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Outline: 
• Finite-state approximations of hybrid systems
• Use of model checking for the verification of hybrid systems
• Construction of finite-state abstractions for synthesis
• “Approximate” abstractions 



2

Hybrid system: H = (X , L,X0, I, F, T ) with

• X , continuous state space;

• L, finite set of locations (modes);

• Overall state space X = X � L;

• X0 ⇥ X, set of initial states;

• I : L⇤ 2X , invariant that maps
l ⌅ L to the set of possible
continuous states while in location l;

• F : X ⇤ 2Rn

, set of vector fields,
i.e., ẋ ⌅ F (l, x);

• T ⇥ X �X, relation capturing
discrete transitions between locations.

I(�1)

X

L = {�1, �2, �3}

I(�2)

I(�3)

(l, x)
(l�, x�)

A (simple) hybrid system model



Sample temporal properties:
• Stability: Given equilibrium             , for all                       ,

                                          and   

xe � X x0 ⇥ X0 � X

�(t;x0) � X , ⇥t �(t;x0) ! xe, t ! 1

X0
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Specifications
H = (X , L,X0, I, F, T )Given:

Solution at time t with the initial condition                :
• With the simple model H, specifying the initial state also specifies the initial mode.

�(t;x0)

• Eventuality: reachable from every initial condition

• Combinations of the above, e.g., starting in       , reach both        and       , but      
will not be reached before        is reached while staying safe.

XA XB

XC

XB XC

x0 � X0

• Safety: Given                       , safety property holds if there 
exists no               and trajectory with initial condition               , tunsafe

�(t;x0) � X , ⇥t � [0, tunsafe]

Xunsafe � X
x0 � X0

�(tunsafe;x0) � Xunsafe

Xunsafe

• Reachability: Given                     , reachability property holds if there 
exists finite                    and a trajectory with initial condition               ,          treach � 0

�(t;x0) � X , ⇥t � [0, treach]�(treach;x0) � Xreach

Xreach � X
x0 � X0

and

stability:  ∀ initial conditions, “eventually always...”
safety:  ∀ initial conditions, always...
reachability:  ∃ an initial condition such that eventually...
eventuality:  ∀ initial conditions, eventually...

Xreach
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Analysis of hybrid systems
Why not directly use model checking?
• Model checking applied to finite transitions systems
• Exhaustively search for counterexamples....

• if found, property does not hold.
• if there is no counterexample in all possible executions, the property is verified. 

Exhaustive search is not possible over continuous state spaces. 

Approaches for hybrid system verification: 
1. Construct finite-state approximations and 
apply model checking

•Preserve the meaning of the properties, 
i.e., proposition preserving partitions

•Use “over”- or “under”-approximations

X

2. Deductive verification
•Construct Lyapunov-type certificates
•Account for the discrete jumps in the 
construction of the certificate

3. Explicitly construct the set of reachable states
•Limited classes of temporal properties (e.g., reachability and safety)
•Not covered in this course
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Finite-state, under- and over-approximations

X

Under-approximation: TS is an under-approximation of 
H if the following two statements hold.

•Given                 with            , if             , then for all       
                          , there exists finite            such that  

• If            , then               is positively-invariant. 

q, q0 2 Q q 6= q0 q ! q0

x0 2 T

�1(q) � > 0

⇥(� ;x0) 2 T�1(q0), ⇥(t;x0) 2 T�1(q) [ T�1(q0), 8t 2 [0, � ]

q ! q T�1(q)

In other words: 
•Every discrete trajectory in an under-approximation TS 
can be implemented by H.

•H “simulates” TS.

Hybrid system:
Finite-transition system: TS = (Q,!, Q0)

T : Q ! 2XDefine the map

Over-approximation: TS is an over-approximation of H, if for each 
discrete transition in TS, there is a “possibility” to be implemented by H.

•Possibility induced by the coarseness of the partition.

q1

q2
q3

For discrete state   ,               is 
the corresponding cell in     .  X

q T�1(q)

H = (X , L,X0, I, F,�H)
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Use of under-approximations

Let the following be given.
• A hybrid system H, 
• a finite-state, under-approximation TS1 for H, 

Trace(H)

Trace(TS1)

Words(¬�) � Trace(TS1) is empty

Inconclusive

Logic synthesis: 
• If                                           is nonempty, there exists a trajectory of TS1 which

    satisfies       and can be implemented by H.
• Otherwise, inconclusive.

'
Words(�) \ Trace(TS1)

• Let an LTL specification     be given.
• Question: 
• Model check 

'
H |= �?
“TS1 |= �?”

Verification

Words(     )¬'

Words(¬�) � Trace(TS1) is nonempty

+
Words(¬�) � Trace(H) is nonempty

+H cannot satisfy 
the specification.

TS1 �|= �

H �|= �
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Use of over-approximations
Hybrid system H and a finite-state, over-approximation TS2 for H.

Trace(TS2)

Trace(H)

Words(     )¬'Words(�) \ Trace(TS2) is nonempty Inconclusive

H satisfies 
the specification.

Words(¬�) � Trace(H) is empty

Words(¬�) � Trace(TS2) is empty

+
TS2 |= �

H |= �
+

Verification

Remarks:
•Under- and over-approximations give partial results.
•Potential remedies:

•Finer approximations
•Bisimulations 

Logic synthesis: 
• If                                         is empty, no valid trajectories for TS2 or H. 
•Otherwise, inconclusive. 

Words(�) \ Trace(TS2)
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Example: verification

Example from “Temporal logic analysis of gene networks under parametric uncertainty,” Batt, Belta, 
Weiss, Joint special issue of IEEE TAC & Trans on Circuits, 2008.

Continuous vector field: Discrete over-approximation:
(small dots: self transitions)

System models:

Specifications:

⇤
⇤

⌃

Holds for the over-approximation; 
hence, also for the system itself.

Does not hold for the over-approximation.
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How to construct a finite-state abstraction?

Discrete planner 
ensures that 

the spec is satisfied 

Continuous controller 
implements 

the discrete plan
(handles low-level 

dynamics & constraints)

Trajectory
Planner

Continuous
Controller

Plant

�

noise

Local
Control

u

sd
�u

“Receding Horizon Control”

env
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{
+

Focus on synthesis: Construct a finite-state under-approximation (of the 
underlying continuous/hybrid dynamics) such that 

• the finite-state model is used in discrete planning, and
•all provably correct discrete plans can be implemented at the continuous level.



�̇ = f(�, w, u)

� � X , u � U , w � W
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Incorporating continuous dynamics -- overview

?
⌫⇤

Trajectory
Planner

Continuous
Controller

response

Main idea:

X

⌫6 ⌫7 ⌫8 ⌫9 ⌫10

⌫1 ⌫2 ⌫3 ⌫4 ⌫5

⌫1 ⌫2 ⌫3 ⌫4 ⌫5

⌫6 ⌫7 ⌫8 ⌫9 ⌫10

Theorem: For any discrete run satisfying the specification, there exists an admissible 
control signal leading to a continuous trajectory satisfying the specification. 

Proof: Constructive → Finite-state model + Continuous control signals.

Abstraction refinement for reducing potential conservatism.



Given: 
•A system with controlled variables          in domain             and environment 
variables            in domain             .   
•Define              ,                   and                                           .    

•Controlled variables evolve with (for t = 0,1,2,...):

•System specification

V = S � E

s � S dom(S)
dom(E)e � E

dom(V ) = dom(S)� dom(E)v = (s, e)

s[t + 1] = As[t] + Buu[t] + Bdd[t]
u[t] � U
d[t] � D

s[0] � dom(S)
s[t + 1] � dom(S) }

state evolution
admissible control inputs 
exogenous disturbances

set that states take values in

�
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Finite state abstraction

v5

v0

v1

v3

v4

v2

�0

�1

�2�3

�4

�5

Find: A finite transition system with discrete states    
such that for any sequence               satisfying    , (very 
roughly speaking) there exists a sequence of admissible 
control signals leading to an infinite sequence                  
that satisfies    .     

�
�0�1 . . .

�
v0v1v2 . . .

�



12

Proposition preserving partition

�6

�7

�8

�9

�0

�1

�2

�3

�4

�5

v v�

Given              and atomic propositions in    .  
A partition of              is said to be proposition 
preserving if, for any atomic proposition           
and any states   and    that belong to the same cell 
of the partition,    satisfies     if and only if    
satisfies   .

dom(V ) �

� � �

�
v v�

dom(V )

�
v�v

� = {x � 1, y ⇥ 0, x + y ⇥ 0, . . .}

x

y
Example:

1

-1
-2 21

0
v � � � v� � �

�5 �d ⇥ � ⇤v ⇥ �5 s.t. v � ⇥

�5 �d ⇥ � ⇤v ⇥ �5 s.t. v � ⇥

�

proposition preserving:
+

�

�
v

�A discrete state    is said to satisfy     if and 
only if there exists a continuous state    , in 
the cell labeled, that satisfies   .       



A discrete state �j is finite-time reachable from a discrete
state �i, only if starting from any s[0] ⇥ T�1

s (�i), there exists
- a finite horizon length N ⇥ {0, 1, . . .}
- for any allowable disturbance, there exists
. u[0], u[1], . . . , u[N � 1] ⇥ U such that

s[N ] � T�1
s (�j)

s[t] � T�1
s (�i) ⇤ T�1

s (�j), ⇥t � {0, . . . , N}
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Finite-time reachability

�6

�7

�8

�9

�0

�1

�2

�3

�4

�5

S0

Verifying the reachability relation:
• Compute the set      of        from which          
can be reached under the system dynamics in a 
pre-specified time N. 

• Check whether                   .   

S0 s[0] Ts(�j)

T�1
s (�i) � S0

{ s[t + 1] = As[t] + Buu[t] + Bdd[t]
u[t] � U
d[t] � D

s[0] � dom(S)
s[t + 1] � dom(S)

system
dynamics



Given N and polyhedral sets
T�1

s (�i) = {s ⇥ Rn : L1s � M1}
U = {u ⇥ Rm : L2u � M2}
T�1

s (�j) = {s ⇥ Rn : L3s � M3}.

L1s[t] ⇥M1 for t = 0, . . . , N � 1
L3s[N ] �M3,

where

s[t] = Ats0 +
⇤t�1

k=0

�
AkBuu[t� 1� k] + AkBdd[t� 1� k]

⇥
,

S0 is computed as the set of s0 such that there
exist u[0], . . . , u[N � 1] satisfying L2u[t] ⇥ M2,
for t ⇤ {0, . . . , N � 1}, leading to

for all d[0], . . . , d[N � 1] ⇥ D (D polyhedral).

T�1
s (�0)

T�1
s (�1)

14

S0Computing 

affine in s0 and u

S0 =
⇤

s0 ⇤ Rn : ⇧û ⇤ RmN s.t. L

�
s0

û

⇥
⇥ M �Gd̂, ⌅d̂ ⇤ D̄N

⌅
Put together: S0 is computed as a polytope projection:

stacking of u and d
DN = D � · · ·�Dset of vertices of 

�6

�7

�8

�0

�1

�2

�3

�5



�6

�7

�0

�1

�2

�5

While checking the reachability from T�1
s (�i) to

T�1
s (�j), if T�1

s (�i) � S0, then
- Split T�1

s (�i) � S0 and T�1
s (�i) � Sc

0

- Remove �i from the set of discrete states
- Add two new discrete states corresponding to
. T�1

s (�i) � S0 and T�1
s (�i) � Sc

0

4) To make sure that the stay-in-lane requirement (see

below) is achievable, we assume that an obstacle on

the right lane does not disappear while the vehicle is in

its vicinity. That is, for any ! ∈ {1, . . . , $},

□

⎛

⎝

⎛

⎝% ∈
!+1∪

"=!−1

&#," ∧ '!,1

⎞

⎠ =⇒ □('!,1)

⎞

⎠

(14)

These assumptions can be relaxed so that they have the form

(5) by replacing the inner □ in (11) and (14) with !.
Next, we define the desired safety property, □(%, as the

conjunction of the following properties:

1) No collision, i.e., for any ! ∈ {1, . . . , $} and ) ∈ {1, 2},
□('!," =⇒ ¬(% ∈ &#,! ∧ * ∈ &&,")) (15)

2) The vehicle stays in the right lane unless there is

an obstacle blocking the lane. That is, for any ! ∈
{1, . . . , $},

□((¬'!,1 ∧ % ∈ &#,!) =⇒ (* ∈ &&,1)) (16)

Finally, we define (' = (% ∈ &#,(), i.e., we want to
ensure that eventually the vehicle gets to the end of the road.

B. State Space Discretization

Since the dynamics and the constraints on the control

efforts for the % and * components of the vehicle state are
decoupled, we apply the discretization algorithm presented

in Section IV for the % and * components separately for
the sake of computational efficiency.4 Since the vehicle

dynamics (7) are translationally invariant, we can use similar

partitions for all &),!. The discretization algorithm with

horizon length + = 10 and Volmin = 0.1 yields a partition
with 11 cells {&1

),!, &
2
),!, . . . , &

11
),!} for each &),! as shown

in Fig. 3. For each ! ∈ {,-!. + 1, . . . , ,-/%} and ) ∈
{1, . . . , 11}, we let '"

),! be the state label of cell &
"
),! and

let '),! = {'1
),!, . . . , '11

),!}. A discrete state is therefore a

tuple (0#, 0&, '1,1, . . . , '(,2) where (0#, 0&) ∈ '#,!×'&,! is
the discrete controlled state. Using MPT [4], the reachability

between discrete controlled states can be determined and a

controller associated with each reachable pair of them can be

generated such that the resulting continuous execution imple-

ments the discrete transition between them. The specification

of the resulting finite transition system can then be derived

as discussed in Section IV-C.

i!1 i
!1

0

1

z

v z

Fig. 3. The partition of each cell !!,# in the original partition of
the domain !!

4Before performing the discretization, we partition each !!,# into(
!+

!,# ∪ !−
!,#

)
where !+

!,# = [" − 1, "] × [0, 1] and !−
!,# = [" − 1, "] ×

[−1, 0] to allow the possibility of enforcing other traffic laws such as
disallowing reverse motion of the vehicle.

C. Receding Horizon Formulation

Based on the new partition of the vehicle state space,

there are the total of 242 × $ discrete vehicle states and

22×( discrete environment states. Thus, in the worst case,

the resulting automaton may have as many as 242×$×22×(

nodes. To avoid state explosion, we apply the receding

horizon strategy proposed in Section V. The partial order

structure is defined as)! = {(0#, 0&, '1,1, . . . , '(,2) ∣ 0# ∈
'#,(−!} and )! ≺*! )" for any ! < ).
Next, we follow the scheme in Remark 4 to find an

invariant Φ. Starting with Φ = True, we iteratively add, until
Ψ! as defined in (6) is realizable, a propositional formula to

exclude the initial states starting from which there exists a

set of moves of the environment such that the system cannot

satisfy Ψ!. A close examination of the resulting Φ reveals

that Φ is essentially the conjunction of the following logics:

1) To ensure the progress property "(', we need to

assume that 0# ∕∈ -+,-./+% and 0& ∕∈ .+,-./+% where

/notrans is defined as: for any 0) ∈ /notrans , ! ∈
{,-!.+1, . . . , ,-/%} and ) ∈ {1, . . . , 11}, 0) ∕⇝ '"

),!
and / represent either - or . .

2) To ensure no collision, the vehicle cannot collide with

an obstacle at the initial state.

3) Suppose 0# ∈ '#,!. To ensure no collision, if 0& can
only transition to 0 ′

& ∈ '&,1, then either '!,1 or '!+1,1 is

False. Similarly, if 0& can only transition to 0 ′
& ∈ '&,2,

then either '!,2 or '!+1,2 is False. Similar reasoning
can be derived for the case where 0# ∈ '#,! such that
it can only transition to 0 ′

# ∈ '#,!+1 and for the case

where it can only transition to 0 ′
# ∈ '#,!.

4) To ensure the stay-in-lane property, the vehicle cannot

be in the left lane unless there is an obstacle blocking

the right lane at the initial state. In addition, the vehicle

is never in the state (0#, 0&) ∈ '#,! × '&,1 which can
only transition to (0 ′

#, 0
′
&) ∈ '#,! × '&,2.

5) Suppose 0# ∈ '#,! and '!+1,1 is False. To ensure that
the vehicle does not go to the left lane when the right

lane is not blocked, it is not the case that 0& ∈ '&,1
which can only transition to 0 ′

& ∈ &&,2. In addition, it

is not the case that 0# can only transition to 0 ′
# ∈ &#,!+1

and 0& ∈ '&,2 which can only transition to 0 ′
& ∈ '&,2.

With 20,010 = 1 and the horizon length 2 (i.e. 3 ! = !+2),
the specification (6) is realizable. In addition, if we let 2,2%

be greater than 1 and restrict the initial state of the system

such that 0# ∕∈ -+,-./+% and 0& ∕∈ .+,-./+%, we get that

(!+!- =⇒ Φ is a tautology.

D. Results
The synthesis was performed on a Pentium 4, 3.4 GHz

computer with 4 Gb of memory. The computation time was

1230 seconds. The resulting automaton contains 2845 nodes.

During the synthesis process, 96796 nodes were generated.

Based on the authors experience, this particular computer

crashes when approximately 97500 nodes are generated.

Thus, this problem with horizon length 2 is as large as

what the computer can handle. This means that without the

receding horizon strategy, problems with the road of length

greater than 3 cannot be solved.

Define the finite transition system D,
an abstraction of S as:
- V := S � E , set of discrete states
. (both controller and environment)
- ⇥i = (⇤i, �i)⇥ vj = (⇤j , �j) only if ⇤j
. is reachable from ⇤i.
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Refining the partition 

�10

�11

T�1
s (�0) � S0

T�1
s (�0) � Sc

0

• Repeat until no cell can be sub-partitioned s.t. the 
volumes of the two resulting new cells both greater 
than            .

• Smaller            leads to more cells in the partition 
and more allowable transitions. 

• If the initial partition is proposition preserving, so is 
the resulting. 

V olmin

V olmin



�6

�7

�0

�1

�2

�5

Using
• Proposition preserving property of the partition
•     only includes the transitions that are implemented by the 
control signal    within some finite time (by construction 
through the reachability formulation)
• Stutter invariance of the specification    , ...

D
u

�

Let ⇤d = ⇥0⇥1 . . . be a sequence in D with ⇥k � ⇥k+1, ⇥k = (⌅k, �k), ⌅k ⇥ S
and �k ⇥ E . If ⇤d |=d ⇧, then by applying a sequence of control signals from
the Reachability Problem with initial set T�1

s (⌅k) and final set T�1
s (⌅k+1), the

sequence of continuous states ⇤ = v0v1v2 . . . satisfies ⇧.
16

v0
v1v2

v3

v4

v5
v6

v7
v8

Two words �1 and �2 over 2AP are stutter equivalent, if
there exists an infinite sequence A0A1A2 . . . of sets of
atomic propositions and natural numbers n0, n1, n2, . . .
and m0, m1, m2, . . . such that �1 and �2 are of the form

�1 = An0
0 An1

1 An2
2 . . . �2 = Am0

0 Am1
1 Am2

2 . . .

An LT property P is stutter-invariant if for any word � � P
all stutter-equivalent words are also contained in P.

v0

v0v1 . . . v8 . . . �0�1 . . .Example:                       and              are stutter-equivalent.     

...we can prove:

Correctness of the hierarchical implementation



Finite
Transition

System

System
Model

abstraction

Specifications
Discrete
Planner

�init ⇥ �env � �safety ⇥ �goal

Discrete 
Synthesis Tool
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Existence of a continuous control action that implements
the discrete transition (projection) 

Control action itself (finite-time optimal control problem) {

•  Finite-time reachability to determine discrete 
transitions 

•  Refine the partition to increase the number of 
valid discrete transitions

Starting with a 
proposition preserving partition:

How to use abstractions for synthesis?
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Example: synthesis
A four-mode thermostat:
x: room temperature, y: heater temp 

Find a switching sequence such that:

Construct an over-approximation using the 
partition in the figure below.

States in the finite-state abstraction:
(qi,mode)

mode ∈ {off, heating, on, cooling}

x

y
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Figures from “Assignment of Heterogeneous Tasks to 
a Set of Heterogeneous Unmanned Aerial Vehicles,” 
Rasmussen & Kingston (AFRL).

A task-level abstraction of the system 
using a library of primitives (low-level 
controllers) for 

•executing tasks and 
• transitioning between tasks

Abstractions using primitives 

•The level of abstraction dictates the 
level at which it can be specified. 

•Task-level abstraction allows task-
level specifications, e.g.

•never enter no-fly-area
•every reconnaissance is eventually 
followed by a search

•pop-up tasks have priority



Abstraction-based hierarchical control design

• Given ẋ = f(x, u) and LTL formula φ.

• Compute finite-state, proposition 
preserving approximations.

• Solve a discrete synthesis problem and 
obtain a discrete control strategy.

• Implement the discrete control strategy to 
ensure that all trajectories of  ẋ = f(x, u)                   
satisfies φ.

Issues:
• What approximations are appropriate and how to compute them?

• What discrete synthesis problems to solve and how to solve them?

model + spec

abstraction

synthesis

implementation

Slide courtesy of Jun Liu
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Motion planning for flat systems

• Flat systems:

x = f (x ,u)

y(s+1) = vė (y(t), . . . , y(s +1)(t))

�

DRAFT 5

t 7! (y(t), ẏ(t), · · · , y(q+1)
(t))

t 7! (x(t), a(t))

ẋ(t) = f(x(t), a(t))

December 8, 2012 DRAFT

DRAFT 5

t 7! (y(t), ẏ(t), · · · , y(q+1)
(t))

t 7! (x(t), a(t))

ẋ(t) = f(x(t), a(t))

December 8, 2012 DRAFT

DRAFT 5

t 7! (y(t), ẏ(t), · · · , y(q+1)
(t))

t 7! (x(t), a(t))

ẋ(t) = f(x(t), a(t))

December 8, 2012 DRAFT

DRAFT 4

ż1 = �1z1

ż2 = �2z2

ṙ = ↵r

˙

✓ = �

V (x) =

1

2

x

T

Px+ a(1� cos x1) =
1

2

[x1 x2]

2

4p11 p12

p12 p22

3

5

2

4x1

x2

3

5
+ a(1� cos x1)

˙

V (x) = (p11x1 + p12x2 + a sin x1)x2 + (p12x1 + p22x2)(�a sin x1 � bx2)

= a(1� p22)x2 sin x1 � ap12x1 sin x1 + (p11 � p12b)x1x2 + (p12 � p22b)x
2
2

(1) c1 |x|p  V (x)  c2 |x|p;

(2) ˙

V (x)  �c3 |x|p.

(1) c1 |x|p  V (x)  c2 |x|p;

(2) ˙

V (x)  �c3 |x|p;

(3) ˙

V (x)  c4 |x|.

PA+ A

T

P = �Q

V (x) = x

T

Px

A :=

@f

@x

(x)

���
x=0

t 7!

2

4x(t)

a(t)

3

5
=

2

4 �(y(t), ẏ(t), · · · , y(q)(t))

⇥(y(t), ẏ(t), · · · , y(q+1)
(t))

3

5

December 8, 2012 DRAFT

• To every curve t↦y(t) that is sufficiently 
smooth, there corresponds a trajectory

that identically satisfies the system 
equation.

Reactive Controllers for Differentially Flat Systems

with Temporal Logic Constraints

Jun Liu, Ufuk Topcu, Necmiye Ozay, and Richard M. Murray

Abstract— We propose a procedure for the synthesis of

control protocols for systems governed by nonlinear differential

equations and constrained by temporal logic specifications.

This procedure relies on a particular finite-state abstraction

of the underlying continuous dynamics and a discrete repre-

sentation of the external environmental signals. A two-player

game formulation provides computationally efficient means to

construct a discrete strategy based on the finite-state model.

We focus on systems with differentially flat outputs, which, in a

straightforward manner, allows the construction of continuous

control signals from the discrete transitions dictated by the

discrete strategy. The resulting continuous-time output trajec-

tories are provably guaranteed to robustly satisfy the original

specifications.

I. INTRODUCTION

Synthesis of control protocols from linear temporal logic
specifications has recently attracted considerable interest [1]–
[7]. Given continuous dynamics of the underlying system
and a temporal logic specification, a common approach for
synthesizing control protocols is based on the following
steps: First construct a finite transition system that serves as
an “approximation” of the continuous model (which typically
has infinitely many states). Then, based on this finite-state
model, use tools such as model checking [8] or two-player
temporal logic game solvers [9], and construct a discrete
protocol that realizes the given specification. Correctness
of the continuous implementation of this discrete protocol
is then guaranteed from the construction of the finite-state
abstraction (which, for example, may simulate the continuous
dynamics). Often, the bottleneck in this procedure is in
the abstraction step. It either leads to abstract models with
number of states exceeding the capabilities of the currently
available tools or is not applicable due to the nonlinearity of
the underlying continuous dynamics.

Partly motivated by the limitations in the applicability of
the synthesis procedure to nonlinear dynamics, we consider
the following setup in this paper. The temporal logic specifi-
cations are in terms of the observable outputs (not necessarily
the same as the states and usually in a lower dimensional
space) of the continuous dynamics. The underlying dynamics
are allowed to be nonlinear. On the other hand, we focus on a
particular class of nonlinear dynamics for which it has been
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known that solving point-to-point finite-time reachability
problems is relatively easy. Namely, we consider nonlinear
dynamics with differentially flat outputs [10].

The design procedure outlined in the following sections is
based on particular discretizations of the time and continuous
input and output sets. Due to the way these discretizations
are generated, it is relatively straightforward to establish the
transition relations between the discretized points; hence the
finite-state abstract model. This finite-state abstract model
is then used to construct a discrete protocol that imple-
ments the temporal logic specifications. The property that
the dynamics are differentially flat is exploited in the con-
tinuous implementation of this discrete protocol. That is,
once the current output value is observed and the discrete
point “closest” to the observation is determined, the discrete
protocol dictates the value the output shall reach over the
current time interval. Due to the differential flatness, this
finite-time point-to-point steering problem can now be solved
effectively by using standard trajectory generation techniques
[11]. Moreover, by using a notion of robust interpretation
of LTL formulas, we formally prove that if the executions
of the discrete protocol satisfy a certain specification given
by LTL formulas, then the output trajectories generated
by continuously implementing the protocol should robustly
satisfy the original specifications.

The rest of the paper is organized as follows. In next
section, we introduce differentially flat systems and for-
mulate an LTL synthesis problem for such systems. Our
procedure for solving the synthesis problem is outlined
Section III, including a discretization procedure, temporal
logic game formulation and solution technique, continuous-
time implementation, and correctness proof. The procedure
is illustrated by a simple example in Section IV. In Section
V, we compare our work with existing work on abstraction-
based approaches to controller synthesis.

II. PRELIMINARIES AND PROBLEM FORMULATION

Consider a system of the form

ẋ = f(x, a), y = h(x), (1)

where x(t) 2 Rn is the state, a(t) 2 Rm the control input,
and y(t) 2 Rm the output. We assume that functions f and h

are sufficiently smooth, i.e., they are kth continuously differ-
entiable for some sufficiently large k. A standing assumption
throughout this paper about system (1), called differential
flatness, is formulated as follows.

Assumption 1: The function h has rank m, and there exist
two functions � : Rm(q+1) ! Rn and ⇥ : Rm(q+2) ! Rm

of rank n and m, respectively, in their domains, such that
the integral curve of (1) identically satisfy the equations

x = �(y, ẏ, · · · , y(q)), a = ⇥(y, ẏ, · · · , y(q+1)). (2)

Moreover, m(q + 1) = n, which together with the rank of
�, implies that � has an inverse, denoted by ��1.

Differential flatness has proved to be useful in the design
of advanced control and supervision schemes for nonlinear
systems (see, e.g., [10], [12]–[14]). The statement of As-
sumption 1 above is taken from [12]. This paper proposes
a systematic way of synthesizing correct-by-construction
controllers, by exploiting differential flatness of system (1),
such that the output of the system satisfies certain high-level
specifications.

A. Linear temporal logic
We use linear temporal logic (LTL) [15], [16] to formally

specify system properties. Standard LTL is built upon a finite
set of atomic propositions, logical operators ¬ (negation) and
_ (disjunction), and the temporal modal operators � (next)
and U (until).

An atomic proposition is a statement on the system output
variable that has a unique truth value (True or False) for
a given output in Rm. Equivalently, an atomic proposition
is uniquely characterized by the subset of Rm on which
the proposition holds true. Formally, given a set of atomic
propositions ⇧, the set of LTL formulas over ⇧ can be
defined inductively as follows:
(1) any atomic proposition ⇡ 2 ⇧ is an LTL formula;
(2) if ' and  are LTL formulas, so are ¬', �', ' _  ,

and 'U .
Additional logical operators, such as ^ (conjunction), !
(material implication), and temporal modal operators 3

(eventually), and 2 (always), are defined by:
(a) ' ^  := ¬(¬' _ ¬ );
(b) '!  := ¬' ^  ;
(c) True := p _ ¬p, where p 2 ⇧;
(d) 3' := TrueU';
(e) 2' := ¬3¬'.
A propositional formula is one that does not include any
temporal operators.

In order to reason about the correctness of the output
trajectories both at the continuous level and the discrete
level, we shall interpret LTL over both the continuous output
trajectories of (1) and sequences of output values taking the
form y

0

, y

1

, y

2

, · · · . Given an atomic proposition ⇡ 2 ⇧, let
J⇡K denote the subset of Rm on which ⇡ holds true. Formal
interpretations of LTL formulas are given as follows.

Continuous Semantics of LTL: Given an LTL formula
' without the next operator �, we can recursively define
the satisfaction of ' over an output trajectory y(t) at time t,
written y(t) � ', as follows:
(1) for any atomic proposition ⇡ 2 ⇧, y(t) � ⇡ if and only

if y(t) 2 J⇡K;
(2) y(t) � ¬' if and only if y(t) 1 ';
(3) y(t) � ' _  if and only if y(t) � ' or y(t) �  ; and

(4) y(t) � 'U if and only if there exists t

0 � t such that
y(t) �  and y(t) � ' for all s 2 [t, t0).

An output trajectory y(t) starting at 0 is said to satisfy ' if
and only if y(0) � '.

Discrete Semantics of LTL: Given an LTL formula ', we
can recursively define the satisfaction of ' over a sequence of
outputs of (1), y

0

, y

1

, y

2

, · · · , at position i, written yi ✏ ',
as follows:
(1) for any atomic proposition ⇡ 2 ⇧, yi ✏ ⇡ if and only if

yi 2 J⇡K;
(2) yi ✏ ¬' if and only if yi 2 ';
(3) yi ✏ �' if and only if yi+1

✏ ';
(4) yi ✏ ' _  if and only if yi ✏ ' or yi ✏  ;
(5) yi ✏ 'U if and only if there exists j � i such that

yi ✏  and yk ✏ ' for all k 2 [i, j).
An output sequence y

0

, y

1

, y

2

, · · · is said to satisfy ' if and
only if y

0

✏ '.

B. Problem formulation

The main problem of the paper is formulated as follows.
Problem 1: Given an LTL formula ', find a control input

a : R+ ! Rm such that the output trajectory y of (1)
satisfies y(0) � '.

C. Robust interpretation of LTL formulas

To reason about the satisfaction of an LTL formula by
different output trajectories and/or sequences that are close
to each other, we employ a notion of robust interpretation of
LTL formulas [2]. Roughly speaking, we need a notion of
robust satisfaction that captures the following: if y

1

(t) � '

robustly for some formula ' and some output trajectory y

1

(t)
and we know that y

2

(t) stays close to y

1

(t) for all t � 0,
then we should have y

2

(t) � '. Similar implications should
hold among output sequences and between output sequences
and trajectories.

We start with the set of atomic propositions ⇧ and
introduce the set of negated atomic propositions ¬⇧ :=
{¬⇡ : ⇡ 2 ⇧}. We form a new set of atomic propositions
⇧̂ := ⇧ [ ¬⇧. Given an LTL formula ', we write it in
Negation Normal Form (NNF) [17, Section 9.4]. For all
occurrences of negations of atomic propositions in ' in its
NNF, we treat them as atomic propositions from ⇧̂. In this
sense, all LTL formulas on ⇧ can be seen as an LTL formula
built upon ⇧̂ without the negation operator, only that now
we need both the logical operators _ and ^ to derive the full
set of LTL formulas.

We further define the notions of "-contraction [2] and "-
inflation of an atomic proposition ⇡ for some given " � 0
(denoted by ⇡" and ⇡", respectively) by

J⇡"K := {z 2 J⇡K : z + "B 2 J⇡K} .

and J⇡"K := J⇡K + "B, where B denote the unit closed
ball in Rm. The above definition makes sense because an
atomic proposition ⇡ is uniquely characterized by the set
J⇡K. Furthermore, "-contraction and "-inflation of a set of
atomic propositions, in particular, the set ⇧̂, are defined
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Construction of finite abstraction

• Let Zm denote the integral lattice in Rm and define

where U and Y are compacts in Rm and                      .

• Define a labelled transition system                               by

where

• The abstraction is trivial in the sense that it connects all grid points as 
long as they can be reached at a “feasible rate”.

by mapping each element of ⇧̂ to its "-contraction and "-
inflation, respectively.

Definition 1: Given an LTL formula ' built upon ⇧,
its "-contraction (respectively, "-inflation), denoted by '

"

(respectively, '") can be obtained in three steps: i) write ' in
NNF; ii) treat it as a formula built upon ⇧̂; iii) replace each
occurrence of atomic proposition from ⇧̂ by its "-contraction
(respectively, "-inflation).

Proposition 1: For � � " � 0, we have '

0 = '

0

= ',
('")� = ('�)" = '

"+� , ('" ! '

�) = True, ('� ! '") =
True, (('")� ! '

��") = True, and (('�)" ! '��") =
True for any LTL formula '.

In addition, the following proposition is useful reason
about the satisfaction of an LTL formula by different output
trajectories and/or sequences.

Proposition 2: Let y
0

, y

1

, y

2

, · · · and y

0
0

, y

0
1

, y

0
2

, · · · be
two output sequences and y(t) and ŷ(t) two output tra-
jectories. Let " > 0 be a positive constant. Let ' be an
LTL formula without the next operator. Then the following
statements hold:

(i) If y

0

✏ ('")", then y

0

✏ '. Similarly, y(0) � ('")"

implies y(0) � ';
(ii) If y

0

✏ ' and supk�0

|yk � y

0
k|  ", then y

0
0

✏ '

";
(iii) If y(0) � ' and supt�0

|y(t)� ŷ(t)|  ", then ŷ(0) �
'

";
(iv) Let y(t) be given by the linear interpolation of the

sequence (t
0

, y

0

), (t
1

, y

1

), (t
2

, y

2

), · · · , with tk ! 1
as k ! 1. If y

0

✏ ' and there exists � > 0 such that
supk�0

|yk+1

� yk|  �, then y(0) � '

�/2;
(v) Let yk = y(k⌧) for some ⌧ > 0 and all k � 0. If

y(0) � ' and y(t) is Lipschitz in t with Lipschitz
constant �, then y

0

✏ '

�⌧/2.
Statement (iii) of Proposition 2 above is essentially Theo-

rem 16 of [2] and (ii) is its discrete analogue. The statements
given by (iv) and (v) seem to be new and they turn out
to be useful in reasoning about the satisfaction of an LTL
formula by output trajectories and sequences. In particular,
statement (v) above reflects the fact that a continuous trajec-
tory satisfying an LTL formula in general does not imply a
sequence taken from this trajectory would satisfy the same
LTL formula. Statement (iv) shows the reverse. In both cases,
an inflated specification is considered. In (ii) and (iii), it is
shown that if two output trajectories or sequences are "-close,
one should satisfy an "-inflated specification that is satisfied
by the other. Finally, (i) shows that we can still enforce a
given specification through a composition of inflation and
contraction of the specification, an argument that can be
useful to reason about implications of correctness among
trajectories and sequences.

III. CONTROL PROTOCOL SYNTHESIS BASED ON
FLATNESS AND TEMPORAL LOGIC GAMES

Based on the continuous-time nonlinear system model (1)
and an LTL specification, our approach to control protocol
synthesis Problem 1 consists of three steps. We first establish
a finite-state abstraction of system (1), which is a finite
transition system that approximates the output behavior of

(1). By exploiting flatness of the output of (1), such a
transition system can be constructed in a somewhat trivial
way. Based on this high-level discrete abstraction, we then
synthesize a discrete control strategy from a modified LTL
specification such that the executions of the transition system
satisfy this specification. In particular, we take a specific
temporal logic game approach to this synthesis problem,
which is amenable to polynomial-time solvers and allows
us to further incorporate environmental adversaries in the
formulation. Finally, differential flatness of the system allows
us to continuously steer the output of the system according
to the discrete strategy. Correctness proof is given to ensure
that the output trajectories of (1) generated by this approach
satisfy the original LTL specification.

A. Construction of finite abstraction
Let Zm denote the m-dimensional integer lattice, which

is the lattice in Rm whose lattice points are m-tuples of
integers. Consider two compact sets U and Y in Rm. For
given parameters ⌘ > 0 and µ > 0, define

Uµ := µZm \ U, Y⌘ := ⌘Zm \ Y,

where µZm := {µz : z 2 Zm}. We consider the labelled
transition system TS = (Y⌘, Uµ,!), where !✓ Y⌘ ⇥Uµ ⇥
Y⌘ are the labelled transitions defined by (y, u, y0) ✓! if
and only if y

0 = y + ⌧u, where ⌧ is set to be ⌘/µ, as
a time discretization parameter. Figure 1 illustrates a typical
transition of such a transition system obtained by discretizing
a two-dimensional domain. An execution of TS is a sequence
(y

0

, u

0

), (y
1

, u

1

), (y
2

, u

2

), · · · , where yi 2 Y⌘ , yi 2 Uµ,
and (qi, ui, qi+1

) for all i � 0. Given an LTL formula ',
the above execution is said to satisfy ' if and only if the
sequence sequence y

0

, y

1

, y

2

, · · · satisfies '.

yk

yk+1
uk

Fig. 1: A typical example of transitions enabled in a finite
abstraction obtained by discretization. The transition is given
by (yk, uk, yk+1

), where yk, yk+1

2 Y⌘ and uk = (yk+1

�
yk)/⌧ 2 Uµ. Note that, since ⌘ = µ⌧ , we have uk 2 Uµ is
guaranteed if uk 2 U .

B. Solution through temporal logic game
We propose a temporal logic game approach for the syn-

thesis of a discrete strategy to guarantee that the executions
of TS will satisfy '. Our approach leverages recent work
on reactive synthesis [18], [19] of controllers for systems
interacting with adversarial environments [7], where a con-
trol protocol is synthesized to generate a sequence of control
signals to ensure that a plant meets its specification for all al-
lowable behaviors of the environment. The synthesis problem
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temporal logic game approach to this synthesis problem,
which is amenable to polynomial-time solvers and allows
us to further incorporate environmental adversaries in the
formulation. Finally, differential flatness of the system allows
us to continuously steer the output of the system according
to the discrete strategy. Correctness proof is given to ensure
that the output trajectories of (1) generated by this approach
satisfy the original LTL specification.

A. Construction of finite abstraction
Let Zm denote the m-dimensional integer lattice, which

is the lattice in Rm whose lattice points are m-tuples of
integers. Consider two compact sets U and Y in Rm. For
given parameters ⌘ > 0 and µ > 0, define

Uµ := µZm \ U, Y⌘ := ⌘Zm \ Y,

where µZm := {µz : z 2 Zm}. We consider the labelled
transition system TS = (Y⌘, Uµ,!), where !✓ Y⌘ ⇥Uµ ⇥
Y⌘ are the labelled transitions defined by (y, u, y0) ✓! if
and only if y

0 = y + ⌧u, where ⌧ is set to be ⌘/µ, as
a time discretization parameter. Figure 1 illustrates a typical
transition of such a transition system obtained by discretizing
a two-dimensional domain. An execution of TS is a sequence
(y
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), · · · , where yi 2 Y⌘ , yi 2 Uµ,
and (qi, ui, qi+1

) for all i � 0. Given an LTL formula ',
the above execution is said to satisfy ' if and only if the
sequence sequence y
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, · · · satisfies '.
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Fig. 1: A typical example of transitions enabled in a finite
abstraction obtained by discretization. The transition is given
by (yk, uk, yk+1

), where yk, yk+1

2 Y⌘ and uk = (yk+1

�
yk)/⌧ 2 Uµ. Note that, since ⌘ = µ⌧ , we have uk 2 Uµ is
guaranteed if uk 2 U .

B. Solution through temporal logic game
We propose a temporal logic game approach for the syn-

thesis of a discrete strategy to guarantee that the executions
of TS will satisfy '. Our approach leverages recent work
on reactive synthesis [18], [19] of controllers for systems
interacting with adversarial environments [7], where a con-
trol protocol is synthesized to generate a sequence of control
signals to ensure that a plant meets its specification for all al-
lowable behaviors of the environment. The synthesis problem

by mapping each element of ⇧̂ to its "-contraction and "-
inflation, respectively.

Definition 1: Given an LTL formula ' built upon ⇧,
its "-contraction (respectively, "-inflation), denoted by '

"

(respectively, '") can be obtained in three steps: i) write ' in
NNF; ii) treat it as a formula built upon ⇧̂; iii) replace each
occurrence of atomic proposition from ⇧̂ by its "-contraction
(respectively, "-inflation).

Proposition 1: For � � " � 0, we have '
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True for any LTL formula '.

In addition, the following proposition is useful reason
about the satisfaction of an LTL formula by different output
trajectories and/or sequences.
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two output sequences and y(t) and ŷ(t) two output tra-
jectories. Let " > 0 be a positive constant. Let ' be an
LTL formula without the next operator. Then the following
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(i) If y
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y(0) � ' and y(t) is Lipschitz in t with Lipschitz
constant �, then y
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Statement (iii) of Proposition 2 above is essentially Theo-

rem 16 of [2] and (ii) is its discrete analogue. The statements
given by (iv) and (v) seem to be new and they turn out
to be useful in reasoning about the satisfaction of an LTL
formula by output trajectories and sequences. In particular,
statement (v) above reflects the fact that a continuous trajec-
tory satisfying an LTL formula in general does not imply a
sequence taken from this trajectory would satisfy the same
LTL formula. Statement (iv) shows the reverse. In both cases,
an inflated specification is considered. In (ii) and (iii), it is
shown that if two output trajectories or sequences are "-close,
one should satisfy an "-inflated specification that is satisfied
by the other. Finally, (i) shows that we can still enforce a
given specification through a composition of inflation and
contraction of the specification, an argument that can be
useful to reason about implications of correctness among
trajectories and sequences.

III. CONTROL PROTOCOL SYNTHESIS BASED ON
FLATNESS AND TEMPORAL LOGIC GAMES

Based on the continuous-time nonlinear system model (1)
and an LTL specification, our approach to control protocol
synthesis Problem 1 consists of three steps. We first establish
a finite-state abstraction of system (1), which is a finite
transition system that approximates the output behavior of

(1). By exploiting flatness of the output of (1), such a
transition system can be constructed in a somewhat trivial
way. Based on this high-level discrete abstraction, we then
synthesize a discrete control strategy from a modified LTL
specification such that the executions of the transition system
satisfy this specification. In particular, we take a specific
temporal logic game approach to this synthesis problem,
which is amenable to polynomial-time solvers and allows
us to further incorporate environmental adversaries in the
formulation. Finally, differential flatness of the system allows
us to continuously steer the output of the system according
to the discrete strategy. Correctness proof is given to ensure
that the output trajectories of (1) generated by this approach
satisfy the original LTL specification.

A. Construction of finite abstraction
Let Zm denote the m-dimensional integer lattice, which

is the lattice in Rm whose lattice points are m-tuples of
integers. Consider two compact sets U and Y in Rm. For
given parameters ⌘ > 0 and µ > 0, define

Uµ := µZm \ U, Y⌘ := ⌘Zm \ Y,

where µZm := {µz : z 2 Zm}. We consider the labelled
transition system TS = (Y⌘, Uµ,!), where !✓ Y⌘ ⇥Uµ ⇥
Y⌘ are the labelled transitions defined by (y, u, y0) ✓! if
and only if y

0 = y + ⌧u, where ⌧ is set to be ⌘/µ, as
a time discretization parameter. Figure 1 illustrates a typical
transition of such a transition system obtained by discretizing
a two-dimensional domain. An execution of TS is a sequence
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Fig. 1: A typical example of transitions enabled in a finite
abstraction obtained by discretization. The transition is given
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B. Solution through temporal logic game
We propose a temporal logic game approach for the syn-

thesis of a discrete strategy to guarantee that the executions
of TS will satisfy '. Our approach leverages recent work
on reactive synthesis [18], [19] of controllers for systems
interacting with adversarial environments [7], where a con-
trol protocol is synthesized to generate a sequence of control
signals to ensure that a plant meets its specification for all al-
lowable behaviors of the environment. The synthesis problem

by mapping each element of ⇧̂ to its "-contraction and "-
inflation, respectively.

Definition 1: Given an LTL formula ' built upon ⇧,
its "-contraction (respectively, "-inflation), denoted by '

"

(respectively, '") can be obtained in three steps: i) write ' in
NNF; ii) treat it as a formula built upon ⇧̂; iii) replace each
occurrence of atomic proposition from ⇧̂ by its "-contraction
(respectively, "-inflation).

Proposition 1: For � � " � 0, we have '

0 = '
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"+� , ('" ! '

�) = True, ('� ! '") =
True, (('")� ! '
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True for any LTL formula '.

In addition, the following proposition is useful reason
about the satisfaction of an LTL formula by different output
trajectories and/or sequences.
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two output sequences and y ( t ) and ˆy ( t ) two output tra-
jectories. Let " > 0 be a positive constant. Let ' be an
LTL formula without the next operator. Then the following
statements hold:

(i) If y
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(v) Let y k = y ( k ⌧) for some ⌧ > 0 and all k � 0. If

y (0) � ' and y ( t ) is Lipschitz in t with Lipschitz
constant �, then y
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Statement (iii) of Proposition 2 above is essentially Theo-

rem 16 of [2] and (ii) is its discrete analogue. The statements
given by (iv) and (v) seem to be new and they turn out
to be useful in reasoning about the satisfaction of an LTL
formula by output trajectories and sequences. In particular,
statement (v) above reflects the fact that a continuous trajec-
tory satisfying an LTL formula in general does not imply a
sequence taken from this trajectory would satisfy the same
LTL formula. Statement (iv) shows the reverse. In both cases,
an inflated specification is considered. In (ii) and (iii), it is
shown that if two output trajectories or sequences are "-close,
one should satisfy an "-inflated specification that is satisfied
by the other. Finally, (i) shows that we can still enforce a
given specification through a composition of inflation and
contraction of the specification, an argument that can be
useful to reason about implications of correctness among
trajectories and sequences.

III. CONTROL PROTOCOL SYNTHESIS BASED ON
FLATNESS AND TEMPORAL LOGIC GAMES

Based on the continuous-time nonlinear system model (1)
and an LTL specification, our approach to control protocol
synthesis Problem 1 consists of three steps. We first establish
a finite-state abstraction of system (1), which is a finite
transition system that approximates the output behavior of

(1). By exploiting flatness of the output of (1), such a
transition system can be constructed in a somewhat trivial
way. Based on this high-level discrete abstraction, we then
synthesize a discrete control strategy from a modified LTL
specification such that the executions of the transition system
satisfy this specification. In particular, we take a specific
temporal logic game approach to this synthesis problem,
which is amenable to polynomial-time solvers and allows
us to further incorporate environmental adversaries in the
formulation. Finally, differential flatness of the system allows
us to continuously steer the output of the system according
to the discrete strategy. Correctness proof is given to ensure
that the output trajectories of (1) generated by this approach
satisfy the original LTL specification.

A. Construction of finite abstraction
Let Zm denote the m -dimensional integer lattice, which

is the lattice in Rm whose lattice points are m -tuples of
integers. Consider two compact sets U and Y in Rm. For
given parameters ⌘ > 0 and µ > 0, define

U µ := µ Zm \ U , Y ⌘ := ⌘Zm \ Y ,

where µ Zm := { µ z : z 2 Zm}. We consider the labelled
transition system T S = ( Y ⌘, U µ,!), where !✓ Y ⌘ ⇥ U µ ⇥
Y ⌘ are the labelled transitions defined by ( y , u , y 0) ✓! if
and only if y

0 = y + ⌧ u , where ⌧ is set to be ⌘ / µ , as
a time discretization parameter. Figure 1 illustrates a typical
transition of such a transition system obtained by discretizing
a two-dimensional domain. An execution of T S is a sequence
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the above execution is said to satisfy ' if and only if the
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Fig. 1: A typical example of transitions enabled in a finite
abstraction obtained by discretization. The transition is given
by ( y k, u k, y k+1

), where y k, y k+1

2 Y ⌘ and u k = ( y k+1
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y k) / ⌧ 2 U µ. Note that, since ⌘ = µ ⌧ , we have u k 2 U µ is
guaranteed if u k 2 U .

B. Solution through temporal logic game
We propose a temporal logic game approach for the syn-

thesis of a discrete strategy to guarantee that the executions
of T S will satisfy '. Our approach leverages recent work
on reactive synthesis [18], [19] of controllers for systems
interacting with adversarial environments [7], where a con-
trol protocol is synthesized to generate a sequence of control
signals to ensure that a plant meets its specification for all al-
lowable behaviors of the environment. The synthesis problem

by mapping each element of ⇧̂ to its "-contraction and "-
inflation, respectively.

Definition 1: Given an LTL formula ' built upon ⇧,
its "-contraction (respectively, "-inflation), denoted by '

"

(respectively, '") can be obtained in three steps: i) write ' in
NNF; ii) treat it as a formula built upon ⇧̂; iii) replace each
occurrence of atomic proposition from ⇧̂ by its "-contraction
(respectively, "-inflation).

Proposition 1: For � � " � 0, we have '
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�) = True, ('� ! '") =
True, (('")� ! '
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True for any LTL formula '.

In addition, the following proposition is useful reason
about the satisfaction of an LTL formula by different output
trajectories and/or sequences.
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two output sequences and y(t) and ŷ(t) two output tra-
jectories. Let " > 0 be a positive constant. Let ' be an
LTL formula without the next operator. Then the following
statements hold:

(i) If y
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y(0) � ' and y(t) is Lipschitz in t with Lipschitz
constant �, then y
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Statement (iii) of Proposition 2 above is essentially Theo-

rem 16 of [2] and (ii) is its discrete analogue. The statements
given by (iv) and (v) seem to be new and they turn out
to be useful in reasoning about the satisfaction of an LTL
formula by output trajectories and sequences. In particular,
statement (v) above reflects the fact that a continuous trajec-
tory satisfying an LTL formula in general does not imply a
sequence taken from this trajectory would satisfy the same
LTL formula. Statement (iv) shows the reverse. In both cases,
an inflated specification is considered. In (ii) and (iii), it is
shown that if two output trajectories or sequences are "-close,
one should satisfy an "-inflated specification that is satisfied
by the other. Finally, (i) shows that we can still enforce a
given specification through a composition of inflation and
contraction of the specification, an argument that can be
useful to reason about implications of correctness among
trajectories and sequences.

III. CONTROL PROTOCOL SYNTHESIS BASED ON
FLATNESS AND TEMPORAL LOGIC GAMES

Based on the continuous-time nonlinear system model (1)
and an LTL specification, our approach to control protocol
synthesis Problem 1 consists of three steps. We first establish
a finite-state abstraction of system (1), which is a finite
transition system that approximates the output behavior of

(1). By exploiting flatness of the output of (1), such a
transition system can be constructed in a somewhat trivial
way. Based on this high-level discrete abstraction, we then
synthesize a discrete control strategy from a modified LTL
specification such that the executions of the transition system
satisfy this specification. In particular, we take a specific
temporal logic game approach to this synthesis problem,
which is amenable to polynomial-time solvers and allows
us to further incorporate environmental adversaries in the
formulation. Finally, differential flatness of the system allows
us to continuously steer the output of the system according
to the discrete strategy. Correctness proof is given to ensure
that the output trajectories of (1) generated by this approach
satisfy the original LTL specification.

A. Construction of finite abstraction
Let Zm denote the m-dimensional integer lattice, which

is the lattice in Rm whose lattice points are m-tuples of
integers. Consider two compact sets U and Y in Rm. For
given parameters ⌘ > 0 and µ > 0, define

Uµ := µZm \ U, Y⌘ := ⌘Zm \ Y,

where µZm := {µz : z 2 Zm}. We consider the labelled
transition system TS = (Y⌘, Uµ,!), where !✓ Y⌘ ⇥Uµ ⇥
Y⌘ are the labelled transitions defined by (y, u, y0) ✓! if
and only if y

0 = y + ⌧u, where ⌧ is set to be ⌘/µ, as
a time discretization parameter. Figure 1 illustrates a typical
transition of such a transition system obtained by discretizing
a two-dimensional domain. An execution of TS is a sequence
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) for all i � 0. Given an LTL formula ',
the above execution is said to satisfy ' if and only if the
sequence sequence y
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Fig. 1: A typical example of transitions enabled in a finite
abstraction obtained by discretization. The transition is given
by (yk, uk, yk+1

), where yk, yk+1

2 Y⌘ and uk = (yk+1
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yk)/⌧ 2 Uµ. Note that, since ⌘ = µ⌧ , we have uk 2 Uµ is
guaranteed if uk 2 U .

B. Solution through temporal logic game
We propose a temporal logic game approach for the syn-

thesis of a discrete strategy to guarantee that the executions
of TS will satisfy '. Our approach leverages recent work
on reactive synthesis [18], [19] of controllers for systems
interacting with adversarial environments [7], where a con-
trol protocol is synthesized to generate a sequence of control
signals to ensure that a plant meets its specification for all al-
lowable behaviors of the environment. The synthesis problem
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ẋ(t) = f(x(t), a(t))

U

µ

:= µZm \ U, Y

⌘

:= ⌘Zm \ Y,

u

k

= (y

k+1 � y

k

)/⌧ 2 U

µ

u

k

= (y

k+1 � y

k

)/⌧

µ > 0, ⌘ > 0

⌧ = ⌘/µ.

December 8, 2012 DRAFT

Slide courtesy of Jun Liu

22



Continuous-time implementation

• Consider a sequence                       such that  

• Suppose y(t) is a continuous-time output trajectory such that

• Does this output trajectory satisfy                 ?
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Robust interpretation of LTL formulas
• We use a notion of robustness for an LTL formula to be satisfied 

(Fainekos et al. (2009)).
ε-contraction and ε-inflation of atomic propositions (sets)

of rank n and m, respectively, in their domains, such that
the integral curve of (1) identically satisfy the equations

x = �(y, ẏ, · · · , y(q)), a = ⇥(y, ẏ, · · · , y(q+1)). (2)

Moreover, m(q + 1) = n, which together with the rank of
�, implies that � has an inverse, denoted by ��1.

Differential flatness has proved to be useful in the design
of advanced control and supervision schemes for nonlinear
systems (see, e.g., [10], [12]–[14]). The statement of As-
sumption 1 above is taken from [12]. This paper proposes
a systematic way of synthesizing correct-by-construction
controllers, by exploiting differential flatness of system (1),
such that the output of the system satisfies certain high-level
specifications.

A. Linear temporal logic
We use linear temporal logic (LTL) [15], [16] to formally

specify system properties. Standard LTL is built upon a finite
set of atomic propositions, logical operators ¬ (negation) and
_ (disjunction), and the temporal modal operators � (next)
and U (until).

An atomic proposition is a statement on the system output
variable that has a unique truth value (True or False) for
a given output in Rm. Equivalently, an atomic proposition
is uniquely characterized by the subset of Rm on which
the proposition holds true. Formally, given a set of atomic
propositions ⇧, the set of LTL formulas over ⇧ can be
defined inductively as follows:
(1) any atomic proposition ⇡ 2 ⇧ is an LTL formula;
(2) if ' and  are LTL formulas, so are ¬', �', ' _  ,

and 'U .
Additional logical operators, such as ^ (conjunction), !
(material implication), and temporal modal operators 3

(eventually), and 2 (always), are defined by:
(a) ' ^  := ¬(¬' _ ¬ );
(b) '!  := ¬' ^  ;
(c) True := p _ ¬p, where p 2 ⇧;
(d) 3' := TrueU';
(e) 2' := ¬3¬'.
A propositional formula is one that does not include any
temporal operators.

In order to reason about the correctness of the output
trajectories both at the continuous level and the discrete
level, we shall interpret LTL over both the continuous output
trajectories of (1) and sequences of output values taking the
form y

0

, y

1

, y

2

, · · · . Given an atomic proposition ⇡ 2 ⇧, let
J⇡K denote the subset of Rm on which ⇡ holds true. Formal
interpretations of LTL formulas are given as follows.

Continuous Semantics of LTL: Given an LTL formula
' without the next operator �, we can recursively define
the satisfaction of ' over an output trajectory y(t) at time t,
written y(t) � ', as follows:
(1) for any atomic proposition ⇡ 2 ⇧, y(t) � ⇡ if and only

if y(t) 2 J⇡K;
(2) y(t) � ¬' if and only if y(t) 1 ';
(3) y(t) � ' _  if and only if y(t) � ' or y(t) �  ; and

(4) y(t) � 'U if and only if there exists t

0 � t such that
y(t) �  and y(t) � ' for all s 2 [t, t0).

An output trajectory y(t) starting at 0 is said to satisfy ' if
and only if y(0) � '.

Discrete Semantics of LTL: Given an LTL formula ', we
can recursively define the satisfaction of ' over a sequence of
outputs of (1), y
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, y

2

, · · · , at position i, written yi ✏ ',
as follows:
(1) for any atomic proposition ⇡ 2 ⇧, yi ✏ ⇡ if and only if
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(2) yi ✏ ¬' if and only if yi 2 ';
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yi ✏  and yk ✏ ' for all k 2 [i, j).
An output sequence y

0

, y
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, y

2

, · · · is said to satisfy ' if and
only if y

0

✏ '.

B. Problem formulation

The main problem of the paper is formulated as follows.
Problem 1: Given an LTL formula ', find a control input

a : R+ ! Rm such that the output trajectory y of (1)
satisfies y(0) � '.

C. Robust interpretation of LTL formulas

To reason about the satisfaction of an LTL formula by
different output trajectories and/or sequences that are close
to each other, we employ a notion of robust interpretation of
LTL formulas [2]. Roughly speaking, we need a notion of
robust satisfaction that captures the following: if y

1

(t) � '

robustly for some formula ' and some output trajectory y

1

(t)
and we know that y

2

(t) stays close to y

1

(t) for all t � 0,
then we should have y

2

(t) � '. Similar implications should
hold among output sequences and between output sequences
and trajectories.

We start with the set of atomic propositions ⇧ and
introduce the set of negated atomic propositions ¬⇧ :=
{¬⇡ : ⇡ 2 ⇧}. We form a new set of atomic propositions
⇧̂ := ⇧ [ ¬⇧. Given an LTL formula ', we write it in
Negation Normal Form (NNF) [17, Section 9.4]. For all
occurrences of negations of atomic propositions in ' in its
NNF, we treat them as atomic propositions from ⇧̂. In this
sense, all LTL formulas on ⇧ can be seen as an LTL formula
built upon ⇧̂ without the negation operator, only that now
we need both the logical operators _ and ^ to derive the full
set of LTL formulas.

We further define the notions of "-contraction [2] and "-
inflation of an atomic proposition ⇡ for some given " � 0
(denoted by ⇡" and ⇡", respectively) by

J⇡"K := {z 2 J⇡K : z + "B 2 J⇡K} .

and J⇡"K := J⇡K + "B, where B denote the unit closed
ball in Rm. The above definition makes sense because an
atomic proposition ⇡ is uniquely characterized by the set
J⇡K. Furthermore, "-contraction and "-inflation of a set of
atomic propositions, in particular, the set ⇧̂, are defined
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(denoted by ⇡" and ⇡", respectively) by
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atomic propositions, in particular, the set ⇧̂, are defined• Write any given LTL formula φ in Negation Normal Form (NNF).

• Treat negations of atomic propositions as new atomic propositions.

• Replace all atomic propositions by their ε-contraction.

ε-contraction φε (ε-inflation φε) of an LTL formula φ

“φε is satisfied” implies “φ is satisfied with a robustness margin ε”.

Slide courtesy of Jun Liu
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Reasoning of correctness between sequences 
and trajectories
Sequence to trajectory:
y(t): linear interpolation at yk’s

sup
k�0

|yk+1 � yk|  �

y0 ✏ '
}=) y(0) � '�/2

Trajectory to sequence:

y(t) is Lipschitz with constant  �

yk = y(k⌧)

y(0) � ' }=) y0 ✏ '�⌧/2

Slide courtesy of Jun Liu
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Generating correct trajectories for flat systems
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0 < "  � � u

max

⌧/2� ⌘/2� C⌧,
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By (2), the boundary conditions enforced at t = 0 are

(y(0), ẏ(0), · · · , y(q)(0)) = ��1(x(0)). (6)

For k � 1, boundary conditions at t = k⌧ should enforce
y(k⌧) = y((k�1)⌧)+⌧uk�1

, while higher-order derivatives
of y at t = k⌧ can be chosen for design purposes. Here we
choose

(y(k⌧), ẏ(k⌧), · · · , y(q)(k⌧))
= (y((k � 1)⌧) + ⌧uk�1

, uk�1

, 0, · · · , 0), (7)

which is the same as in [12]. Equation (6) can be used to
determine the coefficients c

0,j , · · · , cq,j from (4) by

ci,j =
⌧

i

i!
y

(i)
(j)(k⌧), j = 1, · · · ,m. (8)

Equation (7) can be used to determine the rest m(q + 1)
coefficients. In summary, the equations that determine cq+1,j ,
· · · , c

2q+1,j for a given j can be written as
2

6664

1 1 · · · 1
q + 1 q + 2 · · · 2q + 1

...
... · · ·

...
(q + 1)! (q+2)!

2

· · · (2q+1)!

(q+1)!

3

7775

2

64
cq+1,j

...
c

2q+1,j

3

75

=

2

66666664

y

(j)(k⌧) + ⌧uk,(j) �
Pq

i=0

⌧ i

i! y
(i)
(j)(k⌧)

⌧uk,(j) �
Pq

i=1

⌧ i

(i�1)!

y

(i)
(j)(k⌧)

�
Pq

i=2

⌧ i

(i�2)!

y

(i)
(j)(k⌧)

...
⌧

q
y

(q)
(j)(k⌧)

3

77777775

. (9)

By solving the above linear equation at each time t = k⌧ , we
obtain the desired output trajectory y(t) for the next interval
[k⌧, (k+1)⌧ ]. The appropriate continuous-time control input
a(t) to achieve y(t) can be obtained from the map ⇥ in (2).

We will formally prove in the next section that the output
trajectory generated by this procedure will satisfy the original
specification ' and therefore solve our Problem 1.

D. Proof of correctness
Note that in both (8) and (9), y(k⌧), ẏ(k⌧), · · · , y(q)(k⌧)

are given by (6) for k = 0 and by (7) for k � 1. From (4),
(8), and (9), we can show that

|y(t)� ŷ(t)|  C⌧, t 2 [k⌧, (k + 1)⌧ ], (10)

where C is a finite constant independent of ⌧ that can be
readily computed from (4), (8), and (9). The finiteness of C
follows from the fact that it only depends on x(0), y(k⌧)
and uk and that Y⌘ and Uµ are compact domains. Note that
for the same reason, the continuous-time control signal a(t)
given by (2) is also bounded.

Recall from (5) that |ŷ(t) � ỹ(t)|  ⌘/2 for all t � 0.
Now suppose that there exist � > " � 0 such that

"  � � u

max

⌧/2� ⌘/2� C⌧, (11)

where u

max

> 0 is such that |u|  u

max

for all u 2 Uµ.

Theorem 1: Let � and " be from (11). If the sequence
y

0

, y

1

, · · · satisfies y

0

✏ '� , then the output trajectory y(t)
implemented as described in Section III-C satisfies y(0) �
'", which, in particular, implies y(0) � '.

Proof: Proposition 2(iv) implies that ỹ(0) ✏
('�)umax

⌧/2. Furthermore, since ỹ and ŷ are ⌘/2-close, and
ŷ and y are (C⌧)-close, it follows from Propositions 1
and 2(iii) that ŷ(0) � ('�)umax

⌧/2+⌘/2+C⌧ , which implies
y(0) � '" and, in particular, y(0) � '.

The above theorem says that if there exists a discrete
strategy that can realize a given specification ' with certain
robustness margin that can compensate for the approximation
errors, then we can implement a continuous output trajectory
that also realizes ' with some robustness margin.

On the other hand, we can show that, if there exists
a continuous output trajectory that satisfies ' with certain
robustness margin, then, by refining the discretization for the
output space Y , we can make the discrete synthesis problem
nominally realizable (i.e., when without environmental con-
straints) with respect to the specification ', also subject to
certain robustness margin.

Suppose that ⌧ and ⌘ are chosen sufficiently small such
that

�  "� �⌧/2� ⌘/2, (12)

holds for some " > � � 0 and �, where u

max

> 0 is such
that |u|  u

max

for all u 2 Uµ.
Theorem 2: Let �, ", and � be from (12). Suppose that

y(t) be an output trajectory of (1) such that y(0) � '".
Suppose that y is Lipschitz in t with Lipschitz constant �

and Uµ is such that (µ+�)B\µZm ✓ Uµ. Then there exists
a sequence y

0

, y

1

, · · · in Y⌘ such that yk = yk�1

+ ⌧uk�1

,
with uk�1

2 Uµ for all k � 1, and y

0

✏ '� .
Proof: Proposition 2(v) implies that the sequence

of outputs y(0), y(⌧), y(2⌧), · · · satisfies the specification
('")�⌧/2. By the definition of Y⌘ , we can pick a sequence
y

0

, y

1

, · · · in Y⌘ such that |yk � y(k)|  ⌘/2. If we define
uk = (yk+1

� yk)/⌧ for all k � 0, then |uk|  ⌘/⌧ + � =
µ+ �, which implies uk 2 Uµ. Furthermore, by Proposition
1, y

0

✏ ('")�⌧/2+⌘/2, which implies y

0

✏ '� .

IV. EXAMPLE

Consider two vehicles driving on two different but inter-
secting roads. The dynamics of the vehicles is given by

ẋ

1

= x

2

, ẋ

2

= a� ⇢x

2

2

, (13)

where the term �⇢x

2

2

with ⇢ > 0 models air drag and the
static friction can be lumped into the control input. The initial
conditions for both vehicles are given by (0, 0). The choice
of output y = x

1

turns out to be flat, since we have

(x
1

, x

2

) = (y, ẏ) = �(y, ẏ),

a = ÿ + ⇢ẏ

2 = ⇥(y, ẏ, ÿ),

which satisfy (2). We will use yj , j = 1, 2, to represent the
positions the two vehicles. Consider Y = [0, 10] ⇥ [0, 10]
and U = [�1, 1]. We choose the discretization parameters
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t 7! (y(t), ẏ(t), · · · , y(q+1)

(t))

t 7! (x(t), a(t))

ẋ(t) = f(x(t), a(t))

U

µ

:= µZm \ U, Y

⌘

:= ⌘Zm \ Y,

u

k

= (y

k+1

� y

k

)/⌧ 2 U

µ

u

k

= (y

k+1

� y

k

)/⌧

µ > 0, ⌘ > 0

⌧ = ⌘/µ.

.

Consider a sequence y

0

, y

1

, y

2

, · · · that satisfies y

0

✏ '.

y(0) = y

0

, y(⌧) = y

1

, · · · , y(k⌧) = y

k

, · · ·

y

0

✏ '

�

=) y(0) � '

"

=) y(0) � '
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is viewed as a two-player game between the environment and
the plant: the environment attempts to falsify the specification
and the plant tries to satisfy it.

A game is constructed by introducing an additional dis-
crete variable e, which represents the behavior of environ-
mental adverasries at the discrete level. Such adversaries do
not impact the continuous dynamics of the system directly,
but rather constrain its behavior through GR(1) specifications
of the form

' = ('e ! 's), (3)

where 'e specifies allowable environment behaviors and 's

is a system level specification that enforces correct system
behaviors for all valid environment behaviors. To be more
precise, for ↵ 2 {s, e}, each '↵ in (3) has the following
structure:

'↵ := '

↵
init ^

^

i2I↵
1

2'↵
1,i ^

^

i2I↵
2

23'

↵
2,i,

where '

↵
init is a propositional formula characterizing the

initial conditions; '↵
1,i are transition relations characterizing

safe, allowable moves and propositional formulas character-
izing invariants; and '

↵
2,i are propositional formulas charac-

terizing states that should be attained infinitely often. Many
interesting temporal specifications can be transformed into
this form. The readers can refer to [18], [19] for more
precise treatment on how to use GR(1) game to solve LTL
synthesis in many interesting cases (see also [20]–[22] for
more examples and applications). A winning strategy for the
system, i.e., a strategy such that formula (3) is satisfied, can
be solved by a symbolic algorithm within time complexity
that is quadratic in the size of the state space [19].

Formally, the two-player game approach can be described
as follows.
Two-Player Game: A state of the game s = (e, y, u) is in
E ⇥ Y⌘ ⇥ Uµ, where E, Y⌘ , and Uµ represent finite sets
of environment, output, and input values, respectively. A
transition of the game is a move of the environment and
a move of the output, followed by a move of the control
input. A discrete control strategy can be defined as a partial
function (s

0

s

1

· · · st�1

, (et, yt)) 7! ut, which chooses an
input ut based on the state sequence so far and the current
move of the environment. In this sense, a discrete control
strategy is a winning strategy for the system such that the
specification ' is met for all behaviors of the environment.
We say that ' is realizable if such a strategy exists. If the
specification is realizable, solving the two-player game gives
a control strategy in the form of a finite automaton, which
stores, for each possible environment move, an appropriate
control input that should be taken to ensure that the execution
produces correct output sequences.

C. Continuous-time implementation

We now build from discrete inputs uk, k � 0, dictated
from the discrete protocol, a continuous-time control input
a : R+ ! Rm such that Problem 1 is solved. The procedure
exploits the fact that the output of system (1) is flat, for

which a point-to-point steering problem can be easily solved
without approximation or requiring to integrate the system
equations. However, we do require that the output trajectory
satisfies the LTL specification for all time, not merely at an
output sequence of discrete times. This is in contrast with the
approximate simulation-based approaches for continuous-
time nonlinear systems, where the approximation simulations
are established between a time-discretized system and a finite
transition system and hence the closeness of approximation
is only enforced for a sequence of states at discrete times.

We start with y(0) 2 Y⌘ , the observed output of system
(1) at time 0. Let y

0

be the point in Y⌘ that is closest to y(0).
If there are multiple of points with same distance, we pick
a random one of them. Based on the current environment
behavior, we choose u

0

from the discrete control strategy,
which by construction of the discrete abstraction, will lead to
y

1

= y

0

+⌧u

0

. We look for a control input on [0, ⌧ ] that steers
the output of (1) from y(0) to y(⌧) = y(0)+⌧u

0

. On each of
the intervals [k⌧, (k + 1)⌧ ], k = 0, 1, · · · , we construct y(t)
using polynomial interpolation, which is commonly used to
construct output trajectory for differentially flat systems [12],
[13]. Consider

y

(j)(t) =
2q+1X

i=0

ci,j(t� k⌧)i/⌧ i, t 2 [k⌧, (k + 1)⌧ ], (4)

where y

(j)(t) denotes the j-th component of y(t) (not to be
confused with the sequence of outputs y

0

, y

1

, · · · ) and ci,j

are constant coefficients to be determined. For comparison,
we also introduce two functions

ŷ(t) = y(k⌧) + (t� k⌧)uk, ỹ(t) = yk + (t� k⌧)uk, (5)

on the interval [k⌧, (k + 1)⌧ ], where y(k⌧) is the output at
t = k⌧ , yk is the closest point to y(k⌧) we picked from Y⌘ ,
and uk is the control input read from the winning automaton
obtained by solving the temporal logic game in the previous
section. Note that |ŷ(t) � ỹ(t)|  ⌘/2 for all t � 0. The
implementation procedure and the functions y(t), ŷ(t), and
ỹ(t) are illustrated by Figure 2.

yk
yk+1uk

y(kτ)

y((k+1)τ)

Fig. 2: Illustration of the continuous-time implementation
procedure based on transitions dictated from the discrete
strategy: y(k⌧) is the observed output at k⌧ . The closest
point on the grid is yk. The transition to be enforced by
the discrete strategy is yk+1

= yk + ⌧uk. The next output
value to be reach at the end of the time interval [k⌧, (k +
1)⌧ ] is y((k + 1)⌧) = y(k⌧) + ⌧uk. The trajectory being
generated is denoted by the blue curve, while the functions
in comparison, ŷ(t) and ỹ(t) are given by the green and red
lines, respectively.

y(t): the output to be generated

ŷ(t): linear interpolation at y(kτ)’s

ỹ(t): linear interpolation at yk’s

Consider the following trajectories:

Polynomial basis:

Error estimate:

By (2), the boundary conditions enforced at t = 0 are

(y(0), ẏ(0), · · · , y(q)(0)) = ��1(x(0)). (6)

For k � 1, boundary conditions at t = k⌧ should enforce
y(k⌧) = y((k�1)⌧)+⌧uk�1

, while higher-order derivatives
of y at t = k⌧ can be chosen for design purposes. Here we
choose

(y(k⌧), ẏ(k⌧), · · · , y(q)(k⌧))
= (y((k � 1)⌧) + ⌧uk�1

, uk�1

, 0, · · · , 0), (7)

which is the same as in [12]. Equation (6) can be used to
determine the coefficients c

0,j , · · · , cq,j from (4) by

ci,j =
⌧

i

i!
y

(i)
(j)(k⌧), j = 1, · · · ,m. (8)

Equation (7) can be used to determine the rest m(q + 1)
coefficients. In summary, the equations that determine cq+1,j ,
· · · , c

2q+1,j for a given j can be written as
2

6664

1 1 · · · 1
q + 1 q + 2 · · · 2q + 1

...
... · · ·

...
(q + 1)! (q+2)!

2

· · · (2q+1)!

(q+1)!

3

7775

2

64
cq+1,j

...
c

2q+1,j

3

75

=

2

66666664

y

(j)(k⌧) + ⌧uk,(j) �
Pq

i=0

⌧ i

i! y
(i)
(j)(k⌧)

⌧uk,(j) �
Pq

i=1

⌧ i

(i�1)!

y

(i)
(j)(k⌧)

�
Pq

i=2

⌧ i

(i�2)!

y

(i)
(j)(k⌧)

...
⌧

q
y

(q)
(j)(k⌧)

3

77777775

. (9)

By solving the above linear equation at each time t = k⌧ , we
obtain the desired output trajectory y(t) for the next interval
[k⌧, (k+1)⌧ ]. The appropriate continuous-time control input
a(t) to achieve y(t) can be obtained from the map ⇥ in (2).

We will formally prove in the next section that the output
trajectory generated by this procedure will satisfy the original
specification ' and therefore solve our Problem 1.

D. Proof of correctness
Note that in both (8) and (9), y(k⌧), ẏ(k⌧), · · · , y(q)(k⌧)

are given by (6) for k = 0 and by (7) for k � 1. From (4),
(8), and (9), we can show that

|y(t)� ŷ(t)|  C⌧, t 2 [k⌧, (k + 1)⌧ ], (10)

where C is a finite constant independent of ⌧ that can be
readily computed from (4), (8), and (9). The finiteness of C
follows from the fact that it only depends on x(0), y(k⌧)
and uk and that Y⌘ and Uµ are compact domains. Note that
for the same reason, the continuous-time control signal a(t)
given by (2) is also bounded.

Recall from (5) that |ŷ(t) � ỹ(t)|  ⌘/2 for all t � 0.
Now suppose that there exist � > " � 0 such that

"  � � u

max

⌧/2� ⌘/2� C⌧, (11)

where u

max

> 0 is such that |u|  u

max

for all u 2 Uµ.

Theorem 1: Let � and " be from (11). If the sequence
y

0

, y

1

, · · · satisfies y

0

✏ '� , then the output trajectory y(t)
implemented as described in Section III-C satisfies y(0) �
'", which, in particular, implies y(0) � '.

Proof: Proposition 2(iv) implies that ỹ(0) ✏
('�)umax

⌧/2. Furthermore, since ỹ and ŷ are ⌘/2-close, and
ŷ and y are (C⌧)-close, it follows from Propositions 1
and 2(iii) that ŷ(0) � ('�)umax

⌧/2+⌘/2+C⌧ , which implies
y(0) � '" and, in particular, y(0) � '.

The above theorem says that if there exists a discrete
strategy that can realize a given specification ' with certain
robustness margin that can compensate for the approximation
errors, then we can implement a continuous output trajectory
that also realizes ' with some robustness margin.

On the other hand, we can show that, if there exists
a continuous output trajectory that satisfies ' with certain
robustness margin, then, by refining the discretization for the
output space Y , we can make the discrete synthesis problem
nominally realizable (i.e., when without environmental con-
straints) with respect to the specification ', also subject to
certain robustness margin.

Suppose that ⌧ and ⌘ are chosen sufficiently small such
that

�  "� �⌧/2� ⌘/2, (12)

holds for some " > � � 0 and �, where u

max

> 0 is such
that |u|  u

max

for all u 2 Uµ.
Theorem 2: Let �, ", and � be from (12). Suppose that

y(t) be an output trajectory of (1) such that y(0) � '".
Suppose that y is Lipschitz in t with Lipschitz constant �

and Uµ is such that (µ+�)B\µZm ✓ Uµ. Then there exists
a sequence y

0

, y

1

, · · · in Y⌘ such that yk = yk�1

+ ⌧uk�1

,
with uk�1

2 Uµ for all k � 1, and y

0

✏ '� .
Proof: Proposition 2(v) implies that the sequence

of outputs y(0), y(⌧), y(2⌧), · · · satisfies the specification
('")�⌧/2. By the definition of Y⌘ , we can pick a sequence
y

0

, y

1

, · · · in Y⌘ such that |yk � y(k)|  ⌘/2. If we define
uk = (yk+1

� yk)/⌧ for all k � 0, then |uk|  ⌘/⌧ + � =
µ+ �, which implies uk 2 Uµ. Furthermore, by Proposition
1, y

0

✏ ('")�⌧/2+⌘/2, which implies y

0

✏ '� .

IV. EXAMPLE

Consider two vehicles driving on two different but inter-
secting roads. The dynamics of the vehicles is given by

ẋ

1

= x

2

, ẋ

2

= a� ⇢x

2

2

, (13)

where the term �⇢x

2

2

with ⇢ > 0 models air drag and the
static friction can be lumped into the control input. The initial
conditions for both vehicles are given by (0, 0). The choice
of output y = x

1

turns out to be flat, since we have

(x
1

, x

2

) = (y, ẏ) = �(y, ẏ),

a = ÿ + ⇢ẏ

2 = ⇥(y, ẏ, ÿ),

which satisfy (2). We will use yj , j = 1, 2, to represent the
positions the two vehicles. Consider Y = [0, 10] ⇥ [0, 10]
and U = [�1, 1]. We choose the discretization parameters

Correctness implication:

provided that 

DRAFT 6

y(t) =

2q+1X

i=0

c

i

(t� k⌧)

i

/⌧

i

, t 2 [k⌧, (k + 1)⌧ ]

for all t,
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Control of 2-D overhead crane

Chapter 5

Jets of Infinite Order, Lie-Bäcklund’s
Equivalence

5.1 An Introductory Example of Crane

XO

Z

x

R

F
C

ζ

mg

T

θ

M }low-level controllers 
ξ

•

T

Fig. 5.1 A 2-dimensional overhead crane.

A cart of mass M rolls along the axis OX of the overhead crane. Its position
is denoted by x. It is actuated by a motor that produces a horizontal force
of intensity F . Moreover, the cart carries a winch of radius ⇢ around which
is winding a cable hoisting the load attached at its end. The position of the
load in the fixed frame XOZ is denoted by (⇠, ⇣) and its mass is m. The
torque exerted on the winch by a second motor is denoted by C. The cable
length, its tension and the angle of the cable with respect to the vertical are
denoted by R, T and ✓ respectively. The working space is limited to R < R

0

to avoid that the load touches the ground, and we assume that the tension
T of the cable is always positive. We use the angular sign convention for ✓ :
✓  0 if ⇠  x and ✓ > 0 otherwise.
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We also assume that a viscous friction force, noted �
1

(ẋ), including the
aerodynamic friction of the cable, is opposing to the cart’s displacement and
that another viscous friction torque, noted �

2

(Ṙ), resists to the winch motion.
The functions �

1

and �
2

are non negative and such that �i(0) = 0, i = 1, 2.
A second principle model may be easily obtained by considering the two

bodies, cart and load, and assuming that the cable is rigid:

m⇠̈ = �T sin ✓
m⇣̈ = T cos ✓ �mg
Mẍ = ��

1

(ẋ) + F + T sin ✓
J

⇢
R̈ = ��

2

(Ṙ)� C + T⇢

(5.1)

the geometric constraints between the cart and load coordinates being given
by:

⇠ = x + R sin ✓
⇣ = �R cos ✓.

(5.2)

Note that this model is not given in explicit form. It contains variables
(T and ✓) whose time derivatives don’t explicitly appear, and both algebraic
and di↵erential equations relating ⇠ and ⇣ to x, R, T and ✓. Some of the
unknowns may thus be eliminated, though this operation is not needed in
the sequel.

In fact, an explicit 6-dimensional representation of the system may be
obtained by considering (x, ẋ, R, Ṙ, ✓, ✓̇) as state variables:

0

B

B

B

@

(
M

m
+ sin2 ✓) sin ✓ 0

sin ✓ (
J

m⇢2

+ 1) 0

cos ✓ 0 R

1

C

C

C

A

0

@

ẍ
R̈
✓̈

1

A

=

0

B

B

B

@

(R✓̇2 + g cos ✓) sin ✓ � 1
m

�
1

(ẋ) +
F

m

R✓̇2 + g cos ✓ � 1
m⇢

�
2

(Ṙ)� C

m⇢
�2Ṙ✓̇ � g sin ✓

1

C

C

C

A

after inversion of the left-hand side matrix.
This representation is obtained as follows. We first twice di↵erentiate the

equations (5.2):

⇠̈ = ẍ + R̈ sin ✓ + 2Ṙ✓̇ cos ✓ + R✓̈ cos ✓ �R✓̇2 sin ✓
⇣̈ = �R̈ cos ✓ + 2Ṙ✓̇ sin ✓ + R✓̈ sin ✓ + R✓̇2 cos ✓.

(5.3)

Then, we combine the 2 first equations of (5.1), first, by multiplying the
first one by cos ✓, the second one by sin ✓ and adding them, and second, by
multiplying the first one by sin ✓, the second one by cos ✓ and subtracting

Equation of motion
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(ẋ), including the
aerodynamic friction of the cable, is opposing to the cart’s displacement and
that another viscous friction torque, noted �

2
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(Ṙ)� C + T⇢

(5.1)

the geometric constraints between the cart and load coordinates being given
by:

⇠ = x + R sin ✓
⇣ = �R cos ✓.

(5.2)

Note that this model is not given in explicit form. It contains variables
(T and ✓) whose time derivatives don’t explicitly appear, and both algebraic
and di↵erential equations relating ⇠ and ⇣ to x, R, T and ✓. Some of the
unknowns may thus be eliminated, though this operation is not needed in
the sequel.

In fact, an explicit 6-dimensional representation of the system may be
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The system has flat outputs (ξ, ζ).

(ξ, ζ) position of load

x position of trolley

R length of rope

T tension of rope

θ angle of rope

F force

C torque

P1 P2

A1

A2

Slide courtesy of Jun Liu
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