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13-Jan-2011

Announcements

HW #1 has been posted online and is due next Tue In
class

The TA office hours will be every Monday from 5-6:30pm
at 301 Thomas.

Any questions on previous lectures? Contact
or one of the TA’s

Send UID to Shuo ( ) before
midnight tonight to get building access.

ME/CS 132



%{/ Perspective Projection Revisited

e (XY, 2)

(FXIZ.FYIZ, 1)
y [
X e
il e
Z0

f

[ et e el

(X,Y,2)> (fXIZ, tY/Z, ) > (f X/Z, TYIZ) inimage
Note: (X, LY, \Z) 2> (F X/Z, tY/Z,t) = (f XIZ, T YIZ) in imag

Implicit assumptions: (1) Only coordinate frame centered at CP.
(2) Origin of image plane = intersection point with z-axis.
(3) Image plane is uniform
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..................................................................................... > F) — (X,Y, Z) P’ ~ (X’ Y’ Z’)
.................................... >.< /\ LI
2 B4

o Origin of image plane

sLet (R,T) = Euclidean transformation from globalcemmera frame s.t. R*P’
+ T = P is expression for P’ in camera frame.

(u,v) = coordinates of principal point (interseatiof z axis of camera
frame with image plane) in image plane.

* Plane has skewand aspect ratia
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Perspective Projection Generalized

e Projection from 3D to image plane works as follows:
e P=(X,Y,Z)2>P=(X,Y,Z)viaP=R*P+T

e« P=(X,Y,2) > P,=(X/Z, Y/Z) = normalized coordinates (f
= 1 with idealized perspective projection)

« P, |=(X,y) =image coordinates via
X Y
X=f—=+o0c=+u
Z Z
y—afi+v
Z

o = f cot(@)
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Homogeneous Coordinates

« The Projective Plane P2 is the set of equivalence class of
points in R3\{(0,0,0)} subject to p = Ap for A in R\{0}. Note
that this describes all unoriented lines through the origin.
Natural space to deal with perspective imaging.

 What happenswhenz=0? = Points In P
E.g.p = (1,1,0).

Cross-cap X
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Perspective Projection

« Advantage of homogeneous coordinates: If a point in the
world is expressed in P2 and a point in the image is
expressed in P?, there is a simple expression for image

projection:
(X
Y
Z

1)

(2x) (f o u)
p=(Ay|=|0 o V|R T)

= K3x3E3x4P =M 3x4P

e Observe P= (X,Y,Z,1), and p=(x,y,1)
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Intrinsics vs. Extrinsics

(X
(ax) (f o u) v
p={AYy|=|0 af Vv (R T)' ~ = KssEsaP = M3, P
4) (0 0 1 1
\ T+ /

o EXxtrinsics are the pose (position and orientation) of the camera in
some pre-defined coordinate frame. Captured in Euclidean motion
matrix E.

e Intrinsics (f, a, 0, u, v) describe the projection geometry of the camera
Independent of its pose (position and orientation). This is captured in
the calibration matrix K.

e The product of the above is called the projection matrix (M in above
notation). Given M, we can project any 3D point into image
coordinates.

 Observe P=(X,Y,Z,1), and p=(x,y,1)
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What is Camera Calibration?

» Given enough correspondences of the form {P;} < = {p}
between points in 3D and their corresponding image
coordinates, compute M or better yet, K (intrinsics) and E
(extrinsics).

* Typical input derived from pictures of a kno

I =2

wn object

et | E=

.'—_ .
0000 00O =
00000 O 0
.......‘

LRTRRY
........
-------
!

......
) .:' .

e 3D may be fully known or partially known
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Input for Calibration

« Image coordinates {p;} derived from image processing algorithms: centroid
finding, corner detection, etc.
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»35’&‘1-3?}

Input for Calibration

:
e

« 3D coordinates {P;} obtained from
— Explicit metrology or known ob ect geometry

)‘..... ...‘..',
000000 0000009
9.......

— For target planes, only per-plane geometry is known. Full 3D (i.e. orientation of
plane in fixed coordinate frame is not known)

‘HH

ME/CS 132
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Linear Algebra Digression

 How do you minimize ||AX]||, subject to ||x||,=17?
« Any m x n matrix A can be written in terms of its Singular
Value decomposition

A=U_ D_ V!

mxm = mxn - Nxn

Where the columns of U and V are orthonormal, and D is
diagonal. The elements in D are called singular values of
M. Columns of U corresponding to non-zero singular
values span the range of M and columns of V
corresponding to zero singular values span the null space
of M.

(See Strang, Linear Algebra and its Applications or Golub and van Loan, Matrix

Computations)
13-Jan-2011 ME/CS 132 aia- 13



Linear Algebra Digression

A=U_ D_ V!

mMxMm mMxN = NxN
 What is the geometric intuition behind this?

e Suppose rank(A) =r <min(m,n). Then
— V is a projection onto the co-kernel of A of dimensionr.
— D stretches along the right singular vectors by the singular values.

— U expresses the result in the range of A in terms of the basis
defined by the left singular vectors.

— Imagine the effect on the unit sphere ||x||, =1 in R"

» Collapsesinto a r dimensional ellipsoid, where the “collapsing”
directions correspond to the kernel of A

— What if there are no zero singular values?

o As full rank, but direction of greatest collapse (i.e. the shortest axis of
the ellipse) still corresponds to the best solution for minimizing ||Ax||,
subject to ||x|| , =1
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13-Jan-2011

Linear Algebra Digression

Note that for any matrix A, ATA and AAT are square, so we
can compute their eigenvalue decompositions

ATA=(UDVT)(UDVT) =VDD'V™

It follows that the non-zero singular values of A are the
positive square roots of the non-zero eigenvalues of ATA.

Note the DD is a quadratic form. So we are back to
ellipses and shortest axis. This is an alternate way to
approach the problem.

ME/CS 132 aia- 15



Solving for the Projection Matrix, M

e Suppose we have a set of point correspondences {P;} <
- {pi} between 3D and 2D, where the full 3D is known in
some coordinate frame. For each point, we have

X. X
AX y m, m, m; M, y
ﬂ"lyi =M ZI =|m,; m, m; m, ZI
A L] M My My m, )
X = m, X, + MY + M,z +m,
My, X + My, Y + My Z, + My,
y = M,y Xi + My, Y + My + My,

My, X + My, Y + My Z, + My,

13-Jan-2011 ME/CS 132 aia- 16



A Standard Trick

* Rewrite the last set of equations as linear system in m;

X1 v 41 0 0 0 0 - XXy =XYoo =X4 =X )My

O 0 O O X, Y Z 1 -yX -yX -yX -y |m,
X2 Y2 ZZ l O O O O - X2X2 - X2Y2 - XZZZ - X2 rr]_|_3
0O 0 0 0 X, X, X, 1 -yv,X, -V.Y, -Y¥.Z, -V,

Azmzﬂle =

X, Y Z 1 0 0 0 0 —-xX, —-xY —-xZ —Xx | m,

0 0 0O O Xn Yn Zn 1 - yan o ann o ynZn — Yo Ay

 For 6 non-coplanar points, matrix A has rank 11, hence 1-
dimensional kernel. Let A = UDVT be SVD. It follows that

m is column of V corresponding to smallest singular value
in D.

13-Jan-2011 ME/CS 132 aia- 17



Solving for Intrinsics and Extrinsics

e Having solved for M up to scale, write it explicitly in terms
of K, E

f o u
[o of v}(R T)=K (R T)=(KR KT)=iM_,
0 0 1

e LetN = left 3x3 block of M, and S = last column of M

« Observe that KR(KR)" = KKT=A°NNT. Since (KKT); =1, we
can solve for A up to a sign. Remaining solutions for K is
straightforward algebra (you will do this for HW).

e GivenKandA, R=AKIN. T=AK-S.
— Use SVD (orthonormal Procrustes) to refine R.
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X X X X
;{y}K(R T); g E[Y}K(ﬁ I T)[Y}
1 . 1 1

 We can find the linear transformation H between the target
plane and its image given at least 4 point.

H :(hl h, h3):ﬂK(r1 P T)
e Sincer, and r, are orthonormal:
h' K'K™h, =0
hiI'K—TK—lI.H — h;'|<—T|‘<—lh2

13-Jan-2011 ME/CS 132 aia- 19



What if you only have planar targets?

 \We can express
h' KTK™h, =0
hIK_TK_lhl — h;'K—TK—th

as two linear equations in the elements of K-TK-1 (only 6 of
these since the matrix is symmetric). This is analogous to
what we did with M previously.

« 3 (or more) planes gives us 6 (or more) linear equations in
K-TK-1. We solve exactly as with M.

e Going from K- TK-! to K is straightforward algebra.
o K-TK-1 describes the Image Absolute Conic

13-Jan-2011 ME/CS 132
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13-Jan-2011

Digression: CAHV

Historically, a slightly different parameterization for perspective projection has
been used at JPL. The camera is described by 4 3-dimensional vectors (C, A,
H, V).

P=(X)Y,Z) 2 p=(xy) as follows:
X = He(P-C)/A°(P-C)
y = Veo(P-C)/A-(P-C)

C = position of camera in global coordinate frame.

A = pointing vector of camera (normalized)

H = partially encodes rotation and partially encodes intrinsics
V = partially encodes rotation and partially encodes intrinsics

Note: 11 independent parameters above. For standard model, we have 5
(intrinsics) + 6 (extrinsic) = 11 parameters. These models are equivalent.
Demonstrate this (HW).

ME/CS 132 aia- 21



Real Cameras

Strong perspective:

Angles are not preserved

The projections of parallel lines
intersect at one point

 But what about this?

Weak perspective:

Angles are better preserved

The projections of parallel lines are
(almost) parallel

13-Jan-2011 ME/CS 132 aia- 22



Real Cameras

o Perspective projection is idealized. No real camera works like this.
— Often a good approximation for narrow FOV - close to pinhole camera

* More sophisticated models are needed for more complex cases
— Radial distortion is a radially symmetric function of distance from center of distortion.
— Tangential distortion: arises from lens decentering, also commonly modeled
 We will apply non-linear distortion after Euclidean motion but before the
camera matrix: i.e. in normalized coordinates. Any advantage to this ordering?

« Consider:
Q.
Q=]1Q,|=(R T)P
Q,
([ x.) (Q./Q,
"y, ) T le,rQ,
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Radial and Tangential Distortion

Let (x,,y,) be the result of applying radial and tangential corrections to (x,,y,,)

X, = X + X (Kr®+Kk,r*+k,r®)+2p,x. y. + p,(rc+2x?)

Vo=V .+ V. (Kre+kr*+k,os)+2p,xy + p,(re+2y?)
u n n 1 2 3 2'n I n 1 n

Then the image coordinates corresponding to P are given by

X

:K yu
1

P < X

Where K is the calibration matrix discussed above.
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“Linearizing” and Image

<

Given an image with non-linear distortion, we generate a virtual image
that is pure perspective. Imagine a virtual perspective camera with

projection center identical to the real camera’s. What would this virtual
camera see”?

’-. ..' ." ) g ¥y

Real sensor plane

Virtual sensor plane
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Digression: CAHVOR

e The standarn non-linear model used at JPL is called CAHVOR. It adds two
additional 3-vectors to the linear CAHV model.

e O = axis of distortion in 3D
R = parameters of polynomial distortion

« Observe that this is neither radial nor tangential distortion. However, it
captures the situation where the nominal optical axis of the lens is not parallel
to the image plane.

* Further extension: CAHVOR(E)

— Moving center of projection.
— Explicit blending of fisheye + perspective models
— Used for Hazcams on Mars rovers.
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13-Jan-2011

How to Solve for non-linear models

Possible to decouple radial distortion from linear model
and solve for linear first. How?

In general, this is not how we solve for arbitrary models.
Instead, use non-linear optimization techniques.

Consider the full transfer function F between 3D and
Image coordinates. The parameterization can be arbitrary
and can include both extrinsics and intrinsics.

F (¢| )(P) =P
where {®} ranges over all parameters in the model. Then
calibration can be phrased as

b, = arg¢minZHF(¢i)Pj -p[

ME/CS 132 aia- 27



Introduction to Depth from Stereo (1-D)

* Given a pair of calibrated cameras with known relative pose, we can
compute the range to 3D points by triangulation.

Must solve correspondence problem.

ONR Presentation - March 7, 28



% Stereo in 2-D

« Straightforward extension from 1-D geometry to 2-D
 However:
» Solving correspondence problem in 2-D is expensive
« Camera alignment and image rectification

» Turns 2-D search into 1-D search

Geometry recovered through camera calibration

ONR Presentation - March 7, 29



Image rectification

 Project data from real imagery to aligned virtual cameras.

 Remove image non-linearity

ONR Presentation - March 7, 30



How Does a Kinect Work?

* Principal is identical to binocular stereo except:
— Projected pattern of light is matched to reference pattern

o Still a line search problem

e Still need to calibrate
— How?

KINECT

13-Jan-2011 ME/CS 132 aia- 31



How to Rectify a Stereo Pair

* Virtual cameras must share projection centers with real
cameras.

* Virtual cameras should have identical intrinsics (to each
other), no non-linear distortion

 Rotate image planes about projection centers by
Introducing new coordinate frame as follows:
— el parallel to baseline vector
— e2 average of normals to sensor plane
— e3=e2xel

— Compute rotation matrices R, and R, for left and right cameras that
takex > el,z—>e2,y—> e3
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Extra Considerations in Calibrating Stereo

 We can calibrate individual cameras separately, provided

3D data is In a consistent coordinate frame across
cameras.

e This ignores some strong constraints.

e EXxtra constraints:
— Triangulate and reproject
— 3D scene structure is estimated during calibration

13-Jan-2011 ME/CS 132 aia- 33



Performing a real calibration

« Lots of calibration packages out there. We will use Matlab
Calibration Toolbox (J-Y Bouguet) as reference.

 Mapping our notation to Bouguet’s
—- f& > fc(l)
- af € >1c(2)
— u< 2> cc(l)
— v & 2 cc(2)
— 0 € —alpha ¢
— k1, k2, k3 € >kc(1), ke(2),ke(5)
— pl,p2 & = kc(3), kc(4)
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Performing a real calibration

<Example from Matlab Toolbox>

13-Jan-2011 ME/CS 132 aia- 35



13-Jan-2011

Homework

Read Szeliski 2.1.

Familiarize yourself with:
http://www.vision.caltech.edu/bouguetj/calib _doc/

Problems (due 1/24/11):.

Assuming a camera with standard linear model plus radial and tangential
distortion, formally compute the effect on image projection of distorting f, k;
and u. Assume only one parameter changes at a time.

Use the Matlab Calibration Toolbox to calibrate the Zhang dataset. For each
of the parameter f, k; and u, plot the error induced in the projection (you can
use project_points2.m) of the point (0,0,1) as a function of small changes in
the respective parameter. Does this behavior match your predictionin Q.1
above?

Implement the linear solution of the projection matrix, calibration matrix and
pose as described in class. Calibrate the data in CalibrationData.mat using
your solution. Now calibrate it using the Matlab Toolbox (Refer to 3
calibration example, demo_script_oulu_3D.m). Do your results match?
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