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Markov chains

A (discrete-time) Markov chain is a tuple M = (S,P, ◆init, AP, L) where

• S is a countable, nonempty set of states,

• P : S ⇥ S ! [0, 1] is the transition probability function such that for any
state s 2 S,

P
s02S P(s, s0) = 1,

• ◆init : S ! [0, 1] is the initial distribution such that
P

s2S ◆init(s) = 1,

• AP is a set of atomic propositions, and

• L : S ! 2AP is a labeling function.

M is call finite if S and AP are finite.
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Paths of a Markov chain
Consider a Markov chain M = (S,P, ◆init, AP, L).
For s 2 S,

Post(s) := {s0 2 S : P(s, s0) > 0}

• A sequence of states, either finite ⇡ = s0s1s2 . . . sn or infinite ⇡ = s0s1s2 . . .
is a path fragment if si+1 2 Post(si), 8i � 0.

• A path is an infinite path fragment such that ◆(s0) > 0.

• Given a path ⇡ in M, inf(⇡) denotes the set of states that are visited
infinitely often in ⇡.

• Denote the set of paths in M by Path(M)

• Denote the set of finite path fragments in M by Pathfin(M).

<latexit sha1_base64="Zab365r4Z0DSiYBNO4sxdq/r718="></latexit>

A path:
c0 c1 c2 c3 c4 c5 c6 c6 
c0 c0 c0 

⋯
⋯

c0 c1 c2 c3 c4 c5 c6
0.8 0.8 0.8 0.8 0.8 0.8

0.2 0.2 0.2 0.2 0.2 0.2 1.0

Not a path:
c0 c1 c2 c3 c4 c5 c6

c1 c1 c1 ⋯
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-algebrasσ

Let ⌦ be a set. Then, ⌃ ✓ 2⌦ is a �-algebra if

• ; 2 ⌃,

• A 2 ⌃ implies ⌦ \A 2 ⌃, i.e., ⌃ is closed under complementation,

• A1, A2, . . . 2 ⌃ implies
S

i�1 Ai 2 ⌃, i.e., ⌃ is closed under countable unions.

<latexit sha1_base64="TpLUEeNJKvwuS3zGQ3gNIkp/f8w="></latexit>
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⌃ = 2⌦ = {;, {s1}, {s2}, {s1, s2}}
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Probability spaces
(Kolmogorov’s) Axioms of Probability: Let ⌃ be a �-algebra for some outcome space ⌦.
A probability measure Pr is a function from ⌃ to the extended real number line satisfying the
following properties.

• First Axiom: For any A 2 ⌃, Pr(A) 2 R and Pr(A) � 0

• Second Axiom: Pr(⌦) = 1

• Third Axiom: If {Ai} is a countable pairwise disjoint set with Ai 2 ⌃, then

Pr

 
[

i

Ai

!
=
X

i

Pr(Ai)

A probability space is a triple (⌦,⌃, P r).

<latexit sha1_base64="6ehuU2KlB49Lpmxr0LyNHVlRWw4="></latexit>

For countable ⌦, define a distributions on ⌦ as µ : ⌦ ! [0, 1] such that

X

out2⌦

µ(out) = 1

It induces a probability measure Pr on the �-algebra ⌃ = 2⌦ defined as

Pr(A) =
X

out2A

µ(out), 8A 2 ⌃

<latexit sha1_base64="O8ihixmDc0a+MIPDMUVH9xS0FAw="></latexit>
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Probability measures of a Markov chain
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Repeat finitely many times
Repeat infinitely
many times

⇡̂ = s1s1s2

Cyl(⇡̂) = {s1s1s2(s⇤1s⇤2)!}
Pr(Cyl(⇡̂)) = 1 ·P(s1, s1) ·P(s1, s2) = 1 · 0.8 · 0.2
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Consider a Markov chain M.

• ⌦ = Path(M) plays the role of the outcomes.

• Define a cylinder set of ⇡̂ = s0 . . . sn 2 Pathfin(M) as

Cyl(⇡̂) =
�
⇡ 2 Path(M) | ⇡̂ 2 pref(⇡)

 

• The �-algebra associated with M is the smallest �-algebra that contains
all Cyl(⇡̂), ⇡̂ 2 Pathfin(M)

• There exists a unique probability measure PrM such that

PrM(Cyl(s0 . . . sn)) = ◆init(s0)
Y

0i<n

P(si, si+1)

<latexit sha1_base64="44/mCHeh7nH+tmCLBOV/sDQ2OAY="></latexit>
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Probability of satisfying an LTL formula
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;
s2: red
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 holds almost surely◊¬g

Consider an LTL formula ' over AP and an MC M = (S,P, ◆init, AP, L).
The probability of M satisfying ' is given by

PrM(') = PrM({⇡ 2 Path(M) | ⇡ |= '})

<latexit sha1_base64="1pQHoOEE3Q6A5nyjVrAU1BeGJKs="></latexit>

PrM(⌃¬g) =
X

s0...sn2Pathfin(M)\{s⇤1s2}

PrM(Cyl(s0 . . . sn))

=
X

s0...sn2Pathfin(M)\{s⇤1s2}

◆init(s0)
Y

0i<n

P(si, si+1)

=
1X

i=0

(0.8)i · 0.2

=
0.2

1� 0.8
= 1

<latexit sha1_base64="+a/1gUPNOG/RrH+7x5yCjtjikMQ="></latexit>
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Probabilistic Computation Tree Logic (PCTL)

• Recall that CTL includes the path quantifiers  and 

• PCTL replaces the path quantifiers with the probabilistic operator  
where  is an interval with rational bounds

∃ ∀
ℙJ(φ)

J ⊆ [0,1]

s1: green

;
s2: red

{g}

0.8
0.2
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Recall Pr(⌃¬g) = 1

Sat
�
P[1,1](⌃¬g)

�
= {s1, s2}

<latexit sha1_base64="IxnyPYYQ8rQmNKWMpWbCAD33PJY="></latexit>

s |= PJ(') i↵ Pr(s |= ') 2 J

Sat
�
PJ(')

�
= {s 2 S | Pr(s |= ') 2 J}

<latexit sha1_base64="R3YfUWQUTMaq+OU2yQwNIEz3Lmg="></latexit>
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Reachability property

reaching a state , from which  is reachedt ∈ S∖B B reaching B within one step

Consider a Markov chain M = (S,P, ◆init, AP, L). For each s 2 S, define a
Markov chain Ms = (S,P, ◆init,s, AP, L) where

◆init,s(t) =

⇢
1 if t = s
0 otherwise

The probability for ' to hold in a state s is given by

PrM(s |= ') = PrMs

⇣�
⇡ 2 Path(Ms)

�� ⇡ |= '
 ⌘

For each s 2 S, define xs = PrM(s |= ⌃B) where B ✓ S.

• If B is not reachable from s, xs = 0.

• xs = 1 for all s 2 B.

• Define S̃ = {s 2 S \B | B is reachable from s}. For any s 2 S̃,

xs =
X

t2S\B

P(s, t) · xt +
X

u2B

P(s, u)

<latexit sha1_base64="fEZEEgS1vUEKeH+Q/hFrbJ0cwDc="></latexit>
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Verifying reachability property

Recall that S̃ = {s 2 S \B | B is reachable from s}. For any s 2 S̃,

xs =
X

t2S\B

P(s, t) · xt +
X

u2B

P(s, u)

Define x = (xs)s2S̃ . In matrix form, define x =
�
xs2S̃

�
.

x = A x + b

<latexit sha1_base64="84atW2WkY6Opon2AJw2D29QAvmk="></latexit>

Transition probability matrix

Compute S̃ Graph search, e.g., backward DFS or BFS

Transition probability P

Solve  if the inverse exists.
Otherwise, compute the least fixed point of

x = (I − A)−1b

Γ(y) = Ay + b

Construct  and  A b

Solve x = Ax + b

10



Nok Wongpiromsarn, UT Austin/Iowa StateEECI, Mar 2020

Recall NFA A = (Q, ⌃, �, Q0, F ).

A deterministic finite automaton (DFA) is an NFA with

|Q0|  1

|�(q, A)|  1, 8q 2 Q,A 2 ⌃

For any NFA, one can construct an equivalent DFA through powerset construction.

Consider a regular safety property Psafe. Let A be a DFA for the bad prefixes of
Psafe.

PrM(Psafe) = 1�
X

s2S

◆init(s)Pr(s |= A)

<latexit sha1_base64="4+HKTZ76GCcv6uCPyCsrKpXkO9U="></latexit>

Verifying regular safety properties

states transitions initial states

PrMs
��

⇡ 2 Path(Ms) | pref(trace(⇡)) \ L(A) 6= ;
 �

<latexit sha1_base64="LFVlVnNijPnt4dke/uZmcOqYcBA="></latexit>
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Product Markov Chain
Markov chain DFA

Product Markov chain
For any path fragment 

 in , there 
exists a unique run 

 in  for 
 and

is the corresponding 
unique path in .

s0s1s2… ℳ

q0q1q2… 𝒜
L(s0)L(s1)L(s2)…

⟨s0, q1⟩⟨s1, q2⟩⟨s2, q3⟩…

ℳ ⊗ 𝒜

PrM(s |= Psafe) = 1� PrM⌦A�hs, �(q0, L(s))i |= ⌃accept
�

<latexit sha1_base64="9Z5SS2azr+dvZjCt8vHDZP3Nhe4="></latexit>

M = (S,P, ◆init, AP, L) ⌦ A =
�
Q, 2AP , �, q0, F )

q
(S0,P0, ◆0init, AP 0, L0�

• S0 = S ⇥Q

• P0�hs, qi, hs0, q0i
�
=

(
P(s, s0) if q

L(s0)�! q0

0 otherwise

• ◆0init(hs, qi) =
(

◆init(s) if q0
L(s)�! q

0 otherwise

• AP 0 = {accept}

• L0(hs, qi) =
⇢

{accept} if q 2 F
; otherwise

<latexit sha1_base64="cy+1fj4ijj9PuxCvwP0mdoH1l7Q="></latexit>
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Deterministic Rabin automaton (DRA)

The states in  are visited
finitely often
Li The states in  are visited 

infinitely often
Ki

• A DBA is a DRA with 

• Some -regular properties (e.g., ) cannot be expressed by a DBA

• The class of languages accepted by DRAs agrees with the class of -regular languages

Acc = {(∅, F)}
ω ◊ □ a

ω

A deterministic Buchi automaton (DBA) is an NBA A = (Q,⌃, �, Q0, F ) with
|Q0|  1 and |�(q, A)|  1 for all q 2 Q,A 2 ⌃.

A deterministic Rabin automaton (DRA) A = (Q,⌃, �, Q0, Acc) has the same
components as a DBA but with acceptance condition given by a set of pairs of
states

Acc = {(Li,Ki) | Li,Ki ✓ Q}

A run is accepting if it satisfy the LTL formula

_

i

⇣
⌃⇤¬Li ^ ⇤⌃Ki

⌘

<latexit sha1_base64="INblI7a0cFZltRunVfn2t6Sd7iQ="></latexit>
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Strongly connected components of Markov chains

M = (S,P, ◆init, AP, L)

• T ✓ S is strongly connected if for each pair s, t 2 T , there exists a finite
path fragment s0s1 . . . sn such that s0 = s, sn = t and si 2 T, 8i.

• A strongly connected component (SCC) of M is a subset T ✓ S such that
T is strongly connected and there does not exists T 0 � T that is strongly
connected.

• A bottom SCC (BSCC) is an SCC T from which no state outside T is
reachable, i.e.,

P
t2T P(s, t) = 1 for all s 2 T .

• Denote the set of all BSCCs of M by BSCC(M).

<latexit sha1_base64="NZRQBMuBPQ5LQQVbSQ9kttcrSUg="></latexit>

SCC BSCC

14
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DRA-based analysis of Markov chains

Markov chain DRA

Product Markov chain

PrM(s |= A) = PrM⌦A�hs, �(q0, L(s))i |= ⌃U
�

<latexit sha1_base64="R4xhvcY7j4jrolpB5PabQN303kQ="></latexit>

The union of all accepting BSCCs in ℳ ⊗ 𝒜

Once  is reached, the 
acceptance criterion for  
is satisfied almost surely

T
𝒜

M = (S,P, ◆init, AP, L) ⌦ A = (Q, 2AP
, �, q0, Acc)

q
(S0

,P0
, ◆

0
init, AP

0
, L

0�

• S
0, P0, ◆0init are defined as in the product of Markov chain and DFA

• AP
0 = {L1, . . . , Lk,K1, . . . ,Kk} where

�
(L1,K1), . . . , (Lk,Kk)

 
= Acc

• L
0(hs, qi) =

�
H 2 AP

0 | q 2 H
 

• A BSCC T in M⌦A is accepting if there exists i 2 {1, . . . , k} such that

T \ (S ⇥ Li) = ; and T \ (S ⇥Ki) 6= ;

<latexit sha1_base64="1WOz9LjGiKMXkWnQYfNI1y2BgOQ="></latexit>
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Verifying -regular propertyω

PrM(s |= A) = PrM⌦A�hs, �(q0, L(s))i |= ⌃U
�

<latexit sha1_base64="R4xhvcY7j4jrolpB5PabQN303kQ="></latexit>

Compute BSCCs of 
ℳ ⊗ 𝒜 Graph analysis, e.g., Tarjan's algorithm

Check each BSCC agains all pairs (Li, Ki) ∈ Acc

Solve a set of linear equations

Compute U

Compute reachability 
probabilities

16
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Markov decision processes (MDPs)

A Markov decision process is a tuple M = (S,Act,P, ◆init, AP, L) where

• S, ◆init, AP and L are defined as in the definition of a Markov chain,

• Act is a set of actions, and

• P : S ⇥ Act ⇥ S ! [0, 1] is the transition probability function such that
for any state s 2 S and action ↵ 2 Act,

P
s02S P(s,↵, s0) 2 {0, 1}.

An MDP is finite if S, Act and AP are finite.

An action ↵ is enabled in state s i↵
P

s02S P(s,↵, s0) = 1.

Act(s) =
�
↵ 2 Act | ↵ is enabled in s

 
6= ;

<latexit sha1_base64="PHucVk5cnEANl1JXC1SFlb5Al14="></latexit>

c0 c1 c2 c3 c4 c5 c6
0.8 0.8 0.8 0.8 0.8 0.8

0.2 0.2 0.2 0.2 0.2 0.2 1.0

Mh

<latexit sha1_base64="gAgBOx3zo5qROdOsLtobSDlTZmw="></latexit>

s1: green

;
s2: red

{g}

0.8
0.2

0.5

0.5

Ml

<latexit sha1_base64="zIR7WXn0Kv/dBg2/3SytY7Ovmwg=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPrBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfPwEwn4M=</latexit>

c8 c4 c9

acc, 0.9 acc, 0.8

brake, 0.8 brake, 0.9 brake, 1.0
brake, 0.2

acc, 0.1

brake, 0.1

acc, 0.2Ma

<latexit sha1_base64="D26vLZoWm0REogLHq6GRiCUPKAE=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPuBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfP+7pn3g=</latexit>

c6

<latexit sha1_base64="RndEc0zCZs2Rqz2jU8qHW028bek=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbioqnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6r+jek=</latexit>

c9

<latexit sha1_base64="IdEbJpZbmAq9GsQdsqt50xk1SDo=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbCn6cCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVMripDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810XWQMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mNWuOhXmne5nEU4QzO4RI8uIIm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCvjY3s</latexit>

c0

<latexit sha1_base64="ffti427A7bcqunaSWyNRIeKRtUE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yvlvtlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AKHgjeM=</latexit>

c1

<latexit sha1_base64="/BbwT+a9i+3Pht/Osuym/xaHPZg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yvlftlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AKNljeQ=</latexit>

c2

<latexit sha1_base64="zQ/4ZNx2qzw33lfMngt4rGZ0dg4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeM+i2WsOyE1XArFfRQoeSfRnEah5I/h5HbuPz5xbUSsHnCa8CCiIyWGglG0kl9l/Xq1X664NXcBsk68nFQgR6tf/uoNYpZGXCGT1Jiu5yYYZFSjYJLPSr3U8ISyCR3xrqWKRtwE2eLYGbmwyoAMY21LIVmovycyGhkzjULbGVEcm1VvLv7ndVMcXgeZUEmKXLHlomEqCcZk/jkZCM0ZyqkllGlhbyVsTDVlaPMp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4wEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaTqjeU=</latexit>

c3

<latexit sha1_base64="BpqgjRkeHv+iQY7dUeBsX6dD1YU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbC4qnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6ZvjeY=</latexit>

c4

<latexit sha1_base64="NJID1FhHMYlMECtp0uZ89P4G2Zo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yfqPaL1fcmrsAWSdeTiqQo9Uvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YYXQdTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4wEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8Aaf0jec=</latexit>

c5

<latexit sha1_base64="Ow3Ji/PtiunWvbLpqQ/aFvsEDEk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbKoqnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6l5jeg=</latexit>

c7

<latexit sha1_base64="Xb6yToi0sfv85wfRNZYGE0QXAJE=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9kthYqnghePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFre2d3b3ifung8Oj4pHx61tFxqijzaCxi1QuIZoJL5hluBOslipEoEKwbTO8WfveJKc1j+WhmCfMjMpY85JQYK3lVOmxWh+WKU3OWwJvEzUkFcrSH5a/BKKZpxKShgmjdd53E+BlRhlPB5qVBqllC6JSMWd9SSSKm/Wx57BxfWWWEw1jZkgYv1d8TGYm0nkWB7YyImeh1byH+5/VTE974GZdJapikq0VhKrCJ8eJzPOKKUSNmlhCquL0V0wlRhBqbT8mG4K6/vEk69ZrbqDUe6pXWbR5HES7gEq7BhSa04B7a4AEFDs/wCm9Iohf0jj5WrQWUz5zDH6DPH6yDjeo=</latexit>

c8

<latexit sha1_base64="VxGTxdA+fEaOHnV46G5RyxF/GFU=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktBYunghePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFre2d3b3ifung8Oj4pHx61tFxqijzaCxi1QuIZoJL5hluBOslipEoEKwbTO8WfveJKc1j+WhmCfMjMpY85JQYK3lVOmxWh+WKU3OWwJvEzUkFcrSH5a/BKKZpxKShgmjdd53E+BlRhlPB5qVBqllC6JSMWd9SSSKm/Wx57BxfWWWEw1jZkgYv1d8TGYm0nkWB7YyImeh1byH+5/VTEzb9jMskNUzS1aIwFdjEePE5HnHFqBEzSwhV3N6K6YQoQo3Np2RDcNdf3iSdes1t1BoP9UrrNo+jCBdwCdfgwg204B7a4AEFDs/wCm9Iohf0jj5WrQWUz5zDH6DPH64Ijes=</latexit>

Mh

<latexit sha1_base64="gAgBOx3zo5qROdOsLtobSDlTZmw="></latexit>

Ml

<latexit sha1_base64="zIR7WXn0Kv/dBg2/3SytY7Ovmwg=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPrBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfPwEwn4M=</latexit>

Ma

<latexit sha1_base64="D26vLZoWm0REogLHq6GRiCUPKAE=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPuBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfP+7pn3g=</latexit>
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Parallel composition of MDP and MC

c8 c4 c9

a, 0.9 a, 0.8

b, 0.8 b, 0.9 b, 1.0
b, 0.2

a, 0.1

b, 0.1

a, 0.2

s1: green

;
s2: red

{g}

0.8
0.2

0.5

0.5

c6

<latexit sha1_base64="RndEc0zCZs2Rqz2jU8qHW028bek=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbioqnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6r+jek=</latexit>

c9

<latexit sha1_base64="IdEbJpZbmAq9GsQdsqt50xk1SDo=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbCn6cCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVMripDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810XWQMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mNWuOhXmne5nEU4QzO4RI8uIIm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCvjY3s</latexit>

c0

<latexit sha1_base64="ffti427A7bcqunaSWyNRIeKRtUE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yvlvtlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AKHgjeM=</latexit>

c1

<latexit sha1_base64="/BbwT+a9i+3Pht/Osuym/xaHPZg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yvlftlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AKNljeQ=</latexit>

c2

<latexit sha1_base64="zQ/4ZNx2qzw33lfMngt4rGZ0dg4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeM+i2WsOyE1XArFfRQoeSfRnEah5I/h5HbuPz5xbUSsHnCa8CCiIyWGglG0kl9l/Xq1X664NXcBsk68nFQgR6tf/uoNYpZGXCGT1Jiu5yYYZFSjYJLPSr3U8ISyCR3xrqWKRtwE2eLYGbmwyoAMY21LIVmovycyGhkzjULbGVEcm1VvLv7ndVMcXgeZUEmKXLHlomEqCcZk/jkZCM0ZyqkllGlhbyVsTDVlaPMp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4wEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaTqjeU=</latexit>

c3

<latexit sha1_base64="BpqgjRkeHv+iQY7dUeBsX6dD1YU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbC4qnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6ZvjeY=</latexit>

c4

<latexit sha1_base64="NJID1FhHMYlMECtp0uZ89P4G2Zo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yfqPaL1fcmrsAWSdeTiqQo9Uvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YYXQdTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4wEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8Aaf0jec=</latexit>

c5

<latexit sha1_base64="Ow3Ji/PtiunWvbLpqQ/aFvsEDEk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbKoqnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6l5jeg=</latexit>

c7

<latexit sha1_base64="Xb6yToi0sfv85wfRNZYGE0QXAJE=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9kthYqnghePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFre2d3b3ifung8Oj4pHx61tFxqijzaCxi1QuIZoJL5hluBOslipEoEKwbTO8WfveJKc1j+WhmCfMjMpY85JQYK3lVOmxWh+WKU3OWwJvEzUkFcrSH5a/BKKZpxKShgmjdd53E+BlRhlPB5qVBqllC6JSMWd9SSSKm/Wx57BxfWWWEw1jZkgYv1d8TGYm0nkWB7YyImeh1byH+5/VTE974GZdJapikq0VhKrCJ8eJzPOKKUSNmlhCquL0V0wlRhBqbT8mG4K6/vEk69ZrbqDUe6pXWbR5HES7gEq7BhSa04B7a4AEFDs/wCm9Iohf0jj5WrQWUz5zDH6DPH6yDjeo=</latexit>

c8

<latexit sha1_base64="VxGTxdA+fEaOHnV46G5RyxF/GFU=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktBYunghePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFre2d3b3ifung8Oj4pHx61tFxqijzaCxi1QuIZoJL5hluBOslipEoEKwbTO8WfveJKc1j+WhmCfMjMpY85JQYK3lVOmxWh+WKU3OWwJvEzUkFcrSH5a/BKKZpxKShgmjdd53E+BlRhlPB5qVBqllC6JSMWd9SSSKm/Wx57BxfWWWEw1jZkgYv1d8TGYm0nkWB7YyImeh1byH+5/VTEzb9jMskNUzS1aIwFdjEePE5HnHFqBEzSwhV3N6K6YQoQo3Np2RDcNdf3iSdes1t1BoP9UrrNo+jCBdwCdfgwg204B7a4AEFDs/wCm9Iohf0jj5WrQWUz5zDH6DPH64Ijes=</latexit>

Mh

<latexit sha1_base64="gAgBOx3zo5qROdOsLtobSDlTZmw="></latexit>

Ml

<latexit sha1_base64="zIR7WXn0Kv/dBg2/3SytY7Ovmwg=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPrBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfPwEwn4M=</latexit>

Ma

<latexit sha1_base64="D26vLZoWm0REogLHq6GRiCUPKAE=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPuBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfP+7pn3g=</latexit>

Ma = (Sa, Act,Pa, ◆ainit, AP a, La)

<latexit sha1_base64="02tVO0h0UXvhxw9bwHIGFUYcmCM="></latexit>

Ml = (Sl,Pl, ◆linit, AP l, Ll)

<latexit sha1_base64="lK67s/3SGnI6JqgkVHnUYQ5uGkk="></latexit>

Ma||Ml = (Sa ⇥ Sl, Act,P, ◆init, AP a [AP l, L)

<latexit sha1_base64="jIyscQsLNQVgYikTEOt3DDVXug0="></latexit>

b, 0.8x0.8

c4,s2 c9,s2

a, 0.1x0.8

c8,s1 c4,s1 c9,s1

a, 0.1x0.2

a, 0.9x0.8

a, 0.9x0.2
b, 0.8x0.2

b, 0.2x0.8

b, 0.2x0.2

c4,s2

P
�
(c, s),↵, (c0, s0)

�

= Pa(c,↵, c0)⇥Pl(s, s0)

◆init(c, s)
= ◆ainit(c)⇥ ◆linit(s)

L(c, s) = La(c) [ Ll(s)

<latexit sha1_base64="Xd29ART9odOlMM07DguqNh0p7zc="></latexit>
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A policy of an MDP

c6

<latexit sha1_base64="RndEc0zCZs2Rqz2jU8qHW028bek=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbioqnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6r+jek=</latexit>

c9

<latexit sha1_base64="IdEbJpZbmAq9GsQdsqt50xk1SDo=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbCn6cCl48VnDbQruUbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVvHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNzN/c4TVZrF8tFMExoIPJIsYgQbK/lVMripDsoVt+YugNaJl5MK5GgNyl/9YUxSQaUhHGvd89zEBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQbY4doYurDJEUaxsSYMW6u+JDAutpyK0nQKbsV715uJ/Xi810XWQMZmkhkqyXBSlHJkYzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66Rdr3mNWuOhXmne5nEU4QzO4RI8uIIm3EMLfCDA4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gCvjY3s</latexit>

c0

<latexit sha1_base64="ffti427A7bcqunaSWyNRIeKRtUE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yvlvtlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AKHgjeM=</latexit>

c1

<latexit sha1_base64="/BbwT+a9i+3Pht/Osuym/xaHPZg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yvlftlytuzV2ArBMvJxXI0eqXv3qDhGUxV8gkNabruSkGU6pRMMlnpV5meErZmA5511JFY26C6eLYGbmwyoBEibalkCzU3xNTGhsziUPbGVMcmVVvLv7ndTOMroOpUGmGXLHloiiTBBMy/5wMhOYM5cQSyrSwtxI2opoytPmUbAje6svrpF2veY1a475ead7kcRThDM7hEjy4gibcQQt8YCDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AKNljeQ=</latexit>

c2

<latexit sha1_base64="zQ/4ZNx2qzw33lfMngt4rGZ0dg4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeM+i2WsOyE1XArFfRQoeSfRnEah5I/h5HbuPz5xbUSsHnCa8CCiIyWGglG0kl9l/Xq1X664NXcBsk68nFQgR6tf/uoNYpZGXCGT1Jiu5yYYZFSjYJLPSr3U8ISyCR3xrqWKRtwE2eLYGbmwyoAMY21LIVmovycyGhkzjULbGVEcm1VvLv7ndVMcXgeZUEmKXLHlomEqCcZk/jkZCM0ZyqkllGlhbyVsTDVlaPMp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4wEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaTqjeU=</latexit>

c3

<latexit sha1_base64="BpqgjRkeHv+iQY7dUeBsX6dD1YU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbC4qnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6ZvjeY=</latexit>

c4

<latexit sha1_base64="NJID1FhHMYlMECtp0uZ89P4G2Zo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUguKp4MVjBVMLbSib7aZdutmE3YlQSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2ibJNOM+S2SiOyE1XArFfRQoeSfVnMah5I/h+HbuPz5xbUSiHnCS8iCmQyUiwShaya+yfqPaL1fcmrsAWSdeTiqQo9Uvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YYXQdTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4wEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8Aaf0jec=</latexit>

c5

<latexit sha1_base64="Ow3Ji/PtiunWvbLpqQ/aFvsEDEk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbKoqnghePFdy20C4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3dzv/NElWaxfDTThAYCjySLGMHGSn6VDK6qg3LFrbkLoHXi5aQCOVqD8ld/GJNUUGkIx1r3PDcxQYaVYYTTWamfappgMsEj2rNUYkF1kC2OnaELqwxRFCtb0qCF+nsiw0LrqQhtp8BmrFe9ufif10tNdBNkTCapoZIsF0UpRyZG88/RkClKDJ9agoli9lZExlhhYmw+JRuCt/ryOmnXa16j1nioV5q3eRxFOINzuAQPrqEJ99ACHwgweIZXeHOk8+K8Ox/L1oKTz5zCHzifP6l5jeg=</latexit>

c7

<latexit sha1_base64="Xb6yToi0sfv85wfRNZYGE0QXAJE=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9kthYqnghePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFre2d3b3ifung8Oj4pHx61tFxqijzaCxi1QuIZoJL5hluBOslipEoEKwbTO8WfveJKc1j+WhmCfMjMpY85JQYK3lVOmxWh+WKU3OWwJvEzUkFcrSH5a/BKKZpxKShgmjdd53E+BlRhlPB5qVBqllC6JSMWd9SSSKm/Wx57BxfWWWEw1jZkgYv1d8TGYm0nkWB7YyImeh1byH+5/VTE974GZdJapikq0VhKrCJ8eJzPOKKUSNmlhCquL0V0wlRhBqbT8mG4K6/vEk69ZrbqDUe6pXWbR5HES7gEq7BhSa04B7a4AEFDs/wCm9Iohf0jj5WrQWUz5zDH6DPH6yDjeo=</latexit>

c8

<latexit sha1_base64="VxGTxdA+fEaOHnV46G5RyxF/GFU=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BFvBU9ktBYunghePFdy20C4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UaFre2d3b3ifung8Oj4pHx61tFxqijzaCxi1QuIZoJL5hluBOslipEoEKwbTO8WfveJKc1j+WhmCfMjMpY85JQYK3lVOmxWh+WKU3OWwJvEzUkFcrSH5a/BKKZpxKShgmjdd53E+BlRhlPB5qVBqllC6JSMWd9SSSKm/Wx57BxfWWWEw1jZkgYv1d8TGYm0nkWB7YyImeh1byH+5/VTEzb9jMskNUzS1aIwFdjEePE5HnHFqBEzSwhV3N6K6YQoQo3Np2RDcNdf3iSdes1t1BoP9UrrNo+jCBdwCdfgwg204B7a4AEFDs/wCm9Iohf0jj5WrQWUz5zDH6DPH64Ijes=</latexit>

Mh

<latexit sha1_base64="gAgBOx3zo5qROdOsLtobSDlTZmw="></latexit>

Ml

<latexit sha1_base64="zIR7WXn0Kv/dBg2/3SytY7Ovmwg=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPrBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfPwEwn4M=</latexit>

Ma

<latexit sha1_base64="D26vLZoWm0REogLHq6GRiCUPKAE=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPuBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfP+7pn3g=</latexit>

Consider an MDP M = (S,Act,P, ◆init, AP, L).

• A policy forM is a function C : S+ ! Act such that C(s0s1 . . . sn) 2
Act(sn) for all s0s1 . . . sn 2 S+.

• A C-path fragment is an infinite sequence ⇡ = s0s1s2 . . . on M
generated under policy C if P(si, C(s0s1 . . . si), si+1) > 0 for all i.

• A policy C resolves all the nondeterministic choices in M and in-
duces a Markov chain MC =

�
S+,PC , ◆init, AP, L0� where for � =

s0s1 . . . sn,

PC(�,�sn+1) = P(sn, C(�), sn+1)

L0(�) = L(sn)

• MC is infinite even if M is finite.

<latexit sha1_base64="xIWh5nyefvCOwWC/45YFMaC7g/Y="></latexit>

C(s0 . . . sn) =
⇢

brake if sn = c9
acc otherwise

<latexit sha1_base64="M3HgfDkHv1WRhiP1Xhrv6g4KYjg="></latexit>
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<latexit sha1_base64="Pzj7cEYoSQoySu7UqVXRubLVLMo="></latexit>

c8 c4 c9

acc, 0.9 acc, 0.8

brake, 0.8 brake, 0.9 brake, 1.0
brake, 0.2

acc, 0.1

brake, 0.1

acc, 0.2
Ma

<latexit sha1_base64="D26vLZoWm0REogLHq6GRiCUPKAE=">AAACG3icbZBLS8NAFIUn9VXjo1GXboKt4KKUpBQtrooudCNUsQ9oa5lMbtqhkwczE6GE/BJxp7/Enbh14Q9x7/Sx0NYDA4dz72UOnxMxKqRlfWmZldW19Y3spr61vbObM/b2myKMOYEGCVnI2w4WwGgADUklg3bEAfsOg5YzupzMW4/ABQ2DezmOoOfjQUA9SrBUUd/IFbo+lkOCWXKTPuBC38hbJWsqc9nYc5NHc9X7xnfXDUnsQyAJw0J0bCuSvQRzSQmDVO/GAiJMRngAHWUD7IPoJdPiqXmsEtf0Qq5eIM1p+vsiwb4QY99Rm5OWYnE2Cf+bdWLpVXsJDaJYQkBmH3kxM2VoTiiYLuVAJBsrgwmnqqtJhphjIhUrveuCp3hO6yQuCJImd1cXaWJX7WL5tGiluq442YtUlk2zXLIrpcptOV87nxPLokN0hE6Qjc5QDV2jOmoggmL0hF7Qq/asvWnv2sdsNaPNbw7QH2mfP+7pn3g=</latexit>

All we’ve discussed 
about Markov chain 
applies to MC

<latexit sha1_base64="goyRxUcslIRixcJxf5bHScR0Yk0="></latexit>
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Policy synthesis for MDPs with LTL specifications

Given an MDP M = (S,Act,P, ◆init, AP, L) and an LTL specification ',
compute an optimal policy C such that

PrC(') = PrMC (') = sup
C0

PrC
0
(')

<latexit sha1_base64="CobqaVdiB9OJxf3kfMikbRTdbS8="></latexit>

An end component of M is a pair (T,A) where
; 6= T ✓ S and A : T ! 2Act such that

• 0 6= A(s) ✓ Act(s) for all s 2 T

• the directed graph induced by (T,A) is
strongly connected

• for all s 2 T and ↵ 2 A(s),

�
t 2 S | P(s,↵, t) > 0

 
✓ T.

<latexit sha1_base64="nme+15zxip1cYkqc4dYNwg5YVZ0="></latexit>

Starting from any state in , 
there exists a finite memory 
policy for  to keep the state 
within  forever while visiting 
all states in  infinitely often 
with probability 1.

T

ℳ
T

T

An end component is maximal if there is no end component (T 0, A0) 6=
(T,A) such that T ✓ T 0 and A(s) ✓ A0(s) for all s 2 T .

<latexit sha1_base64="JH7arafsy6HbuP4Sn+LtjnWFB8Y="></latexit>

At each state , 
select an action  
according to a round-
robin policy.

s ∈ T
α ∈ A(s)
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Reachability property

Value iteration: x(0)
s = 0 and x(n+1)

s = max
nP

t2S P(s,↵, t) · x(n)
t | ↵ 2 Act(s)

o

Linear program: min
P

s2S xs such that xs �
P

t2S P(s,↵, t) · xt for all
↵ 2 Act

<latexit sha1_base64="oz1vQg3TGD2iVFP9e/DRQ65ZIKQ="></latexit>

Consider an MDP M = (S,Act,P, ◆init, AP, L) and B ✓ S.

For each s 2 S, define xs = Prmax(s |= ⌃B) = supC PrC(s |= ⌃B).

• If B is not reachable from s, xs = 0.

• xs = 1 for all s 2 B.

• Define S̃ = {s 2 S \B | B is reachable from s}. For any s 2 S̃,

xs = max

(
X

t2S

P(s,↵, t) · xt | ↵ 2 Act(s)

)

<latexit sha1_base64="OknXlVlbBili10vWiu5sJbV94HA="></latexit>
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DRA-based policy synthesis

MDP DRA

Product MDP

 is known as 
the success set for Rabin 
Conditions

U = ∪i Ui

M = (S,Act,P, ◆init, AP, L) ⌦ A = (Q, 2AP , �, q0, Acc)
q

(S0, Act,P0, ◆0init, AP 0, L0�

• S0, ◆0init, AP 0, L0 are defined as in the product of Markov chain and DRA.

• P0(hs, qi,↵, hs0, q0i) =
⇢

P(s,↵, s0) if q0 = �(q, L(s0))
0 otherwise

• For each (Li,Ki) 2 Acc, let M⇤¬Li
be the MDP that results from M⌦A

by removing all the states in S⇥Li and removing all the actions ↵ 2 Act(s)
such that Post(s,↵) ✓ S ⇥ Li. Define

Ui =
[

(T,A) 2 MEC(M⇤¬Li
)

T \ (S ⇥Ki) 6= ;

T

<latexit sha1_base64="aYJU7xLoRjt0TLgawIV8QOU3FJM="></latexit>

PrMmax(s |= ') = PrM⌦A
max

�
hs, �(q0, L(s))i |= ⌃U

�

<latexit sha1_base64="4vGZ9DnhPtgU7ppbc1FUvFnUXtc="></latexit>
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