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25 Stabilization by State-Feedback

25.1 Theory

Consider the linear dynamical system
z(t) = Az(t) + Bu(t)

As usual, let () € R", and input u(t) € R™. Suppose that the states z(t)
are available for measurement, so that a control law of u(t) = Kuz(t) is possible.
Dimensions dictate that K € R™*". How can the values that make up the gain
matrix K be chosen to ensure closed-loop stability? An obvious approach is to

1. Pick n desired closed-loop eigenvalues, A\, \y,..., A\,

2. Calculate the coefficients of the desired closed-loop characteristic polynomial,

Pdes(8) == (s —=A)(s= X)) (s—= ) =s"+c18"+---+¢,
Here the ¢; are complicated functions of the numbers A\, Ao, ..., A,

3. Explicitly calculate the closed-loop characteristic polynomial symbolically in
the entries of K,

parpr (8) ="+ fi(K)s" 7+ fo( K)s" 2+ 4 fo1(K)s' + fu(K)
4. Choose K so that for each 1 <7 < n, the equation
fi(K) = ¢ (94)

is satisfied.

Suppose that u(t) € R is a single input (m = 1). Then the gain matrix K €
R'"". In this case, we can actually show that the coefficients of the closed-loop
characteristic equation are affine (linear plus constant) functions of the entries of
the K matrix. This means that solving the n equations in (94) will be relatively
“easy,” involving a matrix inversion problem.

parBr (s) = det[s] — (A+ BK)]
= det[s] — (A+ BK)]
= det[(s] — A) — BK]
= det (s] — A) [T — (s] — A)~" BK}
= det (sl — A)det [ —(sI —A)7! }
= det (s] — A)[1 = K (sT — A)"' B]
det (s — A) — Kadj (sI — A) B
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25.2 Example

As an example, we consider the inverted pendulum problem, described in sec-
tion 24. The linearized equations of motion about the unstable equilibrium point

(é:o,é:o,w:o,ﬂ;:o) is

§a(t) = AS,(t) + Bo.(t)

where the structure of A and B are

01 00 0
100 a0 e
A= 000 1]}’ B= 0
00 B 0 Q
Simple calculations give
s =1 0 O
det(s]—A)=det | ¥ 5 —@ O =5 (s* = )
et (s =det| o g 4 1 |=5(s
0 0 -0 s
and
s(s2 — ) (=1)0 0 (-no 1"
- _ | (EDB=57) s(sf=p)  (=1)0 0
adj (s = 4) = as | (“D(-ast) & (-1)(-Bs)
L (=D)(-a) as (—=1)(=s%) s’
[s(s*—p) -0 as
B 0 s(s? = 03) as® as
N 0 0 53 52
i 0 0 Bs? 83
Hence,
V(s* = B) + Qa
2 _
adj (sT — A) B = vs(s ﬂ%#—Qas
Qs
Qs3

Denote K as { K, Ky K3 Ky }, then

passk (8) = s*(s*—B)— K, {7(32 - B)+ Qa} —K, [73(32 - 0)+ Qas} — K302~ K,Qs®
Rearranging gives that the closed-loop characteristic polynomial p, gk (s) is

P [ Koy — Ky 8 +[—8 — K1y — K3Q] 8%+ [Ky (768 — Qa)] s+ [K; (78 — Qa)]
Denote the closed-loop characteristic polynomial as

st + 0133 + 0232 + c38 + ¢4
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The relationship between ¢ and K is

¢ 0 0 —y 0 —-Q7T[ K
Co . —B - 0 —Q 0 K2
P e VB 0 8-0a 0 0 ||Ks
Cq 0 ’yﬁ — Qo 0 0 0 K4

Now, suppose that 2 # 0 and 76—Qa # 0. Then, the 4 x4 matrix which multiplies
K is invertible, and so by proper choice of the K;, we can make the coefficients ¢
take on any desired values. Equivalently, by proper choice of the K;, we can make
pa+pk(s) any 4th order polynomial that we want it to be. Hence, we have
complete freedom to place the eigenvalues of A + BK.

25.3 Problems

1. The model for the tightrope walker derived in Section 16.3, problem 1 is

(Ig + anL2>"‘9(t) =g (mBL + mpl_/> sin 0(t) — u(t)
195 + 5] = u(t)

(a) Choose states x1 := 0, x5 := 0, x5 := 1), x4 := 1), and write the nonlinear
equations of motion in state-space form

w(t) = f (2(t), u(t))

(b) Show that the upright position z; = 0,7 = 0,73 = 0,74 = 0,u = 0 is
an equilibrium point of the system.

(c¢) Find the Jacobian linearization of the system about the equilibrium
point. Determine the stability /instability of the linearized system (by
determining the eigenvalues). Does this conclusion seem in line with
your intuition?

(d) Take the parameters (all SI units) to be L =1.3,L =1.2,g =9.8,m, =
60, mp = 15,15 = 80, I}, = 90. Are these reasonable?

(e) Calculate state-feedback laws
0u(t) = Ko0,(t)

for the linearization such that the closed-loop eigenvalues of the lin-
earization are at the locations

a(—04+41.2) | «(—0.6+0.38)

for several values of «, namely o = 0.5,1,2,4,8. Comment on the
approximate dependence of the gains K, on a.
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(f) For the 5 different feedback laws, simulate the linearized system and
the actual nonlinear system with this feedback law, starting from the
initial condition

2350

0
0

0

z(0) =

Use subplot to plot the responses of the angles 6 and 1, as well as the
control moment u(t) on each page. Comment on the suitability of the
designs. Note, before printing, use

>> set(gcf,’paperposition’,[.3 7.9 .8 9.4])
to enlarge the area of the printed page that MatLab will use
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