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This is a corrected proof of Proposition 4.10 at page 194, Chapter 4,
Section 5.3 of (Murray, Li & Sastry 1994).

We adopt the notations as in Section 5.1. The equation of motion of a
robot manipulator is given by

M(0)6+C(0,0)0 + N(0,6) =T, (4.47)

where the various symbols are defined in the book. Let e = 6 — 64 be the
error; we call augmented PD control law the feedback given by:

7= M(0)04 + C(6,0)04 + N(0,0) — K,é — Kpe. (4.53)
Assume the desired trajectory satisfies
sgp 164l < po, sgp 164l < p1. (Bounds)
Then the control law (4.53) applied to (4.47) results in exponential trajectory
tracking if K,, K, > 0.
Proof. The closed—loop system is
M(0)é + C(6,0)é + Kyé + Kpe =0
or, rearranging the terms,
¢ =—M(©0)(C0,0) + Kyi + Kpe).
Consider the candidate Lyapunov function
Ve, é,t) = Vo(e, é,t) + Veross(e, é, 1),
where as usual

1 1
Vol(e, é,t) = §eTer + 5éTM(e)é

and

Veross(€,€,t) = € el M(0)é.
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Computing the time derivative of Vj, we can easily prove stability:

. 1 .
Vole,é,t) = el Kpé+ eI M(9)é + 5éTM(e)é

= el Kye+ T (—C(0,0)¢ — Kpé — Kpe) + %éTM(H)é
= —¢'Kye+ %éT (M(0) — 2C(9,6))é.

From Lemma 4.2 we know that the matrix M (6)—2C/(8, 0) is skew-symmetric,
hence

Vole, é,t) = —¢T K, é

and the closed-loop system is proven to be (at least) Lyapunov stable. Expo-
nential stability is proved by introducing Viyoss. Its time derivative satisfies

Veross(e,6,1) = e(eTM(0)é + " M(0)é + T M(0)¢)
= e¢! M(0)¢ + ee” M(0)¢ — ee” (C(6,0)é + Kyé + Kpe)
and rearranging terms
Veross (€, 6,1) = e( — " Kye + é"M(0)é + 7 (M(0) — C(6,6) — Kv)é)
Al + Ay + As.

(1>

The first addendum A; ensures that V is negative definite. The second
addendum sums up with V; = —é" K,é. Since A, is of size €, V will remain
negative definite. Now, we only need to show that the third addendum
preserves this property too. Since Ag is a a cross term in e and é, it suffice
to show the boundedness of the operator norm of

M(9) — C(8,0) —

Since K, is constant, it is bounded. Also, using the definitions in the text,
we have

). T
el M(9)e = W;leiej
and
8MU OM;y, GMkJ . )
el'C(o, 0)6 = ”kaeze] ( 90, a0, ~ 90, >0keze]
so that we have the following bound
e vr(6) ~ c@.nel < 5 [ G| 1 - et et
Since M (0) is analytic in 6, also H M| is a bounded operator, as long as 6

remains in a compact set. Th1s is ensured by the boundedness assumptions
in equation (Bounds) coupled with the Lyapunov stability of the closed loop,
proven above.
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Finally we have
5||0M
A< (1) 22
o< (15 + 5| 5

1160 el - Dl

By using the boundedness assumptions, it’s easy to conclude that Aj is a
size € bounded operator evaluated on e, é. Hence, the time derivative of V
is negative definite and exponential convergence follows as usual. O

For more details, we refer to (Whitcomb, Rizzi & Koditschek 1993).
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