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Preface

This text is intended for researchers interested in the application ofdekadnd
control to biomolecular systems. The material has been designed so that it ca
be used in parallel with the textbodleedback Systenji$] as part of a course on
biomolecular feedback and control systems, or as a standalone féoencaders
who have had a basic course in feedback and control theory. Theesttifor this
book, along with additional supplemental material, is available on a companion
web site:

http://www.cds.caltech.edu/ ~murray/BFS

The material in this book is intended to be useful to three overlapping audi-
ences: graduate students in biology and bioengineering interested irstamding
the role of feedback in natural and engineered biomolecular systenas)@biun-
dergraduates and graduate students in engineering disciplines whdesestied
the use of feedback in biological circuit design; and established &@s&arin the
biological sciences who want to explore the potential application of prirgohel
tools from control theory to biomolecular systems. We have written the text as-
suming some familiarity with basic concepts in feedback and control, but have
tried to provide insights and speci c results as needed, so that the maiamislec
learned in parallel. We also assume some familiarity with cell biology, at the level
of a rst course for non-majors. The individual chapters in the texicat: the
pre-requisites in more detail, most of which are covered either in AM08 orein th
supplemental information available from the companion web site.

Acknowledgementslany colleagues and students provided feedback and advice
on the book. We would particularly like to thank Mustafa Khammash, Eric Klavins
and Eduardo Sontag, who gave detailed comments on some of the earlysersio
of the text. In addition, we would like to acknowledge Abdullah Amadeh, Asdra
Gyorgy, Narmada Herath, Yutaka Hori, Rob Phillips, Phillip Rivera, Vipings

hal, Anandh Swaminathan, Eric Winfree, and Enoch Yeung for theiratigmd
comments along the way. Finally, we would like to thank Caltech, MIT and the
University of Michigan for providing the many resources that were s&me to
bring this book to fruition.

Domitilla Del Vecchio Richard M. Murray
Cambridge, Massachusetts Pasadena, California
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Chapter 1
Introductory Concepts

This chapter provides a brief introduction to concepts from systems bidiogjg
from di erential equations and control theory, and approaches to modelifg, ana
ysis and design of biomolecular feedback systems. We begin with a discugsio
the role of modeling, analysis and feedback in biological systems. This isviedlo

by a short review of key concepts and tools from control and dynamsisems
theory, intended to provide insight into the main methodology described in the tex
Finally, we give a brief introduction to the eld of synthetic biology, which is the
primary topic of the latter portion of the text. Readers who are familiar with one or
more of these areas can skip the corresponding sections without |losstiofuity.

1.1 Systems Biology: Modeling, Analysis and Role of Feedback

At a variety of levels of organization—from molecular to cellular to organismal—
biology is becoming more accessible to approaches that are commonly used in
engineering: mathematical modeling, systems theory, computation and abptract
proaches to synthesis. Conversely, the accelerating pace of digéovsological
science is suggesting new design principles that may have important praptica
plications in human-made systems. This synergy at the interface of biolafjy an
engineering oers many opportunities to meet challenges in both areas. The guid-
ing principles of feedback and control are central to many of the kegtiunes in
biological science and engineering and can play an enabling role instadding

the complexity of biological systems.

In this section we summarize our view on the role that modeling and analysis
should (eventually) play in the study of biological systems, and discuss ebme
the ways in which an understanding of feedback principles in biology ejmus
better understand and design complex biomolecular circuits.

There are a wide variety of biological phenomena that provide a rictteair
examples for control, including gene regulation and signal transductimmdnal,
immunological, and cardiovascular feedback mechanisms; muscular canttol
locomotion; active sensing, vision, and proprioception; attention andcmuss
ness; and population dynamics and epidemics. Each of these (and manymere
vide opportunities to gure out what works, how it works, and what bardone to
a ect it. Our focus here is at the molecular scale, but the principles andagipr
that we describe can also be applied at larger time and length scales.
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Modeling and analysis

Over the past several decades, there have been signi cant advanmodeling
capabilities for biological systems that have provided new insights into the com-
plex interactions of the molecular-scale processes that implement life. &kduc
order modeling has become commonplace as a mechanism for describingcand d
umenting experimental results and high-dimensional stochastic models can now
be simulated in reasonable periods of time to explore underlying stochastitse
Coupled with our ability to collect large amounts of data from ow cytometry,
micro-array analysis, single-cell microscopy, and other modern expetafrtech-
niques, our understanding of biomolecular processes is advancinggitigace.

Unfortunately, although models are becoming much more common in biolog-
ical studies, they are still far from playing the central role in explaining demp
biological phenomena. Although there are exceptions, the predomireaot oed-
els is to “document” experimental results: a hypothesis is proposed and teste
ing careful experiments, and then a model is developed to match the expeiimen
results and help demonstrate that the proposed mechanisms can lead to the ob-
served behavior. This necessarily limits our ability to explain complex phenmmen
to those for which controlled experimental evidence of the desired phareooas
be obtained.

This situation is much dierent than standard practice in the physical sciences
and engineering, as illustrated in Figurd. (in the context of modeling, analysis,
and control design for gas turbine aeroengines). In those discipérpsriments
are routinely used to help build models for individual components at a variety o
levels of detail, and then these component-level models are interconneated to
tain a system-level model. This system-level model, carefully built to capture the
appropriate level of detail for a given question or hypothesis, is useayitain,
predict, and systematically analyze the behaviors of a system. Becausenayth
in which models are viewed, it becomes possible to prove (or invalidate)atryp
esis through analysis of the model, and the delity of the models is such that dec
sions can be made based on them. Indeed, in many areas of modern gngiree
including electronics, aeronautics, robotics, and chemical procedsim@me a
few—models play a primary role in the understanding of the underlying physic
andor chemistry, and these models are used in predictive ways to exploredesig
tradeo s and failure scenarios.

A key element in the successful application of modeling in engineering dis-
ciplines is the use ofeduced-order modelthat capture the underlying dynamics
of the system without necessarily modeling every detail of the underlyindnmec
anisms. These reduced order models are often coupled with schematiesrdiag
such as those shown in Figute?, to provide a high level view of a complex sys-
tem. The generation of these reduced-order models, either directly fatenod
through analytical or computational methods, is critical in theative applica-
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Figure 1.1: Sample modeling, analysis and design framefeor&n engineering system.
The physical system (in this case a jet engine) is rst modielging a detailed mathemati-
cal description that captures the essential physics tleaeéevant for the design. Reduced
order models (typically dierential equations and steady state ifqutput maps) are then
created for use in analysis and design. A list of some typamals in this domain are are
shown in the box on the right. These tools are used to desggsytstem and then combined
with simulations and system identi cation tools. Finally,hierarchy of testing environ-
ments are used as the system is built and tested, nallytiaguh an implementation of
the full system. Additional details can be found 29[

tion of modeling since modeling of the detailed mechanisms produces high delity
models that are too complicated to use with existing tools for analysis and design.
One area in which the development of reduced order models is fairly eedas

in control theory, where inpldgutput models, such as block diagrams and transfer
functions are used to capture structured representations of dynantiesagipro-
priate level of delity for the task at handl].

While developing predictive models and corresponding analysis toolsdbr b
ogy is much more dicult, it is perhaps even more important that biology make
use of models, particularly reduced-order models, as a central elefnenter-
standing. Biological systems are by their nature extremely complex and ean be
have in counterintuitive ways. Only by capturing the many interacting aspécts
the system in a formal model can we ensure that we are reasoning lgrapeut
its behavior, especially in the presence of uncertainty. To do this will recpuib-
stantial e ort in building models that capture the relevant dynamics at the proper
scales (depending on the question being asked) as well as building aticahaly
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Figure 1.2: Schematic diagrams representing models ierdnt disciplines. Each diagram
is used toillustrate the dynamics of a feedback systemidajrecal schematics for a power
system 56], (b) a biological circuit diagram for a synthetic clockaiit [6], (C) a process
diagram for a distillation column8@] and (d) a Petri net description of a communication
protocol.

framework for answering questions of biological relevance.

The good news is that a variety of new techniques, ranging from expetsrtae
computation to theory, are enabling us to explore new approaches to mattheling
attempt to address some of these challenges. In this text we focus on tifeelse
vant classes of reduced-order models that can be used to captur@hsmomena
of biological relevance.

Dynamic behavior and phenotype

One of the key needs in developing a more systematic approach to the usd-of mo
els in biology is to become more rigorous about the various behaviors thahar
portant for biological systems. One of the key concepts that needs torbalized

is the notion of “phenotype”. This term is often associated with the existefrae o
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Figure 1.3: Conceptual modeling framework for biomolecukedback systems. The
chemical kinetics block represents reactions betweencutzlespecies, resulting in signal-
ing molecules and bound promoters. The DNA layout block antofor the organization
of the DNA, which may be “rewired” to achieve a desired fuantiThe TX-TL processes
block represents the core transcription and translatiocgsses, which are often much
slower than the reactions between various species. Thésigma outputs of the various
blocks represent interconnections and external intenagti

equilibrium point in a reduced-order model for a system, but clearly margotex
(non-equilibrium) behaviors can occur and the “phenotypic resparfsg’system

to an input may not be well-modeled by a steady operating condition. Even more
problematic is determining which regulatory structures are “active” in angives-
notype (versus those for which there is a regulatory pathway that isaseduand
hence not active).

Figure1l.3shows a graphical representation of a class of systems that captures
many of the features we are interested in. The chemical kinetics of the sgstem
typically modeled using mass action kinetics (reaction rate equations) ared repr
sent the fast dynamics of chemical reactions. The reactions include ttimdpin
of activators and repressors to DNA, as well as the initiation of transanipiibe
DNA layout block represents the physical layout of the DNA, which deiees
which genes are controlled by which promoters. The core processemestrip-
tion (TX) and translation (TL) represent the slow dynamics (relative totirenical
kinetics) of protein expression (including maturation).

Several other inputs and outputs are represented in the gure. In traichl
kinetics block, we allow external inputs, such as chemical inducers, xedal
parameters (rate parameters, enzyme concentrations, etc) that edtlthe reac-
tions that we are trying to capture in our model. We also include a (simpli ed)
notion of disturbances, represented in the diagram as an externathiapat ects
the rate of transcription. This disturbance is typically a stochastic input éfpat r
resents the fact that gene expression can be noisy. In terms of owtputapture
two possibilities in the diagram: small molecule outputs—often used for signaling
to other subsystems but which could include outputs from metabolic precesse
and protein outputs, such as as uorescent reporters.
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Another feature of the diagram is the block labeled “unmodeled dynamics”,
which represents the fact that our models of the core processeseégpression
are likely to be simpli ed models that ignore many details. These dynamics are
modeled as a feedback interconnection with transcription and translatioch wh
turns out to provide a rich framework for application of tools from continelory
(but unfortunately one that we will not explore in great detail within this text)
Tools for understanding this class of uncertainty are available for bothrlged
nonlinear control systemd] and allow stability and performance analyses in the
presence of uncertainty.

The combination of partially unknown parameters, external disturbaaoés,
unmodeled dynamics are collectively referred tavaxdel uncertaintyand are an
important element of our analysis of biomolecular feedback systems. O&eurillw
analyze the dynamic behavior of a system assuming that the parametenswarg k
disturbances are small and our models are accurate. This analysiseaalgable
insights into the behavior of the system, but it is important to make sure that this
behavior is robust with respect to uncertainly, a topic that we will discussrime
detail in ChapteB.

A somewhat common situation is that a system may have multiple equilibrium
points and the “phenotype” of the system is represented by the particuldibe
rium point that the system converges to. In the simplest case, we cabistatail-
ity, in which there are two equilibrium points for a xed set of parameters.dbep
ing on the initial conditions and external inputs, a given system may endamp ne
one equilibrium point or the other, providing two distinct phenotypes. A rode
with bistability (or multi-stability) provides one method of modeling memory in
a system: the cell or organism remembers its history by virtue of the equilibrium
point to which it has converted.

For more complex phenotypes, where the subsystems are not at a speady o
erating point, one can consider temporal patterns such as limit cyclesdjoerio
orbits) or non-equilibrium inpéoutput responses. Analysis of these more compli-
cated behaviors requires more sophisticated tools, but again model-edgsisa
of stability and inpubutput responses can be used to characterize the phenotypic
behavior of a biological system under érent conditions or contexts.

Additional types of analysis that can be applied to systems of this form include
sensitivity analysis (dependence of solution properties on selectat@a@rs), un-
certainty analysis (impact of disturbances, unknown parameters andletedaly-
namics), bifurcation analysis (changes in phenotype as a function df leyais,
context or parameters) and probabilistic analysis (distributions of statefuas-
tion of distributions of parameters, initial conditions or inputs). In each cdehe
cases, there is a need to extend existing tools to exploit the particular stroftur
the problems we consider, as well as modify the techniques to providemetet@
biological questions.
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[introffigures/gal-circuit.eps Jintroffigures/gal-response.eps

(a) Galactose control network (b) Pathway response

Figure 1.4: Galactose response in ye88}.[(a) GAL signaling circuitry showing a num-
ber of di erent feedback pathways that are used to detect the preskgetactose and
switch on the metabolic pathway. (b) Pathway activity asrecfion of galactose concen-
tration. The points at each galactose concentration reptéise activity level of the galac-
tose metabolic pathway in an individual cell. Black dotsigatle the mean of a Gaussian
mixture model classi cation93]. Small random deviations were added to each galactose
concentration (horizontal axis) to better visualize tharitbutions.

Stochastic behavior

Another important feature of many biological systems is stochasticity: biologica
responses have an element of randomness so that even undelycapeftrolled
conditions, the response of a system to a given input may vary fromriexgrd to
experiment. This randomness can have many possible sources, inclyténgaé
perturbations that are modeled as stochastic processes and intecegga®such
as molecular binding and unbinding, whose stochasticity stems from thdyinder
thermodynamics of molecular reactions.

While for many engineered systems it is common to try to eliminate stochastic
behavior (yielding a “deterministic” response), for biological systemsthppear
to be many situations in which stochasticity is important for the way in which or-
ganisms survive. In biology, nothing is 100% and so there is always sharee
that two identical organisms will respond dirently. Thus viruses are never com-
pletely contagious and so some organisms will survive, and DNA replication is
never error free, and so mutations and evolution can occur. In studijicgjts
where these types of ects are present, it thus becomes important to study the
distribution of responses of a given biomolecular circuit, and to collect idaga
manner that allows us to quantify these distributions.

One important indication of stochastic behavidbimodality We say that a cir-
cuit or system is bimodal if the response of the system to a given inputhalitam
has two or more distinguishable classes of behaviors. An example of bimodal-
ity is shown in Figurel.4, which shows the response of the galactose metabolic
machinery in yeast. We see from the gure that even though geneticallyicdén
organisms are exposed to the same external environment (a xed galacins
centration), the amount of activity in individual cells can have a large atafun



8 CHAPTER 1. INTRODUCTORY CONCEPTS

variability. At some concentrations there are clearly two subpopulationslisf ce
those in which the galactose metabolic pathway is turned on (higher repader
rescence values on tlyeaxis) and those for which it is o(lower reporter uores-
cence).

Another characterization of stochasticity in cells is the separation of nossines
in protein expression into two categories: “intrinsic” noise and “extrinsmw’se.
Roughly speaking, extrinsic noise represents variability in gene expnesat
e ects all proteins in the cell in a correlated way. Extrinsic noise can be due to
environmental changes thatect the entire cell (temperature, pH, oxygen level) or
global changes in internal factors such as energy or metabolite levefafiedue
to metabolic loading). Intrinsic noise, on the other hand, is the variability dueto th
inherent randomness of molecular events inside the cell and represetiection
of independent random processes. One way to attempt to measure thet afnou
intrinsic and extrinsic noise is to take two identical copies of a biomolecular cir-
cuit and compare their respons@¥,[89]. Correlated variations in the output of
the circuits corresponds (roughly) to extrinsic noise and uncorrelaeations to
intrinsic noise #3, 89.

The types of models that are used to capture stochastic behavior ardifvery
ferent than those used for deterministic responses. Instead of writirgeditial
equations that track average concentration levels, we must keep tréwk iofdi-
vidual events that can occur with some probability per unit time (or “prapgns
We will explore the methods for modeling and analysis of stochastic systems in
Chapterd.

1.2 The Cell as a System

The molecular processes inside a cell determine its behavior and aresdspo
for metabolizing nutrients, generating motion, enabling procreation angirogrr
out the other functions of the organism. In multi-cellular organismsgidint types
of cells work together to enable more complex functions. In this section we brie
describe the role of dynamics and control within a cell and discuss the fasic
cesses that govern its behavior and its interactions with its environment sif@as
knowledge of the basics of cell biology at the level found in standardaexdon
cell biology such as Albertst al.[2] or Phillipset al.[75].

Figure 1.5 shows a schematic of the major components in the cell: sensing,
signaling, regulation, and metabolism. Sensing of environmental signalsltypica
occurs through membrane receptors that are speci c terdint molecules. Cells
can also respond to light or pressure, allowing the cell to sense the emart,
including other cells. There are several types of receptors, some akaigihaling
molecules in the environment to enter the cell wall, such as in the case of ion
channels. Others activate proteins on the internal part of the cell meenbree
they externally bind to the signaling molecule, such as enzyme-linked reseptor
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Figure 1.5: The cell as a system. The major subsystems asagerignaling, regulation,
and metabolism.

G-protein coupled receptors.

As a consequence of the sensing, a cascade of signal transduatios (&ig-
naling), in which proteins are sequentially activated by (usually) reagiphos-
phate groups from ATP molecules through the processes of phospimmdador
phosphotransfer. These cascades transmit information to downstreaesges,
such as gene expression, by amplifying the information and dynamically Iter-
ing signals to select for useful features. The temporal dynamics ofcemagntal
signals and the kinetic properties of the stages in the signaling cascadesidete
how a signal is transmittédtered. At the bottom stages of signaling cascades, pro-
teins are activated to become transcription factors, which can activagpress the
expression of other proteins through regulation of gene expressientemporal
dynamics of this regulation, with timescales in the range of minutes to hours, are
usually much slower than that of the transmission in the signaling pathway, which
has timescales ranging from subseconds to seconds. Metabolic patswelysas
the glycolysis pathway, also characterized by very fast time scales, enailige of
producing the necessary resources for all the other processesdelltherhrough
these pathways, nutrients in the environment, such as glucose, are looke
through a series of enzymatic reactions, producing, among other psQd\Id,
which is the energy currency in the cell used for many of the reactionsidimg
those involved in signaling and gene expression.

Example: Chemotaxis

As an example of a sensing-transmission-actuation process in the cellngiden
chemotaxisthe process by which micro-organisms move in response to chemical
stimuli. Examples of chemotaxis include the ability of organisms to move in the
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Figure 1.6: A simpli ed circuit diagram for chemotaxis, shiog the biomolecular pro-
cesses involved in regulating agellar motion. Figure takeom Raoet al.[80].

direction of nutrients or move away from toxins in the environment. Chemotaxis
is calledpositive chemotaxig the motion is in the direction of the stimulus and
negative chemotaxisthe motion is away from the stimulus.

The chemotaxis system . coli consists of a sensing system that detects the
presence of nutrients, an actuation system that propels the organism iviits e
ronment, and control circuitry that determines how the cell should move in the
presence of chemicals that stimulate the sensing system. The main components of
the control circuitry are shown in Figue6. The sensing component is responsi-
ble for detecting the presence of ligands in the environment and initiatingisigna
cascades. The computation component, realized through a combinatiasteihpr
phosphorylation and methylation, implements a feedback (integral) contradler th
allows the bacterium to adapt to changes in the environmental ligand camcentr
tion. This adaptation occurs by an actuator that allows the bacterium to ultimately
move in the direction in which the ligand concentration increases.

The actuation system in tHe coli consists of a set of agella that can be spun
using a agellar motor embedded in the outer membrane of the cell, as shown in
Figurel.7a When the agella all spin in the counter clockwise direction, the indi-
vidual agella form a bundle and cause the organism to move roughly iraggbtr
line. This behavior is called a “run” motion. Alternatively, if the agella spin irth
clockwise direction, the individual agella do not form a bundle and thgaoism
“tumbles”, causing it to rotate (Figurg.7h. The selection of the motor direc-
tion is controlled by the protein CheY: if phosphorylated CheY binds to the motor
complex, the motor spins clockwise (tumble), otherwise it spins counterwlsek
(run). As a consequence, the chemotaxis mechanisms is stochastic in néture
biased random motions causing the average behavior to be either posgeative,
or neutral (in the absence of stimuli).
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Figure 1.7: Bacterial chemotaxis. (a) Flagellar motorgasponsible for spinning agella.
(b) When agella spin in the clockwise direction, the orgamisumbles, while when they
spin in the counter clockwise direction, the organism rosThe direction in which the
agella spin is determined by whether the CheY protein isggtwrylated. Figures from
Phillips, Kondev and Theriof7[]; used with permission of Garland Science.

1.3 Control and Dynamical Systems Tools 1!

To study the complex dynamics and feedback present in biological sysiems,
will make use of mathematical models combined with analytical and computational
tools. In this section we present a brief introduction to some of the key ptsice
from control and dynamical systems that are relevant for the study ofddécular
systems considered in later chapters. More details on the application eftspec
concepts listed here to biomolecular systems is provided in the main body of the
text. Readers who are familiar with introductory concepts in dynamical systems
and control, at the level described in Astn and Murray {] for example, can skip

this section.

Dynamics, feedback and control

A dynamical systens a system whose behavior changes over time, often in re-
sponse to external stimulation or forcing. The tefeadbackefers to a situation

in which two (or more) dynamical systems are connected together such that ea
system in uences the other and their dynamics are thus strongly couptagleS
causal reasoning about a feedback system icdit because the rst system in-

1The material in this section is adapted frémedback System&hapter 1 ].
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Figure 1.8: Open and closed loop systems. (a) The outputstésyl is used as the input
of system 2, and the output of system 2 becomes the input térays, creating a closed
loop system. (b) The interconnection between system 2 astérayl is removed, and the
system is said to be open loop.

uences the second and the second system in uences the rst, leadimgitoular
argument. This makes reasoning based on cause aul &icky, and it is neces-
sary to analyze the system as a whole. A consequence of this is that #nedveh
of feedback systems is often counterintuitive, and it is therefore oftesssary to
resort to formal methods to understand them.

Figurel.8illustrates in block diagram form the idea of feedback. We often use
the termsopen loopand closed loopwhen referring to such systems. A system
is said to be a closed loop system if the systems are interconnected in a sycle, a
shown in Figurel.8a If we break the interconnection, we refer to the con guration
as an open loop system, as shown in Figug&h

Biological systems make use of feedback in an extraordinary numbenaf wa
on scales ranging from molecules to cells to organisms to ecosystems. One ex-
ample is the regulation of glucose in the bloodstream through the production of
insulin and glucagon by the pancreas. The body attempts to maintain a constant
concentration of glucose, which is used by the body's cells to produesggn
When glucose levels rise (after eating a meal, for example), the hormorminsu
is released and causes the body to store excess glucose in the livergibese
levels are low, the pancreas secretes the hormone glucagon, whicle lnggptsite
e ect. Referring to Figuré&.8 we can view the liver as system 1 and the pancreas
as system 2. The output from the liver is the glucose concentration in thd,blo
and the output from the pancreas is the amount of insulin or glucagomgedd
The interplay between insulin and glucagon secretions throughout theefias h
to keep the blood-glucose concentration constant, at about 90 mg penL160
blood.

Feedback has many interesting properties that can be exploited in desigging
tems. As in the case of glucose regulation, feedback can make a systikemtres
toward external in uences. It can also be used to create linear bet@wiof non-
linear components, a common approach in electronics. More generatijpdele
allows a system to be insensitive both to external disturbances and to vasigtio
its individual elements.

Feedback has potential disadvantages as well. It can create dynamiditiesta
in a system, causing oscillations or even runaway behavior. Anothemérduy
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Figure 1.9: A feedback system for controlling the speed ddlaiale. In the block diagram

on the left, the speed of the vehicle is measured and compaibd desired speed within
the “Compute” block. Based on the dirence in the actual and desired speeds, the throttle
(or brake) is used to modify the force applied to the vehigleha engine, drivetrain and
wheels. The gure on the right shows the response of the obsyistem to a commanded
change in speed from 25/mto 30 nis. The three dierent curves correspond to @ring
masses of the vehicle, between 1000 and 3000 kg, demongtitat robustness of the
closed loop system to a very large change in the vehicle cteistics.

especially in engineering systems, is that feedback can introduce urmsansor
noise into the system, requiring careful ltering of signals. It is for theszsons
that a substantial portion of the study of feedback systems is devoteddlopgieg

an understanding of dynamics and a mastery of techniques in dynamitsahsys

Feedback properties

Feedback is a powerful idea that is used extensively in natural anddiecfical
systems. The principle of feedback is simple: implement correcting actioes bas
on the di erence between desired and actual performance. In engineerag, fe
back has been rediscovered and patented many times in maaredt contexts.
The use of feedback has often resulted in vast improvements in systeinildgp
and these improvements have sometimes been revolutionary in areas saaleas p
generation and transmission, aerospace and transportation, materigloeess-
ing, instrumentation, robotics and intelligent machines, and networking and co
muniations. The reason for this is that feedback has some truly remarkapkerp
ties, which we discuss brie y here.

Robustness to Uncertaintyone of the key uses of feedback is to provide robust-
ness to uncertainty. By measuring the elience between the sensed value of a
regulated signal and its desired value, we can supply a corrective dttioa sys-
tem undergoes some change thaéets the regulated signal, then we sense this
change and try to force the system back to the desired operating point.

As an example of this principle, consider the simple feedback system shown
in Figurel1.9. In this system, the speed of a vehicle is controlled by adjusting the
amount of gas owing to the engine. Simppgoportional-integral(Pl) feedback
is used to make the amount of gas depend on both the error between et curr
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and the desired speed and the integral of that error. The plot in Flg8bshows
the results of this feedback for a step change in the desired speed aridtg of
di erent masses for the car, which might result from having @m@int number of
passengers or towing a trailer. Notice that independent of the mass (vamiek by
a factor of 3!), the steady-state speed of the vehicle always ap@edoh desired
speed and achieves that speed within approximately 5 s. Thus the peréerimia
the system is robust with respect to this uncertainty.

Another early example of the use of feedback to provide robustnessngghe
ative feedback ampli er. When telephone communications were develapgulj-
ers were used to compensate for signal attenuation in long lines. A vatulben
was a component that could be used to build ampli ers. Distortion causedeby th
nonlinear characteristics of the tube ampli er together with ampli er drift were
obstacles that prevented the development of line ampli ers for a long time. A ma-
jor breakthrough was the invention of the feedback ampli er in 1927 byolde®.
Black, an electrical engineer at Bell Telephone Laboratories. Blag# negative
feedbackwhich reduces the gain but makes the ampli er insensitive to variations
in tube characteristics. This invention made it possible to build stable ampli ers
with linear characteristics despite the nonlinearities of the vacuum tube ampli er

Feedback is also pervasive in biological systems, where transcripticarad;
lational and allosteric mechanisms are used to regulate internal concerstration
various species, and much more complex feedbacks are used to regolade p
ties at the organism level (such as body temperature, blood presslcg@adian
rhythm). One di erence in biological systems is that the separation of sensing, ac-
tuation and computation, a common approach in most engineering controhsyste
is less evident. Instead, the dynamics of the molecules that sense the emarniron
tal condition and make changes to the operation of internal components may be
integrated together in ways that make it d@ult to untangle the operation of the
system. Similarly, the “reference value” to which we wish to regulate a system ma
not be an explicit signal, but rather a consequence of margrdnt changes in the
dynamics that are coupled back to the regulatory elements. Hence we deenot
a clear “setpoint” for the desired ATP concentration, blood oxygen levbbdy
temperature, for example. These diulties complicate our analysis of biological
systems, though many important insights can still be obtained.

Design of DynamicsAnother use of feedback is to change the dynamics of a sys-
tem. Through feedback, we can alter the behavior of a system to meetitie afe
an application: systems that are unstable can be stabilized, systems tHagare s
gish can be made responsive and systems that have drifting operating qamn
be held constant. Control theory provides a rich collection of techniquesatiyze
the stability and dynamic response of complex systems and to place bounds on th
behavior of such systems by analyzing the gains of linear and nonlineeaitops
that describe their components.

An example of the use of control in the design of dynamics comes from the are



1.3. CONTROL AND DYNAMICAL SYSTEMS TOOLS 15

of ight control. The following quote, from a lecture presented by Wilburig¥it
to the Western Society of Engineers in 198%]] illustrates the role of control in
the development of the airplane:

Men already know how to construct wings or airplanes, which when
driven through the air at sucient speed, will not only sustain the
weight of the wings themselves, but also that of the engine, and of
the engineer as well. Men also know how to build engines and screws
of su cient lightness and power to drive these planes at sustaining
speed ... Inability to balance and steer still confronts students of the
ying problem ... When this one feature has been worked out, the age
of ying will have arrived, for all other di culties are of minor impor-
tance.

The Wright brothers thus realized that control was a key issue to engle
They resolved the compromise between stability and maneuverability by building
an airplane, the Wright Flyer, that was unstable but maneuverable. [yéeHad
a rudder in the front of the airplane, which made the plane very mandieera
disadvantage was the necessity for the pilot to keep adjusting the ruddgthe
plane: if the pilot let go of the stick, the plane would crash. Other early agiato
tried to build stable airplanes. These would have been easier to y, batkef
their poor maneuverability they could not be brought up into the air. By uhbigig
insight and skillful experiments the Wright brothers made the rst sudukesght
at Kitty Hawk in 1903.

Since it was quite tiresome to y an unstable aircraft, there was strong motiva-
tion to nd a mechanism that would stabilize an aircraft. Such a device, indente
by Sperry, was based on the concept of feedback. Sperry usgm-atgbilized
pendulum to provide an indication of the vertical. He then arranged a de&db
mechanism that would pull the stick to make the plane go up if it was pointing
down, and vice versa. The Sperry autopilot was the rst use of faeklin aero-
nautical engineering, and Sperry won a prize in a competition for thetsafplsine
in Paris in 1914. Figuré&.10shows the Curtiss seaplane and the Sperry autopilot.
The autopilot is a good example of how feedback can be used to stabilizest u
ble system and hence “design the dynamics” of the aircraft.

One of the other advantages of designing the dynamics of a device is that it
allows for increased modularity in the overall system design. By usind&esdto
create a system whose response matches a desired pro le, we canédidarih
plexity and variability that may be present inside a subsystem. This allows us to
create more complex systems by not having to simultaneously tune the response
of a large number of interacting components. This was one of the advartage
Black's use of negative feedback in vacuum tube ampli ers: the resuttewgce
had a well-de ned linear inpdbutput response that did not depend on the individ-
ual characteristics of the vacuum tubes being used.
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Figure 1.10: Aircraft autopilot system. The Sperry autopfleft) contained a set of four
gyros coupled to a set of air valves that controlled the wirfpses. The 1912 Curtiss used
an autopilot to stabilize the roll, pitch and yaw of the aiftand was able to maintain level
ight as a mechanic walked on the wing (righg9].

Drawbacks of FeedbackVhile feedback has many advantages, it also has some
drawbacks. Chief among these is the possibility of instability if the system is not
designed properly. We are all familiar with the undesirableats of feedback
when the ampli cation on a microphone is turned up too high in a room. This is an
example of feedback instability, something that we obviously want to avoid. Th

is tricky because we must design the system not only to be stable under homina
conditions but also to remain stable under all possible perturbations of tiaerdy

ics. In biomolecular systems, these types of instabilities may exhibit themselves as
situations in which cells no longer function properly due to over expressdien-
gineered genetic components, or small uctuations in parameters causestems

to suddenly cease to function properly.

In addition to the potential for instability, feedback inherently couplegint
parts of a system. One common problem is that feedback often injectstalkdss
into the system. By coupling derent parts of a biomolecular circuit, the uctua-
tions in one part of the circuit a&ct other parts, which themselves may couple to
the initial source of the uctuations. If we are designing a biomolecular aydtieis
crosstalk may aect our ability to design independent “modules” whose behavior
can be described in isolation.

Coupled to the problem of crosstalk is the substantial increase in complexity
that results when embedding multiple feedback loops in a system. An early engi-
neering example of this was the use of microprocessor-based feeslmiekns in
automobiles. The use of microprocessors in automotive applications betaa in
early 1970s and was driven by increasingly strict emissions standanit) could
be met only through electronic controls. Early systems were expengiviaged
more often than desired, leading to frequent customer dissatisfactioaslomty
through aggressive improvements in technology that the performariedility
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and cost of these systems allowed them to be used in a transparent f&srean
today, the complexity of these systems is such that it iscdit for an individual
car owner to x problems. While nature has evolved many feedback stesthat
are robust and reliable, engineered biomolecular systems are still quiheerd
tary and we can anticipate that as we increase the use of feedback tonsatepe
for uncertainty, we will see a similar period in which engineers must over@mme
steep learning curve before we can get robust and reliable behavéomatter of
course.

Feedforward Feedback is reactive: there must be an error before correctivasctio
are taken. However, in some circumstances it is possible to measure aatistirb
before it enters the system, and this information can then be used to tagetverr
action before the disturbance has in uenced the system. Tketeof the distur-
bance is thus reduced by measuring it and generating a control sighabthra
teracts it. This way of controlling a system is calleg¢dforward Feedforward is
particularly useful in shaping the response to command signals becauseacal
signals are always available. Since feedforward attempts to match two signals
requires good process models; otherwise the corrections may havedhg size

or may be badly timed.

The ideas of feedback and feedforward are very general arehappmany dif-
ferent elds. In economics, feedback and feedforward are anal®go a market-
based economy versus a planned economy. In business, a feedf@tnategy
corresponds to running a company based on extensive strategic [glawhiile a
feedback strategy corresponds to a reactive approach. In bidémgforward has
been suggested as an essential element for motion control in humans timgtds tu
during training. Experience indicates that it is often advantageous to cerfdsd-
back and feedforward, and the correct balance requires insightirzererstanding
of their respective properties.

Positive Feedbackn most of control theory, the emphasis is on the roleegjative
feedbackin which we attempt to regulate the system by reacting to disturbances in
a way that decreases theext of those disturbances. In some systems, particularly
biological systemspositive feedbackan play an important role. In a system with
positive feedback, the increase in some variable or signal leads to a situatio
which that quantity is further increased through its dynamics. This hastabiles
lizing e ect and is usually accompanied by a saturation that limits the growth of
the quantity. Although often considered undesirable, this behavior isind®sd-
logical (and engineering) systems to obtain a very fast response tad@icoror
signal.

One example of the use of positive feedback is to create switching behavior
in which a system maintains a given state until some input crosses a threshold.
Hysteresis is often present so that noisy inputs near the threshold dauss the
system to jitter. This type of behavior is callbitability and is often associated
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Figure 1.11: lllustration of the inpldutput view of a dynamical system. (a) The gure
shows a detailed circuit diagram for an electronic amplitiie one in (b) is its represen-
tation as a block diagram.

with memory devices.

1.4 Input/Output Modeling 2

A model is a mathematical representation of a physical, biological or information
system. Models allow us to reason about a system and make predictiorts abou
how a system will behave. In this text, we will mainly be interested in models of
dynamical systems describing the infouttput behavior of systems, and we will
often work in “state space” form. In the remainder of this section we proaide
overview of some of the key concepts in infmuttput modeling. The mathematical
details introduced here are explored more fully in Chapter

The heritage of electrical engineering

The approach to modeling that we take builds on the view of models that emerged
from electrical engineering, where the design of electronic ampli ers ledfta@us
on inputoutput behavior. A system was considered a device that transfornts inpu
to outputs, as illustrated in Figuell Conceptually an inpiiutput model can be
viewed as a giant table of inputs and outputs. Given an input sigt)atver some
interval of time, the model should produce the resulting ouyftiit

The inputoutput framework is used in many engineering disciplines since it
allows us to decompose a system into individual components connectedihrou
their inputs and outputs. Thus, we can take a complicated system sucldasarra

2The material in this section is adapted fréedback SystemSections 2.1-2.21].
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Figure 1.12: Inpubutput response of a linear system. The step response (& ghe
output of the system due to an input that changes from 0 to im&ttt=5 s. The fre-
guency response (b) shows the amplitude gain and phaseecdargo a sinusoidal input
at di erent frequencies.

a television and break it down into manageable pieces such as the redeimed-
ulator, ampli er and speakers. Each of these pieces has a set of implitigputs
and, through proper design, these components can be interconnebbeih tine
entire system.

The inputoutput view is particularly useful for the special clasdioéar time-
invariant systemsThis term will be de ned more carefully below, but roughly
speaking a system is linear if the superposition (addition) of two inputs yields a
output that is the sum of the outputs that would correspond to individuatsriye-
ing applied separately. A system is time-invariant if the output responsegiven
input does not depend on when that input is applied. While most biomolesydar
tems are neither linear nor time-invariant, they can often be approximateaby su
models, often by looking at perturbations of the system from its nominaMimha
in a xed context.

One of the reasons that linear time-invariant systems are so prevalent &-mod
ing of inpufoutput systems is that a large number of tools have been developed to
analyze them. One such tool is tsiep responsevhich describes the relationship
between an input that changes from zero to a constant value abruptgp(anput)
and the corresponding output. The step response is very useful iacté@zing
the performance of a dynamical system, and it is often used to specify siredie
dynamics. A sample step response is shown in Figut2a

Another way to describe a linear time-invariant system is to represent it by its
response to sinusoidal input signals. This is calledftbguency responsand a
rich, powerful theory with many concepts and strong, useful resuisshserged
for systems that can be described by their frequency responseeJiitsrare based
on the theory of complex variables and Laplace transforms. The basibétiéad
frequency response is that we can completely characterize the bebkaisystem
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by its steady-state response to sinusoidal inputs. Roughly speaking, tugaes
by decomposing any arbitrary signal into a linear combination of sinusoids (e
by using the Fourier transform) and then using linearity to compute the ougput b
combining the response to the individual frequencies. A sample freguesgonse
is shown in Figurel.12h

The inputoutput view lends itself naturally to experimental determination of
system dynamics, where a system is characterized by recording itssesfio
particular inputs, e.g., a step or a set of sinusoids over a range oefreigs.

The control view

When control theory emerged as a discipline in the 1940s, the approagh to d
namics was strongly in uenced by the electrical engineering (ifyuaput) view.
A second wave of developments in control, starting in the late 1950s, wageithsp
by mechanics, where the state space perspective was used. Thereraeiggpace
ight is a typical example, where precise control of the orbit of a speafécs es-
sential. These two points of view gradually merged into what is today the state
space representation of inpotitput systems.

The development of state space models involved modifying the models from
mechanics to include external actuators and sensors and utilizing morelgene
forms of equations. In control, models often take the form

%(z f(xu); y =h(xu); (1.1)

wherex is a vector of state variables,is a vector of control signals andis a

vector of measurements. The tedr=dt (sometimes also written ag represents
the derivative ofx with respect to time, now considered a vector, gndndh

are (possibly nonlinear) mappings of their arguments to vectors of theapte
dimension.

Adding inputs and outputs has increased the richness of the classibsmpso
and led to many new concepts. For example, it is natural to ask if possible state
can be reached with the proper choicaudfeachability) and if the measurement
contains enough information to reconstruct the state (observability) eTtbpgs
are addressed in greater detail in AMO8.

A nal development in building the control point of view was the emergerifce o
disturbances and model uncertainty as critical elements in the theory. Thie simp
way of modeling disturbances as deterministic signals like steps and sinuasids h
the drawback that such signals cannot be predicted precisely. A nadigticeap-
proach is to model disturbances as random signals. This viewpoint givesial
connection between prediction and control. The dual views of ioptput repre-
sentations and state space representations are particularly usefuhwiefing
uncertainty since state models are convenient to describe a nominal model bu
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certainties are easier to describe using ifguitput models (often via a frequency
response description).

An interesting observation in the design of control systems is that feedlyack
tems can often be analyzed and designed based on comparatively simpls.mode
The reason for this is the inherent robustness of feedback systemsyveip other
uses of models may require more complexity and more accuracy. One example is
feedforward control strategies, where one uses a model to precotheutgouts
that cause the system to respond in a certain way. Another area is syastdas v
tion, where one wishes to verify that the detailed response of the systéonmps
as it was designed. Because of thesesdént uses of models, it is common to use
a hierarchy of models having dérent complexity and delity.

State space systems

The state of a system is a collection of variables that summarize the past of a
system for the purpose of predicting the future. For a biochemical sytbtestate
is composed of the variables required to account for the current daftthe cell,
including the concentrations of the various species and complexes thaeasnt.
It may also include the spatial locations of the various molecules. A key issue in
modeling is to decide how accurately this information has to be represented. Th
state variables are gathered in a vect@R" called thestate vectorThe control
variables are represented by another vee®RP, and the measured signal by the
vectory 2 RY. A system can then be represented by theedéntial equationi(.1),
wheref :R" RI! RYandh:R" R%! R™are smooth mappings. We call a
model of this form astate space model

The dimension of the state vector is called trder of the system. The sys-
tem (L.1) is calledtime-invariantbecause the functions andh do not depend
explicitly on timet; there are more general time-varying systems where the func-
tions do depend on time. The model consists of two functions: the funttiives
the rate of change of the state vector as a function of stated controlu, and the
functionh gives the measured values as functions of stated control.

A system is called énear state space system if the functiohandh are linear
in x andu. A linear state space system can thus be represented by

%( = Ax+ Bu; y =Cx+Duy; (1.2)

whereA, B, C andD are constant matrices. Such a system is said lmbar and
time-invariant or LTI for short. The matrixA is called thedynamics matrixthe
matrix B is called thecontrol matrix the matrixC is called thesensor matrixand
the matrixD is called thedirect term Frequently systems will not have a direct
term, indicating that the control signal does not in uence the output directly.
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Figure 1.13: Milestones in the history of synthetic biology

1.5 From Systems to Synthetic Biology

The rapidly growing eld of synthetic biology seeks to use biological prifesp
and processes to build useful engineering devices and systems. Aippkcaf
synthetic biology range from materials production (drugs, biofuels) to Qicdd
sensing and diagnostics (chemical detection, medical diagnostics) to badlogie
chines (bioremediation, nanoscale robotics). Like many other elds at thedime
their infancy (electronics, software, networks), it is not yet clearr@tsynthetic
biology will have its greatest impact. However, recent advances suttte abil-

ity to “boot up” a chemically synthesized genon8d][demonstrate the ability to
synthesize systems that @ the possibility of creating devices with substantial
functionality. At the same time, the tools and processes available to desigmsyste
of this complexity are much more primitive, awnié novosynthetic circuits typi-
cally use a tiny fraction of the number of genetic elements of even the smallest
microorganisms{7].

Several scienti ¢ and technological developments over the past faradds
have set the stage for the design and fabrication of early synthetic biamarlec
circuits (see Figurd..13. An early milestone in the history of synthetic biology
can be traced back to the discovery of mathematical logic in gene regulation. |
their 1961 paper, Jacob and Monod introduced for the rst time the idepgoé
expression regulation through transcriptional feedbd@k Only a few years later
(1969), restriction enzymethat cut double-stranded DNA at speci ¢ recognition
sites were discovered by Arber and co-workdils These enzymes were a major
enabler of recombinant DNA technology, in which genes from one dsgaare
extracted and spliced into the chromosome of another. One of the mostatetebr
products of this technology was the large scale production of insulin by impglo
E. colibacteria as a cell factor@4].
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Another key innovation was the development of the polymerase chain reac-
tion (PCR), devised in the 1980s, which allows exponential ampli cation oflsma
amounts of DNA and can be used to obtain sient quantities for use in a variety
of molecular biology laboratory protocols where higher concentratioldN#$ are
required. Using PCR, it is possible to “copy” genes and other DNA sempseout
of their host organisms.

The developments of recombinant DNA technology, PCR and arti cial smth
sis of DNA provided the ability to “cut and paste” natural or synthetic pronsote
and genes in almost any fashion. This cut and paste procedure is claligag
and traditionally consists of four primary stefisgmentationligation, transfec-
tion (or transformatiorn) andscreening The DNA of interest is rst isolated using
restriction enzymes amak PCR ampli cation. Then, a ligation procedure is em-
ployed in which the ampli ed fragment is inserted into a vector. The vector is
often a piece of circular DNA, called a plasmid, that has been linearized bpsne
of restriction enzymes that cleave it at appropriate restriction sites. Tdtervie
then incubated with the fragment of interest with an enzyme c@ié ligase
producing a single piece of DNA with the target DNA inserted. The next istep
to transfect (or transform) the DNA into living cells, where the naturalicapion
mechanisms of the cell will duplicate the DNA when the cell divides. This pro-
cess does not transfect all cells, and so a selection procedure iietetjuisolate
those cells that have the desired DNA inserted in them. This is typically done by
using a plasmid that gives the cell resistance to a speci ¢ antibiotic; cellsrgrow
in the presence of that antibiotic will only live if they contain the plasmid. Further
selection can be done to ensure that the inserted DNA is also present.

Once a circuit has been constructed, its performance must be verigdfan
necessary, debugged. This is often done with the helpaséscent reportersThe
most famous of these is GFP, which was isolated from the jelhlAslguorea vic-
toria in 1978 by Shimomura85]. Further work by Chal e and others in the 1990s
enabled the use of GFP I colias a uorescent reporter by inserting it into an ap-
propriate point in an arti cial circuit]9]. By using spectro uorometry, uorescent
microscopy or ow cytometry, it is possible to measure the amount of uonesee
in individual cells or collections of cells and characterize the performarfce
circuit in the presence of inducers or other factors.

Two early examples of the application of these technologies wereetitessila-
tor [26] and a synthetic genetic switcB(.

The repressilator is a synthetic circuit in which three proteins each epres
other in a cycle. This is shown schematically in Figlirg4a where the three pro-
teins are TetR, cl and Lacl. The basic idea of the repressilator is that if TetR is
present, then it represses the production of. If cl is absent, then Lacl is pro-
duced (at the unregulated transcription rate), which in turn represtBs Once
TetR is repressed, thercl is no longer repressed, and so on. If the dynamics of
the circuit are designed properly, the resulting protein concentrationesxillate,
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Figure 1.14: The repressilator genetic regulatory netw@kA schematic diagram of the
repressilator, showing the layout of the genes in the pldghat holds the circuit as well
as the circuit diagram (center). The at headed arrow betwhke protein names represents
repression. (b) A simulation of a simple model for the repitator, showing the oscillation
of the individual protein concentrations. (Figure couytbt Elowitz.)

as shown in Figuré.14h

The repressilator can be constructed using the techniques descrived Bipst,
we can make copies of the individual promoters and genes that fornirouit by
using PCR to amplify the selected sequences out of the original organisrhgcim w
they were found. TetR is the tetracycline resistance repressor proteis tband
in gram-negative bacteria (suchB&scoli) and is part of the circuitry that provides
resistance to tetracycline. Lacl is the gene that prodlam=sepressor, responsible
for turning o thelac operon in the lactose metabolic pathwayEncoli. And cl
comes from phage, where it is part of the regulatory circuitry that regulates lysis
and lysogeny.

By using restriction enzymes and related techniques, we can separatg-the n
ural promoters from their associated genes, and then ligate (reassé¢haniein
a new order and insert them into a “backbone” vector (the rest of tisenpdi in-
cluding the origin of replication and appropriate antibiotic resistance). TNi& D
is then transformed into cells that are grown in the presence of an antibiotic, s
that only those cells that contain the repressilator can replicate. Finallyawe c
take individual cells containing our circuit and let them grow under a moces
to image uorescent reporters coupled to the oscillator.

Another early circuit in the synthetic biology toolkit is a genetic switch built
by Gardneret al. [30]. The genetic switch consists of two repressors connected
together in a cycle, as shown in Figutel5a The intuition behind this circuit is
that if the gene A is being expressed, it will repress production of B aridtaia
its expression level (since the protein corresponding to B will not beeptes
repress A). Similarly, if B is being expressed, it will repress the prodoatioA
and maintain its expression level. This circuit thus implements a typéesttbility



1.5. FROM SYSTEMS TO SYNTHETIC BIOLOGY 25

3 — A ---2®)

\ )

Protein concentrations [scaled

U2 0 1 1 1 1
0 5 10 15 20 25
Timet [scaled]
(a) Switch circuit diagram (b) Switch simulation

Figure 1.15: Stability of a genetic switch. The circuit diaign in (&) represents two proteins
that are each repressing the production of the other. Thesnp andu, interfere with this
repression, allowing the circuit dynamics to be modi ed €l$imulation in (b) shows the
time response of the system starting from twoetent initial conditions. The initial portion
of the curve corresponds to protein B having higher coneéiotr than A, and converges to
an equilibrium where A is o and B is on. At time = 10, the concentrations are perturbed,
moving the concentrations into a region of the state spaa¥ewolutions converge to the
equilibrium point with the A on and B o

that can be used as a simple form of memory. Fiduidbshows the time traces
for the system, illustrating the bistable nature of the circuit. When the initial con-
dition starts with a concentration of protein B greater than that of A, the solution
converges to the equilibrium point where B is on and A is b A is greater than

B, then the opposite situation results.

These seemingly simple circuits took years 0bd to get to work, but showed
that it was possible to synthesize a biological circuit that performed aedifsinc-
tion that was not originally present in a natural system. Today, commeytities
sis of DNA sequences and genes has become cheaper and fastempridthaften
below $0.20 per base p&ilThe combination of inexpensive synthesis technolo-
gies, new advances in cloning techniques, and improved devices for ignagth
measurement has vastly simpli ed the process of producing a sequermag/of
that encodes a given set of genes, operator sites, promoters anduvititgons.
These techniques are a routine part of undergraduate courses inutapbatd syn-
thetic biology.

As illustrated by the examples above, current techniques in synthetic biology
have demonstrated the ability to program biological function by designing DNA
sequences that implement simple circuits. Most current devices make tra@-of
scriptional or post-transcriptional processing, resulting in very slow tiales (re-
sponse times typically measured in tens of minutes to hours). This restricts their
use in systems where faster response to environmental signals is nsecleds

3As of this writing; divide by a factor of two for every two years after thélization date.
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Figure 1.16: Expression of a protein using an inducible p@m[18]. (a) The circuit
diagram indicates the DNA sequences that are used to congtaupart (chosen from the
BioBrick library). (b) The measured response of the systemstep change in the inducer
level (HSL).

rapid detection of a chemical signal or fast response to changes in theirgavi-
ronment of the cell. In addition, existing methods for biological circuit debiyre
limited modularity (reuse of circuit elements requires substantial redesigm-or tu
ing) and typically operate in very narrow operating regimes (e.g., a singlgesp
grown in a single type of media under carefully controlled conditions). Ewth
more, engineered circuits inserted into cells can interact with the hostisngan
and have other unintended interactions.

As an illustration of the dynamics of synthetic devices, FigluEs shows a
typical response of a genetic element to an inducer moled@&e Ip this circuit,
an external signal of homoserine lactone (HSL) is applied at time zero &nd th
system reaches 10% of the steady state value in approximately 15 minutes. This
response is limited in part by the time required to synthesize the output protein
(GFP), including delays due to transcription, translation and folding. Simise
is the response time for the underlying “actuator”, circuits that are condpaise
feedback interconnections of such genetic elements will typically oper&telét
times slower speeds. While these speeds are appropriate in many appli@tions
regulation of steady state enzyme levels for materials production), in the tontex
of biochemical sensors or systems that must maintain a steady operatingnpoint
more rapidly changing thermal or chemical environments, this response tinee is to
slow to be used as an ective engineering approach.

By comparison, the inpldutput response for the signaling componeri.igoli
chemotaxis is shown in Figue17[84]. Here the response of the kinase CheA is
plotted in response to an exponential ramp in the ligand concentration. The re
sponse is extremely rapid, with the timescale measured in seconds. Thisaapid r
sponse is implemented by conformational changes in the proteins involved in the
circuit, rather than regulation of transcription or other slower processes
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Figure 1.17: Responses Bf coli chemotaxis signaling network to exponential ramps in
ligand concentration. Time responses of the “sensing”ysibm (from Shimizu, Tu and
Berg; Molecular Systems Biology, 2010), showing the respdn exponential inputs.

The eld of synthetic biology has the opportunity to provide new approache
to solving engineering and scienti ¢ problems. Sample engineering applisation
include the development of synthetic circuits for producing biofuels, @trsisive
chemical sensors, or production of materials with speci ¢ properties teatiaed
to commercial needs. In addition to the potential impact on new biologically engi-
neered devices, there is also the potential for impact in improved undairsjeof
biological processes. For example, many diseases such as candear&im$on's
disease are closely tied to kinase dysfunction. The analysis of robsteinsy of
kinases and the ability to synthesize systems that support or invalidate badlogic
hypotheses may lead to a better systems understanding of failure modesdthat le
to such diseases.

1.6 Further Reading

There are numerous survey articles and textbooks that provide more datéice
ductions to the topics introduced in this chapter. In the eld of systems biothgy,
textbook by Alon B] provides a broad view of some of the key elements of modern
systems biology. A more comprehensive set of topics is covered in the tdodbiyo
Klipp [54], while a more engineering-oriented treatment of modeling of biological
circuits can be found in the text by Myergl]. Two other books that are particu-
larly noteworthy are Ptashne's book on the phad&6] and Madhani's book on
yeast B1], both of which use well-studied model systems to describe a general set
of mechanisms and principles that are present in mangrdnt types of organisms.
Several textbooks and research monographs provide excellentreesdfor
modeling and analysis of biomolecular dynamics and regulation. J. D. Msirray
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two-volume text Y0] on biological modeling is an excellent reference with many
examples of biomolecular dynamics. The textbook by Phillips, Kondev and The
riot [75] provides a quantitative approach to understanding biological systems, in
cluding many of the concepts discussed in this chapter. Co@@kgives a detailed
description of mechanisms transcriptional regulation.

The topics in dynamical systems and control theory that are brie y intreduc
here are covered in more detail in AMOS.[ Other books that introduce tools for
modeling and analysis of dynamical systems with applications in biology include
J. D. Murray's text F0] and the recent text by and Eliner and Guckenheir8}. [

Synthetic biology is a rapidly evolving eld that includes many drent sub-
areas of research, but few textbooks are currently available. Irptw@ s area of
biological circuit design that we focus on here, there are a numberaaf garvey
and review articles. The article by Baket al. [8] provides a high level descrip-
tion of the basic approach and opportunities. Additional survey andwepagers
include Voigt P6], Purnick and Weiss{7], and Khalil and Collins$2].



Chapter 2

Dynamic Modeling of Core Processes

The goal of this chapter is to describe basic biological mechanisms in a way tha
can be represented by simple dynamical models. We begin the chapter with a dis
cussion of the basic modeling formalisms that we will utilize to model biomolecu-
lar feedback systems. We then proceed to study a number of core geEeaeithin

the cell, providing dierent model-based descriptions of the dynamics that will
be used in later chapters to analyze and design biomolecular systems.clise fo
in this chapter and the next is on deterministic models using ordinasrelntial
equations; Chapterdescribes how to model the stochastic nature of biomolecular
systems.

2.1 Modeling Chemical Reactions

In order to develop models for some of the core processes of the cell,ilve w
need to build up a basic description of the biochemical reactions that take plac
including production and degradation of proteins, regulation of transmnignd
translation, intracellular sensing, action and computation. As in other dis@pline
biomolecular systems can be modeled in a variety oegnt ways, at many dif-
ferent levels of resolution, as illustrated in Fig@d. The choice of which model

to use depends on the questions that we want to answer, and good maoaletisng
practice, experience, and iteration. We must properly capture thetaspfethe
system that are important, reason about the appropriate temporal diadl Sjrdes

to be included, and take into account the types of simulation and analysis tools
to be applied. Models that are to be used for analyzing existing systemklshou
make testable predictions and provide insight into the underlying dynamies. De
sign models must additionally capture enough of the important behavior to allow
decisions to be made regarding how to interconnect subsystems, claoasegers

and design regulatory elements.

In this section we describe some of the basic modeling frameworks that we will
build on throughout the rest of the text. We begin with brief descriptions ®f th
relevant physics and chemistry of the system, and then quickly move to models
that focus on capturing the behavior using reaction rate equations. Irhtgsec
our emphasis will be on dynamics with time scales measured in seconds to hours
and mean behavior averaged across a large number of molecules. \Weotdyc
brie y on modeling in the case where stochastic behavior dominates and alefe
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Figure 2.1: Di erent methods of modeling biomolecular systems.

more detailed treatment until Chapter

Reaction kinetics

At the ne end of the modeling scale, we can attempt to modelntwdecular
dynamicf the cell, in which we attempt to model the individual proteins and other
species and their interactions via molecular-scale forces and motions. At#hs

the individual interactions between protein domains, DNA and RNA ardveso
resulting in a highly detailed model of the dynamics of the cell.

For our purposes in this text, we will not require the use of such a detailed
scale and we will consider the main modeling formalisms depicted in F@dre
We start with the abstraction of molecules that interact with each other through
stochastic events that are guided by the laws of thermodynamics. We begin with
an equilibrium point of view, commonly referred to sitistical mechanicsaand
then brie y describe how to model the (statistical) dynamics of the system using
chemical kinetics. We cover both of these points of view very brie y herienarily
as a stepping stone to deterministic models.

The underlying representation for both statistical mechanics and chengical k
netics is to identify the appropriataicrostatesof the system. A microstate cor-
responds to a given con guration of the components (species) in thersyela-
tive to each other and we must enumerate all possible con gurations hetivee
molecules that are being modeled.

As an example, consider the distribution of RNA polymerase in the cell. It is
known that most RNA polymerases are bound to the DNA in a cell, either as they
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Figure 2.2: Microstates for RNA polymerase. Each micrestdtthe system corresponds
to the RNA polymerase being located at some position in tiie Ifeve discretize the
possible locations on the DNA and in the cell, the microstaierresponds to all possi-
ble non-overlapping locations of the RNA polymerases. fégtom Phillips, Kondev and
Theriot [75]; used with permission of Garland Science.

produce RNA or as they duse along the DNA in search of a promoter site. Hence
we can model the microstates of the RNA polymerase system as all possible lo-
cations of the RNA polymerase in the cell, with the vast majority of these corre-
sponding to the RNA polymerase at some location on the DNA. This is illustrated
in Figure2.2 In statistical mechanics, we model the con guration of the cell by
the probability that the system is in a given microstate. This probability can be
calculated based on the energy levels of theedeént microstates. The laws of sta-
tistical mechanics state that if we have a set of microst@@teken the steady state
probability that the system is in a particular microstgis given by

P(g) = %e EqkeT).- 2.1)

whereEg is the energy associated with the microsg&Q, kg is the Boltzmann
constant,T is the temperature in degrees Kelvin, afids a normalizing factor,
known as theoartition function

X
Z= e Bakel):
q2Q

By keeping track of those microstates that correspond to a given sy&ésn s
(also called amacrostat® we can compute the overall probability that a given
macrostate is reached. Thus, if we have a set of s&ate® that corresponds to a
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given macrostate, then the probability of being in theSsit given by
P E
qksT)

1 X E 2s €
= = HkeT) = p :
PS)=7 e = (2.2)

@S Q€

This can be used, for example, to compute the probability that some RNA poly-
merase is bound to a given promoter, averaged over many indepeadeples,

and from this we can reason about the rate of expression of the pondisg
gene.

Statistical mechanics describes the steady state distribution of microstates, but
does not tell us how the microstates evolve in time. To include the dynamics, we
must consider thehemical kineticof the system and model the probability that
we transition from one microstate to another in a given period of timeqlcep-
resent the microstate of the system, which we shall take as a vector of mtbger
represents the number of molecules of a speci c type (species) in goregura-

in which a chemical reaction is a process that leads to the transformatiore of on
set of chemical species to another one. We yde represent the change in stgte
associated with reactidRj. We describe the kinetics of the system by making use
of the propensity function gg;t) associated with reactioRj, which captures the
instantaneous probability that at tirha system will transition between stajand
stateq+ ;.

More speci cally, the propensity function is de ned such that

aj(g;t)dt = Probability that reactiofj will occur between time
and timet + dt given that the microstate &g

We will give more detail in Chaptetregarding the validity of this functional form,
but for now we simply assume that such a function can be de ned foryates.

Using the propensity function, we can keep track of the probability distribu-
tion for the state by looking at all possible transitions into and out of the curre
state. Speci cally, giverP(q;t), the probability of being in statgat timet, we can
compute the time derivativeP(q;t)=dt as

dP w
@@= a@ 0P@ 0 a@IPEY: (23)
i=
This equation (and its many variants) is called¢hemical master equatiq€ME).
The rst sum on the right hand side represents the transitions into thecstiaen
some other statg j and the second sum represents that transitions out of the
stateq.
Clearly the dynamics of the distributid?{(q;t) depend on the form of the propen-
sity functionsaj(g;t). Consider a simple reversible reaction of the form

A+B)* AB; (2.4)
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in which a molecule of A and a molecule of B come together to form the complex
AB, in which A and B are bound to each other, and this complex can, in turn,
dissociate back into the A and B species. In the sequel, to make notation easier
we will sometime represent the complex AB as A : B. It is often useful to write
reversible reactions by splitting the forward reaction from the backweadtion:

Rf: A+B! AB;

(2.5)
Rr: AB! A+B:

We assume that the reaction takes place in a well-stirred volunaed let the

con gurationsq be represented by the number of each species that is present. The
forward reactiorRf is a bimolecular reaction and we will see in Chaptéhat it

has a propensity function

k
ar(q) = i NaNB;

wherek; is a parameter that depends on the forward reactionparahdng are
the number of molecules of each species. The reverse re&utisra unimolecular
reaction and we will see that it has a propensity function

ar(9) = Krnag;

wherek; is a parameter that depends on the reverse reactionsgnd the number
of molecules of AB that are present.

If we now letqg = (na;ng;Nag) represent the microstate of the system, then we
can write the chemical master equation as

dP
a(nA;nB;nAB):krnABP(nA Lng 1Lnag+1) KinangP(na;ng;nap):

The rst term on the right hand side represents the transitions into the rtateos
g= (na;ng;Nag) and the second term represents the transitions out of that state.
The number of dierential equations depends on the number of molecules of
A, B and AB that are present. For example, if we start with 1 molecule of A, 1
molecule of B, and 3 molecules of AB, then the possible states and dynamics are

to=(1;,0;4),  dPo=dt= 3k:Py;

=(213),  dP=dt=4kPy 2(k= )Py;
G =(322);, dP=dt=3kP; 6(k= )Py;
gz = (4;3;1); dPs=dt=2k,P, 12(k;= )Ps;
s = (54,0,  dP,=dt=1k,P3 20(s= )Pq;

whereP; = P(qg;;t). Note that the states of the chemical master equation are the
probabilities that we are in a speci ¢ microstate, and the chemical master equatio
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is alinear di erential equation (we see from equatich3 that this is true in
general).

The primary di erence between the statistical mechanics description given by equa-
tion (2.1) and the chemical kinetics description in equatiarB)is that the master
equation formulation describes how the probability of being in a given mideosta
evolves over time. Of course, if the propensity functions and energislave mod-

eled properly, the steady state, average probabilities of being in a giveostaite
should be the same for both formulations.

Reaction rate equations

Although very general in form, the chemical master equatioressifrom being a

very high dimensional representation of the dynamics of the system. Wesskall

in Chapter4 how to implement simulations that obey the master equation, but in
many instances we will not need this level of detail in our modeling. In particula
there are many situations in which the number of molecules of a given species
is such that we can reason about the behavior of a chemically reactitegnsys
by keeping track of theoncentrationof each species as a real number. This is
of course an approximation, but if the number of molecules isciently large,

then the approximation will generally be valid and our models can be dramatically
simpli ed.

To go from the chemical master equation to a simpli ed form of the dynam-
ics, we begin by making a number of assumptions. First, we assume that we can
represent the state of a given species by its concentragisn, whereny is the
number of molecules of A in a given volume We also treat this concentration
as a real number, ignoring the fact that the real concentration is quarfizeally,
we assume that our reactions take place in a well-stirred volume, so thatelod ra
interactions between two species is solely determined by the concentratithes of
species.

Before proceeding, we should recall that in many (and perhaps mostiicits
inside of cells, these assumptions a@ particularly good ones. Biomolecular
systems often have very small molecular counts and are anything but wed.mixe
Hence, we should not expect that models based on these assumptioluspse
form well at all. However, experience indicates that in many cases the foas
of the equations provides a good model for the underlying dynamics arue hvee
often nd it convenient to proceed in this manner.

Putting aside our potential concerns, we can now create a model for the dy

of reactionsRj, j = 1;:::;M. We write x; = [S;] = ng= for the concentration of
species (viewed as a real number). Because we are interested in the case where
the number of molecules is large, we no longer attempt to keep track of exgry p
sible con guration, but rather simply assume that the state of the systenyat an
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given time is given by the concentratiors Hence the state space for our system
is given byx 2 R" and we seek to write our dynamics in the form of an ordinary
di erential equation (ODE)

dx
i f05 )
where 2 RP represents the vector of parameters that govern dynamic behavior and
f:R" RP! R"describes the rate of change of the concentrations as a function
of the instantaneous concentrations and parameter values.
To illustrate the general form of the dynamics, we consider again the €ase o

basic bimolecular reaction
A+B)* AB:

Each time the forward reaction occurs, we decrease the number of mael@fule
A and B by 1 and increase the number of molecules of AB (a separate Specie
by 1. Similarly, each time the reverse reaction occurs, we decrease thenafmb
molecules of AB by one and increase the number of molecules of A and B.

Using our discussion of the chemical master equation, we know that the likeli-
hood that the forward reaction occurs in a given inteditak given byaz(g)dt =
(ks= )nangdt and the reverse reaction has likelihamdq) = k;hag. If we assume
thatnag is a real number instead of an integer and ignore some of the formalities
of random variables, we can describe the evolutionsgf using the equation

nag(t+dt) =nag(t)+as(q ¢)dt a-(g)dt:

Here we lefg be the state of the system with the number of molecules of AB equal
tonag and ¢ represents the change in state from the forward reactio@iidng
are decreased by 1 amgdg is increased by 1). Roughly speaking, this equation
states that the (approximate) number of molecules of AB at tifndt compared
with time t increases by the probability that the forward reaction occurs in ditne
and descreases by the probability that the reverse reaction occurs fetioal.

To convert this expression into an equivalent one for the concentratitire
species AB, we write [ABE nag= , [A] = ha= , [B] = ng= , and substitute the
expressions foas (g) anda;(q):

[ABJ(t+dt) [AB]()= af(q 1) al(g) = dt
kanI'IBZ 2 krI'IABZ dt

k(AJ[B] k/[AB] dt:

Taking the limit asdt approaches zero, we obtain
d
qi[AB] =ki[AlB]  k{AB]:

Our derivation here has skipped many important steps, including a tdesfua-
tion using random variables and some assumptions regarding the way indthich
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approaches zero. These are described in more detail when we tlexichemi-
cal Langevin equation (CLE) in Chaptérbut the basic form of the equations are
correct under the assumptions that the reactions are well-stirred and kbeutao
counts are suciently large.

In a similar fashion we can write equations to describe the dynamics of A and
B and the entire system of equations is given by

d[A] dA

gt = ilABl Kil[AlB]; gt~ KC kA B;

Cl=kmg) kiaE; o PekC kA B
d[AB] _ _ dc _ :
gt = WIAIBl  ki[AB]; ot - WA B kG

whereC = [AB], A= [A], and B = [B]. These equations are known as timass
action kineticor thereaction rate equationfor the system. The parametdgsand

k; are called theate constantand they match the parameters that were used in the
underlying propensity functions.

Note that the same rate constants appear in each term, since the rate of pro-
duction of AB must match the rate of depletion of A and B and vice versa. We
adopt the standard notation for chemical reactions with speci ed ratesvetel
the individual reactions as

k Kr
A+B!" AB; AB! A+B;
wherek; andk; are the reaction rate constants. For bidirectional reactions we can
also write )
A+B)" AB
Kr
Itis easy to generalize these dynamics to more complex reactions. For example
if we have a reversible reaction of the form
ks

A+2B): 2C+D;

where A, B, C and D are appropriate species and complexes, then tamigfor
the species concentrations can be written as

%A: kC? D kiA B? dﬂtc: 2ksA B> 2k.C? D
q d (2.6)
587 2k:C? D 2kiA B? 5D = kA B> k.C? D
Rearranging this equation, we can write the dynamics as
8.9 8 9
A 1 1 3
d £Bg _ 2 2 £3kiA 52
dtEcE" gk c2 po 2.7
. D,
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We see that in this decomposition, the rst term on the right hand side is a matrix
of integers re ecting the stoichiometry of the reactions and the second team is
vector of rates of the individual reactions.

More generally, given a chemical reaction consisting of a set of sp&ies
i = 1;:::;n and a set of reactionRj, j = 1;:::;M, we can write the mass action

kinetics in the form q
X
a = NV(X),

whereN 2 R" M is the stoichiometry matrixor the system and(x) 2 RM is the
reaction ux vector Each row ofv(x) corresponds to the rate at which a given
reaction occurs and the corresponding column of the stoichiometry matrix-cor
sponds to the changes in concentration of the relevant species. Raplexéor the
system in equatior2(7) we have

9

! 8\ oo
22 ; v(x)=§ fAB?:

8
1
x= (A;B;C;D); N = 2
Sl T g2 “k,.C2 D
1

1

The conservation of species is at the basis of reaction rate models sauiessare
usually transformed, but are not created from nothing or destroyesh te basic
process of protein degradation transforms a protein of interest A intodupr X
that is not used in any other reaction. Speci cally, the degradation rateuodtein

is determined by the amounts of proteases present, which bind to recogité®n s
(degradation tags) and then degrade the protein. Degradation of pkoby a
protease P can then be modeled by the following two-step reaction

A+PY AR P+X:
d

As aresult of the reaction, protein A has “disappeared”, so that thesioeas often
simplied to A!; . Similarly, the birth of a molecule is a complicated process
that involves many reactions and species, as we will see later in this chalpien.
the process that creates a species of interest A is not relevant fawotsleqm under
study, we will use the shorter description of a birth reaction given by

A

and describe its dynamics using the gliential equation
dA _
dt

Example 2.1(Covalent modi cation of a protein)Consider the set of reactions

involved in the phosphorylation of a protein by a kinase, as shown in F@Gre

kfi
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Jcoreproc/figures/Mad07_05_04aleps

Figure 2.3: Phosphorylation of a protein via a kinase. Ingheress of phosphorylation,
a protein called a kinase binds to ATP (adenosine triphdspleand transfers one of the
phosphate groups (P) from ATP to a substrate, hence praglagghosphorylated substrate
and ADP (adenosine diphosphate). Reproduced from MadBahidermission pending.

Let S represent the substrate, K represent the kinase amg@sent the phospho-
rylated (activated) substrate. The sets of reactions illustrated in FXyBiege

R1
R2
R3:
R4:

K+ATP!  KIATP; RS
KIATP!  K+ATP; R6:
S+KATP!  SIKIATP; R7:
SIKKIATP! S+ KATP; R8:

We now write the kinetics for each reaction:

S:K:ATP! S :K:ADP;

S :KIADP! S +K:ADP;
K:ADP! K+ ADP;

K+ ADP! K:ADP:

v1 = ki [K][ATP] ; Vs = ks [S:K:ATP;
V2 = k [K:ATP]; Ve = kg[S :K:ADPY;
v3 = k3[S][K:ATP]; v7 = k7 [K:ADP];
V4 = K4 [S:KIATP]; vg = kg[K][ADP] :

We treat [ATP] as a constant (regulated by the cell) and hence do resttlgiir
track its concentration. (If desired, we could similarly ignore the conceoiraf
ADP since we have chosen not to include the many additional reactions i whic
it participates.)
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The kinetics for each species are thus given by

dgt[K] = VitVetvz Vg %[S 1= Ve
%[K:ATP] =Vvi Vo V3tV %[S ‘K:ADP] =v5 Vg,
S1s1= vt ClaoPI=v: s
E[S:K:ATP] =V3 V4 Vs g[K:ADP] =Vg V7+Vg:
dt dt
Collecting these equations together and writing the state as a vector, we obtain
8 [K] 2811 0 0 0 0o 1 1 8v19
[K:ATP] 1 1 1 1 0 0 0 O0g8wn
[S] 0O 0 1 1 0 0 O O0g8vs
g [S:K:ATP] 0O 0 1 1 1 0 0 0gs8ws
dt [S] O 0 0O O O 1 o VS
[S :K:ADP] 0O 0 O O 1 1 0 08w
[ADP] 0O 0 O O O 0 1 188w
" [KADP] 7 "0 0 O O 0 1 1 17-vg
|~ {z "} | {z } Kz
X N V(X)
which is in standard stoichiometric form. r

Reduced order mechanisms

In this section, we look at the dynamics of some common reactions that occur in
biomolecular systems. Under some assumptions on the relative rates ofneactio
and concentrations of species, it is possible to derive reduced oqui@ssions for

the dynamics of the system. We focus here on an informal derivation odléneant
results, but return to these examples in the next chapter to illustrate thamntlee sa
results can be derived using a more formal and rigorous approach.

Simple binding reactionConsider the reaction in which two species A and B bind
reversibly to form a complex € AB:

A+B )*: C; (2.8)

wherea is the association rate constargndd is the dissociation rate constant
Assume that B is a species that is controlled by other reactions in the celland th
the total concentration of A is conserved, so tAatC = [A] + [AB] = A If the
dynamics of this reaction are fast compared to other reactions in the celthinen
amount of A and C present can be computed as a (steady state) functiom of
amount of B.
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To compute howA andC depend on the concentration of B at the steady state,
we must solve for the equilibrium concentrations of A and C. The rate equfatio
Cis given by

dC
i aB A dC=aB (At C) dC
By settingdC=dt = 0 and lettingKy := d=a, we obtain the expressions

_ Awt(B=Kq) . A= Arot

CTTiexy  ATIrEx)

The constanKy is called thadissociation constartf the reaction. Its inverse mea-
sures the anity of A binding to B. The steady state value ©fincreases witlB
while the steady state value &f decreases witlB as more of A is found in the
complex C.

Note that wherB Ky, A and C have equal concentration. Thus the higher the
value ofKy, the moreB is required forA to form the complex CKy has the units
of concentration and it can be interpreted as the concentration of B abh\Wwhlt
of the total number of molecules of A are associated with B. Therefore akajgh
represents a weak anity between A and B, while a loWy represents a strong
a nity.

Cooperative binding reactiorAssume now that B binds to A only after dimeriza-
tion, that is, only after binding another molecule of B. Then, we have tlzatre
tions 2.8) become

ki a
B+B) By BZ+A)*d G A+C=Ag;
2

inwhich B, = B : B represents the dimer of B, that is the complex of two molecules
of B bound to each other. The corresponding ODE model is given by

dB; dC

W=k152 koB; aB (Aot C)+dC  —==aB, (Ax C) dC

By settingd B,=dt = 0, dC=dt = 0, and by de ningKn, := ko=k;, we obtain that

B,=K
BZ= BZ:Km; C= Atot( 2 d)_ A= Atot

1+ (B=Ky)’ - 1+(82:Kd);
so that
C= AtotBZ:(KmKd) . A= Atot .
1+ Bz:(KmKd)’ 1+ Bz:(KmKd).

As an exercise (Exercise?), the reader can verify that if B binds to A as a complex
of ncopies of B, that is,

a
B+B+ +B)E‘1 B, Bn+A)*GI C; A+C = Agt

2
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Figure 2.4: Steady state concentrations of the complex Coénfl as functions of the
concentration of B.
then we have that the expression<Cadind A change to

— AtotBn:(KmKd)_ A= Atot .
1+ B'X(KnKq)' 1+ B"H(KnKq)

In this case, we say that the binding of B to Acisoperativewith cooperativityn.
Figure2.4shows the above functions, which are often referred tdikhéunctions.

Another type of cooperative binding is when a species R can bind A otdy af
another species B has bound A. In this case, the reactions are given by

a g 0
B+A)*CI G R+C), Co  A+CHC=Awr

Proceeding as above by writing the ODE model and equating the time dezivativ
to zero to obtain the equilibrium, we obtain the equilibrium relations

C= 7BAq C CY  C'= g RAx C CO
d

K%y
By solving this system of two equations for the unknov@¥sndC, we obtain

o Aa(BKIRKY) _ Acot(BKa)
© 1+ (BKa) + (BK)(RKY)’ ~ 1+ (BKo) + (BK)(RKY)

In the case in which B would bind cooperatively with other copies of B withpeoo
erativity n, the above expressions become

o_ Acot(B" K, Kd)(Rng) .
1+ (B"KmKa)(RKY) + (B"=KmKqg)’
- Atot( B"=Km Kd) .
1+ (B"=KmKa)(RKY) + (B"=KmKqg)
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Competitive binding reactiorkinally, consider the case in which two species B
and B both bind to A competitively, that is, they cannot be bound to A at the same
time. Let C, be the complex formed between Bnd A and let Cbe the complex
formed between Band A. Then, we have the following reactions

a 0
B,+A Y Cq B,+A)§0 C. A+Ca+C = Ac

for which we can write the dierential equation model as

dCy d
=B (A Co C) dCy d—?:aoar (Aot Ca Cp) d%C;:

By setting the time derivatives to zero, we obtain

Ca(@Ba+d) = aBa(Aot Cr);  Cr(@%Br+d9) = a%B (Aot Ca);

so that
Br(Awt Ca) BB, Ko
cﬁﬁ; Ca BatKe 5o =B B,Tng Aot
from which we nally determine that
Com PoBK) L AdBy
1+ (Ba=Kg) + (Brng) 1+ (Ba=Kqg) + (Br:Kg)

In this derivation, we have assumed that boghaBd B bind A as monomers.
If they were binding as dimers, the reader should verify that they wouldapin
the nal expressions with a power of two (see Exer@s8.

Note also that in this derivation we have assumed that the binding is competi-
tive, that is, B and B cannot simultaneously bind to A. If they can bind simultane-
ously to A, we have to include another complex comprisiggd3 and A. Denoting
this new complex by G we must add the two additional reactions

-0

C,+B,f C  C+B,)* C%
d do

and we should modify the conservation law for AAg; = A+ Cq+C, + C% The
reader can verify that in this case a mixed teBpB, appears in the equilibrium
expressions (see Exercigdl).

Enzymatic reactionA general enzymatic reaction can be written as

E+S)*: a“E+p,
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in which E is an enzyme, S is the substrate to which the enzyme binds to form
the complex G= ES, and P is the product resulting from the modi cation of the
substrate S due to the binding with the enzyme E. Heasdd are the association
and dissociation rate constants as before, larsdthe catalytic rate constant. En-
zymatic reactions are very common and include phosphorylation as we éawe s
in Example2.1and as we will see in more detail in the sequel. The corresponding
ODE model is given by

ds dC

a— akE S+dC, a—aES (d+k)C,
d—E= aE S+dC+kC, OI—P:kC:

dt dt

The total enzyme concentration is usually constant and denotég,fgo that
E + C = Eior. Substitutinge = E,;  C in the above equations , we obtain

dd—? = a(Etot C) S+dC; C(i'j_i: = a(E'[ot C) S (d+ k)C,
dE dP
E = a(Etot C) S+dC+KkC; E =kC:

This system cannot be solved analytically, therefore assumptions mustelde u
in order to reduce it to a simpler form. Michaelis and Menten assumed that the
conversion of E and S to C and vice versa is much faster than the decompositio
of C into E and P. Under this assumption and letting the initial concentr&ion

be su ciently large (see Exampld.12, C immediately reaches its steady state
value (whileP is still changing). This approximation is called theasi-steady
state assumptioand the mathematical conditions on the parameters that justify it
will be dealt with in Sectior8.5. The steady state value Gfis given by solving
a(Eixt C)S (d+Kk)C =0 forC, which gives

_ EwS |
S+Kp'’

. d+k
with Ky = T;

in which the constanky, is called theMichaelis-Menten constantetting Vimax =
kEot, the resulting kinetics

— = = Vimare—— 2.9
dt  S+Kn, "¥S+Kq (2.9)

are calledMichaelis-Menten kinetics

The constanVax is called the maximal velocity (or maximal ux) of modi -
cation and it represents the maximal rate that can be obtained when the eéazyme
completely saturated by the substrate. The valu€ptorresponds to the value of
S that leads to a half-maximal value of the production ratB.dVhen the enzyme
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Figure 2.5: Enzymatic reactions. (a) Transfer curve shgulire production rate foP as a
function of substrate concentration fidr, = 1. (b) Time plots of produd®(t) for di erent
values of theKy,.. In the plotsSio: = 1 andVmax= 1.

complex can be neglected with respect to the total substrate arSgunte have
thatSii= S+ P+C S+ P, so that the above equation can be also re-written as

dp _ VmaxStot P) .
dt (St P)+Km’

WhenK;, Si and the substrate has not yet been all converted to product,
thatis,S Kp, we have that the rate of product formation becomes approximately
dP=dt Vmax Which is the maximal speed of reaction. Since this rate is constant
and does not depend on the reactant concentrations, it is usualheteferaszero-
order kineticsIn this case, the system is said to operate in the zero-order regime. If
insteadS Ky, the rate of product formation becoma#B=dt  Vpya,cKmS, which
is linear with the substrate concentratiSnThis production rate is referred to as

rst-order kineticsand the system is said to operate in the rst order regime (see
Figure2.5).

2.2 Transcription and Translation

In this section we consider the processes of transcription and translatiog,the
modeling techniques described in the previous section to capture the fumiddme
dynamic behavior. Models of transcription and translation can be donesaitedy

of levels of detail and which model to use depends on the questions thataote w
to consider. We present several levels of modeling here, starting witinyade-
tailed set of reactions and ending with highly simpli ed models that can be used
when we are only interested in average production rate of proteins titegldong

time scales.



2.2. TRANSCRIPTION AND TRANSLATION 45

Mool RNA [
5 RBS AUG UAA 3
RNA polymerase Start Stop
codon codon
Transcription
-35 -10 +1
5' 3
T TA T AGGAGGT ATG TAA
T AT A TCCTCCA TAC ATT
3 5
promoter DNA Terminator

Figure 2.6: Geometric structure of DNA. The layout of the DNAhown at the top. RNA
polymerase binds to the promoter region of the DNA and trdlnss the DNA starting at
the +1 site and continuing to the termination site. The trangdimRNA strand has the
ribosome binding site (RBS) where the ribosomes bind, the sbdon where translation
starts and the stop codon where translation ends.

The central dogma: production of proteins

The genetic material inside a cell, encoded in its DNA, governs the respbmase
cell to various conditions. DNA is organized into collections of genes, with ea
gene encoding a corresponding protein that performs a set of fugadtidghe cell.
The activation and repression of genes are determined through acfergaaplex
interactions that give rise to a remarkable set of circuits that perform tiatifuns
required for life, ranging from basic metabolism to locomotion to procreaGen.
netic circuits that occur in nature are robust to external disturbancksaamfunc-
tion in a variety of conditions. To understand how these processes @alisome
of the dynamics that govern their behavior), it will be useful to presealtaively
detailed description of the underlying biochemistry involved in the production o
proteins.

DNA is a double stranded molecule with the “direction” of each strand spéci e
by looking at the geometry of the sugars that make up its backbone. Thdezomp
mentary strands of DNA are composed of a sequence of nucleotidesotigstc
of a sugar molecule (deoxyribose) bound to one of 4 bases: adeniney(écine
(C), guanine (G) and thymine (T). The coding strand (by convention {heote of
a DNA sequence when it is written in text form) is speci ed from the 5' enthef
DNA to the 3' end of the DNA. (The 5" and 3' refer to carbon locations oa tie-
oxyribose backbone that are involved in linking together the nucleotidéesidiee
up DNA.) The DNA that encodes proteins consists of a promoter regigaolater
regions (described in more detail below), a coding region and a terminatoonr
(see Figure.6). We informally refer to this entire sequence of DNA as a gene.

Expression of a gene begins with tin@nscriptionof DNA into mRNA by RNA
polymerase, as illustrated in Figu2e7. RNA polymerase enzymes are present in
the nucleus (for eukaryotes) or cytoplasm (for prokaryotes) and locelize and
bind to the promoter region of the DNA template. Once bound, the RNA poly-
merase “opens” the double stranded DNA to expose the nucleotides thatupak
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Figure 2.7: Production of messenger RNA from DNA. RNA polyas®, along with other
accessory factors, binds to the promoter region of the DNé then “opens” the DNA
to begin transcription (initiation). As RNA polymerase neswdown the DNA in the tran-
scription elongation complex (TEC), it produces an RNA s@ipt (elongation), which
is later translated into a protein. The process ends wheRM#e polymerase reaches the
terminator (termination). Reproduced from Cour2g|[ permission pending.

the sequence. This reaction, callsdmerization is said to transform the RNA
polymerase and DNA from elosed complexo anopen complexAfter the open
complex is formed, RNA polymerase begins to travel down the DNA strand and
constructs an mMRNA sequence that matches the 5' to 3' sequence of theadNA
which it is bound. By convention, we number the rst base pair that is tramesd
as +1' and the base pair prior to that (which is not transcribed) is labeledlas -
The promoter region is often shown with the -10 and -35 regions indicatex s
these regions contain the nucleotide sequences to which the RNA polyreerase
zyme binds (the locations vary in dérent cell types, but these two numbers are
typically used).

The RNA strand that is produced by RNA polymerase is also a sequence of
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cleotides with a sugar backbone. The sugar for RNA is ribose insteagloofyd-
bose and mRNA typically exists as a single stranded molecule. Anotheratice

is that the base thymine (T) is replaced by uracil (U) in RNA sequence$ RN
polymerase produces RNA one base pair at a time, as it moves from in th&8'5' to
direction along the DNA coding strand. RNA polymerase stops transcribitdy D
when it reaches germination regior(or terminatoi) on the DNA. This termination
region consists of a sequence that causes the RNA polymerase to umrmthé
DNA. The sequence is not conserved across species and in many eeisrth-
nation sequence is sometimes “leaky”, so that transcription will occasior@liyr o
across the terminator.

Once the mRNA is produced, it must be translated into a protein. This process
is slightly di erent in prokaryotes and eukaryotes. In prokaryotes, there isanreg
of the mRNA in which the ribosome (a molecular complex consisting of of both
proteins and RNA) binds. This region, called titeosome binding site (RB)as
some variability between derent cell species and between glient genes in a
given cell. The Shine-Delgarno sequence, AGGAGG, is the consaesugnce
for the RBS. (A consensus sequence is a pattern of nucleotides that inmgeme
a given function across multiple organisms; it is not exactly conservesose
variations in the sequence will be present from one organism to another.)

In eukaryotes, the RNA must undergo several additional steps hefeteans-
lated. The RNA sequence that has been created by RNA polymerasstemis
introns that must be spliced out of the RNA (by a molecular complex called the
spliceosome), leaving only thexons which contain the coding sequence for the
protein. The ternpre-mRNAs often used to distinguish between the raw transcript
and the spliced mRNA sequence, which is calledture mRNAIn addition to
splicing, the mRNA is also modi ed to contain@oly(A) (polyadenine}ail, con-
sisting of a long sequence of adenine (A) nucleotides on the 3' end of ti¢AMR
This processed sequence is then transported out of the nucleus injadpesm,
where the ribosomes can bind to it.

Unlike prokaryotes, eukaryotes do not have a well de ned ribosonmigse-
guence and hence the process of the binding of the ribosome to the mRNAgs mor
complicated. Th&ozak sequencA/GCCACCAUGEG is the rough equivalent of
the ribosome binding site, where the underlined AUG is the start codonrifoledc
below). However, mRNA lacking the Kozak sequence can also be trasslate

Once the ribosome is bound to the mRNA, it begins the procesamdlation
Proteins consist of a sequence of amino acids, with each amino acid gpbyia
codon that is used by the ribosome in the process of translation. Each code
sists of three base pairs and corresponds to one of the 20 amino acitistap™a
codon. The ribosome translates each codon into the corresponding asidngsa
ing transfer RNA (tRNA) to integrate the appropriate amino acid (which binds to
the tRNA) into the polypeptide chain, as shown in Figar8 The start codon
(AUG) speci es the location at which translation begins, as well as codinghie
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Figure 2.8: Translation is the process of translating ttgusace of a messenger RNA
(mRNA) molecule to a sequence of amino acids during protgth&sis. The genetic

code describes the relationship between the sequence@phas in a gene and the cor-
responding amino acid sequence that it encodes. In theytefllasm, the ribosome reads
the sequence of the mRNA in groups of three bases to assehgbf@dtein. Figure and

caption courtesy the National Human Genome Researchutestit

amino acid methionine (a modi ed form is used in prokaryotes). All subseique
codons are translated by the ribosome into the corresponding amino acid until
reaches one of the stop codons (typically UAA, UAG and UGA).

The sequence of amino acids produced by the ribosome is a polypeptide cha
that folds on itself to form a protein. The process of folding is complicatetl an
involves a variety of chemical interactions that are not completely underséab
ditional post-translational processing of the protein can also occur asttnie,
until a folded and functional protein is produced. It is this molecule thatles tab
bind to other species in the cell and perform the chemical reactions thatliend
the behavior of the organism. Theaturation timeof a protein is the time required
for the polypeptide chain to fold into a functional protein.

Each of the processes involved in transcription, translation and foldinigeof
protein takes time and &cts the dynamics of the cell. Talel shows represen-
tative rates of some of the key processes involved in the production tdipso
In particular, the dissociation constant of RNA polymerase from the DN# pr
moter has a wide range of values depending on whether the binding isoceghan
by activators (as we will see in the sequel), in which case it can take werydb
ues. Similarly, the dissociation constant of transcription factors with DNAb&an
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Table 2.1: Rates of core processes involved in the creafiproteins from DNA inE. coli.

Process Characteristic rate| Source
MRNA transcription rate 24-29 bgsec [13
Protein translation rate 12-21 asec [13
Maturation time (uorescent proteins) | 6—60 min [13
mRNA half life 100 sec [100
E. colicell division time 20-40 min [13
Yeastcell division time 70-140 min [13]
Protein half life 5 10*sec [100
Protein di usion along DNA up to 1¢ bp/sec [75]
RNA polymerase dissociation constant| 0.3-10,000 nM | [13]
Open complex formation kinetic rate 0.02 sect [13
Transcription factor dissociation constant 0.02—10,000 nM| [13]

very low in the case of speci ¢ binding and substantially larger for noeesp
binding. It is important to note that each of these steps is highly stochastic, with
molecules binding together based on some propensity that depends ondhe bin
ing energy but also the other molecules present in the cell. In addition, ghthou
we have described everything as a sequential process, each ofgheoftean-
scription, translation and folding are happening simultaneously. In fact ttan

be multiple RNA polymerases that are bound to the DNA, each producing-a tran
script. In prokaryotes, as soon as the ribosome binding site has besariipad,

the ribosome can bind and begin translation. It is also possible to have multiple
ribosomes bound to a single piece of mMRNA. Hence the overall proceslecan
extremely stochastic and asynchronous.

Reaction models

The basic reactions that underlie transcription include theglon of RNA poly-
merase from one part of the cell to the promoter region, binding of an R p
merase to the promoter, isomerization from the closed complex to the open com-
plex, and nally the production of MRNA, one base pair at a time. To captuse th
set of reactions, we keep track of the various forms of RNA polymereserd-

ing to its location and state: RNARepresents RNA polymerase in the cytoplasm,
RNAP® represents RNA polymerase in the promoter region, and RNARNA
polymerase non-speci cally bound to DNA. We must similarly keep track of the
state of the DNA, to ensure that multiple RNA polymerases do not bind to the same
section of DNA. Thus we can write DNXfor the promoter region, DNAfor the

ith section of the gene of interest and DNiér the termination sequence. We write
RNAP : DNA to represent RNA polymerase bound to DNA (assumed clcsad)
RNAP : DNA® to indicate the open complex. Finally, we must keep track of the
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mMRNA that is produced by transcription: we write mRNA represent an mRNA
strand of length and assume that the length of the gene of interast is

Using these various states of the RNA polymerase and locations on the DNA,
we can write a set of reactions modeling the basic elements of transcription as

Binding to DNA: RNAF") * RNAP;
Di usion along DNA: RNAB) * RNAP;
Binding to promoter: RNAP+DNAP) * RNAP : DNAP;
Isomerization: RNAP :DNA!  RNAP : DNA®;
Start of transcription: RNAP:DNA  RNAP : DNA! + DNAP;
MRNA creation: RNAP:DNA!  RNAP : DNA? : mRNA®;
Elongation: RNAP : DNA': mRNA';
| RNAP:DNA™*2: mRNA™*!;
Binding to terminator: RNAP:DNA: mRNAN 1;
! RNAP:DNA'+ mRNAN;
Termination: RNAP:DNA!  RNAF":

Degradation: mRNA!;

(2.10)
Note that at the start of transcription we “release” the promoter regioredd N,
thus allowing a second RNA polymerase to bind to the promoter while the rst
RNA polymerase is still transcribing the gene. This allows the same DNA strand
to be transcribed by multiple RNA polymerase at the same time. The species
RNAP : DNA*!: mRNA' represents RNA polymerases bound at ihel(th sec-
tion of DNA with an elongating mRNA strand of lengthattached to it. Upon bind-
ing to the terminator region, the RNA polymerase releases the full mRNA strand
mRNAN. This mRNA has the ribosome binding site at which ribosomes can bind
to start translation. The main dérence between prokaryotes and eukaryotes is that
in eukaryotes the RNA polymerase remains in the nucleus and the RNt
be spliced and transported to the cytoplasm before ribosomes can staldtica.
As a consequence, the start of translation can occur only after MRM& been
produced. For simplicity of notation, we assume here that the entire mRNAlstran
should be produced before ribosomes can start translation. In tharpotic case,
instead, translation can start even for an mRNA strand that is still elongateg (
Exercise2.6).

A similar set of reactions can be written to model the process of translation.
Here we must keep track of the binding of the ribosome to the ribosome binding
site (RBS) of mMRNA!, translation of the mRNA sequence into a polypeptide chain,
and folding of the polypeptide chain into a functional protein. Speci callg w
must keep track of the various states of the ribosome bound ®relit codons



2.2. TRANSCRIPTION AND TRANSLATION 51

on the mRNA strand. We thus let Ribo : mRR® denote the ribosome bound
to the ribosome binding site of mRNA Ribo : mMRNAM the ribosome bound to
theith codon (corresponding to an amino acid, indicated by the superscript AA
Ribo : mMRNAY™" and Ribo : mMRNA®P the ribosome bound to the start and stop
codon, respectively. We also let PRi&note the polypeptide chain consisting of
amino acids. Here, we assume that the protein of interesvhaino acids. The
reactions describing translation can then be written as

Binding to RBS: Riba- mMRNAY ) * Ribo : mRNARES,
Start of translation: Ribo : mRNES!I  Ribo : mRNA™ Y+ mRNAN:
Polypeptide chain creation: Ribo: mRRA!  Ribo: mRNAY? : PPC;

I Ribo: mRNAM(*2): ppctl,
Stop codon: Ribo : mRNAM : ppc” 1.
! Ribo: mRNASP+ pPC!;
Release of MRNA: Ribo: mRN¥PI  Ribo;
Folding: PP®!  protein
Degradation: proteirt

(2.11)
As in the case of transcription, we see that these reactions allow multiple ribesome
to translate the same piece of mRNA by freeing up mRNAfter M amino acids
have been chained together, tielong polypeptide chain PPEis released, which
then folds into a protein. As complex as these reactions are, they do nciiydire
capture a number of physical phenomena such as ribosome queuingjmwie
bosomes cannot pass other ribosomes that are ahead of them on the m&NA c
Additionally, we have not accounted for the existence aneces of the 5' and
3' untranslated regions (UTRs) of a gene and we have also left oittugerror
correction mechanisms in which ribosomes can step back and release madhco
amino acid that has been incorporated into the polypeptide chain. We havefals
out the many chemical species that must be present in order for a vafittg o
reactions to happen (NTPs for mRNA production, amino acids for proteiyar
tion, etc). Incorporation of these ects requires additional reactions that track the
many possible states of the molecular machinery that underlies transcription an
translation. For more detailed models of translation, the reader is referf8d to

When the details of the isomerization, start of transcription (translation); elon
gation, and termination are not relevant for the phenomenon to be studidthrih
scription and translation reactions are lumped into much simpler reduced nsactio
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For transcription, these reduced reactions take the form:

RNAP+ DNAp) * RNAP:DNAP;
RNAP:DNAP! MRNA+ RNAP+ DNAP:; (2.12)
MRNA! ; ;

in which the second reaction lumps together isomerization, start of transariptio
elongation, mRNA creation, and termination. Similarly, for the translation psyces
the reduced reactions take the form:

Ribo+ mRNA) * Ribo:mRNA
Ribo:mRNA! proteint mMRNA+ Ribo;
Ribo:mRNA! Ribo;

protein ; :

(2.13)

in which the second reaction lumps the start of translation, elongation, foling
termination. The third reaction models the fact that mRNA can also be degraded
when bound to ribosomes when the ribosome binding site is left free. Tleeggo

of mMRNA degradation occurs through RNAse enzymes binding to the ribosome
binding site and cleaving the mRNA strand. It is known that the ribosome binding
site cannot be both bound to the ribosome and to the RN&geHowever, the
species Ribo : mRNA is a lumped species encompassing con gurations in which
ribosomes are bound on the mRNA strand but not on the ribosome binding site.
Hence, we also allow this species to be degraded by RNase.

Reaction rate equations

Given a set of reactions, the various stochastic processes thatfierditailed
models of transcription and translation can be speci ed using the stochagdic mo
eling framework described brie y in the previous section. In particulsing either
models of binding energy or measured rates, we can construct pitydenstions

for each of the many reactions that lead to production of proteins, inclutimg
motion of RNA polymerase and the ribosome along DNA and RNA. For many
problems in which the detailed stochastic nature of the molecular dynamics of the
cell are important, these models are the most relevant and they are civeoede
detail in Chapted.

Alternatively, we can move to the reaction rate formalism and model the reac-
tions using di erential equations. To do so, we must compute the various reaction
rates, which can be obtained from the propensity functions or measywedraen-
tally. In moving to this formalism, we approximate the concentrations of various
species as real numbers (though this may not be accurate for somesgpetie
exist at low molecular counts in the cell). Despite these approximations, in many
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situations the reaction rate equations are cient, particularly if we are interested
in the average behavior of a large number of cells.

In some situations, an even simpler model of the transcription, translation and
folding processes can be utilized. Let the “active” mRNA be the mRNA that is
available for translation by the ribosome. We model its concentration through a
simple time delay of length™ that accounts for the transcription of the ribosome
binding site in prokaryotes or splicing and transport from the nucleuskargu
otes. If we assume that RNA polymerase binds to DNA at some average/adé (
includes both the binding and isomerization reactions) and that transcripties ta
some xed time (depending on the length of the gene), then the processef tra
scription can be described using the delayatdential equation

ame _ mp mp,  met)=e "mpt M (2.14)

wheremp is the concentration of mMRNA for protein Ry, is the concentration

of active mRNA, is the rate of production of the mRNA for protein Pjs the
growth rate of the cell (which results in dilution of the concentration) argthe

rate of degradation of the mRNA. Since the dilution and degradation termg are o
the same form, we will often combine these terms in the mRNA dynamics and
use a single coecient = + . The exponential factor in the second expression
in equation 2.14) accounts for dilution due to the change in volume of the cell,
where is the cell growth rate. The constantsand capture the average rates
of production and decay, which in turn depend on the more detailed biocalemic
reactions that underlie transcription.

Once the active mMRNA is produced, the process of translation can biéeesc
via a similar ordinary dierential equation that describes the production of a func-
tional protein:

‘i—fz m P Pty=e Pt ) (2.15)

Here P represents the concentration of the polypeptide chain for the préé&in,
represents the concentration of functional protein (after folding). gdrameters
that govern the dynamics are the rate of translation of mRNA;, the rate of
degradation and dilution of P; and, the time delay associated with folding and
other processes required to make the protein functional. The exponemtiadain
accounts for dilution due to cell growth. The degradation and dilution terranpa
eterized by , captures both the rate at which the polypeptide chain is degraded and
the rate at which the concentration is diluted due to cell growth.

It will often be convenient to write the dynamics for transcription and transla
tion in terms of the functional MRNA and functional protein. Brentiating the
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expression fom,, we see that

amp®  adme
T T (2.16)
=e " mpt ™ =" mpt);

where"=e " . A similar expansion for the active protein dynamics yields

f
FPOme Py (2.17)
where"=e ' . We shall typically use equation2.(6 and @.17) as our (re-

duced) description of protein folding, dropping the superscfind overbars
when there is no risk of confusion. Also, in the presence oérént proteins, we
will attach subscripts to the parameters to denote the protein to which they refer

In many situations the time delays described in the dynamics of protein pro-
duction are small compared with the time scales at which the protein concentration
changes (depending on the values of the other parameters in the systsoghl
cases, we can simplify our model of the dynamics of protein productionfeven
ther and write g 4P

np ) —
at o ™ dr
Note that we here have dropped the superscripted f since we are assuming that
all mRNA is active and proteins are functional and dropped the overbarand
since we are assuming the time delays are negligible. The valudérmfreases
with the strength of the promoter while the value aficreases with the strength of
the ribosome binding site. These strengths, in turn, can betad by changing the
speci ¢ base pair sequences that constitute the promoter RNA polymereatied
region and the ribosome binding site.

Finally, the simplest model for protein production is one in which we only keep
track of the basal rate of production of the protein, without including the mRNA
dynamics. This essentially amounts to assuming the mRNA dynamics reach steady
state quickly and replacing the rst derential equation in4.18) with its equilib-
rium value. This is often a good assumption as mMRNA degration is usually about
100 times faster than protein degradation (see T2l)e Thus we obtain

mp P (2.18)

dP
= P

This model represents a simple rst order, linear eliential equation for the rate

of production of a protein. In many cases this will be a siently good approxi-
mate model, although we will see that in some cases it is too simple to capture the
observed behavior of a biological circuit.
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2.3 Transcriptional Regulation

The operation of a cell is governed in part by the selective expres$igenes in
the DNA of the organism, which control the various functions the cell is able to
perform at any given time. Regulation of protein activity is a major compookent
the molecular activities in a cell. By turning genes on angdand modulating their
activity in more ne-grained ways, the cell controls its many metabolic pathyays
responds to external stimuli, dérentiates into dierent cell types as it divides, and
maintains the internal state of the cell required to sustain life.

The regulation of gene expression and protein activity is accomplisheaifiiro
a variety of molecular mechanisms, as discussed in Settand illustrated in
Figure2.9. At each stage of the processing from a gene to a protein, there are po-
tential mechanisms for regulating the production processes. The remairtties
section will focus on transcriptional control and the next section on tselenech-
anisms for controlling protein activity. We will focus on prokaryotic mechansis

Transcriptional regulation of protein production

The simplest forms of transcriptional regulation are repression and#otiywhich
are controlled through proteins callédnscription factorsIn the case ofepres-
sion, the presence of a transcription factor (often a protein that binds neardh
moter) turns o the transcription of the gene and this type of regulation is often
called negative regulation or “down regulation”. In the casadaifvation(or pos-
itive regulation), transcription is enhanced when an activator proteirskimthe
promoter site (facilitating binding of the RNA polymerase).

Represession A common mechanism for repression is that a protein binds to a
region of DNA near the promoter and blocks RNA polymerase from bindihg.
region of DNA to which the repressor protein binds is callecoperator region
(see Figure2.103. If the operator region overlaps the promoter, then the presence
of a protein at the promoter can “block” the DNA at that location and trapison
cannot initiate. Repressor proteins often bind to DNA as dimers or painsnafrsl

(e ectively tetramers). Figur2.10bshows some examples of repressors bound to
DNA.

A related mechanism for repressior8IA looping In this setting, two repres-
sor complexes (often dimers) bind in @rent locations on the DNA and then bind
to each other. This can create a loop in the DNA and block the ability of RNA poly
merase to bind to the promoter, thus inhibiting transcription. Figut&shows an
example of this type of repression, in tla& operon. (Anoperonis a set of genes
that is under control of a single promoter.)

Activation.The process of activation of a gene requires that an activator praein b
present in order for transcription to occur. In this case, the protein modt to
either recruit or enable RNA polymerase to begin transcription.
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Figure 2.9: Regulation of proteins. Transcriptional cohincludes mechanisms to tune
the rate at which mRNA is produced from DNA, while translata@ontrol includes mech-
anisms to tune the rate at which the protein polypeptidencisaproduced from mRNA.
Protein activity control encompasses many processes,asiphosphorylation, methyla-
tion, and allosteric modi cation. Figure from Phillips, Kdev and Theriot15]; used with
permission of Garland Science.

The simplest form of activation involves a protein binding to the DNA near
the promoter in such a way that the combination of the activator and the promoter
sequence bind RNA polymerase. Fig@ré2illustrates the basic concept.

Another mechanism for activation of transcription, speci ¢ to prokargpis
the use ofsigma factors Sigma factors are part of a modular set of proteins that
bind to RNA polymerase and form the molecular complex that performs tigascr
tion. Di erent sigma factors enable RNA polymerase to bind t@dint promot-
ers, so the sigma factor acts as a type of activating signal for transcripéble2.2
lists some of the common sigma factors in bacteria. One of the uses of sigma fac-
tors is to produce certain proteins only under special conditions, sushesthe
cell undergoesieat shockAnother use is to control the timing of the expression of
certain genes, as illustrated in Figd.3

Inducers.A feature that is present in some types of transcription factors is the ex-
istence of annducer moleculghat combines with the protein to either activate
or inactivate its function. Apositive induceiis a molecule that must be present in
order for repression or activation to occurn&gative induceis one in which the
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Jcoreproc/figures/PKT08 19 06.eps

(a) Repression of gene expression (b) Examples of repressors

Figure 2.10: Repression of gene expression. A represstgipiioinds to operator sites on
the gene promoter and blocks the binding of RNA polymerasiéopromoter, so that
the gene is o. Figure from Phillips, Kondev and Theriot%]; used with permission of
Garland Science.

Jcoreproc/figures/PKT|08 08 19.eps

(a) DNA looping (b) lac repressor

Figure 2.11: Repression via DNA looping. A repressor protn bind simultaneously
to two DNA sites downstream of the start of transcriptionysticreating a loop that pre-
vents RNA polymerase from transcribing the gene. FigumafRhillips, Kondev and The-
riot [75]; used with permission of Garland Science.

Table 2.2: Sigma factors iB. coli[2].

Sigma factor Promoters recognized
70 most genes
32 genes associated with heat shock
38 genes involved in stationary phase and stress response
28 genes involved in motility and chemotaxis
24 genes dealing with misfolded proteins in the periplasm




58 CHAPTER 2. DYNAMIC MODELING OF CORE PROCESSES

Jcoreproc/figuresfPKT08_19 08.eps

(a) Activation mechanism (b) Examples of activators

Figure 2.12: Activation of gene expression. (a) Conceptpa&ration of an activator. The
activator binds to DNA upstream of the gene and attracts RNWimperase to the DNA
strand. (b) Examples of activators: catabolite activatotgin (CAP), p53 tumor suppres-
sor, zinc nger DNA binding domain and leucine zipper DAN Hding domain. Figure
from Phillips, Kondev and Theriop]; used with permission of Garland Science.

presence of the inducer molecule blocks repression or activation, bitterang-
ing the shape of the transcription factor protein or by blocking active sitdbe®
protein that would normally bind to the DNA. FiguPel4a summarizes the various
possibilities. Common examples of repressor-inducer pairs inthatland lactose
(or IPTG), andetRand aTc. LactogdPTG and aTc are both negative inducers, so
their presence causes the otherwise repressed gene to be exphasseaimple of

a positive inducer is cyclic AMP (cCAMP), which acts as a positive induoette
CAP activator.

Combinatorial promoterdn addition to promoters that can take either a repressor
or an activator as the sole input transcription factor, therecanebinatorial pro-
motersthat can take both repressors and activators as input transcriptionstac
This allows genes to be switched on andlmased on more complex conditions,
represented by the concentrations of two or more activators or repsess
Figure2.15shows one of the classic examples, a promoter fotdbeystem.
In thelac system, the expression of genes for metabolizing lactose are under the
control of a single (combinatorial) promoter. CAP, which is positively induiog
CcAMP, acts as an activator and Lacl (also called “Lac repressotiijctwis neg-
atively induced by lactose, acts as a repressor. In addition, the indAd&P is
expressed only when glucose levels are low. The resulting behaviot théharo-
teins for metabolizing lactose are expressed only in conditions where theoe is
glucose (so CAP is activendlactose is present.
More complicated combinatorial promoters can also be used to control tran-
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Figure 2.13: Use of sigma factors to control the timing of @enpression in a bacterial
virus. Early genes are transcribed by RNA polymerase boarshtterial sigma factors.
One of the early genes, called 28, encodes a sigma-likerfétad binds to RNA poly-
merase and allow it to transcribe middle genes, which in puoduce another sigma-like
factor that allows RNA polymerase to transcribe late gembsse late genes produce pro-
teins that form a coat for the viral DNA and lyse the cell. Rehrced from Alberts et
al. [2]; permission pending.

Jcoreproc/figures/MBoC09_07_37.eps

Figure 2.14: Eects of inducers. (a) In the case of repressors, a hegatiuedn binds to
the repressor making it unbind DNA, thus enabling transicnip A positive inducer, by
contrast, activates the repressor allowing it to bind DN#. I( the case of activators, a
negative inducer binds to the activator making it unbind D#uUs preventing transcrip-
tion. A positive inducer, instead enables the activatoiino IDNA, allowing transcription.
Reproduced from Alberts et aR]f permission pending.
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Figure 2.15: Combinatorial logic for tHac operator. The CAP-binding site and the oper-
ator in the promoter can be both bound by CAP (activator) gntdel (Lac repressor),
respectively. The only con guration in which RNA polymeeasan bind the promoter and
start transcription is where CAP is bound but Lacl is not burigure from Phillips,
Kondev and Theriot15]; used with permission of Garland Science.

scription in two di erent directions, an example that is found in some viruses.

Antitermination.A nal method of activation in prokaryotes is the useanftiter-
mination The basic mechanism involves a protein that binds to DNA and deacti-
vates a site that would normally serve as a termination site for RNA polymerase.
Additional genes are located downstream from the termination site, but wighou
promoter region. Thus, in the absence of the anti-terminator protein, teess g
are not expressed (or expressed with low probability). Howevernwine antiter-
mination protein is present, the RNA polymerase maintains (or regains) its tontac
with the DNA and expression of the downstream genes is enhanced. haiis
antitermination allows downstream genes to be regulated by repressimgdypre
ture” termination. An example of an antitermination protein is the protein N in
phage , which binds to a region of DNA labeled nut (for N utilization), as shown
in Figure2.16[37].
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Figure 2.16: Antitermination. Protein N binds to DNA reg#labeled nut enabling tran-
scription of longer DNA sequences. Reproduced fr8j;[permission pending.

Reaction models

We can capture the molecular interactions responsible for transcriptiegialar
tion by modifying the RNA polymerase binding reactions in equati@. For
a repressor (Rep), we simply have to add a reaction that represeneptilesor
bound to the promoter DNA

Repressor binding: DNA+ Rep) * DNA:Rep

This reaction acts to “sequester” the DNA promoter site so that it is no longé+ a
able for binding by RNA polymerase. The strength of the repressor ected

in the reaction rate constants for the repressor binding reaction. Sometiraes,
RNA polymerase can bind to the promoter even when the repressor is,hmurd
ally with lower association rate constant. In this case, the repressor stillsallow
some transcription even when bound to the promoter and the repressdrtisisa
“leaky”.

The modi cations for an activator (Act) are a bit more complicated, since we
have to modify the reactions to require the presence of the activatorebefidh
polymerase can bind the promoter. One possible mechanism, knownrasrikie
ment modelis given by

Activator binding: DNA’+Act) * DNAP:Act;
RNAP binding w activator: RNAP + DNAP:Act) * RNAP:DNAP:Act;
Isomerization: RNAP:DNA:Act! RNAP:DNA%:Act;

Start of transcription: RNAP:DN&Act!  RNAP:DNA!+ DNAP:Act:

(2.19)
In this model, RNA polymerase cannot bind to the promoter unless the activator
is already bound to it. More generally, one can model both the enhanceithdpin
of the RNA polymerase to the promoter in the presence of the activator,lezsve
the possibility of binding without an activator. This translates into the additional
reaction RNAP+DNAP) * RNAP:DNAP. The relative reaction rates determine
how strong the activator is and the “leakiness” of transcription in the @leseh
the activator. A di erent model of activation, callegllosteric activationis one in
which the RNA polymerase binding rate to DNA is not enhanced by the presen
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of the activator bound to the promoter, but the open complex (and hentefsta
transcription) formation can occur only (is enhanced) in the preseribe aictiva-
tor.

A simpli ed ordinary di erential equation model of transcription in the pres-
ence of activators or repressors can be obtained by accountingefdaththat
transcription factors and RNAP bind to the DNA rapidly when compared ta othe
reactions, such as isomerization and elongation. As a consequencapnweake
use of the reduced order models that describe the quasi-steady stztatcations
of proteins bound to DNA as described in Sectibth We can consider the com-
petitive binding case to model a strong repressor that prevents RNA palgme
from binding to the DNA. In the sequel, we remove the superscripts “p™dhd
from RNA polymerase to simplify notation. The quasi-steady state concemtratio
of the complex of DNA promoter bound to the repressor will have the exjmes

[DNA] (ot([RepFKq)
1+[RepFKq+ [RNAP]=KY

[DNAP:Rep]=

and the steady state amount of DNA promoter bound to the RNA polymerase will
be given by

[DNA] oi([RNAP]=KD)
1+ [RNAP]=K%+ [RepFKqy’
in which Kg is the dissociation constant of RNA polymerase from the promoter,
while Ky is the dissociation constant of Rep from the promoter, and [RNAdp-
resents the total concentration of DNA. The free DNA promoter with RNA poly
merase bound will allow transcription, while the complex DNA&Rep will not
allow transcription as it is not bound to RNA polymerase. Using the lumped reac
tions (2.12 with reaction rate constakit, this can be modeled as

dImRNA]
dt
in which the production rate is given by
[DNA] tot([RNAP]ng) _
1+[RNAP]=K?+ [RepFKg'

[RNAP:DNAP] =

= F([Rep]) [mRNA];

F([Rep]) = ki

If the repressor binds to the promoter with cooperativitghe above expression
becomes (see Secti@nl)

[DNA] 1ot [RNAP]=K?) _
1+ [RNAP]=K?+ [Rep'<(KmKq)’

F([Rep])= ki

in which K, is the dissociation constant of the reactionnofolecules of Rep
binding together. The functior is usually represented in the standard Hill function
form

F([Rep])= W;
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in which andK are given by

_ kilDNA] o [RNAPJ=KS)

1=n_
1+([RNAPIK) K= KmKg(1+(RNAP]=KO) = :

Finally, if the repressor allows RNA polymerase to still bind to the promoter at a
small rate (leaky repressor), the above expression can be modi edddhtakorm

F([Rep])= (2.20)

T O
1+ ([RepFK)"

in which ¢ is the basal expression level when the promoter is fully repressed,
usually referred to as “leakiness” (see Exerds®.

To model the production rate of mMRNA in the case in which an activator Act
is required for transcription, we can consider the case in which RNA pobsee
binds only when the activator is already bound to the promoter (recruitmedelino
To simplify the mathematical derivation, we re-write the reacti@s9) involving
the activator with the lumped transcription reacti@rl@) into the following:

DNAP+Act) * DNAP:Act;
RNAP+DNAP:Act) * RNAP:DNAP:Act; (2.21)

f

k
RNAP:DNAP:Act! " mRNA+ RNAP+ DNAP:Act;

in which the third reaction lumps together isomerization, start of transcription,
elongation and termination. The rst and second reactions t the struaifitke
cooperative binding model illustrated in Sect®@i. Also, since the third reaction

is much slower than the rst two, the complex RNAP : DRIAAct concentration
can be well approximated at its quasi-steady state value. The expresdioa o
guasi-steady state concentration was given in Se@tibim correspondence to the
cooperative binding model and takes the form

[DNA] ot [RNAPI=KR) ([Act]) Kq) |

[RNAP:DNAP:Act] = (A=) (L + [RNAPIKD)

in which Kg is the dissociation constant of RNA polymerase with the complex of
DNA bound to Act andKy is the dissociation constant of Act with DNA. When
the activator Act binds to the promoter with cooperativitythe above expression
becomes

[DNA] tot([RNAP][Act] ) A KaK§Km)
1+ ([Act]"=KgKm)(1+ [RNAP]KY) ’

[RNAP:DNAP:Act] =

in which Ky, is the dissociation constant of the reactionnomolecules of Act
binding together.
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In order to write the dierential equation for the mRNA concentration, we con-
sider the third reaction ir2(21) along with the above quasi-steady state expressions
of [RNAP : DNAP : Act] to obtain

w = F([Act]) [MRNA];
in which
E ((Ac) = K DNAloRNAPI[ACt M=KeK&Km)  (Act]=K)"

"1+ ([Ac"KgKm)(1+ [RNAPIKD) " 1+ ([Act]=K)"’

where andK are implicitly de ned. The right-hand side of this expression is in
standard Hill function form. If we assume that RNA polymerase can still bind to
DNA even when the activator is not bound, we have an additional bragedgsion
rate ¢ so that the new form of the production rate is given by (see Exe2cte

([Act]=K)"

+ o (2.22)

As indicated earlier, many activators and repressors operate in thenpeesf
inducers. To incorporate these dynamics in our description, we simplytbagkl
the reactions that correspond to the interaction of the inducer with the n¢leva
protein. For a negative inducer, we can add a reaction in which the inbus
the regulator protein and ectively sequesters it so that it cannot interact with the
DNA. For example, a negative inducer operating on a repressor ceuttbdeled
by adding the reaction

ReptInd) * Rep:Ind

Since the above reactions are very fast compared to transcription,ahdyecas-
sumed at the quasi-steady state. Hence, the free amount of repregsmarttstill
bind to the promoter can be calculated by writing the ODE model corresponding
to the above reactions and by setting the time derivatives to zero. This yields

[Repot

[Rep]= m-d,

in which [Rep]ot = [Rep]+ [Rep:Ind] is the total amount of repressor (bound and
unbound to the inducer) arity is the dissociation constant of Ind binding to Rep.
This expression of the repressor concentration needs to be substitutesl eér-
pression of the production rakg{[Rep]).

Positive inducers can be handled similarly, except now we have to modify the
binding reactions to only work in the presence of a regulatory proteindtuan
inducer. For example, a positive inducer on an activator would have tlieéedo
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(a) Unregulated (b) Negative autoregulation(c) Positive autoregulation

Figure 2.17: Autoregulation of gene expression. In (a) theut is unregulated, while (b)
shows negative autoregulation and (c) shows positive egtdation.

reactions
Inducer binding: ActInd) * Act:Ind;

Activator binding: DNA’+Act:Ind) * DNAP:Act:Ind;
RNAP binding w activator: RNAP+ DNAP:Act:ind) * RNAP:DNAP:Act:Ind;
Isomerization: RNAP:DNA:Act:Ind!  RNAP:DNA®:Act:Ind;

Start of transcription: RNAP:DNAAct:Ind! RNAP:DNAL +
DNAP:Act:Ind:

Hence, in the expression of the production raffAct]), we should substitute the
concentration [Act:Ind] in place of [Act]. This concentration, in turn, isllveg-
proximated by its quasi-steady state value since binding reactions are nsteth fa
than isomerization and transcription, and can be obtained as for the memmativ
ducer case.

Example 2.2(Autoregulation of gene expressiorgonsider the three circuits shown
in Figure 2.17, representing a unregulated gene, a negatively autoregulated gene
and a positively autoregulated gene. We want to model the dynamics ofdteepr
A starting from zero initial conditions for the three @rent cases to understand
how the three dierent circuit topologies act dynamics.

The dynamics of the three circuits can be written in a common form,

dd_rrtm =F(A) ma; Ocli_? = ma A (2.23)
whereF(A) is in one of the following forms:
FunredA) = B; FrepreséA) = WB:K)n + o Fac(A) = % + B!
We choose the parameters to be
A = 1=3 nM/min; 5 = 1=2 nM/min; 0=5 10 4 nM/min;
= 20log(2)F120 min *; = log(2)=120 min %; = log(2)=600 min *;

K = 10* nM; n=2;



66 CHAPTER 2. DYNAMIC MODELING OF CORE PROCESSES

(a) Default promoters (b) Modi ed promoters

Figure 2.18: Simulations for autoregulated gene expras$&) Non-adjusted expression
levels. (b) Equalizied expression levels.

corresponding to biologically plausible values. Note that the parameterk@sen
so thatF(0) g for each circuit.

Figure 2.18 shows the results of simulations comparing the response of the
three circuits. We see that initial increase in protein concentration is ideftical
each circuit, consistent with our choice of Hill functions and parametesghA
expression level increases, theeets of positive and negative regulation are seen,
leading to di erent steady state expression levels. In particular, the negative feed-
back circuit reaches a lower steady state expression level while thevpdsitid-
back circuit settles to a higher value.

In some situations, it makes sense to ask whetheerdnt circuit topologies
have di erent properties that might lead us to choose one over another. Inge ca
where the circuit is going to be used as part of a more complex pathway, it may
make the most sense to compare circuits that produce the same steady sfaite con
tration of the protein A. To do this, we must modify the parameters of the individu
circuits, which can be done in a number of dient ways: we can modify the pro-
moter strengths, degradation rates, or other molecular mechanisms reiretied
parameters.

The steady state expression level for the negative autoregulation @admec
adjusted by using a stronger promoter (modeled Byor ribosome binding site
(modeled by ). The equilibrium point for the negative autoregulation case is given
by the solution of the equations

Kn
~ (KT+AY’
These coupled equations can be solvedhige andAe, but in this case we simply

need to nd values g and °that give the same values as the unregulated case. For
example, if we equate the mRNA levels of the unregulated system with that of the

Ae = —Mpe!

Ma;e
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negatively autoregulated system, we have

s 1 8K _ B
KN+ Ag Kn ’

whereA: is the desired equilibrium value (which we choose using the unregulated
case as a guide).

A similar calculation can be done for the case of positive autoregulation, in
this case decreasing the promoter parametgrand g so that the steady state
values match. A simple way to do this is to leavgunchanged and decreasg
to account for the positive feedback. Solving f(%rto give the same mRNA levels
as the unregulated case yields

Kn n
t o 9 g=(s 0)—+Ae' Ae= =

n

AK”TAQ:

Figure2.18 shows simulations of the expression levels over time for the mod-
i ed circuits. We see now that the expression levels all reach the sameysitad
value. The negative autoregulated circuit has the property that itesdlch steady
state more quickly, due to the increased rate of protein expressionAvisesmall
( %> s). Conversely, the positive autoregulated circuit has a slower rate-of ex
pression than the constitutive case, since we have lowered the rateteinpr-
pression wherd is small. The initial higher and lower expression rates are com-
pensated for via the autoregulation, resulting in the same expression letehdy
state. r

0 _
B— B

We have described how a Hill function can model the regulation of a gene
by a single transcription factor. However, genes can also be regulatedltiple
transcription factors, some of which may be activators and some may lesseps,
as in the case of combinatorial promoters. The mRNA production rate catalteus
several forms depending on the roles (activators versus repsgsgdhe various
transcription factors. In general, the production rate resulting fronometer that
takes as input transcription factorsfér i 2 f1;::;;Ngwill be denoted=(Py;:::;Pn).

The dynamics of a transcriptional module are often well captured by the ord
nary di erential equations

% =F(P1;i5PN)  pMp; L pMp,  p P (2.24)

t dt

For a combinatorial promoter with two input proteins, an activatoaitl a repres-
sor R, in which, for example, the activator cannot bind if the repressor is doun
to the promoter, the functioR(P; P;) can be obtained by employing the competi-
tive binding in the reduced order models of Sectibh In this case, assuming the
activator has cooperativity and the repressor has cooperativitywe obtain the
expression
(Pa=Ka)"

F(Pa;Py) = :
( ar r) l+(Pa=Ka)n+(Pl’:Kr)m,

(2.25)
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whereKj, = (KmaKg o, Ki = (K Ka )&, in which Kq o andKgq are the dis-
sociation constants of the activator and repressor, respectivatytfre DNA pro-
moter site, whileKn,a and Ky, are the dissociation constants for the cooperative
binding reactions for the activator and repressor, respectivelyebetbxpressions,
RNA polymerase does not explicitly appear as ieats the values of the disso-
ciation constants and of. In the case in which the activator is “leaky”, that is,
some transcription still occurs even when there is no activator, the abpvese
sion should be modi ed to

(Pa=Ka)"

F(Pa; Pr) = +
(PaiP) 1+ (Pa=Ka)" + (Pr=K()™

0; (2.26)

where ¢ is the basal transcription rate when no activator is present. If the lzdsal r
can still be repressed by the repressor, the above expression Sleaulodi ed to
(see Exercis@.10

(PazKa)n + 0

F(Pa;Pr) = :
(PaiPr) 1+ (Pa=Kg)"+ (P, =K,)M

(2.27)

Example 2.3(Incoherent feedforward loopsiCombinatorial promoters with two
inputs are often used in systems where a logical “and” is required. Asaanpee,

we illustrate here an incoherent feedforward loop (typed]) Buch a circuit is
composed of three transcription factors A, B, and C, in which A directlyaiss C
and B while B represses C. This is illustrated in FigRrEa This is di erent from

a coherent feedforward loop in which both A and B activate C. In thehant
feedforward loop, if we would like C to be high only when A is high and B is low
(“and” gate), we can consider a combinatorial promoter in which the aotiva
and the repressor B competitively bind to the promoter of C. The resulting Hill
function is given by the expression in equatié¢h2b. Depending on the values
of the constants, the expression of C is low unless A is high and B is low. The
resulting ODE model, neglecting the mRNA dynamics, is given by the system

dA

a = A Al

dB_ A=Ka _

@ Pk B (2.28)
dc _ A=K a

qi - CTr (A + (BKg) O

in which we have assumed no cooperativity of binding for both the actiaatdr

the repressor. If we viewp as an input to the system afdas an output, we can
investigate how this output responds to a sudden increasg.dfipon a sudden
increase of 4, protein A builds up and binds to the promoter of C initiating tran-
scription, so that protein C starts getting produced. At the same time, protein B
is produced and accumulates until it reaches a large enough value ésgepr
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Figure 2.19: The incoherent feedforward loop (type 1). (ay¢hematic diagram of the
circuit. (b) A simulation of the model in equatio.28 with A = 0:01puM/min, = 0:01
min 1, g =1pM/min, ¢=100uM/min, Kg = 0:001pM , andKa = 1 uM.

Hence, we can expect a pulse of C production for suitable parametesyvdlhis

is shown in Figure.19h Note that if the production rate constantis very large,

a little amount of A will caus€ to immediately tend to a very high concentration.
This explains the large initial slope of tisignal in Figure2.19h r

2.4 Post-Transcriptional Regulation

In addition to regulation of expression through modi cations of the prooéssin-
scription, cells can also regulate the production and activity of proteins etd-a
lection of other post-transcriptional modi cations. These include methodsool-
ulating the translation of proteins, as well asating the activity of a protein via
changes in its conformation.

Allosteric modi cations to proteins

In allosteric regulation, a regulatory molecule, calédldsteric e ector, binds to a
site separate from the catalytic site (active site) of an enzyme. This bindisgsa
a change in the conformation of the protein, turning(or turning on) the catalytic
site (Figure2.20).

An allosteric e ector can either be an activator or an inhibitor, just like inducers
work for activation or inhibition of transcription factors. Inhibition can eithe
competitive or not competitive. In the case of competitive inhibition, the inhibitor
competes with the substrate for binding the enzyme, that is, the substratemdan b
to the enzyme only if the inhibitor is not bound. In the case of non-competitive
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Jcoreproc/figures/Allosteric-diagram.eps

Figure 2.20: In allosteric regulation, a regulatory moledinds to a site separate from the
catalytic site (active site) of an enzyme. This binding esus change in the three dimen-
sional conformation of the protein, turning ¢or turning on) the catalytic site. Permission
pending.

inhibition, the substrate can be bound to the enzyme even if the latter is bound to
the inhibitor. In this case, however, the product may not be able to formayr
form at a lower rate, in which case, we have partial inhibition.

Activation can be absolute or not. Speci cally, an allosterieetor is arabso-
lute activatorwhen the enzyme can bind to the substrate only when the enzyme is
bound to the allosteric eector. Otherwise, the allosteric ector is a non-absolute
activator. In this section, we derive the expressions for the producdienof the
active protein in an enzymatic reaction in the two most common cases: when we
have a (non-competitive) inhibitor | or an (absolute) activator A of theyerez

Allosteric inhibition

Consider the standard enzymatic reaction
E+SyY ES“ E+P,
d

in which enzyme E binds to substrate S and transforms it into the produdtibé.e
a (non-competitive) inhibitor of enzyme E so that when E is bound to |, the xmp
El can still bind to substrate S, however, the complex EIS is non-prodyd¢heat
is, it does not produce P. Then, we have the following additional reaction

E+|)E** El; ES+|)E** EIS, EI+S)*: EIS

in which, for simplicity of notation, we have assumed that the dissociation atnsta
between E and | does not depend on whether E is bound to the subst&itei-S.
larly, we have assumed that the dissociation constant of E from S dodsped
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on whether the inhibitor | is bound to E. Additionally, we have the conservation
laws:

Eiot = E+ [ES]+ [EI] + [EIS]; Stot = S+ P+[ES]+ [EIS]:

The production rate of P is given lfP=dt = k|[ES]. Since binding reactions are
very fast, we can assume that all the complexes concentrations are atatie g
steady state. This gives
a k. S E

EIS]= -[El] S; Ell=—E I; ES|= —;

[EIS]= GEN S [EN=1"E;  [ES]= J—
whereK, = (d+ k)=a is the Michaelis-Menten constant. Using these expressions,
the conservation law for the enzyme, and the factéhdt 1=K, we obtain

Etot

E= (I=Kd+1)(1+S=Km); with Kg=k =k;;
so that s Eur
[ESI= sk, 171
and, as a consequence,
dP 1 ! S |

— = kE :
dt U111y S+Kpy

In our earlier derivations of the Michaelis-Menten kinetiGs.x= kEiot was called

the maximal velocity, which occurs when the enzyme is completely saturated by
the substrate (Sectidghl, equation 2.9)). Hence, the eect of a non-competitive
inhibitor is to decrease the maximal velocifi,ax t0 Vima, {1+ 1Kqg).

Another type of inhibition occurs when the inhibitor is competitive, that is, when
is bound to E, the complex El cannot bind to protein S. Since E can either bind to
I or S (not both), | competes against S for binding to E (see Exefcis?.

Allosteric activation

In this case, the enzyme E can transform S to its active form only when itiiscbo
to A. Also, we assume that E cannot bind S unless E is bound to A (from there
name absolute activator). The reactions should be modi ed to

E+A)E* EA; EA+S)*: EAS ¥ P+EA;

with conservation laws

Etot = E+ [EA] + [EAS]; Stot = S+ P+ [EAS]:
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Figure 2.21: Maximal velocity in the presence of allostexi@ctors (inhibitors or acti-
vators). The plots in (a) show the maximal velocity,,, 1+ |=Ky) as a function of the
inhibitor concentration. The plots in (b) show the maximal veloct¥na,A=(A+ Kq) as a
function of the activator concentratigh The di erent plots show the ect of the disso-
ciation constant foWmax= 1.

The production rate of P is given lgyP=dt = kK|[EAS]. Assuming as above that the
complexes are at the quasi-steady state, we have that

EA

Km

which, using the conservation law for E, leads to

Etot A S
E= d [EAS]= Erot:
A7)+ Axy 4 [BASE ¢ sk, o
Hence, we have that | |
dP A s
— =Kk :
at - KBet 2% Ky S+Kp

The e ect of an absolute activator is to modulate the maximal speed of modi cation
by a factorAHA+ Ky).

Figure 2.21 shows the behavior of the maximal velocity as a function of the
allosteric e ector concentration. As the dissociation constant decreases, that is, the
a nity of the e ector increases, a very small amount oketor will cause the
maximal velocity to reacNmaxin the case of the activator and 0 in the case of the
inhibitor.

Another type of activation occurs when the activator is not absolutejghaten
E can bind to S directly, but cannot activate S unless the complex ES rdsl#in
(see Exercis@.14).
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Covalent modi cations to proteins

In addition to regulation that controls transcription of DNA into mRNA, a variety
of mechanisms are available for controlling expression after mRNA is peatiuc
These include control of splicing and transport from the nucleus (iargokes),

the use of various secondary structure patterns in mRNA that can irtevidr
ribosomal binding or cleave the mRNA into multiple pieces, and targeted degrada
tion of MRNA. Once the polypeptide chain is formed, additional mechanisms are
available that regulate the folding of the protein as well as its shape andyactiv
level.

One of the most common types of post-transcriptional regulation is through the
covalent modi cation of proteins, such as through the procegghogphorylation
Phosphorylation is an enzymatic process in which a phosphate groupdd smd
a protein and the resulting conformation of the protein changes, usuathydro
inactive con guration to an active one. The enzyme that adds the phatsghoup
is called akinaseand it operates by transferring a phosphate group from a bound
ATP molecule to the protein, leaving behind ADP and the phosphorylated protein
Dephosphorylatioiis a complementary enzymatic process that can remove a phos-
phate group from a protein. The enzyme that performs dephosphoryistated
aphosphatasd-igure2.3 shows the process of phosphorylation in more detail.

Since phosphorylation and dephosphorylation can occur much more quickly
than protein production and degradation, it is used in biological circuits inlwh
a rapid response is required. One common pattern is that a signaling prdatein w
bind to a ligand and the resulting allosteric change allows the signaling protein to
serve as a kinase. The newly active kinase then phosphorylatesral ggotein,
which modulates other functions in the cell. Phosphorylation cascadesscelnea
used to amplify the eect of the original signal; we will describe this in more detail
in Section2.5.

Kinases in cells are usually very speci c to a given protein, allowing detailed
signaling networks to be constructed. Phosphatases, on the otherahamdyuch
less speci ¢, and a given phosphatase species may desphosphorgtateli erent
types of proteins. The combined action of kinases and phosphatases itaintjiro
signaling since the only way to deactivate a phosphorylated protein is byiegno
the phosphate group. Thus phosphatases are constantly “turnimgateins, and
the protein is activated only when sgient kinase activity is present.

Phosphorylation of a protein occurs by the addition of a charged phtsph
(PQ,) group to the serine (Ser), threonine (Thr) or tyrosine (Tyr) amincsa8am-
ilar covalent modi cations can occur by the attachment of other chemicalpgro
to select amino aciddviethylationoccurs when a methyl group (GHis added
to lysine (Lys) and is used for modulation of receptor activity and in modifying
histones that are used in chromatin structue®tylationoccurs when an acetyl
group (COCH) is added to lysine and is also used to modify histokdsquitina-
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Figure 2.22: (a) General diagram representing a covaledi oation cycle. (b) Detailed
view of a phoshorylation cycle including ATP, ADP, and theleange of the phosphate

group “p”.

tion refers to the addition of a small protein, ubiquitin, to lysine; the addition of a
polyubiquitin chain to a protein targets it for degradation.

Here, we focus omeversiblecycles of modi cation, in which a protein is in-
terconverted between two forms that dr in activity. At a high level, a covalent
modi cation cycle involves a target protein X, an enzyme Z for modifying it, and
a second enzyme Y for reversing the modi cation (see Figug®). We call X
the activated protein. There are often allosterie@ors or further covalent modi-
cation systems that regulate the activity of the modifying enzymes, but weotlo n
consider this added level of complexity here. The reactions describingytbiism
are given by the following two enzymatic reactions, also calleglastep reaction
model

z+X)3l C,! X +Z,  Y+X )32 C,l X+Y;
1 2

in which we have let Cbe the kinasfprotein complex and £be the active pro-
tein/phosphatase complex. The correspondingedéntial equation model is given

by

dd—f = aZ X+ (kl + dl)Cl; ddlt =kiC1 aY X +dCy;
C(ij_)t( = aZ X+diC1+koCy; % =aY X (d+k2)Cy;
% —aZ X (dy+k)Cy: C(’j_\t( = Y X +(dp+ko)Cy:

Furthermore, we have that the total amounts of enzymes Z and Y are wedser
Denote the total concentrations of Z, Y, and X &y, Yior, and X, respectively.
Then, we have also the conservation laws

Z+Cy = Zyoy; Y+C, = Yo, Xiot = X+ X +C1+Co:
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Using the rst two conservation laws, we can reduce the above systein efen-
tial equations to the following one:

dC

o =Zat C1) X (di+ki)Cy;

dXx

e kiC1 @Yot C2) X +dbCo;
dC

o =ao C2) X (de+k)Ca:

As in the case of the enzymatic reaction, this system cannot be analytically
integrated. To simplify it, we can perform a similar approximation as done for the
enzymatic reaction. In particular, the complexes concentratarnsnd C, reach
their steady state values very quickly under the assumptiBg; az Yior; d1; d2
ki; ko. Therefore, we can approximate the above system by substituti famd
C, their steady state values, given by the solutions to

a1(Zot C1) X (di+k)C1=0

and
(Yot C2) X (d2t+k2)C2=0:

By solving these equations, we obtain that

_ YtotX . . _ d2+ kz_
2= Ky M Km2= =
and ZiotX di+k
tot . 1 1
= ;o with Kpp = :

As a consequence, the model of the phosphorylation system can beppeika

mated by
dX -k ZtotX Ytoth;Z Ytotx

a —l
dt 1X+ Km;l 2X + Km;z 2x + Km;z
which, considering thad, K2 d = kp, leads nally to

X +d

at T X+ Ky 2X + Km;z: (2.29)

We will come back to the modeling of this system after we have introduced sin-
gular perturbation theory, through which we will be able to perform a fbemaly-
sis and mathematically characterize the assumptions needed for approximating th
original system by the rst order mode229. Also, note thaX should be replaced
by using the conservation law By= X,ot X Ci1 Cj, which can be solved foX
using the expressions 6f andC,. Under the common assumption that the amount
of enzyme is much smaller than the amount of substi&tg ( X:or) [36], we have
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thatX Xt X [36], leading to a form of the dierential equation2.29 that is
simple enough to be analyzed mathematically.

Simpler models of phosphorylation cycles can be considered, which oftes time
are instructive as a rst step to study a speci ¢ question of interest. ttiquéar,
the one-step reaction modekglects the complex formation in the two enzymatic
reactions and simply models them as a single irreversible reaction (sedséxerc
2.12.

It is important to note that the speed of enzymatic reactions, such as ghosph
rylation and dephosphorylation, is usually much faster than the speedtefipr
production and protein decay. In particular, the values of the catalytis kate
andkp, even if changing greatly from organism to organism, are typically sev-
eral orders of magnitude larger than protein decay and can be on the afrd
10° min 1 in bacteria where typical rates of protein decay are abdlt fin *
(http://bionumbers.hms.harvard.edu/ ).

Ultrasensitivity

One relevant aspect of the response of the covalent modi cation cydie itgout
is the sensitivity of the steady state characteristic curve, that is, the mayethat d
mines the equilibrium value of the outpXt corresponding to a value of the input
Zior- Speci cally, which parameters &ct the shape of the steady state characteris-
tic is a crucial question. To study this, we set =dt= 0 in equation 2.29. Using
the approximatiorX Xyt X , de ning K1 := Ky1=Xiot and Ky := Kpy2=Xot, We
obtain _
kaZior . X Kot Ki+ (1 X =Keor)
C kYot (Ko+ X KXo (1 X Xior)
Sincey is proportional to the inpuf, we study the equilibrium value of as
a function ofy. This function is usually characterized by two key parameters: the
response coecient, denotedR, and the point of half maximal induction, denoted
y50. Lety denote the value of corresponding to having equal % of the
maximum value oKX obtained fory=1 , which is equal to%o. Then, the response
coe cientis de ned as

(2.30)

R:= yio;
Y10
and measures how switch-like the respons¥ ois to changes iy (Figure2.23).
WhenR! 1 the response becomes switch-like. In the case in which the steady
state characteristic is a Hill function, we have tat= (y=K)"<1+ (y=K)"), so

thaty = (=(100 ))®™ and as a consequence
log(81),
log(R) -

Hence, whem = 1, that is, the characteristic is of the Michaelis-Menten type, we
have thatR = 81, while whenn increasesR decreases. Usually, when> 1 the

R= (81\*™; or equivalentlyn=
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Figure 2.23: Steady state characteristic curve showingetlesance of the response coef-
cient for ultrasensitivity. AsR! 1, the points/1g andygg tend to each other.

response is referred to akrasensitiveand the formulan = log(81Hog(R) is often

employed to estimate thapparent Hill coe cientof an experimentally obtained

steady state characteristic sirRean be calculated directly from the data points.
In the case of the current system, from equat@8Q), we have that

_ (K1+0:1) 09 (K1 +0:9) 01

— an — X
Yoo = (K, +0:9) 01 107 (Ky+0:1) 09

so that _ _
_ gy (Kt O1)(Ko+0:1),

R= (Ko + 0:9)(K1 + 0:9)°

(2.31)

As a consequence, whén; K> 1, we have thaR! 81, which gives a Michaelis-
Menten type of response. Ifinsteld; K, 0.1, we have thaR! 1, which corre-
sponds to a theoretical Hill coecientn 1, that is, a switch-like response (Figure
2.24). In particular, if we have, for exampl&; = K> = 10 2, we obtain an apparent
Hill coe cient greater than 13. This type of ultrasensitivity is usually referred to
aszero-order ultrasensitivityThe reason of this name is due to the fact that when
Km1 is much smaller than the total amount of protein substXajge we have that
ZiotXHAKm1+ X)  Zior. Hence, the forward modi cation rate is “zero order” in the
substrate concentration (no free enzyme is left, all is bound to the substrate
One can study the behavior also of the point of half maximal induction

to nd that asKj increasesysp decreases and that Ks increasesysg increases.
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Figure 2.24: Steady state characteristic curve of a covatedi cation cycle as a function
of the Michaelis-Menten constanks,1 andKp,».

Phosphotransfer systems

Phosphotransfer systems are also a common motif in cellular signal trangductio
These structures are composed of proteins that can phosphorylateteac. In
contrast to kinase-mediated phosphorylation, where the phosphateislasaally
ATP, in phosphotransfer the phosphate group comes from the dooiirpitself
(Figure 2.25. Each protein carrying a phosphate group can donate it to the next
protein in the system through a reversible reaction.

Let X be a protein in its inactive form and let Yoe the same protein once it
has been activated by the addition of a phosphate group. Lbez phosphate
donor, that is, a protein that can transfer its phosphate group to thptacee
The standard phosphotransfer reactions can be modeled accordiegiwtstep
reaction model

ks
Z +X)Eil C,)" X +Z
ko !

in which G is the complex of Z bound to X bound to the phosphate group. Addi-
tionally, we assume that protein Z can be phosphorylated and proteilephos-
phorylated by other phosphorylation reactions by which the phosphate ds

taken to and removed from the system. These reactions are modeled aspone ste
reactions depending only on the concentrations of Z andht is:

1 2

2 Z: X! X:

Proteins X and Z are conserved in the system, thaXijgs= X+C;+ X and
Ziot = Z+C1+Z . We view the total amount of Z, as the input to our system
and the amount of phosphorylated form of X,, as the output. We are interested
in the steady state characteristic curve describing how the steady statefvlue
depends on the value @&f;.
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Figure 2.25: (a) Diagram of a phosphotransfer system. (@teirs X and Z are transferring
the phosphate group p to each other.

N

The di erential equation model corresponding to this system is given by the
equations

dC

S =k Xot X C1 Z kCi keCi+kaX (Zot Ci Z);

dz

T 1(Zit C1 Z)+kCy1 ki Xot X C1 Z; (2.32)
dXx

W:k:%cl kaX (Zot C1 Z) oX:

The steady state transfer curve is shown in Figug6and it is obtained by sim-
ulating system .32 and recording the equilibrium values ¥f corresponding

to di erent values o, The transfer curve is linear for a large range of values
of Zi; and can be rendered fairly close to a linear relationship for valu&gof
smaller thanXie; by increasing<;. The slope of this linear relationship can be fur-
ther tuned by changing the values laf andk, (see Exercis@.15. Hence, this
system can function as an approximately linear anpli er. Its use in the réaliza
of insulation devices that attenuate thesets of loading from interconnections will
be illustrated in Chaptes.

2.5 Cellular Subsystems

In the previous section we have studied how to model a variety of coregses
that occur in cells. In this section we consider a few common “subsystems” in
which these processes are combined for speci ¢ purposes.
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Figure 2.26: Steady state characteristic of the phosph&feasystem. Here, we have set
ko=ks=01sl ky=01nM sl ;= ,=31s? andXg =100 nM.

Intercellular signaling: MAPK cascades

The mitogen activated protein kinase (MAPK) cascade is a recurrerttigtall
motif in several signal transduction pathways (FigRr27). The cascade consists
of a MAPK kinase kinase (MAPKKK), denotedXa MAPK kinase (MAPKK),
denoted X, and a MAPK, denoted X MAPKKKSs activate MAPKKSs by phospho-
rylation at two conserved sites and MAPKKSs activate MAPKs by phosgpation
at conserved sites. The cascade relays signals from the cell membrzngets
in the cytoplasm and nucleus. It has been extensively studied and moHeled
we provide a model for double phosphorylation, which is one of the mainihgild
blocks of the MAPK cascade. Then, we construct a detailed model of theKMA
cascade, including the reactions describing each stage and the oodegprate
equations.

Double phosphorylation modelonsider the double phosphorylation motif in Fig-
ure2.28 The reactions describing the system are given by

E1+X)i c1 X +Eg; E,+X )32 C,1" X+Ey;

a k
X +E1);‘1 Cyl 't X +Eg E,+X ):*2 C,1” X +Ey;
1

2

in which C, is the complex of Ewith X, C, is the complex of Ewith X", C;isthe
complex of § with X", and G, is the complex of Ewith X™. The conservation
laws are given by

E1+C1+C3= Egto; Ex+Co+Cy = Eor;
Xiot =X+ X +X +C1+Co+C3+Cy:
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Figure 2.27: Schematic representation of the MAPK casdadias three levels: the rst
one has a single phosphorylation, while the second and itteahes have a double phos-
phorylation.

As performed earlier, we assume that the complexes are at the quayi-statd
since binding reactions are very fast compared to the catalytic rates.iVéssthe

E; Input

-

R
)(\/X* x**
{ Output
E>

Figure 2.28: Schematic representation of a double phosgfaimm cycle.E; is the input
andX is the output.
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Michaelis-Menten form for the amount of formed complexes:

Ky X . Ky X .
K X+ K X ] C3 = El;tOt ’
1 X+ KlKl K1X+ KiX + KlKl
Ky X . Kz X .
K X + K X ’ C4 = E2;t0t ’
5 2 + K2K2 KZX +KoX + K2K2

C1 = Egtot

Co = Exot

inwhichK; = (di + kj)=g; andK; = (d; +k )=a, are the Michaelis-Menten constants
for the enzymatic reactions. Since the complexes are at the quasi-stefadytsta
follows that

dgtx =kiC1 koCo k1C3 + k2C4;
d

from which, substituting the expressions of the complexes, we obtain that

dt

d k1XK1 k1X K1 k2X Ky koX K,
— X = Egtot + E2itot ;
dt K X+ KX +K; Ky K, X + KX +KzK,
d K1 X K2 X
X =k Es. Kk, Eo. :
1 E1tot 2o E=2;tot sz + sz + K2K2

K X+ KX + KK,

Detailed model of the MAPK cascad&e now give the entire set of reactions for
the MAPK cascade of Figur27as they are found in standard references (Huang-
Ferrell model #4]):

al*o | k1.0 . az*o | k2.0 )
B+ Xg) it Xo*Eys P+ X) * Cyl o Xg+Py;
1.0 d2o
ar. Ky. a. K.
x0+x1)di Cyl ™ X+ X, X, + Pl)di C,l o X +Pp;
a,. k. a,. k,.
x0+xl)d*l Co! ™ X, + X, X, +P1)d*l Cyl ™ X, +Py;
11 2:1
ar. Ki. ay- Ko.
X, +x2)di C1% X+ Xy X, + Pz)dz’i Cyl " X, +Py;
a,. k.. . l%.
X, +x2)d1*2 Col ™ X, +Xy X, +P2):2*2 Cro! - X, +Py;

1.2 2,2
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with conservation laws
Xotot = Xo+ X+ C1+ Co+ C3+Cs;
Xitot = Xa+ X +C3+ X +Cy+Cs+ Cg+ C7+ Cg;
Xotot = Xo+ X, + X, +C7+Cg+ Co+ Cyg;
Extot = E1+Cy1; Potot = Po+ Cy;
P1tot = P1+ C4+ Ce;
P21t = P2+ Cg + Cyo!

The corresponding ODE model is given by

dC

d_tl = ag0E1 Xo  (dyo+K10) Cu;

dX

e Ko C1+ oo Co apo Po Xy + (dra+ ki1) C3 ag1 Xg X

(T k) Csoagg X Xy

dC

d_tz = a0 Po Xy (d20+kzo) C2;

dC

d_t3 =ap1 X1 Xy (dya+kea) Ca;

dX,

W = k]_;]_ Cs+ dz;]_ Cas a1 Xl P+ d1;1C5 al;l Xl XO + k2;1 Ce:
dC

d_t4 =ap1 Xy P1 (d21+ko1) Cy;

dCs

ot At Xo Xy (dyytkyy) Cs;

dX,
F = kl;l Cs ayq Xl P+ d2;1 Ce ai2 Xl X2

+ (dl;z + I(1;2) C7 3-1;2 X1 Xz + (dl;z + k1;2) C9;

dCs

or "X Pro (G +key) e

dC

d_t7 =g, X; X2 (At k) Cr;

dX

W = az X2 P, + dz;z Cs al;z X2 X2 + d1;2 Co+ k2;2 Cio;
d

d_Cis =3y, Xy P2 (d22+ka2) Cs;
dX
gt " K2Ce 8%, P2+, Cuo

dCo

ar - A2 X X (diptkp) Co;
dCio
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Figure 2.29: Steady state characteristic curve of the MAR&cade for every stage. The
x-axis shows concentration &t between 10 and 18 as indicated. Simulations from
the model of 9.

The steady state characteristic curve obtained with the mechanistic model pre-
dicts that the response of the MAPKKK to the stimukeis,; is of the Michaelis-
Menten type. By contrast, the stimulus-response curve obtained for tHeKWA
and MAPK are sigmoidal and show high Hill coeients, which increase from
the MAPKK response to the MAPK response. That is, an increasederisiyity
is observed moving down in the cascade (Figui29. These model observations
persist when key parameters, such as the Michaelis-Menten consectsaaged
[44]. Furthermore, zero-order ultrasensitivityexts can be observed. Speci cally,
if the amounts of MAPKK were increased, one would observe a highearapp
Hill coe cient for the response of MAPK. Similarly, if the values of tig for the
reactions in which the MAPKK takes place were decreased, one wouldlzdsove
a higher apparent Hill coecient for the response of MAPK. Double phosphory-
lation is also key to obtain a high apparent Hill cagent. In fact, a cascade in
which the double phosphorylation was assumed to occur through a gnestiz|
(similar to single phosphorylation) predicted substantially lower apparentétill

e cients.

Notice that even if we are used to think phosphorylation cascades siilch as
MAPK cascade as unidirectional signal transmission systems, it is actualib®
for information to travel backward (from downstream to upstream). Tars ke
gualitatively seen as follows. Assume as before that the total amountsyherz
are much smaller than the total amounts of substr&eg:(Po:tot; P1:tot; P2:tot
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Xo:tot; X1:tot; X2:10t), WE Can approximate the conservation laws as
Xotot Xo+ Xy+C3+Cs;
Xitot X1+ X +C3+X; +Cs5+C7+Cy;
X2;tot Xo+ X2 + X2 +C7+Co:

Using these and assuming that the complexes are at the quasi-steadyetaite, w
tain the following functional dependencies:

C1= f1(X: Xy Xq 1 %05 X5 ), Co = f2(Xp);
Cs = f3(Xg: X1 X; 1 %05 X5 ), Cs = f5(Xp; X1);
C7 = (X Xq 5 X5 %5 ) Co = fo(X, ;X))

The fact thatC; depends orX, and X, Iillustrates the counter-intuitive fact that
the dynamics of the second stage are in uenced by those of the third Sege.
ilarly, the fact thatC3 depends orX;;X; ;X,;X, indicates that the dynamics of
the rst stage are in uenced by those of the second stage and by thhedhird
stage. The phenomenon by which the behavior of a “module” is in uengetidt

of its downstream clients is callgdtroactivity, which is a phenomenon similar to
loading in electrical and mechanical systems, studied at length in Chapibrs
phenomenon in signaling cascades can allow perturbations to travel from- d
stream to upstreanvf]] and can lead to interesting dynamic behaviors such as
sustained oscillations in the MAPK cascad§]|

Exercises

2.1 Consider a cascade of three activatots X! Z. Protein X is initially present

in the cell in its inactive form. The input signal of X8, appears at timé= 0.

As a result, X rapidly becomes active and binds the promoter of gene Yaso th
protein Y starts to be produced at rateWhen Y levels exceed a threshdtd
gene Z begins to be transcribed and translated at rat# proteins have the same
degradatiorfdilution rate .

(a) What are the concentrations of proteins Y and Z as a function of time?

(b) What is the minimum duration of the pulSg such that Z will be produced?

(c) What is the response time of protein Z with respect to the time of addition of
Sx?

2.2 (Switch-like behavior in cooperative binding) Derive the expressidi and
A as a function ofB at the steady state when you have the cooperative binding
reactions

k
B+B+:::+B)|’(‘1 B Bn+A)*Z1 C, and A+C=Apt
2
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Make MATLAB plots of the expressions that you obtain and verify thah &%
creases the functions become more switch-like.

2.3 Consider the case of a competitive binding of an activator A and a repriess
with D and assume that before they can bind to D they have to cooperatinely b
according to the following reactions:

I 2
A+A++A) Ay R+R+:+R)T Ry,
k2 k2

in which the complex A containsn molecules of A and the complex,Rcontains
m molecules of R. The competitive binding reactions with A are given by

a @ L.
An+D)*d C; Rn*D) Co

andDy = D+ C+ C% What are the steady state expressionsf@ndD as func-
tions of A andR?

2.4 Consider the following modi cation of the competitive binding reactions:
Ba+A)*: C, B+AY C
d

and
(0] 30

§ 0 ~ § 0
+B X +B X
C+By),, Ci  C+Ba)” C

with At = A+C+ C + C% What are the steady state expressionsXandC?
What information do you deduce from these expressions if A is a pron®jer,
is an activator protein, and C is the activdl@XA complex that makes the gene
transcriptionally active?

2.5 Assume that we have an activatog Bnd a repressor protein, B/Ne want

to obtain an input function such that when a large quantity ofsBoresent, the
gene is transcriptionally active only if there is ng, B/hen low amounts of Bare
present, the gene is transcriptionally inactive (with or withogt B/rite down the
reactions among B B,, and the complexes formed with DNA (D) that lead to such
an input function. Demonstrate that indeed the set of reactions you piekds to
the desired input function.

2.6 Consider the transcription and translation reactions incorporating theaelong
tion process as considered in this chapter in equat@i€)(2.11). Modify them

to the case in which an mRNA molecule can be translated to a polypeptide chain
even while it is still elongating.
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2.7(Transcriptional regulation with delay) Consider a repressor or dotiamod-
eled by a Hill functionF(B). Show that in the presence of transcriptional deldy
the dynamics of the active mRNA can be written as

dm (1) _

T =e F(B(t m)) m:

2.8 Derive the expression of the parameteys o andK for the Hill function given
in equation .20, which is the form obtained for transcriptional repression with a
leaky repressor.

2.9 Consider the form of the Hill function in the presence of an activator with
some basal level of expression given in equat@23). Derive the expressions of
,Kand o,

2.10 Derive the form of the Hill functions for combinatorial promoters with leak-
iness given in expression2.26—(2.27).

2.11 Consider the phosphorylation reactions described in Se2tihiut suppose
that the kinase concentrati@is not constant, but is instead produced and decays

according to the reaction ¥* ;. How should the system in equatio®.29 be
K(t

modi ed? Use a MATLAB simulation to apply a periodic input stimuk($) using
parameter valueg; =k,=1 min 1,a;=a,=10nM *min %, d; = do = 10 min 1,

= 0:01 min 1. Is the cycle capable of “tracking” the input stimulus? If yes, to what
extent when the frequency &ft) is increased? What are the tracking properties
depending on?

2.12 Another model for the phosphorylation reactions, referred toresstep re-
action modelis given by z+ X! X +Z and Y+X | X+Y, in which the
complex formations are neglected. Write down theedlential equation model and
compare the dierential equation oK to that of equationZ.29. List the assump-
tions under which the one-step reaction model is a good approximation ofdhe tw
step reaction model.

2.13(Competitive inhibition) Derive the expression of the production raté ah
a phosphorylation cycle in the presence of a competitive inhibitor | for Z.

2.14(Non-absolute activator) Derive the expression of the productiorofate in
a phospharylation cycle in the presence of a non-absolute activatar2 fo

2.15 Consider the model of phosphotransfer systems of equai@a) @nd deter-
mine how the steady state transfer curve changes when the valkearatk, are
changed.
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Chapter 3

Analysis of Dynamic Behavior

In this chapter, we describe some of the tools from dynamical systems edtd fe
back control theory that will be used in the rest of the text to analyze asigjul
biological circuits. We focus here on deterministic models and the associaéd a
yses; stochastic methods are given in Chagter

3.1 Analysis Near Equilibria

As in the case of many other classes of dynamical systems, a great desibbt
into the behavior of a biological system can be obtained by analyzing tledgs
of the system subject to small perturbations around a known solution. il lng
considering the dynamics of the system near an equilibrium point, which iefone
the simplest cases and provides a rich set of methods and tools.

In this section we will model the dynamics of our system using the ioptput
modeling formalism described in Chapter

dx fO U, y=h(x ), (3.1)

dt
wherex 2 R" is the system state,2 RP are the system parameters and RY is
a set of external inputs (including disturbances and noise). The sy&gax is
a vector whose components will represent concentration of spec@sasuran-
scription factors, enzymes, substrates and DNA promoter sites. Thengyatam-
eters are also represented as a vector, whose components will represererio
ical parameters such as association and dissociation rate constantstijprodte
constants, decay rate constants and dissociation constants. The inuvector
whose components will represent concentration of a number of possijéecpl
entities, including kinases, allostericectors and some transcription factors. The
outputy 2 R™ of the system represents quantities that can be measured or that are
of interest for the speci ¢ problem under study.

Example 3.1(Transcriptional componentConsider a promoter controlling a gene

g that can be regulated by a transcription factor Z. Let m and G repréisent
MRNA and protein expressed by gegmeWe can view this as a system in which
u= Zis the concentration of transcription factor regulating the promoter, the state
X = (X1;X%2) is such thatx; = mis the concentration of mMRNA anxh = G is the
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concentration of protein, which we can take as the output of interest, tgat G =
X2. Assuming that the transcription factor regulating the promoter is a représso
system dynamics can be described by the following system

dxq . dx

o Ty Y @ e v G2
in which = (; K;; ;; n)is the vector of system parameters. In this case, we
have that 8 9
e X1
f(x ;U)=§1”’(“:K)n §; h(x; ) = %
' X1 X

r

Note that we have chosen to explicitly model the system parametersich
can be thought of as an additional set of (mainly constant) inputs to thaersyste

Equilibrium points and stability 1
We begin by considering the case where the inpaind parameters in equa-
tion (3.1) are xed and hence we can write the dynamics of the system as

dx _ )
Pl f(x): (3.3)

An equilibrium pointof the dynamical system represents a stationary condition for
the dynamics. We say that a statds an equilibrium point for a dynamical system

if f(xe) = 0. If a dynamical system has an initial conditig(®) = xe, then it will

stay at the equilibrium poin(t) = xc forallt 0.

Equilibrium points are one of the most important features of a dynamical sys-
tem since they de ne the states corresponding to constant operatingicoadA
dynamical system can have zero, one or more equilibrium points.

Thestability of an equilibrium point determines whether or not solutions nearby
the equilibrium point remain close, get closer or move further away. Aililegum
point X, is stableif solutions that start neax. stay close tax.. Formally, we say
that the equilibrium poinke is stable if for all > 0, there exists a> 0 such that

kx(0) xek< =) k x(t) xk< forallt>0;

wherex(t) represents the solution to the érential equation3.3) with initial con-
dition x(0). Note that this de nition does not imply tha{t) approaches, as time
increases but just that it stays nearby. Furthermore, the valumaf depend on,

so that if we wish to stay very close to the solution, we may have to start \amy, v

1The material of this section is adopted frofj [
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Figure 3.1: Phase portrait (trajectories in the state gpatéhe left and time domain sim-
ulation on the right for a system with a single stable eqtillilm point. The equilibrium
point X at the origin is stable since all trajectories that start xeatay nearxe.

close ( ). This type of stability is also callestability in the sense of Lyapunov
If an equilibrium point is stable in this sense and the trajectories do not gave
we say that the equilibrium point iseutrally stable

An example of a neutrally stable equilibrium point is shown in Figdiude The
gure shows the set of state trajectories starting aedent initial conditions in the
two-dimensional state space, also calledghase plane From this set, called the
phase portraitwe see that if we start near the equilibrium point, then we stay near
the equilibrium point. Indeed, for this example, given arthat de nes the range
of possible initial conditions, we can simply choose to satisfy the de nition
of stability since the trajectories are perfect circles.

An equilibrium pointxe is asymptotically stablé it is stable in the sense of
Lyapunov and alsa(t)! xeast!1 for x(0) su ciently close toxe. This corre-
sponds to the case where all nearby trajectories converge to the stiaibilensior
large time. Figure3.2 shows an example of an asymptotically stable equilibrium
point. Note from the phase portraits that not only do all trajectories staythea
equilibrium point at the origin, but that they also all approach the origingets
large (the directions of the arrows on the phase portrait show the diréctiamch
the trajectories move).

An equilibrium pointxe is unstablef it is not stable. More speci cally, we say
that an equilibrium poinke is unstable if given some> 0, there doesot exist a

> 0 such that itkx(0) xck< , thenkx(t) xck< for all t. An example of an
unstable equilibrium point is shown in FiguBe3.

The de nitions above are given without careful description of their dionaé
applicability. More formally, we de ne an equilibrium point to becally stable
(or locally asymptotically stabeif it is stable for all initial conditionsx 2 B;(a),
where

Bi(a) =fx:kx ak<rg
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Figure 3.2: Phase portrait and time domain simulation foysdesn with a single asymp-
totically stable equilibrium point. The equilibrium poirg at the origin is asymptotically
stable since the trajectories converge to this pointt ds .

is a ball of radiug arounda andr > 0. A system igglobally stableif it is stable
for all r > 0. Systems whose equilibrium points are only locally stable can have
interesting behavior away from equilibrium points (s&g $ection 4.4).

To better understand the dynamics of the system, we can examine the set of all
initial conditions that converge to a given asymptotically stable equilibrium point.
This set is called theegion of attractionfor the equilibrium point. In general,
computing regions of attraction is dcult. However, even if we cannot determine
the region of attraction, we can often obtain patches around the stable gquilib
that are attracting. This gives partial information about the behavior cfytstem.

For planar dynamical systems, equilibrium points have been assigned names
based on their stability type. An asymptotically stable equilibrium point is called
a sink or sometimes amttractor. An unstable equilibrium point can be either a
source if all trajectories lead away from the equilibrium point, csaddle if some
trajectories lead to the equilibrium point and others move away (this is the situ-
ation pictured in Figure8.3). Finally, an equilibrium point that is stable but not
asymptotically stable (i.e., neutrally stable, such as the one in F&jlirés called
acenter

Example 3.2(Bistable gene circuit) Consider a system composed of two genes
that express transcription factors repressing each other as shoviguire B.4a
Denoting the concentration of protein A by and that of protein B by,, and
neglecting the mRNA dynamics, the system can be modeled by the following dif-
ferential equations:

dx 1 , dxo _ 2

— = X S X
dt 1+ (X2=K2)n ! dt 1+ (X1=K1)n 2

Figure 3.4b shows the phase portrait of the system. This system is bistable be-
cause there are two (asymptotically) stable equilibria. Speci cally, the trajesto
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Figure 3.3: Phase portrait and time domain simulation forséesn with a single unstable
equilibrium point. The equilibrium point at the origin is unstable since not all trajectories
that start neaxe stay neae. The sample trajectory on the right shows that the trajezgor
very quickly depart from zero.

converge to either of two possible equilibria: one whetres high andx; is low

and the other wherg; is low andxy is high. A trajectory will approach the rst
equilibrium point if the initial condition is below the dashed line, called the sep-
aratrix, while it will approach the second one if the initial condition is above the
separatrix. Hence, the region of attraction of the rst equilibrium is théoregf

the plane below the separatrix and the region of attraction of the secons three
portion of the plane above the separatrix. r

Nullcline Analysis

Nullcline analysis is a simple and intuitive way to determine the stability of an
equilibrium point for systems ilR?. Consider the system witk = (x{;%2) 2 R?
described by the dierential equations

% = f1(x1;%2); d—)? = fa(x1;%2):

The nuliclines of this system are given by the two curves inxhe; plane in

which f1(x1; x2) = 0 andfy(x1; X2) = 0. The nuliclines intersect at the equilibria of

the systemxe. Figure3.5shows an example in which there is a unique equilibrium.
The stability of the equilibrium is deduced by inspecting the direction of the

trajectory of the system starting at initial conditioxslose to the equilibriunxe.

The direction of the trajectory can be obtained by determining the sigfisarfd

f> in each of the regions in which the nullclines partition the plane around the

equilibrium xe. If f; <0 (f; > 0), we have thak; is going to decrease (increase)

and similarly if f, < 0 (f> > 0), we have thak; is going to decrease (increase). In

Figure3.5, we show a case in which < 0 on the right-hand side of the nulicline

fy = 0 and f; > 0 on the left-hand side of the same nulicline. Similarly, we have
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(a) Bistable circuit (b) Phase portrait

Figure 3.4: (a) Diagram of a bistable gene circuit compodddo genes. (b) Phase por-
trait showing the trajectories converging to either oneheftivo possible stable equilibria
depending on the initial condition. The parameters are ;=1 uM/min, K; = Ky, =0:1
UM, and =1 min 1.

chosen a case in which < 0 above the nullclind, = 0 andf, > 0 below the same
nullcline. Given these signs, it is clear from the gure that starting from aoint

x close toxe the vector eld will always point toward the equilibrium, and hence
the trajectory will tend toward such equilibrium. In this case, it then follows that
the equilibriumxg is asymptotically stable.

Example 3.3 (Negative autoregulation)As an example, consider expression of
a gene with negative feedback. batrepresent the mRNA concentration axg
represent the protein concentration. Then, a simple model (in which fofisityp
we have assumed all parameters to be 1) is given by

dX]_ _ 1

X
— = X1; —— =X X
dt ~ 1+x, v

dt

so thatfi(x1;X2) = 151+ xp) xp and fa(xg; %) = X1 Xo. Figure3.5aexactly rep-
resents the situation for this example. In fact, we have that

fi(x;;x2) <0 () X1 > fa(x1; %) <0 () X2 > Xq;

1+ X2’
which provides the direction of the vector eld as shown in Fig@t8a As a
consequence, the equilibrium point is stable. The phase portrait ofe=835b
con rms the fact since the trajectories all converge to the unique equilibpioirt.
r

Stability analysis via linearization

For systems with more than two states, the graphical technique of nullclinesanaly
cannot be used. Hence, we must resort to other techniques to detetatiitieys
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Figure 3.5: (a) Example of nullclines for a system with a gneguilibrium pointxe. To
understand the stability of the equilibrium poixg, one traces the direction of the vec-
tor eld ( f1; f2) in each of the four regions in which the nuliclines partitithe plane. If
in each region the vector eld points toward the equilibriggmint, then such a point is
asymptotically stable. (b) Phase portrait for the negativ®regulation example.

Consider a linear dynamical system of the form

dx
at =Ax  X(0)=xo; (3.4)
t
whereA 2 R" ". For a linear system, the stability of the equilibrium at the origin

can be determined from the eigenvalues of the marix
(A)=fs2C:det(sl A)=0g

The polynomial del A) is the characteristic polynomiaand the eigenvalues
are its roots. We use the notatiop for the jth eigenvalue oA and (A) for the
set of all eigenvalues o, so that ; 2 (A). For each eigenvalue; there is a
corresponding eigenvectey 2 C", which satis es the equatioAv; = jv;.

In general can be complex-valued, althoughAfis real-valued, then for any
eigenvalue , its complex conjugate will also be an eigenvalue. The origin is al-
ways an equilibrium point for a linear system. Since the stability of a linearrsyste
depends only on the matri, we nd that stability is a property of the system. For
a linear system we can therefore talk about the stability of the system ra#wmer th
the stability of a particular solution or equilibrium point.

The easiest class of linear systems to analyze are those whose systeragnatric
are in diagonal form. In this case, the dynamics have the form

8 . 09

dx 2

pri 3 gx. (3.5)
. o n
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It is easy to see that the state trajectories for this system are indepeifdacho
other, so that we can write the solution in termsiafidividual systems; = jx;.
Each of these scalar solutions is of the form

x;j(t) = e 1'x;(0):

We see that the equilibrium poirg = O is stable if ; 0 and asymptotically stable
if j <0.
Another simple case is when the dynamics are in the block diagonal form

1 0 o3
! 0 O
2( _ ! ' e . . X
g g0 0O o gt
0 0 m !'m
0 'mo
In this case, the eigenvalues can be shown tojse ; i! ;. We once again can

separate the state trajectories into independent solutions for each patesf and
the solutions are of the form

Xj 1(t)=e it X2j 1(0)cod jt+ xpj(0)sin! jt ;
Xojt)=e it Xoj 1(0)sin! jt+ x2j(0)cod jt ;

wherej = 1;2;:::;m. We see that this system is asymptotically stable if and only
if j=Re ;<O0.ltis also possible to combine real and complex eigenvalues in
(block) diagonal form, resulting in a mixture of solutions of the two types.

Very few systems are in one of the diagonal forms above, but some sysh&ms
be transformed into these forms via coordinate transformations. One Isgshot
systems is those for which th& matrix has distinct (non-repeating) eigenvalues.
In this case there is a matrik 2 R" " such that the matriX AT 1 is in (block)
diagonal form, with the block diagonal elements corresponding to the eitysrs/
of the original matrixA. If we choose new coordinates- T x, then

92 rx=TAx=TAT 12

dt
and the linear system has a (block) diagofahatrix. Furthermore, the eigenval-
ues of the transformed system are the same as the original system sinseif
eigenvector of\, thenw = Tvcan be shown to be an eigenvectof&T 1. We can
reason about the stability of the original system by noting ¥@t= T z(t), and
so if the transformed system is stable (or asymptotically stable), then the érigina
system has the same type of stability.

This analysis shows that for linear systems with distinct eigenvalues, thk stab
ity of the system can be completely determined by examining the real part of the
eigenvalues of the dynamics matrix. For more general systems, we makktlise o
following theorem, proved inl]:
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Theorem 3.1(Stability of a linear system)The system

dx
i AX
is asymptotically stable if and only if all eigenvalues of A all have a strictly trega

real part and is unstable if any eigenvalue of A has a strictly positive redl p

In the case in which the system state is two-dimensional, thaRiR?, we have
a simple way of determining the eigenvalues of a maiispeci cally, denote by
tr(A) the trace ofA, that is, the sum of the diagonal terms, and let Alet{e the
determinant ofA. Then, we have that the two eigenvalues are given by

1;22% tr(A) ptl’(A)2 4det(A) .

Both eigenvalues have negative real parts when @) &(0 and (ii) det®) > O.

An important feature of dierential equations is that it is often possible to de-
termine the local stability of an equilibrium point by approximating the system by
a linear system. Suppose that we have a nonlinear system

dx
i f(x)

that has an equilibrium point at. Computing the Taylor series expansion of the
vector eld, we can write

%: f(xe) + @ (X Xe) + higher-order terms inq Xe):
dt @ x

Since f(xe) = 0, we can approximate the system by choosing a new state variable
Z= X X and writing

d—Z: Az where A= @

at @5

We call the system3.6) thelinear approximatiorof the original nonlinear system
or thelinearizationat x.. We also refer to matriA as theJacobian matrixof the
original nonlinear system.

The fact that a linear model can be used to study the behavior of a nanlinea
system near an equilibrium point is a powerful one. Indeed, we carthékeven
further and use a local linear approximation of a nonlinear system to de $&gpul-
back law that keeps the system near its equilibrium point (design of dynamics
Thus, feedback can be used to make sure that solutions remain closedaithe e
rium point, which in turn ensures that the linear approximation used to stabilize it
is valid.

(3.6)
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Example 3.4(Negative autoregulation)Consider again the negatively autoregu-
lated gene modeled by the equations

dq _ 1 X1; =X Xo
dt  1+x, da ~ "t
In this case, I
Loy
f(x)= x
() X %

so that, lettingxe = (X1:e; X2:¢), the Jacobian matrix is given by

1
A @ é 1 (1+xge)? é

It follows that tr(d) = 2 < 0 and that de#) = 1+ 151+ x2¢)> > 0. Hence, inde-
pendently of the value of the equilibrium point, the eigenvalues both hawaineg
real parts, which implies that the equilibrium poigtis asymptotically stable. r

Frequency domain analysis

Frequency domain analysis is a way to understand how well a systemspomce

to rapidly changing input stimuli. As a general rule, most physical systemkaglis

an increased diculty in responding to input stimuli as the frequency of variation
increases: when the input stimulus changes faster than the natural time cfcale
the system, the system becomes incapable of responding. If instead thésinpu
changing much more slowly than the natural time scales of the system, the system
will have enough time to respond to the input. That is, the system behaves like
a “low-pass lter”. The cut-o frequency at which the system does not display a
signi cant response is called thmndwidthand quanti es the dominant time scale.

To identify this dominant time scale, we can perform idputput experiments in
which the system is excited with periodic inputs at various frequencies., Then

can plot the amplitude of response of the output as a function of the fiegud

the input stimulation to obtain the “frequency response” of the system.

Example 3.5(Phosphorylation cycle)To illustrate the basic ideas, we consider
the frequency response of a phosphorylation cycle, in which enzynestations
are modeled each by a one-step reaction. Referring to F&j6gewe have that the
one-step reactions involved are given by

Z+X1 Zex s Y+X 1?2 vax

with conservation lawk + X = Xior. Let Yiot be the total amount of phosphatase.
We assume that the kinase Z has a time-varying concentration, which we view a
theinputto the system, whil&X is theoutputof the system.
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10° 10" 107
output Frequency [rad/s]

10° 10"“ 10"“
Frequency [rad/s]

(a) Reaction daigram (b) Frequency response

Figure 3.6: (a) Diagram of a phosphorylation cycle, in whichs the kinase, X is the
substrate, and Y is the phosphatase. (b) Bode plot showegégnitudevl and phase lag

for the frequency response of a one step reaction model gitibsphorylation system
on the left. The parameters are = 0:01 min 1.

The di erential equation model for the dynamics is given by

dX
F = klz(t)(Xtot X ) kZYtOtX :

If we assume that the cycle is weakly activated ( Xi1), the above equation is

well approximated by
dX

e Z(t) X; (3.7)
where = ki Xt and = koYior. TO determine the frequency response, we set the
inputZ(t) to a periodic function. It is customary to take sinusoidal functions as the
input signal as they lead to an easy way to calculate the frequency respats
thenZ(t) = Agsin( t).

Since equationd.7) is linear in the stateX and inputZ, it can be directly
integrated to yield

X ()= %sin(! t tan (1= )) %e .

The second term dies out forlarge enough. Hence, the steady state response
is given by the rst term. In partigular, the amplitude of response is given b

Ao = ! 2+ 2 inwhichthe gain=" ! 2+ 2 depends both on the system param-
eters and on the frequency of the input stimulation. As the frequency of piog in
stimulation! increases, the amplitude of the response decreases and approaches
zero for very high frequencies. Also, the argument of the sine funstimws a
negative phase shift of taf(!= ), which indicates that there is an increased lag
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in responding to the input when the frequency increases. Hence, tltpikatities
in the frequency response are the magnitivtié ), also calledgain of the system,
and phase lag(! ) given by
!
M() = p—; ()= tan® =
| 24 2
These are plotted in Figu6h a type of gure known as 8ode plot
The bandwidth g?ithe system, denoted, is the frequency at which the gain
drops belowM(0)=" 2. In this case, the bandwidth is given by = = koY,
which implies that the bandwidth of the system can be made larger by increasing
the amount of phosphatase. However, note that Sih@ = = = kg XiotH(K2 Yior),
increased phosphatase will also result in decreased amplitude of sesptence,
if we want to increase the bandwidth of the system while keeping the value of
M(0) (also called theero frequency gajrunchanged, one should increase the total
amounts of substrate and phosphatase in comparable proportions. Fiajuh
of the zero frequency gain, the bandwidth of the system increases witasex
amounts of phosphatase and substrate. r

More generally, thérequency responsef a linear system with one input and
one output
X = Ax+ Bu; y =Cx+Du

is the response of the system to a sinusoidal inputsin! t with input amplitude
aand frequency . Thetransfer functiorfor a linear system is given by

Gyu(9=C(sl A) 'B+D

and represents the steady state response of a system to an expoiggraialfshe
form u(t) = e wheres 2 C. In particular, the response to a sinusaid asin! t is
given byy = Masin( t+ ) where the gairM and phase shift can be determined
from the transfer function evaluatedst i! :

q
. M(!) = jGyu(i! )i = Im(G?/u(i! )2+ ReGyu(i! ))?;
Gyu(i! ) = Mé' ; IM(Gyy(i! )’
()=t )

where Re() and Im( ) represent the real and imaginary parts of a complex number.
For nite dimensional linear (or linearized) systems, the transfer functaom c

be written as a ratio of polynomials m

b(s

G(s) = Q:

a(s)
The values ok at which the numerator vanishes are calledzb®sof the transfer
function and the values afat which the denominator vanishes are calledatbles
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The transfer function representation of an irdputput linear system is essen-
tially equivalent to the state space description, but we reason about rilaencys
by looking at the transfer function instead of the state space matricesx&opée,
it can be shown that the poles of a transfer function correspond to tbevailg
ues of the matrixA, and hence the poles determine the stability of the system.
In addition, interconnections between subsystems often have simpleaefares
tions in terms of transfer functions. For example, two syst&mnandG; in series
(with the output of the rst connected to the input of the second) haver@awed
transfer functiorGseriedS) = G1(5)G2(S) and two systems in parallel (a single in-
put goes to both systems and the outputs are summed) has the transfemfunctio
Gparalle(S) = G1(s) + G2(9).

Transfer functions are useful representations of linear systemedeettee prop-
erties of the transfer function can be related to the properties of the dymamic
particular, the shape of the frequency response describes howstieensyesponds
to inputs and disturbances, as well as allows us to reason about the stahility o
interconnected systems. The Bode plot of a transfer function gives thritude
and phase of the frequency response as a function of frequedcthaiyquist
plot can be used to reason about stability of a closed loop system from the open
loop frequency responsel{[ Section 9.2).

Returning to our analysis of biomolecular systems, suppose we have msyste
whose dynamics can be written as

x= f(x; ; u)

and we wish to understand how the solutions of the system depend on éme-par
eters and input disturbancas We focus on the case of an equilibrium solution
X(t;X0; 0) = Xe. Letz=X X, G=U Uy and” = o represent the deviation of
the state, input and parameters from their nominal values. Linearizatidreqaer-
formed in a way similar to the way it was performed for a system with no inputs.
Speci cally, we can write the dynamics of the perturbed system using its lzgear

tion as [ | |

d_Z = @ 7z o+ @ R @
dt @ (Xe; 030) @ (Xe; 03Uo) @ (Xe; 03Uo)
This linear system describes small deviations fryfng; ug) but allows™ andu'to
be time-varying instead of the constant case considered earlier.
To analyze the resulting deviations, it is convenient to look at the system in the
frequency domain. Let = Cx be a set of values of interest. The transfer functions
between , {i andy are given by

G,y (9=C(sl A 'B;  Gu(9=C(sl A 'By;

a:

where
@]

A= — ;
@ (Xe; 03Uo)

@ @
B—@ By @

(Xe; 03Uo) ’ (Xe: 03Uo) '
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Note that if we lets= 0, we get the response to small, constant changes in
parameters. For example, the change in the outpws a function of constant
changes in the parameters is given by

. — 1p -
G,(0)= CA'B:

Example 3.6(Transcriptional regulation)Consider a genetic circuit consisting of
a single gene. The dynamics of the system are given by

dm dpP

—=F(P) m —=m P

gt~ F(P)
wherem is the mRNA concentration arfd is the protein concentration. Suppose
that the mRNA degradation ratecan change as a function of time and that we
wish to understand the sensitivity with respect to this (time-varying) parameter
Linearizing the dynamics around the equilibrium poim;(Pe) corresponding to a
nominal value ¢ of the mRNA degradation rate, we obtain

8 oo 2 8 9
A=_§ o F (Pe)’g; B :_§ g‘% (3.8)

For the case of no feedback we hav®) = andFYP) = 0, and the system has
the equilibrium pointatne= = ¢, Pe= = ( o). The transfer function from to
P, after linearization about the steady state, is given by

me |
(s+ o)(s+ )’

where “ol” stands for open loop. For the case of negative regulatierhave

G2 (9=

F(P) = m*‘ 0;

and the resulting transfer function is given by

Me
(st o)(s+ )+

n Pl i=x"

GY (9 = — .
P ( ) (1+ pgan)Z

; = FO(Pe) =

where “cl” stands for closed loop.

Figure3.7 shows the frequency response for the two circuits. To make a mean-
ingful comparison between open loop and closed loop systems, we selqu-th
rameters of the open loop system such that the equilibrium point for bothlopp
and closed loop systems are the same. This can be guaranteed if in the@pen lo
system we choose, for example= Pe o= = ), in which Pe is the equilibrium
value of P in the closed loop system. We see that the feedback circuit attenuates
the response of the system to perturbations with low-frequency conteslightly
ampli es perturbations at high frequency (compared to the open looprayste
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iGp (i)

— — —open loop

closed loop

10" 10° 10?
Frequency [rad/s]
Figure 3.7: Attenuation of perturbations in a genetic dirguth linearization given by
equation 8.8). The parameters of the closed loop system are given by800 pM/s,
0=510%nM/s, =0:001s? g=0005s!, =0:02s? n=2, andK = 0:025uM.
For the open loop system, we have set Pe o= = ) to make the steady state values of
open loop and closed loop systems the same.

3.2 Robustness

The term “robustness” refers to the general ability of a system to contiinfuec-
tion in the presence of uncertainty. In the context of this text, we will wanteto b
more precise. We say that a given function (of the circuit) is robust wiheet
to a set of speci ed perturbations if the sensitivity of that function to pedur
tions is small. Thus, to study robustness, we must specify both the functianewe
interested in and the set of perturbations that we wish to consider.

In this section we study the robustness of the system

dx

i f(x; ;u); y=h(x; )
to various perturbations in the parameteesnd disturbance inputs The function
we are interested in is modeled by the outpuénd hence we seek to understand
how y changes if the parametersare changed by a small amount or if external
disturbancess are present. We say that a system is robust with respect to these

perturbations ify undergoes little change as these perturbations are introduced.

Parametric uncertainty

In addition to studying the inpldutput transfer curve and the stability of a given
equilibrium point, we can also study how these features change with tespec
changes in the system parameterketye( o;Ug) represent the output correspond-
ing to an equilibrium pointx, with xed parameters g and external inputiy, SO

that f (Xe; o;Uo) = 0. We assume that the equilibrium point is stable and focus here
on understanding how the value of the output, the location of the equilibriumb, po
and the dynamics near the equilibrium point vary as a function of changés in
parameters and external inputs.
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We start by assuming that= 0 and investigate how, andye depend on; we
will write f(x; ) instead off(x; ; 0) to simplify notation. The simplest approach
is to analytically solve the equatioi(xe; o) = O for X and then seye = h(Xe; o).
However, this is often dicult to do in closed form and so as an alternative we
instead look at the linearized response given by
de . dye

Sx; ::d_o, Sy’ =d_ 0;

which are the (in nitesimal) changes in the equilibrium state and the output due
to a change in the parameter. To determ8ye we begin by di erentiating the
relationshipf (xe( ); ) = 0 with respectto:

|

F 1
di_@dx, @ _ _ o _d%

d @d @ o d

Similarly, we can compute the output sensitivity as

o e @dx, @ %@ @ @E
YJ_d___

(x& o)

% : (3.9)

(x& o)

a
@

These quantities can be computed numerically and hence we can evaluatedhe e
of small (but constant) changes in the parametars the equilibrium statg and
corresponding output value.

A similar analysis can be performed to determine theats of small (but con-
stant) changes in the external inputSuppose thax, depends on both andu,
with f(Xe; 0;Up) = 0 and o andug representing the nominal values. Then

o _ @'@ A _ @'@
d ( o;u0) @ @(XG ouo) du ( o;u0) @ @(XES ouo)

The sensitivity matrix can be normalized by dividing the parameters by their
nominal values and rescaling the outputs (or states) by their equilibriumsvadfue
we de ne the scaling matrices

D*e = diagfXeg DYe = diagfyeg D =diad g
Then the scaled sensitivity matrices can be written as
Sy =(D*) sy D; Sy, =(D*) 'S, D: (3.10)

The entries in these matrices describe how a fractional change in a pargimese
a fractional change in the state or output, relative to the nominal values of the
parameters and state or output.



3.2. ROBUSTNESS 105

Example 3.7 (Transcriptional regulation)Consider again the case of transcrip-
tional regulation described in Exampe6. We wish to study the response of the
protein concentration to uctuations in its parameters in two casesnatitutive
promoter(open loop) and self-repression (closed loop).

For the case of open loop we havép) = , and the system has the equilibrium
pointatme= = ,Pe= = (). The parameter vector can betakenag;;; )
and the state as= (m; P). Since we have a simple expression for the equilibrium
concentrations, we can compute the sensitivity to the parameters directly:

@e _ 51 - 0 0 %

@ - = - ==
where the parameters are evaluated at their nominal values, but we ledkie o
subscript 0 on the individual parameters for simplicity. If we choose thernpe-
ters as o = (0:001380:005780:115 0:00116), then the resulting sensitivity matrix

evaluates to 8
gopen 173 42 0 0

Xe; -17300 4200 211 2110 :

If we look instead at the scaled sensitivity matrix, then the open loop natuhe of
system yields a particularly simple form:

$ 10 o3
—=open_ )
Sxe ‘§1 11 1;

(3.11)

(3.12)

In other words, a 10% change in any of the parameters will lead to a cobipara
positive or negative change in the equilibrium values.
For the case of negative regulation, we have

FP)= o ©

and the equilibrium points satisfy

Me = —Pe; 0= Me= —Pe: (3.13)

+
1+ Pg=Kn
In order to make a proper comparison with the previous case, we neetdsectie
parameters so that the equilibrium concentratiogde match those of the open
loop system. We can do this by modifying the promoter strengihdor the RBS
strength , which is proportional tq so that the second formula in equati@id
is satis ed or, equivalently, choose the parameters for the open lo@psmathat
they match the closed loop steady state protein concentration (see Exagple

Rather than attempt to solve for the equilibrium pointin closed form, we instead
investigate the sensitivity using the computations in equat®h3(. The state,
dynamics and parameters are given by

9
IT%; =380 n Kig:

8
x=38m Pig; f(x; )=_§F(r|:) p:
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Note that the parameters are ordered such that the rst four paramedéch the
open loop system. The linearizations are given by

8 9 8 9
@_3 FP)g. G@_g m 0 0 @=0 @@ F=@;
@ - ’ @ "0 0 m Pe 0 0 '
where again the parameters are taken to be at their nominal values andivhe de

tives are evaluated at the equilibrium point. From this we can compute thie sens
tivity matrix as

g m mF° PFO @F=@ @F=@ @F=@9

s % EO EO EO = EO o%

X - m m P @r=@; @r= @ ar=@>=’
Fo Fo =Y FO - F0 T~ FO - Fo’

where FO= @ =@ and all other derivatives of are evaluated at the nominal
parameter values and the corresponding equilibrium point. In particubatake
nominal parameters as= (5 10 4;0:0050:1150:001;800;2;0:025).

We can now evaluate the sensitivity at the same protein concentration ag we us
in the open loop case. The equilibrium point is given by

Xe = %me% %0 255

239
and the sensitivity matrix is

Sclosed § 18 1:15 115 000008 0:45 534§
7611 1816 90 9080 0:008 45 534

The scaled sensitivity matrix becomes

=closed §0159 044 056 056 028 384 056§

Svi  ®0159 044 044 044 028 384 056 O

Comparing this equation with equatioB.{2), we see that there is reduction in the
sensitivity with respect to most parameters. In particular, we become lesisiae
to those parameters that are not part of the feedback (columns 2+4hebe is
higher sensitivity with respect to some of the parameters that are part fefetie
back mechanism (particularty). r

More generally, we may wish to evaluate the sensitivity of a (non-constant) s
lution to parameter changes. This can be done by computing the fule{igrd ,
which describes how the state changes at each instant in time as a function of
(small) changes in the parametersThis can be used, for example, to understand
how we can change the parameters to obtain a desired behavior or to detdrenin
most critical parameters that determine a speci ¢ dynamical feature of gteray
under study.
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Let x(t; o) be a solution of the nominal system
x=f(x ou);  X(0)=xo:
To computedx=d , we write a di erential equation for how it evolves in time:

| |
ddx _ddx _d,. . @dx @,

dt d d dt
This is a di erential equation witm m states given by the entries of the ma-
trix Sy (t) = dx(t)=d and with initial conditionSy. (0) = 0 (since changes to the
parameters to not &ct the initial conditions).
To solve these equations, we must simultaneously solve for thexstaie the
sensitivitySy. (whose dynamics depend aj Thus, letting

@ @
M(t; o)== —(X; ;u ; N(t; o) = —=(X ;u ;
(t; o) @( )X:X(t; b (t o) @( )X:X(t; e
we solve the set af + nmcoupled di erential equations
dSx
%(z f(X; o;u); d:‘ = M(t; 0)Sx + N(t; o); (3.15)

with initial condition x(0) = xo andSyx. (0) = 0.

This di erential equation generalizes our previous results by allowing us to
evaluate the sensitivity around a (nhon-constant) trajectory. Note that ispie
cial case that we are at an equilibrium point and the dynamicSjorare stable,
the steady state solution of equatidh1 is identical to that obtained in equa-
tion (3.9. However, equation3(15 is much more general, allowing us to deter-
mine the change in the state of the system at a xed timdor example. This
eqguation also does not require that our solution stay near an equilibriinmg o
only requires that our perturbations in the parameters areigmtly small. An ex-
ample of how to apply this equation to study theset of parameter changes on an
oscillator is given in Sectiob.4.

Several simulation tools include the ability to do sensitivity analysis of this sort,
including COPASand the MATLAB SimBiology toolbox.

Adaptation and disturbance rejection

In this section, we study how systems can keep a desired output respaTse
in the presence of external disturbances. This property is particularlgrieng
“for biomolecular systems, which are usually subject to a wide range tdrper
bations. These perturbations or disturbances can represent a nohtheerent
physical entities, including changes in the circuit's cellular environment, @hrmo
eledundesired interactions with other biological circuits present in the cell,-or pa
rameters whose values are uncertain.
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Figure 3.8: Adaptation property. The system is said to haeeatlaptation property if the
steady state value of the output does not depend on the sstateyvalue of the input.
Hence, after a constant input perturbation, the outputmstto its original value.

Here, we represent the disturbance input to the system of interesabg we
will say that the system adapts to the inpuivhen the steady state value of its
outputy is independent of the (constant) nonzero value of the input (Fig®e
That is, the system's output is robust to the disturbance input. Basicaky,the
input changes to a constant nonzero value, the output returns to itsabrigine
after a transient perturbation. Adaptation corresponds to the confodigtarbance
rejectionin control theory. The full notion of disturbance rejection is more general,
depends on the speci ¢ disturbance input and it is often studied usingtéraah
model principle 17].

We illustrate two main mechanisms to attain adaptation: integral feedback and
incoherent feedforward loops (IFFLs). Here, we follow a similar treatras that
of [86]. In particular, we study these two mechanisms from a mathematical stand-
point to illustrate how they achieve adaptation. Possible biomolecular implementa-
tions are presented in later chapters.

Integral feedback

In integral feedback systems, a “memory” variabkccounts for the accumulated
error between the output of interggt), which is a ected by an external perturba-
tion u, and its nominal (or desired) steady state valyel'his accumulated error is
then used to change the outpuitself through a gairk (Figure 3.9). If the input
perturbatioru is constant, this feedback loop brings the system output back to the
desired valusyp.

To understand why in this system the outp(i), after any constant input per-
turbationu, tends toyp fort!' 1 independently of the (constant) value wpfwe
write the equations relating the accumulated emrand the outpuy as obtained
from the block diagram of Figurd.9. The equations representing the system are
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u
+
Yo Yo Y R z ~ Y
(> z= Sy )d —»

Figure 3.9: A basic blg;k diagram representing a system iniggral action. In the di-
agram, the circles with represent summing junctions, such that the output arrow is a
signal given by the sum of the signals associated with thetiaprows. The input signals
are annotated with a+” ora“ ", depending on whether they get added or subtracted. The
desired outpuyp is compared to the actual outppaind the resulting error is integrated to
yield z. This error is then used to changeHere, the inputi can be viewed as a disturbance
input, which perturbs the value of the output

given by:

dz _ _ —k )
at Yo ¥; y=Kz+ Uy
so that the equilibrium is obtained by setting 0, from which we obtairy = yp.
That is, the steady state gfdoes not depend on. The additional question to
answer is whether, after a perturbationccurs,y(t) tends toyp fort!1 . Thisis
the caseifandonly iz! Oast!1l , which is satis ed if the equilibrium of the
systenz= kz u+yjpis asymptotically stable. This, in turn, is satis ed whenever
k> 0 andu is a constant. Hence, after a constant perturbatids applied, the
system outpuy approaches its original steady state valgiethat is,y is robust to
constant perturbations.

More generally, a system with integral action can take the form

dx_

gt - Tosw; U= (Uite); Y= h(X; dz =y Yo, Ux=Kk(x2);

dt
in whichu; is a disturbance input ang is a control input that takes the feedback
form up = k(x; 2). The steady state value pfbeing the solutionty yy = 0, does
not depend on the disturbanag. In turn, y tends to this steady state value for
t!'l ifandonlyifz! Oast!1l . Thisisthe case ittends to a constant value
fort!1 |, which is satis ed ifu; is a constant and the steady state of the above
system is asymptotically stable.

Integral feedback is recognized as a key mechanism of perfectadidepin
biological systems, both at the physiological level and at the cellular laveh, &s
in blood calcium homeostasi&4], in the regulation of tryptophan i&. coli[91],
in neuronal control of the prefrontal corte&d], and inE. coli chemotaxis99].
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Figure 3.10: Incoherent feedforward loop. The inpu ects the outpuy = x, through
two channels. It indirectly represses it through an intetiaie variablex; and it activates
it directly.

Incoherent feedforward loops

Feedforward motifs (Figur8.10 are common in transcriptional networks and it
has been shown that they are over-representdsl icoli gene transcription net-
works, compared to other motifs composed of three nodedricoherent feed-
forward circuits represent systems in which the inpudirectly helps promote the
production of the outpuy = x> and also acts as a delayed inhibitor of the output
through an intermediate variabg. This incoherent counterbalance between pos-
itive and negative eects gives rise, under appropriate conditions, to adaptation. A
large number of incoherent feedforward loops participate in importatbdiaal
processes such as the EGF to ERK activatit®], [the glucose to insulin release
[73], ATP to intracellular calcium releas&4], micro-RNA regulation 90], and
many others.

Several variants of incoherent feedforward loops exist for peddaptation.
Here, we consider two main ones, depending on whether the intermediiaigl@ar
promotes degradation of the output or inhibits its production. An exampleewher
the intermediate variable promotes degradation is provided by theégniwhich
appears in models of neutrophil motion adittyosteliumchemotaxis 98]. In the
sni er, the intermediate variable promotes degradation according to the following
di erential equation model:

dxg _ J ) dx _

T X1; T u XiXo; Y= Xo! (3.16)

In this system, the steady state value of the ouxpig obtained by setting the time
derivatives to zero. Speci cally, we have that= 0 givesx; = u= andx; =0
givesx, = u= xp). In the case in whiclu, 0, these can be combined to yield
x2=( )A ),whichis a constantindependent of the inpuThe linearization of
the system at the equilibrium is given by

8

9
. 0 5
A<E (=) (u=)§’
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which has eigenvalues and ( u=). Since these are both negative, the equi-
librium point is asymptotically stable. Note that in the case in which, for example,
u goes back to zero after a perturbation, as it is in the case of a pulse tfhe xau
does not necessarily return to its original steady state. That is, this s\exdi@mts”
only to constant nonzero input stimuli but is not capable of adapting togulbés
can be seen from equatio8.16), which admits multiple steady states when 0.
For more details on this “memory” ect, the reader is referred t89].

A di erent form for an incoherent feedforward loop is one in which the-inter
mediate variable; inhibits production of the output;, such as in the system:

dxg _ dx _u

LU T 2 YT (3.17)

The equilibrium point of this system for a constant nonzero inpig given by
setting the time derivatives to zero. Froa= 0, we obtainx; = u= and fromx, =
0 we obtain thak, = u= x1), which combined together resultia = ( )< ),
which is again a constant independent of the input
By calculating the linearization at the equilibrium, one obtains
8 9
A= % 5 0 %;
T U] ,

whose eigenvalues are given by and . Hence, the equilibrium point is asymp-
totically stable. Further, one can show that the equilibrium point is globalijmpsy
totically stable because the subsystem is linear, stable, axgdapproaches a con-
stant value (for constanf) and thex, subsystem, in whichu=x; is viewed as an
external input is also linear and asymptotically stable.

High gain feedback

Integral feedback and incoherent feedforward loops provide sanbtain exact
rejection of constant disturbances. Sometimes, exact rejection is ndblpossr
example because the physical constraints of the system do not allow to implemen
integral feedback or because the disturbance is not constant with tinieeda
cases, it may be possible to still attenuate theat of the disturbance on the output
of interest by the use of negative feedback with high gain. To explain ¢misept,
consider the diagram of FiguB11

In a high gain feedback con guration, the error between the owtpperturbed
by some exogenous disturbangeand a desired nominal outpyis fed back with
a negative sign to produce the outgutself. If yp >y, this will result in an increase
of y, otherwise it will result in a decrease wf Mathematically, one obtains from
the block diagram that

— u + G .
Y= 176 "1 e
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Figure 3.11: High gain feedback. A possible mechanism wrattisturbance attenuation
is to feedback the errgp  y between the desired outpgtand the actual outpytthrough
a large gairG.

so that a<s increases the (relative) contribution wion the output of the system
can be arbitrarily reduced.
High gain feedback can take a much more general form. Consider a system
with x 2 R" in the form x = f(X). We say that this system @ontractingif any
two trajectories starting from derent initial conditions tend to each other as time
increases to in nity. A su cient condition for the system to be contracting is that
in some set of coordinates, with matrix transformation denotgthe symmetric
part of the linearization matrix (Jacobian)

I
1@,@".
2 @ @&
is negative de nite. We denote the largest eigenvalue of this matrix bfpr > 0
and call it the contraction rate of the system.
Now, consider the nominal systexs G f(x) for G > 0 and its perturbed version
Xp = G f(xp) + u(t). Assume that the input(t) is bounded everywhere in norm by

a constantC > 0. If the system is contracting, we have the following robustness
result:

kx(t) xp(Dk  kx(0) xp(O)ke © '+ —g;

in which is an upper bound on the condition number of the transformation matrix
(ratio between the largest and the smallest eigenvalue’of) [60]. Hence, if
the perturbed and the nominal systems start from the same initial conditions, the
di erence between their states can be made arbitrarily small by increasingrthe ga
G. Therefore, the contribution of the disturbanoen the system state can be made
arbitrarily small.
A comprehensive treatment of concepts of stability and robustness ¢anrize
in standard reference§3, 87].
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Figure 3.12: Fold-change detection. The output respones dot depend on the absolute
magnitude of the input but only on the fold change of the input

Scale invariance and fold-change detection

Scale invariance is the property by which the outy} of the system does not
depend on the absolute amplitude of the iyt (Figure3.12). Speci cally, con-
sider an adapting system and assume that it pre-adapted to a conskagnbbad
valuea, then apply inputi+ b and lety(t) be the resulting output. Now consider
a new background valupa for the input and let the system pre-adapt to it. Then
apply the inputp(a+ b) and lety(t) be the resulting output. The system has the
scale invariance property y{t) = y(t). This also means that the output responds in
the same way to inputs changed by the same multiplicative factor (fold), heace th
property is also callefbld-change detectiarLooking at Figure3.12, the output
would present dierent pulses for dierent fold changels=a.

Some incoherent feedforward loops can implement the fold-changetidatec
property B5]. As an example, consider the feedforward motif represented by equa-
tions 3.17), in which the output is given by = Xp, and consider two inputs:
ui(t) = afor t<tpanduy(t) = a+bg fort to, anduy(t) = pafor t <ty and
uy(t) = pa+ pby fort  to. Assume also that at timtg the system is at the steady
state, that is, it is pre-adapted. Hence, we have that the two steady states f
which the system starts &t tg are given byx;.q1 =a= andxg2 = pa= for the
X1 variable and byxo1 = x22 = () ) for the xz variable. Integrating system
(3.17) starting from these initial conditions, we obtain for tg

xpit)=a—e CO+@+by1 e ¢ 0

xi2(t) = pa—e € ©+pla+b)l e ¢ W)

Using these in the expression ®f in equation 8.17) gives the di erential
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equations thax,.1(t) andx,»(t) obey fort tp as

dXZ;l _ (at+b)
dt ~a—e CW+(a+b)(l e C )

X2:1; Xoalto)=( )= )

and

Az _ p (a+h)
dt pa-e CW+pl@a+b)(l e W)

X2:2; X22(to) =( ) )

which givesxz.1(t) = x22(t) for all t  to. Hence, the system responds exactly the
same way after changes in the input of the same fold. The output resisomse
dependent on the scale of the input but only on its shape.

3.3 Oscillatory Behavior

In addition to equilibrium behavior, a variety of cellular procesess invosaila-

tory behavior in which the system state is constantly changing, but in atiegea
pattern. Two examples of biological oscillations are the cell cycle and ¢acad
rhythm. Both of these dynamic behaviors involve repeating changes in the co
centrations of various proteins, complexes and other molecular speciesdalth
though they are very dierent in their operation. In this section we discuss some of
the underlying ideas for how to model this type of oscillatory behavior, Simgu

on those types of oscillations that are most common in biomolecular systems.

Biomolecular oscillators

Biological systems have a number of natural oscillatory processes thatgihe
behavior of subsystems and whole organisms. These range from Irasoiléa-
tions within cells to the oscillatory nature of the beating heart to various tremors
and other undesirable oscillations in the neuro-muscular system. At the bmmole
ular level, two of the most studied classes of oscillations are the cell cycle and
circadian rhythm.

The cell cycle consists of a set of “phases” that govern the duplicatidn a
division of cells into two new cells:

G1 phase - gap phase, terminated by “G1 checkpoint”;
S phase - synthesis phase (DNA replication);
G2 phase - gap phase, terminated by “G2 checkpoint”;
M - mitosis (cell division).
The cell goes through these stages in a cyclical fashion, with thereit enzymes

and pathways active in derent phases. The cell cycle is regulated by mangdi
ent proteins, often divided into two major class€gclinsare a class of proteins
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(a) Overview of cell cycle (b) Molecular mechanisms controlling cell
cycle

Figure 3.13: TheCaulobacter crescentusell cycle. (a)Caulobactercells divide asym-
metrically into a stalked cell, which is attached to a swfeend a swarmer cell, that is
motile. The swarmer cells can become stalked cells in a neatitm and begin the cell
cycle anew. The transcriptional regulators CtrA, DnaA ami/Gare the primary factors
that control the various phases of the cell cycle. (b) Theegerircuitry controlling the
cell cycle consists of a large variety of regulatory mechkans, including transcriptional
regulation and post-translational regulation. Figurexotgd from p7).

that sense environmental conditions internal and external to the cellraralsa
used to implement various logical operations that control transition out déthe
and G2 phase£yclin dependent kinas¢€DKSs) are proteins that serve as “actu-
ators” by turning on various pathways during drent cell cycles.

An example of the control circuitry of the cell cycle for the bacteriaulobac-
ter crescentughenceforthCaulobacte)y is shown in Figure3.13[57]. This or-
ganism uses a variety of derent biomolecular mechanisms, including transcrip-
tional activation and repression, positive autoregulation (CtrA), phasansfer
and methlylation of DNA.

The cell cycle is an example of an oscillator that does not have a xed pe-
riod. Instead, the length of the individual phases and the transitioning di tiee-
ent phases are determined by the environmental conditions. As one exdmeple
cell division time forE. coli can vary between 20 minutes and 90 minutes due to
changes in nutrient concentrations, temperature or other externaisfacto

A di erent type of oscillation is the highly regular pattern encoding in circa-
dian rhythm, which repeats with a period of roughly 24 hours. The observ
of circadian rhythms dates as far back as 400 BCE, when Androstdesesbed
observations of daily leaf movements of the tamarind t&&. [There are three
de ning characteristics associated with circadian rhythm: (1) the time to complete
one cycle is approximately 24 hours, (2) the rhythm is endogenouslyajedeand
self-sustaining and (3) the period remains relatively constant undegekan am-
bient temperature. Oscillations that have these properties appear in mangrdi
organisms, including micro-organisms, plants, insects and mammals. Some com-
mon features of the circuitry implementing circadian rhythms in these organisms is
the combination of positive and negative feedback loops, often with thtvecs-
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Figure 3.14Caption omitted pending permissidifrigure and caption fronmi[])

ements activating the expression of clock genes and the negative eleapetssk
ing the positive elementd l]. Figure3.14shows some of the derent organisms
in which circadian oscillations can be found and the primary genes rebjmfw
di erent positive and negative factors.

Clocks, oscillators and limit cycles

To begin our study of oscillators, we consider a nonlinear model of themsyste
described by the dierential equation

dx

a - f(X, ’ U), y= h(X, )’
where x 2 R" represents the state of the systan®, RY represents the external
inputs,y 2 R™ represents the (measured) outputs a@dRP represents the model
parameters. We say that a solutiodt); u(t)) is oscillatory with period Tif y(t +
T) = y(t). For simplicity, we will often assume thgit= g = 1, so that we have a
single input and single output, but most of the results can be generalized to th
multi-input, multi-output case.

There are multiple ways in which a solution can be oscillatory. One of the sim-

plest is that the input(t) is oscillatory, in which case we say that we haveraed
oscillation In the case of a stable linear system with one input and one output, an
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input of the formu(t) = Asin! twill lead, after the transient due to initial conditions
has died out, to an output of the foytt) = M Asin( t+ )whereM and repre-

sent the gain and phase of the system (at frequéncin the case of a nonlinear
system, if the output is periodic with the same period then we can write it in terms
of a set of harmonics,

y(t) = Bo+ Bgsin( t+ 1)+ Bosin(2 t+ )+

The termBg represents the average value of the output (also called the bias), the
termsB; are the magnitudes of thigh harmonic and ; are the phases of the har-
monics (relative to the input). Thescillation frequency is given by! =2=T
whereT is the oscillation period.

Adi erentsituation occurs when we have no input (or a constant input}iind s
obtain an oscillatory output. In this case we say that the systemgetsustained
oscillation This type of behavior is what is required for oscillations such as the
cell cycle and circadian rhythm, where there is either no obvious forcingtion
or the forcing function is removed but the oscillation persists. If we assuatéid
input is constanty(t) = Ao, then we are particularly interested in how the pefiod
(or equivalently the frequendy), amplitudesB; and phases; depend on the input
Ag and system parameters

To simplify our notation slightly, we consider a system of the form

dx_ oy, iy )-
G- o6 y=h):; (3.18)

where the input is ignored (or taken to be one of the constant paramietens)
analysis that follows. We have focused on the oscillatory nature of theioy(tp
thus far, but we note that if the statge@) are periodic then the output is as well,
and this is the most common case. Hence we will often talk abowystenbeing
oscillatory, by which we mean that there is a solution for the dynamics in which
the state satis ex(t+ T) = x(t).

More formally, we say that a closed curve R" is anorbit if trajectories that
starton remainon for alltime and if is notan equilibrium point of the system.
As in the case of equilibrium points, we say that the orb#tableif trajectories
that start near stay near , asymptotically stabld in addition nearby trajectories
approach ast!1 andunstableif it is not stable. The orbit is periodic with
periodT if for any x(t) 2 , x(t+T) = X(t).

There are many dierent types of periodic orbits that can occur in a system
whose dynamics are modeled as in equat®idg. A harmonic oscillatorrefer-
ences to a system that oscillates around an equilibrium point, but doassnatly)
get near the equilibrium point. The classical harmonic oscillator is a line&rays
of the form 8 9 8 98 9

dgag_g0 !g3gag

dt™xr 1 07X
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(a) Linear harmonic oscillator (b) Nonlinear harmonic oscillator

Figure 3.15: Examples of harmonic oscillators.

whose solutions are given by

8 9 8 .98 9
§x1(t)§: § coslt sin! t§§x1(0)§

“Xo(t) - sinlt cosl tr - Xxo(0)

The frequency of this oscillation is xed, but the amplitude depends on theesa
of the initial conditions, as shown in Figu15a Note that this system has a
single equilibrium point ak = (0;0) and the eigenvalues of the equilibrium point
have zero real part, so trajectories neither expand nor contractiiplyoscillate.

An example of a nonlinear harmonic oscillator is given by the equation

a4 _ o+ x(l X X5); de xi+X(l X5 x3): (3.19)
dt dt
This system has an equilibrium pointet (0;0), but the linearization of this equi-
librium point is unstable. The phase portrait in Fig@:@5bshows that the solu-
tions in the phase plane converge to a circular trajectory. In the time domain this
corresponds to an oscillatory solution. Mathematically the circle is callédia
cycle Note that in this case, the solution for any initial condition approaches the
limit cycle and the amplitude and frequency of oscillation “in steady state” (once
we have reached the limit cycle) are independent of the initial condition.

A di erenttype of oscillation can occur in nonlinear systems in which the equi-
librium points are saddle points, having both stable and unstable eigenva@iues
particular interest is the case where the stable and unstable orbits of arm®r
equilibrium points join together. Two such situations are shown in FigLir@ The
gure on the left is an example of homoclinic orbit In this system, trajectories
that start near the equilibrium point quickly diverge away (in the directoors
responding to the unstable eigenvalues) and then slowly return to the equilibr
point along the stable directions. If the initial conditions are chosen to loispig
on the homoclinic orbit then the system slowly converges to the equilibrium
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(a) Homoclinic orbit (b) Heteroclinic orbit

Figure 3.16: Homoclinic and heteroclinic orbits.

point, but in practice there are often disturbances present that willrpefte sys-
tem o of the orbit and trigger a “burst” in which the system rapidly escapes from
the equilibrium point and then slowly converges again. A somewhat similaiofype
orbit is aheteroclinic orbit in which the orbit connects two derent equilibrium
points, as shown in Figui216h

An example of a system with a homoclinic orbit is given by the system

dX1 dXz
==X = =x X 3.20
dt 2 dt 1 1 ( )

The phase portrait and time domain solutions are shown in Figure In this

system, there are periodic orbits both inside and outside the two homoclinic cy-

cles (left and right). Note that the trajectory we have chosen to plot in the time

domain has the property that it rapidly moves away from the equilibrium point

& 0 Vo7 v, v
N7/ \/ \ /|
1k B
Xl - - -X2
-2 1 !
0 10 20 30
Timet
(a) Phase portrait (b) Time domain solution

Figure 3.17: Example of a homoclinic orbit.
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Figure 3.18: Oscillations in the glycolysis system. Par@nsearevo = 1, k; = 1, andk; =
1:00001.

and then slowly re-converges to the equilibrium point, before being deameay
again. This type of oscillation, in which one slowly returns to an equilibriumtpoin
before rapidly diverging is often calledralaxation oscillation Note that for this
system, there are also oscillations that look more like the harmonic oscillator case
described above, in which we oscillate around the unstable equilibrium gaints
x=( L10).

Example 3.8(Glycolytic oscillations) Glycolysis is one of the principal metabolic
networks involved in energy production. It is a sequence of enzynadyead re-
actions that converts sugar into pyruvate, which is then further degjtaddcohol
(in yeast fermentation) and lactic acid (in muscles) under anaerobic corgjitio
and ATP (the cell's major energy supply) is produced as a result. Both edmp
and sustained oscillations have been observed. Damped oscillations nsere-
ported by R3] while sustained oscillations in yeast cell free extracts were observed
in[42,78].

Here we introduce the basic motif that is known to be at the core of this oscil-
latory phenomenon. Speci cally, a substrate S is converted to a produdti€h,
in turn, acts as an enzyme catalyzing the conversion of S into P. This is anpkxa
of autocatalysis, in which a product is required for its own productionimdpke
di erential equation model of this system can be written as

ds dP

a =\Vo Vi1, a =Vi Vo, (321)
in whichvg is a constant production rate and

(PX)?
vi=SHP); F(P)= ; Vo = ko,
1 HP) (P) 1+ (PK)2 2= K2

whereF(P) is the standard Hill function. Under the assumption tkat P, we
haveF(P) k;{P?, in which we have de ned; := = K2. This second order system

admits a stable limit cycle under suitable parameter conditions (F®aB8p



3.3. OSCILLATORY BEHAVIOR 121

One central question when analyzing the dynamical model of a givemsyste
is to establish whether the model constructed admits sustained oscillations. This
way we can validate or disprove models of biomolecular systems that arenknow
exhibit sustained oscillations. At the same time, we can provide design gusleline
for engineering biological circuits that function as clocks, as we will s&&hiapter
5. With this respect, it is particularly important to determine parameter conditions
that are required aror su cient to obtain periodic behavior. To analyze these
sorts of questions, we need to introduce tools that allow us to infer the ecésten
and robustness of a limit cycle from a drential equation model.

In order to proceed, we rst introduce the concept!olimit set of a point
p, denoted (p). Basically, thel -limit set! (p) represents the set of all points to
which the trajectory of the system starting frgntends as time approaches in nity.
This is formally de ned in the following de nition.

De nition 3.1. A point x2 R" is called an! -limit point of p 2 R" if there is a
sequence of timefjgwitht;! 1 fori!1l suchthat(t;p)! Xasi!l .The
I -limit setof p, denoted (p), is the set of all -limit points of p.

The! -limit set of a system has several relevant properties, among which are
the facts that it cannot be empty and that it must be a connected set.

Limit cycles in the plane

Before studying periodic behavior of system$t we study the behavior of sys-
tems inR2. Several high dimensional systems can often be well approximated by
systems in two dimensions by, for example, employing quasi-steady statxappro
mations. For systems R?, we will see that there are easy-to-check conditions that
guarantee the existence of a limit cycle.

The rst result provides a simple check to rule out periodic solutions ysr s
tems inR?. Speci cally, letx 2 R? and consider

B T2 = flaio) (322)

in which the functionsf; : R2! R2? for i = 1;2 are smooth. Then, we have the
following:

Theorem 3.2(Bendixson's criterion) Let D be a simply connected region R¥
(i.e., there are no holes in D). If the expression
@ @

=" 4+ =<

@ @

is not identically zero and does not change sign in D, then sy§8e28) has no
closed orbits that lie entirely in D.
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Example 3.9. Consider the system

dX]_ _ Xg+ X3 dX2

dt v dt i
with 0. We can compute
@1 @2 2
—+—==3 X7
@ @ !

which is not identically zero and does not change sign over aR%ivhen

0. If , 0, we can thus conclude from Bendixson's criterion that there are no

periodic solutions. We leave it as an exercise to investigate what happgears w
= 0 (Exercise’.5). r

The following theorem completely characterizes!thbmit set of any point for
a system irR?.

Theorem 3.3(Poincae-Bendixson) Let M be a bounded and closed positively
invariant region for the system= f(x) with x2 M (i.e., any trajectory that starts
in M stays in M for all t 0). Assume that there are nitely many equilibrium
points in M. Let @2 M, then one of the following possibilities holds fo¢p):

(i) ! (p) is an equilibrium point;
(i) ! (p) is a closed orbit;

(iif) ! (p) consists of a nite number of equilibrium points and orbits, each start-
ing (for t=0) and ending (fort 1 ) at one of the xed points.

This theorem has two important consequences:

1. If the system does not have equilibrium point$insince! (p) is not empty,
it must be a periodic solution;

2. If there is only one equilibrium point iM and it is unstable and not a saddle
(i.e., the eigenvalues of the linearization at the equilibrium point are both
positive), therl (p) is a periodic solution.

We will employ this resultin Chapté&rto determine parameter conditions under
which activator-repressor circuits admit sustained oscillations.

Limit cyclesin R"

The results above hold only for systems in two dimensions. However, tla@ee h
been extensions of the PoineaBendixson theorem to systems with special struc-
ture inR". In particular, we have the following result, which can be stated as fol-
lows under some mild technical assumptions, which we omit here.
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Theorem 3.4([40]). Consider a system= f(X), which is of the form

X1 = f1(Xn; X1);
Xj=fi(x; 1%);2 j n

on the set M de ned by;x 0 for all i with the following inequalities holding in
M:

() 2 <0and@->0;for2 i nandF <o
(i) fi(0;0) Oand fi(xy;0)>Oforall x, O;

(iii) The system has a unique equilibrium point=(x,;:::;x;) in M such that
f1(Xn; X1) < 0if Xn > X, @and % > x;, while fi(xn; x1) > 0if X, < X, and x < x;;

(iv) St is bounded above in M.

Then, if the Jacobian of f at has no repeated eigenvalues and has any eigenvalue
with positive real part, then the system has a non-constant periodic soiatign

This theorem states that for a system with cyclic structure in which the cy-
cle “has negative loop gain”, the instability of the equilibrium point (undeneso
technical assumption) is equivalent to the existence of a periodic solutigsthie-
orem, however, does not provide information about whether the orhitrectve
or not, that is, of whether it is an-limit set of any point inM. This stability result
is implied by a general theorem, which can be stated as follows under some mild
technical assumptions, which we omit here.

Theorem 3.5([62]). Consider the system= f(x) with the following cyclic feed-
back structure

X1 = f1(%n; X1);

Xj=fi(xj %), 2 ] n
on a set M de ned by;x 0 for all i with all trajectories starting in M bounded for
t 0. Then, the -limit set! (p) of any point P2 M can be one of the following:

(&) An equilibrium point;
(b) A non-constant periodic orbit;
(c) A set of equilibrium points connected by homoclinic or heteroclinic arbits

As a consequence of the theorem, we have that for a system with cydlic fee
back structure that admits one equilibrium point only and at which the lingniza
has all eigenvalues with positive real part, thdimit set must be a periodic orbit.

In Chapters, we will apply these results to determine parameter conditions that
make loop circuits with state iIR" admit a limit cycle.
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3.4 Bifurcations

Another important property of nonlinear systems is how their behaviorgesaas
the parameters governing the dynamics change. We can study this in thet adnte
models by exploring how the location of equilibrium points, their stability, their re-
gions of attraction and other dynamic phenomena, such as limit cycles, asegd b
on the values of the parameters in the model.

Parametric stability
Consider a dierential equation of the form

%:f(x; ); x2R", 2RP, (3.23)

wherex s the state andis a set of parameters that describe the family of equations.
The equilibrium solutions satisfy

f(x; )=0;

and as is varied, the corresponding solutiorg( ) can also vary. We say that
the system3.23 has abifurcationat = if the behavior of the system changes
qualitatively at . This can occur either because of a change in stability type or
because of a change in the number of solutions at a given value of
As an example of a bifurcation, consider the linear system
% = X % = kx X
wherek > 0 is xed and is our bifurcation parameter. Figu®19 shows the
phase portraits for dierent values of. We see that at = 0 the system transitions
from a single stable equilibrium point at the origin to having an unstable equilib-
rium. Hence, as goes from negative to positive values, the behavior of the system
changes in a signi cant way, indicating a bifurcation.
A common way to visualize a bifurcation is through the use bifarcation

diagram To create a bifurcation diagram, we choose a funcfiern(x) such that
the value ofy at an equilibrium point has some useful meaning for the question
we are studying. We then plot the valueyaf= h(xe( )) as a function of for all
equilibria that exist for a given parameter valueBy convention, we use dashed
lines if the corresponding equilibrium point is unstable and solid lines otherwis
Figure3.20shows examples of some common bifurcation diagrams. Note that for
some types of bifurcations, such as the pitchfork bifurcation, there wisés of

where there is more than one equilibrium point. A system that exhibits this type
of behavior is said to benultistable A common case is when there are two stable
equilibria, in which case the system is said toligtable We will see an example
of this in Chapteb.



3.4. BIFURCATIONS 125

() (5
N

0 =0 <0

T

Figure 3.19: Phase portraits for a linear system as parameteanges. When is posi-
tive and large in absolute value, the eigenvalues are megagdal and the response is not
oscillatory (overdamped). Wheris positive but not too large in absolute value, the eigen-
values are complex with negative real part and damped atoills arise (underdamped).
When =0, the system displays stable limit cycles, while when 0, the equilibrium
point becomes unstable and trajectories diverge.

Hopf bifurcation

The bifurcations discussed above involved bifurcation of equilibriumtpo#in-
other type of bifurcation that can occur is that a system with an equilibriunt po
admits a limit cycle as a parameter is changed through a critical value. The Hopf
bifurcation theorem provides a technique that is often used to undensteattier
a system admits a periodic orbit when some parameter is varied. Usuallyasuch
orbit is a small amplitude periodic orbit that is present in the close vicinity of an
unstable equilibrium point.

Consider the system dependent on a parameter

dx

—=g(x ) x2 R": 2R;

g -9 )

and assume that at the equilibrium poitatorrespondingto = ¢ (i.e.,g(Xe; 0) =
0), the linearization@=@ evaluated atX; ) has a pair of (non zero) imaginary
eigenvalues with the remaining eigenvalues having negative real parte e
new parameter := o and re-de ne the system as

dx
a=f(x; )=19(x + o)

so that the linearizatio@ =@ evaluated aty(; 0) has a pair of (non zero) imaginary
eigenvalues with the remaining eigenvalues having negative real paristeDigy

()= ()+i! () the eigenvalue such thaf0) = 0. Then, if@ =@evaluated at

= 0 is not zero, the system admits a small amplitude almost sinusoidal periodic
orbit for small enough and the system is said to go through a Hopf bifurcation at

= 0. If the small amplitude periodic orbit is stable, the Hopf bifurcation is said to
besupercritical while if it is unstable it is said to beubcritical Figure3.21shows
diagrams corresponding to these bifurcations.
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-

Saddle node bifurcation  Transcritical bifurcation Pitchfork bifurcation
X = X2 X= X X2 X= X X3

Figure 3.20: Bifurcation diagrams for some common bifuora. In asaddle node bi-
furcation, as varies, a stable and an unstable equilibrium point appreach other and
then“collide” for =0 and annihilate each other. Iranscritical bifurcation a stable and
an unstable equilibrum point approach each other, and tiédecfor = 0 swapping their
stability. In apitchfork bifurcation a unique stable equilibrium point gives rise for 0 to
three equilibria, two of which are stable and one is unstable

In order to determine whether a Hopf bifurcation is supercritical or stidl;
it is necessary to calculate a “curvature” cagent, for which there are formulas
(Marsden and McCrocken, 1976) and available bifurcation softvsaieh asAUTO
In practice, it is often enough to calculate the valuef the parameter at which
the Hopf bifurcation occurs and simulate the system for values of the ptame
close to . If a small amplitude limit cycle appears, then the bifurcation is most
likely supercritical.

Example 3.10(Glycolytic oscillations) Recalling the model of glycolytic oscil-
lations given in3.21), we ask whether such an oscillator goes through a Hopf bi-
furcation. In order to answer this question, we consider again the &sipreof the
eigenvalues

_tr(J) ptr(J)2 4det()
1,2 — 2 )

in which | |
Vo-z Vo-z
tr(l) =k kg — and detd)=k; —
k2 k2

The eigenvalues are imaginary if 3)(= 0, that is, ifk; = k3=v3. Furthermore,
the frequency of oscillations is given By = = 4detQ) = = 4ky(Vo=%>)2. There-
fore, this system goes through a Hopf bifurcation as the pararketggproaches
I3=v3. Whenk; k3=v3, an approximately sinusoidal oscillation appears. \Wken
is large, the Hopf bifurcation theorem does not imply the existence of adverio
solution. This is because the Hopf theorem provides only local results.  r

The Hopf bifurcation theorem is based on center manifold theory for neenin
dynamical systems. For arigorous treatment of Hopf bifurcation it is theesssary
to study center manifold theory rst, which is outside the scope of this text. For
details, the reader is referred to standard text in dynamical sys&i39.
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Jdynamics/figures/hopf-bifurcation.eps

Figure 3.21: Hopf bifurcation. On the left hand side, amcreases a stable limit cycle
appears. On the right hand side, agcreases a limit cycle appears but it is unstable.
Figure taken from9$7].

In Chapters, we will illustrate how to employ Hopf bifurcation to understand
one of the key design principles of clocks based on two interacting speaies
activator and a repressor.

3.5 Model Reduction Techniques

The techniques that we have developed in this chapter can be applied te a wid
variety of dynamical systems. However, many of the methods require sagtti c
computation and hence we would like to reduce the complexity of the models as
much as possible before applying them. In this section, we review methods-for
ing such a reduction in the complexity of models. Most of the techniques aeglba
on the common idea that if we are interested in the slower time scale dynamics of
a system, the fast time scale dynamics can be approximated by their equilibrium
solutions. This idea was introduced in Chafen the context of reduced order
mechanisms; we present a more detailed mathematical analysis of such systems
here.

The mathematical analysis of systems with multiple time scales and the conse-
quent model order reduction is callsthgular perturbation theoryln particular,
we are concerned with systems that have processes evolving on kahdasdow
time scales and that can be written in a standard form, which we now introduce.
Let(x;y)2D:=Dyx Dy R" R™and consider the vector eld

dx
—=fxy; ), X0)=Xo;
dt (3.24)

dy _ ..\ .
a—g(x,y, ); y(0) = yo;

in which 0< 1 is a small parameter and boflix;y;0) andg(x;y;0) are well
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de ned. Since 1, the rate of change gf can be much larger than the rate of
change o, resulting iny dynamics that are much faster than #dynamics. That
is, this system has a slow time scale evolutiondiand a fast time scale evolution
(iny), so thatx is called the slow variable angdis called the fast variable.
If we are interested only in the slower time scale, then the above system can be
approximated (under suitable conditions) by teéuced system
% =f(x%¥,0);,  X(0)= xo;
0=g(xy,0);

in which we have set = 0. Lety = h(x) denote the locally unique solution of
9(x;y;0)= 0. The manifold of ;y) pairs where/ = h(x) is called theslow manifold
Theimplicit function theoreni63] shows that this solution exists whene@-=@
is, at least locally, nonsingular. In fact, in such a case we have

dh_ @ '@
dx @ @
We can rewrite the dynamics &fin the reduced system as
X twhor  %0)=

We seek to determine under what conditions the soluti@his “close” to the
solution’X(t) of the reduced system. This problem can be addressed by analyzing
the fast dynamics, that is, the dynamics of the system in the fast time seate.

In this case, we have that

?: f(xy ) ? =g(xy: )i (X(0);¥(0)) = (Xo; Yo);

sothatwhen 1, x( ) does not appreciably change. Therefore, the above system
inthe time scale can be well approximated by the system

dy _

g 9(xo;y;0); y(0) = Yo;

in which x is “frozen” at the initial conditionxy. This system is usually referred

to as theboundary layersystem. For this system, the point h(xp) is an equi-
librium point. Such an equilibrium point is asymptotically stablg(if) converges
toh(xp) as !'1 . In this case, the solutiorx(t);y(t)) of the original system ap-
proachesX(t); h(X(t))). This qualitative explanation is more precisely captured by
the following singular perturbation theorem under some mild technical assump-
tions, which we omit here5g].
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Theorem 3.6. Assume that

Realé) @@g(x; y) é< 0

y=h(x)

uniformly for x2 Dy. Let the solution of the reduced system be uniquely de ned for
t 2[0;t¢]. Then, for all t 2 (0;t¢] there are constants > 0and M> 0, and a set
D such that

kx(t) X(k M fort2][0;t¢];
ky(t) h(x(t)k M for t2[ty;ts];

provided < and(Xg;Yo) 2

Example 3.11(Hill function). In Section2.1, we obtained the expression of the
Hill function by making a quasi-steady state approximation on the dynamics of re
versible binding reactions. Here, we illustrate how Hill function expressoam be
derived by a formal application of singular perturbation theory. Spadlyc con-
sider the simple binding scenario of a transcription factor X with DNA promoter
sites p. Assume that such a transcription factor is acting as an activater pifdh
moter and let Y be the protein expressed under promoter p. Assume ftiretter

X dimerizes before binding to promoter p. The reaction equations describgg th
system are given by

ks

ki a
X+X)k Xo X2+p)*d (05 Cl" my+C;
2

md my+Y; o omdsoo Yo ptrC=por

The corresponding derential equation model is given by

% = k1X2 ko Xo aXz(ptot C)+ dC dd_th}{ =k:C my;
dc dy
at =aXo(pot C) dC dat = m Y,

in which we viewX(t) as an input to the system. We will see later in Chapter

that the dynamics of the inpit(t) will be “perturbed” by the physical process of

reversible binding that makes it possible for the system to take X as an input.
Since all the binding reactions are much faster than mRNA and protein produc

tion and decay, we have thatd ki; ;; .LetKny:=ko=ki, Kq:=d=a, c:=ky=d,
and := =d. Then, we can rewrite the above system by using the substitutions
d=—; a= —; ki=c—:; ko =c—;
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so that we obtain

dXo 2 dmy
Z=c—X2 ¢ X, —X + C —Y=k :
a0t cKm c X K 2(pot C)+ G gt fC  my;
dC dy

ot K—dxz(ptot c) G i Y.

This system is in the standard singular perturbation fo8r24). As an exercise,

the reader can verify that the slow manifold is locally asymptotically stable (see
Exercise3.10. The slow manifold is obtained by setting= 0 and determineX,
andC as functions oX. These functions are given by

X_2. C= ProtX*{(KmKa) |
Km' 1+ XZ:(KmKd).

As a consequence, the reduced system becomes

dny _ | poX®{(KmKq) .
at T XA KaKg)
dy
i Y,

which is the familiar expression for the dynamics of gene expresBion wittan a
vator as derived in Sectich 1 Speci cally, letting = Kkipiot andK = = K Kg, we
have that

2
F(X) = _(XHK)"

1+ (X=K)2
is the standard Hill function expression. r

Example 3.12(Enzymatic reaction)Recall the enzymatic reaction
E+ S)*: a“E+p,

in which E is an enzyme, S is the substrate to which the enzyme binds to form the
complex C, and P is the product resulting from the modi cation of the substrate
S due to the binding with the enzyme E. The corresponding system efeitial
equations is given by

dd—E = aES+dC+KkC, o(Ij_C =aES (d+K)C;

85 i (3.25)
— = aES+dC — =kC

dt dt

By considering that binding and unbinding reactions are much faster tearath
alytic rates, mathematically expressed dy k, we showed before that by ap-
proximatingdC=dt = 0, we obtainC = E:SHS + K;)), with K, = (d+ k)=a and
dP=dt = VinayxSHS + Kiy) with Vinax= KEt. From this, it also follows that

dE ds  dP,
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How good is this approximation? By applying the singular perturbation method,
we will obtain a clear answer to this question. Speci cally, de Kg:= d=a and
convert the system to standard singular perturbation form by de ningsihai|
parameter := k=d, so thatd = k=, a= kXK ), and the system becomes

dE k _ dC _ k :
ds k dP

—= —E kC; — = kC:

ai Koo TkG dr = FC

We cannot directly apply singular perturbation theory on this system becau
from the linearization of the rst three equations, we see that the boyridger
dynamics are not locally asymptotically stable since there are two zero eigesva
This is because the three variablesS;C are not independent. Speci calli =
Eiot CandS+C+ P = S(0) = Sio, assuming that initially we have S in amount
S(0) and no P and C in the system. Given these conservation laws, the @iem
be re-written as

dC k dp

— = —(Ewt CO)(Stot C P) kC kG — =kC:
Under the assumption made in the analysis of the enzymatic reactio8ghat
Eiwot, Wwe have thaC Sy so that the equations nally become
dpP

k
K_d(Etot C)(Swt P) kC kG T KC:

dC _
dt
We can verify (see Exercisg1l) that in this system, the boundary layer dy-
namics are locally asymptotically stable, so that settirg) one obtains

Ewot(Stot P) = h(P):

C= =
(Stot P) + Km

and thus that the reduced system is given by

dE (Stot 5) .
Vmax*-
dt (St P)+Km
This system is the same as that obtained in Chahtétowever,dC(t)=dt and
dE(t)=dt are not close to zero as obtained earlier. In fact, from the conservation
Iale+C+ P= §(0)fStot, we obtain thatS=dt= dP=dt dC=dt, in which now
dC=dt= @=@(P) dP=dt. Therefore we have that
dE_ dC_ @ —.dP —
—= —= —(P)—; E@0)=Ex hP 27
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Figure 3.22: Simulation results for the enzymatic reactiomparing the approximations
from singular perturbation and from the quasi-steady stpfgoximation (QSSA). Here,
we haveSiot = 100 NM,Eiot = 1 nM,a= 10 nM I min 1, d= 10 min 1, andk = 0:1 min 1.
The full model is the one in equation3.25).

and _ B
- T3P SO=Sa NPO) PO:  @29)
which are di erent from expression8 26).

These expressions are close to those in equa8dg)(only when @=@ is
small enough. In the plots of FiguB22 we show the time trajectories of the orig-
inal system, of the Michaelis-Menten quasi-steady state approximation (QSSA
and of the singular perturbation approximation. In the original model (sola& lin
in Figure3.22), E(t) starts from a unit concentration and immediately collapses to
zero as the enzyme is all consumed to form the complex C by the substrath, whic
is in excess. SimilarhC(t) starts from zero and immediately reaches the maximum
possible value of one.

In the quasi-steady state approximation, biatt) andC(t) are assumed to sta-
bilize immediately to their (quasi) steady state and then stay constant. This is de-
picted by the dotted plots in Figu®22, in which E(t) stays at zero for the whole
time andC(t) stays at one for the whole time. This approximation is fairly good
as long as there is an excess of substrate. When the substrate cdimeguas
to zero as it is all converted to product, the complex concentr&igoes back to
zero (see solid line of Figui22). At this time, the concentrations of complex and
enzyme substantially change with time and the quasi-steady state approximation is
unsatisfactory. By contrast, the reduced dynamics obtained from thelainmer-
turbation approach well represent the dynamics of the full system ewamgcdhis
transient time. Hence, while the quasi-steady state approximation is goodsonly a
long as there is an excess of substrate in the system, the reduced dynhmics o
tained by the singular perturbation approach are a good approximatinmwnen
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P

Figure 3.23: The slow manifold of the systein= h(P) is shown by the solid line. The
dashed lines show the trajectories of the the full systg25. These trajectories collapse
into an -neighbor of the slow manifold.

the substrate concentration goes to zero.

In Figure3.23 we show the curv€ = h(P) and the trajectories of the full sys-
tem. All of the trajectories of the system immediately collapse into-arighbor
of the curveC = h(P). From this plot, it is clear tha®=@ is small as long as the
product concentratioR is small enough, which corresponds to a substrate concen-
tration S large enough. This con rms that the quasi-steady state approximation is
good only as long as there is excess of subs®ate r

Exercises

3.1 (Frequency response of a phosphorylation cycle) Consider the rabdedo-
valent modi cation cycle as illustrated in Chapt2iin which the kinase Z is not

conserved, but it is produced and decays according to the reac)ic(ﬁ)w Z. Let
u(t

u(t) be the input stimulus of the cycle and Kt be the output. Determine the fre-
quency response & to u, determine its bandwidth, and make plots of it. What
parameters can be used to tune the bandwidth?

3.2 (Design for robustness) Consider a one-step reaction model forsplpbiry-
lation cycle as seen in Secti@¥, in which the input stimulus is the time-varying
concentration of kinas&(t). When found in the cellular environment, this cycle is
subject to possible interactions with other cellular components, such asrhe no
speci c or speci ¢ binding of X* to target sites, to noise due to stochasticitthe
cellular environment, and to other cross-talk phenomena. For now, wibicdrof
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these disturbances as acting like an aggregate rate of change on thiepootgin
X*, which we calld(t). Hence, we can model the “perturbed” cycle by
[

X X
— =Z(kXiot 1 ——  koYiorX +d(1):
dt () 1/\tot Xeot 2 Ttot ()
Assume that you can tune all the parameters in this system. Can you tune these
parameters so that the responseXoft) to d(t) is arbitrarily attenuated while the
response oK (t) to Z(t) remains arbitrarily large? If yes, explain how these param-
eters should be tuned to reach this design objective.

3.3 (Design limitations) This problem illustrates possible limitations that are in-
volved in any realistic design question. Here, we examine this through thre ope
loop and negative feedback transcriptional component. Speci callyyvanat to
compare the robustness of these two topologies to perturbations. We meske| th
perturbations as a time-varying disturbanceeting the production rate of mRNA

m and protein P. To slightly simplify the problem, we focus only on disturbances
a ecting the production of protein. The open loop model becomes

dmp _ . dP _ .
So= 0 M = me Prde);
and the negative feedback system becomes
dmp _ ) dP _ )
a - T Trexy ™ G- ™ Prdo:

Answer the following questions:

(a) After performing linearization about the equilibrium point, determine ana-
lytically the frequency response Bfto d for both systems.

(b) Sketch the magnitude plot of this response for both systems, comparge the
and determine what happens aand increase (note: if your calculations
are correct, you should nd that what really matters for the negativd-fee
back system is the product, which we can view as thieedback gaihp Is
increasing the feedback gain the best strategy to decrease the sengitivity
the system to the disturbance?

(c) Pick parameter values and use MATLAB to draw plots of the frequesicy
sponse magnitude and phase as the feedback gain increases and yalidate
predictions in (b). (Suggested parameters1 hrs 1, =1hrs! K=1nM,
n=1, =f1,10,100100Q::9.

(d) Investigate the answer to (c) when you hawe20 hrs 1, that s, the timescale
of the mRNA dynamics becomes faster than that of the protein dynamics.
What does change with respect to what you found in (c)?
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Figure 3.24: Circuit topologies with two proteins: A and B.

(e) When is at least 10 times larger thanyou can approximate thra dynam-
ics to the quasi-steady state. So, the two above systems can be reduced to
one di erential equation. For these two reduced systems, determine analyti-
cally the frequency responsedand use it to determine whether arbitrarily
increasing the feedback gain is a good strategy to decrease the sensitivity
response to the disturbance.

3.4 (Adaptation) Show that the dynamics of the “sei” in equation 8.16 can
be taken into the standard integral feedback form through a suitablgehan
coordinates.

3.5(Bendixson criterion) Consider the system

dxg dx

—= B+ X, == =X
dt 22 b dt 1

When > 0, Bendixon's criterion rules out the existence of a periodic solution in

R2. Assume now = 0, determine whether the system admits a limit cycl®én

(Hint: consider the functioV = x§+ >§ and determine the behavior ¥{t) when

X1(t) andxy(t) are solutions to the above system).

3.6 (Bendixson criterion) Consider the possible circuit topologies of Fi@.24,
in which A and B are proteins and activation J and repressionaj interactions
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represent transcriptional activation or repression. Approximate theARNam-
ics at the quasi-steady state. Use Bendixson's criterion to rule out tapsltuat
cannot give rise to closed orbits.

3.7 (Two gene oscillator) Consider the feedback system composed of tvas gen
expressing proteins A (activator) and R (repressor), in which wetddny A, R,

ma, andmg, the concentrations of the activator protein, the repressor protein, the
MRNA for the activator protein, and the mRNA for the repressor protegpee
tively. The di erential equation model corresponding to this system is given by

dma _ e AMR_ (AKYT .
dt ~— 1+(RKy)n at 1+ (AKy)m R
dA drR
— = A — = R
ac . ™A at = R

Determine parameter conditions under which this system admits a stable limit cy-
cle. Validate your ndings through simulation.

3.8(Goodwin oscillator) Consider the simple set of reactions

k k k
XJUXg T Xy 1 Xy

Assume further that Xis a transcription factor that represses the production of pro-
tein X; through transcriptional regulation (assume simple binding pfoXDNA).
Neglecting the mRNA dynamics of )X write the di erential equation model of
this system and determine conditions on the lemgtii the cascade for which the
system admits a stable limit cycle. Validate your ndings through simulation.

3.9 (Phosphorylation via singular perturbation) Consider again the modetof a
valent modi cation cycle as illustrated in Secti@x in which the kinase Z is not
constant, but it is produced and decays according to the reaction

Z * , .
)u(t)

(@) Consider thatl  k; ; u(t) and employ singular perturbation with small pa-
rameter = =dto obtain the approximated dynamics4gt) andX (t). How is this
di erent from the result obtained in Exercizd2?

(b) Simulate these approximated dynamics wh@his a periodic signal with fre-
guency! and compare the responses of Z of these approximated dynamics to those
obtained in Exercis@.12as you changé . What do you observe? Explain.
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3.10(Hill function via singular perturbation) Show that the slow manifold of the
following system is asymptotically stable:

ax ) _ dmy c .
dt K_mx ¢ %X dez( o O G dt |
dC dy _

= K—dXZ(ptot ¢ G dt ~

3.11(Enzyme dynamics via singular perturbation) Show that the slow manifold of
the following system is asymptotically stable:

dP

dc = KL(EtOt C) (Stot P) kC kC, — =kC;
d

dt dt
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Chapter 4
Stochastic Modeling and Analysis

In this chapter we explore stochastic behavior in biomolecular systems, louildin
on our preliminary discussion of stochastic modeling in Sec8dn We begin

by reviewing methods for modeling stochastic processes, including the cthemica
master equation (CME), the chemical Langevin equation (CLE) and theeFokk
Planck equation (FPE). Given a stochastic description, we can therzartaly
behavior of the system using a collection of stochastic simulation and analysis
tools. This chapter makes use of a variety of topics in stochastic processesrs
should have a good working knowledge of basic probability and somesaxpto
simple stochastic processes.

4.1 Stochastic Modeling of Biochemical Systems

Biomolecular systems are inherently noisy due to the random nature of molec-
ular reactions. When the concentrations of molecules are high, the detéieninis
models we have used in the previous chapters provide a good descriptioe o
dynamics of the system. However, if the molecular counts are low then it is often
necessary to explicitly account for the random nature of events. In disis, the
chemical reactions in the cell can be modeled as a collection of stochastis even
corresponding to chemical reactions between species. These inclutilegoamd
unbinding of molecules (such as RNA polymerase and DNA), converdione®

set of species into another, and enzymatically controlled covalent modirgatio
such as phosphorylation. In this section we will brie y survey some of thed

ent representations that can be used for stochastic models of biocheysiEahs,
following the material in the textbooks by Philligg al. [75], Gillespie [32] and

Van Kampen $1].

Statistical mechanics

At the core of many of the reactions and multi-molecular interactions that take
place inside of cells is the chemical physics associated with binding between two
molecules. One way to capture some of the properties of these interactions is
through the use of statistical mechanics and thermodynamics.

As described brie y already in Chapt&; the underlying representation for
both statistical mechanics and chemical kinetics is to identify the appropriate mi-
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Figure 4.1: System in contact with a reservoir. While themxishange of energy between
the system and the reservoir, there is no exchange of enetgyebn them and the rest of
the world.

crostates of the system. A microstate corresponds to a given con guctite
components (species) in the system relative to each other and we mustrateume
all possible con gurations between the molecules that are being modeled.

In statistical mechanics, we model the con guration of the cell by the pribbab
ity that the system is in a given microstate. This probability can be calculated bas
on the energy levels of the deérent microstates. Consider a setting in which our
system is in contact with a reservoir (FigWtel). Let E; represent the energy in
the reservoirEg the energy in the system aiith; = E; + Eg the total (conserved)
energy. Given two dierent energy level&q, andEg, for the system of interest,
let Wi (Etot  Eq;) be the number of possible microstates of the reservoir with en-
ergyEr = Eiot  Eq,i=1,2. The laws of statistical mechanics state that the ratio of
probabilities of being in microstateg andgy is given by the ratio of number of
possible states of the reservoir:

P(qu) — WI’(EtOt qu)_
P(EQ2) Wr(Etot EQ2).

De ning the entropy of the reservoir &; = kglnW;, wherekg is Boltzmann's
constant, we can rewrite equatichl) as

Wi (Etot  Eqy) ~ e (Erot qu):ks_
WI’(EtOt qu) B eSr(Etot Eq,)=&s "

(4.1)

We now approximat&, (E; Es) in a Taylor series expansion arouBgy, under
the assumption thd, Eg:

@
Si(Etot Es) Sr(Etot) _rEs:

@

From the properties of thermodynamics, if we hold the volume and number of
molecules constant, then we can de ne the temperature as

@ 1

@\AN_T
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and we obtain
P(Eq) e Eq1=kBT.

PEy) e Fudor

This implies that
PEq/ e EatkeT)

and hence the probability of being in a microstqis given by
P(q) = %e Eq(keT). (4.2)

where we have writte, for the energy of the microstate a@ds a normalizing
factor, known as theartition function de ned by

X
Z= e Balke),
q2Q

In many situations we do not care about the speci ¢ microstate that a system
is in, but rather whether the system is in any one of a number of microstates tha
all correspond to the same overall behavior of the system. For exampheilive
often not care whether a speci c RNA polymerase is bound to a promatér, b
rather whetheany RNA polymerase is bound to that promoter. We call the collec-
tion of microstates that is of interestnaacrostatgor sometimesystem staje A
macrostate is de ned as a a set of stdfes Q that correspond to a given condi-
tion that we wish to monitor. Given a macrost&ethe probability of being in that
macrostate is p

_1X Eq=(keT) — 925 €
PS)== e=a®l=
Z s Q€

It is this probability that allows us, for example, to determine whether any RNA
polymerase molecule is bound to a given promoter, averaged over mapemde
dent samples. We can then use this probability to determine the rate of éapress
of the corresponding gene.

(4.3)

Example 4.1(Transcription factor binding)Suppose that we have a transcription
factor R that binds to a speci c target region on a DNA strand (such agritie
moter region upstream of a gene). We wish to nd the probabMiy,nqthat the
transcription factor will be bound to this location as a function of the number of
transcription factor moleculess in the system. If the transcription factor is a re-
pressor, for example, knowir,oundnr) will allow us to calculate the likelihood

of transcription occurring.

To compute the probability of binding, we assume that the transcription factor
can bind non-speci cally to other sections of the DNA (or other locations @ th
cell) and we leiN,s represent the number of such sites. WeHgjungrepresent the
free energy associated with R bound to its speci ed target regioreagicpresent
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the free energy foR in any other non-speci c location, where we assume that
Epound< Ens. The microstates of the system consist of all possible assignments of
the ng transcription factors to either a non-speci c location or the target region o
the DNA. Since there is only one target site, there can be at most oneripdiosc
factor attached there and hence we must count all of the ways in whicln zéiwe

or one molecule of R are attached to the target site.

If none of theng copies of R are bound to the target region then these must be
distributed between thi,s non-speci ¢ locations. Each bound protein has energy
Ens, SO the total energy for any such con gurationnisEns. The number of such
combinations is'\;>* , assuming th&s are indistinguishable, and so the contribu-
tion to the partition function from these microstates is

!
Zoo= s o mEneT) o Nos' o gk,
NR NR!(Nns  NR)!

For the microstates in which one molecule of R is bound at a target site and the
otherng 1 molecules are at the non-speci ¢ locations, we have a total energy of
Epoundt (\R  1)Ens and (n';'”sl) possible such states. The resulting contribution to
the partition function is

an! E 1
7 — e (Epound (NrR )Ens):(kBT):
pound = (e 1)I(Nns Nr+ 1)!

The probability that the target site is occupied is now computed by looking at
the ratio of theZyoungto Z = Zns+ Zpoung After some basic algebraic manipulations,
it can be shown that
ﬁﬁwl exp (Epound* Eng)=(ksT) _
+ ﬁﬁwl exp (Ebound* Ens)(ksT)

PboundNR) =
1

If we assume thalll,s nrthenNps nr+1 Nps, and we can write

knR
1+kng’

1
PboundNR) where k= N EXP (Ebound Eng)=ksT) :  (4.4)
ns
As we would expect, this says that for very small numbers of represBg¥isd
is close to zero, while for large numbers of repressBgsung! 1. The point at
which we get a binding probability of 0.5 is wher = 1=k, which depends on the
relative binding energies and the number of non-speci c binding sites. r

Example 4.2(Combinatorial promoter)As mentioned in Sectiof.3, a combina-
torial promoter is a region of DNA in which multiple transcription factors can bind
and in uence the subsequent binding of RNA polymerase (RNAP). Coatdviial
promoters appear in a number of natural and engineered circuits amdeapa
mechanism for creating switch-like behavior.
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Jstochastic/figures/combopromoter.eps

Figure 4.2: Two possible con gurations of a combinatoriedqmoter where both an activa-
tor and a repressor can bind to speci ¢ operator sites. Wey stom gurationsSz andSs
referring to Tablet.1

One method to model a combinatorial promoter is to use the binding energies
of the di erent combinations of proteins to the operator region, and then compute
the probability of being in a given promoter state given the concentratiosobi ef
the transcription factors. Tabdel shows the possible states of a notional promoter
that has two operator regions—one that binds a repressor protein Rnatier
that binds an activator protein A.

As indicated in the table, the promoter has three (possibly overlappinghegegio
of DNA: OR1 and OR2 are binding sites for the repressor and activatbeips,
respectively, and Prom is the location where RNA polymerase binds. ifitle
vidual labels are primarily for bookkeeping purposes and may not sporel to
physically separate regions of DNA.)

To determine the probabilities of being in a given macrostate, we must com-
pute the individual microstates that occur at given concentrations tdgsgr, ac-
tivator and RNA polymerase. Each microstate corresponds to an indiaduaf
molecules binding in a speci ¢ con guration. So if we hawgrepressor molecules,
then there is one microstate correspondingaohdi erent repressor molecule that

Table 4.1: Con gurations for a combinatorial promoter wah activator and a repres-
sor. Each row corresponds to a speci ¢ macrostate of the ptemn which the listed

molecules are bound to the target region. The relative gnef@ state compared with
the ground state provides a measure of the likelihood ofgtete occurring, with more
negative numbers corresponding to more energeticallyr&le con gurations.

State  OR1 OR2 Prom Eq( G) Comment

St - - - 0 No binding (ground state)

S - - RNAP 5 RNA polymerase bound

S3 R - - 10 Repressor bound

S, - A - 12 Activator bound

S5 - A RNAP 15 Activator and RNA polymerase
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is bound, resulting img individual microstates. In the case of con gurati&a,
where two di erent molecules are bound, the number of combinations is given by
the product of the numbers of individual moleculeg, nrnap, re ecting the pos-
sible combinations of molecules that can occupy the promoter sites. Thdlovera
partition function is given by summing up the contributions from each microstate:

Z = e EotkeT) 4 noape ErnarskeT) 4 o o ErkeT)
+nNpe EaztkeT) 4 NaANRNAPE EA:RNAP:(kBT)Z (45)
The probability of a given macrostate is determined using equadi@ (or
example, if we de ne the promoter to be “active” if RNA polymerase is bound

to the DNA, then the probability of being in this macrostate as a function of the
various molecular counts is given by

1
o _ E keT =N keT
Pactive(NR; NA; NRNAP) = > MRNAPE ruapkeT) 4 n nrnape ErmaekeT)

_ Ka:rRNAP NA + KrnAP ,
1+ krnap+ krNR + (Ka + Ka:rnap)DA

where
kX —-e (Ex EO):(kBT):

From this expression we see thatif na thenPycivetends to O while iy nr
thenPggve tends to 1, as expected. r

Chemical master equation (CME)

The statistical physics model we have just considered gives a descrigtibe
steady statgroperties of the system. In many cases, it is clear that the system
reaches this steady state quickly and hence we can reason aboutdkimbehthe
system just by modeling the energy of the system. In other situations, howeve
care about the transient behavior of a system or the dynamics of a dystedoes

not have an equilibrium con guration. In these instances, we must extentbr-
mulation to keep track of how quickly the system transitions from one microstate
to another, known as thehemical kinetic®f the system.

To model these dynamics, we return to our enumeration of all possible mi-
crostates of the system. LB{q;t) represent the probability that the system is in
microstateq at a given timet. Hereq can be any of the very large number of
possible microstates for the system, which for chemical reaction systemsnwe ca
represent in terms of a vector consisting of the number of molecules ofpactes
that is present. We wish to write an explicit expression for Hrfe;t) varies as a
function of time, from which we can study the stochastic dynamics of the system.

representing the change in state associated with redgtiGpeci cally, jis given
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by the jth column of the stoichiometry matrikl (Section2.1). The propensity
functionde nes the probability that a given reaction occurs in a siently small
time stepdt:

aj(g;it)dt = Probability that reactio® will occur between time
and timet + dt given that the microstate &g

The linear dependence att relies on the fact thalt is chosen su ciently small.
We will typically assume thaa; does not depend on the timend writea;(g)dt
for the probability that reactiopoccurs in state.
Using the propensity function, we can compute the distribution of states at time
t+ dt given the distribution at time

W X
P(q:t+dt)=P(q:t)_ 1 aj(q)dt+_ P@ paj(@ jdt
F)lM = (4.6)
=P+ aj@ P it a(@P(ot) dt+O(dt);
j=1

whereO(dt?) represents higher order termsdn Sincedt is small, we can take the
limitasdt! 0 and we obtain thehemical master equatiqit ME):

@ X
@(q:t):_ aj(@ PP@ it a(@P@t): (4.7)
=1

This equation is also referred to as theward Kolmogorov equatiofor a discrete
state, continuous time random process.

Despite its complexity, the master equation does capture many of the important
details of the chemical physics of the system and we shall use it as ourépiee
sentation of the underlying dynamics. As we shall see, starting from thatiegu
we can then derive a variety of alternative approximations that allow ussteean
speci ¢ questions of interest.

The key element of the master equation is the propensity funat{ogt), which
governs the rate of transition between microstates. Although the detailedofalue
the propensity function can be quite complex, its functional form is oftetivelg
simple. In particular, for a unimolecular reaction of the forrh AB, the propensity
function is proportional to the number of molecules of A that are present:

aj(g;t) = kjna: (4.8)

This follows from the fact that the reaction associated with each moleculesds ind
pendent and hence the likelihood of a reaction happening dependydinethe
number of copies of A that are present.



146 CHAPTER 4. STOCHASTIC MODELING AND ANALYSIS

Similarly, for a bimolecular reaction, we have that the likelihood of a reaction
occurring is proportional to the product of the number of molecules df égme
that are present (since this is the number of independent reactiongthaccur)
and inversely proportional to the volume Hence, for a reaction of the form-+A
B! Cwe have

k.
aj(g;t) = “nang: (4.9)

The rigorous veri cation of this functional form is beyond the scope &f text, but
roughly we keep track of the likelihood of a single reaction occurring betws

and B and then multiply by the total number of combinations of the two molecules
that can reacty ng).

A special case of a bimolecular reaction occurs whenBj\ so that our reaction
is given by A+ A'! B. In this case we must take into account that a molecule
cannot react with itself and that the molecules are indistinguishable, and so th
propensity function is of the form

=2 A D, (4.10)
Here,na(na 1)=2 represents the number of ways that two molecules can be chosen
from a collection o, identical molecules.

Note that the use of the parametgrin the propensity functions above is in-
tentional since it corresponds to the reaction rate parameter that is pireslea
reaction rate equation models we used in Chapt&he factor of for bimolecu-
lar reactions models the fact that the propensity of a bimolecular reactianringr
depends explicitly on the volume in which the reaction takes place.

Although it is tempting to extend the formula for a bimolecular reaction to the
case of more than two species being involved in a reaction, usually suttforea
actually involve combinations of bimolecular reactions, e.qg.:

A+B+C! D 9 A+B!' AB AB+C! D:

This more detailed description re ects that fact that it is extremely unlikely that
three molecules will all come together at precisely the same instant. The much
more likely possibility is that two molecules will initially react, followed by a sec-
ond reaction involving the third molecule.

Example 4.3 (Repression of gene expressioWye consider a simple model of
repression in which we have a promoter that contains binding sites for RINA p
merase and a repressor protein R. RNA polymerase only binds whemtiesser

is absent, after which it can undergo an isomerization reaction to form am op
complex and initiate transcription (see Sect@@). Once the RNA polymerase
begins to create mMRNA, we assume the promoter region is uncovered, allowing
another repressor or RNA polymerase to bind.
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The following reactions describe this process:

R1 R+DNA! R:DNA

R2 R:DNA! R+DNA

R3 RNAP+DNA! RNAP:DNA°

R4: RNAP:DNA°!  RNAP+DNA

R5.  RNAP:DNA®!  RNAP:DNA°

R6.  RNAP:DNA°!  RNAP+DNA + mRNA;
where RNAP : DNA represents the closed complex and RNAP : DNépresents
the open complex, and reactiBh lumps together start of transcription, elongation,
and termination. The states for the system depend on the number of moleftules o

each species that are present. If we assume that we starhyvittpressors and
nrnap RNA polymerases, then the possible states for our system are given by

State DNA R RNAP R:DNA RNAP:DNA RNAP :DNA°
of] 1 NR NRNAP 0 0 0
02 0 nr 1 nrnae 1 0 0
O3 0 NRR Nrnap 1 0 1 0
04 0 R Nrnap 1 0 0 1

Note that we do not keep track of each individual repressor or RNpnperase
molecule that binds to the DNA, but simply keep track of whether they arecbhoun
or not.

We can now rewrite the chemical reactions as a set of transitions between the
possible microstates of the system. Assuming that all reactions take placelin a vo
ume , we use the propensity functions for unimolecular and bimolecular reactions
to obtain:

RL  qg! 0y a(th)=(ki= )nr R4  d3! 0 au(ds)=ka

RZ q,! 0 a(g2) = ko RS q! ds as(0z) = ks

R3 o' a3 a3(oy) = (ks= )Nrnap R6. q,] q;; as(ts)=Kks
The chemical master equation can now be written down using the propensity fu
tions 8for eacg regction: 98 o

P(a1;t) (k1= )nr (k3= Inrnap ko P(0;t)

d gP(a2;t)§ _ (k1= )nr k> 0 P(a; g,

dt£P(as:t) (k3= )NrnaP 0 ks O £8P(ast)g’
“P(agt) - 0 0 k5 Ke' * P(dast)

The initial condition for the system can be takerPég; 0) = (1;0;0;0), correspond-
ing to the state);. A simulation showing the evolution of the probabilities is shown
in Figure4.3
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0 20 40 60
time

Figure 4.3: Numerical solution of chemical master equattorsimple repression model.

The equilibrium solution for the probabilities can be solved by setng 0,
which yields:

Pu(ay) = koky (kg +ks) ;
kiksnNr(Ks + Ks) + kokanrnap(Ks + Ke) + koks  (Ks + Ks)
Pe(cl) = kel T1e) :
kikeNr(Ka + Ks) + kokanrnap(Ks + Ke) + koks  (Ks + ks)
Pu(C) = KoksksNrnAP ;
kikeNr(Ka + ks) + kokanrnap(Ks + Ke) + koks (K4 + ks)
Po(c) = koksksnrnap

KekonR(Ks + Ks) + Kokanruap(Ks + ko) + kaks (Ka+ Kg)

We see that the equilibrium distributions depend on the relative strengthsest d
ent combinations of the rate constants for the individual reactions in thensys
For example, the probability that a repressor molecule is bound to the proisioter
given by

k1kenr(Ka + Ks) .
kiksnr(Ks * ks) + kokanrnap(ks + Ke) + koks (ks + k)’

which has a functional form similar to equatiah4). Note that here that the proba-
bility depends on the volume because we used a dirent model for the diusion
of the represessor R (previously we assumed all repressors wetgproi cally
bound to DNA).

PooundNR) = Pe(d2) =

r

Example 4.4(Transcription of mMRNA) Consider the production of mMRNA from

a single copy of DNA. We have two basic reactions that can occur: mRMA ca
be produced by RNA polymerase transcribing the DNA and producing adAnR
strand, or mRNA can be degraded. We represent the micragtdtthe system in
terms of the number of MRNA's that are present, which we writa &8 ease of
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notation. The reactions can now be represented ast 1, corresponding to tran-
scription and , = 1, corresponding to degradation. We choose as our propensity
functions

a(mt) = ; a(mt)= n;

by which we mean that the probability that a gene is transcribed indinse dt
and the probability that a transcript is created in tihhes ndt (proportional to the
number of MRNAS).
We can now write down the master equation as described above. Equaépn (
becomes
X X
P(n;t+dt) = P(n;t) 1 a(n;t)dt + P(n i;ta(g )dt
i=1;2 i=1;2
=P(n;t) ai(nt)P(n;t) ax(n;t)P(n;t)
+ai(n Lt)P(n 1;t)+ax(n+ L;t)P(n+ 1;t)
=P(n;t)+ P(n Lt)dt ( + n)P(nt)dt+ (n+1)P(n+1;t)dt:

This formula holds fon = 1;2;:::, with then = 0 case satisfying
P(0;t+dt)= P(O;t) P(O;t)dt+ P(1;t)dt:

Notice that we have an in nite number of equations, sincean be any positive
integer.

We can write the dierential equation version of the master equation by sub-
tracting the rst term on the right hand side and dividingdity

dEtP(n;t)= P(n 1;t) ( + nP(mt)+ (n+1)P(n+1;t), n=1:2::::
dEtP(O;t)= P(O;t)dt+ P(1;t):

Again, this is an in nite number of dierential equations, although we could take
some limitN and simply declare th&(N;t) = 0 to yield a nite number.

One simple type of analysis that can be done on this equation without truncating
it to a nite number is to look for a steady state solution to the equation. In this
case, we se®(n;t) = 0 and look for a constant solutid?(n;t) = pe(n). This yields
an algebraic set of relations

0= pe(0)+ pe(l) Pe(0) = Ppe(1)
0= pe(0) ( + )pe(1)+2 pe(2) Pe(1) = 2 pe(2)

0= pe(l) ( +2)pe(2)+3 pe(3) =) Pe(2) =3 pe(3)

0= pe(n 1) ( + npe(n)+ (n+1)pe(n+1) p(n 1)=n p(n):
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Using this recursive expression to obtgifm) as a function op(0), we obtain

p)= — "~ p(O)

, P
Further, using that r11:o p(n) = 1, we have that

n=0

. - P - : - :
from which, considering that 1:0 - n% = e~ , we obtainp(0)=e ~ , which
nally leads to the Poisson distribution

p(n)=e”

The mean, variance and coeient of variation are thus
r _

1
; - CV=—=p== -

Note that the coecient of variation increases if decreases. Thus as we have a
small number of MRNA molecules present, we see higher variability in the (rela-
tive) mRNA concentration. r

Chemical Langevin equation (CLE)

The chemical master equation gives a complete description of the evolutioa of th
probability distribution of a system, but it can often be quite cumbersome to work
with directly. A number of approximations to the master equation are thus used
to provide more tractable formulations of the dynamics. The rst of thesevibat
shall consider is known as tlehiemical Langevin equatiqiCLE).

To derive the chemical Langevin equation, we start by assuming that theenumb
of molecules in the system is large and that we can therefore represaytstben
using a vectoX 2 R", with X; representing the (real-valued) number of molecules
of species § (OftenX; will be divided by the volume to give a real-valued concen-
tration of species;§ In addition, we assume that we are interested in the dynamics
on time scales in which individual reactions are not important and so we o&n lo
at how the system state changes over time intervals in which many reactiams occ
and hence the system state evolves in a smooth fashion.

Let X(t) be the state vector for the system, where we assume now that the ele-
ments ofX are real-valued rather than integer valued. We make the further approx-
imation that we can lump together multiple reactions so that instead of keeping
track of the individual reactions, we can average across a numbeactions over
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atime to allow the continuous state to evolve in continuous time. The resulting
dynamics can be described by a stochastic process of the form

) wooo o_
Xit+ ) =X+  gaX®) +  ijaT (XONO; T );
=1 =1

wherea; are the propensity functions for the individual reactiogsare the corre-
sponding changes in the system staeandN j are a set of independent Gaussian
random variables with zero mean and variance

If we assume that is small enough that we can use the derivative to approxi-
mate the previous equation (but still large enough that we can averagmoligple
reactions), then we can write

dx () _ Mo A
g c Ao ) 0 =AXO+ BiXM) )
=1 =1 =1
(4.11)
where ; are white noise processes (see Secfid). This equation is called the

chemical Langevin equatiqiCLE).

Example 4.5(Protein production) Consider a simpli ed two-step model of pro-
tein production in which mRNA is produced by DNA and protein by mRNA. We
do not model the detailed processes of isomerization and elongation of th& mRN
and polypeptide chains. We can capture the state of the system by keegikoftr
the number of copies of DNA, mRNA, and protein, which we denoteXby Xm
andXp, respectively, so thaX = (Xp; Xm; Xp).

The simpli ed reactions with the corresponding propensity functions arengi
by

RL DNAl mRNA+DNA 1= (0;1;0) a(X)= Xpo
R2 mRNA 2=(0; 1,0) a(X)= Xm
R3 mRNA mRNA+ protein 3=(0;0;1) az(X)= Xm
R4.  proteit 4=(0;0; 1) as(X)=  Xp:

Using these, we can write the Langevin equation as

d P—— P——
d_xtm = Xp Xm+ Xbp 1(t) Xm 2(t)1
d P— P—
d_>§[P = Xn Xpt Xm 3(t) Xp 4(t):

We can keep track of the species concentration by dividing the numberetutes
by the volume . Lettingm= X,= ,P=Xp= ,and o= Xp= , we obtain the
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nal expression
8 9

LRI IR WS M|

where p, and p are independent white noise processes with unit variance (note
that here vise_havedj_sed thﬁ@nd > are Gaussian white noises with unit vari-
ance,then a 1+ b = a+b with also a Gaussian white noise with unit
variance). r

Sla

The Langevin equation formulation is particularly useful as it allows to study
the stochastic properties of the system by studying how the state respoads to
(stochastic) input. Hence, a few of the tools available for studying ioptgut
dynamic behavior can be employed (see Se@idnSection3.2, and Sectiod.3).

Fokker-Planck equations (FPE)

The chemical Langevin equation provides a stochastic ordinamrential equa-
tion that describes the evolution of the system state. A slightlermint (but com-
pletely equivalent) representation of the dynamics is to model how the probab
ity distribution P(x;t) evolves in time. As in the case of the chemical Langevin
eqguation, we will assume that the system state is continuous and write down a fo
mula for the evolution of the density functiquix;t). This formula is known as the
Fokker-Planck equatiofFPE) and is essentially an approximation to the chemical
master equation.

Consider rst the case of a random process in one dimension. We ashaine
the random process is in the same form as in the previous section:

% = A(X(t)) + B(X(t)) (t): (4.12)

The functionA(X) is called thedrift term and B(X) is thedi usion term It can
be shown that the probability density function &r p(x;t), satis es the partial
di erential equation

@ @ 1@
—(xt)= = AXt)p(xt) + -—
@0= G AKDRKY +5 =
Note that here we have shifted to the probability density function since we are
consideringX to be a continuous state random process.

In the multivariate case, a bit more care is required. Using the chemicagizaing
equation 4.11), we de ne

B2(x;t)p(x;t) : (4.13)

1Y o
Dij(x;t) = > Bik (X t)Bjk(x;t); i<j=21;::0M
k=1
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The Fokker-Planck equation now becomes

@ ... Y@, oo Y e o
@(X!t) - i:1_i AI(X!t)p(X!t) + - J:l@l@J DIJ(X!t)p(X!t)' (414)

Note that the Fokker-Planck equation is very similar to the chemical master
equation: both provide a description of how the probability distribution vases
function of time. In the case of the Fokker-Planck equation, we regarstée as
a continuous set of variables and we write a partiakdéntial equation for how
the probability density function evolves in time. In the case of the chemical master
equation, we have a discrete state (microstates) and we write an ordinary di
ential equation for how the probability distribution (formally the probability mass
function) evolves in time. Both formulations contain the same basic information,
just using slightly di erent representations of the system and the probability of
being in a given state.

Reaction rate equations (RRE)

As we already saw in Chapt2rthe reaction rate equations can be used to describe
the dynamics of a chemical system in the case where there are a large mafmber
molecules whose state can be approximated using just the concentratioms of th
molecules. We re-derive the results from Secttohhere, being more careful to
point out what approximations are being made.

We start with the chemical Langevin equati@nl(l), which has the form

0 W w
RO A x)+ a2 (X))

dt =1 =1

While we have not derived this expression in detail, we note that the rgt ter
simply says that the value of the random variakleictuates according to possible
reaction vectorsj scaled by the probability that reactigroccurs in timedt.

We are now interested in how the mean of the concentra§ievolves. Writing
hXii for the mean (taken over many d@irent samples of the random process), the
dynamics of the each species at each point in time is given by

i _ :
IO rmy @15)

=1

where the second term in the Langevin equation drops out under the atesol
thatthe j's are independent processes with zero mean. We see that the reatgion r
equations follow by de ningx = hXji= andassuminghatha;(X(t))i = aj(hX(t)i).
This relationship is true wheaj is linear (e.qg., in the case of a unimolecular reac-
tion), but is an approximation otherwise.
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The formal derivation of the reaction rate equations from the chemical maste

tions (see the original work of Gillespi@4] for a full derivation). In particular,

it requires that the chemical system is well-stirred (no spatial structuieg)itib
molecular counts are sieciently high that we can approximate concentrations with
real numbers, and that the time scales of interest are appropriately |tmaf soul-
tiple individual reactions can be appropriately averaged, and yet sathe time

su ciently short so that we can approximate the derivative through a nite dif-
ferent approximation. As we have noted previously, most biological systeve
signi cant spatial structure (thus violating the well-stirred assumption)nindels
based on that assumption are still very useful in many settings. The lardgec-mo
ular count assumption is more critical in using the reaction rate equation &d on
must take care when molecular counts are in the single digits, for example.

4.2 Simulation of Stochastic Systems

Suppose that we want to generate a collection of sample trajectories fohastic
system whose evolution is described by the chemical master equétin (

d X X
d—tP(q:t)= | a(g DP@@ i) a(QP(q;t);

whereP(q;t) is the probability of being in a microstatgat timet (starting from
(o at timetp) and a(q) is the propensity function for a reactionstarting at a
microstateq and ending at microstatg+ ;. Instead of simulating the distribution
function P(q;t), we wish to simulate a speci c instanggt) starting from some
initial conditiongp(to). If we simulate many such instancesyfff), their distribution
at timet should matchP(q;t).

The Stochastic Simulation Algorithm

The stochastic simulation algorithm is a Monte Carlo procedure for numerically
generating time trajectories of the number of molecules of the various species
present in the system in accordance with the chemical master equation.

To illustrate the basic ideas that we will use, consider rst a simple birth gce
in which the microstate is given by an integg? f0; 1;2;:::gand we assume that
the propensity function is given by

a(g)dt= dt; =+1

Thus the probability of transition increases linearly with the time increrdée(go
birth events occur at rate, on average). If we assume that the birth events are
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independent of each other, then it can be shown that the numbenafigin time
is Poisson distributed with parameter.
o)
Pait+ ) dv=" =-e ;
where is the di erence in time and is the di erence in coung. In fact, this
distribution is a joint distribution in time and count. Setting™ = 1, it can be

shown that the time to the next reactidn,follows an exponential distribution and
hence has density function

pr()= e
The exponential distribution has expectation nd so we see that the average
time between events is inversely proportional to the reaction rate

Consider next a more general case in which we have a countable nubmber o
crostateg) 2 f0;1;2;:::gand we lek; represent the transition probability between
a microstaté and microstatg. The birth process is a special case giverkiby; =
and all othek;; = 0. The chemical master equation describes the joint probability
that we are in statq=i at a particular time. We would like to know the probabil-
ity that we transition to a new statp= j at timet + dt. Given this probability, we
can attempt to generate an instance of the varigft)edoy rst determining which
reaction occurs and then when the reaction occurs.

Let P(j; ):=P(j;t+ +d ji;t+ ) represent the probability that we transition
from the state to the statg in the time interval{+ ; t+ +d ]. For simplicity and
ease of notation, we will take= 0. LetT := Tj; be the time at which the reaction

rst occurs. We can write the probability that we transition to staiethe interval
[; +d]as
P(j; )=P(T> )kjd; (4.16)

whereP(T > ) is the probability that no reaction occurs in the time interval JO
andkjd is the probability that the reaction taking stat® statej occurs in the
nextd seconds (assumed to be independent events, giving the productef the
probabilities).
To computeP(T > ), de ne
X
ki=  Ki
j
so that (1 kj)d is the probability that no transition occurs from state the next
d seconds. Then, the probability that no reaction occurs in the inteyvatd ]
can be written as _
P(T> +d)=P(T> )1 k)d: (4.17)

It follows that

d . P> +d) P(T>) _
d_P(-r> )_d“!mo d -

P(T> )k:
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Solving this di erential equation, we obtain
PT> )=ek; (4.18)

so that the probability that no reaction occurs in tintecreases exponentially with
the amount of time that we wait, with rate given by the sum of all the reactions that
can occur from state

We can now combine equatiod.L8 with equation 4.16) to obtain

P(j; )=P(j; +d ji;0)=kje " d:

We see that this has the form of a density function in time and hence the pitgbab
that the next reaction is reactignindependent of the time in which it occurs, is
Z
kg =K
Pji = kje " d = —: (4.19)
0 ki

Thus, to choose the next reaction to occur from a statee choose betweeN
possible reactions, with the probability of each reaction weightekj; big .
To determine the time that the next reaction occurs, we sum over all possible
reactionsj to get the density function for the reaction time:
X _ _
pr()=  kie® =ke:
j
This is the density function associated with an exponential distribution. Towsmp
a time of reaction t that draws from this distribution, we note that the cumulative
distribution function forT is given by
z t z t
fr()d = kekd=1 ekt
0

The cumulative distribution function is always in the rangelJ@and hence we can
compute t by choosing a (uniformly distributed) random numlpen [0;1] and

then computing

1 1

=In—: (4.20)
ki 1 r

(This equation can be simpli ed somewhat by replacingriwith r® and noting
thatr®can also be drawn from a uniform distribution onp)

Note that in the case of a birth process, this computation agrees with our ear-
lier analysis. Namelyk; = and hence the (only) reaction occurs according to an
exponential distribution with parameter

This set of calculations gives the following algorithm for computing an inganc
of the chemical master equation:

t=

1. Choose an initial conditiog at timet = O.
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2. Calculate the propensity functioagq) for each possible reactian

3. Choose the time for the reaction according to equadd(), wherer 2[0;1]
is chosen from a uniform distribution.

4. Use a weighted random number generator to identify which reaction will
take place next, using the weights in equatiéri).

5. Updateg by implementing the reactionand update the timeby t
6. If T < Tstop goto Sted.

This method is sometimes called “Gillespie's direct meth@®, B3], but we shall
refer to it here as the “stochastic simulation algorithm” (SSA). We note that the
reaction number in stefpcan be computed by galculating a uniform random num-
ber on [Q1], scaling this by the total propensity; ai(q), and then nding the rst
reactioni such that Ij=0 a;j(q) is larger than this scaled random number.

4.3 Input/Output Linear Stochastic Systems

In many situations, we wish to know how noise propagates through a bionenlecu
system. For example, we may wish to understand how stochastic variation&in RN
polymerase concentration act gene expression. In order to analyze these cases,
it is useful to make use of tools from stochastic control theory that allowysisa
of noise propagation around a xed operating point.

We begin with the chemical Langevin equati@ni(l), which we can write as

PO = Aoy + BEx) o

The vectorX(t) consists of the individual random variabl¥gt) representing the
concentration of specieg,3he functionsA(X(t)) and B(X(t)) are computed from
the reaction vectors and propensity functions for the system, &na set of “white
noise” processes. For the remainder of this chapter, we will assume éhirity
tion A(X) is linear in X and thatB(X) is constant (by appropriately linearizing
around the mean state, if needed). We will also rewriges\W, to be more consis-
tent with the literature of stochastic control systems.

Random processes

It will be useful in characterizing the properties of the veckdt) to treat it as a
random process. We brie y review the basic de nitions here, primarily xahe
terminology we will use in the rest of the section.

A continuous-time random processsa stochastic system characterized by the
evolution of a random variabl¥(t), t 2 [0; T]. We are interested in understanding
how the (random) state of the system is related at separate times, i.e., how the two
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random variableX(t;) andX(t,) are related. We characterize the state of a random
process using a (joint) time-varying probability density functmn
Z XLu z Xnyu
P(fxi;  Xi(t) %9 = i Pxy;:x (6 DX 11Xy
X131 Xnyl

Note that the state of a random process is not enough to determine thenexiact
state, but only the distribution of next states (otherwise it would be a detetiminis
process). We typically omit indexing of the individual states unless the mgain
not clear from context.

We can characterize the dynamics of a random process by its statisticat-cha
teristics, written in terms of joint probability density functions:

P(x Xi(t X1y, X Xi(t X
(X Xi(t1) Xwixa  Xj(t)  Xou) .

Xou X1u
= Px;:x; (X5 X2 115 t2) dxg d o
X2l X1l
The functionp(x;; Xj; t1;t2) is called goint probability density functioand depends
both on the individual states that are being compared and the time instants over
which they are compared. Note that # |, thenpy,.x, describes howx; at timet;
is related taX; at timet,.

In general, the distributions used to describe a random process depehd
speci ¢ time or times that we evaluate the random variables. However, in some
cases the relationship only depends on thestince in time and not the abso-
lute times (similar to the notion of time invariance in deterministic systems, as
described in AM08). A process &ationaryif the distribution is not changing and
joint density functions only depend on the drences in times. More formally,
p(x;t+ )= p(xt) forall , p(xi;xj;te+ ; t2+ )= p(X;Xj;t1;t2), etc. In this case
we can writep(x;; Xj; ) for the joint probability distribution. Stationary distribu-
tions roughly correspond to the steady state properties of a randoesgrand we
will often restrict our attention to this case.

Since eaclX(t) is a random variable, we can de ne the mean and variance as

(t) and 2(t) using the previous de nitions at each tirtie
Z
O =EX®)=  xpxt)dx
1 Z,
2= E(X®)  ®))= . (x ()7 pxtydx

whereE( ) is the expected value. To capture the relationship between the current
state and the future state, we de ne ttarelation functionfor a random process

as zZ,
(t1;t2) == E(X[t] X[t2]) = . X1X2 P(Xq; X2; t1;t2) dXa d Xo:
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These de nitions can be extended to the vector case as well:
SEa)
EX®)=§ : E= (
" E(Xn(1))’
E((>8<(t) XL "= o
§E((X1(t) 1)) 20)) o BCG® 20)a(0) n(t)))§
" E =1 (1)
o E((Xn(®)  n(1)(Xn(t) 9n(t)))'
E(Xa()Xa(s)) it E(Xu(t)Xn(9))
E(X(1)XT(s)) = § e =:R(t;9)
' E(Xn(t)Xn(9))’

Note that the random variables and their statistical properties are all shtgxtbe
timet (ands). The matrixR(t; s) is called thecorrelation matrixfor X(t) 2 R". If

t = sthenR(t;t) describes how the elements)oére correlated at time(with each
other) and in the case that the processes have zero Rgdh= (t). The elements

on the diagonal of (t) are the variances of the corresponding scalar variables. A
random process is uncorrelatedrit; s) = 0 for allt, s. This implies tha¥X(t) and

X(s) are uncorrelated random events and is equivalepktg(x;y) = px(X)py(y).

If arandom process is stationary, then it can be showrRttat; s+ )= R(t;s)
and it follows that the correlation matrix depends onlytors. In this case we will
often write R(t;s) = R(s t) or simply R( ) where is the correlation time. The
covariance matrix in this case is simgR/0).

In the case wher& is a scalar random process, the correlation matrix is also a
scalar and we will write( ), which we refer to as the (scalar) correlation function.
Furthermore, for stationary scalar random processes, the correfatiotion de-
pends only on the absolute value of the correlation function( 9&=r( )=r( j).

This property also holds for the diagonal entries of the correlation matroesin
Ri(s;t) = Rji(t; s) from the de nition.

Example 4.6(Ornstein-Uhlenbeck processJonsider a scalar random process de-
ned by a Gaussian pdf with = 0,
2

1 X
1) = 5.
p(x1) P

NI

and a correlation function given by

rtyty) = 2|—Qoe Poitz taj:

The correlation function is illustrated in Figuded. This process is known as an
Ornstein-Uhlenbeck processd it is a stationary process. r
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(t1 t)

=t b

Figure 4.4: Correlation function for a rst-order Markovqmess.

Note on terminologyl'he terminology and notation for covariance and correlation
varies between disciplines. The term covariance is often used to refettithe re-
lationship between dierent variableX andY and the relationship between a single
variable at di erent timesX(t) andX(s). The term “cross-covariance” is used to re-
fer to the covariance between two random vec¥endyY, to distinguish this from
the covariance of the elementsXfwith each other. The term “cross-correlation”
is sometimes also used. Finally, the term “correlation cgient” refers to the nor-
malized correlatiom(t; s) = E(X(t) X(s))=E(X(t) X(1)).

We will also make use of a special type of random process referredwhite
noise”. A white noise process (¥ satis es E(X(t)) = 0 andR(t;s) = W (s 1),
where () is the impulse function and/ is called thenoise intensityWhite noise
is an idealized process, similar to the impulse function or Heaviside (step) fanctio
in deterministic systems. In particular, we note thi) = E(X?(t)) = 1, so the
covariance is in nite and we never see this signal in practice. However,tlik
step and impulse functions, it is very useful for characterizing the resspof a
linear system, as described in the following proposition.

Linear stochastic systems with Gaussian noise

We now consider the problem of how to compute the response of a lindansys
to a random process. We assume we have a linear system described gpatate

as

% = AX+FW Y=CX: (4.21)

For simplicity, we taketWW andY to be scalar random variables. Given an “input”
W, which is itself a random process with mea(t), variance 2(t) and correlation
r(t;t+ ), what is the description of the random proc¥8s

Let W be a white noise process, with zero mean and noise inteQsity

r()=Q ()
We can write the output of the system in terms of the convolution integral
Y4 t

Y= ht )W()d;
0
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whereh(t ) is the impulse response for the system
ht )=cet Ik

We now compute the statistics of the output, starting with the mean:
Y4 t
E(v(®))=E( ht )W()d)
0
z t
= ht )EW())d =0:
0

Note here that we have relied on the linearity of the convolution integral tahpeill
expectation inside the integral.
We can compute the covariance of the output by computing the corretg{ion
and setting \2( =ry(0). The correlation function foy is
z t Z S
rv(t;s) = E(Y()Y(s) = E( h(t )W()d h(s )W()d )
= K( - hit )W()W()h(s )d d );

where we assum@é/ is a scalar (otherwis@/( ) andh(s ) must be transposed).
Once again linearity allows us to exchange expectation and

Z tZ S
rv(t;s) = . ht )EW()W( )h(s )d d

= ht )Q( Ih(s )dd

= nt )Qhs )d:

Now let =s tand write
Z t
rv()=ry(tit+ )= hit )Qht+ )d
z, 0
=  h()Qh( + )d (setting =t ):
0
Finally, we lett! 1  (steady state)

Z
limry(tt+ )=rv()= 1 h( )Qh( + )d: (4.22)
: 0

If this integral exists, then we can compute the second order statistics foutiet
Y.
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We can provide a more explicit formula for the correlation functiaomterms of
the matrice®\, F andC by expanding equatiod(22. We will consider the general
case wher&V 2 RP andY 2 RY and use the correlation matii(t; s) instead of the
correlation functiorr(t;s). De ne the state transition matrix (t;tg) = €At © so
that the solution of systend(21) is given by

z t
X(t) = (tto)x(to) + (t )FW( )d:

to

Proposition 4.1 (Stochastic response to white noisept E(X(tg) X" (to)) = P(to)
and W be white noise witB(W( )W'( )) = Rw ( ). Then the correlation ma-
trix for X is given by

Rx(t;s) = P(t) "(sit)

where Rt) satis es the linear matrix dierential equation
P(t) = AP+ PAT + FRyF; P(0) = Po:

The correlation matrix for the outptt can be computed using the fact that
Y = CX and henceRy = CRC'. We will often be interested in the steady state
properties of the output, which are given by the following proposition.

Proposition 4.2(Steady state response to white naider a time-invariant linear
system driven by white noise, the correlation matrices for the state and output
converge in steady state to

Rx()=Rx(tit+ )=Pe&" | Ry()=CR()CT
where P satis es the algebraic equation
AP+PAT+FRyFT=0 P>0: (4.23)

Equation 4.23) is called the_yapunov equatioand can be solved in MATLAB
using the functiortyap .

Example 4.7(First-order system)Consider a scalar linear process
X= aX+W Y=cX

whereW is a white, Gaussian random process with noise intensityJsing the
results of Propositiod.1, the correlation function foX is given by

Rx(t;t+ )= p(t)e ®

wherep(t) > 0 satis es
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We can solve explicitly foip(t) since it is a (hon-homogeneous) linear eliential
equation:

p)=e #p(0)+(1 e 2at)2—:1:

Finally, making use of the fact that= cX we have
2
e+ )=ce 2p0)+ (L e *)5e

In steady state, the correlation function for the output becomes

2 2
r()=——e?:
() >a
Note that the correlation function has the same form as the Ornstein-Ublenbe
process in Examplé.6 (with Q= ¢ 2). r

Random processes in the frequency domain

As in the case of deterministic linear systems, we can analyze a stochastic linear
system either in the state space or the frequency domain. The frequenaindip-
proach provides a very rich set of tools for modeling and analysis otioberected
systems, relying on the frequency response and transfer functioepresent the

ow of signals around the system.

Given a random proces{t), we can look at the frequency content of the prop-
erties of the response. In particular, if we I€t) be the correlation function for a
(scalar) random process, then we de ne gmsver spectral density functias the
Fourier transform of :

Z 1 ) 1 Z 1 )
S()= (e ' d; () == s@)e' d:
1 2
The power spectral density provides an indication of how quickly the satiie
a random process can change through the frequency content: ifishiagh fre-

quency content in the power spectral density, the values of the rangigaile can
change quickly in time.

Example 4.8(Ornstein-Uhlenbeck processjo illustrate the use of these mea-
sures, consider the Ornstein-Uhlenbeck process whose correlatiction we
computed in Exampld.7:

- Q 140,
()—2!0e :
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 1ogs()

o log!

Figure 4.5: Spectral power density for a rst-order Markoogess.

The power spectral density becomes

Zl
S()= Zlie”ie“ d
zt <0 Z
0 1
- Quinngs Laring-_Q .
1 2o o 2o 12+12

We see that the power spectral density is similar to a transfer function and we
can plotS(! ) as a function of in a manner similar to a Bode plot, as shown in
Figure4.5. Note that althougls(! ) has a form similar to a transfer function, itis a
real-valued function and is not de ned for complix r

Using the power spectral density, we can give a more intuitive de nition of
“white noise” as a zero-mean, random process with power spectrsitgd&(l ) =
constant for all . If X(t) 2 R" (a random vector), theS(! ) 2 R" ". We see that
a random process is white if all frequencies are equally representedgovitsr
spectral density; this spectral property is the reason for the terminolelgiye”.

Given a linear system

X=AX+FW, Y=CX

with W given by white noise, we can compute the spectral density function cor-
responding to the output. We start by computing the Fourier transform of the
steady state correlation functiof.22):
Z,"Z, #
Sy()= h()Qh( + )d e’ d
zt % vz, #
= h()Q h(+)!"dd
z° zh #
= h()Q h()e"C )d d
ZO 0

1 .
= h( )e' d QH(j! )=H( j!)QH(! ):
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This is then the (steady state) response of a linear system to white noise.

As with transfer functions, one of the advantages of computations in the fre
guency domain is that the composition of two linear systems can be represented
by multiplication. In the case of the power spectral density, if we pass whise no
through a system with transfer functiéh (s) followed by transfer functiof(s),
the resulting power spectral density of the output is given by

Sy(t)=Hai( j')H2( ! )QuH2(j! JHa(j! ):

Exercises

4.1 Consider a standard model of transcription and translation with probabilistic
creation and degradation of discrete mRNA and protein moleculegprbpensity
functionsfor each reaction are as follows:

Probability of transcribing 1 mRNA molecule:Zait

Probability of degrading 1 mRNA molecule:3dlt and is proportional to the
number of mMRNA molecules.

Probability of translating 1 proteinddand is proportional to the number of
mMRNA molecules.

Probability of degrading 1 protein molecule5@t and is proportional to the
number of protein molecules.

In each casdajt will be the time step chosen for your simulation, which we take as
dt= 0:05 sec.

(&) Simulate the stochastic system above until time 100. Plot the resulting
number of MRNA and protein over time.

(b) Now assume that the proteins are degraded much more slowly than mRINA an
the propensity function of protein degradation is na@3dt. To maintain similar
protein levels, the translation probability is nowb@t (and still proportional to the
number of MRNA molecules). Simulate this system as above. Whatelce do

you see in protein level? Comment on theeet of protein degradation rates on
noise.

4.2 Compare a simple model of negative autoregulation with one without autoreg-

ulation:
dX _
dt ~ ©

and
dX

rm X
dt 1+7
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(&) Assume that the basal transcription rateasd ¢ vary between cells, following

a Gaussian distribution witkr = 0:1. Simulate time courses of both models for
100 di erent “cells” using the following parameters= 2; =1, =1,K=1.Plot

the nonregulated and autoregulated systems in two separate plots. Comriient on
variation you see in the time courses.

(b) Calculate the deterministic steady state for both models above. How does va
ation in the basal transcription rateor o enter into the steady state and relate it
to what you see in part (a).

4.3 Consider a simple model for gene expression with reactions
' m; m m+P; m : P:

Let =1=2, =20log(2F120, =log(2)~120 and =log(2)=600, and answer the
following questions:

(a) Use the stochastic simulation algorithm (SSA) to obtain realizations of the
stochastic process of gene expression and numerically compare withéhnenithe

istic ODE solution. Explore how the realizations become close to or aparttfrem
ODE solution when the volume is changed. Determine the stationary probability
distribution for the protein (you can do this numerically).

(b) Now consider the additional binding reaction of protein P with downstrea
DNA binding sites D:

P+D)kg(J C:

Kot f

Note that the system is no longer linear due to the presence of a bimoleadar re
tion. Use the SSA algorithm to obtain sample realizations and humerically compute
the probability distribution of the protein and compare it to what you obtained in
part (a). Explore how this probability distribution and the one of C chasghea
rateskon andky 1 become larger with respect to; ; . Do you think we can use
a QSS approximation similar to what we have done for ODE models?

(c) Determine the Langevin equation for the system in part (b) and obtaiplea
realizations. Explore numerically how good this approximation is when the volume
decreasédmcreases.

4.4 Consider the bimolecular reaction
K
A+B)* C
ko

in which A and B are in total amount#y; and By, respectively. Compare the
steady state value & obtained from the deterministic model to the mean value of

C obtained from the stochastic model as the volume is changed in the stochastic
model. What do you observe? You can perform this investigation througteni-

cal simulation.
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4.5 Consider the simple birth and death process:

koG

Z) s

kG
inwhichGis a “gain”. Assume that the reactions are catalyzed by enzymes and that
the gainG can be tuned by changing the amounts of these enzymes. A determin-
istic ODE model for this system incorporating disturbances due to envircamen
perturbations is given by

dz
dt

Determine the Langevin equation for this birth and death process and aitgar
form to the deterministic one. Also, determine the frequency resporgeoafoise

for both the deterministic model and for the Langevin model. Does increasing th
gainG has the same ect in both models? Explain.

kG kGZ+d(t):

4.6 Consider a second order system with dynamics
8 9 8 8 9 89

Sgagga OKE BE, % P

dt X21 by X21 . l . X2

that is forced by Gaussian white noisavith zero mean and variance. Assume
a;b> 0.

(a) Compute the correlation functiorf ) for the output of the system. Your an-
swer should be an explicit formula in termsayfb and .

(b) Assuming that the input transients have died out, compute the mean &nd var
ance of the output.
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Chapter 5

Biological Circuit Components

In this chapter, we describe some simple circuits components that havedieen c
structed irE. colicells using the technology of synthetic biology and then consider

a more complicated circuit that already appears in natural systems to implement
adaptation. We will analyze the behavior of these circuits employing mainly the
tools from ChapteB and some of the tools from ChaptrThe basic knowledge

of Chapter2 will be assumed.

5.1 Introduction to Biological Circuit Design

In Chapter2 we introduced a number of core processes and models for those pro-
cesses, including gene expression, transcriptional regulation, postétional reg-
ulation such as covalent modi cation of proteins, allosteric regulation ofees,

and activity regulation of transcription factors through inducers. Tleese pro-
cesses provide a rich set of functional building blocks, which can bebowed
together to create circuits with prescribed functionalities.

For example, if we want to create an inverter, a device that returns hightou
when the input is low and vice versa, we can use a gene regulated byseripan
tional repressor. If we want to create a signal ampli er, we can emplogsa ¢
cade of covalent modi cation cycles. Speci cally, if we want the amplier te b
linear, we should tune the amounts of protein substrates to be smaller than the
Michaelis-Menten constants. Alternatively, we could employ a phosplsigan
system, which provides a fairly linear inpotitput relationship for an extended
range of the input stimulation. If instead we are looking for an almost digital re
sponse, we could employ a covalent modi cation cycle with high amounts of sub
strates compared to the Michaelis-Menten constants. Furthermore, if Wekre
ing for a fast inpufoutput response, phosphorylation cycles are better candidates
than transcriptional systems.

In this chapter and the next we illustrate how one can build circuits with pre-
scribed functionality using some of the building blocks of Chaptand the design
techniques illustrated in Chapt&rWe will focus on two types of circuits: gene cir-
cuits and signal transduction circuits. In some cases, we will illustrate detfigh
incorporate both.

A gene circuit is usually depicted by a set of nodes, each representiegea
connected by unidirectional edges, representing a transcriptionzdtémti or a re-
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Autoregulated gene Toggle switch
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Figure 5.1: Early gene circuits that have been fabricatdshiieriak. coli: the negatively
autoregulated gend. ()], the toggle switch30Q], the activator-repressor clocB][ and the
repressilatorZ6].

pression. If generepresses the expression of genthe interaction is represented
by Za X.Ifinstead gene activates the expression of gegehe interaction is rep-
resented by 2 X. Inducers will often appear as additional nodes, which activate
or inhibit a speci ¢ edge. Early examples of such circuits include an aptessed
circuit [10], a toggle switch obtained by connecting two inverters in a ring fashion
[30Q], an activator-repressor system that can display toggle switch or bleftivior

[6], a loop oscillator called the repressilator obtained by connecting thregénse

in a ring topology £6] (Figure5.1).

Basic synthetic biology technology

Simple synthetic gene circuits can be constituted from a set of (connecied) tr
scriptional components, which are made up by the DNA base-pair sezgidrat
compose the desired promoters, ribosome binding sites, gene coding, r@gibn
terminators. We can choose these components from a library of basicvplaitk
are classi ed based on biochemical properties such asitg (of promoter, op-
erator, or ribosome binding sites), strength (of a promoter), anciency (of a
terminator).

The desired sequence of parts is usually assembled on plasmids, whah are
cular pieces of DNA, separate from the host cell chromosome, with theiooigin
of replication. These plasmids are then inserted, through a processtcaiisfbr-
mation in bacteria and transfection in yeast, in the host cell. Once in the Hipst ce
they express the proteins they code for by using the transcription arslattian
machinery of the cell. There are three main types of plasmids: low copy number
(5-10 copies), medium copy number (15-20 copies), and high copy ewufap to
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hundreds). The copy number re ects the average number of copibée plasmid
inside the host cell. The higher the copy number, the moreient the plasmid is
at replicating itself. The exact number of plasmids in each cell uctuatehassc
tically and cannot be exactly controlled.

In order to measure the amounts of proteins of interest, we make usgooter
genes A reporter gene codes for a protein that uoresces in a speci ¢ ok,
blue, green, or yellow, for example) when it is exposed to light of the @pjate
wavelength. For instance, green uorescent protein (GFP) is a pretiginthe
property that it uoresces in green when exposed to UV light. It is poediby the
jelly sh- Aequoria victoria and its gene has been isolated so that it can be used as a
reporter. Other uorescent proteins, such as yellow uoresceaotgin (YFP) and
red uorescent protein (RFP) are genetic variations of GFP.

A reporter gene is usually inserted downstream of the gene expressipgoth
tein whose concentration we want to measure. In this case, both genasdaire
the control of the same promoter and are transcribed into a single mRNA molecule
The mRNA is then translated to protein and the two proteins will be fused together
This technique provides a direct way to measure the concentration ofdtegrpof
interest but can aect the functionality of this protein because some of its regulatory
sites may be occluded by the uorescent protein. Another viable techisaqume in
which the reporter gene is placed under the control of the same promateoleo
ling also the expression of the protein of interest. In this case, the produeaties
of the reporter and of the protein of interest are the same and, as ajoense,
the respective concetrations should mirror each other. The reporteptbuides
an indirect measurement of the concentration of the protein of interest.

Just as uorescent proteins can be used as a read out of a circuitersd
function as external inputs that can be used to probe the system. Two cdymmon
used negative inducers are IPTG and aTc, as explained in S&8owhile two
common positive inducers are arabinose and AHL. Arabinose activatesatf-
scriptional activator AraC, which activates the pBAD promoter. SimilarlyLAs
a signaling molecule that activates the LuxR transcription factor, whichaaesv
the pLux promoter.

Protein dynamics can be usually altered by the additiondd#gradation tagat
the end of the corresponding coding region. A degradation tag is arsegjaEbase
pairs that adds an amino acid sequence to the functional protein that igizeo
by proteases. Proteases then bind to the protein, degrading it into amctehal
molecule. As a consequence, the half life of the protein decrease#jmgsn
an increased decay rate. Degradation tags are often employed to obgatea f
response of the protein concentration to input stimulation and to prevetairmpro
accumulation.



172 CHAPTER 5. BIOLOGICAL CIRCUIT COMPONENTS

5.2 Negative Autoregulation

In this section, we analyze the negatively autoregulated gene of Figlrand
focus on analyzing how the presence of the negative feedbaksathe dynamics
of the system and how the negative feedbackds the noise properties of the
system. This system was introduced in Exanth

Let A be a transcription factor repressing its own production. Assuming that
the mRNA dynamics are at the quasi-steady state, the ODE model describing the
negatively autoregulated system is given by

dA

gt 1r(ayp N (5-1)

We seek to compare the behavior of this autoregulated system to the bedfavior
the unregulated one:

dA_

AT ,
in which ¢ is the unrepressed production rate. We refer to this second system as
the open loop system.

Dynamic effects of negative autoregulation

As we showed via simulation in Exampke2, negative autoregulation speeds up
the response to perturbations. Hence, the time the system takes to reach-its eq
librium decreases with negative feedback. In this section, we illustratethiew
result can be analytically demonstrated by employing linearization. Speci,cally
we linearize the system about its equilibrium point and calculate the time respons
resulting from initializing the linearized system at an initial condition close to the
equilibrium point.

Let Ac= o= be the equilibrium of the unregulated system andzletA  Ae
denote the perturbation with respect to such an equilibrium. The dynanmuceef
given by

dz _
G
Given a small initial perturbatiom,, the response cfis given by the exponential
2t =ze

The “half-life” of the signalz(t) is the timez(t) takes to reach half afy and we
denote it bythas. This is a common measure for the speed of response of a system to
an initial perturbation. Simple mathematical calculation showstthgt In(2)= .
Note that the half-life does not depend on the production raend only depends
on the protein decay rate constant

Now let A¢ be the steady state of the negatively autoregulated sydiein (
Assuming that the perturbatiarwith respect to the equilibrium is small enough,
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we can employ linearization to describe the dynamicg. dfhese dynamics are
given by
dz _ -,
dt '
where
n lgen
N nAL ~=K :
(1+ (Ae=K)")?
In this case, we have thag = In(2)=".
Since™>  ( for any positive value oA¢), we have that the dynamic response
to a perturbation is faster in the system with negative autoregulation. Thisron
the simulation ndings of Examplé.2

Noise ltering

We next investigate the ect of the negative autoregulation on the noisiness of
the system. In order to do this, we employ the Langevin modeling framework and
determine the frequency response to the intrinsic noise on the variou®nsac

We perform two di erent studies. In the rst one, we assume that the decay rate of
the protein is much slower than that of the mRNA. As a consequence, the mRNA
concentration can be well approximated by its quasi-steady state valueeand w
focus on the dynamics of the protein only. In the second study, we investiga
consequence of having the mRNA and protein decay rates in the sames@ange
that the quasi-steady state assumption cannot be made. This can be tHercase
example, when degradation tags are added to the protein to make its decay rate
larger. In either case, we study both the open loop system and the claged lo
system (the system with negative autoregulation) and compare the cordasgp
frequency responses to noise.

Assuming that mRNA is at its quasi-steady state

In this case, the reactions for the open loop system are given by
RL p ° A+p R2 A

in which ¢ is the constitutive production rate, p is the DNA promoter, ard
the decay rate of the protein. Since the concentration of DNA promoter ptis no
changed by these reactions, it is a constant, which wepgall
Employing the Langevin equatiod.(L]) of Section4.1 and lettingna denote
the real-valued number of molecules of A anthe real-valued number of molecules

of p, we obtain

dna p— p—
—— = op Na+ ohp 1 NaA 2
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in which ; and , depend on the noise on the production reaction and on the
decay reaction, respectively. By lettidg= na= denote the concentration of A
andp=np== pot denote the concentration of p, we have that

dA p

1 P— —
gt = Pt A+ p=( oPtot 1 A ) (5.2)

This is a linear system and therefore we can calculate the frequencynsesfio
any of the two inputs ; and ». In particular, the frequency response to input
has magnitude given by p

0Ptot=

M@t ) = —

(5.3)
We now consider the autoregulated system. The reactions are given by

RL g A+p; R2 A
R3: A+paC; R4 OdA+p;

De ning pyot = p+ C and employing the Langevin equatioh 1) of Section4.1,
we obtain

d 1, P— Pe—

Gt= aAPrd(poc PFP=(  8AP 3+ d(Por P) 4

dA 1 P— pP— pP—
G- P A aAptdper PFp=(C p 1 Az aAp st

P D

inwhich zand 4 are the noises corresponding to the association and dissociation
reactions, respectively. Lettingy = d=,

1 p— p
Ni=p=( ApKg 3+ (Pt P) 4);

1 P— pP—
N2=p=( Pp 1 A 2);
we can rewrite the above system in the following form:

d P
G = aAp+d(pe P+ AN

dA _
i
Sinced ; , this system displays two time scales. Lettingg =d and de ning
y:=A p,the system can be rewritten in standard singular perturbation g (

p_
P A aAp+d(por P)*+Na(t)+  dNy(t):

P_p_
a0 ApKy+ (Pt P+ P N1(t);

rriall (Y+ p)+ Nz(1):
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By setting = 0, we obtain the quasi-steady state vghre pioi<(1+ A=Kg). Writing
A=y+ p, using the chain rule fop, and assuming that;,;=Kg4 is su ciently small,
we obtain the reduced system describing the dynamiésasf

r

arg( _Po_ P

dA _ Prot — _. R
_ Mot T+ AKG 1 A )=:f(A; 1, 2): (5.4)

dt ~ 1+ A=Ky

The equilibrium point for this system corresponding to the mean values)
and » = 0 of the inputs is given by

1 9———
Ae= 5 Ki+4 poKe=  Kqg :

The linearization of the system about this equilibrium point is given by

Q - Prot=Kg _. =
@ Ae; 1=0; 2=0 (1+Ae=Kd)2 S
r
€] 1 Prot @] 1 P—
b= — == — b= — = — :
T @i ac om0 T TPAKS 2 @ongioeo T TE
Hence, the frequency response fohas magnitude given by
c — by .
M) = g——: (5.5)
| 2472

In order to make a fair comparison between this response and that oféhe op
loop system, we need the equilibrium points of both systems to be the same. In
order to guarantee this, we sesuch that

1+AKy  °

This can be attained, for example, by properly adjusting the strength ofrthe p

Bmter and of the ribosome binding site. As a consequence, we have;that
oPwt= . Since we also have that , comparing expressions.@) and 6.5

it follows that M¢(! ) < M°(! ) for all ! . That is, the magnitude of the frequency

response of the closed loop system is smaller than that of the open loom stste

all frequencies. Hence, negative autoregulation attenuates noisdratjaitncies.

The two frequency responses are plotted in Figuga A similar result could be

obtained for the frequency response with respect to the inp(gee Exercisé.1)

MRNA decay close to protein decay

In the case in which mRNA and protein decay rates are comparable, wameed
model both the processes of transcription and translation. Lettinglenote the
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Figure 5.2: E ect of negative autoregulation on noise propogation. (agmitade of the
frequency response to noisg(t) for both open loop and closed loop systems for the model
in which mRNA is assumed at its quasi-steady state. The pEEmarep,: = 10 nM,
Kg=10nM, =0:001 min!, =0:001min!, = 1um?3 and o= 0:00092 min’. (b)
Frequency response to noisg(t) for both open loop and closed loop for the model in
which mRNA decay is close to protein decay. The parametergar= 10 nM, Kq = 10
nM, =0:001minl, =001minl, =00l min!, =0:01min?!, and (= 0:0618
min 1.

MRNA of A, the reactions describing the open loop system modify to
RL my my+A; Rz A
RS o ° My +; R6: my;

while those describing the closed loop system become

RL m/) my+A; Rz A; ;
R3: A+paC; R4 Gd A+p;
RS @ my+p; R6: m,;

De ning pwt = p+ C and employing the Langevin equation, and applying singular
perturbation as performed before, we obtain the dynamics of the system as

d 1 p P
TGL=F® marp=( FA 5 ma o
dA 1 p— pP—

EZ ma A+ -ﬁ:(p Ma 1 A 2);

in which s and g model the noise on the production reaction and decay reaction
of MRNA, respectively. For the open loop system we hagk) =  opiot, While for
the closed loop system we have the Hill function

Prot

F(A) = 1T A A:Kd:
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The equilibrium point for the open loop system is given by

mg: OptOt; Ag: Optot:

Considering g as the input of interest, the linearization of the system at this equi-
librium is given by

! [
AO= 0 . BO_ rng: .
’ 0

LettingK = =( Ky), the equilibrium for the closed loop system is given by

q !
po= e, mg:% 1K+ (1K)2+4 poAK ) :

The linearization of the closed loop system at this equilibrium point is given by
! p___ |
pe= 9 = T (5.6)

in which g = ( po=Kq)=(1+ AS=Kq)? represents the contribution of the negative
autoregulation. The larger the value gf-obtained, for example, by makingy
smaller (see Exercige2—the stronger the negative autoregulation.

In order to make a fair comparison between the open loop and closed loop
system, we again set the equilibrium points be the same. To do this, we choose
such that= (1+ AS=Kg) = o, which can be done by suitably changing the strengths
of the promoter and ribosome binding site.

The open loop and closed loop transfer functions are thus given by

P
n’b:
(o] — .
A% o) )
and by D -
C — — .
GAG(S)_s2+s( +)+ +g

respectively. From these expressions, it follows that the open loogférafunc-
tion has two real poles, while the closed loop transfer function can haveleg
conjugate poles wheg is su ciently large. As a consequence, noisgcan be
ampli ed at su ciently high frequencies. Figufe2bshows the magnitud®i(! )

of the corresponding frequency responses for both the open labphanclosed
loop systems.

It follows that the presence of negative autoregulation attenuates ndise w

respect to the open loop system at low frequency, but it can amplify ablggher
frequency. This is a very well studied phenomenon known as the “weterizct”,
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Figure 5.3: Genetic toggle switch. (a) Nullclines for thgdte switch. By analyzing the
direction of the vector eld in the proximity of the equilitar, one can deduce their stability
as described in Sectidhl (b) Time traces foA(t) andB(t) when inducer concentrations
uy(t) anduy(t) are changed. The plots show a scaled version of these sjgulabse ab-
solute values arg; = up =1 1in IShe indicated intervals of time. In the simulation, weda

Nn=2,Kg1=Kg2=1nM,K="01nM, =1hrs 1l,and =1hrs 1.

according to which negative feedback decreases tleeteof disturbances at low
frequency, but it can amplify it at higher frequency. Thiset is not found in rst
order models, as demonstrated by the derivations performed when mRNthés a
quasi-steady state. This illustrates the spectral shift of the frequenoynss to
intrinsic noise towards the high frequency, as also experimentally refddited

5.3 The Toggle Switch

The toggle switch is composed of two genes that mutually repress eachasther,
shown in the diagram of Figuf 1 We start by describing a simple model with no

inducers. By assuming that the mRNA dynamics are at the quasi-steadynstate,
obtain a two dimensional derential equation model given by

a__ o 8 _ 5
dt 1+ (B=K)" ’ dt 1+ (AK)" ’

in which we have assumed for simplicity that the parameters of the repression
functions are the same for A and B.

Since the system is two-dimensional, both the number and stability of equilibria
can be analyzed by performing nullcline analysis (see Se8ti)nSpeci cally, by
settingdA=dt = 0 anddB=dt = 0 and lettingn 2, we obtain the nullclines shown
in Figure5.3a The nullclines intersect at three points, which determine the equi-
librium points of this system. The stability of these equilibria can be determined
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by the following graphical reasoning.

The nullclines patrtition the plane into six regions. By determining the sign of
dA=dt anddB=dt in each of these six regions, we can determine the direction in
which the vector eld is pointing in each of these regions. From these diregtio
we can deduce that the equilibrium occurring for intermediate valuésaofd B
(at whichA = B) is unstable while the other two are stable (see the arrows in Figure
5.39. Hence, the toggle switch is a bistable system.

The system trajectories converge to one equilibrium or the other depemding
whether the initial condition is in the region of attraction of the rst or the selcon
equilibrium. The 45 degree line divides the plane into the two regions of attrac-
tion of the stable equilibrium pints. Once the system's trajectory has corvévge
one of the two equilibrium points, it cannot switch to the other unless an edtern
(transient) stimulation is applied.

In the genetic toggle switch developed by Gardner et3]], [external stimu-
lations were added in the form of negative inducers for A and B. Speltyclet
u, be the negative inducer for A and be the negative inducer for B. Then, as we
have seen in Sectidh3, the expressions of the Hill functions need to be modi ed
to replaceA by A(191+ u;=Kq:1)) andB by B(141+ u;=Kgy:2)), in which K41 and
Kg;2 are the dissociation constants of with A and of u, with B, respectively.
Hence, the system dynamics become

a0 . ' g
dt 1+ (B=Kg(up)" ’ dt 1+ (A=Ka(u))" ’

in which we have leKa(ur) = K(1+ u1=Kq:1) andKg(uz) = K(1+ up;=Kg:2) denote

the e ective K values of the Hill functions. We show in FiguBe3btime traces

for A(t) andB(t) when the inducer concentrations are changed. Initiaflys high
until time 100 whileu, is low until this time. As a consequence, A does not repress
B while B represses A. Accordingly, the concentration of A stays low until time
100 and the concentration of B stays high. After time 180s high andu; is low.

As a consequence B does not repress A while A represses B. In thasaituA
switches to its high value and B switches to its low value.

Note that the eect of the inducers in this model is that of temporarily changing
the shape of the nuliclines by increasing the valuds, candKg. Speci cally, high
values ofu; with u, = 0 will lead to increased values &, which will shift the
point of half-maximal value of the Hill function= (1+ (A=Ka)") to the right. As a
consequence, the nullclines will intersect at one point only, in which thea B
is high and the value dAis low (Figure5.4g. The opposite will occur wheuw, is
high andu; = 0, leading to only one intersection point in whighs low andA is
high (Figure5.4h).
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Figure 5.4: Genetic toggle switch with inducers. (a) Nutiek for the toggle switch (solid
line) and how the nuliclineB = 0 changes when inducer, is added (dotted line). (b)
Nullclines for the toggle switch (solid line) and how the lelihe A = 0 changes when
inducer y is added (dotted line). Parameter values are as in Fig@re

5.4 The Repressilator

Elowitz and Leibler constructed an oscillatory genetic circuit consisting @fethr
repressors arranged in a ring fashion and called it the “repressilg@6}'(Fig-
ureb.1). The repressilator exhibits sinusoidal, limit cycle oscillations in periods of
hours, slower than the cell-division time. Therefore, the state of the oscilkato
transmitted between generations from mother to daughter cells.

A dynamical model of the repressilator can be obtained by composing three
transcriptional modules in a loop fashion. The dynamics can be written as

d d d
TRk My SB=FA) Mg SC=FeB) M
dt dt dt (5.7)
d_A = m A d_B = m B d_C = C .
a ~ a - ° a e &
where we take
F1(P) = F2(P) = F3(P) = T+ (PK)"

and assume initially that the parameters are the same for all the three represso
modules. The structure of systers.q) belongs to the class of cyclic feedback
systems that we have studied in Sect&B. In particular, the Mallet-Paret and
Smith theorem and Hastings theorem can be applied to infer that if the syssem ha
a unique equilibrium point and this equilibrium is unstable, then the system admits
a periodic solution. Therefore, to apply these results, we determine theenwinb
equilibria and their stability.

The equilibria of the system can be found by setting the time derivativesdo zer
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Letting = (=), we obtain
Fl(Ceq); B..= FZ(Aeq) Con= F3(Bea)

eq = ; eq—

Aeq=

which combined together yield
I

Aeq= —F1 —F3 —F2(Aeqg =:0(Aeg):

The solution to this equation determines the set of equilibria of the system. The
number of equilibria is given by the number of crossings of the two functions
h1(A) = g(A) andhy(A) = A. Sincehy is strictly monotonically increasing, we ob-
tain a unique equilibrium ihy is monotonically decreasing. This is the case when
g%A) = dg(A)=dA< 0, otherwise there could be multiple equilibrium points. Since
we have that

%
sign@XA) = signFYP));
i=1
it follows that if ?zlsign(FiO(P)) < 0 the system has a unique equilibrium. We call
the product 2 signFY(P)) theloop sign
It follows that any cyclic feedback system with negative loop gain will have
unique equilibrium. In the present case, systéti)(is such thaFi°< 0, so that the
loop gain is negative and there is a unique equilibrium. We next study the stability
of this equilibrium by studying the linearization of the system.
Letting P denote the equilibrium value of the protein concentrations for A, B,
and C, the Jacobian matrix of the system is given by

g 0 0 0 0 |=‘1>(P)9
0 0 0 0
;=20 F3(P) 0 0 0 §
0 0 0 0 g
0 0 0 FYP 0
"0 0 0 0 ’

whose characteristic polynomial is given by

Y3
detsl J)=(s+ s+ )* * FXP): (5.8)
i=1

The roots of this characteristic polynomial are given by
(st )st )=r;

inwhichr 2 FY(P);( FO(P):Z)(1+ip§);( FAP)=2)(1 ipé)gandi: p_1repre-
sents the imaginary unit. In order to invoke Hastings theorem to infer the eséste
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Figure 5.5: Parameter space for the repressilator. (a)eRsitator diagram. (b) Space of
parameters that give rise to oscillations. Here, we hav& sef for simplicity.

of a periodic orbit, it is su cient that one of the roots of the characteristic polyno-
mial has positive real part. This is the case if

n(P" 1K™

in which P is the equilibrium value satisfying the equilibrium condition

FAPY> ; FAP)=

EETIC=ID

One can plot the pair of values;(= ) for which the above two conditions are
satis ed. This leads to the plot of Figu&5. Whenn increases, the existence of
an unstable equilibrium point is guaranteed for larger ranges of Of course,
this “behavioral” robustness does not guarantee that other importdntds of the
oscillator, such as the period, are not changed when parameters vary.

A similar result for the existence of a periodic solution can be obtained when
two of the Hill functions are monotonically increasing and only one is monotoni-
cally decreasing:

(P=K)" .

_ (P)"_

Fi(P) = 1+ (P

F2(P) F3(P) =

1+ (P=K)™
That is, two interactions are activations and one is a repression. Wetoetfgis

as the “non-symmetric” design. Since the loop sign is still negative, therdyis on
one equilibrium point. We can thus obtain the condition for oscillations again by
establishing conditions on the parameters that guarantee that at leastobioé r
the characteristic polynomiab(8) has positive real part, that is,

(F(P3)F3(P)F3(P2)) =) > (5.9)
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Figure 5.6: Parameter space for a loop oscillator. (a) @s$oildiagram. (b) Space of pa-
rameters that give rise to oscillations. As the value &f increased, the range of the other
parameter for which a periodic cycle exists become largereHwve have seé€ = 1.

in which P1; Py; P3 are the equilibrium values @&, B, andC, respectively. These
equilibrium values satisfy:

(P1=K)"

B : (Po=K)"
1+ (Pr=K)"

P,= S
? 1+ (P

Psy= Pi(1+ (P3=K)") = —:

Using these expressions numerically and checking for each combinatithre of
parametersr; = ) whether b.9) is satis ed, we can plot the combinations iof

and = values that lead to an unstable equilibrium. This is shown in Figuse
From this gure, we can deduce that the qualitative shape of the paraspzee

that leads to a limit cycle is the same in the repressilator and in the non-symmetric
design. One can conclude that it is then possible to design the circuit satdheh
parameters land in the lled region of the plots.

In practice, values of the Hill coecientn between one and two can be obtained
by employing repressors that have cooperativity higher than or eqtiabtd here
are plenty of such repressors, including those originally used in thessifator
design P6]. However, values ofi greater than two may be hard to reach in practice.
To overcome this problem, one can include more elements in the loop. In fact, it is
possible to show that the valuemsu cient for obtaining an unstable equilibrium
decreases when the number of elements in the loop is increased (seis&xéjc
Figure5.7ashows a simulation of the repressilator.

In addition to determining the space of parameters that lead to periodic trajec-
tories, it is also relevant to determine the parameters to which the systemdrehav
is the most sensitive. To address this question, we can use the paramsiigrige
analysis tools of SectioB.2 In this case, we model the repressilator Hill functions
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Figure 5.7: Repressilator parameter sensitivity analy@$ Protein concentrations as

functions of time. (b) Sensitivity plots. The most impottggarameters are the protein

and mRNA decay rates and . Parameter values used in the simulations are800,
0=1=2000, =log(2)120, =log(2)=600, =log(2)=6,n=2,K = 1600.

adding the basal expression rate as it was originally don2gjn [

F1(P) = F2(P) = F3(P) = 0

+
1+ (PK)"
Lettingx= (ma;A;mg;B;mc;C)and =( o;;;;; K), we can compute the sen-
sitivity Sx. along the limit cycle corresponding to nominal parameter vegias
illustrated in Sectior3.2

d Sx;
dt

whereM(t; o) andN(t; o) are both periodic in time. If the dynamics 8f. are
stable then the resulting solutions will be periodic, showing how the dynamics
around the limit cycle depend on the parameter values. The results ara ghow
Figureb5.7, where we plot the steady state sensitivityAads a function of time. We
see, for example, that the limit cycle depends strongly on the protein degmad
and dilution rate , indicating that changes in this value can lead to (relatively)
large variations in the magnitude of the limit cycle.

= M(t; 0)Sx. +N(t; o);

5.5 Activator-Repressor Clock

Consider the activator-repressor clock diagram shown in Figuoe The activator
A takes two inputs: the activator A itself and the repressor B. The représs
has as the only input the activator A. Lef,rand m, represent the mRNA of the
activator and of the repressor, respectively. Then, we considdoltbeing four-
dimensional model describing the rate of change of the species corizergra

d d

d_ntu\ =F1(AB)  aAMma; d_thB =F2(A)  sMe;
i | o (5.10)
i AmMa  AA; s smMg  gB;
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(@n=1 (byn=2

Figure 5.8: Nullclines for the two-dimensional systemi(). (a) shows the only possi-
ble con guration of the nullclines when = 1. (b) shows a possible con guration of the
nullclines whenn = 2. In this con guration, there is a unique equilibrium, whican be
unstable.

in which the functiong-1 andF, are Hill functions and given by

AAKA)"+ a0 B(A=Ka)"+ o,
1+ (A=Ka)"+ (B=Kp)™’ 1+ (A=Kp)"

F1(A;B) = Fa(A) =
The Hill function F; can be obtained through a combinatorial promoter, where
there are sites both for an activator and for a repressor. The Hillitumi, has the
form considered for an activator when transcription can still occuretsal level
even in the absence of an activator (see Se@idn

We rst assume the mRNA dynamics to be at the quasi-steady state so that we
can perform two dimensional analysis and invoke the Poe8andixson theo-
rem (Sectior3.3). Then, we analyze the four dimensional system and perform a
bifurcation study.

Two-dimensional analysis

We let f1(A;B) := ( A= aA)F1(A;B) and f2(A) := ( = g)F2(A). For simplicity, we
alsode nef(A;B):= aAA+ f1(A;B) andg(A;B) ;.=  gB+ f2(A) so that the two-
dimensional system is given by

dA dB
= f(A'B): — =0g(A:B): 511
5= (AB S =0AB) (5.11)
To simplify notation, we seka = Kg = 1 and takan= 1, without loss of generality
as similar results can be obtained winer 1 (see Exercisé.7).
We rst study whether the system admits a periodic solutiomferl. To do so,
we analyze the nullclines to determine the number and location of steady s&dtes. L
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A= Al a=a), " B= B(B=8B), A= ao( aA=a),and s = po( B= B). Then,
g(A;B) =0 leads to
_ BA+ B
(1+A) &’
which is an increasing function &. Settingf(A; B) = 0, we obtain that

“AA+ a0 AA(L+HA)
AA ’

which is a monotonically decreasing function of A. These nuliclines are gisgla
in Figure5.8a

We see that we have only one equilibrium point. To determine the stability of
the equilibrium, we calculate the linearization of the system at such an equilibrium.
This is given by the Jacobian matrix

B=

e Q@
e el

In order for the equilibrium to be unstable and not a saddle, it is negeasar
su cient that trg) > 0 and det{) > 0. Graphical inspection of the nuliclines at the
equilibrium (see Figur&.83 shows that

dB

— <0
dA faB)=0

By the implicit function theorem (Sectidh5), we further have that
B _ =@
dAfap=0 @=@'
so that@=@ < 0 becausedi=@ < 0. As a consequence, we have thaf)x O
and hence the equilibrium point is either stable or a saddle.
To determine the sign of delf, we further inspect the nullclines and nd that
g _d8
dAgap=0 dA faB=0
Again using the implicit function theorem we have that

dB _ @@,

dAgap-0 @@
so that det) > 0. Hence, the -limit set (Sectior3.3) of any point in the plane is

necessarily not part of a periodic orbit. It follows that to guaranteeahgtnitial
condition converges to a periodic orbit, we need to requirerthal.
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Figure 5.9: E ect of the trace of the Jacobian on the stability of the elofiilim. The above
plots illustrate the trajectories of systeB 1) for both a functional (trg) > 0) and a non-
functional (trQ) < 0) clock. The parameters in the simulation age= 1= g=1 hrs 1,
A= 250 nMhrs, g =30 nMhrs, ag=:04 nMhrs, go=:004 nMhrs, o=1hrs1,
A= g=1hrs! Ky=Kg=1nM,n=2andm= 4. In the functional clock,g = 0:5 hrs 1
whereas in the non-functional clockg = 1.5 hrs 1.

We now study the case= 2. In this case, the nulicliné(A; B) = 0 changes
and can have the shape shown in Fighu&h In the case in which, as in the gure,
there is only one equilibrium point and the nullclines have both positive skdpe a
intersection (equivalent to da(> 0), the equilibrium is unstable and not a saddle
if tr(J) > 0. This is the case when

B

@=@ A
This condition reveals the crucial design requirement for the functionireo
clock. Speci cally, the repressor B time scale must be signtly slower than the
activator A time scale. This point is illustrated in the simulations of Fidugein
which we see that if g is too large, the trace becomes negative and oscillations
disappear.

<1

Four-dimensional analysis

In order to deepen our understanding of the role of time scale separativedn
activator and repressor dynamics, we perform a time scale analysis engpiog
bifurcation tools described in Secti@4. To this end, we consider the following
four-dimensional model describing the rate of change of the speciesmations:

M =FiaB) (am)my  TE=Fy(A) (5=)ms
it ot (5.12)
= (A:)mA AA —=(B=)mB gB:

dt dt
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This system is the same as systéhil(), where we have explicitly introduced
two parameters and that model time scale derences, as follows. The param-
eter determines the relative time scale between the activator and the repressor
dynamics. As increases, the activator dynamics become faster compared to the
repressor dynamics. The parametatetermines the relative time scale between
the protein and mMRNA dynamics. Adbecomes smaller, the mRNA dynamics be-
come faster compared to protein dynamics and mdsléP( becomes close to the
two-dimensional model5(11), in which the mRNA dynamics are considered at
the quasi-steady state. Thusis a singular perturbation parameter. In particular,
equations §.12 can be taken to standard singular perturbation form by consider-
ing the change of variables = ma= andmg = mg=. The details on singular
perturbation can be found in Secti8rb.

The values of and of do not a ect the number of equilibria of the system
but they do determine the stability of the equilibrium points. We thus perform bi-
furcation analysis with and as the two bifurcation parameters. The bifurcation
analysis results are summarized by Figbr#0 In terms of the and parameters,
it is thus possible to design the system as follows: if the activator dynamics are
su ciently sped up with respect to the repressor dynamics, the system oaderg
a Hopf bifurcation (Hopf bifurcation was introduced in Sect@f) and a stable
periodic orbit arises. The chart illustrates that for intermediate values pfriore
complicated dynamic behaviors can arise in which a stable equilibrium co-exists
with a stable limit cycle. This situation corresponds totihed excitationcondition
[58] and occurs for realistic values of the separation of time-scales betwetsip
and mRNA dynamics. Therefore, this simple oscillator motif described by a four
dimensional model can capture interesting dynamic behaviors, includingdsa
that lead to the long term suppression of a rhythm by external inputs.

From a fabrication point of view, the activator dynamics can be sped up by
adding suitable degradation tags to the activator protein. Similarly, the sgpres
dynamics can be slowed down by adding repressor DNA binding site€(emgeter
6 and the eects of retroactivity on dynamic behavior).

5.6 An Incoherent Feedforward Loop (IFFL)

In Section3.2, we described various mechanisms to obtain robustness to external
perturbations. In particular, one such mechanism is provided by ineohézed-
forward loops. Here, we describe an implementation that was proposedafc

ing the equilibrium values of protein expression robust to perturbationdNiA D
plasmid copy numberlf]. In this implementation, the inpui is the amount of
DNA plasmid coding for both the intermediate regulator A and the output protein
B. The intermediate regulator A represses the expression of the outiairpB
through transcriptional repression (Figird 1). The expectation is that the equi-
librium value ofB is independent of the concentratioof the plasmid. That is, the
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Figure 5.10: Design chart for the relaxation oscillator. d#ain sustained oscillations past
the Hopf bifurcation point, for values ofsu ciently large independently of the dérence
of time scales between the protein and the mMRNA dynamics.|¥denmtice that there are
values of for which a stable equilibrium point and a stable limit cycteexist and values
of for which two stable limit cycles coexist. The interval ofalues for which two stable
limit cycles coexist is too small to be able to numerically sén such an interval. Thus,
this interval is not practically relevant. The values dbr which a stable equilibrium and
a stable periodic orbit coexist is instead relevant.

R

Figure 5.11: The incoherent feedforward motif with a positmplementation. The circuit
is integrated on a DNA plasmid denoted u. Protein A is underctimtrol of a constitutive
promoter in the DNA plasmid u, while B is repressed by A. Fro®, in turn, is also

expressed by a gene in the plasmid u. Hence B is also “adativhteu.
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Figure 5.12: Behavior of the equilibrium value Bfas a function of the inpui. Concen-
tration is inpM.

concentration of B should adapt to the copy number of its own plasmid.

In order to analyze whether the adaptation property holds, we write tles-di
ential equation model describing the system, assuming that the mRNA dynamics
are at the quasi-steady state. This model is given by

dA dB_ ku

Gy A & 1T (A B; (5.13)

in which kp is the constitutive rate at which A is expressed &qdis the disso-
ciation constant of the binding of A with the promoter. This implementation has
been called the sner in Sectior8.2 The equilibrium of the system is obtained by
setting the time derivatives to zero and gives

ko

A= —u; B= fau

+ kou=Ky4 :

From this expression, we can see thatkgsdecreases, the denominator of
the right-side expression tendskgu=Ky resulting into the equilibrium valuB =
k1Kg=o, which does not depend on the inputHence, in this case, adaptation
would be reached. This is the case if therity of A to its operator sites is ex-
tremely high, resulting also in a strong repression and hence a lower JaBiéno
practice, however, the value &f; is nonzero, hence the adaptation is not perfect.
We show in Figurés.12the equilibrium value oB as a function of the inpui for
di erent values oKq4. As expected, lower values &f; lead to weaker dependence
of B on theu variable.

In this analysis, we have not modeled the cooperativity of the binding ¢éjoro
A to the promoter. We leave as an exercise to show that the adaptation behavio
persists in the case cooperativity is included (see Exekce
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Figure 5.13: Examples of chemotaxis. In the absence ofctdtnaor repellent, the bac-
terium follows a random walk. In the presence of an attracthe random walk is biased
in the direction in which the concentration of attractartréases (positive chemotaxis),
while in the presence of a repellent the random walk is biaseHe direction in which
the concentration of the repellent decreases (negativeatais). Figure from Phillips,
Kondev and Theriot{5]; used with permission of Garland Science.

For engineering a system with prescribed behavior, one has to be abkeige
the physical features so as to change the values of the parameters ofdbke mo
This is often possible. For example, the bindingrity (1=Kq in the Hill function)
of a transcription factor to its site on the promoter can be weakened by single o
multiple base pair substitutions. The protein decay rate can be increasddiby a
degradation tags at the end of the gene expressing protein B. Promatiecsuth
accept multiple transcription factors (combinatorial promoters) can be eddbiy
combining the operator sites of several simple promoil Finally, the overall
protein production rate can be tuned by controlling a number oérdint system
properties, including promoter's and the ribosome binding site's strength.

5.7 Bacterial Chemotaxis

Chemotaxigefers to the process by which micro-organisms move in response to
chemical stimuli. Examples of chemotaxis include the ability of organisms to move
in the direction of nutrients or move away from toxins in the environment. Chemo-
taxis is calledpositive chemotaxis the motion is in the direction of the stimulus
and negative chemotaxig the motion is away from the stimulant, as shown in
Figure5.13 Many chemotaxis mechanisms are stochastic in nature, with biased
random motions causing the average behavior to be either positive, veegati
neutral (in the absence of stimuli).

In this section we look in some detail at bacterial chemotaxis, whiatoli use
to move in the direction of increasing nutrients. The material in this section islbase
primarily on the work of Barkai and Leible®] and Rao, Kirby and Arkin§0].
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@) (b) (©

Figure 5.14: Bacterial chemotaxis. (a) The agellar motancpin the agellum clock-

wise or counter-clockwise. (b) In the rst case, the bacterigoes in a tumble motion
while in the second case the bacterium runs. (c) The dinreatiovhich the motor spins is
determined by whether the CheY phosphorylated proteinddimel motor complex. Figures
from Phillips, Kondev and Theriop]; used with permission of Garland Science.

Control system overview

The chemotaxis system i coli consists of a sensing system that detects the pres-
ence of nutrients, an actuation system that propels the organism in itsreneins,

and control circuitry that determines how the cell should move in the presanc
chemicals that stimulate the sensing system.

The actuation system i&. coli consists of a set of agella that can be spun
using a agellar motor embedded in the outer membrane of the cell, as shown in
Figure5.14a When the agella all spin in the counter clockwise direction, the
individual agella form a bundle and cause the organism to move roughly in
straight line. This behavior is called a “run” motion. Alternatively, if the &#ge
spin in the clockwise direction, the individual agella do not form a bundid the
organism “tumbles,” causing it to rotate (Figugel4h. The selection of the motor
direction is controlled by the protein CheY: if phosphorylated CheY bindsédo th
motor complex, the motor spins clockwise (tumble), otherwise it spins counter-
clockwise (run) (Figuré.149.

A question that we address here is how the bacterium moves in the direction in
which the attractant concentration increases. Because of the small 8ieeoofjan-
ism, it is not possible for a bacterium to sense gradients across its lengtbe He
a more sophisticated strategy is used, in which the temporal gradient, asedppo
to the spatial gradient, guides the organism motion through suitable combination
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Figure 5.15: Control system for chemotaxis. (a) The sensyggem is implemented by
the receptor complex, which detects the presence of a ligethe cell outer environment.
The computation part is implemented by a combined phospétoywmethylation process,
which realizes a form of integral feedback. The actuatiomgonent is realized by the
CheY phosphorylated protein controlling directly the dtfen in which the motor spins.
Figure from Racet al. [80Q] (Figure 1A). (b) Receptor complex states. The probabdita
given state being in an active con guration is given joy G represents the derence in
energy levels from a reference state. Figure obtained f68n [

of run and tumble motions. To sense temporal gradiéntspli compares the cur-
rent concentration of attractant to the past concentration of attractdnf #re
concentration increases, then the concentration of phosphorylat&tgCoiein is
reduced. As a consequence, less phosphorylated CheY will bind to tioe coon-

plex and the tumbling frequency is reduced. The net result is a biasgdmamalk

in which the bacterium tends to move toward the direction in which the gradient of
attractant concentration increases.

A simple model for the molecular control system that regulates chemotaxis is
shown in Figureb.15a We start with the basic sensing and actuation mechanisms.
A membrane bound protein MCP (methyl-accepting chemotaxis protein) that is
capable of binding to the external ligand serves as a signal transdueimgre
from the cell exterior to the cytoplasm. Two other proteins, CheW and Cloew,

a complex with MCP. This complex can either be in an active or inactive state. In
the active state, CheA is autophosphorylated and serves as a phaapfetise for

two additional proteins, CheB and CheY. The phosphorylated form effGhen
binds to the motor complex, causing clockwise rotation of the motor (tumble).

The activity of the receptor complex is governed by two primary factors: the
binding of a ligand molecule to the MCP protein and the presence or abskemge o
to 4 methyl groups on the MCP protein. The speci ¢ dependence on ddbhse
factors is somewhat complicated. Roughly speaking, when the ligand L isdbou
to the receptor then the complex is less likely to be active. Furthermore, as more
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methyl groups are present, the ligand binding probability increases, ajawen
gain of the sensor to be adjusted through methylation. Finally, even in theabse
of ligand the receptor complex can be active, with the probability of it being ac
tive increasing with increased methylation. Figbré5bsummarizes the possible
states, their free energies and the probability of activity.

Several other elements are contained in the chemotaxis control circuit. e mo
important of these are implemented by the proteins CheR and CheB, both &f whic
a ect the receptor complex. CheR, which is constitutively produced in the cell,
methylates the receptor complex at one of the fouedént methylation sites. Con-
versely, the phosphorylated form of CheB demethylates the receptor camgle
described above, the methylation patterns of the receptor compét ds activ-
ity, which a ects the phosphorylation of CheA and, in turn, phosphorylation of
CheY and CheB. The combination of CheA, CheB and the methylation of the re-
ceptor complex forms a negative feedback loop: if the receptor is attime CheA
phosphorylates CheB, which in turn demethylates the receptor complex,grigkin
less active. As we shall see when we investigate the detailed dynamics tietow,
feedback loop corresponds to a type of integral feedback law. Thigraitaction
allows the cell to adjust to dierent levels of ligand concentration, so that the be-
havior of the system is invariant to the absolute ligand levels.

Modeling

From a high level, we can view the chemotaxis as a dynamical system thattiakes
ligand L concentration as an input and produces the phosphorylated lizhend

to the motor complex as an output, which determines the tumbling frequency. We
let T represent the receptor complex and we write A, B, Y and Z for Cl@?eB,
CheY and CheZz, respectively. As in previous chapters, for a proteireXet X
represent its phosphorylated form.

Each receptor complex can have multiple methyl groups attached and the ac-
tivity of the receptor complex depends on both the amount of methylation and
whether a ligand is attached to the receptor site (Figutél. Furthermore, the
binding probabilities for the receptor also depend on the methylation pattern. W
let T represent a receptor that hiasnethylation sites lled and ligand state x
(which can be either u if unoccupied or o if occupied). Wertetepresent the
maximum number of methylation sites & 4 for E. coli). Using this notation, the
transitions between the states correspond to the following reactions (alsa gh
Figure5.16):

TH+L) * TP
TX+B)* B! Tf,+B i>0;x2fu;0g
T*+R)* TMR! T ,+R i <m;x2fu;og

in which the rst reaction models the binding of the ligand L to the receptor com-
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Figure 5.16: Methylation model for chemotaxis. Figure frBarkai and Leibler 9] (Box
1).

plex, the second reaction models the demethylation of methylated receptor com-
plex by B, and the third reaction models the methylation of the receptor complex
by R.

We now must write reactions for each of the receptor complexes with CheA.
Each form of the receptor complex has a e&lient activity level that determines
the extent to which CheA can be phosphorylated. Therefore, we wridgpaate
reaction for each form, which for simplicity we assume to be a one step primes
each P and T species:

kiX

T+Al T +A;

the above reactions is given by
X
A KT +KT :
i=1
Considering that the ligand-receptor binding reaction is at its quasi-staatyy
because itis very fast, and lettifig= T+ T? represent the total amount of receptor
with i sites methylated, we further have that

u 1 . o LKL

A= T s T
T T
in which K| is the dissociation constant of the receptor complex-ligand binding. It
follows that if we IetTiA denote the “eective” concentration of; that phosphory-
lates A, we have
|
Ut KO(L=K)
A_ 0, LUTU_ T kl K L) .
kiaTi _kiOTi+kiTi_T| l+L=K|_ 1

for a suitably de ned constarhﬁ. Hence, we can write

G

1+L=K_  1+L=K’

TA= (LT with  (L)=
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Figure 5.17: Probability of activity (L) as a function of the ligand concentratibn

andT/ =T, TA, for suitable constants! and °. The coe cients ° and !
capture the eect of presence or absence of the ligand on the activity level of the
complex and (L) can be interpreted as the probability of activity. Followi8@]|

we take the coecients to be

§=0; =01, 2=05; 1=075 =1
0=0; 2=0; 9=01, 9= 05; a=1

and choos& = 10uM. Figure5.17shows how each;(L) varies withL.

The total concentration of active receptors can now be written in terms of the
receptor complex concentratiofis and the activity probabilities;(L). We write
the concentration of activated complek &nd inactivated complex Bs

X X
TA= LT T=@ (L)
i=0 i=0

These formulas can now be used in our dynamics as antie concentration of

active or inactive receptors. In particular, lettikg represent a lumped reaction
rate constant for the phosphorylation of A bf Tor which we employ a one-step
reaction model, we have

TA+AI® TALA (5.14)

We next model the transition between the methylation patterns on the receptor.
For this, we assume that CheR binds only inactive receptors and phgkgibd
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CheB binds only to active recepto@() 69]. This leads to the following reactions:
TA+B ¥ TABI ' TA +B i212:3;
i ), 1B i1t 1212,3,49
A B AR .
T7+B )dB T7:B;
K .

T+R)¥ TR 11, +R i 211,239

dr
T+R)¥ TLR;

dr

in which we accounted for the fact that R can still bind {pelen without methy-
lating it and B can still bind Ti‘ even without demethylating it. Assuming the
complexes concentrations are at their quasi-steady state values, andKettng
(dr+ kr)=ar andKp = (dg + kg)=ag denote the Michaelis-Menten constant for the
above enzymatic reactions, we have the following relations

TR TAB
R. —_ | . A - | .
[TR] = re [TAB ] Ko

in which we have approximatedrk=ar (dg=ag) by Kr (Kg) accounting for the
fact thatkk dr (ks dg). We can now write the dierential equation foff;
considering the fact that

dT, _dT dTA
dt ~ dt o dt’
Speci cally, we have that
dT! kRTi'R+kRTi' R
dt ~ T Kg Kg '’
d_TiA = kBTiAB +kBTiélB ;
dt Kgs Ks

. : P P .
with the conservation lawBt = R+ & [TI:R] andB, =B + &,[T.:B ], in

which By, represents the total amount of phosphorylated CheB prgfein. Consider-
ing the Buasi—steady state expressions for the complexes and the fac{t_tp‘ﬁ’t\ =
TAand L, T/ =T', these conservation laws lead to

R: RtOI . B - BtOt .
1+TI=Kg’ 1+TA=Kg’
De ning
B R
re =k tot . re=k ot |
B= KB L TA" R= KRy 1
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which represent the ective rates of the methylation and demethylation reactions,
we nally obtain that

%Ti =rrl L) Tis+rg +1(DTier rr1 (LT re (LT
where the rst and second terms represent transitions into this state vialatithy
or demethylation of neighboring states (see FighuE5) and the last two terms
represent transitions out of the current state by methylation and demethylatio
respectively. Note that the equations gy and T, are slightly di erent since the
demethylation and methylation reactions are not present, respectively.

Finally, we write the phosphotransfer and dephosphorylation reactinnag
CheA, CheB, CheY, and the binding of Chet the motor complex M:

A+Y1MA+y: Y I?y:
A +BI A+B: B !“ B
TA:B 1 TAB; i 211;2;3;4g
a
Y +MY Y :M;
d

in which the rst reaction is the phosphotransfer from Cheé CheY, the sec-
ond reaction is the dephosphorylation of Cheéd§ CheZz, the third reaction is the
phosphotransfer from ChéAo CheB, the fourth and fth reactions are the de-
phosphorylation of CheB which cab be dephosphorylated also when bound to the
receptor, and the last reaction is the binding of Chalith the motor complex M

to form the complex Y: M, which increases the probability that the motor will
rotate clockwise. The resulting ODE model is given by

dEtA = kT A KAY kA B;

%Y =kiAY kY aMY +dM:Y [;
d

E[Btot: k3A B k48tot;

dgt[M:Y ]=aMyY dMY ];

with conservation laws

A+A = Ags B+ Biot = Brot;
Y+Y +[M:Y ] =Y M+ [M:Y ] = Mt

Figure5.18ashows the concentration of the phosphorylated proteins based on
a simulation of the model. Initially, all species are started in their unphosphory-
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Figure 5.18: Simulation and analysis of reduced-order ataris model. The parameters

are taken from Raet al.[80] and given byko = 50s 1, k; = 100s?, k3=30s 1, ko =
g,o s 1 a=50shM 1, d=19s? andks=1s1 The concentrations afRo = 0. 2 nM,

=5nM, Agt = 5 nM, Biot = 2 nM, andY;g: = 17.9 nM. Also, we havékg = 0.5,
KB = 5 5nM, kg = 0:255, andKr = 0.251 nM.

lated and demethylated states. At time 500 s the ligand concentration is increased
toL=10uM and at time 1000 s itis returned to zero. We see that immediately after
the ligand is added, the Chéoncentration drops, allowing longer runs between
tumble motions. After a short period, however, the Che¥ncentration adapts to
the higher concentration and the nominal run versus tumble behavior isegsto
Similarly, after the ligand concentration is decreased the concentrationed Ch
increases, causing a larger fraction of tumbles (and subsequermgeshandirec-
tion). Again, adaptation over a longer time scale returns that CheY coatientto

its nominal value. The chemotaxis circuit pathway from T to CheY (to the motor)
explains the sudden drop of CheWhen the ligand L is added. The slower methy-
lation of the receptor complex catalyzed by CheR and removed by CheB slowly
takes the value of of Che o the pre-stimulus level.

Figure 5.18bhelps explain the adaptation response. We see that the average
amount of methylation of the receptor proteins increases when the ligandrcon
tration is high, which decreases the activity of CheA (and hence desdhs
phosphorylation of CheY).

Integral action

The perfect adaptation mechanism in the chemotaxis control circuitry haartine
function as the use of integral action in control system design: by includfegd-
back on the integral of the error, it is possible to provide exact cancellabio
constant disturbances. In this section we demonstrate that a simpli ed verfsion
the dynamics can indeed be regarded as integral action of an apprcigiadd:
This interpretation was rst pointed out by it al[99].

We begin by formulating an even simpler model for the system dynamics that
captures the basic features required to understand the integral acdaronaider
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Jcircuits/figures/chemotaxis-reduced.eps

Figure 5.19: Reduced order model of receptor activity. 8tdicates activated complex
and “m” indicates methylated complex. Obtained frety) Figure 7.9.

the receptor complex T and the kinase CheA as a single entity denoted byck, wh
can be either methylated or not. We ignore the number of methylated sites and sim-
ply group all the methylated forms into a lumped stated callgdA{so, we assume

that only the methylated state can be activated and the activity is determined by the
ligand L concentration (through the functiongL)). We let X, represent this ac-

tive state and ignore the additional phosphorylation dynamics of CheY asavéh

take the concentratioX,,, as our measure of overall activity.

We take the ligand into account by assuming that the transition between the
active form X, and the inactive form ¥ depends on the ligand concentration:
higher ligand concentration will increase the rate of transition to the inadave.s
The activatiofdeactivation reactions are then written as

K (1)

RO X)) )

Xm activatiorldeactivation
in which the deactivation ratd (L) is an increasing function df. As before, CheR
methylates the receptor and Chelemethylates it. We simplify the picture by only
allowing CheB to act on the active state;xand CheR to act on the inactive state.
Figure5.19shows the transitions between the various foMns

This model is a considerable simpli cation from the ligand binding model that
is illustrated in Figure$.15band5.16 In the previous models, there is some prob-
ability of activity with or without methylation and with or without ligand. In this
simpli ed model, we assume that only three states are of interest: demethylated,
methylatednactive and methylatédctive. We also modify the way that ligand
binding is captured and instead of keeping track of all of the possibilities in Fig
ure5.15h we assume that the ligand transitions us from an active s{gten
inactive X,,. These states and transitions are roughly consistent with trezatt
energy levels and probabilities in Figutel5h but it is clearly a much coarser
model.

Accepting these approximations, the model illustrated in Figut@results in
the methylation and demethylation reactions

RL X+R)* XRR! X,+R methylation
R2 X,+B )* X,B! X+B demethylation
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For simplicity we take both R and Bo have constant concentration.
We can further approximate the rst and second reactions by their Miishae
Menten forms, which yield net methylation and demethylation rates (for these re

actions)
X X

Vi =kRR———; v =kgB ——"—:

TR K+ X " Kx, + Xm
If we further assume thaX Ky > 1, then the methylation rate can be further
simpli ed:

X
Kx+ X

Using these approximations, we can write the resulting dynamics for thellovera
system as

Vi = kgR KrR:

dﬂtxm = kgR+k (L)X, K Xm
d _ Xm f r .
d—txm - kBB m k (L)Xm+ k Xm.

We wish to use this model to understand how the steady state activityXeyvel
depends on the ligand concentratioifwhich enters through the deactivation rate
k(L))

It will be useful to rewrite the dynamics in terms of the activated complex con-
centrationX,, and thetotal methylated complex concentratidyor = Xm+ X, A
simple set of algebraic manipulations yields

dX, X

at =K' (Xmtot X)) ksB T‘Txm kf(L)Xm;
dXmtot _ Xm .

a o RR kB

From the second equation, we see that the the concentration of methylatpléxo
Xm.tot IS @ balance between the action of the methylation reacRd)) ¢haracter-
ized byv:) and the demethylation reactioRZ at ratev ). Since the action of
a ligand binding to the receptor complex increases the rate of deactivattbe of
complex RO, in the presence of a ligand we will increase the amount of methy-
lated complex (and, via reactid®l) eventually restore the amount of the activated
complex. This represents the adaptation mechanism in this simpli ed model.

To further explore the eact of adaptation, we compute the equilibrium points
for the system. Setting the time derivatives to zero, we obtain

v = KxkeR
™ kgB  ksR |
— 1 r Xm f ..
Xm;tot;e - F k Xm+ kBB }<X—+>(rn + k (L)Xm .

m
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Note that the solution for the active complx,. in the rst equation does not
depend orkf(L) (or k') and hence the steady state solution is independent of the
ligand concentration. Thus, in steady state, the concentration of actatgolex
adapts to the steady state value of the ligand that is present, making it ingensitiv
to the steady state value of this input.

In order to demonstrate that after a perturbation due to addition of the ligand
the value ofX, returns to its equilibrium, we need to prove that the equilibrium
point (Xmtote; Xme) iS @asymptotically stable. To do so, ket Xyt andy = X, and
rewrite the system model as

ax y

i krR kgB K +y

dy_ r y f .
i K(x y) ksB K +y k'(L)y;

which is in the standard integral feedback form introduced in Se@i@nThe
stability of the equilibrium pointXe; Ye) = (Xmtote; Xm,e) CaN be determined by cal-
culating the Jacobian matrikof this system at the equilibrium. This gives

Kxp,
0 keB (erKy )2

K
r kBBﬁ kf(L) K
for which
tr(J)<0 and detf) > O;

implying that the equilibrium point is asymptotically stable.

The dynamics foXytot can be viewed as an integral action: when the concen-
tration of X, matches its reference value (with no ligand present), the quantity of
methylated compleXmot remains constant. But Xyt does not match this ref-
erence value, theKm ot increases at a rate proportional to the methylation “error”
(measured here by dérence in the nominal reaction ratesandv ). It can be
shown that this type of integral action is necessary to achieve perfapgtatbn in
a robust mannei9p.

Exercises

5.1 Consider the negatively autoregulated system with noise given in equaiin (
Determine the frequency response with respect to noise inpahd compare its
magnitude to that of the open loop system in equattog)

5.2 Consider the contribution of the negative autoregulation given by therpara
eterg in equation §.6). Study howg changes when the value of the dissociation
constaniy is changed.
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5.3 Consider the negatively autoregulated system

dA

= A
dt 1+ (A"

Explore through linearization how increasing the Hill cagent a ects the re-
sponse time of the system. Also, compare the results of the linearization analysis
to the behavior of the nonlinear system obtained through simulation.

5.4 Consider the toggle switch model

dA_ A, 9B_ B
dt 1+ (B=K)" ' dt 1+ (AK)™

Here, we are going to explore the parameter space that makes the systeaswo
a toggle switch. To do so, answer the following questions:

(a) Considem=n= 1. Determine the number and stability of the equilibria as the
values of 5 and g are changed.

(b) Considem= 1 andn> 1 and determine the number and stability of the equi-
libria (as other parameters change).

(c) Considem= n= 2. Determine parameter conditions og1 g; ; K for which
the system is bistable, i.e., there are two stable steady states.

5.5 Consider the repressilator model and the parameter space for oscillatens p
vided in Figureb.5. Determine how this parameter space changes if the vale of
in the Hill function is changed.

5.6 Consider the “generalized” model of the repressilator in which we nave
repressors (witiman odd number) in the loop. Explore via simulation the fact that
whenmis increased, the system oscillates for smaller values of the Hill cant

n.

5.7 Consider the the activator-repressor clock model given in equat®td) (
Determine the number and stability of the equilibria as performed in the text for
the case in whicim> 1.

5.8 Consider the feedforward circuit shown in Figlgdll Assume that we ac-
count for cooperativity such that the model becomes

dA dB kel
- = A - = -
gt A T Ty

Show that the adaptation property still holds under suitable parameter cosditio
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Chapter 6

Interconnecting Components

In Chapter2 and Chapteb we studied the behavior of simple biomolecular mod-
ules, such as oscillators, toggles, self repressing circuits, signatitretiten and
ampli cation systems, based on reduced order models. One natural stegrdo

is to create larger and more complex systems by composing these modules to-
gether. In this chapter, we illustrate problems that need to be overcomeimhen
terconnecting components and propose a number of engineering soldised

on the feedback principles introduced in Cha@eEpeci cally, we explain how
loading e ects arise at the interconnection between modules, which change the ex-
pected circuit behavior. These loading problems appear in severakothi@eering
domains, including electrical, mechanical, and hydraulic systems, and bave b
largely addressed by the respective engineering communities. In thikeghap
explain how similar engineering solutions can be employed in biomolecular sys-
tems to defeat loading @cts and guarantee “modular” interconnection of circuits.

In Chapter?7, we further study loading of the cellular environment by synthetic
circuits employing the same framework developed in this chapter.

6.1 Input/Output Modeling and the Modularity Assumption

The inputoutput modeling introduced in Chapteand further developed in Chap-

ter 3 has been employed so far to describe the behavior of various modules and
subsystems. This inplatutput description of a system allows to connect systems
together by setting the inpug of a downstream system equal to the outypubf

ug Y1 uz V2
—_— [—— R — |

u up =
1 2= V1 Va2

Figure 6.1: In the inpubutput modeling framework, systems are interconnecteddiy s
cally assigning the value of the output of the upstream systethe input of the down-
stream system.
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the upstream system (Figuéel) and has been extensively used in the previous
chapters.

Each node of a gene circuit, such as those in Figutef the previous chapter,
has been modeled as an infowttput system taking the concentrations of transcrip-
tion factors as input and giving, through the processes of transcrigtidrirans-
lation, the concentration of another transcription factor as an output. EonEg,
node C in the repressilator has been modeled as a second order systaakdaha
the concentration of transcription factor B as an input through the Hilltfonc
and gives transcription factor C as an output. This is of course not tlyepos-
sible choice for decomposing the system. We could in fact let the mRNA or the
RNA polymerase owing along the DNA, called PoPS (polymerase per sBcon
[28], play the role of input and output signals. Similarly, a signal transduct&tn n
work is usually composed of protein covalent modi cation modules, which ke
modifying enzyme (a kinase in the case of phosphorylation) as an inpugieesl
the modi ed protein as an output.

This inpufoutput modeling framework is extremely useful because it allows us
to predict the behavior of an interconnected system from the behavtbea$o-
lated modules. For example, the location and number of equilibria in the toggle
switch of Sectiorb.3were predicted by intersecting the steady state fopiput
characteristics, determined by the Hill functions, of the isolated modules Band
Similarly, the number of equilibria in the repressilator of Secbotwas predicted
by modularly composing the inploutput steady state characteristics, again deter-
mined by the Hill functions, of the three modules composing the circuit. Finally,
criteria for the existence of a limit cycle in the activator-repressor cloceatfion
5.5were based on comparing the speed of the activator module's dynamics to tha
of the repressor module's dynamics.

For this inputoutput interconnection framework to reliably predict the behav-
ior of connected modules, it is necessary that the iiopigpput (dynamic) behavior
of a system does not change upon interconnection to another systereféieor
the property by which a system inpotitput behavior does not change upon in-
terconnection amodularity All the designs and models described in the previous
chapter assume that the modularity property holds. In this chapter, wédaques
this assumption and investigate when modularity holds in gene and in signal trans
duction circuits. Further, we illustrate design methods, based on the teekrofju
Chapter3, to create functionally modular systems.

6.2 Introduction to Retroactivity

The modularity assumption implies that when two modules are connected together,
their behavior does not change because of the interconnection. EQweunda-
mental systems engineering issue that arises when interconnectingteuisys
how the process of transmitting a signal to a “downstream” componeztta the
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Figure 6.2: Interconnection of an activator-repressacicto a downstream system. (a) The
activator-repressor clock is isolated. (b) The clock israied to a downstream system.
(c) When the clock is connected, perodic behavior of the preteoncentrations is lost and
oscillations are quenched. The clock hance fails to trartsmidesired periodic stimulation
to the downstream system. In all simulations, we have chtseparameters of the clock
as in Figure5.9. For system in (b), we added the reversible binding reaatioA with
sites p in the downstream system: af) * C with conservation lavp; = p+ C, with
Prot = 5NM, association rate constaih = 50 min 1 nM ", and dissociation rate constant
ko =50 min ! (see Exercisé.12).

dynamic state of the upstream sending component. This issue, ¢oed “loads”
on the output of a system, is well-understood in many engineering elds asich
electrical engineering. It has often been pointed out that similar issuesrnsay
for biological systems. These questions are especially delicate in desigems,
such as those described in Chager

For example, consider a biomolecular clock, such as the activatorssepre
clock introduced in Sectiob.5 and shown in Figur&.2a Assume that the acti-
vator protein concentratioA(t) is now used as a communicating species to syn-
chronize or provide the timing to a downstream system D (Fiu2g). From a
systemssignals point of viewA(t) becomes aimputto the downstream system D.
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Figure 6.3: A systen$ input and output signals. Threands signals denote signals origi-
nating by retroactivity upon interconnectio2?.

The terms “upstream” and “downstream” re ect the direction in which we tloihk
signals as travelingrom the clockto the systems being synchronized. However,
this is only an idealization because when A is taken as an input by the doamstre
system it binds to (and unbinds from) the promoter that controls the exmmess
of D. These additional bindirignbinding reactions compete with the biochemical
interactions that constitute the upstream clock and may therefore disruguehe-

tion of the clock itself (Figuré.29. We call this back-eectretroactivityto extend

the notion of impedance or loading to non-electrical systems and in particular to
biomolecular systems. This phenomenon, which in principle may be used in an
advantageous way by natural systems, can be deleterious when dgsigminetic
systems.

One possible approach to avoid disrupting the behavior of the clock is to in-
troduce a gene coding for a new protein X, placed under the controkasdme
promoter as the gene for A, and using the concentration of X, which imasly
mirrors that of A, to drive the downstream system. However, this apprsidthas
the problem that the concentration of X may be altered and even disruptée by
addition of downstream systems that drain X, as we shall see in the néxinsec
The net result is that the downstream systems are not properly timed assXdb
transmit the desired signal.

To model a system with retroactivity, we add to the idputput modeling
framework used so far an additional input, calledo account for any change
that may occur upon interconnection with a downstream system (Fég8el hat
is, s models the fact that whenevgris taken as an input to a downstream sys-
tem the value off may change, because of the physics of the interconnection. This
phenomenon is also called in the physics literature “the obseneaté implying
that no physical quantity can be measured without being altered by the reeasu
ment device. Similarly, we add a signmaas an additional output to model the fact
that when a system is connected downstream of another one, it will ssigdal
upstream that will alter the dynamics of that system. More generally, weeda n
systemS to have internal state, two types of inputs, and two types of outputs: an
input “u”, an output " (as before), aetroactivity to the inputr”, and aretroac-
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tivity to the output's’. We will thus represent a systeSby the equations

%( = f(x;u;s); y=h(x;u;s); r=R(xu;s); (6.1)
wheref, g, andR are arbitrary functions and the signadsu, s, r, andy may be
scalars or vectors. In such a formalism, we de ne the ifguiput model of the
isolated system as the one in equatiétily without r in which we have also set
s=0.

LetS; be a system with inputg ands and with outputy; andr;. LetS; andS,
be two systems with disjoint sets of internal states. We de ne the interconnectio
of an upstream systef, with a downstream systefy by simply settingy; = u
ands; = ry. For interconnecting two systems, we require that the two systems do
not have internal states in common.

It is important to note that while retroactivityis a back action from the down-
stream system to the upstream one, it is conceptuallgrént from feedback. In
fact, retroactivitysis nonzero any timg is transmitted to the downstream system.
Thatis, itis not possible to send siglydb the downstream system without retroac-
tivity s. By contrast, feedback from the downstream system can be remogad ev
when the upstream system sends signal

6.3 Retroactivity in Gene Circuits

In the previous section, we have introduced retroactivity as a ger@raépt mod-
eling the fact that when an upstream system is ifquiput connected to a down-
stream one, its behavior can change. In this section, we focus on geuniéscand
show what form retroactivity takes and what itsegts are.

Consider the interconnection of two transcriptional components illustrated in
Figure 6.4. A transcriptional component is an inpotitput system that takes the
transcription factor concentratiahas input and gives the transcription factor con-
centrationX as output. The activity of the promoter controlling gendepends
on the amount of Z bound to the promoterZlE Z(t), such an activity changes
with time and, to simplify notation, we denote it Bft). We assume here that the
MRNA dynamics are at their quasi-steady state. The reader can verifglittizd
results hold unchanged when the mRNA dynamics are included (see B&is
We write the dynamics oX as

dX

— =k X; 2

kKO X (6.2)
in which is the decay rate constant of the protein. We refer to equabid &s
theisolated system dynamics
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Figure 6.4: A transcriptional component takes as inpuytrotein concentratio and
gives as outpu protein concentratioX. The downstream transcriptional component takes
protein concentratioiX as its input.

Now, assume that X drives a downstream transcriptional module by binding to
a promoter p (Figuré.4). The reversible binding reaction of X with p is given by

X+p)kkjp C

in which C is the complex protein-promoter akgl andk, are the association and
dissociation rate constants of protein X to promoter site p. Since the promoter is
not subject to decay, its total concentratiog; is conserved so that we can write

p+ C = pwt. Therefore, the new dynamics of X are governed by the equations

%:k(t) X+[ko C kon(Prot C)XI; de ko C+kon(Prot C)X: (6.3)

dt
We refer to this system as tlemnnectedsystem. Comparing the rate of change
of X in the connected system to that in the isolated sys®i®),(we notice the
additional rate of changekf C kon(pot C)X] of X in the connected system.
Hence, we have

s=[ko C kon(prot C)XI;

ands= 0 when the system is isolated. We can intergras a mass ow between
the upstream and the downstream system, similar to a current in electricedscirc

How large is the eect of retroactivitys on the dynamics oK and what are the
biological parameters that act it? We focus on the retroactivity to the outs
we can analyze the ect of the retroactivity to the inpuiton the upstream system
by simply analyzing the dynamics dfin the presence of the promoter regulating
the expression of gene
The e ect of retroactivitys on the behavior oK can be very large (Figug.5).
By looking at Figures.5, we notice that the eect of retroactivity is to “slow down”
the dynamics oK(t) as the response time to a step input increases and the response
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Figure 6.5: The eect of retroactivity. The solid line representgt) originating by equa-
tions 6.2), while the dashed line represeitt&) obtained by equatior6(3). Both transient
and permanent behaviors are dient. Herek(t) = 0:01(8+ 8sin(! t)) with! =0:01 min !

in (a) andk(t) = 0:18 in (b). The parameter values are givenkgy = 10 min 'nM 1,

ko =10min?!, =0:01 min !, andpy = 100 nM. The frequency of oscillations is cho-
sen to have a period of about 11 hours in accordance to whgpésiementally observed in
the synthetic clock off].

to a periodic signal appears attenuated and phase-shifted. We will cakolihis
more precisely in the next section.

These eects are undesirable in a number of situations in which we would like
an upstream system to “drive” a downstream one, for example wherlagiuial
oscillator has to time a number of downstream processes. If, due to thaatatity,
the output signal of the upstream process becomes too loyoraadt of phase
with the output signal of the isolated system (as in Fighif, the coordination
between the oscillator and the downstream processes will be lost. Werneiie
a procedure to quantify the ect of retroactivity on the dynamics of the upstream
system.

Quanti cation of the retroactivity to the output

In this section, we provide a general approach to quantify the retrisdiivthe
output. To do so, we quantify the dérence between the dynamicsXofn the iso-

lated system@.2) and the dynamics oX in the connected systers.Q) by estab-
lishing conditions on the biological parameters that make the two dynamics close
to each other. This is achieved by exploiting theatience of time scales between
the protein production and decay processes and bihgdibinding reactions, math-
ematically described b . By virtue of this separation of time scales, we can
approximate systen6(3) by a one dimensional system describing the evolution of
X on the slow manifold (see Secti@¥b).
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To this end, note that equatio6.8) is not in standard singular perturbation
form: while C is a fast variableX is neither fast nor slow since its dérential
equation includes both fast and slow terms. To explicitly model therdince of
time scales, we let= X+ C be the total amount of protein X (bound and free) and
rewrite system@.3) in the new variablesz(C). Letting = =k, , Kq = ko =on,
andkon = =( Kq), system 6.3) can be rewritten as

dz dC
— =k ; — = +— ; 4
G -KO0 @O E= Cricpo Ok O (64
in whichzis a slow variable. The reader can check that the slow manifold of system
(6.4) is locally exponentially stable (see Exerc&e).

We can obtain an approximation of the dynamic¥oh the limit in which is

very small by setting = 0. This leads to

ProtX |
X+ Ky

C+ K—d(pmt C)X=0 9 C = g(X) with g(X) =

Sincez= X+ C, we have thaz= X+ (dg=dX)X. This along withz= k(t) X lead
to 1

dX 1

oo KO X T dg=dX

The di erence between the dynamics in equati®®)((the connected system

after a fast transient) and the dynamics in equat®g) ((the isolated system) is
zero when the terrdg(X)=d X in equation 6.5) is zero. We thus consider the term
dg(X)=dX as a quanti cation of the retroactivitg after a fast transient in the ap-
proximation in which 0. We can also interpret the temg(X)=d X as a percent-
age variation of the dynamics of the connected system with respect to thendyn
ics of the isolated system at the quasi-steady state. We next determine siheaphy
meaning of such a term by calculating a more useful expression that i@ofun
of key biochemical parameters. Speci cally, we have that

do(X) _  por=Kg _ .
X " Oaeer 1y RO (6.6)

(6.5)

The retroactivity measur® is low whenever the ratigy,:=Ky, which can be seen

as an eective load, is low. This is the case if the aity of the binding sites p is
small (Kq large) or if py is low. Also, the retroactivity measure is dependent on
Xin a nonlinear fashion and it is such that it is maximal when X is the smallest.
The expression dR(X) provides an operative quanti cation of retroactivity: such
an expression can be evaluated once the dissociation constant of Xwa kifie
concentration of the binding sitgse; is known, andX is also measured. From
equations §.5 and 6.6), it follows that the rate of change of in the connected
system is smaller than that in the isolated system, that is, retroactivity slows down
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the dynamics of the transcriptional system. This has been also experimeatally r
ported in g9].

Summarizing, the modularity assumption introduced in Sedidrolds only
when the value oR(X) is small enough. Thus, the design of a simple circuit can
assume modularity if the interconnections among the composing modules can be
designed so that the value B{X) is low. When designing the system, this can be
guaranteed by placing the promoter sites p on low copy number plasmidsror eve
on the chromosome (with copy nhumber equal to 1). High copy number plasmids
are expected to lead to non-negligible retroactivitgets on X.

Note however that in the presence of very lowraty andor very low amount
of promoter sites, the amount of complex C will be very low. As a conseqd¢ne
amplitude of the transmitted signal to downstream systems may also be very small
sot that noise may become a bottleneck. A better approach may be to design ins
lation devices (as opposed to designing the interconnection for low rétiogc
to bu er systems from possibly large retroactivity as explained later in the chapter

Effects of retroactivity on the frequency response

In order to explain the amplitude attenuation and phase shift due to retitactiv
observed in Figuré.5, we linearize the system about its equilibrium and determine
the e ect of retroactivity on the frequency response. To this end, contsidénput

in the formk(t) = k+ Agsin( t). Let Xe = k= andCe = protXe<(Xe + Kg) be the
equilibrium values corresponding to The isolated system is already linear, so
there is no need to perform linearization and the transfer function kéonX is
given by

Gl(s) = S%:
For the connected systei®.9), let (k; Xe) denote the equilibrium, which is the same
as for the isolated system, anditet k kandx= X X.denote small perturbations
about this equilibrium. Then, the linearization of systéb) about k; X¢) is given

by
1

1+ (ProKa) (XeKa + 1

Letting R:= (pPror=Ka)=(Xe=Kq + 1)2, we obtain the transfer function frokmto x of
the connected system linearization as

dx -~
g - kO x)

1 1
1+Rs+ =(1+R)’

c —
GXk_

Hence, we have the following result for the frequency response malgniénd
phase shift:

Mi()= p——i () =tan’( 1= )
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downstream system

Figure 6.6: Covalent modi cation cycle with its input, ouip and downstream system.
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from which one obtains tha_\‘/li(O) = M¢(0) and, sinceR > 0, the bandwidth of

the connected system (1+ R) is lower than that of the isolated systemAs a
consequence, we have thdt(! ) > MS(! ) for all | > 0. Also, the phase shift of
the connected system is larger than that of the isolated system. This explgins w
the plots of Figures.5 show attenuation and a phase shift in the response of the
connected system.

When the frequency of the input stimulati&t) is su ciently lower than the
bandwidth of the connected systen{1+ R), then the connected and isolated sys-
tems will respond similarly. Hence, the ects of retroactivity are tightly related to
the time scale properties of the input signals and of the system and mitigation of
retroactivity is required only when the frequency range of the signatstefest is
larger than the connected system bandwidtfi + R) (see Exercisé.4).

M ) = ‘(t)=tan}( ! 1+R)=);

6.4 Retroactivity in Signaling Systems

Signaling systems are circuits that take external stimuli as inputs and, thacegh
guence of biomolecular reactions, transform them to signals that cootrotélls
respond to their environment. These systems are usually composed tdntova
modi cation cycles such as phosphorylation, methylation, and urydylilatiad, a
connected in cascade fashion, in which each cycle has multiple downstaeam
gets or substrates (refer to Figu&). An example is the MAPK cascade, which
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we have analyzed in Sectidh5. Since covalent modi cation cycles always have
downstream targets, such as DNA binding sites or other substrates,riics [zaly
important to understand whether and how retroactivity from these dovamstsys-
tems a ects the response of the upstream cycles to input stimulation. In this section,
we study this question both for the steady state and transient responsevalent

modi cation cycle to its input.

Steady state effects of retroactivity

We have seen in Sectidh4 that one important characteristic of signaling systems
and, in particular, of covalent modi cation cycles, is the steady state fopidut
characteristic curve. We showed in Sectd that when the Michaelis-Menten
constants are suciently small compared to the amount of total protein, the char-
acteristic curve of the cycle become ultrasensitive, a condition calledazdsy-
ultrasensitivity. When the cycle is connected to its downstream targets, thidyste
state characteristic curve changes. In order to understand how thperspve
rewrite the reaction rates and the correspondingiintial equation model for the
covalent modi cation cycle of SectioB.4, adding the binding of Xto its down-
stream target S. Referring to Figuses, we have the following reactions:

z+x)y* ¢ x +z, v+x ¥ 1 x+y;
dl d2
to which we add the binding reaction of X* with its substrate S:
X + S)kg‘n G
ko
in which C is the complex of X* with S. In addition to this, we have the conserva-

tion lawsXipt = X + X+ C1+Cy+C, Ziot=Z+Cq, andYiot = Y+ Co.
The ordinary di erential equations governing the system are given by

% =y XZ (di+ki)Cy;

dX

F = aX Y+dCo+KkiCi konSX +k, C;
% =aXY (d2+k2)Cyp;

dcC

i konX S ko C:

The inputoutput characteristics are found by solving this system for the equilib-
rium. In particular, by settingc, = 0, C, = 0, using thatZ = Z,; C; and that
Y =Yt Co, we obtain the familiar expressions for the complexes:

_ ZiotX | _ YiotX |
1-— ] CZ - [
K1+ X Ko+ X
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with
K1=dl+k1; K2=d2+k21
ar ap
By settingX + C,+C =0, we obtairk;C, = koC», which leads to
Vic oo =Vpo o Vi=kZ and Vo= koY (6.7)
Ki+ X Ko+ X

By assuming that the substraXg; is in excess compared to the enzymes, we have
thatC1;Co Xt SO thatX Xyt X C, in which (from settingdC=dt = 0)
C = X S=Kg with Kg =Ky =Kon, leading toX Xyt X (1+S=Ky). Calling
S.
Kg'
equation 6.7) nally leads to
goe Va2 X (KA1 )+ (oLt ) X)), 6.8)
\Z: Ko+ X ) (XotA1+ ) X))
Here, we can interpret as an eective load, which increases with the amount of
targets of X but also with the a nity of these targets €Kq).
We are interested in how the shape of the steady statgdpptit characteristic
curve of X change as function gf when the eective load is changed. As seen
in Section2.4, a way to quantify the sensitivity of the steady state characteristics is
to calculate the response coeientR = ygp=y10. The maximal value oK obtained
asy!1 isgiven byX<1+ ). Hence, from equatior6(8), we have that

(Ki+0:1)09 _ (Ky+0:9)01

Yoo oar )+ 0901 07 K@+ )+ 0:1)09’
with K <
va 1 — 2
K= ——=; Ko= —=;
! Xtot 2 Xiot
so that

=81 (Ky+0:1)(Ko(1+ )+0:1 :
(K2(1+ )+ 0:9)(Ky+0:9)
Comparing this expression with the one obtained in equafBi@i) for the isolated
covalent modi cation cycle, we see that the neket of the downstream target S is
that of increasing the Michaelis-Menten constiatby the factor (& ). Hence,
we should expect that with increasing load, the steady state characteuistec ¢
should be more linear-like. This is con rmed by the simulations shown in Fig-
ure6.7and it was also experimentally demonstrated in signal transduction circuits
reconstitutedn vitro [92].
One can check th& is a monotonically increasing function of In particular,
as increases, the value Bftends to 81K; + 0:1)5(K, + 0:9), which, in turn, tends
to 81 forKi;Ko!'1 . When =0, we recover the results of Sectigr.
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Figure 6.7: E ect of retroactivity on the steady state infouitput characteristic curve
of a covalent modi cation cycle. The addition of downstresanget sites makes the in-
putoutput characteristic curve more linear-like, that isfoattivity makes a switch-like
response into a more graded response. The plot is obtaindd, %ot = Ko=Xot = 0:01
and the value oK is normalized to its maximum given Bo=(1+ ).

Dynamic effects of retroactivity

In order to understand the ects of retroactivity on the temporal response of a
covalent modi cation cycle, we consider changeZjg and analyze the temporal
response of the cycle to these changes. To perform this analysis nsilse wa
seek a one dimensional approximation of ¥nedynamics by exploiting time scale
separation.

Speci cally, we have thatl;; kg ki;ko, SO we can choose= ki=k, as a
small parameter and = X +C+C; as a slow variable. By setting= 0, we obtain
C1 = ZioeXqKp + X), Co2 = YioeX Ko+ X ) =:g(X ), andC = X , whereZy is
now a time-varying input signal. Hence, the dynamics of the slow variatbe
the slow manifold are given by

aw_, Ze®X X .
dt ~ TKiAX 2N R K

Using

dw_dX  dC dC; dC_ dX dC;_ @dX.
dt  dt dt dt’' dt dt’ dt @ dt’
and the conservation laX = Xio; X (1+ ), we nally obtain the approximated
X dynamics as

dl: 1 Ztot(t)(xtot X (1+ )) Y, X .
dt 1+ K+ Kot X 1+ ) 2O +Kp

|
(6.9)
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Figure 6.8: E ect of retroactivity on the temporal response of a covaleotliroation
cycle. (a) Response to a negative step. The presence ofithenakes the response slower.
(b) Step response of the cycle in the presence of a positye $he response time is not
a ected by the load. Herd{1=Xot = Ko=Xot = 0:1, k1 = ko =1 min 1, and = 5. In the
plots, the concentratioX is normalized byXot.

where we have assumed thé=K, S=K4, so that the eect of the binding
dynamics of X* with Y (modeled by@=@ ) is negligible with respect to. The
reader can verify this derivation as an exercise (see Exebcise

From this expression, we can understand thect of the load on the rise time
and decay time in response to large step input stidgtli For the decay time, we
can assume an initial conditiok (0), 0 andZyy(t) = O for all t. In this case, we

have that
dX X 1

W— k2 tot—x +K21T’
from which, since > 0, it follows that the transient will be slower than wher 0
and hence that the system will have an increased decay time due to rgttpacti
For the rise time, one can assuiigr 1 and X (0) = 0. In this case, at least
initially we have that

I
_ oy Zio(Kot X (A4 )
(1+ )d_ T Kt X (@F )

which is the same expression for the isolated system in wKicls scaled by
(1+ ). So, the rise time is not &cted. The response of the cycle to positive and
negative steps changes of the input stimdgsare shown in Figuré.8.

In order to understand how the bandwidth of the system ected by retroac-
tivity, we considerZyy(t) = Z+ Agsin( t). Let Xe be the equilibrium ofX corre-
spondingtZ. Letz=Z,; Zandx=X X denote small perturbations about the
equilibrium. The linearization of systerg.Q) is given by

= al yer b

dX
t
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Figure 6.9: Behavior of the bandwidth as a function of theaive load for di erent
values of the constant;; K».

in which
|
K1+ ) Ko

T+ 2R o Xelr N2 2 X
and I

b ) = Ky Xiot  Xe(1+ ) )
1+ Kit (Kot Xe(1+ )

so that the bandwidth of the system is givenlhy= a( ).

Figure6.9shows the behavior of the bandwidth as a function of the load. When
the isolated system steady state idputput characteristic curves are linear-like
(K1;K2  Xot), the bandwidth monotonically decreases with the load. By contrast,
when the isolated system static characteristics are ultrasensitiMé X, the
bandwidth of the connected system can be larger than that of the isolatedsy
for su ciently large amounts of loads. In these conditions, one should expect that
the response of the connected system becomes faster than that of ttezlispta
tem. These theoretical predictions have been experimentally validated ialaicbv
modi cation cycle reconstituteth vitro [50].

a( )=

6.5 Insulation Devices: Retroactivity Attenuation

As explained in the previous section, it is not always possible or advemiago
design the downstream system, which we here call moBugich that it applies
low retroactivity to the upstream system, here called modul&n fact, module
B may already have been designed and optimized for other purposeseredt
approach, in analogy to what is performed in electrical circuits, is to degiigwice
to be placed between modwleand moduleB (Figure6.10) such that the device can



220 CHAPTER 6. INTERCONNECTING COMPONENTS

Figure 6.10: An insulation device is placed between an spstrmoduleA and a down-
stream modul@ in order to protect these systems from retroactivity. Amulagon device
should have 0 and the dynamic responseyoto u should be practically independent of
s.

transmit the output signal of moduketo moduleB even in the presence of large
retroactivitys. That is, the outpuy of the device should follow the behavior of the
output of moduleA independent of a potentially large load applied by modgile
This way moduleB will receive the desired input signal.

Speci cally, consider a syste@ such as the one shown in Figle&. We would
like to design such a system such that

(a) the retroactivity to the input is very small;

(b) the e ect of the retroactivitys on the system is very small (retroactivity
attenuation);

(c) whens=0, we have thay Ku for someK > 0.

Such a system is said to have tinsulationproperty and will be called an insu-
lation device. Indeed, such a system does nachan upstream system because
r 0 (requirement (a)), it keeps the same output sigfialindependentiyof any
connected downstream system (requirement (b)), and the output isaa flimes-
tion of the input in the absence of retroactivity to the output (requiremgntTis
requirement rules out trivial cases in whighs saturated to a maximal level for
all values of the input, leading to no signal transmission. Of course, ateire-
ments may be important, such as the stability of the device and especially the speed
of response.

Equation 6.6) quanti es the e ect of retroactivity on the dynamics of as a
function of biochemical parameters. These parameters are thigyeof the bind-
ing site EKy, the total concentration of such binding spig;, and the level of the
signalX(t). Therefore, to reduce retroactivity, we can choose parametengisaic
R(X) in equation 6.6) is small. A su cient condition is to choosKy large (low
a nity) andpyo; small, for example. Having a small valuem§; andor low a nity
implies that there is a small “ ow” of protein X toward its target sites. Thus, we



6.5. INSULATION DEVICES: RETROACTIVITY ATTENUATION 221

(a) High gain feedback mechanism (b) Alternative representation

Figure 6.11: The block diagram in (a) shows the basic high ggédback mechanism to
attenuate the contribution of disturbanséo the outputy. The diagram in (b) shows an
alternative representation, which will be employed to gediiological insulation devices.

can say that a low retroactivity to the input is obtained when the “input owthio
system is small. In the next sections, we focus on the retroactivity to thetputpu
that is, on the retroactivity attenuation problem, and illustrate how the problem
of designing a device that is robust $acan be formulated as a classical distur-
bance attenuation problem (Secti®2). We provide two main design techniques
to attenuate retroactivity: the rst one is based on the idea of high gairbéedg
while the second one uses time-scale separation and leverages the estof tier
interconnection.

Attenuation of retroactivity to the output using high gain f eedback

The basic mechanism for retroactivity attenuation is based on the corfagigt o
turbance attenuation through high gain feedback presented in S&c#oim its
simplest form, it can be illustrated by the diagram of FigGréla in which the
retroactivity to the outpus plays the same role as an additive disturbance. For
large gainsG, the e ect of the retroactivitys to the output is negligible as the
following simple computation shows. The outgus given by

y=G(u Ky)+s
which leads to

—u G . s .

Y=UIrkc "1+ kG

As G grows,y tends tou=K, which is independent of the retroactivity
Figure6.11billustrates an alternative representation of the diagram depicting

high gain feedback. This alternative depiction is particularly useful agfitights

that to attenuate retroactivity we need to (1) amplify the input of the systemghro

a large gain and (2) apply a similarly large negative feedback on the otpet.

qguestion of how to realize a large input ampli cation and a similarly large nega-

tive feedback on the output through biomolecular interactions is the sudjjdut
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next section. In what follows, we st illustrate how this strategy also wddtsa
dynamical system of the form of equatidh¥).

Consider the dynamics of the connected transcriptional system given by
!
1

X _ ]
gt - KO X) Tees ROV

Assume that we can apply a gdito the inputk(t) and a negative feedback gain
GPto X with G°= KG. This leads to the new derential equation for the connected
system given by
X

?Tt = Gk{t) (G°+ )X (1 d(); (6.10)
in which we have de nedi(t) = R(X)=1+ R(X)). Sinced(t) < 1, we can verify
(see Exercisé.8) that asG grows X(t) tends tok(t)=K for both the connected
system 6.10 and the isolated system

dX

Tt =Gkt (G%+ )X (6.11)

Speci cally, we have the following fact:

Proposition 6.1. Consider the scalar systerr G(t)(k(t) Kx)with G(t) Gp>0
andk(t) bounded. Then, there are positive constang®@d G such that
k(t) Gokt , C1
xt) — Coe ™0™+ —:
® -~ Co =

As a conseguence, the solutiof@) of the connected and isolated systems tend
to each other a& increases. Hence, the presence of the disturbdfigevill not
signi cantly a ect the time behavior of(t). It follows that the e ect of retroactiv-
ity can be arbitrarily attenuated by increasing gahandG°.

The next questions we address is how we can implement such ampli cation and
feedback gains in a biomolecular system.

Biomolecular realizations of high gain feedback

In this section, we illustrate two possible biomolecular implementations to obtain a
large input ampli cation gain and a similarly large negative feedback on thubu
Both implementations realize the negative feedback through enhancedldggn.

The rst design realizes ampli cation through transcriptional activatiohjle/the
second design uses phosphorylation.

Design 1: Ampli cation through transcriptional activatio n

This design is depicted in Figu&@12 We implement a large ampli cation of the
input signalZ(t) by having Z be a transcription activator for protein X, such that
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Insulation device
Y — X -~

Figure 6.12: Implementation of high gain feedback (Desigihe inputZ(t) is ampli ed
by virtue of a strong promotergpThe negative feedback on the output X is obtained by
enhancing its degradation through the protease Y.

the promoter p controlling the expression of X is a strong, non-leaky promoter
activated by Z. The signai(t) can be further ampli ed by increasing the strength
of the ribosome binding site of gene The negative feedback mechanism on X
relies on enhanced degradation of X. Since this must be large, onelpagaibto
obtain an enhanced degradation for X is to have a speci c proteaseq d&llee
expressed by a strong constitutive promoter.

To investigate whether such a design realizes a large ampli cation and a large
negative feedback on X as needed to attenuate retroactivity to the ougoagnw
struct a model. The reaction of the protease Y with protein X is modeled as the
two-step reaction

X+YF Wy
d

The inputoutput system model of the insulation device that takes an input and
givesX as an output is given by the following equations

dz h, — i

G oKO 22+ kg C Ko Z(poror ©) ; (6.12)
dC - -

= “KonZ(Porot C) K5 C; (6.13)
dd—r?(=G5 my; (6.14)
AW _axy dw kw (6.15)
dt

C;—\t(= ay X+ kw+ G vY+dW (6.16)
dXx h i

0= M aYX+dW  xX+ ko C kanX(pot ©); (6.17)
dc

at = ko C+konX(prot C); (6.18)

in which we have assumed that the expression of gémeontrolled by a promoter
with activity k(t). In this system, we have denoted ki andkg the association
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and dissociation rate constants of Z with its promoter sjtepotal concentration
Po;tot- Als0, C is the complex of Z with such a promoter site. Herg, a the
MRNA of X, and C is the complex of X bound to the downstream binding sites
p with total concentratiomp,;. The promoter controlling genghas strength G,
for some constant, and it has about the same strength as the promoter controlling
genex.

The terms in the square brackets in equati @ represent the retroactivity
to the input of the insulation device in FiguBel2 The terms in the square brackets
in equation 6.17) represent the retroactivityto the output of the insulation device.
The dynamics of equation6.(L2—(6.18 without sdescribe the dynamics &fwith
no downstream system (isolated system).

Equations 6.12 and 6.13 determine the signal(t) that is the input to equa-
tions 6.14—(6.18. For the discussion regarding the attenuation of treceofs, it
is not relevant what the speci ¢ form of sign@(t) is. Let thenC(t) be any bounded
signal. Since equatior®(14) takesC(t) as an input, we will have thatx (t) = GW(t),
for a suitable signal(t). Let us assume for the sake of simplifying the analysis that
the protease reaction is a one step reaction. Therefore, equatl@hgimpli es to

dy
—_— Y
- © v

and equation@.17) simpli es to

dX =
at = mx KYX xX+k C KonX(Pwot C);
for a suitable positive constak®. If we further consider the protease to be at its
equilibrium, we have that(t) = G=y.
As a consequence, thédynamics become

dd—)t<= Gu(t) (EO G= v+ x)X+ks C KonX(ptot C);

with C determined by equatior6(18. By using the same singular perturbation
argument employed in the previous section, the dynamiésazn be reduced to

dX _

dt
in which 0< d(t) < 1 is the retroactivity term given bR(X)=1+ R(X)). Then, as
G increasesX(t) becomes closer to the solution of the isolated system

(Gut) (K G=v+ X)L d)); (6.19)

&= oy ®G=v+ X

as explained in the previous section be virtue of Proposidn
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Figure 6.13: Design 1: results for dérent gaings. In all plots, k(t) = 0:01(1+ sin(! t)),
Pot = 100 NnM,k, =10 mint, kon =10 mintnM %, ;=001= y min ! and! =
0:005 radmin. Also, we have set = 0:01 min %, pot = 1 nM, a= 0:01 min * nM 1,
d=k°=0:01 min %, kK =200 min?, kJ,=10mintnM 1, =01 nM/min, x =01
min 1, =0:1 min 1, andG = 100Q100,10;1. The retroactivity to the output is not well
attenuated for values of the gaB= 1 and the attenuation capability begins to worsen for
G=10.

We now turn to the question of minimizing the retroactivity to the inpbt-
cause its eect can alter the input signal(t). In order to decrease we must
guarantee that the retroactivity measure given in equa@d), (n which we sub-
stitute Z in place ofX, pogor in place of por, andK§ = k3= in place ofKgy, is
small. This is the case K] Zandpg=K? 1.

Simulation results for the system described by equati®ri(-(6.18 are shown
in Figure6.13 For large gains® = 1000,G = 100), the performance considerably
improves compared to the case in whiXkvas generated by a transcriptional com-
ponent accepting as an input (Figuré.5). For lower gains@ = 10,G = 1), the
performance starts to degrade 8= 10 and becomes poor f@ = 1. Since we
can viewG as the number of transcripts produced per unit time (one minute) per
complex of protein Z bound to promotep,praluesG = 100, 1000 may be di -
cult to realizein vivo, while the valuess = 10;1 could be more easily realized.
However, the value of increases with the strength of the ribosome binding site
and therefore the gain may be further increased by picking strong riboisiieg



226 CHAPTER 6. INTERCONNECTING COMPONENTS

Insulation device
7 H i

Figure 6.14: Implementation of high gain feedback (Desigm2npli cation of Z occurs
through the phosphorylation of substrate X. Negative faekloccurs through a phos-
phatase Y that converts the active formback to its inactive form X.

sites forx. The values of the parameters chosen in Figui@are such thdt(g Z
andpoot Kg. This is enough to guarantee that there is small retroactitiythe
input of the insulation device independently of the value of the Gailihe poorer
performance of the device f@ = 1 is therefore entirely due to poor attenuation of
the retroactivitys to the output. To obtain a large negative feedback gain, we also
require high expression of the protease. It is therefore important thgirtiease

is highly speci c to its target X.

Design 2: Ampli cation through phosphorylation

In this design, the ampli cation gai® of Z is obtained by havin@ be a kinase
that phosphorylates a substrate X, which is available in abundance.eblagive
feedback gairG® on the phosphorylated protel is obtained by having a phos-
phatase Y dephosphorylate the active proteinPfotein Y should also be available
in abundance in the system. This implementation is depicted in F&lide

To illustrate what key parameters enable retroactivity attenuation, weorst ¢
sider a simpli ed model for the phosphorylation and dephosphorylatioogsses.
This model will help in obtaining a conceptual understanding of what resctice
responsible in realizing the desired gaBsandGP. The one step model that we
consider is the same as considered in Chapter 2 (Exetci®e

Z+X1 Zax: Y+X 1?2 vax:

We assume that there is an abundance of protein X and of phosphatagéer in
system and that these quantities are conserved. The conservationia@sSXg

X + C = X, in Which X is the inactive protein, Xis the phosphorylated protein
that binds to the downstream sites p, and C is the complex of the phosphdrylate
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protein X bound to the promoter p. The dynamics can be described by the
following model

n #!
dX X C
—— =kiXotZt) 1 — ——  kYX +[ks C konX (pot C)I;
dt Xiot Kot (6.20)
dcC
at = ko C+konX (prot C):

The two terms in the square brackets represent the retroaditatyhe output of

the insulation device of Figure.14 For a weakly activated pathwa$]], X

Xiot- Also, if we assume that the total concentration of X is large compared to the
concentration of the downstream binding sites, thaXis, Ppiot, €quation §.20

is approximatively equal to

dX
o KiXiotZ(t) koYX +ko C KkonX (Prot  C):
Let G = ki Xt andG® = koY. Exploiting again the dierence of time scales
between theX dynamics and th€ dynamics, the dynamics of can be nally

reduced to
dX

dt
in which 0< d(t) < 1 is the retroactivity term. Therefore, fGrandGlarge enough,
X (t) tends to the solutioiX (t) of the isolated system

GZ(t) GX )L d());

dX

o GZ(t) G% ;
as explained before by virtue of PropositiériL It follows that the e ect of the
retroactivity to the outpusis attenuated by increasing theeztive ratek; Xio; and
k2Y. That is, to obtain large input and negative feedback gains, one shau&d
large phosphorylatiddephosphorylation rates alod a large amount of protein X
and phosphatase Y in the system. This reveals that the values of the phdaph
tion/dephosphorylation rates cover an important role toward the retroactitety-a
uation property of the module of FiguBeld From a practical point of view, the
e ective rates can be increased by increasing the total amounts of X are:de T
amounts can be tuned, for example, by placingdhedy genes under the control
of inducible promoters. The reader can verify through simulation how asing
the phosphatase and substrate amounts teetef retroactivity can be attenuated
(see Exercisé.9). Experiments performed on a covalent modi cation cycle recon-
stitutedin vitro con rmed that increasing the ective rates of modi cation is an
e ective means to attain retroactivity attenuatiéf|

A design similar to the one illustrated here can be proposed in which a phos-

phorylation cascade, such as the MAPK cascade, realizes the input eatialn
and an explicit feedback loop is added from the product of the casodtbeinput
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Figure 6.15: Interconnection of a device with inptend outpuix to a downstream system
with internal stater applying retroactivitys.

[81]. The design presented here is simpler as it involves only one phosationy
cycle and does not require any explicit feedback loop. In fact, a gtnegative
feedback can be realized by the action of the phosphatase that caheeaistive
protein form X back to its inactive form X.

Attenuation of retroactivity to the output using time-scal e separation

In this section, we present a more general mechanism for retroactivibpatten,
which can be applied to systems of drential equations of arbitrary dimension.
This will allow us to consider more complex and realistic models of the phospho-
rylation reactions as well as more complicated systems.

For this purpose, consider Figusels We illustrate next how systefcan at-
tenuate retroactivitg by employing the principle of time scale separation. Specif-
ically, when the internal dynamics of the system are much faster compareel to th
input u, the system immediately reaches its quasi-steady state with respect to the
input. This quasi-steady state, in turn, is basically independestat to the in-
terconnection structure between the systems. To illustrate this idea mathematically,
consider the following simple structure in which (for simplicity) we assume that
all variables are scalar:

d d = dv_ &
d—i’ = fo(U;t) + 1 (U; X); d—)t(= G fi(x;u) + G V); d—\t/= Gaxv): (6.21)

Here letG 1 model the fact that the internal dynamics of the system are much
faster than that of the input. Similarg 1 models the fact that the dynamics of
the interconnection with downstream systems are also very fast. This iyubea
case since the reactions contributingstare usually bindinfynbinding reactions,
which are much faster than most of other biochemical processes, inclgdirg
expression and phosphorylation. We make the following informal claim:

If G 1 and the Jacobia@;(x;u)=@ has eigenvalues with negative
real part, therx(t) is not a ected by retroactivity after a short initial
transient, independently of the value®f

A formal statement of this result can be found 48]. This result states that inde-
pendently of the characteristics of the downstream system, sy&tsan be tuned
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(by makingG large enough) such that it attenuates the retroactivity to the output.
To clarify why this would be the case, it is useful to rewrite systéra]) in stan-
dard singular perturbation form by employing= 1=G as a small parameter and

X := x+ v as the slow variable. Hence, the dynamics can be rewritten as

((jj—l: = fo(u;t) + r(u; x); % = fi (X wvu); %’z (55()? v;v): (6.22)
Since@;=@ has eigenvalues with negative real part, one can apply standard singu-
lar perturbation to show that after a very fast transient, the trajectoeesttaacted
to the slow manifold given byf1(X v;u) = 0. This is locally given byx = g(u)
solving f1(x;u) = 0. Hence, on the slow manifold we have tlé) = g(u(t)), which
is independent of the downstream system, that is, it is netted by retroactivity.

The same result holds for a more general class of systems in which thielearia
U; X; Vv are vectors:

dv

du ax dv
dt

qr = fo(unHrux;

= GBYxV)
(6.23)
as long as there are matricEésandM such thafTA MB = 0 andT is invertible.
In fact, one can take the system to new coordinatésv with X = Tx+ My, in
which the system will have the singular perturbation fo6129), where the state
variables are vectors. Note that matrideand B are stoichiometry matrices and
s represents a vector of reactions, usually modeling binding and unbindimg p
cesses. The existence DfandM such thafT A MB = 0 models the fact that in
these binding reactions species do not get destroyed or creatednblit gans-
formed between species that belong to the upstream system and spddiesoihg

to the downstream system.

= G fy(x;u) + GALXV);

Biomolecular realizations of time-scale separation

We next consider possible biomolecular structures that realize the timessgale
aration required for insulation. Since this principle is based on a fast tinie sca
of the device dynamics when compared to that of the device input, we fatus o
signaling systems, which are known to evolve on faster time scales than those o
protein production and decay.

Design 1: Implementation through phosphorylation

We consider now a more realistic model for the phosphorylation and dgpbigs
lation reactions in a phosphorylation cycle than those considered in Séchidn
particular, we consider a two-step reaction model as seen in S&#loAccord-
ing to this model, we have the following two reactions for phosphorylation and
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dephosphorylation:

ko

z+x>j‘1 Cit“ X +Z;  Y+X )32 Col'® X+Y: (6.24)
1 2

Additionally, we have the conservation equatiofig = Y + Cy; Xyt = X+ X +
C1+Cy+C, because proteins X and Y are not degraded. Therefore, tieeatitial
eqguations modeling the system of Figéré4become

n " #I #

dz X Ci G C

— = K(t Z aZ 1 — — —= — +(di1+k))C1: (6.25
dt ® 12 %ot Xiot  Xtot  Xiot Xt #EI 1tk i ( )
dC, X Ci G cC
—= (di+k))Ci1+a1Z 1 - — = — 6.26
dt (A +ka)Cat 212X Xtot | Xiot  Xiot  Xtot ( )
9% - ot d)CotaYuX 1 2 (6.27)
dt Yoy
dX c, h i
— = kiC1+dCo @YX 1 = + ko C konX (Pot C) ; (6.28)
dt Yot

dC

i Ko C+konX (Prot C); (6.29)

in which the production of Z is controlled by a promoter with actividy). The
terms in the large square bracket in equati6r2® represent the retroactivity
to the input, while the terms in the square brackets of equat®a¢)(and 6.29
represent the retroactivityto the output.

We assume thaXio;  prot SO that in equation$(25 and 6.26) we can neglect
the termC=X;ot sinceC < pyr. ChooseXi, to be su ciently large so thaG =
ag Xiot= 1. Also, letG = k, =, which is also much larger than 1 since binding
reactions are much faster than protein production and decay kates ( ) and
write kon = ko =Kg. ChoosingYie; to also be su ciently large, we can guarantee
that ay Vit is of the same order am Xt and we can let 1 = a; XX G), 2 =
Y G), 1=diX G), and ,=dyH G). Finally, since the catalytic ratés; ks
are much larger than protein decay, we can assume that they are of therskeme
of magnitude as; Xiot anday Yior, SO that we de negj = kX G). With these, letting
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z=Z+ C; we obtain the system in the form

dz

— = k(t Cy);

at 1 (z C) '

dC, X Ci GCp~

oG re)Ci+ 1z C)1 o X =2 .

dt (1+c)C i J Kot Xeot Xot

dC C,

2= (2+C)Cot+ X 1 2 (6.30)
dt Yoot |,

X o

d—:G cCi+ G 2X 1 S +G C =Kg(pot OX ;
dt Yot

dC —

az G C =Ky(pot C)X ;

which is in the form of systemg(23 with u=z x= (C1;C5;X ), andv=_C, in
which one can choosE as the 3 3 identity matrix and

i

1

It is also possible to show that the Jacobianfphas eigenvalues with negative
real part (see Exercisg&1]). Hence, forG su ciently larger than 1, this system
attenuates the ect of the retroactivity to the outpst For G to be large, one has
to require thaty Xot is su ciently large and thad, Y;ot is also comparatively large.
These are compatible with the design requirements obtained in the previtioga sec
based on the one-step reaction model of the enzymatic reactions.

In order to understand the ect of retroactivity to the input on thédynamics,
one can consider the reduced system describing the dynamics on the time sca
of Z. To this end, letKy,1 = (d1 + k1)=a1 and Kiy2 = (dz + ko)=a, represent the
Michaelis-Menten constants of the forward and backward enzymatitioeagclet
G = 1= in equations §.30, and take to the left-hand side. Setting= 0, the
following relationships can be obtained:

X Yiotko) H(Km2k X Yiot) K
( tot 2):( m;2 1)_ C2=92(X)=( tot) m2 .

= X )= - -
C1=0u(X) 1+ X Kmp 1+ X Ko

(6.31)

Using expressions(31) in the second of equation6.80 with = 0 leads to

| |
0:1(X) 1+01+LZ = ,Z1 X —gZ(X):

6.32
Xiot Xiot  Xtot (6.32)

Assuming for simplicity thalX  Kp,2, we obtain that

91(X') (X Yiotko)A(Km2k)
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and that
02(X) X =KmzYiot:

As a consequence of these simpli cations, equat&B2?) leads to

1Z _
( 1Z°%ot)(1+ YiotKm2 + (Yiotko) AKm2K1)) + (Yiotk2) (Km2ke)( 1+ €1)

In order not to have distortion fro@ to X , we require that

X (2)=

Ytot(kZ:kl)(Km:Km;Z) .
1+ YiorKmp + (Ytot:Km;Z) (ko=k1) ,

(6.33)

sothatX (Z2) Z(XiotKm2ki)=(YiotKm1k2) and therefore we have a linear relation-
ship betweerX andZ with gain fromZ to X given by XiotKm2k1) A YiotKm1K2).

In order not to have attenuation frobhto X we require that the gain is greater
than or equal to one, that is,

Xtot Km;2 kl

inputfoutput gain ——
p p g Ytoth;lkZ

1 (6.34)
Requirementsq.33), (6.34 andX Km2 are enough to guarantee that we do
not have nonlinear distortion betwegZrandX and thatX is not attenuated with
respect tZ. In order to guarantee that the retroactivityo the input is su ciently
small, we need to quantify the retroactivity ect on theZ dynamics due to the
binding of Z with X. To achieve this, we proceed as in Sectiodiby computing
the Z dynamics on the slow manifold, which gives a good approximation of the
dynamics ofZ if 0. These dynamics are given by
|

dz _ dg dX °

PR T2 vl
in which (dg;=dX )(dX =d2) measures the ect of the retroactivity to the input
on theZ dynamics. Direct computation diy;=dX and ofdX =dzalong withX
Km2 and with 6.33 leads to §gz=dX )(dX =d2)  Xi0t=Km1, SO that in order to
have small retroactivity to the input, we require that

Xot
Km;l

1: (6.35)

Hence, a design trade-@ppearsX: should be su ciently large to provide a gain
G large enough to attenuate the retroactivity to the output. Xgtshould be small
enough compared €1 SO to apply minimal retroactivity to the input.

In conclusion, in order to have attenuation of theet of the retroactivity to the
outputs, we require that the time scale of the phosphoryldtiephosphorylation
reactions is much faster than the production and decay processes @& ifth
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Figure 6.16: Time-scale separation mechanism for ingulatimplementation through
phosphorylation. Simulation results for system in equeti®.25—(6.29. In all plots,
Prot = 100 NM, ko =10 min %, kon=10 min* nM 1, = 0:01 min 1, k(t) = 0:01(1+
sin(! t)) min 1, and! = 0:005 radmin. (a) Performance with fast phosphorylation cy-
cle. Here,ki = ky =50 min 1, a=a; =00l mint nM 1, d; = d, = 10 min 1, and
Yiot = Xiot = 1500 nM. The small error shows that theeet of the retroactivity to the out-
putsis attenuated very well. In th& plot, the isolated system stands for the case in which
Z does not have X to bind to, while the connected system stiordbe case in which
Z binds to substrate X. The small error con rms a small rettvéty to the inputr. (b)
Performance with a slow phosphorylation cycle. Here, wésetk, = 0:01 min 1, while
the other parameters are left the same.

to the insulation device) and that,:  prot, that is, the total amount of protein
X'is in abundance compared to the downstream binding sites p. To also obtain a
small e ect of the retroactivity to the input, we require th&t1  Xiot. This is

satis ed if, for example, kinase Z has low aity to binding with X. To keep the
input/output gain betwee#@ andX close to one (from equatior6.34)), one can
chooseXot = Yiot, and equal coecients for the phosphorylation and dephospho-
rylation reactions, that i¥m1 = K2 andky = ko.

The system in equation$.29—-(6.29 was simulated with and without the
downstream binding sites p, that is, with and without, respectively, the terms in
the small box of equatior6(25 and in the boxes in equation8.28 and 6.26).

This is performed to highlight the ect of the retroactivity to the outpwg on

the dynamics ofX . The simulations validate our theoretical study that indicates
that whenX;  prot and the time scales of phosphorylatidephosphorylation
are much faster than the time scale of decay and production of the proteia Z, th
retroactivity to the outpus is very well attenuated (Figur@.16g. Similarly, the
time behavior oZ was simulated with and without the terms in the square brack-
ets in equation®.25, which represent the retroactivity to the inpytto verify
whether the insulation device exhibits small retroactivity to the impthe simi-
larity of the behaviors oE(t) with and without its downstream binding sites on X
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Insulation device

Input 77N

Figure 6.17: The insulation device is a phosphotransfetesysThe output X activates
transcription through the reversible binding of % downstream DNA promoter sites p.

(Figure6.163 indicates that there is no substantial retroactivity to the immén-
erated by the insulation device. This is obtained becalase K1 as indicated
in equation 6.39), in which 1=K, can be interpreted as the aity of the binding
of X to Z.

Our simulation study also indicates that a faster time scale of the phosphory-

lation/dephosphorylation reactions is necessary, even for high valu&gand

Yiot, t0 Maintain perfect attenuation of the retroactivity to the outpand small
retroactivity to the output. In fact, slowing down the time scale of phosphorylation
and dephosphorylation, the system looses its insulation property (F8gLgh. In
particular, the attenuation of the ect of the retroactivity to the outpis lost
because there is not enough separation of time scales betwe£ulyhamics and

the internal device dynamics. The device also displays a non negligible afoun
retroactivity to the input because the conditidfy Xy is not satis ed anymore.

Design 2: Realization through phosphotransfer

Here we illustrate that another possible implementation of the mechanism for in-
sulation based on time-scale separation is provided by phosphotranstfemsy
These systems, just like phosphorylation cycles, have a very fastrigmavhen
compared to gene expression. Speci cally, we consider the realizatmmnsi
Figure6.17, in which the input is a phosphate donor Z and the output is the active
transcription factor X. We let X be the transcription factor in its inactive form and
let Z be the active phosphate donor, that is, a protein that can transfer #gtdte
group to the acceptor X. The standard phosphotransfer reactiorizecawdeled
according to the two-step reaction model

k
z +x)¥ c)? X +z,
ko ks
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in which G is the complex of Z bound to X bound to the phosphate group. Addi-
tionally, we assume that protein Z can be phosphorylated and proteilephos-
phorylated by other phosphotransfer interactions. These reactiemsaeled as
one-step reactions depending only on the concentrations of Z griia{ is,

Protein X is assumed to be conserved in the system, théjss X+Cy+ X +C.
We assume that protein Z is produced with time-varying productionk(@end
decays with rate . The active transcription factor Xbinds to downstream DNA
binding sites p with total concentratign: to activate transcription through the
reversible reaction

p+X )kkjJ1 C

Since the total amount of p is conserved, we also haveGhkap = py;. The ODE
model corresponding to this system is thus given by the equations

(jj—fzk(t) Z+k3Cy kaX Z 1Z,
" #l
dC X C C
—2=kiXot 1 o oF o~ Z kCi kCi+keX Z;
dt Xtot Xtot Xtot n #'
dz X C1 c
— = 1Z+kC; KXot 1 —— — — Z; 6.36
dt ! avt e Xiot  Xot  Xtot ( )
(0.4
gt =ksC1 kaX Z+ ko C KonX (prot C) 2X;
dC

i konX (Pt C) ko C:

Just like phosphorylation, phosphotransfer reactions are much faatepro-
tein production and decay. Hence, as performed before, d8 Re&Xioki= so that
k]_ = Xtotk]_:G, k2 = k2:G, k3 = k3:G, k4 = Xtotk4:G, _1 = 1:G, and _2 = 2:G are
of the same order df(t) and . Similarly, the process of protein binding and un-
binding to promoter sites is much faster than protein production and decdgt We
G =k, = andKg =K, =Kon. Assuming also thagbyst  Xior, We have tha€  Xiot
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Figure 6.18: Output response of the phosphotransfer sysitma periodic signak(t) =

(1+ 0:5sin! t). The parameters are given by= 0:01 min 1, Xyt = 5000 nM,k; = kp =
ks=ks=001lmin1nM 1 ;= ,=0:01G min inwhichG=1in (a), andG = 100 in
(b). The downstream system parameters are givefyby 1 nM andk, = 0:01G min Lin
which G takes the values indicated on the legend. The isolatedmsy(ste 0) corresponds
to piot = O while the connected systers,( 0) corresponds t@: = 100 nM.

so that systemg(36) can be rewritten as
11

dd_fzk(t) z G_lz"'GIESCl ks %.Z-: .

%:G K 1 % %'z keCy IEZCI1+E4 %.Z.;
%ze—lygcl Elll %' %.z.; | (6.37)
ddltze kCy @%z X +G C X (por ©) ;

C:j—fz G C K—dx(ptot C):

TakingT = I3 3, the 3 3 identity matrix, and

o

1

the coordinate transformation="T x+ Mv brings the system to the form of sys-
tem 6.23 with u=Z, x=(Cy;Z ;X ), andv = C. The reader can verify that the
Jacobian off1(x;u) has eigenvalues with negative real part (Exer6id€).
Figure6.18ashows that, for a periodic inpl(t), the system with low value for
G su ers from retroactivity to the output. However, for a large valu&dfigure
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Figure 6.19: The activator-repressor clock connectedtddtvnstream system through the
insulation device of Figuré.14 The top diagram illustrates a simpli ed genetic layout of
the activator-repressor clock of Figude2a The bottom diagram illustrates how the genetic
layout of the clock should be modi ed such that it can conntethe phosphorylation cycle
that takes as input the kinase Z. In this case, the downstsgatem still expresses protein
D, but its expression is controlled by a @rent promoter that is activated by As opposed
to being activated by A.

6.18h, the permanent behavior of the connected system becomes similar to that of
the isolated system, wheth@r G_ G=GorG G. This con rms the theoretical
result that, independently of the order of magnitud&pthe system can arbitrarily
attenuate retroactivity for large enou@h Note that this robustness to the load
applied onX is achieved even if the concentrationfis about 100 times smaller
than the concentration of the load applied to it. This allows to design the system
such that it can output any desired value while being robust to retragctiv

6.6 A Case Study on the Use of Insulation Devices

In this section, we consider again the problem illustrated at the beginning of th
chapter in which we would like to transmit the periodic stimulation of the activator-
repressor clock to a downstream system (Figugd). We showed before that con-
necting the clock directly to the downstream system causes the oscillations to be
attenuated and even quenched (Figbr2g, so that we fail to transmit the de-
sired periodic stimulation to the downstream system. Here, we describe asolutio
to this problem that implements an insulation device to connect the clock to the
downstream system. This way, the downstream system receives theddesii-

odic input stimulation despite the potentially large retroactigithat this system
applies to the insulation device. In particular, we employ the insulation dewice re
alized by a phosphorylation cycle in the con guration shown in FighiQ The

top diagram illustrates a simpli ed genetic layout of the clock. The activator A
is expressed from a gene under the control of a promoter activatedamdAe-
pressed by B, while the repressor is expressed from a gene undwmitnel of a
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Figure 6.20: Simulation results for the concentration oftgin Z in Figures.19in the case
in which this were used directly as an input to the downstregstem, thus binding sites p’
(dashed red plot). The clock parameters are the same asitheiggire6.2cand g = a.

promoter activated by A. Protein A, in turn, activates the expressionat&ior D
in the downstream system. In this case, the promoter p controlling the express
of D contains operator regions that A recognizes, so that A can bind to it.

When the insulation device of Figuéel4is employed to interconnect the clock
to the downstream system, two modi cations need to be made to enable the con-
nections. Since A is not a kinase, we need to insert downstream of tleeegen
pressing A another gene expressing the kinase Z (bottom diagram o€Bid9).
Since both A and Z are under the control of the same promoter, they willdse pr
duced at the same rates and hence the concentration of Z should mirrof #at
if the decay rates are the same for both proteins. Note that a solution in which w
insert downstream of the gene expressing A a transcription factor Aliteatly
binds to downstream promoter sites p' to produce D (without the insulaticoelev
in between) would not solve the problem. In fact, while the clock behaviardvo
be preserved in this case, the behavior of the concentration of Z wouldinor
that of A since protein Z would be loaded by the downstream promoter sites p'
(Figure6.20. As a consequence, we would still fail to transmit the clock signal
A(t) to protein D. The second modi cation that needs to be made is to change the
promoter p to a new promoter p' that has an operator that proteiredognizes
(bottom diagram of Figuré.19.

In the case of the bottom diagram of Figleel9 the dynamics of the clock
proteins remain the same as that of moé&el ) and given by

dA_ A A(AKA)"+ o
dt = A1+ (AKp)"+(B=Kp)™
dB_ & 8(AKA)"+ mo B
dt ~ g 1+ (AKu)" B>

AA;

To these equations, we need to add the dynamics of the ki{®sevhich, when
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Figure 6.21: Simulation results for the system of FigerE2 Panel (a) shows the concen-
tration of the kinase Z with and without € O in equation §.25) the insulation device.
Panel (b) shows the behavior of the output of the insulat®nad X without (s= 0) and
with the downstream system. The clock parameters are the aathose in Figuré.2cand

K = a. The phosphorylation cycle parameters are as in Fi§ur@a The load parameters
are given bykon = 50 min 1 nM 1, k, =50 min 1, andpiet = 100 nM.

the phosphorylation cycle is not present, will be given by

dZ_ A A(AzKA)n+ A0

dt - AL+ (A (B 2D (6.38)

Note that we are using for simplicity the two-dimensional model of the activator-
repressor clock. A similar result would be obtained using the four dimealsion
model that incorporates the mMRNA dynamics (see Exe&ik8.

When the phosphorylation cycle is present, theedéntial equation foz given
by (6.38 changes to

dZ _ A A(AKA)"+ a0 2
dt A l+(AKa)+(BKg)m ©
h x o & ¢ i (6.39)

XptZ 1 — — — —  (d1+Kk{))Cq;
17t Yoo Xo Xor Yo (GtkaCa

in which the term in the square brackets is the retroactivity to the inmiitthe
insulation device. The model of the insulation device with the downstreanmsyste
remains the same as before and given by equat@2€)((6.29.

Figure6.21 shows the trajectories &f(t), and X (t) for the system of Figure
6.19 As desired, the signaX (t), which drives the downstream system, closely
tracksA(t) plotted in Figure6.20 despite the retroactivity due to load applied by
the downstream sites p'. Note that because of a nonzero retroactivitg foght
r of the insulation device, the trajectory 8ft) is slightly di erent from the same
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trajectory in the absence of the insulation device (Figu2d.9. The retroactivity to

the outputs only slightly a ects the output of the insulation device (Fig6r21h.

The plot of Figure6.21h showing the signal that drives the downstream system,
can be directly compared to the signal that would drive the downstreaensys

the case in which the insulation device would not be used (Fi§i2@ dashed red
plot). In the latter case, the downstream system would not be propergndrvhile
with the insulation device it is even in the face of a large load.

Exercises

6.1 Include in the study of retroactivity in transcriptional systems the mRNA dy-
namics and demonstrate hovhether the results change. Speci cally, consider the
following model of a connected transcriptional system

dmy _ )

e kt) mx;
(jj_)t(: my X+[ks C Kon(pot C)X];
?j—? = ko C+kon(pot C)X:

6.2 Consider the connected transcriptional system model in standard sipguiar
turbation form with ~ 1:

dz ) dC _ )
azk(t) (z C) i C+E(ptot C)(z O):

Demonstrate that the slow manifold is locally asymptotically stable.

6.3 The characterization of retroactivity ects in a transcriptional module was
based on the following model of the interconnection:

%:k(t) X+[ko C kon(pot C)XI;
?j—? = ko CH+kon(prot C)X;

in which the dilution of the complex C was neglected. This is often a fair assump-
tion, but depending on the experimental conditions, a more appropriatd maye
include dilution for the complex C. In this case, the model modi es to

‘jj_i(zk(t) ( +)X+[ko C kon(prot C)XI;
dC

Ez Ko C+kon(pot C)X G,
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in which represents decay due to dilution andepresents protein degradation.
Employ singular perturbation to determine the reduXatynamics and the ects
of retroactivity in this case. Is the steady state characteristic of the tipiiacr
module aected by retroactivity? Determine the extent of thizet as= de-
creases.

6.4 In this problem, we study the frequency dependergats of retroactivity in
gene circuits through simulation to validate the ndings obtained through lireeariz
tion in Section6.3. In particular, consider the model of a connected transcriptional
component®.3). Consider the parameters provided in Fig@reand simulate the
system with inputk(t) = (1+ sin(! t)) with ! = 0:005. Then, decrease and in-
crease the frequency progressively and make a freqiemgjitude plot for both
connected and isolated systems. Increaard redo the frequentmplitude plot.
Comment on the retroactivity ects that you observe.

6.5 Consider the negatively autoregulated gene illustrated in Sestbhnstead

of modeling negative autoregulation using the Hill function, explicitly model the
binding of A with its own promoter. In this case, the formed complex C will be
transcriptionally inactive (see Secti@?3). Explore through simulation how the
response of the system without negative regulation compares to that \gativee
regulation when the copy number of the A gene is increased and the essefr
expression rate is decreased.

6.6 We have illustrated that the expression of the point of half-maximal induction

in a covalent modi cation cycle is aected by the eective load as follows:
. Ky+05
Yoo = @+ )+ 05

Study the behavior of this quantity when theeetive load is changed.
6.7 Show how equationg(9) is derived in Sectiol®.4.
6.8 Demonstrate through a mathematical proof that in the following system

P =ckm ko doy
in which 0< d(t) < 1 andjk(t)j is bounded, we have tha&(t) k(t)=K becomes
smaller asG is increased.

6.9 Consider the one-step reaction model of the phosphorylation cycle with-dow
stream binding sites given i5.20. Simulate the system and determine how the
behavior of the connected system compares to that of the isolated systamthveh
amounts of substrate and phosphat&seand Y, are increased.
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6.10 Demonstrate that the Jacobi@h (x; u)=@ for the system in equation6.30
has eigenvalues with negative real part. You can demonstrate this bysysitglic
computation, or you can use the parameter values of Figji&

6.11 Demonstrate that the Jacobi@h (x; u)=@ for the system in equation6.37)
has eigenvalues with negative real part. You can demonstrate this bysysifgplic
computation, or you can use the parameter values of Figd&

6.12 Consider the activator-repressor clock described in Seétidand take the
parameter values of Figui9 that result in a limit cycle. Then, assume that the
activator A connects to another transcription circuit through the reversibding

of n copies of A with operator sites p to form the complex C:

nA+p)kgcn C
ko

with conservation lawp+ C = pyo; (connected clock). Answer the following ques-
tions:

(a) Simulate the connected clock and vary the total amount of p, thais,
Explore how this aects the behavior of the clock.

(b) Give a mathematical explanation of the phenomenon you saw in (a). To do
S0, use singular perturbation to approximate the dynamics of the clock with
downstream binding on the slow manifold (heke, A, B)-

(c) Assume now that A does not bind to sites p, while the repressor B Tales.
the parameter values of Figuse9that result in a stable equilibrium. Explore
how increasingot a ects the clock trajectories.

6.13 Consider the system depicted in Figér&9and model the activator-repressor
clock including the mRNA dynamics as shown in Sectoh Demonstrate through
simulation that the same results obtained in Secidiwith a two-dimensional
model of the clock still hold.



Chapter 7

Design Tradeoffs

In this chapter we describe some of the design tradewising from the interaction
between synthetic circuits and the host organism. We speci cally focus oristw
sues. The rstissue is concerned with theeets of competition for shared cellular
resources on circuit's behavior. In particular, circuits (endogeaodsexogenous)
share a number of cellular resources, such as RNA polymerase, mibeséTP,
enzymes, and nucleotides. The insertion or induction of synthetic circuits oeth
lular environment changes the demand for these resources, with passildyired
repercussions on the functioning of the circuits. Independent circuydeeome
coupled when they share common resources that are not in overaloenddnis
fact leads to constraints among the concentrations of proteins in synthetig;ir
which should be accounted for in the design phase. The second issoasgider is
the e ect of biological noise on the design of devices requiring high gaingiSpe
ically, we illustrate possible design tradeobetween retroactivity attenuation and
noise ampli cation that emerge due to the intrinsic noise of biomolecular reactions

7.1 Competition for Shared Cellular Resources

Exogenous circuits, just like endogenous ones, use cellular reseusteh as ri-
bosomes, RNA polymerase (RNAP), enzymes and ATP—that are shareupa
all the circuitry of the cell. From a signals and systems point of view, these in-
teractions can be depicted as in Figur& The cell's endogenous circuitry pro-
duces resources as output and exogenous synthetic circuits takedbeseces
as inputs. As a consequence, as seen in Chépteere is retroactivity from the
exogenous circuits to the cellular resources. This retroactivity creat&#edhcou-
pling between the exogenous circuits and can lead to undesired cro$steills
chapter, we study the ect of the retroactivity from the synthetic circuits to shared
resources in the cellular environment by focusing on thect on availability of
RNA polymerase and ribosomes, for simplicity. We then study the conseguenc
of this retroactivity, illustrating how the behavior of individual circuits bews
coupled. These escts are signi cant for any resource whose availability is not in
substantial excess compared to the demand by exogenous circuits.

In order to illustrate the problem, we consider the simple system shown in Fig-
ure 7.2 in which two modules, a constitutively expressed gene (Module 1) and a
gene activated by a transcriptional activator A (Module 2), are ptésehe cel-



244 CHAPTER 7. DESIGN TRADEOFFS

Shared resources

ATP, Ribosomes, RNAP,...

—1 i

iry ir Mn

Circuit 1 Circuit 2 | remeeeeeeeeee Circuit n

Figure 7.1: The cellular environment provides resourceythetic circuits, such as RNA
polymerase, ribosomes, ATP, nucleotides, proteases]kése resources can be viewed
as an “output” of the cell's endogenous circuitry and an injouthe exogenous circuits.
Circuit i takes these resources as input and, as a consequence,ei$ eatstroactivity

ri to its input. Hence, the endogenous circuitry has a retiggcto the outputs that
encompasses all the retroactivities applied by the exageaiocuits.

lular environment. In theory, Module 2 should respond to changes in tivatac

A concentration, while Module 1, having a constitutively active promoteyukh
display a constant expression level that is independent of the activatoncen-
tration. Experimental results, however, indicate that this is not the caseéul®lo
1's output protein concentratioR; also responds to changes in the activator A
concentration. In particular, as the activator A concentration is incle#se con-
centration of protein Pcan substantially decrease. This fact can be qualitatively
explained by the following reasoning. When A is added, RNA polymerasbiodn

to DNA promoter D and start transcription, so that the free available RNA poly-
merase decreases as some is bound to the promgtéirénscription of Module

2 generates mRNA and hence ribosomes will have more ribosome binding sites
to which they can bind, so that less ribosomes will be free and availabletfer o
reactions. It follows that the addition of activator A leads to an overallebese of

the free RNA polymerase and ribosomes that can take part in the transtaptio
translation reactions of Module 1. The neteet is that less of Pprotein will be
produced.

The extent of this eect will depend on the overall availability of the shared
resources, on the biochemical parameters, and on whether the esaveaegu-
lated. For example, it is known that ribosomes are internally regulated byna co
bination of feedback interaction89]. This, of course, may help compensate for
changes in the demand of these resources, though experiments detadhatiie
coupling e ects are indeed noticeableq.

In this chapter, we illustrate how this ect can be mathematically explained
by explicitly accounting for the usage of RNA polymerase and ribosomes in the
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X=RNA polymerase

Y:IIQibosome
Module 1 Vo 1 Module 2
) _-»Pq A—’\\\\ _—»P>
// \ ///
Dl D2

Figure 7.2: Module 1 has a constitutively active promoteit ttontrols the expression of
protein B, while Module 2 has a promoter activated by activator A, wheontrols the
expression of protein 2 The two modules do not share any transcription factorsheyp t
are not “connected”. Both of them use RNA polymerase (X) @bdsomes (Y) for the
transcription and translation processes.

transcription and translation models of the circuits. To simplify the mathematical
analysis and to gather analytical understanding of the key parameteedaisils of

this phenomenon, we rst focus on the usage of RNA polymerase, negiebe
usage of ribosomes. We then provide a computational model that accoubtsl
RNA polymerase and ribosome utilization and illustrate quantitative simulation
results.

Analytical study

To illustrate the essence of the problem, we assume that gene expressmreis a
step process, in which the RNA polymerase binds to the promoter regionesiea g
resulting in a transcriptionally active complex that, in turn, produces theiprote
That is, we will be using the lumped reactior&s12), in which on the right-hand
side of the reaction we have the protein instead of the mRNA.

By virtue of this simpli cation, we can write the reactions describing Module
1as:

k
x+D,)¥ x0,1" P+X+D;; Py
oy
The reactions describing Module 2 can be written similarly, recalling that in the

presence of an activator the reactions should be modi ed accordingitdieq .21).
Taking this into account, the reactions of Module 2 are given by

D,+A)Y DyA;  X+DyA)¥ XD, AIY P+X+DyA;  PY:
2 )do 2:Th 2° )d2 2 2 A 2.

We let Dyor:1 and Dior2 denote the total concentration of DNA for Module 1 and
Module 2, respectively, and we & = dp=ag, K1 = di1=a1, andK; = dr=a,. By
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approximating the complexes concentrations by their quasi-steady stats, vadue
obtain the expressions

X=K
[X:D1] = Diotaiym—i  [X:DiA] = Dior

. (A=Kp)(X=K2)
1+ XK’

T+ (AKo)(1+ X=Ky)

(7.1)

As a consequence, the @rential equation model for the system is given by

dP1 X=K1
kqDiot: P
dt LMY XK, Y
P A=Kp)(X=K
i = koDt (A0 (XHKz) P2;

21+ (AKo)(1+ X=Ky)
so that the steady state valuesRafand P, are given by

_ k1 Dtot; 1 X=Kip P, = ko Dtot;2 (A:KO)(X:KZ)

=) ; :
1 1+ X=X 1+ (A=Ko) (1 + X=K3)

These two values are indirectly coupled through the conservation law Af RN
polymerase. Speci cally, we |eXo; denote the total concentration of RNA poly-
merase. This value is mainly determined by the cell growth rate and for a given
growth rate itis about constaritd]. Then, we have thaki; = X+ [X:D ;] +[X:D ,:A],
which, considering the expressions of the quasi-steady state values obitin
plexes concentrations in equatioh), leads to

X=K1 (A=Kp)(X=K2)
—vo t Diot2 -
1+ X=K; 1+ (A=Kp)(1+ X=K)

Xiot = X+ Dot (7.2)
We next study how the steady state valueXaé a ected by the activator concen-
tration A and how this eect is re ected in a dependency Bf on A. To perform
this study, it is useful to write := (A=Kp) and note that for su ciently small
(su ciently small amounts of activator A), we have that

(X=Ky)

Tr @rxag) K

Also, to simplify the derivations, we assume that the binding of X toisuf-
ciently weak, that is,X  Kj. In light of this, we can rewrite the conservation

law (7.2) as

X X
Xiot = X+ Diot1— + Dotz —:
tot tot;1 Kl tot;2 K2

This equation can be explicitly solved firto yield

X = Xtot _
1+ (Dtot;lzKl) + (Dtot;2:K2) .
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This expression depends onand hence on the activator concentra#orspeci -
cally, as the activator is increased, the value of the free X concentratiootorg-
cally decreases. As a consequence, the equilibrium Rlwéll also depend oA
according to
— kl Dtot;l X'[ot=K1 .

1+ (Diot1=K1) +  (Dior2=K2)'

Py

so thatP; monotonically decreases Ass increased. That is, Module 1 responds to
changes in the activator of Module 2. From these expressions, wdstadealuce
that if Dior1=K1 Dior2=K2, that is, the demand for RNA polymerase in Module
1 is much larger than that of Module 2, then changes in the activator ciwatien
will lead to small changes in the free amount of RNA polymerase aig.in

This analysis illustrates that forcing an increase in the expression ofratgirp
causes an overall decrease in available resources, which leadsdeeag#ein the
expression of other proteins. As a consequence, there is a trdsdween the
amount of protein produced by one circuit and the amount of proteirdupeal
by di erent circuits. In addition to a design tradedhis analysis illustrates that
“unconnected” circuits can a&ct each other because they share common resources.
This can, in principle, lead to a dramatic departure of a circuit's behawon fts
nominal one.

As an exercise, the reader can verify that similar results hold in the case in
which Module 2 has a repressible promoter instead of one that can batedtiv
(see Exercis&.2).

The model that we have presented here contains many simpli cations. in add
tion to the mathematical approximations performed and to the fact that we did not
account for ribosomes, the model neglects the transcription of endogeeones.

In fact, RNA polymerase is also used for transcription of chromosomatgyen
While the qualitative behavior of the coupling between Module 1 and Module 2
is not going to be aected by including endogenous transcription, the extent of this
coupling may be substantially impacted. In the next section, we illustrate how the
presence of endogenous genes magch the extent to which the availability of
RNA polymerase decreases upon addition of exogenous genes.

7.2 Estimates of RNA Polymerase Perturbations by Exogenous
Plasmids

In the previous section, we illustrated the mechanism by which the change in the
availability of a shared resource, due to the addition of synthetic circuns;aase
crosstalk between unconnected circuits. The extent of this crosstakdepn the
amount by which the shared resource changes. This amount, in tuendiepn

the speci ¢ values of the dissociation constants, the total resource amamilts

the fraction of resource that is used already by natural circuits. Mereonsider
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how the addition of an external plasmidexts the availability of RNA polymerase,
considering a simpli ed model of the interaction of RNA polymerase with the ex-
ogenous and natural DNA.

In E. coli, the amount of RNA polymerase and its partitioning mainly depends
on the growth rate of the cellLp]: with 0.6 doublingghour there are only 1500
moleculegcell, while with 2.5 doublingtour this number is 11400. The fraction
of active RNA polymerase molecules also increases with the growth ratél- For
lustration purposes, we assume here that the growth rate is the highsistered
in [15], so that 1 moleculeell corresponds to approximately 1nM concentration.
In this case, a reasonable partitioning of the total pool of RNA polymerfasens
centrationXyo; = 12 UM is the following [55):

speci cally DNA-bound (at promoter) X 30% (4000 moleculéeell, that
is, Xs = 4 uM),

non-speci cally DNA-bound X: 60% (7000 moleculésell, that is, X, =
7uM),

free X: 10% (1000 moleculé=ell, that is,X = 1 uM).

By [16], the number of initiations per promoter can be as high @mBlute in
the case of constitutive promoters, and/irBiute for regulated promoters. Here,
we choose an eective value of 5 initiationsninute per promoter, so that on av-
erage, 5 molecules of RNA polymerase can be simultaneously transcrilithg ea
gene, as transcribing a gene takes approximately a midjitd iere are about
1000 genes expressed in exponential growth phd6 hence we approximate
the number of promoter binding sites for X to 5000, = 5 UM. The binding
reaction for speci ¢ binding is of the form

*a AV
D+XY DiX;
d

in which D represents DNA promoter binding sites DNi&x total concentration
Dot Consequently, we hau@; = D+ [D:X]. At the equilibrium, we have [D: X}
Xs=4uM and D = Dyt  [D:X] = Dyt Xs = 1 uM. With dissociation constant
Kg = d=a the equilibrium is given by & DX Kgy[D:X], hence we have that
Kq = DXHD:X] = 0:25uM, which can be interpreted as an ‘&ctive” dissociation
constant. This is in the range 1 nM. pM suggested byd8] for speci ¢ binding of
RNA polymerase to DNA. Therefore, we are going to model the speci cibopd
of RNA polymerase to the chromosomekfcoliin exponential growth phase as
one site with concentratiob: and e ective dissociation constaly.
Furthermore, we have to take into account the rather signi cant amouri\éf
polymerase bound to the DNA other than at the promoter regigr (7 UM). To
do so, we follow a similar path as in the case of speci c binding. In particulaer,
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model the non-speci ¢ binding of RNA polymerase to DNA as
— 3 —
D+XY_ D:X;
d

in which D represents DNA binding sites with concentratiﬁn)t and e ective
dissociation constary = d=a. At the equilibrium, we have that the concentration
of RNA polymerase non-speci cally bound to DNA is given by

— DiotX
Xn = [D:X] = Xf‘Kd:

As the dissociation constaitty of non-speci ¢ binding of RNA polymerase to
DNA is in the range 1 1000pM [38], we haveX  Kg, yielding X, = [D:X]
XDyot=Kg. Consequently, we obtaDy,=Kq = X=X = 7.

Now, we can consider the addition of synthetic plasmids. Speci cally, we con
sider high-copy number plasmids (copy number 1(GBDO0) with one copy of a
gene under the control of a constitutive promoter. We abstract it by anlgjrsite
for RNA polymerase Bto which X can bind according to the following reaction:

0
D%+ X )¥ DOX
dO

where Iis the RNA polymerase-free binding site anfl:IX is the site bound to
RNA polymerase. Consequently, we had®, = D+ [D%X], where D, = 1 uM,
considering 200 copies of plasmid per cell and 5 RNA polymerase moleceites p
gene. The dissociation constant corresponding to the above reactiovenmsly
K= d%a° At the steady state we have

X
Oy — RO .
[D=X] = Dtotm’

together with the conservation law for RNA polymerase given by
X+[D:X] +[D:X] + [D%X] = Xeot: (7.3)

Here, we did not account for RNA polymerase molecules paused oirguen
the chromosome; moreover, we also neglected the resistance genes @sihie p
and all additional sites (speci ¢ or not) to which RNA polymerase can alsd.bin
Hence, we are underestimating theeet of load presented by the plasmid. Solving
equation 7.3) for the free RNA polymerase amouXtgives the following results.
These results depend on the ratio between thective dissociation constaity
of RNA polymerase binding with the natural DNA promoters and the dissociation
constaan of binding with the plasmid promoter:
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Kg = 0:1Ky4 (RNA polymerase binds stronger to the plasmid promoter) re-
sults in X = 0:89 uM, that is, the concentration of free RNA polymerase
decreases by about 11%;

Kg = Kq (binding is the same) results i = 0:91 uM, consequently, the
concentration of free RNA polymerase decreases by about 9%;

Kg = 10Ky (RNA polymerase binds stronger to the chromosome) results in
X = 0:97 uM, which means that the concentration of free RNA polymerase
decreases by about 3%.

Note that the decrease in the concentration of free RNA polymerase tygesa
duced by the signi cant amount of RNA polymerase being non-speci datlynd

to the DNA. For instance, in the second case WK§|¢F Kg, the RNA polymerase
molecules sequestered by the synthetic plasmid can be partitioned as fobows: a
10% is taken from the pool of free RNA polymerase molecules X, anothfir 10
comes from the RNA polymerase molecules speci cally bound, and the over-
whelming majority (80%) decreases the concentration of RNA polymerase non
speci cally bound to DNA. That is, this weak binding of RNA polymerase to/dON
acts as a buer against changes in the concentration of free RNA polymerase.

We conclude that if the promoter on the synthetic plasmid has a dissociation
constant for RNA polymerase that is in the range of the dissociation caraftan
speci ¢ binding, the perturbation on the available free RNA polymeraseasitab
9%. This perturbation, even if fairly small, may in practice result in largects on
the protein concentration. This is because it may cause a large perturipatien
concentration of free ribosomes. In fact, one added copy of an apogeglasmid
will lead to transcription of several mRNA molecules, which will demand ribo-
somes for translation. Hence, a small increase in the demand for RNA palyener
may be associated with a dramatically larger increase in the demand for ribdsome
This is illustrated in the next section through a computational model including ri-
bosome sharing.

Computational model and numerical study

In this section, we introduce a model of the system in Figuein which we con-
sider both the RNA polymerase and the ribosome usage. We let the coticentra
of RNA polymerase be denoted B§and the concentration of ribosomes be de-
noted byY. We letm; andP; denote the concentrations of the mRNA and protein
in Module 1 and letn, andP, denote the concentrations of the mRNA and protein
in Module 2. The reactions of the transcription process in Module 1 aendiy
(see Sectior.2):

k
X+D1)i XDl m+X+Dy; my;
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while the translation reactions are given by

¥ 4
Y+m1)do Y:m ! ® Pp+m+Y; Yim} Y, P}l
1

The resulting system of derential equations is given by

d
a [X:Dl] =a X D1 (d1+ k]_) [XZDl];

d
gth—kl[XDl] 2Ym+d[y:m,] m+ym  (7.4)
d
d—t[Y:ml]za(l)le (d9+kqg;) [Y:m,];
dP]_ 0 .
EeRmyg Py

inwhich Dy = Dyot1  [X:D,] from the conservation law of DNA in Module 1.
The reactions of the transcription process in Module 2 are given bySsee
tion 2.3

k
D2+A)z‘: D,:A; X+D2:A)§§ X:D,:Al ’ m,+X+D,A; m);

while the translation reactions are given by

0 0

Y+m, )?‘Z Y:mZ!k2 P,+m,+Y; Ymj Y, PJ;
d2
The resulting system of derential equations is given by
d
gt [Dy:Al =agDa A dg[D,:A]  ap X[D,:A] + (d2 + ko)[X:D,:A];

d% [X:D,:A] = ap X[D,:A]  (da+ ko) [X:D,:A];

d
;'Z-kz[XD Al aQYm+ddyim,] mp+K[Y:m,l; (7.5
d
d—t[Y:m2]=agYmg (d+K) [Y:m,]  [Y:m,];
o =k [Y:m,] Py

in which we have thaD; = Dyt [D,:A]  [X:D,:A] by the conservation law of

DNA in Module 2.
The two modules are coupled by the conservation laws for RNA polymerase

and ribosomes given by

Xiot = X+ [X:D ] +[X:D,:A];  Yiot= Y+[Y:imy]+[Y:m,];
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Figure 7.3: Simulation results for the ordinary drential equation
model (.4—(7.5. For this model, the parameter values were taken from
http://bionumbers.hms.harvard.edu as follows. For the concentrations, we
have setXit = 1 UM, Yiot = 10 pM, and Diot1 = Dior2 = 0:2 pM. The values of the
association and dissociation rate constants were chosen that the corresponding
dissociation constants were in the range of dissociatiomstemts for specic bind-
ing. Specically, we haveag = 10 pM 'min 1, dg = 1 min %, a, = 10 pM min %,
dp=1min*, & =100pM *min %, dd = 1 min *, a = 10pM *min !, dy = 1 min 1,
a=10pM min !, andd? = 1 min . The transcription and translation rate constants
were chosen to give a few thousands of protein copies peandltalculated considering
the elongation speeds, the average length of a gene, andi¢h@ga number of RNA
polymerase per gene and of ribosomes per transcript. Thatingsvalues chosen are
given by k; = ko = 40 min * and k9 = k3 = 0:006 min *. Finally, the decay rates are
given by = 0:01 min ! corresponding to a protein half life of about 70 minutes and
= 0:1 min ! corresponding to a mRNA half life of about 7 minutes.

which we employ in system§ (4)—(7.5) by writing

X=Xt [X:Dy] [XIDy Al Y=Yt [Yimy] [Y:my):
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Simulation results are shown in Figure3a-7.3d in which we consider cells
growing at high rate. In the simulations, we have chosgi= 1 uM to account for
the fact that the total amount of RNA polymerase in wild type cells at fastidivis
rate is given by about 10M of which only 1uM is free, while the rest is bound
to the endogenous DNA. Since in the simulations we did not account fogendo
nous DNA, we assumed that onlyuM is available in total to the two exogenous
modules. A similar reasoning was employed tosgt= 10uM. Speci cally, in ex-
ponential growth, we have about B¥ of total ribosomes concentration, but only
about 30% of this is free, resulting in about @8 concentration of ribosomes
available to the exogenous modulégp://bionumbers.hms.harvard.edu ).

Figure 7.3aillustrates that as the activator concentratddimcreases, there is
no substantial perturbation on the free amount of RNA polymerase. Howess-
cause the resulting perturbation on the free amount of ribosomes (Fdiges
signi cant, the resulting decrease Bf is substantial.

7.3 Stochastic Effects: Design Tradeoffs in Systems with Large
Gains

As we have seen in Chaptéya biomolecular system can be rendered insensitive
to retroactivity by implementing a large input ampli cation gain in a negative feed-
back loop. However, relying on high gains, this type of design may hagesired
e ects in the presence of noise, as seen in amint context in Sectiob.2 Here,
we employ the Langevin equation introduced in Chagtieranalyze this problem.
Consider a system, such as the transcriptional component of Fegdrén
which a protein X is produced, degraded, and is an input to a downsggstem,
such as a transcriptional component. Here, we assume that both thetgogund
the degradation of protein X can be tuned through a Gaisomething that can be
realized through the designs illustrated in Chaptdtlence, the production rate of
X is given by a time-varying functioGk(t) while the degradation rate is given by
G .
The system can be simply modeled by the chemical equations

O)GGk@ X, X+p)kkjp G

in which we assume that the binding sites p are in total constant amount denoted
Prot, SO thatp+ C = pyot.

We have shown in SectioB.5 that increasing the gai@ is bene cial for at-
tenuating the eects of retroactivity on the upstream component applied by the
connected downstream system. However, as shown in Figdréncreasing the
gainG impacts the frequency content of the noise in a single realization. In partic-
ular, asG increases, the realization shows perturbations (with respect to the mean
value) with higher frequency content.
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Figure 7.4: Stochastic simulations illustrating that éasing the value d& produces per-
turbations of higher frequency. Two realizations are shaith di erent values ofs with-
out load. The parameters used in the simulations a®:01 min * and the frequency of
the input is! = 0:005 radmin with input signal given bk(t) = (1+0:8sin( t)) nM/min.
The mean of the signal is given as reference.

To study this problem, we employ the Langevin equation (Sectidh For
our system, we obtain (assuming unit volume for simplifying the mathematical
derivations):

X6 G X KenlPu i o2 "B 10 "G X L
P kon(Por O 3<t)+ T 40 (7.6)
dC

- P
= Kon(Pot C)X ko C+ kon(ptot C)X 3(t) Ko C 4(t):

The above system can be viewed as a nonlinear system with ve irkgt)tand
i(t) fori=1;2;3;4. Letk(t) = k, and 1(t) = »(t)= 3(t) = 4(t) = 0 be constant
inputs and letX andC be the ' corresponding equilibrium points. Then for small
amplitude signalk(t) = k() k the linearization of the systen¥.€) leads, with
abuse of notation, to

EF=GkO G X Kon(Por C)X+honXCrHko C

+ GK 1) G X o)+ ko C )  kon(Pot CO)X sa(t);
qQ——

% kDot OX kaXC Ko C ko € 40+ Kon(Por OX (1)

We can further simplify the above expressions by noting théat k andkon(Prot
C)X = k, C. Also, since j are independent identical Gaussian white noise pro-
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cesses, we can writg (t)  2(t) = IO§N1(t) and 3(t) a(t) = IO§N2(t), in which
N1 (t) andNy(t) are independent Gaussian white noise processes identicgl)}o
This simpli cation leads to the system

- _ _ P— 49—
‘;_i( =GK() G X kon(Pot C)X+konXC+ky C+ 2GKNy(t)  2ko CNp(t);
— — q — —
% = on(pr X KanXC ko C+ 2k CNA(0) (7.7)

This is a system with three inputs: the deterministic inkitit and two inde-
pendent white noise sourcBg(t) andNx(t). One can interprell; as the source of
the uctuations caused by the production and degradation reactions M#hidethe
source of uctuations caused by binding and unbinding reactions. $Sirecgystem
is linear, we can analyze the dirent contributions of each noise source separately
and independent from the sigrigt).

We can simplify this system by taking advantage once more of the separation
of time scales between protein production and degradation and the réyisity
ing reactions, de ning a small parameter =k, and lettingKq = ky =on. By
applying singular perturbation theory, we can set0 and obtain the reduced sys-
tem on the slow time scale as performed in Sec@dhlIn this system, the transfer
function fromN; to X is given by

P2ok
S(1+R)+G

Prot=Kd

HXNl(S) = ; §= m (78)

The zero frequency gain of this transfer function is equal to

2k
HXNl(O) = Pp=
G
Thus, asG increases, the zero frequency gain decreases. But for largglefred
quencied , j! (1+R+G j! (1+R), and the amplitude is approximately given
by p___
: o 2kG
Han ()] ———=
R 3Ry

which is a monotonically increasing function@f This e ect is illustrated in Fig-
ure7.5. The frequency at which the amplitudejblixy, (j! )j computed withG = 1
intersects the amplitudelxn, (j! )j computed withG > 1 is given by the expression

Ps

(1+R)’

| o=

Thus, when increasing the gain from 1@c> 1, we reduce the noise at frequencies
lower than! ¢ but we increase it at frequencies larger than
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Hxn (1)1
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T

Figure 7.5: Magnitude of the transfer functibixn, () as a function of the input frequency

| . The parameters used in this plot are 0:01 min X, Ky=1nM,k, =50min i, ! =
0:005 radmin, pt = 100 nM. WhenG increases, the contribution froiy decreases at
low frequency but it spreads to a higher range of the frequenc

While retroactivity contributes to Itering noise in the upstream system as it de-
creases the bandwidth of the noise transfer function (expressig), high gains
contribute to increasing noise at frequencies higher thanin particular, when
increasing the gain from 1 1@ > 1 we reduce the noise in the frequency ranges
below! ¢, but the noise at frequencies abdvgincreases. If we were able to indef-
initely increases, we could sendb to in nity attenuating the deterministic eects
of retroactivity while amplifying noise only at very high, hence not releyée-
qguencies.

In practice, however, the value &f is limited. For example, in the insulation
device based on phosphorylatida,is limited by the amounts of substrate and
phosphatase that we can have in the system. Hence, a design trazksts to be
considered when designing insulation devices: placing the largest [goSslkten-
uates retroactivity but it may increase noise in a possibly relevant freguange.

In this chapter, we have presented some of the trasiéiat need to be accounted
for when designing biomolecular circuits in living cells and focused on tbblpm

of competition for shared resources and on noise. Problems of resshiating,
noise, and retroactivity are encompassed in a more general probleoh \fden
engineering biological circuits, which is referred to as “context-deppoé’. That

is, the functionality of a module depends on its context. Context-depeniediae

to a number of dierent factors. These include unknown regulatory interactions
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between the module and its surrounding systems; varioasts that the module
has on the cell network, such as metabolic burdedh &nd e ects on cell growth
[82]; and the dependence of the module's parameters on the speci ¢ biophys
properties of the cell and its environment, including temperature and thenoes
of nutrients. Future biological circuit design techniques will have to axded!
these additional problems in order to ensure that circuits perform robosty
interacting in the cellular environment.

Exercises

7.1 Assume that both Module 1 and Module 2 considered in Segtibrcan be
activated. Extend the analytical derivations of the text to this case.

7.2 A similar derivation to what was performed in Sectidid can be carried if R
were a repressor of Module 2. Using a one-step reaction model fer eqres-
sion, write down the reaction equations for this case and the ordinaeyatitial
equations describing the rate of changePgfand P,. Then, determine how the
free concentration of RNA polymerase isexted by changes iR and howP; is

a ected by changes R.

7.3 Consider again the case of a repressor as considered in the prexéocise.

Now, consider a two-step reaction model for transcription and build a simulatio
model with parameter values as indicated in the text and determine the extent of
coupling between Module 1 and Module 2 when the repressor is increased

7.4 Consider the systen¥(7) and calculate the transfer function from the noise
sourceNs to X.

7.5 Consider the insulation device based on phosphorylation illustrated in Sec-
tion 6.5. Perform stochastic simulations to investigate the tradexiween retroac-

tivity attenuation and noise ampli cation when key parameters are changed. |
particular, you can perform one study in which the time-scale of the cycegds

and a di erent study in which the total amounts of substrate and phosphatase are
changed.
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Appendix A
A Primer on Control Theory

This appendix provides a brief primer on some of the key topics in controhyhe
that are used in the text. The material here is drawn fre®dback Systents/
Astrom and Murray.

A.1 System Modeling

A model is a precise representation of a system's dynamics used to anssger q
tions via analysis and simulation. The model we choose depends on the gsestio
we wish to answer, and so there may be multiple models for a single physieal sys
tem, with di erent levels of delity depending on the phenomena of interest. In
this chapter we provide an introduction to the concept of modeling, anddarov
some basic material on two speci ¢ methods that are commonly used in feedback
and control systems: derential equations and dérence equations.

1. A modelis a mathematical representation of a system that can be used to
answer question about that system. The choice of the model depends on
the questions one wants to ask. Models for control systems are typically
inputoutput models and combine techniques from mechanics and electrical
engineering.

2. Thestateof a system is a collection of variables that summarize the past
history of the system for the purpose of predicting the futurstate space
modelis one that describe how the state of a system evolves over time.

3. We can model the evolution of the state usingrdinary di erential equa-

tionsof the form

x= f(xu) X= Ax+Bu

(A1)

y = h(x;u) y=Cx+Du
wherex represents the state of the systeris, the time derivative of the state,
u are the external inputs arychre the measured outputs. For the linear form,
A, B, C andD are matrices of the appropriate dimension and the model is
linear time invariant(LTI).

4. Three common questions that can be answered using state space mmdels a
(1) how the system state evolves from a given initial condition, (2) the stabil-
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ity of an equilibrium point from nearby initial conditions and (3) the steady
state response of the system to sinusoidal forcing areint frequencies.

5. Models can be constructed from experiments by measuring the respbns
a system and determining the parameters in the model that correspond to
features in the response. Examples include measuring the period of oscilla-
tion, the rate of damping and the steady state amplitude of the response of a
system to a step input.

6. Schematic and block diagrams are common tools for modeling large, com-
plex systems. The following symbols are some of the ones commonly used
for modeling control systems:

Uy Up + Up
u ku u sat(y)
—» k = —
uz
Summing junction Gain block Saturation
z t
u R 0 udt u y u f(u)
— —— — SystenT—> —>\/—>
Integrator Input/output system Nonlinear map

Computer packages such as LabView, MATL/SBVIULINK and Modelica
can be used to construct models for complex, multi-component systems.

A.2 Dynamic Behavior

In this chapter we give a broad discussion of the behavior of dynanystdras,
focused on systems modeled by nonlinearedéntial equations. This allows us to
discuss equilibrium points, stability, limit cycles and other key concepts damyn
ical systems. We also introduce some methods for analyzing global beludvior
solutions.

1. We say thaxk(t) is a solution of a dierential equation on the time interval
to t; with initial value xg if it satis es

X(to) =% and x(t)=F(x(t)) forall to t ts: (A.2)

We will usually assuméy = 0. For most di erential equations we will en-
counter, there is a unique solution for a given initial condition. Numerical
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Figure A.1: Basic features of dynamical systems. (a) An gytitally stable equilibrium
point atx = (0;0). (b) A limit cycle of radius one, with an unstable equilibn point at
x=(0;0). (c) A stable equlibirum point a¢= (0; 0) (nearby initial conditions stay nearby).]

tools such as MATLAB and Mathematica can be used to obtain numerical
solutions forx(t) given the functior-(x).

. An equilibrium pointfor a dynamical system represents a poinsuch that

if X(0) = Xe thenx(t) = xe for all t. Equilibrium points represent stationary
conditions for the dynamics of a systemlimit cyclefor a dynamical system
is a solutionx(t) which is periodic with some periofl, so thatx(t+ T) = x(t)
for all t.

. An equilibrium point is (locally)stableif initial conditions that start near

an equilibrium point stay near that equilibrium point. A equilibrium point is
(locally) asymptotically stablé it is stable and, in addition, the state of the
system converges to the equilibrium point as time increases. An equilibrium
point isunstableif it is not stable. Similar de nitions can be used to de ne
the stability of a limit cycle.

. Phase portraits provide a convenient way to understand the bel&der

dimensional dynamical systems. A phase portrait is a graphical repaesen
tion of the dynamics obtained by plotting the stafB = (xy(t); X2(t)) in the
plane. This portrait is often augmented by plotting an arrow in the plane cor-
responding td-(x), which shows the rate of change of the state. Figude
illustrates some of the basic features of a dynamical systems.

. Alinear system

dx

i AX (A.3)
is asymptotically stable if and only if all eigenvalues/Afll have strictly
negative real part and is unstable if any eigenvaluA bés strictly positive

real part. A nonlinear system can be approximated by a linear systemdarou
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an equilibrium point by using the relationship

X=F(Xe)+ % (X Xe)+ higher order terms inq{ Xe): (A.4)
Xe

SinceF(xe) = 0, we can approximate the system by choosing a new state
variablez= x X and writing the dynamics as= Az The stability of the
nonlinear system can be determined in a local neighborhood of the equilib-
rium point through its linearization.

. A Lyapunov functiors an energy-like functio : R"! Rthat can be used

to reason about the stability of an equilibrium point. We de ne the derivative
of V along the trajectory of the system as

V(X) = %x = %F(x) (A.5)

Assumingxe = 0 andV(0) = 0, the following conditions hold:

Condition onV  Condition onV  Stability
V(X)>0;x, 0 V(X) Oforallx x stable
V(X)>0;x, 0 V(X)<0;x, 0 xasymptotically stable

Stability of limit cycles can also be studied using Lyapunov functions.

. Theglobal behaviorof a nonlinear system refers to dynamics of the system

far away from equilibrium points. Theegion of attractionof an asymptot-
ically stable equilirium point refers to the set of all initial conditions that
converge to that equilibrium point. An equilibrium point is said togbeb-
ally asymptotically stablé all initial conditions converge to that equilibrium
point. Global stability can be checked by nding a Lyapunov function that is
globally positive de nition with time derivative globally negative de nite.

A.3 Linear Systems

Previous chapters have focused on the dynamics of a system with rgléitileat-
tention to the inputs and outputs. This chapter gives an introduction toauppitit
behavior for linear systems and shows how a nonlinear system can toxapgted
near an equilibrium point by a linear model.

1. A linear systemis one in which the output is jointly linear in the intitial

condition for the system and the input to the system. In particular, a linear
system has the property that if we apply an inp{tj = uy(t)+ u(t) with

zero initial condition, the corresponding output willYi@g) = yi () + (1),
wherey; is the output associated with the inpwt This propery is called
linearsuperposition
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2. Adi erential equation of the form

X = Ax+ Bu x2R%Uu2R

A.6
y=Cx+Du y2R (A.6)

is asingle-input, single-outpuiSISO)linear di erential equationlts solu-
tion can be written in terms of thmatrix exponential

t_ 10, Laas, _ % 14k
= I+ AL A+ A+ = A (A7)
2 3! K
k=0
The solution to the dierential equation is given by tle®nvolution equation
Z

y(t) = CEMNX(0) + tce‘“t )Bu( )d + Du(t): (A.8)
0

3. Alinear system
X = AX (A.9)

is asymptotically stabléf and only if all eigenvalues oA all have strictly
negative real part and is unstable if any eigenvalué\ dfas strictly posi-

tive real part. For systems with eigenvalues having zero real-part, stability
determined by using the Jordan normal form associated with the matrix. A
system with eigenvalues that have no strictly positive real part is stabld if an
only if the Jordan block corresponding to each eigenvalue with zeraspart
scalar (1x1) block.

4. The inputoutput response of a (stable) linear system contains a transient
region portion, which eventually decays to zero, and a steady state portion
which persists over time. Two special responses arstdperesponsevhich
is the output corresponding to an step input applidd-dd and thefrequency
responsewhich is the response of the system to a sinusoidal input at a given
frequency.

5. The step response is characterized by the following parameters:
The steady state valyg/ss, of a step response is the nal level of the

output, assuming it converges.

Therise time T,, is the amount of time required for the signal to go
from 10value.

The overshoot My, is the percentage of the infal value by which the
signal initially rises above the nal value.

The settling time Ts, is the amount of time required for the signal to
stay within 5times.
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6. The frequency response is given by

y(t) = CeN x(0) (sl A) B + D+C(sl A) 'Be™; (A.10)
| {z b {z }
transient steady state
where cost=1 el''+e /'t ands= j! . The gain and phase of the fre-

quency response are given by

gain{ )= A =M phase() = = (A.11)
A

. A nonlinear system of the form

x= f(x;u) x2R“u2R
(A.12)
y = h(x;u) y2R

is a single-input, single-output (SISO) nonlinear system. It can be lireghriz
about an equibrium poimt= Xe, U= Ue, Y = Ve by de ning new variables

Z=X Xe V=U U W=Y h(XeUe): (A.13)

The dynamics of the system near the equilibrium point can then be approxi-
mated by the linear system

Xx=Ax+Bu
(A.14)
y=Cx+Du
where . _
A= @(x;u) 5= @ (x;u)
@ e @ e (A.15)
c= @) C) '
@ Xe;Ue @ Xe;Ue

The equilibrium point for a nonlinear system is locally asymptotically stable
if the real part of the eigenvalues of the linearization about that equilibrium
point have strictly negative real part.

A.4 Reachability and observability

The concept of reachability is introduced and used to investigate how sigfde
the dynamics of a system through placement of its eigenvalues. In particwulgr

be shown that under certain conditions it is possible to assign the systemadige
ues to arbitrary values by appropriate feedback of the system state t\ddvice

the concept of observability and show that if a system is observable,dssilge

to recover the state from measurements of the inputs and outputs to the system.
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1. Alinear system with dynamics

X= Ax+Bu x2R“u2R

A.16
y=Cx+Du y2R ( )

is said to bereachableif we can nd an inputu(t) de ned on the interval
[0; T] that can steer the system from a given nal pox®) = xo to a desired
nal point X(T) = Xs.

2. Thereachability matrixfor a linear system is given by
i
W, = B AB A" 1B : (A.17)

A linear system is reachable if and only if the reachability maxis in-
vertible (assuming a single intgsingle output system). Systems that are
not reachable have states that are constrained to have a xed rel@ionsh
with each other.

3. Integral feedbackcan be used to provide zero steady state error instead of
careful calibration of the gail,. An integral feedback controller has the
form

u= kp(x xe) kiztkr: (A.18)
where
Z=y r (A.19)

is the integral error. The gairkg, ki andk; can be found by designing a sta-
bilizing state feedback for the system dynamics augmented by the integrator
dynamics.

4. Alinear system with dynamics

X = Ax+Bu x2R“Uu2R

A.20
y=Cx+Du y2R ( )

is said to beobservabldaf we can determine the state of the system through
measurements of the input) and the outpuy(t) over a time interval [OT].

5. Theobservability matriXor a linear system is given by

8 9
C

CA
Wo=§ . & (A.21)
. CAn 15

A linear system is observable if and only if the observability matkixis
full rank. Systems that are not reachable have "hidden” states thabtthe
determined by looking at the inputs and outputs.
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6. Anobserveiis a dynamical system that estimates the state of another system

through measurement of inputs and outputs. For a linear system, theabserv
given by

dx . o

at = AX+Bu+L(y CX) (A.22)
generates an estimate of the state that converges to the actual AtateGf
is has eigenvalues with negative real part. If a system is observabie, the
there exists a anbserver gain Lsuch that the observer error is governed
by a linear di erential equation with an arbitrary characteristic polynomial.
Hence the eigenvalues of the error dynamics for an observable lingansy

can be placed arbitrarily through the use of an appropriate observer ga

. Adiscrete time, linear process with noise is given by

x(k+ 1) = Ax(k) + Bu(k) + v(k) x2RU2R

y(K) = Cx(K)+ Du(k) +w(k)  y2R (A.23)

wherev is a vector, white, Gaussian random process with mean 0, autoco-
varianceR,, w is a white, Guassian random process with mean 0, variance
R,. We take the initial condition to be random with mean 0 and covariance
Po. The optimal estimator is given by

K(k+1)= AR(K) + Bu(k) + L(y(k) CX(k)) (A.24)
where the observer gain satis es

P(k+1)= ATP(AT+R, APK)CT(Ry+CPC") 1CP" (kAT
P(0)= Po (A.25)
L=ATP(C'(Ry,+CPC") !

This estimator is an example okalman lter.

A.5 Transfer Functions

This chapter introduces the concept of the transfer function, which dsrgpact
description of the input-output relation for a linear system. Combining transfe
functions with block diagrams gives a powerful method of dealing with complex
systems. The relationship between transfer functions and other syssernptiens

of dynamics is also discussed.

1. Thefrequency respons# a linear system

X= Ax+ Bu

= Cxe DU (A.26)
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Figure A.2: Interconnections of linear systems. Seriesfajallel (b) and feedback (c)
connections are shown. The transfer functions for the caitgpeystems can be derived by
algebraic manipulations assuming exponential functionall signals.

is the response of the system to a sinusoidal input at a given frequamney
to linearity, the response of a system to a more complicated input can be
constructed by decomposing the input into the sum of sines and cosines

X
uit)=  aksink! t)+bygcosk! t): (A.27)
k=1

2. Thetransfer functiorfor a linear system is given by
Gyu(9)=C(sl A) 'B+D: (A.28)

The transfer function represents the steady state response of the $gste
an exponential input. The transfer function is independent of the clodice
coordinates for the state space.

3. Thezero frequency gaiof a system is given by the magnitude of the trans-
fer function ats = 0. It represents the ratio of the steady state value of
the output with respect to a step input. For a transfer function of the form
G(s) = b(s)=a(9), the roots of the polynomial(s) are called thegolesof the
system and the roots of the polynomixk) are called theerosof the sys-
tem. A polep is also called anodeof the system. The poles correspond to
the eigenvalues of the dynamics matiband determine the stability of the
system. The zeros of a transfer function correspond to exponentiallsig
whose transmission is blocked by the system.

4. Block diagrams that consist of transfer functions can be manipulated us
ing block diagram algebraFigureA.2 gives the transfer functions for some
common interconnections of linear systems.

5. A Bode plotis a plot of the magnitude and phase of the frequency response:
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The top plot is the gain curve; the frequency and magnitude are both plotted
using a logarithmic scale. The bottom plot is the phase curve and uses a log-
linear scale. The dashed lines show straight line approximations of the gain
curve and the corresponding phase curve.

6. The transfer function for a system can be determined from experirhgnts
measuring the frequency response and tting a transfer function to tlae da
Formally, the transfer function corresponds to the ratio of the Laplacs-tran
forms of the output to the input.

A.6 Frequency Domain Analysis

In this chapter we study how how stability and robustness of closed loognsys
can be determined by investigating how signals propagate around theabéedb
loop. The Nyquist stability theorem is a key result that provides a way ttyzma
stability and introduce measures of degrees of stability.

1. Theloop transfer functiorof a feedback system represents the transfer func-
tion obtained by breaking the feedback loop and computing the resulting
transfer function of the open loop system. For a simple feedback system

r e u y
C(9) = P(s) >

the loop transfer function is given by= PC
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2. TheNyquist criterionprovides a way to check the stability of a closed loop
system by looking at the properties of the loop transfer function. Fotesta
open loop system, the Nyquist criterion states that the system is stable if the
contour of the loop transfer function plotted fros= j1 to s= j1 has
no net encirclements of the poiat= 1 when it is plotted on the complex
plane.

3. The general Nyquist criterion uses the image of the loop transfetidéumnc
applied to theNyquist countour

Gamma

The number of unstable poles of the closed loop system is given by the num-
ber of open loop unstable poles plus the number of clockwise encirclements
of the points= 1.

4. Stability margins describe the robustness of a system to perturbations in the
dynamics. We de ne thehase crossover frequendy;80 as the smallest
frequency where the phase of the loop transfer functioni80 and the
gain crossover frequengy 4 as the small frequency where the loop transfer
function has unit magnitude. Thgain marginand phase margirare given
by

1

JL(J! 180)]

These margins describe the the maximum variation in gain and phase in the

loop transfer function under which the system remains stable. Two other

margins are thestability margin which is the shortest distance frmo the

Nyquist curve to the critical poins= 1, and thedelay margin which is

the smallest time delay required to make the system unstable.

Om= m=+argL(j! go) (A.29)

5. Bode's relationselate the gain and phase of a transfer function with no poles
or zeros in the right half plane. They show that

 dlogiG(jt ).

2 dlog! (A-30)

argG(j! o)
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A non-minimum phassytem is one for which there is more phase lag than
the amount given by Bode's relations. Systems with right have plane poles
or zeros are non-minimum phase.

. Thegain of an inputoutput system is de ned as

Kk

= supﬁ;

u2U kuk

where sup is the supremum. Thmall gain theorenstates that if two sys-

tems with gains ; and ; are connected in a feedback loop, then the closed
loop system is stable if; ».

(A.31)

A.7 PID Control

This chapter describes the use of proportional integral derivatiNg) l@Redback
for control systems design. We discuss the basic concepts behind Riidl@nd
the methods for choosing the PID gains.

1. The basic PID controller as the form

t
u(t) = kpe(t) + ki . e()d +kdccji_f; (A.32)

whereu is the control signal and is the control error. The control signal

is thus a sum of three terms: a proportional term that is proportional to the
error, an integral term that is proportional to the integral of the errat,a
derivative term that is proportional to the derivative of the error.

Error A Present

Time

. Integral actionguarantees that the process output agrees with the reference

in steady state and provides an alternative to including a feedforward term
for tracking a constant reference input. Integral action can be implechente
usingautomatic resetwhere the output of a proportional controller is fed
back to its input through a low pass lter:

1
u= kpe+ 1+—S_I_iu, (A33)
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3. Derivative actionprovides a method for predictive action. The input-output
relation of a controller with proportional and derivative action is

u=kpe+ kd%te: k e+ Td?j—f ; (A.34)
whereTy = kg is the derivative time constant. The action of a controller
with proportional and derivative action can be interpreted as if the dontro
is made proportional to the predicted process output, where the prediction
is made by extrapolating the errdg time units into the future using the
tangent to the error curve.

A.8 Limits of Performance

In this chapter we continue to explore the use of frequency domain tedwiqu
design of feedback systems. We begin with a more thorough descriptiore of th
performance speci cations for controls systems, and then introduce tieepbof
"loop shaping” as a mechanism for designing controllers in the frequaoimain.

We also introduce some fundamental limitations to performance for systems with
right half plane poles and zeros.

1. The primary transfer functions that de ne the infowttput characteristics of
the system are called tl@&ang of Six

PCF PC P
= —0= T=—— PS= ——;
1+ PC’ 1+ PC’ 1+PC’
or - (A.35)
CFS=1vpc CS=Trpc S=Trpc

The transfer functions in the rst column give the response of the poce
output and control signal to the reference signal. The second colures gi
the response of the control variable to the load disturbance and the noise,
and the nal column gives the response of the process output to those two
inputs. Wher=(s) = 1, the system is said to have pure error feedback and the
relevant inpuboutput transfer functions are given by tBang of Four given

by the transfer functions in the right two columns.

2. The performance of a system can be given in terms of the characteristic
of the frequency response between an input and outptgsdnant peaks
a maximum of the gain, and the peak frequency is the corresponding fre-
quency.

3. Thesensitivity function S 151+ PC) describes how disturbances are at-
tenuated by closing the feedback loop. Disturbances with frequenais su
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thatjS(i! )j < 1 are attenuated, but disturbances with frequencies such that
jS(i! )j > 1 are ampli ed by feedback. The maximum sensitiviflg, which
occurs at the frequencynms is a measure of the largest ampli cation of
the disturbances. Theomplementary sensitivity function=TPCH1+ PC)
describes how well the controller tracks a references signal.nidemum
complementary sensitivityM;, which occurs at the frequendyy,, is the
peak value of the magnitude of the complementary sensitivity function. It
provides the maximum ampli cation from the reference signal to the output
signal.

. Feedback control systems have a number of fundamental limits, usually ex

acerbated by the presence of right half plane poles and zeros. stensy
with right half plane poles or zeros, we can decompose the processiayga
into a minimum phase transfer function (no right half plane poles or zeros)
and an all pass transfer function (gairi):

P(S) = Pmp(S)Pap(s); (A.36)

. Another fundamental limit is given tBode's integral formulawhich states

that for systems with a loop transfer function that goes to zero faster ttsan 1
ass!1l |, the sensitivity function must satisfy

z 1 z 1 1 X

9jS(it )i o 9T P (A-37)

wherepg are the poles in the right half-plane. This conservation law shows
that to get lower sensitivity in one frequency range, we must get higimer s
sitivity in some other region. An analogous formula exists for the comple-
mentary sensitivity function in the presence of right half plane zeros.

Robust Performance

This chapter focuses on the analysis of robustness of feedbacknsy3ie con-
sider the stability and performance of systems who process dynamicscamtaim
and derive fundamental limits for robust stability and performance. Wedisass
how to design controllers to achieve robust performance.

1. Uncertainty can enter a model in many forfAgrametric uncertaintpccurs

when the values of the parameters in the model are not precisely known or
may vary.Unmodeled dynamicare a more general class of uncertainty in
which some portions of the systems behavior are not included in the model,
either due to lack of knowledge or simplicity. Unmodeled dynamics can be
taken into consideration by incorporating an uncertainty block with bounded
input/output response. Common types of unmodeled dynamics ineldde
ditive uncertaintymultiplicative uncertaintyandfeedback uncertainty
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2. TheVinnicombe metri¢or -gap metric) provides a measure of the distance
between two transfer functions. It is de ned as
8
2d(Py;Py); if (P1;P2)2C

PPy = _ A.38
(P1;P2) -Sl; otherwise ( )

whered(P;; Py) is a distance measure between the two transfer function

jP.(i! Po(i! )j
d(Py: Py) = Supp— 1(. )- 2(.)1. _.
b (L4 jPa(it )P+ P! )P)
andCis the set of all pairsi1; P») such that the function = 1+ P1(s)P1( )

and f, = 1+ P,(9)P1( s) have the same number of zeros in the right half-
plane

(A.39)

3. Robust stability can be determined through the use of the Nyquist plot. The
stability margin g, de ned as the shortest distanced from -1 to the Nyquist
curve, provides a measure of robustness. For an additive perturbgsp
the system is robustly stable if

1+PC . 1
c or ij= P < m (A.40)

ji<
This condition can be derived using thmall gain theorenand allows us to
reason about uncertainty without exact knowledge of the procets iper

tions.

4. In addition to stability, uncertainty can alsoext the performance of a sys-
tem. For additive uncertainty, the load response satis es

dGyg _dP.
o S5 (A.41)

The response to load disturbances is thus insensitive to process vaifation
frequencies where the magnitude of the sensitivity funggn )j is small.
Similarly, the response of the controller to noise in the presence of additive

uncertainty satis es
dGyn dP
=T—; A.42
o 5 (A.42)
indicating that the controller is insensitive to noise when the complementary
sensitivity is small. Control design in the presence of uncertainty can k& don
by using the Gang of Four to insure that the appropriate sensitivity fursction

are all well behaved.
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