NCS Lecture 12 __
Observability of Guarded Command Programs

Domitilla Del Vecchio (U. Mich) Richard M. Murray (Caltech)
20 March 2008

Goals:
» Describe how to design observers for gaurded command programs
* Introduce the use of lattice theory as a tool for analyzing stability

Reading:

¢ D. Del Vecchio, R. M. Murray, and E. Klavins, “Discrete State Estimators for Systems on a
Lattice”, Automatica, vol. 42, pp. 271-285, 2006.

Observation of CCL Programs

Del Vecchio, M & Klavins, Automatica 2006

Problem: Determine state of communications

protocol used by a group of robots given their (xi’ v1) "f%’ vs)
physical movements. (22,2 ' ($5‘y5)
2% (wa,ya) /
Assumptions: Protocol and motion control are Lo i
described in CCL like language. :
Results: ",{' A
* Defns of observability, etc. for CCL programs
* Construction and analysis of observer that i
converges when the system is "weakly" '
observable
* Construction of an efficient observer for P P
Roboflag drill in particular e @ e @
* Everything specified in CCL 1 22 23 24 =5
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Guarded Command Program

V set of variable symbols, with values in U
A state s is a function from V to U
Let S denote the set of states S 1

A guarded command is g : r where:
g is a guard = a predicate on states
r is a rule = a relation on states:

(z) >0
(@) >0 ¢ o) =s1(a) +s1(y).

A guarded command program is a set X of
guarded commands.

An execution of X is a sequence o = {s¢}enN, 82
such that

Vt € N3g:rex.g(s) — s rsi41

Properties of executions

hooy=hoop hoos
01 02 03
h: output function
[ —————
O e o1 and oy are e

indistinguishable

w(X) = w-limit set

:'hquS—Q““““

o1 ~ o02. weakly equivalent executions
if there exists a time t* such that o1 (t*) ¢ w(X)
and o1(t) = oo(t) for all t > t*.

oo, 03: hon-equivalent executions



Observability

Weakly observable Observable Non-observable
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The system is weakly observable if whenever The guarded command program % is said to be
o1 and oo are not equivalent then o1 and oo observable with respect to the output func-
are distinguishable. tion h : S — U if any two executions o1,05 €

£(X) are distinguishable.

Observer Problem

Let V = "HUO and W be such that O C W
and HNW = (. Suppose that « is the vector
of all variables in H and suppose that & € W —
O. Given a guarded command program X, the
guarded command program % is an observer
for X if the following hold for all o € £(XZUX): \"

(i) there exists a time t* such that &a(t) = a(t)
for all t > t*;

W
(i) there exists a metric d on type(&) such that i /
for each e there exists a § such that for all
t

d(4(0),a(0)) <& = d(a(t),at)) < e.



The Model

Let O = {21,...,2n,} and H = {al,...,aNH} and put V=0UH.

P i(za) 2 = fi;(2), je{l,.. K}
>

Qk,l(Z,a) : Oé;c = ng(Oz) le{l,.., M},

(Al) Foreach i thereisexactlyonej e {1,..., K;}
such that P; j(z,a) is true, and for each k

there is exactly one l € {1,..., M} } such that
le(z,a) is true.

Observer Construction

. ~ No K;
Initially a =U true : B’ = ﬂ U {a: 2= fij() AP j(z,0)}Na

~

> v,

ra' = {B:Vkﬂke U gk,l({a}ﬂ{v:Qk,z(zm)})}

aeB’ =1
Schematic with i=1

a(l) a(2) a(3) a(4) a(k) a(k+1)
2(1) 2(2) 2(3) 2(4) 2(k) z(k+1)

a(l) =U Ula: 22) = £;(2(1) A Pi((1), )}

, ; , Ude 2k +1) = f(z(k) A Pj(2(k), @)}
J
[ == (I)/
B’ o ) M M
s@= U Uale}ntr:@Gmah Gepn= J Ualelnir: @em )

a€eB' =1



Is it an observer?

Theorem: Given X, the program X satisfies
the following properties:

(1) For all t, a(t) € a(t) (correctness);

(2) If 3 is weakly observable,then a converges
to «; (convergence)

(3) there exists a ¢ such that for all ¢

d(a(0),a(0)) <6 = d(a(t),a(t)) <e.

(small error).

Therefore, 3 is an observer for .

Example: RoboFlag Drill

Red robots ZRed y —0>0 : y§=yi—5

(z1,91) o(73,3)
/ \
2 < Toy 2 =216 o |
Blue robots 3~ Y \(2200) ¢ (1355?/5)
Blue 2> Tap 1z =210 \2.82) (za,y4) ;
2% =Ta; | 2 =2 Vo S
Assignment i= {2, N1} Vi Y
e down; = wup;_q ) -
up; = —down; A Ta; > Ty, 1%
downy = false downy = upy_1
. upy = Ta; > T upy = false .
ZAsszgn < moe :
, o P e o Y
down; : o = a;_
own; a; ;1 z1 20 23 24 75
R
=(down; V up;) : of =«
' ' ' ' o = [2’ 17 5’ 37 4-]

2 RF = L Red Y 2 Blye Y ZAssign'



Observation Problem

Estimation of the blue robot assignment, given (z ) o(73,73)
the observation of the of the z variables, and knowing 1,1 \

the x and y variables (treated as parameters) ¢

( ) ($5‘y5)
\rY2)  (wa,ya)
Voo e

2 =2 e U ZAssign

O={z1,...,2y} H= {a1,..,an}

Assumption: z; € (z;_1,%;) during the entire
execution

Lemma: The program X g;,cUX gssign 1S Weakly
observable

Proposition: The observer 3 applied to X p;,.U
> Jssign CONvVerges in at most tg+1 steps in any
execution o of ¥ gy, UX 4i0n UL

21 22 23 24 25

Simulation Results

(N=8) Approximate observer

3 N=8 ‘ ‘ B
____Ep — E@

2 Il 1B ==zl

1 Ll

% 5 10 15 20 s o 5 10 15 20 25
B0O ‘ ‘ 8
il - d(&, a) 1 bl — d(fm o )
uoo| 1
200 T

% 5 10 15 20 PEI 5 10 15 20 25

1 XM 1N
E(t) :N21|ai_zl’ d((my,...,my), a) ::N Z d(mg, o)
1= =1



The location observation tree methods lead to

N=5

(z1,91)
0

(2,92)
L e

o(®3,93)

\ (Z57 y5)
(za,ya) /°
D

a=[2,1,5,3,4]

a € perm(N)

combinatorial complexity

2(k+1) = h(a(k),=(k))
alk+1) = fla(k),z(k))
T o T
° S/ o o
/I/ ® ) \\\ l,/ o o /
) . ° . . fz // o ° // ) ° \\\
/ * * { ° o// o
' * « Nl.elements. °°.
: . ® . ‘ D . o L
' ® ° i Yo e .
¢ e e / ‘ o/ /e e
® i
° ° L e . o .
______ R o
>>>>>>> ° °

{a € perm(N)|2(1) = h(a, 2(0))} l
{a € perm(N)|2(2) = h(a, 2(1))}

We need a low computation current state estimator

» Low means comparable to the computation needed for
simulating the system under study itself

» We look for the “cheapest” representation of a set :
the list-representation of a set is the most expensive!



Complexity can be reduced by superimposing a

partial order
g FU)
f d
X L e minGOLw
\ (O max D
L f(L) o o
Partial ordering d l

A partial ordering allows to represent a set by two
elements only

Lattice

a<b
° . ° @ a not rel c
. a \ ‘\ max(a,c):=avc=>b
min(a,c) :=aAc=d
Xy
{a,b,c,d}=[d,b]




Example: vectors with natural entries

o € N3 with entries less than 3

(323)
. (228)
Component-wise order
® ® ° _— (12 18) 321
(123) (213) (321) )
. ° ° (113)

121 (211)

Order isomorphic maps preserve the lattice structure

f(c)
fla) < f(b) < a<b
f:P— Q is onto

f:P—Q f(f)

{a,b,c,d,e,f,g}=[f,C]

SUfcD=[f(F),f(c)]




A system can always be extended to a lattice

= (f,hU Z)

alk+1) = f(a(k),2(k) w(k+1) = Fwk), 2(k)
z(k+1) = h(a(k),z(k)) z(k+1) = h(w(k),z(k))
acu wE X flu=1r
sez z€Z FLIM —h

Example: set of permutations extended to the set of vectors
with natural entries

(333)

332)

(132) (321) (312) (231 (213) (?23)

a € perm(3)
a=(321)

o (121) @11
(111) -



Order compatible pairs allow to reduce complexity

> =(f,h,x,2) and (x,<) are order compatible if

1) The output set is an interval 2) f s order isomorphic on the output set
» ’ - S v L)
® L] M [ J e () a
o LN R a~ 7 o
u L) 7Y 9 [ f;(l.l)” e

~ Y
| o

{wex|z(k+1) =Rh(w,2(k))} =[I,u] FuD=[F=(1), F=(u)]

Example: RoboFlag Dirill

o € N3 with entries less than 3

(233)

(323) .
TN FAER
’ ! N !
1 1l AN ’ ‘\ N
. 1 \ ;
;o
/

« e

i e S o 231)
\(312) - (123) (312
2 1 3)\(\ ) f

\Mmzn
271

_— — a;>iNopy <i+1 (042,0424_1) = (aj41,)
a € perm(3)
a=(321)




Theorem: The discrete state estimation problem for order
compatible pairs is solved by updating two variables

Uk). = min{F(U k- 1)), u(k)}
L(k). = max{F(L(k - 1)),1(k)}

U(0) :sup(x) and L(0) = inf(x)

Uk —1) f(\l‘f(\k —1) ulk)

L {w] 2(k + 1) = ”(w, 2(k))}
= [1(k), u(k)]

L(k—1)

fL(h—
F(L(k-1)) (k) (i) Correctness

(ii)Non-increasing error

For these updates we have three properties:
. W Y RORSE (ii)Convergence

Estimator property (i): correctness
L(k) < a(k) < U(k) for all k

U(0) = sup(x) F(U(0))

-

{w | 2(2) = h(w, 2(1))}

L(0) = inf(x) F(L(0))



Estimator property (ii): non-increasing error

[[L(R), UR)]| < |[L(k —1),U(k — 1)]|

U(k—1) FWUk—1))

Estimator property (iii): convergence

If > is observable then [L(k),U(k)]NU — a(k)

L(O)—E—_i_r_].%.(;;_

If 3 is observable then L(k) — U(k) — a(k)



RoboFlag example: the set of permutations is
extended to the set of vectors with natural entries

(@rv1)  o7393)
0 \
\ \ (Z57 y5)
\(IQ;’yQ) (za,ya) /°

]
[

a=[2,1,5,3,4]

a € perm(N)

, 2 < Toy - zgzzi-i-é
2 = h(a,z) 2> Ta; 1 Z=2—0
Z; = xai . Zé - z;

o = fla,z) @a>zip1 Aoy <zip1 0 (af,afqq) = (@igr, o)
perm(N) extended to NV = y
componentwise order

2z <Tw; : ZA=z+6
I T N
Z' = h(w, 2) 2> Tw; ¢ 2 =2z;—0 weN
Zi = Tw; - z; = z;
w = f(w,z) Tw > zip1 ATwyy < zigr (wf, wiy1) = (wig1, w;)

RoboFlag example: The extended system and the

lattice (N, <)

(z1,91) of@3,43)
‘l'\(”;”) (\:E4-y§§?‘y5)

a=[2,1,5,3,4]

a € perm(N)

are order compatible

1) The output set is an interval

{we NV | z2(k+1) = h(w, z(k)} = [

=R BAREN
aprpOaNO

2) f is order isomorphic:  F([1,u]) = [F(1), F(u)]

2 5 2 5 1 2

1 2 1 2 2 5
A4 (5 D=0 4 D75 PI=If 1], |4]]

1 4 1 4 4 5

1 5 1 5 1 5



The complexity of the RoboFlag estimator is about
2*complexity of the RoboFlag system
* We have 2N variables
* We have 2N clauses for updating L and U

« W have 2N computations of max and min between
natural numbers

Simulation results: the estimator can be run in
systems with large N

N = 30: Different initial assignments

s log(E(k)) | 1 N

‘ ' E(k) ==Y |ai(k) — 1
3 N =1

2 log(W (k))

' | W (k) o |[L(k),U(k)] nU|
(] 10 20 30 40 SU\\B\O\

s log(E(k))

f log (W (k))

[} 10

P an % % Estimator converged
Time step U 9



The proposed estimator exists for any observable
system

(x, <) == (PW), )

T=ayYpYy=%
{on.0nf

oy, o)
100,03
{aeU | z(k+1) = h(a,2(k))}
lan o, 05 _
{wex|z(k+1) = h(w,2(k))}=[lu]
For x,w e y - -~
(x, <) and X = (f,h,x, 2)

fxyw) = fx)v fw) are order compatible
fxaw) = fx) A fw)

The computational burden never exceeds the one of the
observer tree method

* The observer tree requires O(|L{]2) computations (Caines 1991)

* The size of the lattice (i, <) is less than 2|¢4|2

» The lattice approach to estimation has a worst-case computational
burden equivalent to previously proposed methods

* When the system has a preferred partial order structure
the computation can be drastically reduced and scalability
in the number of variables to be estimated can be reached



Conclusions

— U f)
The problem of estimating T U
the discrete state in hybrid f oS | o
¥ (‘,)7c % min(f(U),u)
systems can be e A N v %)
computationally intractable A NN

if “cheap” sets representations
are not employed

(O ma D)

. )
°l
The estimator has been applied to a
multi-robot system with large 1= (PU),C)
numbers of agents T=aYoYo="%"

o Ya=la. o}

-"al Yoz ={a.a;)

i 1 i The proposed estimator ...
Fonf LA exists for any observahté
P system -




