 degrees. The model includes four traditional controls (elevator, aileron,
rudder, and throttle) and thirteen states (velocity vector, attitude angles, angu-
lar velocities, navigational position, altitude, and engine power). Furthermore,
the aerodynamic coefficients are build up in a traditional way and the equations
of motion are full nonlinear flat Earth equations.

The trajectory considered is a constant climb, constant g coordinated turn.
The aircraft initiates the maneuver at 10,000 ft flying at 500 ft/s. The F16 is
then trimmed to climb at 50 ft/s while maintaining a 4.5 g coordinated turn.
We study the maneuver over a 30s interval. Figure 11 illustrates the nominal
trajectory. (All other nominal conditions are identical to the ones in the previous
example.)

During the maneuver the aircraft is subjected to atmospheric turbulence in
vertical, horizontal, and lateral directions modeled by Von Karman spectra and
implemented by Dryden filters [1]. In addition, seven parameters in the model
are allowed to vary individually on a closed interval. These parameters include
variation in Cg position as well as uncertainty in the aerodynamic forces and
moments along each axis. For the example presented here the numerical values
for the variations are shown in Table 2. The bounds given for the center of
mass are relative to the mean aerodynamic chord. The bounds given for the
aerodynamic forces and moments are as a fraction of the value given by the
lookup tables.

Lower  Upper

Parameter Name Bound Bound
Center of mass Cyg 0.195¢  0.205¢
0oX Force Czx 975 1.025
oY Force Cy .985 1.015
0/ Force Cz 97 1.03
Rolling Moment Cl .95 1.05
Pitching Moment Cm .95 1.05
Yawing Moment Cn .95 1.05

Table 2: Allowed variations for the uncertain parameters.

The algorithm is asked to find the combination of parameters and wind
gusts that produce the largest norm of the performance variable vector, i.e.
turning radius and altitude error. The worst case combination produced by
the algorithm gives the value of each of the parameters at the end point of the
allowable interval of variation. Table 3 summarizes the values found for the
parameters.

The resulting 2-norm of the performance variables is 230 ft. The model
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Parameter Value

Cyg 0.195¢
Cx 1.025
Cy .985
Cz .97

Cl .95
Cm .95
Cn 1.05

Table 3: Final values for the uncertain parameters.

simulation used by the algorithm was built in a Simulink diagram shown in
Figure 10. The behavior of the airplane under the worst case parameter variation
selected by the algorithm is illustrated in Figures 11 through 14. The solid line
in all the figures represent nominal trajectory while the dashed line represents
the perturbed trajectory.

To compare with more traditional ways of evaluating nonlinear system be-
havior, Monte Carlo simulations were run. For each parameter the endpoints
of the interval of variation were selected as allowable values. A system simula-
tion with random turbulence subjected to the same restrictions, is run for each
possible combination of parameter values, 128 in this case. For each of these
parameter combinations 10 simulations are performed. The resulting 2-norm
of each simulation is plotted in Figure 15. The figure shows the 2-norm of the
performance vector for each of the simulations as well as the worst case 2-norm.
A total of 1280 simulations were performed. The power algorithm took four
and a half hours for the signals to converge within 0.1 percent (51 iterations).
However a value within 0.1 percent of the final performance index had already
been achieved after 13 iterations. The Monte Carlo simulations were computed
in slightly over four hours in the same platform.

As can be seen from Figure 15, the 2-norm of the worst case parameter
combination with atmospheric winds shaped by the algorithm is indeed larger
than any combination of parameters with random atmospheric winds. The two
vertical lines demarcate the interval that corresponds to the same combination
of parameters as that selected by the algorithm for the worst case. While this
combination is not unique, as is evident from the figure, it does provide us
with a better lower bound on the worst case behavior of the airplane for the
allowable set of parameter variations than the Monte Carlo method. In terms
of computational efficiency, the worst case algorithm is at least four times faster
than the Monte Carlo simulations in this particular case. Figure 16 presents
a frequency distribution of the error 2-norms obtained from the Monte Carlo
simulations. The vertical line indicates the worst case value.
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6 Conclusions

The development of numerical tools for robustness analysis of linear systems has
been successful. In the last 15 years these tools have been adopted by control
engineers, to a large extent replacing the traditional graphical tools developed
in the 1950’s. Central to the success of these techniques has been the fact
that robustness properties of linear systems can be established by computing
functions of finite matrices.

The main motivation behind the work in this paper is to extend these meth-
ods to nonlinear problems. Due to the wide variety of behavior in nonlinear
systems, in order to develop practical computation algorithms, it is necessary
to work with a restricted class of problems and systems.

The performance problem we deal with in this paper is robust trajectory
tracking: a system is designed to complete a pre-specified path in a known
finite time. Since the real system is not exactly the one used for the design,
and since it is also subject to noise, the system will not follow the intended
trajectory. The question of interest becomes: will the real trajectory, under the
worst conditions possible, remain close to the nominal one in an appropriate
norm? In order achieve the same tradeoff between generality, applicability and
computational efficiency that the structured singular value framework achieves
for linear systems, we use the 2-norm as the measure for the noise signals, the
under-modeled components gain, and the performance objectives. Since the
underlying optimization problem is not convex — as is also the case in linear
system analysis — we are not able to compute the worst case error. We have
to settle for upper and lower bounds.

We develop an algorithm to compute a lower bound on the performance in-
dex. This algorithm is similar in nature to the power algorithm for p and shares
with it many of its numerical properties. Although the algorithm is not proven
to converge, a numerical study of its behavior shows that it is well behaved
when applied to some practical examples, and that it outperform alternative
methods on those same problems.

More experience is needed with the behavior of the lower bound power al-
gorithm. Tt has to be tried in a larger variety of nonlinear systems, and with
a larger array of uncertainty descriptions. It is important to understand the
bounds on its performance in order to develop improvements for it; this is the
way the power algorithm for linear systems was perfected. It 1s also important
to gain experience with the setup for the robust trajectory tracking problem:
how to choose uncertainty descriptions, time and frequency domain weights,
noise bounds, and performance criteria.

It is also important to develop computable upper bounds. For a restricted
set of systems, an upper bound on the robust trajectory tracking problem per-
formance index can also be computed [13], in the form of a linear matrix in-
equality. However better numerical tools are needed to solve the resulting LMIs
given their size and structure.
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