CALIFORNIA INSTITUTE OF TECHNOLOGY
Control and Dynamical Systems

CDS 101

R. M. Murray Problem Set #5 Issued: 2 Nov 2015
Fall 2015 Due: 11 Nov 2015

Note: In the upper left hand corner of the second page of your homework set, please
put the number of hours that you spent on this homework set (including reading).

Reminder: You get two grace periods of no more than 2 days each for late homework.
After that, late homework will not be accepted without a note from the dean or the
health center.

1. Consider the block diagram for the following second-order system
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(a) Compute the transfer function H,, between the input r and the output y.

(b) Show that the following state space system has the same transfer function, with the
appropriate choice of parameters:
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Give the values of a;, b;, and d that correspond to the transfer function you computed
in (a).

(c) Compute the transfer function H,, between the input r and the output z. (Hint: It is
not H,, = 1.)

2. [Contributed by D. MacMartin, Nov 2011] For each of the following systems, sketch the
frequency response (magnitude and phase) by hand (you may use MATLAB first with specific
parameter values if you wish). Make sure that the gain at zero frequency is marked, the slope



indicated, and key frequencies, but don’t worry about the details. All parameters (a, b, w, ()
below are positive.
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3. Consider the following simplified equations of motion for a cruise control system (these are a
linearization of the equations from Section 3.1 in Astrém and Murray):
dv
m— = —cv + bt + Fyn,
at + 07 + Fhin
where m = 1000 kg is the mass of the vehicle, ¢ = 50 N s/m is the viscous damping coefficient,
b = 25 is the conversion factor between engine torque and the force applied to the vehicle.
We model the engine using a simple first-order equation

d

dit— = a(—7+ Tu),

where a = 0.2 is the lag coefficient and T' = 200 is the conversion factor between the throttle
input and the steady state torque.

The simplest controller for this system is a proportional control, u = kpe, where e = (1 — v)
(r is the reference speed).

(a) Draw a block diagram for the system, with the engine dynamics and the vehicle dynamics
in separate blocks and represented by transfer functions. Label the reference input to
the closed loop system as r, the disturbance due to the hill as d, and the output as y

(=wv).

(b) (MATLAB) Construct the transfer functions He, and H,4 for the closed loop system
and use MATLAB to generate the step response (step) and frequency response (bode)
for the each. Assume that k, = 0.5. Make sure to use the transfer function computation.

(c) Consider a more sophisticated control law of the form

dx.
dt

=r—uw, u = kpe + kix..

This control law contains an “integral” term, which uses the controller state x. to in-
tegrate the error. Compute the transfer functions for this control law and redraw your
block diagram from part (a) with the default controller replaced by this one.

(d) (MATLAB) Using the gains k, = 0.5 and k; = 0.1, use MATLAB to compute the transfer
function from r to y and plot the step response and frequency response for the system.



4. Consider the differential equation
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(a) Let A be a root of the characteristic polynomial
s"+aps" M4 a, =0.

Show that if u(t) = 0, the differential equation has the solution y(t) = .
(b) Let k be a zero of the polynomial

b(s) = bys™ 1 4 bos" 2 4o by

Show that if the input is u(#) = e, then there is a solution to the differential equation
that is identically zero.



