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Note: In the upper left hand corner of the second page of your homework set, please
put the number of hours that you spent on this homework set (including reading).

1. [OBC 2.1]

(a) Let G1,Ga,...,Gk be a set of row vectors on a R". Let F' be another row vector on R”
such that for every x € R" satisfying G;x =0,i=1,...,k, we have Fx = 0. Show that
there are constants A, Ag, ..., \; such that

k
F=> X\G,
i=1

(b) Let 2* € R™ be an the extremal point (maximum or minimum) of a function f subject
to the constraints g;(x) = 0, ¢ = 1,...,k. Assuming that the gradients 0g;(z*)/0x are
linearly independent, show that there are k scalers A\;, ¢ = 1,...,k such that

k
F@*) = f@) + ) Nigil™).
i=1
2. [OBC 2.9] Consider the optimal control problem for the system

ty
& = ax + bu J:;/ u?(t) dt + Lea®(ty),
to

where x € R is a scalar state, u € R is the input, the initial state x(tp) is given, and a,b € R
are positive constants. We take the terminal time ¢ as given and let ¢ > 0 be a constant
that balances the final value of the state with the input required to get to that position. The
optimal trajectory is derived in Example 4.2.

Now consider the infinite horizon cost

with z(t) at t = oo constrained to be zero.

(a) Solve for u*(t) = —bPx*(t) where P is the positive solution corresponding to the alge-
braic Riccati equation. Note that this gives an explicit feedback law (v = —bPx).
(b) Plot the state solution of the finite time optimal controller for the following parameter

values
a=2, b=0.5, x(to) = 4,

¢c=0.1,10, t;=0.5,1, 10

(This should give you a total of 6 curves.) Compare these to the infinite time optimal
control solution. Which finite time solution is closest to the infinite time solution? Why?



3. Consider the normalized, linearized inverted pendulum which is described by

d 1 . 01 I 0 .
i) =0 o) ()« () pmaemn
Find a state feedback that minimizes the quadratic cost function

o
7= [T et + s+ )
0

where g1 > 0 is the penalty on position, ga > 0 is the penalty on velocity, and ¢, > 0 is the
penalty on control actions. Show that the closed loop characteristic polynomial has the form
52 + 2(owo s +w§ and that wp > 1 and (p > 2/V/2.

4. Consider the Riccati equation

45

= ATS + SA—SBQ;'BTS + Q., S(ty) = Q,

which is quadratic in S. Show that the solution is

S(t) = [Wa1(t) + P (1) Qe [P11(¢) + W12()Q) ",
where the matrix U satisfies the (linear) differential equation

d¥ d (U W) (A —BQy'BT) (Yu Vi
dt — dt (P21 Pa2) (—Qa —AT Uor Wy )’

with final conditions

_ (Pulty) Was(tp)) _ (I 0
U(ty) = [\Ile(tf) \1’22(751”)] ; [O I] '



