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Stereo vision

3D reconstruction using cameras as passive sensors

t,R

• 2D projection of 3D worldp j
• At least 2 views for reconstruction
• Reconstruction relative to translation t
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• Stereo: shape from known “motion” between two views



Motivation
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Stereograms

Invented by 
Si Ch l Wh t t
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Sir Charles Wheatstone, 
1838



Anaglyphs

Public Library, 
Stereoscopic Looking Room
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Stereoscopic Looking Room, 
Chicago, by Phillips, 1923



3D vision

right hemifieldleft hemifield right hemifieldleft hemifield

right nasal retina

right temporal retina
optic 
chiasm

optic nerve

optic tract
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Primary visual cortex

[Schmidt & Lang, 2005]



Random dot stereogram

Bela Julesz, 1971 
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Autostereograms

Exploit disparity as depth 
cue using single image.

(Single image random dot 
stereogram, Single image 
stereogram)
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3D vision

Left view Depth image
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MER rover ‘Opportunity’ at Victoria Crater



Two view geometry

Perspective projection 

• in homogeneous coordinates

• 3D points 

• Image points

4],,,[  TWZYXX

)1(,],,[ 3  wwyx T    xg p

• Perspective projection

)(,],,[  wwyx

 Xx

Z
Yy

Z
XxZ     ,   ,

• Rigid body motion 

• Rigid body motion + perspective projection 43][ x,  tR XtRXx ],[

tRXX 
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txRx  1122 



Two view geometry

Epipolar constraint:
x1, x2 and t are coplanar
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Insert: Vector products

Scalar product 
cos baba



Matrix form of cross product
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Two view geometry

Epipolar constraint:
x1, x2 and t are coplanar

 
ttRxt

tRxtxt

1

12




plane normal

11 ][ RxtRxt 

RΕ ][

   1222 Rxtxxtx 

Essential matrix

0

012 Εxx T

RtΕ ][  Essential matrix 
[Longuet-Higgings 1981]
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Two view geometry

Epipolar constraint:
x1, x2 and t are coplanar

 
ttRxt

tRxtxt

1

12




plane normal

11 ][ RxtRxt 

RΕ ][

   1222 Rxtxxtx 

Essential matrix

0

012 Εxx T

RtΕ ][  Essential matrix 
[Longuet-Higgings 1981]

• Maps a point x1 to an epipolar line Ex1
• 5 independent parameters (up to scale)

Single moving camera:  t, R unknown  → prior to 3D reconstruction, do motion estimation
Stereo vision: t R fixed and known from calibration

• 5 independent parameters (up to scale)

today's lecture
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Stereo vision:  t, R fixed and known from calibration
→ epipolar geometry can be pre-calculated
→ use rectification + epipolar constraint for correspondence search

today s lecture



Stereo vision

What are some possible algorithms?

• Feature based:  match “features” and interpolate
• Edge based: match edges and interpolate
• Dense methods: match all pixels with windows

• use optimization:
• iterative updating

dynamic programming• dynamic programming
• energy minimization (regularization, stochastic)
• graph algorithms
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Stereo vision

Image processing pipeline
• Image acquisition & Pre-processingImage acquisition & Pre processing
• Correspondence search
• Passive triangulation
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Stereo vision

Image processing pipeline
• Image acquisition & Pre-processingImage acquisition & Pre processing

– Image correction (e.g. removing of lens distortion)
– Rectification

y zz
qw

bspl pr
x

.
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fl
fn

ql

l r

qrekt
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Rectification

• Project each image onto same plane, which is parallel to the 
baseline

• Resample lines (and shear/stretch) to minimize distortion
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Rectification

BAD!
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C. Loop, Z. Zhang: Computing rectifying homographies for stereo vision. CVPR 1999



Rectification

GOOD!

1-Feb-2011 rb- 20ME/CS 132

C. Loop, Z. Zhang: Computing rectifying homographies for stereo vision. CVPR 1999



Stereo vision

Image processing pipeline
• Image acquisition & Pre-processingImage acquisition & Pre processing
• Correspondence search

– Difficulties due to ambiguities or occlusions

Occlusions

left view right view
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g



Stereo vision

Image processing pipeline
• Image acquisition & Pre-processingImage acquisition & Pre processing
• Correspondence search
• Passive triangulation
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Passive triangulation
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Passive triangulation

Beware of triangulation error due to match uncertainty (alias effects)

Because of missalignment, 
reconstructed (blue) rays usually
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reconstructed (blue) rays usually 
don’t intersect ! 



Stereo vision

Image processing pipeline
• Image acquisition & Pre-processingImage acquisition & Pre processing
• Correspondence search
• Passive triangulation
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Correspondence search

Feature based:
• Extract feature pointsp
• Match features using outlier rejection (epipolar constraint)
• Triangulate
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Correspondence search

Edge based:
• Extract edge contours and match edge segments (edgels)g g g ( g )
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R. Szeliski, R. Weiss: Robust shape recovery from occluding contours using a linear smoother.  IJCV 1998



Correspondence search

Image based:
• Find correspondes for every pixel in reference imagep y p g

?

• Looks difficult ?  Use stereostopic constraints !
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Correspondence search

Image based:
• Find correspondes for every pixel in reference image

?

p y p g

y
– Epipolar constraint

y z
qw

bp p
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Correspondence search

Image based:
• Find correspondes for every pixel in reference image

?

p y p g

– Epipolar constraint
– Limited disparity range

– No transparent objects: Uniqueness constraint [Marr & Poggio 1976]No transparent objects: Uniqueness constraint [Marr & Poggio, 1976]
– Solid objects:  Continuity constraint [Marr & Poggio, 1976] 

– Disparity gradient limit (humans: < 1.0) [Burt & Julesz, 1980]
O d t i t
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– Order constraint



Basic algorithm

For each epipolar line
For each pixel in the reference imageFor each pixel in the reference image
– compare with each pixel on same epipolar line within search range
– pick pixel with minimum match cost
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Improvement: Use match windows!



Example algorithm: SAD real time stereo

• Uses a Sum of Absolute Differences (SAD) to calculate matching 
scores

• Runs on many mobile robot platforms, including the MER exploration 
rovers on Mars

L R
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SAD real time stereo

SAD

disparity range
min. disparitymax. disparity

disparity range
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SAD real time stereo

SAD

c• Calculate scores for all pixels in the reference 
view and all displacements [dmin … dmax]
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SAD Correlation score



SAD real time stereo

SAD

c• Find the corresponding pixel with minimum 
SAD score
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SAD Correlation score
• And the winner takes all !



SAD real time stereo

SAD

c
But what do we do here?

1-Feb-2011 rb- 36ME/CS 132

SAD Correlation score



SAD real time stereo

SAD, 7x7 correlation windows

near far
How can we get better results?
• Image pre-filtering to enhance contrast 
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and reduce noise
• Post processing to clean-up



Pre filter

SAD, 7x7 correlation windows

DOB

Differences of boxes (DOB) bandpass filter
• Average I over small and large window 

and subtract

• Crude approximation of a Laplace filter (LoG)

)),(()),((),( yxImeanyxImeanyxDOB
largesmall ww

 -
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But very fast!
• Think of it as a background subtraction 

+ noise reduction



Pre filter

SAD, 7x7 correlation windows, DOB pre-filter
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near far



Post filter

Left to right consistency check
• Make sure the matching result is symmetrical:
• Check if a pixel in the reference view pL for which we found a winning 

correspondence partner in the other view pR is also the winning pixel for the 
correspondence search of pR.

cL cR

SAD C l ti

pLpR

SAD C l tiSAD Correlation score
for   pL→  right image

SAD Correlation score
for   pR→  left image

p p
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pL↔ pR



Post filter

Curvature check:
• Look at the curvature at the peak of the correlation function

If h i fl d ’ h hi h fid i h i i• If the curvature is too flat, we don’t have a high confidence in the winning 
disparity → reject this pixel

• Simple measure for SAD curvature:

k)1()(2)1()(

c c

kyxcyxcyxcyxcurv  ),1(),(2),1(),(

cL cL

p2p1
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Failed Passed



Sub-pixel precision

Use bilinear interpolation to estimate the minimum position 

)1()1(* ccd 

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))0(2)1()1((2 ccc 



Post filter

SAD, 7x7 correlation windows, DOB pre-filter, LR & curv check

near far
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Post filter

Blob filter
• Eliminate small blobs under a ‘specific’ sizeEliminate small blobs under a specific  size

L ft i ht i t h k Bl b filtL ft i Left-right consistency check Blob filterLeft view

How can we further improve our stereo result?
Let’s get complicated!
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Let s get complicated!



Optimization methods

Optimize the correlation values 
before picking the winning disparity

d

before picking the winning disparity

How do we optimize?

yP

d

xP

x

How do we optimize?

• define an energy function E

y
dmin

dmax

))(( dyxsfE 

• pick the solution for which Disparity space image s(x y d)

)),,(( dyxsfE 

p
the energy is minimal

Disparity space image s(x,y,d)
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Optimization methods

Local Optimization:
O ti i th di it f i l i d d tlOptimize the disparity of every pixel independently

Semi-global optimization:
O ti i th di it f f i lOptimize the disparity for groups of pixels 

Global optimization:
O ti i th di it f th h l i i lt lOptimize the disparity for the whole image simultaneously
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Optimization methods

Local Optimization:

• Fixed matching window

SAD scores:   ),(),(),,( RL vuIvduIdyxE
 ),(),( yxwvu

How big should the neighborhood be?
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Optimization methods

• Smaller neighborhood: more detailsg
• Larger neighborhood:  fewer isolated mistakes

w = 3 w = 20
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Optimization methods

Local Optimization:

• Shifted windows
Pick the minimum matching score
of all surrounding windows

• Color based adaptive windows
adaptive weights based on color similarity
segmentation basedsegmentation based 
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Optimization methods

Semi-global optimization:
• Dynamic ProgrammingDynamic Programming

– 1D simultaneous optimization 
of disparities for each 
scan line escan line

ht
 s

ca
n 

lin
e

R
ig

M: match, 
L: left image occlusion

Left scan line
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L: left image occlusion, 
R: right image occlusion



Dynamic Programming

Search for the minimum cumulative cost path in each scan line

Matching cost cij. E.g. SSD:

2D f ti f t ti l d i

 2)()( jIiIc RLij 

2D energy function for potential correspondence pair

))1,(,),1(,)1,1(min(),( 00 qjiEqjiEcjiEjiE ij 

No disparity change disparity 
changes 
by +1

disparity 
changes 
by 1

Start condition:

11)1,1( eE 

by +1 by -1

Penalty for change
Initial matching scores
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Penalty for change



Dynamic Programming
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Dynamic Programming
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Dynamic Programming

Sample results
(Note horizontal artifacts)(Note horizontal artifacts)
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A. F. Bobick, S. S. Intille: Large occlusion stereo. IJCV1999



Optimization methods

Global optimization:
• Graph Cut• Graph Cut

– 2D simultaneous optimization for whole image
– 3D global energy function

),,(),,(),,( dyxEdyxEdyxE smoothnessdata 

)()(

)),,((),,(
,,

wdvyuxfdyxE

dyxcfdyxE
dyx

data





 

 Initial matching scores

),,(),,(
,, ,,

wdvyuxfdyxE
dyx wvu

smoothness   

Connection with neighbors
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Co ect o t e g bo s



Graph Cut

• Constructs a 3D graph with connections between neighboring cells
• Connection weights defined  by global energy function Eg y g gy
• Cut finds the minimum energy surface

6 connections6 connections

cut      

background      
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foreground      



Graph Cut

• Iterative optimization update of energy function
(- swap, expansion, modify smoothness penalty based on edges)(  p, p , y p y g )

• Compute best pixel precise disparity
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Input image Sum Abs Diff Graph cuts



Cooperative Stereo

• Global 3D energy function

)()()( dEdEdE  ),,(),,(),,( dyxEdyxEdyxE smoothnessdata 

)(),,( ,,,, 
d

dyxdyxdata cefdyxE

)(),,(
,, ,,

,,,,

,,

 



dyx Uwvu

wdvyuxdyxsmoothness

dyx

eefdyxE
Local support area

• Iteratively update the energy for each pixel

Local support area

),,( ,01 
U

iUiii ecefee
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• When converged, pick the disparity for the minimum score for each 
pixel



Cooperative Stereo

Local support area U
• inside a constant disparity level (2D-window function)inside a constant disparity level (2D window function) 
• inside disparity space (3D-window function)

d dd

x xx

y yy

2D-support area 3D-support area
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Interpretation of the coupled variable system as a neural network 
[Marr & Poggio, 1976], [Reimann & Haken, 1994]



Cooperative Stereo
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Stereo algorithms

Very active research field for more than 30 years

Lots of other methods:

B i i f• Bayesian inference
• Markov Random Fields
• Relaxation methods
• Belief Propagation
• Layered stereo
…
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Stereo evaluation
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Stereo – best algorithms
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Other methods

Illumination based stereo matching
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Li Zhang, Brian Curless, and Steven M. Seitz. Rapid Shape Acquisition Using Color Structured Light and 
Multi-pass Dynamic Programming. 3DPVT 2002 
Lyubomir Zagorchev and A. Ardeshir Goshtasby: A paint-brush laser range scanner.
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