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Chapter 3

Reachability and Stabilization

Preliminary reading The material in this chapter extends the material in Chapter 7 in FBS2e.
Readers should be familiar with the material in Sections 7.1 and 7.2 in preparation for the more
advanced concepts discussed here.

3.1 Concepts and Definitions

Consider an input/output dynamical system D = (U, X, ), s,r) as defined in Section 1.2.
Definition 3.1 (Reachability). A state xf is reachable from xo in time T if there exists an input
u: [0,T] — R™ such that x¢ = s(T, to, zg, u).

If x¢ is reachable from xg in time T we will write

o~ T
OTf

or sometimes just xg ~~ xy if there exists some T for which z¢ is reachable from zq in time 7. The
set of all states that are reachable from zg in time less than or equal to T is written as

R<r(xo) ={xs € ¥ : 29 ~ ¢ fOr Some 7 < T'}.
- T

Definition 3.2 (Reachable sytem). An input/output dynamical system D is reachable if for every
o, s € 2 there exists T > 0 such that x e xs.

The notion of reachability captures the property that we can reach a any final point z; starting
from xy with some choice of input u(-). In many cases, it will be not be possible to reach all states
xy but it may be possible to reach an open neighborhood of such points.

Definition 3.3 (Small-time local controllability). A system is small-time locally controllable (STLC)
if for any 7" > 0 the set R<7 (o) contains a neighborhood of xy.

The notions of reachability and (small-time local) controllability hold for arbitrary points in
the state space, but we are often most interested in equilibrium points and our ability to stabilize a
system via state feedback. To define this notion more precisely, we specialize to the case of a state
space control systems whose dynamics can be written in the form

dx

i f(z,u), z(0) = xo. (S3.1)
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Definition 3.4 (Stabilizability). A control system with dynamics (S3.1) is stabilizable at an equi-
librium z, if there exists a control law u = a(z, x,) such that

dzx
o = [@.alz,20)) = F(x)

is locally asymptotically stable at x,.

The main distinction between reachability and stabilizability is that there may be regions of the
state space that are not reachable via application of appropriate control inputs but the dynamics
may be such that trajectories with initial conditions in those regions of the state space converge
to the origin under the natural dynamics of the system. We will explore this concept more fully in
the special case of linear time-invariant systems.

3.2 Reachability for Linear State Space Systems

Consider a linear, time-invariant system

dx

i Az + Bu, z(0) = o, (S3.2)
with £ € R™ and v € R™, and having state transition function. In this case the state transition
function is given by the convolution equation,

¢
z(t) = s(t,0,z0,u(-)) = e Bxy + / A7) Bu(r) dr.
0

It can be shown that if a linear system is small-time locally controllable at the origin then it is
small-time locally controllable at any point x ¢, and furthermore that small-time local controllability
is equivalent to reachability between any two points (Exercise 3.9).

The problem of reachability for a linear time-invariant system is the same as the general case:
we wish to find an input u(-) that can steer the system from an initial condition xy to a final
condition xf in a given time 7. Because the system is linear, without loss of generality we can
take xg = 0 (if not, replace the final position z¢ with zf — eATxzy. In addition, since the state
space dynamics depend only on the matrices A and B, we will often state that the pair (A, B) is
reachable, stabilizable, etc.

The simplest (and most commonly) used test for reachability for a linear system is to check
that the reachability matrix is full rank:

rank [B AB --- A"ilB]:n.

The rank test provides a simple method for checking for reachability, but has the disadvantage that
doesn’t provide any quantitative insight into how “hard” it might be to either reach a given state
or to assign the eigenvalues of the closed loop systems.

A better method of characterizing the reachability properties of a linear system is to make
use of the fact that the system defines a linear map between the input u(-) € U and the state
2(T) =xp€X:

o(T) = Lru(-) = /0 ! eAT=7) Bu(r) dr. (S3.3)
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Recall that for a linear operator in finite dimensional spaces L : R™ — R"™ with m > n that the
rank of the linear operator L is the same as the rank of the linear operator LL* : R™ — R™ where
L* : R® — R™ is the adjoint operator (given by LT in the case of matrices). Furthermore, if L is
surjective (onto) then the least squares inverse of L is given by

LT =L*LL*)™' and LLT =1eR™"

More generally, the adjoint operator can be defined on a linear map between Banach spaces by
defining the dual of a Banach space V' to be the space V* of continuous linear functionals on V.
Given a linear function w € V* we write (w,v) := w(v) to represent the application of the function
w on the element v. In the case of finite dimensional vector spaces we can associate the set V* with
V and (o, v) is of the form wv where w € R™.

If we have a mapping between linear spaces V and W given by L : V' — W the adjoint operator
L* : W* — V* is defined as the unique operator that satisfies

(L*o,v) = (0, Lv) forallveV and o € W*.

Note that the application of the linear function on the left occurs in the space V' and on the right
occurs in the space W.
For a signal space U, a linear functional has the form of an integral

and so we can associate each linear function in &* with a function w(¢). Given a linear mapping
L1 :U — X of the form

T
Lr(u(-) :/ WT - 7)u(r) dr
0
it can be shown that the adjoint operator L7 : ¥ — U* is given by

(W(T —t),w) ift<T,

0 otherwise

L (tyw* = {

where w € X.
To show that a system is reachable, we need to show that L7 : U — ¥ given by equation (S3.3)
is full rank. Using the analysis above, the adjoint operator £} : ¥ — U™ is

(L) (t) = BTeA Ty,

As in the finite dimensional case, the dimension of the range of the map Lr : Y — X is the same
as the dimension of the range of the map LrL% : ¥ — X, which is given by

T
Lol = / AT BRT A (T=7) g
0

This analysis leads to the following result on reachability for a linear system.
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Theorem 3.1 (Gramian test). A pair (A, B) is reachable in time T if and only if
T . T .
W(T) = / AT BRTeA (T=7) g7 = / eATBBTeA T dr
0 0

1s positive definite.

The matrix W, (T') provides a means to compute an input that steers a linear system from the
origin to a point ¢ € R™. Given T > 0, define

u(t) = BTeA T-DW Y (T)ay.

It follows from the definition of W, that xg T Furthermore, it is possible to show that if the

system is reachable for some T" > 0 then it is reachable for all T' > 0. Note that this computation
of u(-) corresponds to the computation of the least squares inverse in the finite dimensional case
(u = E?(ﬁTﬁT)_lwf).

Lemma 3.2. If W.(T) is positive definite for some T > 0 then it is positive definite for all T > 0.

Proof. We prove the statement by contradiction. Suppose that W.(T') is positive definite for a
specific T' > 0 but that there exists 77 > 0 such that rank W.(T") = k < n. Then there exists a
vector v € R™ such that vTW,(7") = 0 and furthermore

Since the integrand is a symmetric matrix, it follows that we must have
0T e " BBTeA Ty =0 forall T < T,

and hence
Ve "B=0 = ©'B=0 [(evaluating at ¢t = 0)
d
d—(UTeATB) =0 Ae"B=0 = v AB=0
-

vT A" B = 0.

Therefore vTeA™ B = 0 for all 7 (including 7 > T") and hence v W, (t) = 0 for all ¢ > 0, contradicting
our original hypothesis. O

If the eigenvalues of A all have negative real part, it can be shown that W,(t) converges to a con-
stant matrix as ¢ — oo and we write this matrix as W, = W, (c0). This matrix is called the control-
lability Gramian. (Note that FBS2e uses W, to represent the reachability matriz [B AB A?B ...].
This is different than the controllability Gramian.)

Theorem 3.3. AW, + W_.AT = —BBT.
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Proof.
o0 o0
AW, + WCAT = / AeA"BBT AT dr + / eATBBTeA AT dr
0

0
:/ i (eATBBTeATT) dr
. dt
— (6AtBBT6ATt> ‘OO
t=0

—0-—BB" = -BBT.
O

Theorem 3.4. A linear time-invariant control system (S3.2) is reachable if and only if W, is full
rank and the subspace of points that are reachable from the origin is given by the image of W.

Proof. Left as an exercise. Use the fact that the range of W, (7T') is independent of T'. O]

Reachability is best captured by the Gramian since it relates directly to the map between an
input vector and final state, and its norm is related to the difficulty of moving from the origin to an
arbitrary state. Furthermore, the eigenvectors of W, and the corresponding eigenvalues provide a
measure of how much control effort is required to move in different directions. There are, however,
several other tests for reachability that can be used for linear systems.

Theorem 3.5. The following conditions are necessary and sufficient for reachability of a linear
time-invariant system:

o Reachability matrix test:
rank [B AB --- A”_IB} =n.

e Popov-Belman-Hautus (PBH) test:
mnk[ sI—A‘B } =n
for all s € C (suffices to check for eigenvalues of A).
Proof. (Incomplete) PBH necessity: Suppose
rank[ )\I—A‘B ] <n.
Then there exists v # 0 such that
VT [AM—-A|B]=0
and hence vTA = X" and v"B = 0. It follows that v' A2 = \20T, ... 0T A" 1 = \»1yT and thus
o' [B AB ... A"TlB] =0.
O

For both of these tests, we note that if the corresponding matrix is rank deficient, the left null
space of that matrix gives directions in the state space that are unreachable (more accurately it
consists of the directions in which the projected value of the state is constant along all trajectories
of the system). The set of vectors orthogonal to this left null space defines a subspace V; that
represents the set of reachable states (exercise: prove this is a subspace).
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Theorem 3.6. Assume (A, B) is not reachable. Let rankW, = r < n. Then there ezists a
transformation T € R™™ such that

1 [Ar A _|B1
TAT _[0 wlomB=

where Ay € R™", By € R"™™ and (A1, By) 1is reachable.

Proof. (Sketch) Let V; represent the null space of W, and let By = {w1, ..., w,_,} represent a basis
for V. Complete this basis with a set of vectors {vi,...,v,} such that {vi,...,vp,w1,..., Wy}
is a basis for R"™. Use these basis vectors as the columns of the transformation 7. ]

We note that the null space of W, is uniquely defined, though the basis for that space is
not unique. This subspace represents the set of linear functions on the state space whose values
are constant and hence provides a characterization of the unreachable states of the system. The
complement of that space is not a subspace, although if we look at the points that are reachable
from the origin, this does form a subspace. We will return to this point in more detail when we
discuss the Kalman decomposition in Chapter 5.

Finally, we note that a system that is reachable can be written in reachable canonical form (see
FBS2e). This is primarily useful for proofs.

3.3 System Norms

Consider a stable state space system with no direct term and with system matrices A, B, and C.
Let W, be the controllability Gramian for the system and let G(¢) represent the impulse response
function for the system and G(s) represent the corresponding transfer function (Laplace transform
of the impulse response). Recall that the 2-norm to co-norm gain for a linear input/output system
is given by ||G||2.

Theorem 3.7. |G|y = \/CW.CT.

Proof. The impulse response function given by

t
G(t) = Cas(t) = C / AAETI B (1) dr
0
= Ce'B, t>0.
The system norm is given by
IG5 = IG13
0 T
- / (CeA™B) (BTN CT) dr
0
=C ( / A BBTeA'™ dT> cT
0
=CW,.CT.
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The more common norm in control system design is the 2-norm to 2-norm system gain, which
is given by ||G||s. To compute the oco-norm of a transfer function, we define

A 1pBT
v

H'y — |:_CTC _AT :| c RQHXZTL.

The system gain can be determined in terms of H., as follows.

Theorem 3.8. ||(A}'HOo < 7y is an only if H, has no eigenvalues on the jw axis.
Proof. DGKF. O

To numerically compute the Ho, norm, we can use the bisection method to determine v to
arbitrary accuracy.

3.4 Stabilization via Linear Feedback

We now consider the problem of stabilization, as defined in Definition 3.4. For a linear system, we
will consider feedback laws of the form u = — Kz (the negative sign is a convention associated with
the use of “negative” feedback), so that

dx
n = Az + Bu= (A — BK)z.
One of the goals of introducing negative feedback is to stabilize an otherwise unstable system at the
origin. In addition, state feedback can be used to “design the dynamics” of the close loop system
by attempting to assign the eigenvalues of the closed loop system to specific values.

Theorem 7.3 states that if a (single-input) system is reachable then it is possible to assign
the eigenvalues of the closed loop system to arbitrary values. This turns out to be true for the
multi-input case as well and is proved in a similar manner (by using an appropriate normal form).

Using the decomposition theorem 3.6 it is easy to see that the question of stabilizability for
a linear system comes down to the question of whether the dynamics in the unreachable space
(2 = Asz) are stable, since these eigenvalues cannot be changed through the use of state feedback.

Although eigenvalue placement provides an easy method for designing the dynamics of the
closed loop system, it is rarely used directly since it does not provide any guidelines for trading off
the size of the inputs required to stabilize the dynamics versus the properties of the closed loop
response. This is explored in a bit more detail in FBS2e Section 14.6 (Robust Pole Placement).

3.5 Exercises

3.1 (Sontag 3.1.2/3.1.3) Prove the following statements:

(a) If (x,0) ~ (2,7) and (2,7) ~ (y, 1), then (x,0) ~~ (y, p).

(b) If (z,0) ~ (y,p) and if 0 < 7 < p, then there exists a z € X such that (z,0) ~» (2,7) and
(2,7) ~ (y, 1)

(c) If x Y for some T' > 0 and if 0 < ¢t < T, then there is some z € X such that z -z and
z

> .
T—t y
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d) If x ~ z, z ~ gy, and ¥ is time-invariant, then = ~> .
t y rrs?
S S

(e) If &~ z, z ~» gy, and ¥ is time-invariant, then z ~ y.
(f) Given examples that show that properties (d) and (e) may be false if ¥ is not time-invariant.
(

g) Even for time-invariant systems, it is not necessarily true that = ~» z implies that z ~ x (so,

‘~~” is not an equivalence relation).

3.2 (FBS2e 7.1) Consider the double integrator. Find a piecewise constant control strategy that
drives the system from the origin to the state z = (1,1).

3.3 (FBS2e 7.2) Extend the argument in Section 7.1 in Feedback Systems to show that if a system
is reachable from an initial state of zero, it is reachable from a nonzero initial state.

3.4 (FBS2e 7.3) Consider a system with the state x and z described by the equations

dx dz

If (0) = 2(0) it follows that x(t) = z(t) for all ¢ regardless of the input that is applied. Show that
this violates the definition of reachability and further show that the reachability matrix W; is not
full rank. What is the rank of the reachability matrix?

3.5 (FBS2e 7.6) Show that the characteristic polynomial for a system in reachable canonical form
is given by equation (7.7) and that

d"z, A1z, dzy, d"Fu
T + az +rtap1—- tan2 = —(——

dtn—1 dt =+’
where z; is the kth state.

3.6 (FBS2e 7.7) Consider a system in reachable canonical form. Show that the inverse of the
reachability matrix is given by

1 a1 az -+ ap—
1 a (p—2
Wt = 1
0
ay
- 1 -

3.7 (FBS2e 7.10) Consider the system

dx 0 1 1
dt_[O 0]:64—[0]% Y —[1 O]x,
with the control law
u = —ki1x1 — koxo + ker.
Compute the rank of the reachability matrix for the system and show that eigenvalues of the system

cannot be assigned to arbitrary values.
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3.8 (FBS2e 7.11) Let A € R™*" be a matrix with characteristic polynomial A\(s) = det(s] — A) =
s"+as" 4+ +a,_15+ a,. Show that the matrix A satisfies

MA) = A"+ A P+ ap1A+a, =0,

where the zero on the right hand side represents a matrix of elements with all zeros. Use this
result to show that A™ can be written in terms of lower order powers of A and hence any matrix
polynomial in A can be rewritten using terms of order at most n — 1.

3.9 Show that for a linear time-invariant system, the following notions of controllability are
equivalent:

(a) Reachability to the origin (x¢ ~~ 0).
(b) Reachability from the origin (0 ~ x).
(¢) Small-time local controllability (zg ~~ B(xo,€)).

3.10 (Sontag 3.3.4) Assume that the pair (A, B) is not controllable with dim R(A, B) = rank W, =
r < n. From Lemma 3.3.3, there exists an invertible matrix 7' € R™ "™ guch that the matrices
A :=T7'AT and B := T~'B have the block structure

i A1 As 5 B,
il w0
where A; € R™" and B; € R"™*™. Prove that (A4, By) is itself a controllable pair.

3.11 (Sontag 3.3.6) Prove that if

>\ 0 -~ 0 0 by

0 X -~ 0 0 by
A=1: © 0 C o B=1:

0 0 -+ Ay O bo1

0 0 - 0 A | by |

then (A, B) is controllable if and only if A; # A; for each i # j and all b; # 0.

3.12 (Sontag 3.3.14) Let (A, B) correspond to a time-invariant discrete-time linear system . Recall
that null-controllability means that every state can be controlled to zero. Prove that the following
conditions are equivalent:

a) Y is null-controllable.
)

b) The image of A" is contained in the image of R(A, B).

(
(
(¢) In the decomposition in Sontag, Lemma 3.3.3, A3 is nilpotent.
(d) rank[A\ — A, B] = n for all nonzero X € R.

(

e) rank[\ — A, B] = n for all A € R.
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