


State Estimation & Localization Overview

e (1/6) TODAY: Introduction

— Whatis estimation?

— Review of Probability

— Least Squares

— Non-Linear Least Squares

(2/6) Linear Kalman Filter

(3/6) Extended Kalman Filter

(4/6) Particle Filters

(5/6) Simultaneous Localization and Mapping (SLAM)
(6/6) Issues in SLAM
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What is Estimation?

 We need to infer the STATE of a robot or the world (x),

based upon measurements of a quantity (z) dependant
on X.

 We will view estimation as analyzing the conditional
probability density function:

p(x|z)

N

state “measurements”
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JPL’s AeroBot

e Localization (Homework 1)
— We have a KNOWN map, and ‘see’ multiple KNOWN landmarks
— Estimator STATE = robot pose =[x, Y, z, roll, pitch, yaw]

IPL Aerobot Camera can get ‘bearing’

To landmarks
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The DARPA Urban Challenge: An Example
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e Simultaneous Localization and Mapping: (Lecture 5)
— localize yourself AND build the map at the same time
— Estimator STATE = robot pose + world object locations

Shortrange Stereo

(left came

méra range data
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M easurements:
GPS.
MU,
Lidar.
Vision.
Radar
Odometry
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| ' JPL’s DARPA Autonomous Robotic Manipulation:
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3D Object localization:
— Estimator STATE = object pose
&

ARM-S Manipulation Experiments
Jet Propulsion Laboratory

California Institute of Technology

February 4, 2011
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DARPA Autonomous Robotic Manipulation:

 Whatwe’re up to: SENSOR FUSION:

— Stereo vision gives 3D feature locations of objects
— Hand tactile pads give contact information
— Force sensor can measure weight and center of mass

m - HH Lfff

Depth Map Spin- Image Featm;e/
Tactile Pad Contact Feature
| l -
[mage SURF Feature

4-Jan-2011 ME/CS 132 Ihm -8



So what do all of these have in common?

 They all use probability theory and probability density
functions as a foundation to infer the state of the system
from measurements

e.g.

Measurement
likelihood

Prior Posterior

Review of Probability (Next)!
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Brief Review of Probability

We are interested the probability density function (pdf)

of continuous variables.
- N y P(X)
A pdf satisfies two conditions:

pP(x) =0
[ pOydx=1

_J X
The probability of the variable occurring in a set is the
Integral of the pdf over that set:

P(b> X >a) = f 0(X)dx
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lw% {/; Terminology

Joint Probability

Jea) l.e. P(x,yeD)= JD P(X, y)dxdy

Conditional Probability

p(x|z) Whatisthe probability of x given a value of z?

Conditional Independence

p(x,y|2)=pX|2)p(y |2)
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% 5 Theorems
(7

Marginalization [Sum Rule]
p(x) = [ p(x, y)dy

Product Rule

pP(X, y) = p(x|y)p(y)

Theorem of Total Probability

p(x) = [p(x|y)p(y)dy
likelihood prior

Bayes Rule "4 P4
_ px]y)p(y) _ p(x]y)p(y)
p(y,tl RN [px] y)p(y)dy

posterior
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Probability Review: Gaussians

Univariate g

p(x) ~ N (u,0%)

1 (x—u)

e2 o’

1
p(X) — \/ZO'

Multivariate
p(x) ~N(u,X) where € R°

1 L xew) e (xop)
P(X) = (272')0”2 ‘2‘1/2 e’
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Expectation and Variance

 The average value of a function f(x) under a probability
distribution p(x) Is called the expectation of f(x):

ELF ()] = [ (3 p(x)dx

e Variation of a function

var[f (x)]=E f(x) E[f(x)]}/ [T If(X)p(X)dx p(x)dx

=E f(X)2—2f(x)E[f(x)]+ E[f (X)] J ff(x)p(x)dx

—E[ f(¥) ]—E[f(x)]

e Variation of a variable
var[x] = E[xz]— E[x]2
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Expectation and Covariance

Covariance (two variables)
cov[x, Y= E,, | (x~E[X)(y-EY1)]

=B, [y-YED] - xE ) +H A E ¥ ]
= By [v]-E[X]ELY]
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% (/' Expectation and Covariance

Covariance (two variables)
cov[x, Y= E,, | (x~E[X)(y-EY1)]

=B, [y-YED] - xE ) +H A E ¥ ]

— Ex,y Xy]_ E[X] E[y]
Expectation is a linear operator:

E,[x+y1= [ [(x+y) p(x) p(y)cxy E, [XE[Y]] = [xp(X) E ¥ dx
= [[x pOY p(y)dxdy+ [ [y p(x) p(y)dxdy = [xp(x)dxEy]
= [ jx p(x)dx}p(y)dy+... =E[XH Y
= E[X] [p(y)dy+...

= [+ E]y]
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% (/l Expectation and Covariance

Covariance (two variables)
covx, Y= E,, | (x~E[X)(y-EY1)]

=B, [y-YEDd - xE ) +H A E ¥ ]
= By [v]-E[X]ELY]

Covariance (two vectors)
covix,y]=E,, | (x—EX)(y" - Ely]) |

=E, | %" |-E[x]Ely"]

Covariance (of a single vector)
coV[x] = coV[x, X]

4-Jan-2011 ME/CS 132 lhm - 17



Probability Review: Gaussians

Univariate f
1l
p(x) ~ N(¢,6%) <«
1 ey
P(X) = N €
o’ = var[x] = cov[x,x] = E[(X_ E[X])ZJ

Multivariate
p(X) ~ N (n,X) where e R°

—Oew) = k)
(272')d/2 ‘2‘1/2 €
with E[X]=p covik]=X

P(x) =
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ML Estimators

 Maximum Likelihood Estimation: suppose a measurement
Z Is related to the system state x. Measurements are
corrupted by noise and can be specified in a Likelihood

function:
HHet L = p(z|x)

« This is a conditional probabllity- where the distribution of z
depends on x.

1 —Lz—x)TP1(z—x)

p(z|x) = ok 2
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ML Estimators

Given an observation z and a likelihood function p(z|x), the maximum like-
lihood estimator - ML finds the value of x which maximises the likelihood
function £ = p(z|x).

X — g max p(z|x) (3.3)

In this example: p(z\x) _ iﬁ._.—%(z—x)TP—l(z—x)
the ML estimate is X=z

(here we really view the likelihood as a functidrzpnot x)
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Maximum A-Posteriori

Suppose we have some prior

information about what a posterior, - (X | Z)
variable should be?
Measurement evidence prior p(x)
o(x| 2) = p(z] x)p(X)
P(2)
— Cx p(z]X)p(x) t

Xml Xmap
Given an observation z .a likelihood function p(z|x) and a prior distribution on

X , p(x), the maximum a posteriori estimator - MAP finds the value of x
which maximises the posterior distribution p(x z)

Xmap = arg max p(z|x)p(x) (3.4)
b 4

4-Jan-2011 ME/CS 132 lhm - 21



MAP Example

posterior p(Xl Z)

(X = }'.3 Measurement
p(x) = C) exp{— ,;,g; } evidence prior p(X)
e
(z —x)?

p(z|x) = Caexp{— }

202

p(z|x)p(x)
p(z)

= C(z) x p(z|x) x p(x)

(x — py)?* (2 —x)?
— e el — _ -
(z) expq 703 302 }

p(x|z) =
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MAP Example

posterior p(Xl Z)

3 (x—jts)* (z—%)°
p(x|z) = C(z) exp{— QCTEE T T 952 I Measurement
(:1? N &)2 evidence orior p(X)
= C(z) exp{- ?}
o = 5 5 O >0
o; + 0,
. olg? : 5 5
f2=_=PF variance Note: <o
' o2 + Jﬁ z
1 o,+0, 1 1
as. 2 > 2 — 2173
J5] 0,0, o, O,
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g MAP Example
posterior p(Xl Z)
] Me_asurement
If the prior has a large evidence prior p(X)
variance, then the MAP and

ML estimates converge

We have gained C o

iInformation about the state! o

The posterior is more <—— Note: <o,

infqrmgtive than the prior 1 ol+ol 1 1
or likelihood. as: = =—+
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Recursive Estimation

We can take this idea of a prior further:

Say we have multiple measurements

p(z, | X)P(X)
p(zl:k)

p(xlzl:k): Zl:k:[zl’ZZ""’Zk]

We typically assume the measurements are conditionally
iIndependent

P(z, [X) = p(z | X)p(z, [X)..p 5 [X)

Then we can recursively update with each new measurement

): p(Zk |X’lek—1)p(x |21k_1)
p(zk |Zl:k—1)
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Recursive Estimation

With just one measurement this is the same as the last
example:

p(z | X)p(X)
p(X|z)=
T n(z)
With another measurement we can further refine or
estimate:

2)=PZ1XpK|2)

Pxl 2, p(z,12,)

): p(Zk |X,21:k_1)p(X |21k_1)
p(zk |21:k—1)
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The rest of todays Lecture:

e Focus on how to estimate a fixed state:
 |n this case the state does not “move”

 We will process the state in a “batch” process, where have
multiple measurements at once.
— Least Squares
— Non-linear least squares

 Next lecture we will talk about how the state x will evolve
In time!
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4-Jan-2011

Least Squares

Consider a vector of measuremermsrélated to the state

(X) by the linear equation:
Z = Hx

You may already know that the inverse won't exist unless

H is square: ¥ = Hz

Do you recall pseudo inverses?
x=(H"H)'H'z
We will show this Iin our estimation framework.

X = arg min|Hx - Z]
X

=arg min((Hx - z)T (Hx - z))

X

ME/CS 132
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Least Squares

X = argxmin(( Hx — z)T (Hx - z))

We can solve the above convex optimization problem
using minimization:

0
OZ&((HX—Z)T(HX—Z))
OZE(XTHTHX—XTHTZ—ZHX)

OX

0=2H"Hx-2H 'z

:>x:(HTH)_1HTz
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Least Squares — Polynomial Example

Find the parameters of the quadratic equation (‘line fitting’)
using a set of inputgand measurements z

Z=a,+au+au’+noise

[ Z(1) | 1 u() u(ay ] -
z(2) 1 u(2) u(2y 2
= H = : a=|a,
| Z(n)_ 1 u(n) u(n)? | % |

Note that “a” Is the state — not “x”

a=(H"H) Hz
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'\J%Vf Polynomial Example
I —
a=[1 -4 4];
a_est=
for i=1:100 g.géég
x(i)= rand; -3.
2(i)= a(L)+a(2)x()+a(3)x()"2 + 0.1*randn; 4.0057
H(i,)=[1 x(0) x()"2]; 12 :
end

plot(x,z,".")

a_est=inv(H*H)*H"™*z",

x=0:0.01:1;
y=a_est(1l)+a_est(2).*x+a_est(3).*x."2;
hold on;

plot(x,y)
hold off;
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Bayesian method for least squares

We can also do this in the Bayesian recursive framework
(but it is a little more complicated!)
zeR"

z=Fx+N(0,5°I) xeR"
FeR™"
Given the prior p(x) = N(u,,2,) and the data z, we can find:

p(x|z,6°)=N(u,X)

w=p,+Z,F (o’ +FZ F) (z-Fu,)

-1
Y = (zo +i2 FT Fj What'’s cool about this is it's always invertible
2 because of the prior
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Least Squares Example: Learning Stiffness

o Estimate the stiffness K of the environment
Force = K * displacement
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Least Squares Example: Learning Stiffness

o Estimate the stiffness K of the environment
Force = K * displacement

Contact with surface: Force / Position Control:

Learn stiffness Adapted gains Finished:

Hard Surface

AY

Soft Surface

N\
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Least Squares Example: Learning Stiffness

Work with Ruslan Kurdyumov (Caltech SURF- Now a ME atngied)
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Non-linear Least Squares

Say we now have a non-linear measurement model:
Z = h(X)

We can still solve the minimization problem :

X = arg min|[h(x)- sz

We do this in an iterative way
Starting with an initial guessx,

We now minimize: §=argmin|h , )—zH2 where X =X,+6
o
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4-Jan-2011

To minimize: s=argminhé, )-2z|° where x=x+6
o

Non-linear Least Squares

We do a Taylor Series Expansion:
h(% +8) =h(x)+VH, &

Now

where

Ih(x) -2 =

ME/CS 132

h(x,) +VH, 5~ 2

VH, &~ (z-h(x)[

oh
2

an,

§xm_
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Non-linear Least Squares

Note that calculating is a linear least squares problem:

Ih(x) -2 =\@5—(z—h(xo»u2
\_'_I
A b

m=) 5=(VH, 'VH, )_1VHXOT [2—h(x,)]

Algorithm:

1. Begin with an initial guess x

2. Evaluate 1
= (VH{"R™'VHy)” VHy"R™'[z — h(x)]

3. Set x=x+44
4. If || h(x) — z ||*> € goto 1 else stop.
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Example - Localization

Consider an UUV localizing using multiple

acoustic beacon transponders.

« The UUV sends out a “call” signal

 Each beacon that gets the signal sends out
an “acknowledge” signal.

TRANSDUCER

BLICY

CURRENT METER

ACDUSTIC RELEASE
| BEACON
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Example - Localization

The difference between the “call” and “acknowledge” signals
gives the distance to each beacon. (as the velooitgound is
a constant).

We want to find the pose of the robix, = [z,y,2]"
Given the positions of each beaco xu = [zu:, yoi, 2]

The observation model for all measurements is:

Z = |:T1 fg fj; f_-1:|T — h(}{r)

t | || Xb1 — X ||
| = 2 |l xe2 =% ||
f; & || Xb3 — Xy ||

_|| Xps — Xy ||_
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Example — Long Baseline Localization

The difference between the “call” and “acknowledge” signals
gives the distance to each beacon. (as the velooitgound is
a constant).

We want to find the pose of the robix, = [z,y,2]"
Given the positions of each beaco xu = [zu:, yoi, 2]

The observation model for all measurements is:

Z = |:TL fg fj; f_-1:|T — h(}{r)

t | || Xp1 — Xy ||
| = 2 |l xe2 =% ||
21 =2 [l = |

_|| Xps — Xy ||_
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Z = |:fl to 13 f1:| = h'(}{tr)
t _|| Xb1 — X ||—
¢ _2 | Xbﬁ_}{uH
) E—

f;, & | Xb3 — Xy ||
|| Xpa — Xy ||_

I A:t?l Ayl Ayl-

vH}cv _ 2 A.TE Ay? Ayz

Agi = Tpi —

Ay =y — Y
gy = By — 2

r= v/ (on — 2)2) + (Yo — ¥)2) + (26 — 2)?)
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With Real Data: (From MIT)
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