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Chapter Twelve
Robust Performance

However, by building an amplifier whose gain is deliberately made, sayedibels higher
than necessary (10000 fold excess on energy basis), and then féeeliogtput back on the
input in such a way as to throw away that excess gain, it has been fougsibpoto effect
extraordinary improvement in constancy of amplification and freedom fron-linearity.

Harold S. Black, “Stabilized Feedback Amplifiers,” 1934 [Bla34].

This chapter focuses on the analysis of robustness of fekdlyatems, a vast
topic for which we provide only an introduction to some of #&y concepts. We
consider the stability and performance of systems whoseegsodynamics are
uncertain and derive fundamental limits for robust stap#ind performance. To
do this we develop ways to describe uncertainty, both in ¢l fof parameter
variations and in the form of neglected dynamics. We alseflgrmention some
methods for designing controllers to achieve robust peréorce.

12.1 Modeling Uncertainty

Harold Black's quote above illustrates that one of the kegsusf feedback is to
provide robustness to uncertainty (“constancy of amplifce]. It is one of the
most useful properties of feedback and is what makes it plesg design feed-
back systems based on strongly simplified models.

One form of uncertainty in dynamical systemspigrametric uncertaintyin
which the parameters describing the system are unknownpialyexample is
the variation of the mass of a car, which changes with the murabpassengers
and the weight of the baggage. When linearizing a nonlingstem, the parame-
ters of the linearized model also depend on the operatinditons. It is straight-
forward to investigate the effects of parametric uncetyagimply by evaluating
the performance criteria for a range of parameters. Suchcalatibn reveals the
consequences of parameter variations. We illustrate byplsiexample.

Example 12.1 Cruise control

The cruise control problem was described in Section 3.1, andcarRioller was
designed in Example 10.3. To investigate the effect of par@mariations, we
will choose a controller designed for a nominal operatingdititon correspond-
ing to masan = 1600 kg, fourth geard = 12) and speed, = 25 m/s; the con-
troller gains arek, = 0.72 andk; = 0.18. Figure 12.1a shows the velocityand
the throttleu when encountering a hill with a°3slope with masses in the range
1600< m< 2000 kg, gear ratios 3—%(= 10, 12 and 16) and velocity X0v <40
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Figure 12.1: Responses of the cruise control system to a slope increase(a) and the
eigenvalues of the closed loop system (b). Model parameters aré¢ sver@ wide range.

m/s. The simulations were done using models that were lineduaround the dif-
ferent operating conditions. The figure shows that there aiatians in the re-
sponse but that they are quite reasonable. The largest tyeéwoor is in the range
of 0.2-0.6 m/s, and the settling time is about 15 s. The cosigolal is marginally
larger than 1 in some cases, which implies that the thrattielly open. A full
nonlinear simulation using a controller with windup prdieo is required if we
want to explore these cases in more detail. Figure 12.1b stimwsigenvalues of
the closed loop system for the different operating condgid he figure shows that
the closed loop system is well damped in all cases. O

This example indicates that at least as far as parametriatiars are con-
cerned, the design based on a simple nominal model will gitisfactory control.
The example also indicates that a controller with fixed parareetan be used in
all cases. Notice that we have not considered operatingitoomslin low gear and
at low speed, but cruise controllers are not typically ugeithése cases.

Unmodeled Dynamics

It is generally easy to investigate the effects of paramefariations. However,
there are other uncertainties that also are importantsasisied at the end of Sec-
tion 2.3. The simple model of the cruise control system castonly the dynamics
of the forward motion of the vehicle and the torque charasties of the engine
and transmission. It does not, for example, include a detailodel of the engine
dynamics (whose combustion processes are extremely crjgl¢he slight de-
lays that can occur in modern electronically controlledieag (as a result of the
processing time of the embedded computers). These neglewedanisms are
calledunmodeled dynamics

Unmodeled dynamics can be accounted for by developing a cmrelex
model. Such models are commonly used for controller devedmpniout substan-
tial effort is required to develop them. An alternative isrteestigate if the closed
loop system is sensitive to generic forms of unmodeled dyc&rithe basic idea
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Figure 12.2: Unmodeled dynamics in linear systems. Uncertainty can be represesited u
additive perturbations (left), multiplicative perturbations (middle) or Bestdk perturbations
(right). The nominal system B, andA, 6 = A/P andAg, represent unmodeled dynamics.

is to describe the unmodeled dynamics by including a trarfisfection in the sys-

tem description whose frequency response is bounded beitvae unspecified.

For example, we might model the engine dynamics in the crzosg¢rol example

as a system that quickly provides the torque that is reqdekteugh the throt-

tle, giving a small deviation from the simplified model, whizésumed the torque
response was instantaneous. This technique can also berusaghy instances
to model parameter variations, allowing a quite general@ggh to uncertainty
management.

In particular, we wish to explore if additional linear dyniasmmay cause dif-
ficulties. A simple way is to assume that the transfer functbthe process is
P(s) + A, whereP(s) is the nominal simplified transfer function afdrepresents
the unmodeled dynamics in terms adiditive uncertainty Different representa-
tions of uncertainty are shown in Figure 12.2.

When Are Two Systems Similar? The Vinnicombe Metric @

A fundamental issue in describing robustness is to determiren two systems are
close. Given such a characterization, we can then attengbdoribe robustness
according to how close the actual system must be to the modwider to still
achieve the desired levels of performance. This seeminglgcent problem is
not as simple as it may appear. A naive approach is to saywlasystems are
close if their open loop responses are close. Even if thisapp®tural, there are
complications, as illustrated by the following examples.

Example 12.2 Similar in open loop but large differences in closed tp
The systems with the transfer functions

k k
“sir P et

have very similar open loop responses for small valuds as illustrated in the top
plot in Figure 12.3a, which is plotted fdr = 0.025 andk = 100. The differences
between the step responses are barely noticeable in the.fihwestep responses
with unit gain error feedback are shown in the bottom plot guFé 12.3a. Notice
that one closed loop system is stable and the other one ighlest O

Pi(s) (12.1)

Example 12.3 Different in open loop but similar in closed loop
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Figure 12.3: Determining when two systems are close. The plots in (a) show a situation
when the open loop responses are almost identical, but the closed kpmmses are very
different. The processes are given by equation (12.1) kvitil00 andT = 0.025. The plots

in (b) show the opposite situation: the systems are different in open Idgnbilar in closed
loop. The processes are given by equation (12.2) kith100.

Consider the systems

k k
Pi(s) = si1’ Pa(s) = s_1° (12.2)
The open loop responses are very different becRusestable and® is unstable,
as shown in the top plot in Figure 12.3b. Closing a feedbacg lebh unit gain
around the systems, we find that the closed loop transferiturscare

k k
T(S) = —— T(S) = ——
8= s 29 = grk—1
which are very close for large as shown in Figure 12.3b. O

These examples show that if our goal is to close a feedback lbapay be
very misleading to compare the open loop responses of thersys

Inspired by these examples we introduce Yhenicombe metricwhich is a
distance measure that is appropriate for closed loop sgsteansider two systems
with the transfer functionB; andP., and define

) Pu(ieo) - Po(io)
R = T Rwp e Rio

which is a metric with the property € d(Pi,P) < 1. The numbed(P;,P,) can

be interpreted as the difference between the complemeséasitivity functions
for the closed loop systems that are obtained with unit faekllaround®, andP;

see Exercise 12.3. The metric also has a nice geometric iatation, as shown in
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Figure 12.4: Geometric interpretation od(Pp,P,). At each frequency, the points on the
Nyquist curve forP; (solid) andP, (dashed) are projected onto a sphere of radius 1 sitting
at the origin of the complex plane. The projection of the pointilis shown. The distance
between the two systems is defined as the maximum distance between ttotigmsjef
Pi(iw) and P(iw) over all frequencieso. The figure is plotted for the transfer functions
Pi(s) =2/(s+1) andP,(s) = 2/(s—1). (Diagram courtesy G. Vinnicombe.)

Figure 12.4, where the Nyquist plotsief andP, are projected onto a sphere with
radius 1 at the origin of the complex plane (called Riemann sphejePoints in
the complex plane are projected onto the sphere by a lineighrthe point and
the north pole (Figure 12.4). The distart{@;, P,) is the longest chordal distance
between the projections & (iw) andP(iw). The distance is small whe®, and
P, are small or large, but it emphasizes the behavior aroundyaire crossover
frequency.

The distancel(Py, P,) has one drawback for the purpose of comparing the be-
havior of systems under feedback Bf is perturbed continuously fror to P,
there can be intermediate transfer functi®nshered(Py, P) is 1 even ifd(Py, P,)
is small (see Exercise 12.4). To explore when this could happe observe that

(14 P(iw)P(—iw))(1+ P(—iw)Pi(iw))
(14 [Puiw)[)(1+ [P(iw)[?)

The right-hand side is zero, and herd{®;,P) = 1 if 1+ P(icw)Pi(—iw) = 0 for
somew. To explore when this could occur, we investigate the beirani the
function 1+ P(s)P(—s) whenP is perturbed froni; to P». If the functionsfi(s) =
1+ Pi(s)Pi(—s) andfz(s) = 1+ P»(s)Pi(—s) do not have the same number of zeros
in the right half-plane, there is an intermedi&such that H P(iw)P;(—iw) =0
for somew. To exclude this case we introduce the geas all pairgPi,P>) such
that the functionsf; = 1+ Py(s)Pi(—s) and fo = 1+ Px(s)Pi(—s) have the same
number of zeros in the right half-plane.

The Vinnicombe metrior v-gap metricis defined as

d(Pi,R), if (P,P)e?
1, otherwise

1—d?(P,P) =

8(Py. o) = { (12.4)

Vinnicombe [Vin01] showed tha, (P;, ) is a metric, he gave strong robustness
results based on the metric and he developed the theory $terag with many
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inputs and many outputs. We illustrate its use by computivegrhetric for the
systems in the previous examples.

Example 12.4 Vinnicombe metric for Examples 12.2 and 12.3
For the systems in Example 12.2 we have
1+k2—&

1+ K2 +2sT+ (T2 - 1) — 28T — *T?2
fa(s) = 1+ Po(S)PL(—S) = (1_32)((1+ 23)T+32T2)

The function f; has one zero in the right half-plane. A numerical calcuratio
for k = 100 andT = 0.025 shows that the functiofy has the roots 46.3, -86.3,
—20.04+60.0i. Both functions have one zero in the right half-plane, allmwus to
compute the norm (12.4). Fdr = 0.025 this givesd, (P, ) = 0.98, which is a
quite large value. To have reasonable robustness Vinniesatmmmended values
less than 1/3.

For the system in Example 12.3 we have

2 _ — k2 —
1+a@apg_125§§, 1+3@a@9_1é+§j§

These functions have the same number of zeros in the righplaie ifk > 1.
In this particular case the Vinnicombe metricdgPy, P>) = 2k/(1+k?) (Exer-
cise 12.4) and withk = 100 we getd, (Pi,P») = 0.02. Figure 12.4 shows the
Nyquist curves and their projections foe= 2. Notice thad(Py,P,) is very small
for smallk even though the closed loop systems are very different.thideefore
essential to consider the conditigfy, P,) € ¢, as discussed in Exercise 12.4]

12.2 Stability in the Presence of Uncertainty

Having discussed how to describe uncertainty and the gityilaetween two sys-

tems, we now consider the problem of robust stability: Whan we show that

the stability of a system is robust with respect to procesmtians? This is an

important question since the potential for instability reea@f the main drawbacks
of feedback. Hence we want to ensure that even if we have smaalturacies in

our model, we can still guarantee stability and performance

Robust Stability Using Nyquist’s Criterion

The Nyquist criterion provides a powerful and elegant wayttag the effects
of uncertainty for linear systems. A simple criterion istthi@ Nyquist curve be
sufficiently far from the critical point-1. Recall that the shortest distance from
the Nyquist curve to the critical point &, = 1/Ms, whereMs is the maximum
of the sensitivity function and,, is the stability margin introduced in Section 9.3.
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Figure 12.5:Robust stability using the Nyquist criterion. (a) This plot shows that thetesto
distance to the critical poirg, is a robustness measure. (b) This plot shows the Nyquist curve
of a nominal loop transfer function and its uncertainty caused by adgitaeess variations

A.

The maximum sensitivitys or the stability margirsy, is thus a good robustness
measure, as illustrated in Figure 12.5a.

We will now derive explicit conditions for permissible pexs uncertainties.
Consider a stable feedback system with a prodessd a controllelC. If the
process is changed fromito P+ A, the loop transfer function changes frd?@
to PC+ CA, as illustrated in Figure 12.5b. If we have a bound on the siz& o
(represented by the dashed circle in the figure), then themsystmains stable
as long as the process variations never overlap-thgoint, since this leaves the
number of encirclements ef1l unchanged.

Some additional assumptions are required for the analysisltb Most impor-
tantly, we require that the process perturbatinse stable so that we do not in-
troduce any new right half-plane poles that would requirdittahal encirclements
in the Nyquist criterion.

We will now compute an analytical bound on the allowable psscdistur-
bances. The distance from the critical poirt to the loop transfer functioh is
|14 L|. This means that the perturbed Nyquist curve will not reaehdtitical
point —1 provided tha{CA| < |1+ L|, which implies

14+PC
c |

This condition must be valid for all points on the Nyquist cairize, pointwise
for all frequencies. The condition for robust stability chng be written as

1
T(iw)]
Notice that the condition is conservative because it foldsom Figure 12.5 that
the critical perturbation is in the direction toward thetical point —1. Larger

perturbations can be permitted in the other directions.
The condition in equation (12.6) allows us to reason abou¢riamty without

A1
A <‘ 16| = ]5‘ <y (12.5)

15(iw)] = )gg:g < for all @ > 0. (12.6)
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exact knowledge of the process perturbations. Namely, weverfy stability for

any uncertaintyA that satisfies the given bound. From an analysis perspective,
this gives us a measure of the robustness for a given desmmeGsely, if we
require robustness of a given level, we can attempt to chowseontrollerC such

that the desired level of robustness is available (by astiagT be small) in the
appropriate frequency bands.

Equation (12.6) is one of the reasons why feedback systemis seowell in
practice. The mathematical models used to design contr@rsgsare often simpli-
fied, and the properties of a process may change during oper&iuation (12.6)
implies that the closed loop system will at least be stablsdbstantial variations
in the process dynamics.

It follows from equation (12.6) that the variations can beyéafor those fre-
quencies wher& is small and that smaller variations are allowed for freques
whereT is large. A conservative estimate of permissible procesiati@ns that
will not cause instability is given by

. A(iw) 1

3(iw)| =[5 s| < =

[0(ia)] P(iw) M

whereM; is the largest value of the complementary sensitivity
PC H

1+PClle’

The value ofM is influenced by the design of the controller. For examples it i

shown in Exercise 12.5 that M; = 2 then pure gain variations of 50% or pure

phase variations of 30are permitted without making the closed loop system un-

stable.

My = SupT (ic0)| = H (12.7)

Example 12.5 Cruise control
Consider the cruise control system discussed in SectiorTBelmodel of the car
in fourth gear at speed 25 m/s is

(9= 1.38
- 5+0.0142

and the controller is a PI controller with gaikg = 0.72 andk; = 0.18. Fig-
ure 12.6 plots the allowable size of the process uncertaisiyg the bound in
equation (12.6). At low frequencie$,0) = 1 and so the perturbations can be as
large as the original proces®( = |A/P| < 1). The complementary sensitivity has
its maximumM; = 1.14 atwny; = 0.35, and hence this gives the minimum allow-
able process uncertainty, with| < 0.87 or|A| < 3.47. Finally, at high frequencies,
T — 0 and hence the relative error can get very large. For exaraple=5 we
have|T (iw)| = 0.195, which means that the stability requiremendis< 5.1. The
analysis clearly indicates that the system has good robsstand that the high-
frequency properties of the transmission system are nobitapt for the design
of the cruise controller.

Another illustration of the robustness of the system is mjiirethe right dia-
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Figure 12.6:Robustness for a cruise controller. On the left the maximum relative BffD|
(solid) and the absolute errd®|/|T| (dashed) for the process uncertaidtyThe Nyquist
curve is shown on the right as a solid line. The dashed circles show péshaiperturbations
in the process dynamicl| = |P|/|T|, at the frequencies = 0, 0.0142 and 0.05.

gram in Figure 12.6, which shows the Nyquist curve of the fienfsinction of the
process and the uncertainty bourltls- |P|/|T| for a few frequencies. Note that
the controller can tolerate large amounts of uncertaintysditl maintain stability
of the closed loop. O

The situation illustrated in the previous example is typafamnany processes:
moderately small uncertainties are required only arouedgiin crossover fre-
guencies, but large uncertainties can be permitted at hagitelower frequencies.
A consequence of this is that a simple model that descrilepritcess dynamics
well around the crossover frequency is often sufficient faigle Systems with
many resonant peaks are an exception to this rule becauggdbess transfer
function for such systems may have large gains for higheuieacies also, as
shown for instance in Example 9.9.

The robustness condition given by equation (12.6) can bengivether inter-
pretation by using the small gain theorem (Theorem 9.4). Toyaihe theorem
we start with block diagrams of a closed loop system with #uypleed process and
make a sequence of transformations of the block diagramigbktte the block
representing the uncertainty, as shown in Figure 12.7. Thatieghe two-block
interconnection shown in Figure 12.7c, which has the loapsfier function

PC A
~1+PCP

Equation (12.6) implies that the largest loop gain is less thaand hence the
system is stable via the small gain theorem.

The small gain theorem can be used to check robust stabitityrfcertainty in
a variety of other situations. Table 12.1 summarizes a feth@tcommon cases;
the proofs (all via the small gain theorem) are left as eseti

The following example illustrates that it is possible to dessystems that are
robust to parameter variations.
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Figure 12.7: lllustration of robustness to process perturbations. A system with additive
certainty (left) can be manipulated via block diagram algebra to one with mudtijiéc
uncertaintyd = A/P (center). Additional manipulations isolate the uncertainty in a manner
that allows application of the small gain theorem (right)

o>

Example 12.6 Bode's ideal loop transfer function

A major problem in the design of electronic amplifiers is toaita closed loop
system that is insensitive to changes in the gain of the releict components.
Bode found that the loop transfer functitugs) = ks™", with 1 < n <5/3, was
an ideal loop transfer function. The gain curve of the Bode gl@ straight line
with slope—n and the phase is constant &(gw) = —n/2. The phase margin
is thus ¢ = 90(2—n)° for all values of the gairk and the stability margin is
sm = sinm(1—n/2). This exact transfer function cannot be realized with phlsic
components, but it can be approximated over a given frequamge with a ratio-
nal function (Exercise 12.7). An operational amplifier citadhat has the approx-
imate transfer functioi(s) = k/(s+ a) is a realization of Bode’s ideal transfer
function withn =1, as described in Example 8.3. Designers of operational am-
plifiers go to great efforts to make the approximation valiéroa wide frequency
range. U

Youla Parameterization

Since stability is such an essential property, it is usefuthiaracterize all con-
trollers that stabilize a given process. Such a representatihich is called &oula
parameterizationis very useful when solving design problems because it sitike
possible to search over all stabilizing controllers withthe need to test stability
explicitly.

We will first derive Youla’s parameterization for a stablegees with a rational
transfer functiorP. A system with the complementary sensitivity functibrean

Table 12.1:Conditions for robust stability for different types of uncertainty

Process Uncertainty Type  Robust Stability
P+A Additive [CRAw < 1
P(1+9) Multiplicative ITOllo <1

P/(1+Mg-P)  Feedback [PSp[leo < 1
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Figure 12.8: Youla parameterization. Block diagrams of Youla parameterizationsdiatde
system (@) and an unstable system (b). Notice that the sigaakro in steady state.

be obtained by feedforward control with the stable tranffectionQ if T = PQ.

Notice thatT must have the same right half-plane zero$PasinceQ is stable.
Now assume that we want to implement the complementaryfaafsction T

by using unit feedback with the controllé:. SinceT = PC/(1+ PC) = PQ, it

follows that the controller transfer function is

C= (12.8)

1-PQ
A straightforward calculation gives
S=1-PQ, PS=P(1-PQ), CS=0Q, T=PQ.

These transfer functions are all stabl®&ndQ are stable and the controller given
by equation (12.8) is thus stabilizing. Indeed, it can beashthat all stabilizing
controllers are in the form given by equation (12.8) for sacheice ofQ. The
parameterization is illustrated by the block diagrams irukFégl2.8a.

A similar characterization can be obtained for unstabldesys. Consider a
process with a rational transfer functiBxs) = a(s)/b(s), wherea(s) andb(s) are
polynomials. By introducing a stable polynoméik), we can write

b(s) _ B(s)
P =35 ~ A9
whereA(s) = a(s)/c(s) andB(s) = (s)/ (s) are stable rational functions. Simi-
larly we introduce the controlleZy(s) = Go(s)/Fo(S), whereFy(s) andGo(s) are
stable rational functions. We have

_ AR __ BR
DT ARIBG T AR+ BG

 AGy _ BGo
OV TARTBG’  °T AR+BG

The controllelCy is stabilizing if and only if the rational functioARy + BGy does
not have any zeros in the right half plane. gbe a stable rational function and
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Figure 12.9:Block diagram of a basic feedback loop. The external signals areférenee
signalr, the load disturbanceé and the measurement noiseThe process output ig and

the control signal is1. The proces® may include unmodeled dynamics, such as additive
perturbations.

consider the controller
~ Go+QA

C= F, OB (12.9)
The Gang of Four foP andC is
c_AR-QB . B(R-QB
AR+BGy’ AR +BGy’
cs_ AlGo+QA) _B(Go+QA
AR +BGy ’ AR+ BGp

All these transfer functions are stable if the rational timt AR + BGy does not
have any zeros in the right half plane and the contr@lgiven by (12.9) is there-
fore stabilizing for any stabl®. A block diagram of the closed loop system with
the controllerC is shown in Figure 12.8b. Notice that the transfer functap-
pears affinely in the expressions for the Gang of Four, whickeig useful if we
want to determine the transfer functi@ito obtain specific properties.

12.3 Performance in the Presence of Uncertainty

So far we have investigated the risk for instability and rabess to process un-
certainty. We will now explore how responses to load distndes, measurement
noise and reference signals are influenced by process vasaiio do this we will
analyze the system in Figure 12.9, which is identical to th&dbeedback loop
analyzed in Chapter 11.

Disturbance Attenuation

The sensitivity functiorS gives a rough characterization of the effect of feedback
on disturbances, as was discussed in Section 11.3. A moiikedatharacterization
is given by the transfer function from load disturbancesrtxpss output:

P
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Load disturbances typically have low frequencies, and iherdfore important
that the transfer function be small for low frequencies. frocesses with constant
low-frequency gain and a controller with integral action haveGyq ~ s/k;. The
integral gairk; is thus a simple measure of the attenuation of load distedsan

To find out how the transfer functioByq is influenced by small variations in
the process transfer function we differentiate (12.10hwétspect td° yielding

dGyq 1 SP Gy
pr— p— p—
P~ (1+PC?  PALPC) P
and it follows that
d
dGq _ gdP (12.11)

The response to load disturbances is thus insensitive t@gso@riations for fre-
quencies wheréS(iw)| is small, i.e., for frequencies where load disturbances are
important.

A drawback with feedback is that the controller feeds messent noise into
the system. In addition to the load disturbance rejectibis, thus also important
that the control actions generated by measurement noiseoateo large. It fol-
lows from Figure 12.9 that the transfer functi@y, from measurement noise to
controller output is given by

C T

iipc- P (12.12)
Since measurement noise typically has high frequenciesrahsfer functiorGyn
should not be too large for high frequencies. The loop tranfsfiection PC is
typically small for high frequencies, which implies th@ag, ~ C for large s. To
avoid injecting too much measurement noise it is thereforngortant thatC(s)
be small for larges. This property is calledhigh-frequency roll-off An example
is filtering of the measured signal in a PID controller to redtiee injection of
measurement noise; see Section 10.5.

To determine how the transfer functi@, is influenced by small variations in

the process transfer, we differentiate equation (12.12):

Gun =

dGn _d [/ C B C C——T%
dP  dP\ 1+PC/) (1+PC)Z2~ P’
Rearranging the terms gives
dGyn dpP
=-T—. 12.13
Gur 5 ( )

Since the complementary sensitivity function is also sn@llHigh frequencies,
we find that process uncertainty has little influence on thesteariunctionG, for
frequencies where measurements are important.
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Figure 12.10:Operational amplifier with uncertain dynamics. The circuit on the left is-mod
eled using the transfer functid(s) to capture its dynamic properties and it has a load at
the output. The block diagram on the right shows the input/output relationshe load is
represented as a disturbarttapplied at the output db(s).

Reference Signal Tracking

The transfer function from reference to output is given by
PCF

" 14PC

which contains the complementary sensitivity functions@e how variations iR

affect the performance of the system, we differentiate egu#l2.14) with respect

to the process transfer function:
dG, CF  PCFC = CF Gy
dP  1+PC (1+PC)2 (1+PC32 ~ P’

and it follows that

Gyr =TF, (12.14)

dG, _dP
—S—. 12.1
Gyr % (12.15)

The relative error in the closed loop transfer function thgsats the product of
the sensitivity function and the relative error in the pisgen particular, it follows
from equation (12.15) that the relative error in the closmapltransfer function is
small when the sensitivity is small. This is one of the usefaperties of feedback.

As in the last section, there are some mathematical assomsptinat are re-
quired for the analysis presented here to hold. As alreaatgdtwe require that
the perturbationa be small (as indicated by writingP). Second, we require that
the perturbations be stable, so that we do not introduce awyright half-plane
poles that would require additional encirclements in theNgt criterion. Also, as
before, this condition is conservative: it allows for anytpgbation that satisfies
the given bounds, while in practice the perturbations mambee restricted.

Example 12.7 Operational amplifier circuit
To illustrate the use of these tools, consider the perfooaarf an op amp-based
amplifier, as shown in Figure 12.10. We wish to analyze the paidace of the
amplifier in the presence of uncertainty in the dynamic respasf the op amp
and changes in the loading on the output. We model the syssamg the block
diagram in Figure 12.10b, which is based on the derivation @niple 9.1.
Consider first the effect of unknown dynamics for the operati@mplifier. If
we model the dynamics of the op ampwas= —G(s)v, then the transfer function
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for the overall circuit is given by
R Gl
Ry G(S) + Rz/Rl +1
We see that if5(s) is large over the desired frequency range, then the closgd lo
system is very close to the ideal response Ry/R;. AssumingG(s) = b/(s+a),
whereb is the gain-bandwidth product of the amplifier, as discusseBxam-
ple 8.3, the sensitivity function and the complementangiiity function become
_ s+a B ab
- sta+tab’ - sta+tab’
The sensitivity function around the nominal values tells aw hhe tracking re-
sponse response varies as a function of process perturbatio

GV2V1 =

dG, _dP
=S
Gyr P

We see that for low frequencies, whe&es small, variations in the bandwidéhor
the gain-bandwidth produttwill have relatively little effect on the performance
of the amplifier (under the assumption thas sufficiently large).

To model the effects of an unknown load, we consider the mddf a dis-
turbance at the output of the system, as shown in Figure 12THib disturbance
represents changes in the output voltage due to loadingteffehe transfer func-
tion Gyg = Sgives the response of the output to the load disturbancewanske
that if Sis small, then we are able to reject such disturbances. Tisitiséy of Gyq
to perturbations in the process dynamics can be computeakingtthe derivative
of Gyg with respect tdP:

dGyq —C T dGyq dP

dP (1+PC)2_—PGyd — Gyq =T
Thus we see that the relative changes in the disturbancdiogjere roughly the
same as the process perturbations at low frequency (Whisrapproximately 1)
and drop off at higher frequencies. However, it is importanemember thab,q
itself is small at low frequency, and so these variationglative performance may
not be an issue in many applications. O

12.4 Robust Pole Placement

In Chapters 6 and 7 we saw how to design controllers by settiagocations
of the eigenvalues of the closed loop system. If we analyeedbulting system
in the frequency domain, the closed loop eigenvalues quoresto the poles of
the closed loop transfer function and hence these methedsften referred to as
design bypole placement

State space design methods, like many methods developedrfopksystem
design, do not explicitly take robustness into account.uchscases it is essen-
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Figure 12.11: Observer-based control of steering. The Nyquist plot (left) andeBualdt

(right) of the loop transfer function for vehicle steering with a controllesdabon state
feedback and an observer. The controller provides stable operatibwith very low gain

and phase margin.

tial to always investigate the robustness because thersearaingly reasonable
designs that give controllers with poor robustness. Watilate this by analyzing
controllers designed by state feedback and observers. ©eecd:loop poles can
be assigned to arbitrary locations if the system is obsésvaid reachable. How-
ever, if we want to have a robust closed loop system, the @oidszeros of the
process impose severe restrictions on the location of tieedlloop poles. Some
examples are first given; based on the analysis of these ezamgl then present
design rules for robust pole (eigenvalue) placement.

Slow Stable Process Zeros

We will first explore the effects of slow stable zeros, and weilhevith a simple
example.

Example 12.8 Vehicle steering
Consider the linearized model for vehicle steering in Exan@6, which has the
transfer function

~ 05s+1

P(S) =~

A controller based on state feedback was designed in Examplaiid state feed-
back was combined with an observer in Example 7.4. The systemlated in
Figure 7.8 has closed loop poles specifieddpy= 0.3, {; = 0.707, wp, = 7 and
(o = 9. Assume that we want a faster closed loop system and chooselO,
(. =0.707,w, = 20 and{, = 0.707. Using the state representation in Example 7.3,
a pole placement design gives state feedback dains100 andk, = —35.86 and
observer gaink, = 28.28 andl, = 400. The controller transfer function is

(s) = —11516+ 40000
- 244245466579
Figure 12.11 shows Nyquist and Bode plots of the loop tran@fection. The
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Nyquist plot indicates that the robustness is poor sincéoiyetransfer function is
very close to the critical point 1. The phase margin is and the stability margin
is sy = 0.077. The poor robustness shows up in the Bode plot, where the ga
curve hovers around the value 1 and the phase curve is closk&@ for a wide
frequency range. More insight is obtained by analyzing #resiivity functions,
shown by solid lines in Figure 12.12. The maximum sensitigiiesMs = 13 and
M; = 12, indicating that the system has poor robustness.

At first sight it is surprising that a controller where the noaliclosed system
has well damped poles and zeros is so sensitive to procdativas. \We have an
indication that something is unusual because the contriolle a zero a$ = 3.5
in the right half-plane. To understand what happens, weimi#stigate the reason
for the peaks of the sensitivity functions.

Let the transfer functions of the process and the controbler b

P(S) np(s) ) o nC(S)

~dy(s)’ T (9

wherenp(s), n¢(s), dp(s) andd(s) are the numerator and denominator polynomi-
als. The complementary sensitivity function is

~ pPC Np(s)ne(s)
~ 1+PC  dp(s)dc(s) +np(s)ne(s)”

The poles ofT (s) are the poles of the closed loop system and the zeros are given
by the zeros of the process and controller. Sketching the gaie of the com-
plementary sensitivity function we find th@ts) = 1 for low frequencies and that
|T(iw)| starts to increase at its first zero, which is the process Zese-a-2. It
increases further at the controller zercsat 3.5, and it does not start to decrease
until the closed loop poles appearat= 10 andw, = 20. We can thus conclude
that there will be a peak in the complementary sensitivitbction. The magnitude
of the peak depends on the ratio of the zeros and the poles tfahsfer function.

The peak of the complementary sensitivity function can bed@ebby assign-
ing a closed loop pole close to the slow process zero. We daenacthis by choos-
ing wx = 10 and{. = 2.6, which gives closed loop poles st —2 ands= —50.
The controller transfer function then becomes

(g 36285+40000 _ $+1102
~ £+80285+15656 . (s+2)(s+7828)

The sensitivity functions are shown by dashed lines in Fig@r@2. The controller
gives the maximum sensitivitieéds = 1.34 andM; = 1.41, which give much better
robustness. Notice that the controller has a polg-at—2 that cancels the slow
process zero. The design can also be done simply by cancékngldw stable
process zero and designing the controller for the simplifjestiesn. O

T(s)

One lesson from the example is that it is necessary to chdosed:loop poles
that are equal to or close to slow stable process zeros. Ant@sson is that slow
unstable process zeros impose limitations on the achieeidwidth, as already
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Figure 12.12:Sensitivity functions for observer-based control of vehicle steeflihg.com-
plementary sensitivity function (left) and the sensitivity function (right)tfer original con-
troller with ax. = 10, {c = 0.707, wp = 20, {, = 0.707 (solid) and the improved controller
with «w = 10, {c = 2.6 (dashed).

noted in Section 11.5.

Fast Stable Process Poles

The next example shows the effect of fast stable poles.

Example 12.9 Fast system poles
Consider a PI controller for a first-order system, where thegss and the con-
troller have the transfer functiof¥s) = b/(s+a) andC(s) = kp + ki /s. The loop
transfer function is
b(kps+ ki)
L(s)= ——=
S(s+a)
and the closed loop characteristic polynomial is.
s(s+a) +b(kps+ki) = $*+ (a+bky)s+ kib

If we specify the desired closed loop poles should@® and —p», we find that
the controller parameters are given by

)

_ pitp2—a - P1p2
The sensitivity functions are then
s(s+a) (P1+ P2 —a)s+ p1p2
S =—"" """ T(s) =
B erperr) YT srpiste)

Assume that the process pel@ is much more negative than the closed loop poles
—p1 and—py, say,p1 < p2 < a. Notice that the proportional gain is negative and
that the controller has a zero in the right half-plana i p; + pp, an indication
that the system has bad properties.

Next consider the sensitivity function, which is 1 for higeduencies. Moving
from high to low frequencies, we find that the sensitivity geses at the pro-
cess poles= —a. The sensitivity does not decrease until the closed loopspanie
reached, resulting in a large sensitivity peak that is agpratelya/p,. The mag-
nitude of the sensitivity function is shown in Figure 12.1Bde=b =1, p1 = 0.05
andp, = 0.2. Notice the high-sensitivity peak. For comparison we alsow the
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Figure 12.13: Gain curves for Bode plots of the sensitivity functi@for designs with
p1 < p2 < a(left) anda < p1 < p2 (right). The solid lines are the true sensitivities, and the
dashed lines are the asymptotes.

gain curve for the case when the closed loop pofas= 5, p, = 20) are faster
than the process pola & 1).

The problem with poor robustness can be avoided by choosiaglosed loop
pole equal to the process pole, i.p2,= a. The controller gains then become

P1 apy
K, — o
p b Y k| I 9

which means that the fast process pole is canceled by a tlentzero. The loop
transfer function and the sensitivity functions are

L= gg=_° Tigy= 2o

s ~ s+bky’ " s+bky’
The maximum sensitivities are now less than 1 for all freqgieendNotice that this
is possible because the process transfer function goesd@gs . O

Design Rules for Pole Placement

Based on the insight gained from the examples, it is now plesg) obtain design
rules that give designs with good robustness. Considerxpeession (12.7) for
maximum complementary sensitivity, repeated here:

PC H
1+PClleo’

Let wyc be the desired gain crossover frequency. Assume that thegsdas ze-
ros that are slower thamyc. The complementary sensitivity function is 1 for low
frequencies, and it increases for frequencies close tortieeps zeros unless there
is a closed loop pole in the neighborhood. To avoid largeeslf the comple-
mentary sensitivity function we find that the closed loop sgsshould therefore
have poles close to or equal to the slow stable zeros. Thissibahslow stable
zeros should be canceled by controller poles. Since unstabbs cannot be can-
celed, the presence of slow unstable zeros means that ablgayain crossover
frequency must be smaller than the slowest unstable praeess

Now consider process poles that are faster than the desareatigpssover fre-

M; = sup|T(iw)| = H
w



366 CHAPTER 12. ROBUST PERFORMANCE

guency. Consider the expression for the maximum of the sétsfunction:

. 1

Ms = suplS(ic)| = | 1+ Pch'
The sensitivity function is 1 for high frequencies. Movingrn high to low fre-
guencies, the sensitivity function increases at the fastgss poles. Large peaks
canresult unless there are closed loop poles close to tharéaess poles. To avoid
large peaks in the sensitivity the closed loop system shitngdcefore have poles
that match the fast process poles. This means that the denshbuld cancel the
fast process poles by controller zeros. Since unstable nuade®t be canceled,
the presence of a fast unstable pole implies that the gagsover frequency must
be sufficiently large.

To summarize, we obtain the following simple rule for chogsclosed loop
poles: slow stable process zeros should be matched by s@sedlloop poles,
and fast stable process poles should be matched by fastidlose poles. Slow
unstable process zeros and fast unstable process polesdrsgeere limitations.

Example 12.10 Nanopositioning system for an atomic force microspe

A simple nanopositioner was explored in Example 9.9, wheveag shown that
the system could be controlled using an integral controllee performance of
the closed loop was poor because the gain crossover fregueas limited to
Wyc = 2{ wp(1— sm). It can be shown that little improvement is obtained by using
a PI controller. To achieve improved performance, we willréiere apply PID
control. For a modest performance increase, we will use éis@d rule derived in
Example 12.9 that fast stable process poles should be cdrinetontroller zeros.
The controller transfer function should thus be chosen as

kas®+Kps+ki ki s?+2as+a?
C(s) = =— >
S S a
wherea = wy, which givesk, = 2{ki/a andkq = ki /a2.
Figure 12.14 shows the gain curves for the Gang of Four fort@sydesigned
with ki = 0.5. A comparison with Figure 9.12 shows that the bandwidth is in
creased significantly fromyc = 0.01 to wyc = ki = 0.5. Since the process pole is
canceled, the system will, however, still be very sensitivead disturbances with
frequencies close to the resonant frequency. The gain clir@Sbas a dip or a
notch at the resonant frequency, which implies that theroblet gain is very low
for frequencies around the resonance. The gain curve alsgsshat the system is
very sensitive to high-frequency noise. The system willljikee unusable because
the gain goes to infinity for high frequencies.
The sensitivity to high frequency noise can be remedied byifyiad the con-
troller to be

(12.16)

C(s)—ﬁ &£+ 27as+ a?

-~ sa(1+sTi+(sTr)?/2)’
which has high-frequency roll-off. Selection of the consténfor the filter is a
compromise between attenuation of high-frequency measamrenoise and ro-

(12.17)
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Figure 12.14:Nanopositioning system control via cancellation of the fast process@ale.
plots for the Gang of Four for PID control with second-order filtering.1) are shown
by solid lines, and the dashed lines show results for an ideal PID contvatleout filter-

ing (12.16).

bustness. A large value @% reduces the effects of sensor noise significantly, but
it also reduces the stability margin. Since the gain crogsfreguency without
filtering isk;, a reasonable choice Tg = 0.2/Ts, as shown by the solid curves in
Figure 12.14. The plots d€Siw)| and|S(iw)| show that the sensitivity to high-
frequency measurement noise is reduced dramatically atdseof a marginal
increase of sensitivity. Notice that the poor attenuatibdisturbances with fre-
guencies close to the resonance is not visible in the seibsitinction because of
the exact cancellation of poles and zeros.

The designs thus far have the drawback that load disturbavittefequencies
close to the resonance are not attenuated. We will now cenaidesign that ac-
tively attenuates the poorly damped modes. We start witldeal iPID controller
where the design can be done analytically, and we add hegjuéncy roll-off. The
loop transfer function obtained with this controller is

(5) = a2(kgS® + kps—+ki)
- s(?+2lasta?)
The closed loop system is of third order, and its characiepsiynomial is

(12.18)

$* 4 (kga® +2¢a)s* + (kp + 1)a’s+ kia?. (12.19)
A general third-order polynomial can be parameterized as
S+ (a4 20) wns® + (14 200 ) Wi S+ Aoy (12.20)

The parameterag and{ give the relative configuration of the poles, and the pa-
rameteruy gives their magnitudes, and therefore also the bandwidtiecsystem.
The identification of coefficients of equal powerssoWith equation (12.19)
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Figure 12.15: Nanopositioner control using active damping. Gain curves for the &éng
Four for PID control of the nanopositioner designed dgr= a (dash-dotted), 2 (dashed),
and 4 (solid). The controller has high-frequency roll-off and has beerigdes to give
active damping of the oscillatory mode. The different curves coardpo different choices
of magnitudes of the poles, parameterizedugyin equation (12.19).

gives a linear equation for the controller parameters, whis the solution
~ (1+2000) 0 o} ~(ap+20)wn 2
kp_T_la kl_?a kd_T—z

To obtain a design with active damping, it is necessary timattosed loop band-
width be at least as fast as the oscillatory modes. Adding-frigquency roll-off,
the controller becomes

(12.21)

kg Kps+k
&= STrsht (5722

The valueT; = Ty/10= 0.1ky/k is a good value for the filtering time constant.
Figure 12.15 shows the gain curves of the Gang of Four for desigth
{ =0.707,a90 = 1 andwy = @, 2a and 4. The figure shows that the largest values
of the sensitivity function and the complementary sengyjtiftunction are small.
The gain curve folPSshows that the load disturbances are now well attenuated
over the whole frequency range, and attenuation increaisegnereasinguwy. The
gain curve forCSshows that large control signals are required to provideect
damping. The high gain @& Sfor high frequencies also shows that low-noise sen-
sors and actuators with a wide range are required. The lagges forCSare 19,
103 and 434 forwn = a, 2a and 4, respectively. There is clearly a trade-off be-
tween disturbance attenuation and controller gain. A coispa of Figures 12.14
and 12.15 illustrates the trade-offs between control acied disturbance attenu-

ation for the designs with cancellation of the fast proceds pnd active damping.
O

(12.22)
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12.5 Design for Robust Performance @

Control design is a rich problem where many factors have taken into account.
Typical requirements are that load disturbances shoulttéewmated, the controller
should inject only a moderate amount of measurement ndisegputput should
follow variations in the command signal well and the clossapl system should be
insensitive to process variations. For the system in Figare these requirements
can be captured by specifications on the sensitivity funst®and T and the
transfer function€,y, Gun, Gyr and Gy;. Notice that it is necessary to consider
at least six transfer functions, as discussed Section 114 .r&tuirements are
mutually conflicting, and it is necessary to make trade-Offse attenuation of
load disturbances will be improved if the bandwidth is irased, but so will the
noise injection.

It is highly desirable to have design methods that can gteeaiobust perfor-
mance. Such design methods did not appear until the late 1880/ of these
design methods result in controllers having the same streicis the controller
based on state feedback and an observer. In this sectionowiel@ia brief review
of some of the techniques as a preview for those interestedoie specialized
study.

Quantitative Feedback Theory

Quantitative feedback theo(FT) is a graphical design method for robust loop
shaping that was developed by I. M. Horowitz [Hor91]. The igeto first deter-
mine a controller that gives a complementary sensitivigt th robust to process
variations and then to shape the response to referencdssigneedforward. The
idea is illustrated in Figure 12.16a, which shows the leveves of the comple-
mentary sensitivity functio on a Nyquist plot. The complementary sensitivity
function has unit gain on the line Réw) = —0.5. In the neighborhood of this
line, significant variations in process dynamics only givederate changes in the
complementary transfer function. The shaded part of the figomesponds to the
region 09 < |T(iw)| < 1.1. To use the design method, we represent the uncertainty
for each frequency by a region and attempt to shape the laogfer function so
that the variation ifT is as small as possible. The design is often performed using
the Nichols chart shown in Figure 12.16b.

Linear Quadratic Control

One way to make the trade-off between the attenuation of diistdrbances and
the injection of measurement noise is to design a contrthlrminimizes the loss

function
T/ t) +pu(t)) dt,

wherep is a weighting parameter as discussed in Section 6.3. Thifuastion
gives a compromise between load disturbance attenuatmligturbance injec-
tion because it balances control actions against devitiothe output. If all state
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Figure 12.16: Hall and Nichols charts. The Hall chart is a Nyquist plot with curves for
constant gain and phase of the complementary sensitivity funttidhe Nichols chart is the
conformal map of the Hall chart under the transformatiba logL (with the scale flipped).
The dashed curve is the line wheie(iw)| = 1, and the shaded region corresponding to
loop transfer functions whose complementary sensitivity changes byone thant10% is
shaded.

variables are measured, the controller is a state feedlback Kx and it has the
same form as the controller obtained by eigenvalue assign(pele placement)

in Section 6.2. However, the controller gain is obtained byiseg an optimiza-
tion problem. It has been shown that this controller is vetyust. It has a phase
margin of at least 60and an infinite gain margin. The controller is calletira

ear quadratic controlor LQ control because the process model is linear and the
criterion is quadratic.

When all state variables are not measured, the state cacdesteucted using
an observer, as discussed in Section 7.3. It is also possilifgroduce process
disturbances and measurement noise explicitly in the madélto reconstruct
the states using a Kalman filter, as discussed briefly in SecténThe Kalman
filter has the same structure as the observer designed byaigerassignment in
Section 7.3, but the observer gaingre now obtained by solving an optimization
problem. The control law obtained by combining linear quddreontrol with a
Kalman filter is calledinear quadratic Gaussian contradr LQG control The
Kalman filter is optimal when the models for load disturbaremed measurement
noise are Gaussian.

It is interesting that the solution to the optimization desh leads to a con-
troller having the structure of a state feedback and an wbséerhe state feedback
gains depend on the parametperand the filter gains depend on the parameters in
the model that characterize process noise and measureoisa{see Section 7.4).
There are efficient programs to compute these feedback andvebgains.

The nice robustness properties of state feedback are un&bely lost when
the observer is added. It is possible to choose parametargitle closed loop
systems with poor robustness, similar to Example 12.8. Wetnanconclude that
thereis a
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Figure 12.17:H., robust control formulation. The left figure shows a general regmigion

of a control problem used in robust control. The inputepresents the control signal, the
input w represents the external influences on the system, the omfputhe generalized
error and the output is the measured signal. The right figure shows the special case of the
basic feedback loop in Figure 12.9 where the reference signal islpetfus case we have
w= (n,d) andz= (y,—u).

fundamental difference between using sensors for allstatd reconstructing the
states using an observer.

H. Control @

Robust control design is often callét}, control for reasons that will be explained
shortly. The basic ideas are simple, but the details are doatptl and we will
therefore just give the flavor of the results. A key idea isstitated in Figure 12.17,
where the closed loop system is represented by two blookgrtitess” and the
controller ¢ as discussed in Section 11.1. The procédshas two inputs, the
control signalu, which can be manipulated by the controller, and the geizexhl
disturbancev, which represents all external influences, e.g., commamadgnd
disturbances. The process has two outputs, the generatized,avhich is a vec-
tor of error signals representing the deviation of signadsiftheir desired values,
and the measured signglwhich can be used by the controller to computé&or

a linear system and a linear controller the closed loop systen be represented
by the linear system

z=H(P(s),C(s))w, (12.23)

which tells how the generalized errodepends on the generalized disturbanvees
The control design problem is to find a control@such that the gain of the trans-
fer functionH is small even when the process has uncertainties. There ang ma
different ways to specify uncertainty and gain, giving tiselifferent designs. The
namesH, andH., control correspond to the nornjsl ||, and||H || .

To illustrate the ideas we will consider a regulation probfer a system where
the reference signal is assumed to be zero and the extegmalsiare the load
disturbancal and the measurement noiseas shown in Figure 12.17 (right). The
generalized input isv = (—n,d). (The negative sign of is not essential but is
chosen to obtain somewhat nicer equations.) The generadized is chosen as
z=(n,v), wheren is the process output andis the part of the load disturbance
that is not compensated by the controller. The closed looesys thus modeled
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by
1 P
~(y)_|1+PC 1+PC| (n) _ n
7= [_u]_ c e [d]_H(P,C) [d] (12.24)
1+PC 1+PC

which is the same as equation (12.23). A straightforwardutation shows that

V(1 +[P(w)[?)(1+]Ciw)?)
|14+ P(iw)C(iw)| '

[H(P,C))lle = sup (12.25)

There are numerical methods for finding a controller such|tH&P,C) || < Y,
if such a controller exists. The best controller can then hmdoby iterating on
y. The calculations can be made by solvisgebraic Riccatiequations, e.g., by
using the commanti nf syn in MATLAB. The controller has the same order as
the process and the same structure as the controller bastatefeedback and an
observer; see Figure 7.7 and Theorem 7.3.

Notice that if we minimizel|H(P,C)||», we make sure that the transfer func-
tionsGyq = P/(1+4 PC), representing the transmission of load disturbances to the
output, andGy, = —C/(1+ PC), representing how measurement noise is trans-
mitted to the control signal, are small. Since the sensjtaitd the complementary
sensitivity functions are also elementstéfP,C), we have also guaranteed that
the sensitivities are less thgnThe design methods thus balance performance and
robustness.

There are strong robustness results associated with.tloentroller. It follows
from equations (12.4) and (12.25) that

1
& (P —-1/C)

The inverse of|H (P,C) || is thus equal to the Vinnicombe distance betwBemd
—1/C and can therefore be interpreted ageaeralized stability margirCompare
this with sy, which we defined as the shortest distance between the Nyayurist
of the loop transfer function and the critical poinl. It also follows that if we find

a controllerC with ||H(P,C)||» < Y, then this controller will stabilize any process
P. such tha®, (P,P.) < 1/y.

[H(RP.C)|[e = (12.26)

Disturbance Weighting

Minimizing the gain||H (P,C)||. means that the gains of all individual signal trans-
missions from disturbances to outputs are less thimm all frequencies of the in-
put signals. The assumption that the disturbances are gqomdbrtant and that
all frequencies are also equally important is not very stiali recall that load
disturbances typically have low frequencies and measurenwse is typically
dominated by high frequencies. It is straightforward to ifothe problem so that
disturbances of different frequencies are given diffeeamphasis, by introducing
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Figure 12.18:Block diagrams of a system with disturbance weighting. The left figure pro
vides a frequency weight on processes disturbances. Through diligram manipulation,
this can be converted to the standard problem on the right.

a weighting filter on the load disturbance as shown in Figuré8 Zor example,
low-frequency load disturbances will be enhanced by cmgpai as a low-pass
filter because the actual load disturbancé/i.

By using block diagram manipulation as shown in Figure 12wléfind that
the system with frequency weighting is equivalent to theesyiswith no frequency
weighting in Figure 12.18 and the signals are related through

1 P
7 [31] 1+PC 1+PC [”—]:H(p_,c_)vv, (12.27)
u C PC d
1+PC 1+PC

whereP = PW andC = W~1C. The problem of finding a controlle® that min-
imizes the gain oH(P,C) is thus equivalent to the problem without disturbance
weighting; having obtaine@, the controller for the original system is thén=
WC. Notice that if we introduce the frequency weightMg= k/s, we will auto-

matically get a controller with integral action.

Limits of Robust Design

There is a limit to what can be achieved by robust design. lie fithe nice prop-
erties of feedback, there are situations where the processtions are so large
that it is not possible to find a linear controller that givesohust system with
good performance. It is then necessary to use other typesndfotlers. In some
cases it is possible to measure a variable that is well ae@lwith the process
variations. Controllers for different parameter values teen be designed and the
corresponding controller can be chosen based on the meeasgral. This type of
control design is calledain schedulingThe cruise controller is a typical example
where the measured signal could be gear position and wel@dtin scheduling
is the common solution for high-performance aircraft whetbheduling is done
based on Mach number and dynamic pressure. When using dadwding, it is
important to make sure that switches between the contsallemot create unde-
sirable transients (often referred tolasnpless transfgr

If it is not possible to measure variables related to the rpatars,automatic
tuningandadaptive controtan be used. In automatic tuning the process dynamics
are measured by perturbing the system, and a controlleeisdbsigned automat-



374 CHAPTER 12. ROBUST PERFORMANCE

ically. Automatic tuning requires that parameters remainstant, and it has been
widely applied for PID control. It is a reasonable guess thahe future many
controllers will have features for automatic tuning. If @areters are changing, it
is possible to use adaptive methods where process dynareioseasured online.

12.6 Further Reading

The topic of robust control is a large one, with many articled extbooks devoted
to the subject. Robustness was a central issue in classicabtas described in
Bode's classical book [Bod45]. Robustness was deemplthsizbe euphoria of
the development of design methods based on optimizationsffbeg robustness
of controllers based on state feedback, shown by Andersdrivienore [AM9Q],
contributed to the optimism. The poor robustness of outpedifack was pointed
out by Rosenbrock [RM71], Horowitz [Hor75] and Doyle [Doy7éhd resulted
in a renewed interest in robustness. A major step forward theaglevelopment
of design methods where robustness was explicitly takem actount, such as
the seminal work of Zames [Zam81]. Robust control was ori¢jndéveloped
using powerful results from the theory of complex variablbich gave con-
trollers of high order. A major breakthrough was made by Bp@lover, Khar-
gonekar and Francis [DGKF89], who showed that the solutiorhéoproblem
could be obtained using Riccati equations and that a coatral low order could
be found. This paper led to an extensive treatmeti.otontrol, including books
by Francis [Fra87], McFarlane and Glover [MG90], Doyle, Fraramd Tannen-
baum [DFT92], Green and Limebeer [GL95], Zhou, Doyle and GloverG28],
Skogestand and Postlethwaite [SP05] and Vinnicombe [Vin01].afomadvan-
tage of the theory is that it combines much of the intuitiaanrservomechanism
theory with sound numerical algorithms based on numericaél algebra and op-
timization. The results have been extended to nonlineaesysby treating the
design problem as a game where the disturbances are gehbyad® adversary,
as described in the book by Basar and Bernhard [BB91]. Gdiedsding and
adaptation are discussed in the book&s}r&jm and Wittenmarkf[‘WOS].

Exercises

12.1 Consider systems with the transfer functiéhs= 1/(s+ 1) andP, = 1/(s+
a). Show thatP, can be changed continuously B with bounded additive and
multiplicative uncertainty ifa > 0 but not ifa < 0. Also show that no restriction
onais required for feedback uncertainty.

12.2 Consider systems with the transfer functidhs= (s+1)/(s+1)? andP, =

(s+a)/(s+ 1)%. Show thatP, can be changed continuously B with bounded
feedback uncertainty &> 0 but not ifa < 0. Also show that no restriction axis

required for additive and multiplicative uncertainties.
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12.3(Difference in sensitivity functions) L&t (P,C) be the complementary sensi-
tivity function for a system with proces$3and controllelC. Show that

(PL—P,)C
(1+PC)(1+PC)’
and derive a similar formula for the sensitivity function.

12.4(The Riemann sphere) Consider systems with the transfetifunsd®, = @
k/(s+1) andP, = k/(s— 1). Show that

T(P,C)—T(P,C) =

2k 1, if k<l
d P B = 9> P s = .
(P1,F2) 1+Kk2 O (P1.F2) & otherwise
1+k2
Use the Riemann sphere to show geometrically &é®;, ) = 1 if k < 1. (Hint:
It is sufficient to evaluate the transfer function tor=0.)

12.5(Stability margins) Consider a feedback loop with a processaacontroller
having transfer functionB andC. Assume that the maximum sensitivityNk = 2.
Show that the phase margin is at least @0d that the closed loop system will be
stable if the gain is changed by 50%.

12.6(Bode’s ideal loop transfer function) Make Bode and Nyqplsts of Bode’s
ideal loop transfer function. Show that the phase margif.js=180°-90°n and
that the stability margin isy, = arcsinm(1—n/2).

12.7 Consider a process with the transfer functi®(s) = k/(s(s+ 1)), where the
gain can vary between 0.1 and 10. A controller that is rolmu$tese gain variations
can be obtained by finding a controller that gives the loopsferfunctionL(s) =
1/(sy/s). Suggest how the transfer function can be implemented byappating
it by a rational function.

12.8 (Smith predictor) TheSmith predictoy a controller for systems with time
delays, is a special version of Figure 12.8a whfs) = e S'Ry(s) andC(s) =
Co(s)/(1+Co(s)P(s)). The controllelCy(s) is designed to give good performance
for the proces$y(s). Show that the sensitivity functions are

14 (1 e S)R(SICH(S) _ PGS
=T REGE VT T RE0E°

12.9 (Ideal delay compensator) Consider a process whose dysaréca pure
time delay with transfer functiofP(s) = e °. The ideal delay compensator is a
controller with the transfer functioB(s) = 1/(1— e %). Show that the sensitivity
functions arel (s) = e S andS(s) = 1— e ° and that the closed loop system will
be unstable for arbitrarily small changes in the delay.

12.10(Vehicle steering) Consider the Nyquist curve in Figure 12Bxplain why
part of the curve is approximately a circle. Derive a formiolathe center and the
radius and compare with the actual Nyquist curve.
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12.11 Consider a process with the transfer function
P(s) (s+3)(s+200)
~ (s+1)($2+ 10s+40)(s+40)°

Discuss suitable choices of closed loop poles for a desagrgities dominant poles
with undamped natural frequency 1 and 10.

12.12(AFM nanopositioning system) Consider the design in Exampléd and
explore the effects of changing parametegsand{p.

12.13(H.. control) Consider the matrik (P,C) in equation (12.24). Show that it
has the singular values

_ = V(A [P(iw)]?)(1+][Cliw)?)
01=0,  02=0=SUp T B i Cliw)]

Also show thato = 1/d, (P, —1/C), which implies that 1o is a generalization of
the closest distance of the Nyquist plot to the critical poin

12.14 Show that

= [H(P.C)) |-

o IP(iw) +1/C(iw)] _ 1
MP YO = Rl i yiciop) RO

12.15 Consider the system

dx -1 0 a—1
a:AXJrBu: [ 1 O] x+[ 1 ]u, y=Cx= (0 1] y.

Design a state feedback that gives(det- BK) = & + 2{caxs+ «Z, and an ob-
server with defsl — LC) = & + 2{owps+ wZ and combine them using the sepa-
ration principle to get an output feedback. Choose the nigaleraluesa = 1.5,

w. =5, (.= 0.6 andw, = 10, {, = 0.6. Compute the eigenvalues of the perturbed
system when the process gain is increased by 2%. Also corttpateop transfer
function and the sensitivity functions. Is there a way towrmeforehand that the
system will be highly sensitive?

12.16 (Robustness using the Nyquist criterion) Another view diust perfor-
mance can be obtained through appeal to the Nyquist critelriet Syax(iw) rep-
resent a desired upper bound on our sensitivity functionwSthat the system
provides this level of performance subject to additive utaiety A if the follow-
ing inequality is satisfied:

- 1
1+L=|1+L+CA| > ———— for all o> 0. 12.28
| | = | S0 ( )

Describe how to check this condition using a Nyquist plot.



