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Outline
- Stochastic models: Markov chains, Markov decision processes

-o-algebras

-Reachability, regular safety and w-regular properties
‘PCTL



Markov chains

A (discrete-time) Markov chain is a tuple M = (S, P, t;nt, AP, L) where

e S is a countable, nonempty set of states,

e P:S5S xS —[0,1] is the transition probability function such that for any

state s € S, >, P(s,¢) =1,

s’'esS

® Linit 1 S — [0,1] is the initial distribution such that ) ¢ tinit(s) =

e AP is a set of atomic propositions, and
o L:S — 247 is a labeling function.

M is call finite if S and AP are finite.
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Paths of a Markov chain

Consider a Markov chain M = (S, P, t;pi, AP, L).
For s € S,
Post(s) :={s' € S: P(s,s") > 0}

e A sequence of states, either finite m = sps155 ... s, or infinite m = sg51S3 . . .
is a path fragment if s; 11 € Post(s;),Vi > 0.

e A path is an infinite path fragment such that ¢(sg) > 0.

e Given a path 7 in M, inf(7w) denotes the set of states that are visited
infinitely often in 7.

e Denote the set of paths in M by Path(M)

e Denote the set of finite path fragments in M by Path s, (M).
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o-algebras

“outcomes’ “events’’

Let Q be a set. Then, ¥ C 2 is a o-algebra if
o ) cX,
o Ac X implies Q\ A € X, ie., ¥ is closed under complementation,

o Ay, Ay, ... € X implies | J,~; A; € X, i.e., ¥ is closed under countable unions.

[ B
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Probability spaces

(Kolmogorov’s) Axioms of Probability: Let ¥ be a o-algebra for some outcome space €.
A probability measure Pr is a function from > to the extended real number line satisfying the
following properties.

e First Axiom: For any A € ¥, Pr(A) € R and Pr(A) >0
e Second Axiom: Pr({) =1

e Third Axiom: If {A;} is a countable pairwise disjoint set with A; € 3, then

A probability space is a triple (2,%, Pr).

f For countable €2, define a distributions on 2 as p : Q2 — [0, 1] such that \

Z pu(out) =1

outef)

It induces a probability measure Pr on the o-algebra ¥ = 2 defined as

Pr(A)= > plout),YAE X

k outeA j
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Probability measures of a Markov chain

Consider a Markov chain M.
e () = Path(M) plays the role of the outcomes.

e Define a cylinder set of 7 = sg...s, € Pathy;,(M) as

Cyl(nt) = {7 € Path(M) | 7t € pref(r)}

e The o-algebra associated with M is the smallest o-algebra that contains
all Cyl(m), 7 € Path (M)

e There exists a unique probability measure Pr™ such that

PTM(C'yl(so ... 8n)) = tinit(S0) H P(s;, si11)

0<i<n
Repeat finitely many times
K 0.8 0.5 P y .y \
m m T = 815189 /— Repeat infinitely
)}

0.2 .
many times
_)('.:NCC s2:red ) Cyl(7) = {s15152(s7 55 /
{9} 05 0 Pr(Cyl(7)) =1-P(s1,s1) - P(s1,52) =1-0.8-0.2

EECI, Mar 2020 Nok Wongpiromsarn, UT Austin/lowa State




Probability of satisfying an LTL formula

Consider an LTL formula ¢ over AP and an MC M = (S, P, 1,4, AP, L).
The probability of M satistying ¢ is given by

PrM(go) — pr,aM({w € Path(M) | m = ¢})

. oA R

(- X )

{g} 0.5

PrM(O—g) = Z PrM(Cyl(sg...sn))

50...8nEPath fin(M)N{s]s2}

= Z Linit(SO) H P(sz-, 37:+1)

50...8n€EPath fin(M)N{s]s2} 0<i<n
=) (0.8)" 0.2
1=0
0.2 () ~g holds almost surely

1<__O.8/
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Probabilistic Computation Tree Logic (PCTL)

® Recall that CTL includes the path quantifiers 3 and V

® PCTL replaces the path quantifiers with the probabilistic operator P ,(¢)
where J C [0,1] is an interval with rational bounds

sEP;(p)iff Pr(sEyp)ed
Sat(Ps(¢)) ={se€ S| Pr(sky) € J}

- B
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Reachability property

Consider a Markov chain M = (S, P, t;nit, AP,L). For each s € S, define a
Markov chain My = (S, P, tinit s, AP, L) where

1 ift=s
Linit,s (1) = { 0 otherwise

The probability for ¢ to hold in a state s is given by
PrM(s = @) = PrMs ({77 € Path(M,) | 7 = @})

For each s € S, define x, = Pr'™ (s = OB) where B C S.
e If B is not reachable from s, x4, = 0.
o r.—1"forall se B.

e Define S = {s € S\ B | B is reachable from s}. For any s € S,

reaching a state r € S\B, from which B is reache;> L reaching B within one step
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Verifying reachability property

Recall that S = {s € S\ B | B is reachable from s}. For any s € S,

Ty = Z P(s,t)-x; + ZP(S,U)

tcS\B uwEB
Define x = (25),. 4. In matrix form, define x = (z,.3).
X = @X\j—/ b
Transition probability matrix
[ Compute S J Graph search, e.g., backward DFS or BFS

~

[ Construct A and b ] Transition probability P

@ Solve x = (I — A)~'b if the inverse exists.
[ Solvex =Ax+b ] Otherwise, compute the least fixed point of
I'(y) =Ay+b
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Verifying regular safety properties

transitions

states initial states

Recall NFA A = (Q, X, 6, Qo, F).

A deterministic finite automaton (DFA) is an NFA with

Qo]
0(q, A)|

For any NFA, one can construct an equivalent DFA through powerset construction.

< 1
< 1,Vge @, AcX

Consider a regular safety property Pg,fr.. Let A be a DFA for the bad prefixes of

Psafe-
PTM(Psafe> =1- Z//init(s
seS

PrMs({m € Path(M,) | pref(trace(m)) N L(A) # 0})
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Product Markov Chain

Markov chain

M — (SaPabinitaApa L) ® A — (
[
(8", P, )pirs AP, L)

Product Markov chain

S'=85%xQ
/ , P(s,s’) iqu(—WS/)q’
P/((s,0),(5) =4 Pl ,
0 otherwise

mat .
0 otherwise

L’ ((s,q)) — { Lim’t(s) if qo Iﬂ q

AP’ = {accept}

DFA
Qa 2AP7 57 qo, F)

-
For any path fragment
59515, .. in A, there
exists a unique run

904919 -- in A for
L(sg)L(s{)L(s,)... and

(S0» 41)(S1> 42) (52, G3) -

is the corresponding

unique path in / @ .

~

J

, | {accept} ifqeF
L'((s,q)) = { 0 otherwise -
PrM(s |= Psope) =1 — P?“M®A(<S, d(q0, L(s))) E Qaccept)
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Deterministic Rabin automaton (DRA)

A deterministic Buchi automaton (DBA) is an NBA A = (Q, X, 9, Qq, F) with
Qo] <1and |6(qg,A)] <1lforallge @,AcX.

A deterministic Rabin automaton (DRA) A = (Q, %, 4, Qo, Acc) has the same
components as a DBA but with acceptance condition given by a set of pairs of

states
Acc ={(L;, K;) | L;, K; C Q}

A run is accepting if it satisfy the LTL formula

The states in L; are visited / ! The states in K, are visited

finitely often infinitely often

4 )

e A DBA is a DRA with Acc = {(@, F)}
e Some w-regular properties (e.g., {) []a) cannot be expressed by a DBA

® The class of languages accepted by DRAs agrees with the class of w-regular languages
- J
EECI, Mar 2020 Nok Wongpiromsarn, UT Austin/lowa State 13




Strongly connected components of Markov chains

M — (SapaLinitaApa L)

o ' C §is strongly connected it for each pair s,t € T', there exists a finite
path fragment sgs;...s, such that so = s, s, =t and s; € T, V1.

o A strongly connected component (SCC) of M is a subset T' C S such that
T is strongly connected and there does not exists 77 O T that is strongly
connected.

e A bottom SCC (BSCC) is an SCC T from which no state outside T is
reachable, i.e., >, . P(s,t) =1forall s € T.

e Denote the set of all BSCCs of M by BSCC(M).
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DRA-based analysis of Markov chains

Markov chain DRA
M = (SapvbinitaApa L) ® A= (szAP757 QO7ACC)

[
(S, P il .. AP, L/)
Product Markov chain
e 5. P . .. are defined as in the product of Markov chain and DFA

o AP' ={Lq,...,Li,K;,...,K;} where {(Ll,Kl),...,(Lk,Kk)} = Acc
o L((s,q) = {H € AP' | g€ H)

e A BSCCT in M ® A is accepting if there exists i € {1,...,k} such that

Once T is reached, the
TN(SxL;))=0 and TN (S x K;) # 0 | acceptance criterion for o/

is satisfied almost surely

The union of all accepting BSCCs in /Z @ d\

)

Pri(s 2 A) = PrM@A((s,5(q0, L(s))) = OU)
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Verifying w-regular property

PrM(s = A) = PTM®A(<S, d(qo, L(8))) E QU)

MQ A

7

[ Compute U J Check each BSCC agains all pairs (L;, K;) € Acc

~

Compute reachability
probabilities

Compute BSCCs of . o ,
Graph analysis, e.g., Tarjan's algorithm

J Solve a set of linear equations
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Markov decision processes (MDPs)

Co
oF
A Markov decision process is a tuple M = (S, Act, P, t;nit, AP, L) where 1 l
e S, tinit, AP and L are defined as in the definition of a Markov chain,
C2
e Act is a set of actions, and
e P:S x Act x S — [0,1] is the transition probability function such that E
for any state s € S and action o € Act, ., . s P(s,,5") € {0,1}. - C
9 4
An MDP is finite if S, Act and AP are finite. Y
C5
An action « is enabled in state s iff Y, o P(s,,s") = 1.
Co
Act(s) = {a € Act | a is enabled in s} # (

M! 0.8 0.5
0.2
—>(n| m)\/—:( s2: red )
{9} 0.5 0 brake, 0.8 brake, 0.9 brake, 1.0
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Parallel composition of MDP and MC

M (Sa Act Pa’ znzt7APa7La) M (Sl Pl? znzt’APl7Ll>
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A policy of an MDP

Co
Consider an MDP M = (S, Act, P, tinit, AP, L). @/Mh
C1
e A policy for M is a function C : ST — Act such that C(sgs1...s,) € l
Act(s,,) for all sgs1...s, € ST. -
e A C-path fragment is an infinite sequence m = sgs1S2... on M
generated under policy C if P(s;,C(s081 - --8i),8i+1) > 0 for all i. C3
e A policy C resolves all the nondeterministic choices in M and in- [cg 2
duces a Markov chain M = (S+, Pec,tinit, AP, L’ ) where for o = D
S 1
051 ---Sn; 5
Pe(0,05041) = P(5,C(0),5n11)
/ _ All we've discussed E <
L'(c) = L(sn) )
about Markov chain
e M, is infinite even if M is finite. applies to Me
s % e R
acc, 0.1 acc, 0.2 . nEE
HEN
HEN
brake, 0.8 brake, 0.9 brake, 1.0 tam
brake if s, =c
C(SO .« . Sn) = " )

acc otherwise
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Policy synthesis for MDPs with LTL specifications

Given an MDP M = (S, Act, P, t;nit, AP, L) and an LTL specification ¢,
compute an optimal policy C such that

. - A
An end component of M is a pair (T, A) where Starting from any state in 7,
04T CS and A: T — 24¢ such that there exists a finite memory
policy for ./ to keep the state
o 0+ A(s) C Act(s) forall s e T within T forever while visiting

all states in 7" infinitely often
with probability |.

|:> At each state s € T,

e the directed graph induced by (T, A) is
strongly connected

o forall s € T and a € A(s), select an action a € A(s)
according to a round-
{teS|P(s,0,t) >0} CT. robin policy.
- Y

An end component is mazimal if there is no end component (77, A") #
(T, A) such that T"C T" and A(s) C A'(s) for all s € T.
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Reachability property

Consider an MDP M = (S, Act, P, tjnit, AP, L) and B C S.

For each s € S, define x, = Pryax(s = OB) = sup. Pr¢(s = OB).
e If B is not reachable from s, x5 = 0.
o r.—1 for all s € B.

e Define S = {s € S\ B | B is reachable from s}. For any s € S,

Ty = maX{ZP(s,oz,t) x| € Act(s)}

tesS

Value iteration: z\” = 0 and 2{"™") = max {Ztes P(s,a,t) - x§”) | a € Act(s)}

Linear program: min) ¢ o, such that 2, > ), ¢P(s,a,t) - z; for all
a € Act
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DRA-based policy synthesis

MDP DRA
M = (5, Act, P, tinit, AP, L) ® A =(Q,24",4,q0, Acc)

I
(S', Act, P’ 1}, AP L)
Product MDP
AP’, L' are defined as in the product of Markov chain and DRA.

/ /N P(S,Oéasl) if q’:ﬁ(q,L(S/»
o P'({(s,9),a,(s',q)) —{ 0 otherwise

e For each (L;, K;) € Acc, let Mpo_ . be the MDP that results from M ® A
by removing all the states in S x L; and removing all the actions a € Act(s)
such that Post(s,a) C S x L;. Define

o 5

) znzt’

4 )
Ui = U T U = v, U, is known as
the success set for Rabin
(T’ A) < MEC(MDﬁL"’) Conditions
9 T M (S X Kz) 75 @ )

[ Pt (s = @) = PriteA4((s,0(qo, L(s))) = OU) ]
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