












8 Discrete Time Systems

z-Transform and Difference Equations

1. Definition Z{f(k)} =
∑∞

k=0 f(k)z
−k

2. Get z transfer function from difference equations

Z{f(k − 1)} = z−1F (z), if Z{f(k)} = F (z)

For difference equations

y(k) = −a1y(k − 1)− a2y(k − 2) + b0u(k) + b1u(k − 1),

the z transfer function is

H(z) =
Y (z)

U(z)
=

b0 + b1z
−1

1 + a1z−1 + a2z−2
.

For state space system
{

x(k + 1) = Adx(k) +Bdu(k)
y(k) = Cdx(k) +Ddu(k)

,

the z transfer function is H(z) = Cd(z · I −Ad)
−1Bd +Dd.

3. Final value theorem of z transfer function:

lim
k→∞

h(k) = lim
z→1
(1− z−1)H(z).

4. The stable area of discrete systems is |z| < 1 in the z-plane. You can use the same skills as
the continuous systems to design compensator, relocate poles, set up observers, etc.

Continuous to Discrete Transformation

1. s-transfer function to z-transfer function by substitute every s as 2
T
1−z−1

1+z−1 . This can be done
by MATLAB command as c2d(tf, T, ’tustin’) which is based on bilinear approximation
(Tustin’s method).

2. State space case. There are three methods mentioned in class. Assume a continuous system
is

ẋ = Acx+Bcu

y = Ccx+Dcu

(a) Forward Difference

x(k + 1) = (I + TAc)x(k) + TBcu(k)

y(k) = Ccx(k)

Note: c2d(sys, T, ’ZOH’) is not totally equal to forward difference method.

7



(b) Backward Difference

x(k + 1) = (I − TAc)
−1x(k) + (I − TAc)

−1TBcu(k)

y(k) = Ccx(k)

(c) Bilinear Approximation (Tustin’s Method)

x(k + 1) = (I − 0.5TAc)
−1(I + 0.5TAc)x(k) + 0.5T (I − 0.5TAc)

−1(I + 0.5TAc)Bcu(k)

y(k) = Ccx(k)

9 Additional Notes
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