Chapter Eleven
Frequency Domain Design

Sensitivityimprovements in one frequency range must be paid for with signdigieriorations
in another frequency range, and the price is higher if the plant is opep-lowstable. This
applies to every controller, no matter how it was designed.

Gunter Stein in the inaugural IEEE Bode Lecture, 1989 [Ste03].

In this chapter we continue to explore the use of frequencyaio techniques
with a focus on the design of feedback systems. We begin witioi@ thorough
description of the performance speci cations for contradtsyns and then introduce
the concept of “loop shaping” as a mechanism for designingrobers in the
frequency domain. We also introduce some fundamentaHiioits to performance
for systems with time delays and right half-plane poles aTdz

11.1 Sensitivity Functions

In the previous chapter, we considered the use of propeattiotegral-derivative
(PID) feedback as a mechanism for designing a feedback dientfor a given
process. In this chapter we will expand our approach to dekiricher repertoire
of tools for shaping the frequency response of the closegl $ystem.

One of the key ideas in this chapter is that we can design theviier of the
closed loop system by focusing on the open loop transfertimmcThis same
approach was used in studying stability using the Nyquittrion: we plotted the
Nyquist plot for theopenloop transfer function to determine the stability of the
closedoop system. From a design perspective, the use of loop asédyds is very
powerful: since the loop transfer functionlisD PC, if we can specify the desired
performance in terms of propertieslof we can directly see the impact of changes
in the controllerC. This is much easier, for example, than trying to reason thirec
about the tracking response of the closed loop system, winassfer function is
given byGy, D PC=.1C PC/.

We will start by investigating some key properties of thedtesck loop. A
block diagram of a basic feedback loop is shown in Figure Ih&.system loop is
composed of two components: the process and the contrbfiercontroller itself
has two blocks: the feedback blo€kand the feedforward block. There are two
disturbances acting on the process, the load disturbararel the measurement
noisen. The load disturbance represents disturbances that devertitess away
from its desired behavior, while the measurement noisesgmits disturbances that
corrupt information about the process given by the sensothe gure, the load
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Figure 11.1: Block diagram of a basic feedback loop with two degrees of freedora. Th
controller has a feedback blo¢k and a feedforward block. The external signals are the
reference signal, the load disturbance and the measurement noiseThe process output
is , and the control signal ig.

disturbance is assumed to act on the process input. This iai siation since
disturbances often enter the process in many different waytsit allows us to
streamline the presentation without signi cant loss of geiity.

The process outputis the real variable that we want to control. Control is based
on the measured signg) where the measurements are corrupted by measurement
noisen. The process is in uenced by the controller via the controliafale u.
The process is thus a system with three inputs—the contr@hleru, the load
disturbancel and the measurement noise-and one output—the measured signal
y. The controller is a system with two inputs and one output. Tipeits are the
measured signatl and the reference signal and the output is the control signal
u. Note that the control signal is an input to the process and the output of the
controller, and that the measured sigpa the output of the process and an input
to the controller.

The feedback loop in Figure 11.1 is in uenced by three exteritalads, the
reference, the load disturbanced and the measurement noiseAny of the re-
maining signals can be of interest in controller designeteling on the particular
application. Since the system is linear, the relations betwke inputs and the in-
teresting signals can be expressed in terms of the transfetibns. The following
relations are obtained from the block diagram in Figure 11.1:

8 pcr P 1 9
1ICPC 1CPC 1CPC
8y9 PCF P PC -
ICPC 1CPC 1CPCE 3,
CF 1 c E E
% %D icpC 1CPC icpcs >d3: (11.1)
u: CF PC c n
e 1CPC 1CPC 1CPC
F P 1

" 1cpPC 1CcPC 1iCPC

In addition, we can write the transfer function for the eoetween the reference
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r and the output (not an explicit signal in the diagram), which satis es

PCF p PC
br D1 1epc "C1cpciC1crc™

There are several interesting conclusions we can draw fregsetbquations. First
we can observe that several transfer functions are the sadt@at the majority of
the relations are given by the following set of six transterdtions, which we call
the Gang of Six

1C PC 1C PC 1C PC
CF C 1 (11.2)
CFSDicphe  ©SPicec  SPicec

The transfer functions in the rst column give the responsehefprocess output
and control signal to the reference signal. The second colyiuas the response
of the control variable to the load disturbance and the neisd the nal column
gives the response of the process output to those two ingatie that only four
transfer functions are required to describe how the systawts to load disturbances
and measurement noise, and that two additional transfetiuns are required to
describe how the system responds to reference signals.

The linear behavior of the system is determined by the sixstearfunctions
in equation (11.2), and speci cations can be expressed imgaf these transfer
functions. The special case whenD 1 is called a system with (pure) error feed-
back. In this case all control actions are based on feedlvaokthe error only and
the system is completely characterized by four transfectfans, namely, the four
rightmost transfer functions in equation (11.2), whichédnapeci ¢ names:

1 sensitivity P load
D —— : PSD sensitivity
1C PC function 1CPC function
(11.3)
PC complementary C noise
. csD S
1CPC sensitivity 1cpC sensitivity
function function

These transfer functions and their equivalent systems #iszl¢the Gang of Four
The load sensitivity function is sometimes called the ingusstivity function and
the noise sensitivity function is sometimes called the ougensitivity function.
These transfer functions have many interesting propettigswill be discussed
in detail in the rest of the chapter. Good insight into thesmperties is essential
in understanding the performance of feedback systems &ptiposes of both
analysis and design.

Analyzing the Gang of Six, we nd that the feedback control=in uences
the effects of load disturbances and measurement noiseeNbat measurement
noise enters the process via the feedback. In Section 12.@ ibevshown that
the controller in uences the sensitivity of the closed loapprocess variations.
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Figure 11.2: A more general representation of a feedback system. The progasssuin
represents the control signal, which can be manipulated, and the pinpesw represents
other signals that in uence the process. The process owtpstthe vector of measured
variables ana are other signals of interest.

The feedforward paife of the controller in uences only the response to command
signals.

In Chapter 9 we focused on the loop transfer function, andoved that its
properties gave useful insights into the properties of desysTo make a proper
assessment of a feedback system it is necessary to corfmdmoperties of all the
transfer functions (11.2) in the Gang of Six or the Gang of Faarillustrated in
the following example.

Example 11.1 The loop transfer function gives only limited insight

Consider a process with the transfer functirs/ D 1=.s a/ controlled by a PI
controller with error feedback having the transfer functia s/ D k.s a/=s. The
loop transfer function i4 D k=s, and the sensitivity functions are

PC k P s
TDlCPCDka’ IDSDlCPCD.s al.sCk/’
csD C Dk.s a/; SD 1 D S

1CPC -~ sCKk 1CPC - sCK

Notice that the factos  a is canceled when computing the loop transfer function
and that this factor also does not appear in the sensitivitgtfon or the comple-
mentary sensitivity function. However, cancellation of flactor is very serious if

a > 0 since the transfer functio” Srelating load disturbances to process output is
then unstable. In particular, a small disturbad@an lead to an unbounded output,
which is clearly not desirable. r

The system in Figure 11.1 represents a special case becasiss$uimed that
the load disturbance enters at the process input and thatéhsured output is the
sum of the process variable and the measurement noiserlizstes can enter in
many different ways, and the sensors may have dynamics. A& aostract way
to capture the general case is shown in Figure 11.2, which higstwo blocks
representing the procesB ) and the controller@. The process has two inputs,
the control signali and a vector of disturbances and two outputs, the measured
signaly and a vector of signalsthat is used to specify performance. The system
in Figure 11.1 can be captured by choosmd .d;n/ andzD .;; €, /.The
process transfer functidd isa4 3 matrix, and the controller transfer functi@n
isal 2 matrix; compare with Exercise 11.3.
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Figure 11.3: Block diagram of a system with feedforward compensation for impraeed
sponse to reference signals and measured disturbances (2 DOfR)syidtece feedforward
elements are preserf,.s/ sets the desired output valug,.s/ generates the feedforward
commandl;, andFy. s/ attempts to cancel disturbances.

Processes with multiple inputs and outputs can also be cenesidy regarding
andy as vectors. Representations at these higher levels obabietr are useful for
the development of theory because they make it possibletsfon fundamentals
and to solve general problems with a wide range of applinatiblowever, care
must be exercised to maintain the coupling to the real-woolitrol problems we
intend to solve.

11.2 Feedforward Design

Most of our analysis and design tools up to this point haveged on the role of
feedback and its effect on the dynamics of the system. Fegdfdiis a simple and
powerful technique that complements feedback. It can be lnsth to improve the
response to reference signals and to reduce the effect dfuredde disturbances.
Feedforward compensation admits perfect elimination ofudignces, but it is
much more sensitive to process variations than feedbackensation. A general
scheme for feedforward was discussed in Section 7.5 usingd=igli0. A simple
form of feedforward for PID controllers was discussed in $ecfi0.5. The con-
troller in Figure 11.1 also has a feedforward block to impnasponse to command
signals. An alternative version of feedforward is shown igufé 11.3, which we
will use in this section to understand some of the trade{udtsveen feedforward
and feedback.

Controllers with two degrees of freedom (feedforward aretifeck) have the
advantage that the response to reference signals can pael@andependently of
the design for disturbance attenuation and robustness. IVast/consider the
response to reference signals, and we will therefore Ilyiteessume that the load
disturbancel is zero. LetF, represent the ideal response of the system to reference
signals. The feedforward compensator is characterizeddaydhsfer functiong,
andF,. When the reference is changed, the transfer fundiiarenerates the signal
us, which is chosen to give the desired output when appliedms to the process.
Under ideal conditions the outpuytis then equal tg/,, the error signal is zero and
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there will be no feedback action. If there are disturbancenadeling errors, the
signalsyn, andy will differ. The feedback then attempts to bring the error¢oaz

To make a formal analysis, we compute the transfer functiomfreference
input to process output:

P.CF,C F,/ PR, Fn
Cyr-'D—cpc PFmC 3chc
whereP D P,P;. The rstterm represents the desired transfer function. Therse
term can be made small in two ways. Feedforward compensatioe used to
makePF, F, small, or feedback compensation can be used to makePLC
large. Perfect feedforward compensation is obtained bysihgo
F. D E: (11.5)
P
Design of feedforward using transfer functions is thus g &mple task. Notice
that the feedforward compensatby contains an inverse model of the process
dynamics.

Feedback and feedforward have different properties. Fesdfdraction is ob-
tained by matching two transfer functions, requiring psedinowledge of the pro-
cess dynamics, while feedback attempts to make the errdt byndividing it by
a large quantity. For a controller having integral actidre toop gain is large for
low frequencies, and it is thus suf cient to make sure thatdbedition for ideal
feedforward holds at higher frequencies. This is easier thang to satisfy the
condition (11.5) for all frequencies.

We will now consider reduction of the effects of the load alibanced in Fig-
ure 11.3 by feedforward control. We assume that the disthwdaignal is measured
and that the disturbance enters the process dynamics innnkmay (captured by
P. andP,). The effect of the disturbance can be reduced by feeding deasured
signal through a dynamical system with the transfer fumcg. Assuming that
the reference is zero, we can use block diagram algebra to nd that the teansf
function from the disturbance to the process output is

P,.1C FyPy/
1CPC '

whereP D P, P,. The effect of the disturbance can be reduced by mak@gdP;
small (feedforward) or by making@ P C large (feedback). Perfect compensation
is obtained by choosing

(11.4)

Gya D (11.6)

FeD P % (11.7)

requiring inversion of the transfer functid®.

Asinthe case of reference tracking, disturbance attemueatin be accomplished
by combining feedback and feedforward control. Since loegfrency disturbances
can be eliminated by feedback, we require the use of feedfohenly for high-
frequency disturbances, and the transfer funcigim equation (11.7) can then be
computed using an approximation Bf for high frequencies.
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Figure 11.4:Feedforward control for vehicle steering. The plot on the left shoe/g #jectory
generated by the controller for changing lanes. The plots on the righttbledateral deviation

y (top) and the steering anglgbottom) for a smooth lane change control using feedforward
(based on the linearized model).

Equations (11.5) and (11.7) give analytic expressions ffg¢bdforward com-
pensator. To obtain a transfer function that can be impleéeaarithout dif culties
we require that the feedforward compensator be stable adt thoes not require
differentiation. Therefore there may be constraints oniptesshoices of the de-
sired responsé&,, and approximations are needed if the process has zeros in th
right half-plane or time delays.

Example 11.2 Vehicle steering
A linearized model for vehicle steering was given in Exampde Bhe normalized
transfer function from steering angléo lateral deviatiory is P.s/ D . sC 1/=s.
For a lane transfer system we would like to have a nice regpwitbout overshoot,
and we therefore choose the desired response,as D a®=.s C a/?, where the
response speed or aggressiveness of the steering is gou®rilee parametea.
Equation (11.5) gives
Frn a?s?

D5 D sC1.sCa/?’
which is a stable transfer function aslong as 0. Figure 11.4 shows the responses
of the system foa D 0:5. The gure shows that a lane change is accomplished
in about 10 vehicle lengths with smooth steering angles. difyekt steering angle
is slightly larger than 0.1 rad (B Using the scaled variables, the curve showing
lateral deviationsy as a function ot) can also be interpreted as the vehicle path
(y as a function ok) with the vehicle length as the length unit. r

A major advantage of controllers with two degrees of freedbat combine
feedback and feedforward is that the control design prolokmbe splitin two parts.
The feedback controlle€ can be designed to give good robustness and effective
disturbance attenuation, and the feedforward part can Sigred independently
to give the desired response to command signals.
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11.3 Performance Speci cations

A key element of the control design process is how we spebiéydesired per-
formance of the system. It is also important for users to tstdad performance
speci cations so that they know what to ask for and how to testsiem. Speci -
cations are often given in terms of robustness to procesatizars and responses
to reference signals and disturbances. They can be givemis t&f both time and
frequency responses. Speci cations for the step responséeience signals were
given in Figure 5.9 in Section 5.3 and in Section 6.3. Robustapssi cations
based on frequency domain concepts were provided in SecBané will be con-
sidered further in Chapter 12. The speci cations discussedipusly were based
on the loop transfer function. Since we found in Section 11at &rsingle transfer
function did not always characterize the properties of theexl loop completely,
we will give a more complete discussion of speci cations iis thection, based on
the full Gang of Six.

The transfer function gives a good characterization of thea behavior of a
system. To provide speci cations it is desirable to capthee¢haracteristic prop-
erties of a system with a few parameters. Common featurdsrierresponses are
overshoot, rise time and settling time, as shown in FigureGonmon features of
frequency responses are resonant peak, peak frequentyrgasover frequency
and bandwidth. Aesonant peaks a maximum of the gain, and the peak frequency
is the corresponding frequency. Thain crossover frequencsg the frequency
where the open loop gain is equal ope. Tamdwidthis de ned as the frequency
range where the closed loop gain is 12 of the low-frequency gain (low-pass),
mid-frequency gain (band-pass) or high-frequency gagi{pass). There are inter-
esting relations between speci cations in the time and fezay domains. Roughly
speaking, the behavior of time responses for short timesased to the behavior
of frequency responses at high frequencies, and vice VvEhgaprecise relations
are not trivial to derive.

Response to Reference Signals

Consider the basic feedback loop in Figure 11.1. The responségrence signals
is described by the transfer functiogg, D PCF=.1C PC/ andG,, D CF=.1C
PC/ (F D 1 for systems with error feedback). Notice that it is usefutonsider
both the response of the output and that of the control signgbarticular, the
control signal response allows us to judge the magnituderatedof the control
signal required to obtain the output response.

Example 11.3 Third-order system

Consider a process with the transfer functrs/ D .sC 1/ 2 and a Pl controller
with error feedback having the gaikg D 0:6 andk; D 0:5. The responses are
illustratedin Figure 11.5. The solid lines show results faragpprtional-integral (PI)
controller with error feedback. The dashed lines show redaita controller with
feedforward designed to give the transfer funct®p D .0:5s C 1/ 3. Looking
at the time responses, we nd that the controller with feedtnd gives a faster
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Figure 11.5:Reference signal responses. The responses in processyatpltontrol signal
u to a unit step in the reference sigmare shown in (a), and the gain curves®f, andGy,
are shown in (b). Results with PI control with error feedback are showsolid lines, and
the dashed lines show results for a controller with a feedforward cosapan

response with no overshoot. However, much larger contgulads are required to
obtain the fast response. The largest value of the contnohbig 8, compared to 1.2
for the regular Pl controller. The controller with feedforddias a larger bandwidth
(marked with ) and no resonant peak. The transfer funct&p also has higher
gain at high frequencies. r

Response to Load Disturbances and Measurement Noise

A simple criterion for disturbance attenuation is to conggae output of the closed
loop system in Figure 11.1 with the output of the correspomdipen loop system
obtained by setting@ D 0. If we let the disturbances for the open and closed loop
systems be identical, the output of the closed loop systeheis obtained simply
by passing the open loop output through a system with thesfeearfiunctionS.
The sensitivity function tells how the variations in the auftpre in uenced by
feedback (Exercise 11.7). Disturbances with frequenciels atS.i!/ j < 1 are
attenuated, but disturbances with frequencies suchj &l j > 1 are ampli ed
by feedback. The maximum sensitivityls, which occurs at the frequendyps,
is thus a measure of the largest ampli cation of the distudean The maximum
magnitude of £.1 C L/ is also the minimum of1 C Lj, which is precisely the
stability margins,, de ned in Section 9.3, so thatly D 1=s,. The maximum
sensitivity is therefore also a robustness measure.

If the sensitivity function is known, the potential imprawents by feedback
can be evaluated simply by recording a typical output andirig it through the
sensitivity function. A plot of the gain curve of the senatif function is agood way
to make an assessment of the disturbance attenuation. Basertsitivity function
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Figure 11.6: Graphical interpretation of the sensitivity function. Gain curves of the loop
transfer function and the sensitivity function (a) can be used to calcuf@tiperties of the
sensitivity function through the relatidhD 1=.1 C L/. The sensitivity crossover frequency

I sc and the frequency ns where the sensitivity has its largest value are indicated in the
sensitivity plot. The Nyquist plot (b) shows the same information in a diffeform. All
points inside the dashed circle have sensitivities greater than 1.

depends only on the loop transfer function, its propertas a&lso be visualized
graphically using the Nyquist plot of the loop transfer ftiog. This is illustrated

in Figure 11.6. The complex numberCLL.i!/ can be represented as the vector
from the point 1 to the pointL.i!/ on the Nyquist curve. The sensitivity is thus
less than 1 for all points outside a circle with radius 1 andeeat 1. Disturbances
with frequencies in this range are attenuated by the feédbac

The transfer functiorsy4 from load disturbance to process outpuy for the
system in Figure 11.1is
D PSD T 11.8
1C PC C (118)
Since load disturbances typically have low frequencies,nitural to focus on the
behavior of the transfer function at low frequencies. Foystesn withP.0/ 600
and a controller with integral action, the controller gaoeg to in nity for small
frequencies and we have the following approximation forlssa

T 1 S
Gyq D c T K (11.9)
wherek; is the integral gain. Since the sensitivity functiSrgoes to 1 for largs,
we have the approximatidB,q P for high frequencies.

Measurement noise, which typically has high frequenciesegates rapid vari-
ations in the control variable that are detrimental bec#lusgcause wear in many
actuators and can even saturate an actuator. It is thustampéo keep variations in
the control signal due to measurement noise at reasonabls-ea typical require-
ment is that the variations are only a fraction of the spamefcontrol signal. The
variations can be in uenced by Itering and by proper desigthe high-frequency
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Figure 11.7: Disturbance responses. The time and frequency responses espraatputy
to load disturbancd are shown in (a) and the responses of control sigrialmeasurement
noisen are shown in (b).

properties of the controller.
The effects of measurement noise are captured by the trdasfgion from the
measurement noise to the control signal,

C T
TepePCSD 5 (11.10)

The complementary sensitivity function is close to 1 for loacfuencies!(< ! 4c),
andGy, can be approximated by1=P. The sensitivity function is close to 1 for
high frequencies!(>! ), andGy, can be approximated byC.

Gun D

Example 11.4 Third-order system

Consider a process with the transfer funct®rs/ D .sC 1/ 2 and a proportional-
integral-derivative (PID) controller with gairls, D 0:6, ki D 0:5 andky D 2:0.
We augment the controller using a second-order noise lténWwi D 0:1, so that
its transfer function is

kas? C kpsC ki
S.2T?=2CsT; C U’

The system responses are illustrated in Figure 11.7. The resmdnhe output to
a step in the load disturbance in the top part of Figure 11.%ah@eak of 0.28 at
timet D 2.73 s. The frequency response in Figure 11.7a shows thatithbama
maximum of 0.58 at D 0.7 rad/s.

The response of the control signal to a step in measuremesg Mmishown
in Figure 11.7b. The high-frequency roll-off of the transfanétion Gy,.i!/ is
due to ltering; without it the gain curve in Figure 11.7b woutdntinue to rise
after 20 rads. The step response has a peak of 18 &t0.08 s. The frequency

C.s/D
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response has its peak 20!atD 14 rad/s. Notice that the peak occurs far above
the peak of the response to load disturbances and far abevgaih crossover
frequency! oc D 0.78 rad/s. An approximation [gjerived in Exercise 11.9 gives
maxjCSil/ j kg=T; D 20, which occurs at D = 2=T4 D 14.1 rad/s. r

11.4 Feedback Design via Loop Shaping

One advantage of the Nyquist stability theorem is that iaisdal on the loop transfer
function, which is related to the controller transfer fuantthroughL D PC. Itis
thus easy to see how the controller in uences the loop trarisfection. To make
an unstable system stable we simply have to bend the Nyquigt away from the
critical point.

This simple idea is the basis of several different design odsttcollectively
calledloop shaping These methods are based on choosing a compensator that
gives a loop transfer function with a desired shape. Oneilpibigsis to determine
a loop transfer function that gives a closed loop system thighdesired properties
and to compute the controller & D L=P. Another is to start with the process
transfer function, change its gain and then add poles arab zentil the desired
shape is obtained. In this section we will explore differ@ap-shaping methods
for control law design.

Design Considerations

We will rst discuss a suitable shape for the loop transferction that gives good
performance and good stability margins. Figure 11.8 showpiaal loop transfer
function. Good robustness requires good stability mar@@ngood gain and phase
margins), which imposes requirements on the loop transfiectfion around the
crossover frequenciés,c and! 4. The gain ofL at low frequencies must be large
in order to have good tracking of command signals and go@shadition of low-
frequency disturbances. SinSd 1=.1C L/, it follows that for frequencies where
jLj > 101 disturbances will be attenuated by a factor of 100 antifale&ing error is
less than 1%. Itis therefore desirable to have a large cvesfrequency and a steep
(negative) slope of the gain curve. The gain at low frequencas be increased by
a controller with integral action, which is also callldy compensatianTo avoid
injecting too much measurement noise into the system, the ti@nsfer function
should have low gain at high frequencies, which is caliggh-frequency roll-off
The choice of gain crossover frequency is a compromise antterguation of load
disturbances, injection of measurement noise and robsstne

Bode's relations (see Section 9.4) impose restrictions ersttape of the loop
transfer function. Equation (9.8) implies that the slopeha gain curve at gain
crossover cannot be too steep. If the gain curve has a corsétge, we have the
following relation between slopegy: and phase marging,:

ngD 2C Zm [rad]: (11.11)
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Figure 11.8:Gain curve and sensitivity functions for a typical loop transfer funcfiére plot
on the left shows the gain curve and the plots on the right show the senditinitiion and
complementary sensitivity function. The gain crossover frequéngynd the slopeg. of
the gain curve at crossover are important parameters that deterreir@btistness of closed
loop systems. At low frequency, a large magnitude lfoprovides good load disturbance
rejection and reference tracking, while at high frequency a small lagpig used to avoid
amplifying measurement noise.

This formulais areasonable approximation when the gairecdimes not deviate too
much from a straight line. It follows from equation (11.1hxt the phase margins
30, 45 and 60 correspond to the slopess=3, 3=2 and 4=3.

Loop shaping is a trial-and-error procedure. We typicallytstith a Bode plot
of the process transfer function. We then attempt to shapletp transfer function
by changing the controller gain and adding poles and zertigetoontroller trans-
fer function. Different performance speci cations are exkd for each controller
as we attempt to balance many different requirements bystidgicontroller pa-
rameters and complexity. Loop shaping is straightforwampjoly to single-input,
single-output systems. It can also be applied to systentsamié input and many
outputs by closing the loops one at a time starting with theiimost loop. The only
limitation for minimum phase systems is that large phasgdead high controller
gains may be required to obtain closed loop systems withtadaponse. Many
speci ¢ procedures are available: they all require expeeerut they also give
good insight into the con icting requirements. There are famental limitations
to what can be achieved for systems that are not minimum pliaesg will be
discussed in the next section.

Lead and Lag Compensation

A simple way to do loop shaping is to start with the transfeiction of the process
and add simple compensators with the transfer function

sCa
C.s/ D k——: 11.12
sChb ( )

The compensator is calledead compensatdf a < b, and alag compensatoif
a > b. The PI controller is a special case of a lag compensator lwth 0, and
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Figure 11.9:Frequency response for lead and lag compens@t&/sD k.sCa/=.sCb/. Lead
compensation (a) occurs whan< b and provides phase lead betwéder a and! D b.
Lag compensation (b) correspondsate: b and provides low-frequency gain. PI control is
a special case of lag compensation and PD control is a special caselafdmpensation.
PI/PD frequency responses are shown by dashed curves.

the ideal PD controller is a special case of a lead compengatioia D 0. Bode
plots of lead and lag compensators are shown in Figure 11.9ct@gpensation,
which increases the gain at low frequencies, is typicalgdu® improve tracking
performance and disturbance attenuation at low frequenCigmpensators that are
tailored to speci c disturbances can be also designed, asrsimoExercise 11.10.
Lead compensation is typically used to improve phase mafdia.following ex-
amples give illustrations.

Example 11.5 Atomic force microscope in tapping mode
A simple model of the dynamics of the vertical motion of annaitwforce micro-
scope in tapping mode was given in Exercise 9.2. The transfatifin for the
system dynamics is
al e*S/

s.sCal’

whereaD ! 3, D 2 n=!,and the gain has been normalized to 1. A Bode plot
of this transfer function for the parameter® 1 and  0:25 is shown in dashed
curvesinFigure 11.10a. Toimprove the attenuation of loatidbances we increase
the low-frequency gain by introducing an integral congollThe loop transfer
function then becomek D k; P.s/=s, and we adjust the gain so that the phase
margin is zero, givindg;; D 8:3. Notice the increase of the gain at low frequencies.
The Bode plot is shown by the dotted line in Figure 11.10a, wtiereritical point

is indicated by . To improve the phase margin we introduce proportionabacti
and we increase the proportional g&ingradually until reasonable values of the
sensitivities are obtained. The vakieD 3:5 gives maximum sensitivitils D 1:6

and maximum complementary sensitivigs D 1:3. The loop transfer function is
shown in solid lines in Figure 11.10a. Notice the signi cantrigase of the phase

P.s/ D
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(a) Loop shaping (b) Gang of Four

Figure 11.10:Loop-shaping design of a controller for an atomic force microscopejitig
mode. (a) Bode plots of the process (dashed), the loop transfetidnrfor an integral
controller with critical gain (dotted) and a PI controller (solid) adjusted te gaasonable
robustness. (b) Gain curves for the Gang of Four for the system.

margin compared with the purely integral controller (ddtiee).

To evaluate the design we also compute the gain curves afahsfer functions
in the Gang of Four. They are shown in Figure 11.10b. The peakeddnsitivity
curves are reasonable, and the plotRd shows that the largest value &fSis
0.3, which implies that the load disturbances are well a¢ed. The plot oC S
shows that the largest controller gain is 6. The controllerdgain of 3.5 at high
frequencies, and hence we may consider adding high-fregueii-off. r

A common problem in the design of feedback systems is thgitthee margin
is too small, and phadead must then be added to the system. If weaet b in
equation (11.12), we add phase lead in the frequency rarigeee the pole/zero
pair (and extending approximately 10n frequency in each direction). By appro-
priately choosing the location of this phase lead, we cawigecadditional phase
margin at the gain crossover frequency.

Because the phase of a transfer function is related to tpe sithe magnitude,
increasing the phase requires increasing the gain of thettaasfer function over
the frequency range in which the lead compensation is apgdlieExercise 11.11
it is shown that the gain increases exponentially with theamhof phase lead. We
can also think of the lead compensator as changing the sfape tvansfer function
and thus shaping the loop transfer function in the cross@ggon (although it can
be applied elsewhere as well).

Example 11.6 Roll control for a vectored thrust aircraft
Considerthe control of the roll of a vectored thrust aircsath as the one illustrated
in Figure 11.11. Following Exercise 8.10, we model the systéimasecond-order
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Symbol  Description Value
m Vehicle mass 4.0 kg
J Vehicle inertia, 3 axis  0.0475 kg rh
r Force moment arm 25.0cm
y c Damping coef cient 0.05 kg m/s
g Gravitational constant 9.8 nf/s

(a) Simpli ed model (b) Parameter values

Figure 11.11:Roll control of a vectored thrust aircraft. (a) The roll anglis controlled by
applying maneuvering thrusters, resulting in a moment generatéd.t{{p) The table lists
the parameter values for a laboratory version of the system.

transfer function of the form r

Js?’

with the parameters given in Figure 11.11b. We take as ouope#nce speci ca-
tion that we would like less than 1% error in steady state asslthan 10% tracking
error up to 10 rad/s.

The open loop transfer function is shown in Figure 11.12a. Tuexe our
performance speci cation, we would like to have a gain of aslel 0 at a frequency
of 10 rad/s, requiring the gain crossover frequency to bengtzer frequency. We
see from the loop shape that in order to achieve the desiréorp@nce we cannot
simply increase the gain since this would give a very low phagargin. Instead,
we must increase the phase at the desired crossover frggquenc

To accomplish this, we use a lead compensator (11.12)anf2 andb D 50.
We then set the gain of the system to provide a large loop gaito the desired
bandwidth, as shown in Figure 11.12b. We see that this systsra fain of greater
than 10 at all frequencies up to 10 rad/s and that it has mane 60 of phase
margin. r

P.s/ D

The action of a lead compensator is essentially the sametasf tha derivative
portion of a PID controller. As described in Section 10.5, wemfuse a lter for
the derivative action of a PID controller to limit the highefiuency gain. This same
effect is present in a lead compensator through the padab.

Equation (11.12) is a rst-order compensator and can provi® @0 of phase
lead. Larger phase lead can be obtained by using a higher{festecompensator

(Exercise 11.11):

.sCa/"
CS/Dkw, a< b
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Figure 11.12:Control design for a vectored thrust aircraft using lead compensatimBode
plot for the open loop proces$sis shown in (a) and the loop transfer functiorD P C using
a lead compensator in (b). Note the phase lead in the crossover regidn Bel00 rad/s.

11.5 Fundamental Limitations

Although loop shaping gives us a great deal of exibility insiming the closed
loop response of a system, there are certain fundamentis lon what can be
achieved. We consider here some of the primary performamittions that can
occur because of dif cult dynamics; additional limitatioredated to robustness are

considered in the next chapter.

Right Half-Plane Poles and Zeros and Time Delays

There are linear systems that are inherently dif cult to cohtfhe limitations are
related to poles and zeros in the right half-plane and tintieyde To explore the
limitations caused by poles and zeros in the right half-@hlae factor the process

transfer function as
P.s/ D Pmp.s/ Pap.s/, (11.13)

wherePn,, is the minimum phase part afi,, is the nonminimum phase part. The
factorization is normalized so thil,p.i!/ j D 1, and the sign is chosen so tliat,
has negative phase. The transfer functiag is called arall-pass systerhecause
it has unit gain for all frequencies. Requiring that the ghamrgin bé ,,, we get

argL.i! g/ D argPgp.i! g/ CargPmp.i! g/ CargC.i! 4/ C'm (11.14)

whereC is the controller transfer function. Let, be the slope of the gain curve
at the crossover frequency. Sind&,.i!/ j D 1, it follows that

o dlogiL.iV/ | o 410gi Pyt C.iV |
9 dlog! p, dlog! Dly
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Assuming that the slopey is negative, it has to be larger thar2 for the system
to be stable. It follows from Bode's relations, equatior8f9that

argPmp.i!/ CargC.il/ ngCE:

Combining this with equation (11.14) gives the followingguality for the allow-
able phase lag of the all-pass part at the gain crossovardrey:

This condition, which we call thgain crossover frequency inequalighows that the
gain crossover frequency must be chosen so that the phasgtlegnonminimum
phase component is not too large. For systems with high tobss requirements
we may choose a phase margin of 0, D =3) and a slop&g. D 1, which
gives an admissible phase lagD =6 D 0.52 rad (30). For systems where we
can accept alower robustness we may choose a phase margir{'af4 =4)and
the slopengc D 1=2, which gives an admissible phase lagd =2 D 1.57 rad
(90).

The crossover frequency inequality shows that nonminimuaseltomponents
impose severe restrictions on possible crossover fregegiitalso means that there
are systems that cannot be controlled with suf cient stbihargins. We illustrate
the limitations in a number of commonly encountered situregi

Example 11.7 Zero in the right half-plane

The nonminimum phase part of the process transfer functioa g&ystem with a
right half-plane zero is

z s

zCs'

wherez > 0. The phase lag of the nonminimum phase part is

|
argPap.i!/ D 2arctan';:

Since the phase lag %, increases with frequency, the inequality (11.15) gives
the following bound on the crossover frequency:
lgc< ztan." =2/ (11.16)

With' | D =3 we getl 4 < 0:6z. Slow right half-plane zerogz(mall) therefore
give tighter restrictions on possible gain crossover feggpies than fast right half-
plane zeros. r

Time delays also impose limitations similar to those givgrzéros in the right
half-plane. We can understand this intuitively from the @agproximation
1 05s 2= s
1C 0:5s 2= Cs’
A long time delay is thus equivalent to a slow right half-gareroz D 2= .

S
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Example 11.8 Pole in the right half-plane
The nonminimum phase part of the transfer function for a systéh a pole in the
right half-plane is
sCp
S p
wherep > 0. The phase lag of the nonminimum phase part is

argPap.i!/ D 2arctan|E;

and the crossover frequency inequality becomes

P
lge> o = (11.17)
Right half-plane poles thus require that the closed loopesy$ave a suf ciently
high bandwidth. With | D =3 we get! 4c > 1:7p. Fast right half-plane poles
(p large) therefore give tighter restrictions on possiblengaossover frequencies
than slow right half-plane poles. The control of unstabléesys imposes minimum
bandwidth requirements for process actuators and sensors. r

We will now consider systems with aright half-plane zeamd a right half-plane
pole p. If p D z, there will be an unstable subsystem that is neither redemaip
observable, and the system cannot be stabilized (see S&dhjoiVe can therefore
expect that the system is dif cult to control if the right hadfane pole and zero are
close. A straightforward way to use the crossover frequérayuality is to plot the
phase of the nonminimum phase facRy, of the process transfer function. Such
a plot, which can be incorporated in an ordinary Bode plolf,imimediately show
the permissible gain crossover frequencies. An illugirai given in Figure 11.13,
which shows the phase &, for systems with a right half-plane pole/zero pair
and systems with a right half-plane pole and a time delay.dfrequire that the
phase lag | of the nonminimum phase factor be less than 9@ must require that
the ratioz=p be larger than 6 or smaller than 1/6 for systems with rightt-pkaine
poles and zeros and that the prodpctbe less than 0.3 for systems with a time
delay and a right half-plane pole. Notice the symmetry ingreblem forz > p
andz < p: in either case the zeros and the poles must be suf cientlyajfeart
(Exercise 11.12). Also notice that possible values of tha gedssover frequency
I gc are quite restricted.

Using the theory of functions of complex variables, it canshewn that for
systems with a right half-plane pofeand a right half-plane zem(or a time delay

), any stabilizing controller gives sensitivity functiowith the property

Cz
: - supjT.il/j eP: 11.18
p 7z ! P : ( )
This result is proven in Exercise 11.13.

As the examples above show, right half-plane poles and z=gvs cantly
limit the achievable performance of a system, hence onediid to avoid these
whenever possible. The poles of a system depend on the intdyisamics of the

supjS.il/ j
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Figure 11.13:Example limitations due to the gain crossover frequency inequality. Thegju
show the phase lag of the all-pass fadfgy as a function of frequency. Since the phase lag
of P,p at the gain crossover frequency cannot be too large, it is necessempose the gain
crossover frequency properly. All systems have a right half-pente ats D 1. The system

in (a) has zeros &D 2, 5, 20 and 100 (solid lines) andsab 0:5, 0.2, 0.05 and 0.01 (dashed
lines). The system in (b) has time delay® 0:02 0.1, 0.5 and 1.

system and are given by the eigenvalues of the dynamicsxfatifia linear system.

Sensors and actuators have no effect on the poles; the onlyoaehange poles

is to redesign the system. Notice that this does not imply wihatable systems
should be avoided. Unstable system may actually have aalyasitone example is
high-performance supersonic aircraft.

The zeros of a system depend on how the sensors and actuacsuated to
the states. The zeros depend on all the mati#ge, C andD in a linear system.
The zeros can thus be in uenced by moving the sensors and auatby adding
sensors and actuators. Notice that a fully actuated syBt®r does not have any
zeros.

Example 11.9 Balance system
As an example of a system with both right half-plane poleszands, consider the
balance system with zero damping, whose dynamics are given b

ml
HegD :
F MiJ m22/s?2 C mglMW,
s2 C mql
Hor D N g

2 Mg mi2s2CmglM

Assume that we want to stabilize the pendulum by using thepaesition as the
measured signal. 'Bwe transfer function from the input fgde the cart position
p has poled0;0;  mglM=.M;J m?22/gand zero§ =~ mgl=Jg Using the

parameters in Example 6.7, the right half-plane pole ig Bt 2:68 and the zero is
atz D 2:09. Equation (11.18) then givgS.i!/ j 8, which shows that it is not
possible to control the system robustly.
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The right half-plane zero of the system can be eliminated bypging the output
of the system. For example, if we choose the output to coorefn a position at a
distance along the pendulum, we hayeD p r sin and the transfer function
for the linearized output becomes

.mlr ~ J/s?>C mgl _
2 Mg miZs2CmglM

If we chooser suf ciently large, thenmIr  J; > 0 and we eliminate the right
half-plane zero, obtaining instead two pure imaginary gefidne gain crossover
frequency inequality is then based just on the right hadfaplpole (Example 11.8).
If our admissible phase lag for the nonminimum phase part 3 45 , then our
gain crossover must satisfy

I P

I ge > D 2:68:
%7 tan' =2

If the actuators have suf ciently high bandwidth, e.g., atéai®f 10 above ¢ or
roughly 4 Hz, then we can provide robust tracking up to ttesjfrency. r

Bode's Integral Formula

In addition to providing adequate phase margin for robuadtikty, a typical control
designwill have to satisfy performance conditions on tmsgg ity functions (Gang

of Four). In particular, the sensitivity functio D 1=.1 C PC/ represents the
disturbance attenuation and also relates the tracking etothe reference signal:
we usually want the sensitivity to be small over the rangeexfdiencies where we
want small tracking error and good disturbance attenuafidrasic problem is to
investigate ifS can be made small over a large frequency range. We will syart b
investigating an example.

Example 11.10 System that admits small sensitivities
Consider a closed loop system consisting of a rst-order @ss@nd a proportional
controller. Let the loop transfer function be

L.ss D PCD L;
sC1
where parametd is the controller gain. The sensitivity function is
sC1
Ss/ID ——
sC1Ck

and we have s

1C!2

iS.il/iD :
ISWID  Tescwecr?

ThisimpliesthaiS.i!/ j < 1forall nite frequencies and that the sensitivity can be
made arbitrarily small for any nite frequency by makikguf ciently large. r
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The system in Example 11.10 is unfortunately an exception. Byedature
of the system is that the Nyquist curve of the process is cetalyl contained in
the right half-plane. Such systems are calpadsive and their transfer functions
are positive real For typical control systems there are severe constramthe
sensitivity function. The following theorem, due to Bodegyides insights into the
limits of performance under feedback.

Theorem 11.1(Bode's integral formula) Assume that the loop transfer function
L.s/ of a feedback system goes to zero faster themas s! 1 , and let Ss/
be the sensitivity function. If the loop transfer functicastpoles p in the right
half-plane, then the sensitivity function satis es thédwing integral:
YA 1 YA 1 1 X
iS.ilid! S | :
logjS.il/ jd! D . Iogle iV | dl D P«: (11.19)

Equation (11.19) implies that there are fundamental linutes to what can
be achieved by control and that control design can be viewesl r@distribution
of disturbance attenuation over different frequenciegdrticular, this equation
shows that if the sensitivity function is made smaller fomgdrequencies, it must
increase at other frequencies so that the integral of3dd/ j remains constant.
This means that if disturbance attenuation is improved infagguency range, it
will be worse in another, a property sometime referred thasvaterbed effectt
also follows that systems with open loop poles in the right-pane have larger
overall sensitivity than stable systems.

Equation (11.19) can be regarded asoaservation lawif the loop transfer
function has no poles in the right half-plane, the equatiopk es to

1
logjS.i!/ jd! D O:

This formula can be given a nice geometric interpretationllastiated in Fig-
ure 11.14, which shows Ig&.i!/ j as a function of . The area over the horizontal
axis must be equal to the area under the axis when the freguieptotted on a
linear scale. Thus if we wish to make the sensitivity smaller up toes@maquency

! so; We must balance this by increased sensitivity abayeControl system design
can be viewed as trading the disturbance attenuation atemesncies for distur-
bance ampli cation at other frequencies. Notice that theéesysn Example 11.10
violates the condition that ligh  sL.s/ D 0 and hence the integral formula does
not apply.

There is result analogous to equation (11.19) for the comghgany sensitivity
function: Z, U

logjT.i!/ X 1

TS T = (11.20)

0 L2 Z

where the summation is over all right half-plane zeros. déothat slow right half-
plane zeros are worse than fast ones and that fast righplzailé poles are worse
than slow ones.
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Figure 11.14:Interpretation of thevaterbed effeciThe function logS.i!/ j is plotted versus
I inlinear scales in (a). According to Bode's integral formula (11.19 diea of logS.i!/ j
above zero must be equal to the area below zero. Gunter Stein's etaipn of design as a
trade-off of sensitivities at different frequencies is shown in (r(f{Ste03]).

Example 11.11 X-29 aircraft
As an example of the application of Bode's integral formule, present an anal-

ysis of the control system for the X-29 aircraft (see Figurel®a), which has an
unusual con guration of aerodynamic surfaces that are desigo enhance its
maneuverability. This analysis was originally carried oyt@®unter Stein in his
article “Respect the Unstable” [Ste03], which is also thersewf the quote at the
beginning of this chapter.

To analyze this system, we make use of a small set of parasrtaedrdescribe
the key properties of the system. The X-29 has longitudinabdyics that are very
similar to inverted pendulum dynamics (Exercise 8.3) angairicular, have a pair
of poles atapproximatelp D 6 and a zero a D 26. The actuators that stabilize
the pitch have a bandwidth bf, D 40 rad/s and the desired bandwidth of the pitch
control loop is! ; D 3 rad/s. Since the ratio of the zero to the pole is only 4.3, we
may expect that it may be dif cult to achieve the speci cations

Ms

Sl

Il Il
' La

Frequency [rad/s]
(a) X-29 aircraft (b) Sensitivity analysis

Figure 11.15:X-29 ight control system. The aircraft makes use of forward stweipngs and
a set of canards on the fuselage to achieve high maneuverability @jleRired sensitivity
for the closed loop system is shown in (b). We seek to use our contraritytto shape the
sensitivity curve so that we have low sensitivity (good performanceaddpequency ; by
creating higher sensitivity up to our actuator bandwidgh
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To evaluate the achievable performance, we search for actdev such that
the sensitivity function is small up to the desired bandivitd not greater thavg
beyond that frequency. Because of the Bode integral forrad&now thatMg must
be greater than 1 at high frequencies to balance the smaitiséy at low frequency.
We thus ask if we can nd a controller that has the shape shoviigare 11.15b
with the smallest value ofs. Note that the sensitivity above the frequency
is not speci ed since we have no actuator authority at thajuesmcy. However,
assuming that the process dynamics fall off at high frequethe sensitivity at
high frequency will approach 1. Thus, we desire to design setldoop system
that has low sensitivity at frequencies belbywand sensitivity that is not too large
between ; and! ,.

From Bode's integral formula, we know that whatever conéoilve choose,
equation (11.19) must hold. We will assume that the seiitsitiunction is given

by (
R tMs oy
jSil/jD '1
Mg 1, ! Pas

corresponding to Figure 11.15b. If we further assumeijthat/j  =! 2 for fre-
guencies larger than the ac'%Jator bandwidth, Bode's intdgrcomes
1 [
logjS.i!/ jd! D logjS.i!/ jd!
0
11 Mg
D log | di C.l; !iylogMsD p:
0 ‘1

Evaluation of the integral gives! 1 C! jlogMsD por
MS De pC! 4/=! a:

This formula tells us what the achievable valuevdf will be for the given control
speci cations. In particular, usingg D 6,!; D 3 and! ; D 40 rad/s, we nd
thatMs D 1:75, which means that in the range of frequencies betwgeand! ,,
disturbances at the input to the process dynamics (suchra will be ampli ed
by a factor of 175 in terms of their effect on the aircraft.

Another way to view these results is to compute the phaseimtrgt corre-
sponds to the given level of sensitivity. Since the peak sgitginormally occurs
at or near the crossover frequency, we can compute the plagerorresponding
to Mg D 1:75. As shown in Exercise 11.14, the maximum achievable phasgim
for this system is approximately 35wvhich is below the usual design limit of 45
in aerospace systems. The zere & 26 limits the maximum gain crossover the
can be achieved. r

Derivation of Bode's Formula

We now derive Bode's integral formula (Theorem 11.1). Thistischnical section
that requires some knowledge of the theory of complex vaghn particular
contour integration. Assume that the loop transfer fumctias distinct poles at
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Res

-iR

Figure 11.16:Contour used to prove Bode's theorem. For each right half-planengteeate
a path from the imaginary axis that encircles the pole as shown. To avdidrolue have
shown only one of the paths that enclose one right half-plane.

s D py in the right half-plane and thdt.s/ goes to zero faster thard for large
values ofs.

Consider the integral of the logarithm of the sensitivitgdtionS.s/ D 1=.1C
L.s// over the contour shown in Figure 11.16. The contour enclosesigft
half-plane except for the poinssD px where the loop transfer function.s/ D
P.s/C.s/ has poles and the sensitivity functi®ns/ has zeros. The direction of the
contour is counterclockwise.

The integral of the log of the sensitivity function aroundstbontour is given
by

z Z g z x Z
log.S.s// dsD log.S.s// dsC  log.S.s// dsC log.S.s/l ds
0 iR R K
DI;CI,ClI3DO;

where R is a large semicircle on the right and is the contour starting on the
imaginary axis as D Im p, and a small circle enclosing the pgbg. The integral
is zero because the function I8gs/ is analytic inside the contour. We have
Zir Zir
;D i log.S.il// d! D 2 log.jS.il/ j/d!
iR 0
because the real part of I&ji!/ is an even function and the imaginary part is an
odd function.furthermore we haﬁe 7

I,D log.S.sl// dsD log.1C L.s// ds L.s/ds
R R R
Sincel.s/ goes to zero faster thand. for larges, the integral goes to zero when
the radius of the circle goes to in nity.
Next we consider the integréd. For this purpose we split the contour into three
partsXc, and XZ , as indicated inZFigure 11.16. V\Z/e can then write the integral a

13D logS.s/dsC logS.s/dsC log S.s/ ds.
Xc X
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The contour is a small circle with radius around the polgy. The magnitude of
the integrand is of the order log and the length of the path is 2. The integral
thus goes to zero as the radiugoes to zero. Furthermore, making use of the fact
chatX is orientgd oppositely frogxc, we have

logS.s/dsC logS.s/dsD logS.s/ logS.s 2 i/ dsD 2 Rep:
X

Xc XC

SincejS.s/jDjS.s 2 ilj, we have
logS.s/ logSs 2 i/DargSs/ argSs 2 i/D2 i

and we nd that X
3D 2 i Repx:
k
Letting the small circles go to zero and the large circle gotoily and adding the
contributions from all right half-plane polgx gives

R X
ILCI,ClsD 2 logjS.i!/ jd! Ci 2 RepgDO:
0

P P
Since complex poles appear as complex conjugate pay&epx D, p«, which
gives Bode's formula (11.19).

11.6 Design Example

In this section we present a detailed example that illussrdte main design tech-
niques described in this chapter.

Example 11.12 Lateral control of a vectored thrust aircraft

The problem of controlling the motion of a vertical takeofiddanding (VTOL)
aircraft was introduced in Example 2.9 and in Example 11.6 revive designed a
controller for the roll dynamics. We now wish to control thesgiion of the aircraft,
a problem that requires stabilization of both the attitude #ne position.

To control the lateral dynamics of the vectored thrust aftciwe make use of a
“inner/outer” loop design methodology, as illustrated igdtie 11.17. This diagram
shows the process dynamics and controller divided into vopgonents: aimner
loop consisting of the roll dynamics and control and@uter loopconsisting of
the lateral position dynamics and controller. This decoritjposfollows the block
diagram representation of the dynamics given in Exercise. 8.1

The approach that we take is to design a contrdllefor the inner loop so
that the resulting closed loop systéti provides fast and accurate control of the
roll angle for the aircraft. We then design a controller foe fateral position that
uses the approximation that we can directly control theantjle as an input to
the dynamics controlling the position. Under the assunmptii@t the dynamics of
the roll controller are fast relative to the desired bandwiaf the lateral position
control, we can then combine the inner and outer loop cdetsoto get a single
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Figure 11.17:Inner/outer control design for a vectored thrust aircraft. The innep le;
controls the roll angle of the aircraft using the vectored thrust. The ¢ndercontrollerC,
commands the roll angle to regulate the lateral position. The procesmiymare decom-
posed into inner loopR) and outer loop IP,) dynamics, which combine to form the full
dynamics for the aircraft.

controller for the entire system. As a performance speciarafor the entire system,
we would like to have zero steady-state error in the latevsitipn, a bandwidth of
approximately 1 rad/s and a phase margin of 45

For the inner loop, we choose our design speci cation to mtevhe outer loop
with accurate and fast control of the roll. The inner loop dyiies are given by

.
Js?Cecs’
We choose the desired bandwidth to be 10 rad/s (10 times thla¢ @uter loop)

and the low-frequency error to be no more than 5%. This spetibnds satis ed
using the lead compensator of Example 11.6 designed préyisosve choose

PDH,D

sCa.
sCh’
The closed loop dynamics for the system satisfy
Ci C PR C.1 mg R/
H D m D :
'P1ccr Micch T iccr

A plot of the magnitude of this transfer function is shown igiie 11.18, and we
see thatH; mgD 39:2 is a good approximation up to 10 rad/s.

To design the outer loop controller, we assume the inner todicontrol is
perfect, so that we can takg as the input to our lateral dynamics. Following the
diagram shown in Exercise 8.10, the outer loop dynamics cavritten as

H;.O/
mg '’
where we replacel;.s/ with H;.0/ to re ect our approximation that the inner loop

will eventually track our commanded input. Of course, thupr@ximation may not
be valid, and so we must verify this when we complete our ahesig

Ci.s/ Dk aD2 bD50 kD1:

P.s/ D H;.0/P,.s/ D



342 CHAPTER 11. FREQUENCY DOMAIN DESIGN

10°

]

10
Co mg R 180

Roll
dynamics

iHLY

= 9ot 1

-

10 10' 10° 10’
Frequency [rad/s]
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Figure 11.18: Outer loop control design for a vectored thrust aircraft. (a) The dotgy
approximates the roll dynamics as a state gaimg. (b) The Bode plot for the roll dynamics,
indicating that this approximation is accurate up to approximately 10 rad/s.

Our control goal is now to design a controller that gives zgeady-state error
in X and has a bandwidth of 1 rad/s. The outer loop process dynanei¢gven by a
second-order integrator, and we can again use a simple ¢eapensator to satisfy
the speci cations. We also choose the design such that thettamsfer function
for the outer loop haf.oj < 0:1 for! > 10 rad/s, so that thel; dynamics can be
neglected. We choose the controller to be of the form
sCag.
Co.s/ D kOSC b
with the negative sign to cancel the negative sign in theggedynamics. To ndthe
location of the poles, we note that the phase lead attenst@g@roximatelyp=10.
We desire phase lead at crossover, and we desire the croasbyeD 1 rad/s, so
this givesb, D 10. To ensure that we have adequate phase lead, we must choose
a, such thab,=10< 10a, < by, which implies that, should be between 0.1 and
1. We choose, D 0:3. Finally, we need to set the gain of the system such that at
crossover the loop gain has magnitude 1. A simple calculatimws thak, D 2
satis es this objective. Thus, the nal outer loop controllexdomes

sCO3.
sC10’

Finally, we can combine the inner and outer loop controllerd gerify that
the system has the desired closed loop performance. The Badsajuist plots
corresponding to Figure 11.17 with inner and outer loop adletrs are shown in
Figure 11.19, and we see that the speci cations are satis eddttition, we show
the Gang of Four in Figure 11.20, and we see that the transfetifuns between all
inputs and outputs are reasonable. The sensitivity to lcstdrtiance$ Sis large
at low frequency because the controller does not have iltagtion.

The approach of splitting the dynamics into an inner and agrdobp is common
in many control applications and can lead to simpler designsomplex systems.

Co.s/ D 0:8



11.7. FURTHER READING 343

|m - N
- 10} I & . AIm
- / \
= 4t / \
:I 10" b | \ =~ o
i \ ~
105 | | ! \ IRe v~ ~ Re
0 = > -
- -90 1 ;
= -180
— 270} 1
_360 L L I
10" 10° 10° 100
Frequency [rad/s]
(a) Bode plot (b) Nyquist plot

Figure 11.19: Inner/outer loop controller for a vectored thrust aircraft. The Bodé @lp
and Nyquist plot (b) for the transfer function for the combined innet @uter loop transfer
functions are shown. The system has a phase margin adr8a gain margin of 6.2.

Indeed, for the aircraft dynamics studied in this examplis, very challenging to
directly design a controller from the lateral positioto the inputu;. The use of the
additional measurement ofgreatly simpli es the design because it can be broken
up into simpler pieces. r

11.7 Further Reading

Design by loop shaping was a key element in the early devedopof control, and
systematic design methods were developed; see Jamesl|g\ialddhillips [JNP47],
Chestnut and Mayer [CM51], Truxal [Tru55] and Thaler [Tha89%op shap-
ing is also treated in standard textbooks such as FranklineP@and Emami-
Naeini [FPENO5], Dorf and Bishop [DB04], Kuo and Golnaraghi [6& and
Ogata [Oga01]. Systems with two degrees of freedom werealgsdby Horowitz [Hor63],
who also discussed the limitations of poles and zeros inghé nalf-plane. Funda-
mental results on limitations are given in Bode [Bod45]; e@cent presentations
are found in Goodwin, Graebe and Salgado [GGS01]. The treatm®attion 11.5

is based on [Ast00]. Much of the early work was based on thetiemsfer function;
the importance of the sensitivity functions appeared imeation with the devel-
opment in the 1980s that resultedhf design methods. A compact presentation
is given in the texts by Doyle, Francis and Tannenbaum [DFT9@Jzmou, Doyle
and Glover [ZDG96]. Loop shaping was integrated with the rbbastrol theory

in McFarlane and Glover [MG90] and Vinnicombe [Vin01]. Corapensive treat-
ments of control system design are given in Maciejowski [88and Goodwin,
Graebe and Salgado [GGSO01].
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Figure 11.20:Gang of Four for vectored thrust aircraft system.

Exercises

11.1 Consider the system in Figure 11.1. Give all signal pairs &hatrelated by
the transfer functionss11C PC/, P=.1C PC/,C=.1C PC/ andPC=.1C PC/.

11.2 Consider the system in Example 11.1. Choose the paraneeters 1 and
compute the time and frequency responses for all the trafusfetions in the Gang
of Four for controllers wittk D 0:2 andk D 5.

11.3(Equivalence of Figures 11.1 and 11.2) Consider the systengunré&il1l.1 and
let the outputs of interest beD . ; / and the major disturbances teD .n; d/.
Show that the system can be represented by Figure 11.2 anthginetrix transfer
functionsP andC. Verify that the elements of the closed loop transfer fuorchl,,
are the Gang of Four.

11.4 Consider the spring—mass system given by (2.14), which tegransfer
function 1

P.s/D m< C csC k:

Design a feedforward compensator that gives a responsecwitbal damping
( D1).

11.5(Sensitivity of feedback and feedforward) Consider theesysn Figure 11.1
and letGy, be the transfer function relating the measured sigrtalthe reference
r. Show that the sensitivities dby, with respect to the feedforward and feed-
back transfer functiong andC are given bydGy,=dF D CP=.1C PC/ and
dGy,=dCD FP=.1C PC/?D Gy L=C.

11.6(Equivalence of controllers with two degrees of freedom) Stiaithe systems
inFigures 11.1 and 11.3 give the same responses to commaradksid-,,CC F, D
CF.
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11.7(Disturbance attenuation) Consider the feedback systemrsim Figure 11.1.
Assume that the reference signal is constant.yhetbe the measured output when
there is no feedback ang, be the output with feedback. Show thé§.s/ D
S.s/'Yq . s/, whereSis the sensitivity function.

11.8 (Disturbance reduction through feedback) Consider a prakih which an
output variable has been measured to estimate the potimt@gisturbance attenu-
ation by feedback. Suppose an analysis shows that it is pessitdesign a closed
loop system with the sensitivity function

S -
s2CsC1’
Estimate the possible disturbance reduction when the megslisturbance is

y.t/ D 5sin.0:1t/ C 3sin.0:17t/ C 0:5c0s.0:9t/ C 0:1t:

S.s/ D

11.9 Show that the effect of high frequency measurement noise @mcdhtrol
signal for the system in Example 11.4 can be approximated by

Kas ,
SsT;/2=2CsT; C 1’

CS CD

and that the largest value £ S.i!/ j is ky=T; which occurs fot D P 2=T;.

11.10(Attenuation of low-frequency sinusoidal disturbances@gral action elim-
inates constant disturbances and reduces low-frequestyridances because the
controller gain is in nite at zero frequency. A similar idearcbe used to reduce the
effects of sinusoidal disturbances of known frequengyy using the controller

kss

C.s/Dk,C :
P7s2C21 ¢sC!2

This controller has the gai@s.i!/ D k,Cks=.2 / forthe frequency o, which can

be large by choosing a small value afAssume that the process has the transfer
function P.s/ D 1=s. Determine the Bode plot of the loop transfer function and
simulate the system. Compare the results with PI control.

11.11 Consider a lead compensator with the transfer function
p_
s'kCa n

C,.s/ D
" sCa

which has zero frequency ga®.0/ D 1 and high-frequency gai@.1 / D k.
Show that the gain required to give a given phase le&d

q—
KD 1C2taf'=n/C2tan'=n/ 1Cta'=n/

and that limk D € .
nll
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11.12 Consider a process with the loop transfer function
z s
s

L.s/ Dk

with positivez and p. Show that the system is stablepfz < k< 1orl1< k<
p=z, and that the largest stability margindg D jp zj=.p C Z/ is obtained for
k D 2p=.p C z/. Determine the pole/zero ratios that gives the stabilitygima
Sn D 2=3.

11.13 Prove the inequalities given by equation (11.18). (Hint: theemaximum
modulus theorem.)

11.14(Phase margin formulas) Show that the relationship betwesgpitase margin
and the values of the sensitivity functions at gain crosssvgiven by

1 .
2sin' =2/
11.15(Stabilization of an inverted pendulum with visual feedbhaCknsider sta-
bilization of an inverted pendulum based on visual feedhesikg a video camera
with a 50-Hz frame rate. Let the effective pendulum length.b&ssume that we
want the loop transfer function to have a slopengé D  1=2 at the crossover

frequency. Use the gain crossover frequency inequalitgterdhine the minimum
length of the pendulum that can be stabilized if we desireaspmargin of 45

jSil g DjT.i! 4o/j D

11.16 (Rear-steered bicycle) Consider the simple model of a kéciyt Equa-
tion (3.5), which has one pole in the right half-plane. The slaglalso valid for a
bicycle with rear wheel steering, but the sign of the velp§tthen reversed and
the system also has a zero in the right half-plane. Use thétsed Exercise 11.12
to give a condition on the physical parameters that admitsraraller with the
stability marginsy,.

11.17Prove the formula (11.20) for the complementary sensitivity



