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Preface

This book provides an introduction to the basic principles &mols for the design
and analysis of feedback systems. It is intended to serveeasd audience of
scientists and engineers who are interested in undersig@add utilizing feedback
in physical, biological, information and social system® Néve attempted to keep
the mathematical prerequisites to a minimum while beingfcéunot to sacri ce
rigor in the process. We have also attempted to make use oi@®a from a variety
of disciplines, illustrating the generality of many of tlels while at the same time
showing how they can be applied in speci ¢ application doraain

A major goal of this book is to present a concise and insightiew of the
current knowledge in feedback and control systems. The eldarftrol started
by teaching everything that was known at the time and, as mawledge was
acquired, additional courses were developed to cover nelanigues. A conse-
guence of this evolution is that introductory courses hameained the same for
many years, and it is often necessary to take many individoaises in order to
obtain a good perspective on the eld. In developing this hawek have attempted
to condense the current knowledge by emphasizing fundaineoricepts. We be-
lieve thatitis important to understand why feedback isuisé&d know the language
and basic mathematics of control and to grasp the key paredifgat have been
developed over the past half century. It is also importabetable to solve simple
feedback problems using back-of-the-envelope technjgoiescognize fundamen-
tal limitations and dif cult control problems and to have &féor available design
methods.

This book was originally developed for use in an experimesaalse at Caltech
involving students from a wide set of backgrounds. The cowas offered to
undergraduates at the junior and senior levels in traditiengineering disciplines,
as well as rst- and second-year graduate students in engirgeeend science. This
latter group included graduate students in biology, compsitience and physics.
Over the course of several years, the text has been classested at Caltech and
at Lund University, and the feedback from many students alidagues has been
incorporated to help improve the readability and accel#tsilof the material.

Because of its intended audience, this book is organizedslightly unusual
fashion compared to many other books on feedback and cohtrparticular, we
introduce a number of concepts in the text that are normabgnved for second-
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year courses on control and hence often not available teestadvho are not
control systems majors. This has been done at the expensetaihdeaditional
topics, which we felt that the astute student could learefirehdently and are often
explored through the exercises. Examples of topics that we inaluded are non-
linear dynamics, Lyapunov stability analysis, the matsip@nential, reachability
and observability, and fundamental limits of performanod eobustness. Topics
that we have deemphasized include root locus techniqued/|dg compensation
and detailed rules for generating Bode and Nyquist plotsamdh

Several features of the book are designed to facilitate asfduaction as a basic
engineering text and as an introduction for researcheratural, information and
social sciences. The bulk of the material is intended to be usgardless of the
audience and covers the core principles and tools in theysisadnd design of
feedback systems. Advanced sections, marked by the “dangdrend” symbols
shown here, contain material that requires a slightly mecérical background,
of the sort that would be expected of senior undergraduatesgineering. A few
sections are marked by two dangerous bend symbols and arelet for readers
with more specialized backgrounds, identi ed at the begigrof the section. To
limit the length of the text, several standard results andrestons are given in the
exercises, with appropriate hints toward their solutions.

To further augment the printed material contained here napemion web site
has been developed and is available from the publisher'spagb:

http://www.cds.caltech.edumurray/amwiki

The web site contains a database of frequently asked quessigmplemental exam-
ples and exercises, and lecture material for courses bagkisdext. The material is
organized by chapter and includes a summary of the majotgivithe text as well
as links to external resources. The web site also contairsotiree code for many
examples in the book, as well as utilities to implement tlvhméques described in
the text. Most of the code was originally written using MATLAB-N&s but was
also tested with LabView MathScript to ensure compatibiliiyrvboth packages.
Many les can also be run using other scripting languages sisdbctave, ScilLab,
SysQuake and Xmath.

The rst half of the book focuses almost exclusively on statacgpcontrol
systems. We begin in Chaptwith a description of modeling of physical, biolog-
ical and information systems using ordinary differentiqliations and difference
equations. Chapt& presents a number of examples in some detail, primarily as a
reference for problems that will be used throughout the tesitowing this, Chap-
ter 4 looks at the dynamic behavior of models, including de nisoof stability
and more complicated nonlinear behavior. We provide ad@usections in this
chapter on Lyapunov stability analysis because we nd thitlitseful in a broad
array of applications and is frequently a topic that is natoduced until later in
one's studies.
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The remaining three chapters of the rst half of the book foauBreear systems,
beginning with a description of input/output behavior inapter5. In Chapters,
we formally introduce feedback systems by demonstratingdtate space control
laws can be designed. This is followed in Chaptdsy material on output feed-
back and estimators. Chapté&and7 introduce the key concepts of reachability
and observability, which give tremendous insight into theice of actuators and
sensors, whether for engineered or natural systems.

The second half of the book presents material that is oftesidered to be
from the eld of “classical control.” This includes the traesfunction, introduced
in Chapter8, which is a fundamental tool for understanding feedbaclesys.
Using transfer functions, one can begin to analyze thel#tabi feedback systems
using frequency domain analysis, including the abilitygagon about the closed
loop behavior of a system from its open loop characterisiibss is the subject of
Chapter9, which revolves around the Nyquist stability criterion.

In Chaptersl0 and 11, we again look at the design problem, focusing rst
on proportional-integral-derivative (PID) controllersdaihen on the more general
process of loop shaping. PID control is by far the most commemsigih technique
in control systems and a useful tool for any student. The enapt frequency
domain design introduces many of the ideas of modern cotitedry, including
the sensitivity function. In Chaptd2, we combine the results from the second half
of the book to analyze some of the fundamental trade-offsdsent robustness and
performance. This is also a key chapter illustrating the pa@fthe techniques that
have been developed and serving as an introduction for niwamnaed studies.

The book is designed for use in a 10- to 15-week course in feédbastems
that provides many of the key concepts needed in a varietysofptines. For a
10-week course, Chaptets2, 4-6 and8-11can each be covered in a week's time,
with the omission of some topics from the nal chapters. A mieisurely course,
spread outover 14-15 weeks, could cover the entire bodk 2viteeks on modeling
(Chapterg and3)—particularly for students without much background inineaty
differential equations—and 2 weeks on robust performaGtapterl2).

The mathematical prerequisites for the book are modest akddping with
our goal of providing an introduction that serves a broadienme. We assume
familiarity with the basic tools of linear algebra, incladi matrices, vectors and
eigenvalues. These are typically covered in a sophomoeg-teurse on the sub-
ject, and the textbooks by Aposto\po69, Arnold [Arn87] and Strang $tr89
can serve as good references. Similarly, we assume basidédagswof differential
equations, including the concepts of homogeneous anapkatisolutions for lin-
ear ordinary differential equations in one variable. ApbgApo69 and Boyce and
DiPrima [BD04] cover this material well. Finally, we also make use of comple
numbers and functions and, in some of the advanced sectians, detailed con-
cepts in complex variables that are typically covered im&julevel engineering or
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physics course in mathematical methods. ApoApid67] or Stewart te03 can

be used for the basic material, with Ahlfo/At{166], Marsden and HoffmarjIHO8]

or Saff and Snider§S02 being good references for the more advanced material.
We have chosen not to include appendices summarizing tle®eis topics since
there are a number of good books available.

One additional choice that we felt was important was thesiegcinot to rely
on a knowledge of Laplace transforms in the book. While the& is by far the
most common approach to teaching feedback systems in emgigemany stu-
dents in the natural and information sciences may lack thessary mathematical
background. Since Laplace transforms are not required in ssgnéial way, we
have included them only in an advanced section intendecetthings together
for students with that background. Of course, we make trelmesn use ofransfer
functions which we introduce through the notion of response to exptialenputs,
an approach we feel is more accessible to a broad array ottistteand engineers.
For classes in which students have already had Laplace dramsfit should be
quite natural to build on this background in the approprisetions of the text.
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Chapter One

Introduction

Feedback is a central feature of life. The process of feedback goliemsve grow, respond
to stress and challenge, and regulate factors such as body temperalkooe, pressure and
cholesterol level. The mechanisms operate at every level, from thedtiteraf proteins in
cells to the interaction of organisms in complex ecologies.

M. B. Hoagland and B. Dodsoithe Way Life Works1995 HD95].

In this chapter we provide an introduction to the basic cphoéfeedbackand
the related engineering disciplineawntrol. We focus on both historical and current
examples, with the intention of providing the context forremt tools in feedback
and control. Much of the material in this chapter is adaptedf[Mur03], and
the authors gratefully acknowledge the contributions aj@&drockett and Gunter
Stein to portions of this chapter.

1.1 What Is Feedback?

A dynamical systeis a system whose behavior changes over time, oftenin respon
to external stimulation or forcing. The teri@edbackefers to a situation in which
two (or more) dynamical systems are connected together thatleach system
in uences the other and their dynamics are thus strongly embSimple causal
reasoning about a feedback system is dif cult because thesystem in uences
the second and the second system in uences the rst, leadiagitcular argument.
This makes reasoning based on cause and effect tricky, anmbitessary to analyze
the system as awhole. A consequence of this is that the ltudfeedback systems
is often counterintuitive, and it is therefore necessameswort to formal methods
to understand them.

Figurel.lillustrates in block diagram form the idea of feedback. Wemlise
the termsopen loopand closed loopwhen referring to such systems. A system
is said to be a closed loop system if the systems are inteexbad in a cycle, as
shown in Figurel.1a If we break the interconnection, we refer to the con guratio
as an open loop system, as shown in Figlifida

As the quote at the beginning of this chapter illustratesapnsource of exam-
ples of feedback systems is biology. Biological systemsenede of feedback in an
extraordinary number of ways, on scales ranging from mdésao cells to organ-
isms to ecosystems. One example is the regulation of gluodbe bloodstream
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u y r u y
= System 1—»| System 2 - — System 1—| System 2——
(a) Closed loop (b) Open loop

Figure 1.1: Open and closed loop systems. (a) The output of system 1 is used aguhefin
system 2, and the output of system 2 becomes the input of system tingr@a&losed loop
system. (b) The interconnection between system 2 and system 1 is ibraodethe system
is said to be open loop.

through the production of insulin and glucagon by the paar&he body attempts
to maintain a constant concentration of glucose, which éslusy the body's cells
to produce energy. When glucose levels rise (after eatingal,for example), the
hormone insulin is released and causes the body to storesghleose in the liver.
When glucose levels are low, the pancreas secretes the herghacagon, which
has the opposite effect. Referring to Figdr&, we can view the liver as system 1
and the pancreas as system 2. The output from the liver isticegg concentration
in the blood, and the output from the pancreas is the amounsofin or glucagon
produced. The interplay between insulin and glucagon seogethroughout the
day helps to keep the blood-glucose concentration constiatbout 90 mg per
100 mL of blood.

An early engineering example of a feedback system is a ¢egaligovernor,
in which the shaft of a steam engine is connected to a yballmatsm that is
itself connected to the throttle of the steam engine, astitdied in Figurd.2 The
system is designed so that as the speed of the engine ine(pasieaps because of a
lessening of the load on the engine), the yballs spread @pata linkage causesthe
throttle on the steam engine to be closed. This in turn slowsdbe engine, which
causes the yballs to come back together. We can model thizsyas a closed
loop system by taking system 1 as the steam engine and sysdsrih2 governor.
When properly designed, the yball governor maintains a tamisspeed of the
engine, roughly independent of the loading conditions. Téwrdfugal governor
was an enabler of the successful Watt steam engine, whidbdftlee industrial
revolution.

Feedback has many interesting properties that can be egblimitdesigning
systems. As in the case of glucose regulation or the yballegoer, feedback can
make a system resilienttoward external in uences. It camla¢sused to create linear
behavior out of nonlinear components, a common approacleatrenics. More
generally, feedback allows a system to be insensitive lmogixternal disturbances
and to variations in its individual elements.

Feedback has potential disadvantages as well. It can crgaaec instabilities
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Figure 1.2: The centrifugal governor and the steam engine. The centrifugahgoven the
left consists of a set of yballs that spread apart as the speed of tjieeincreases. The
steam engine on the right uses a centrifugal governor (above andladttbéthe ywheel)
to regulate its speed. (Credit: Machine a Vapeur Horizontale de Philip TEy8a88].)

in a system, causing oscillations or even runaway beha#ioother drawback,
especially in engineering systems, is that feedback candate unwanted sensor
noise into the system, requiring careful ltering of signdlsis for these reasons
that a substantial portion of the study of feedback systsrdevoted to developing
an understanding of dynamics and a mastery of techniquegiamaical systems.

Feedback systems are ubiquitous in both natural and engiohegstems. Con-
trol systems maintain the environment, lighting and poweour buildings and
factories; they regulate the operation of our cars, cons@heetronics and manu-
facturing processes; they enable our transportation andmemications systems;
and they are critical elements in our military and spaceesgyst For the most part
they are hidden from view, buried within the code of embeduéttoprocessors,
executing their functions accurately and reliably. Feeldliss also made it pos-
sible to increase dramatically the precision of instrureentch as atomic force
microscopes (AFMs) and telescopes.

In nature, homeostasis in biological systems maintaingrtak chemical and
biological conditions through feedback. At the other endhef size scale, global
climate dynamics depend on the feedback interactions legttie atmosphere, the
oceans, the land and the sun. Ecosystems are lled with exanopfeedback due
to the complex interactions between animal and plant lifeerEthe dynamics of
economies are based on the feedback between individuat®gmatations through
markets and the exchange of goods and services.
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1.2 What Is Control?

The termcontrol has many meanings and often varies between communities. In
this book, we de ne control to be the use of algorithms and lieedt in engineered
systems. Thus, control includes such examples as feedbakilo electronic am-

pli ers, setpoint controllers in chemical and materials gssing, “ y-by-wire”
systems on aircraft and even router protocols that contbtt ow on the Inter-

net. Emerging applications include high-con dence softwaygtems, autonomous
vehicles and robots, real-time resource management systechbiologically en-
gineered systems. At its core, control isiaformationscience and includes the
use of information in both analog and digital representetio

A modern controller senses the operation of a system, caspbagainst the
desired behavior, computes corrective actions based ondelnbd the system's
response to external inputs and actuates the system td #féeedesired change.
This basideedback loopf sensing, computation and actuation is the central con-
cept in control. The key issues in designing control logic @msuring that the
dynamics of the closed loop system are stable (boundediigstoes give bounded
errors) and that they have additional desired behaviordghsturbance attenua-
tion, fast responsiveness to changes in operating poujt, Bhese properties are
established using a variety of modeling and analysis tegles that capture the
essential dynamics of the system and permit the explorafipossible behaviors
in the presence of uncertainty, noise and component failure

Atypical example of a control system is shown in Figlir& The basic elements
of sensing, computation and actuation are clearly seenotitenm control systems,
computation is typically implemented on a digital computeguiring the use of
analog-to-digital (A/D) and digital-to-analog (D/A) coenters. Uncertainty enters
the system through noise in sensing and actuation subsyst&tarnal disturbances
that affect the underlying system operation and uncertgivadhics in the system
(parameter errors, unmodeled effects, etc). The algoritiatrcomputes the control
action as a function of the sensor values is often calledrdrol law. The system
can be in uenced externally by an operator who introducesymand signalso
the system.

Control engineering relies on and shares tools from phy@&gaamics and
modeling), computer science (information and software) @perations research
(optimization, probability theory and game theory), buisitalso different from
these subjects in both insights and approach.

Perhaps the strongest area of overlap between control aeddisiciplines is in
the modeling of physical systems, which is common acrosseils of engineering
and science. One of the fundamental differences betweemotaniented mod-
eling and modeling in other disciplines is the way in whictemactions between
subsystems are represented. Control relies on a type afaypput modeling that
allows many new insights into the behavior of systems, ssahsiurbance attenu-
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external disturbances

= System -
i Clock 1
! Y $ Y i
| D/IA |« Computer |« AD |« Filter |« :
S I ,,,,,,,,,,,,,,,,,,,, Controller

operator input

Figure 1.3: Components of a computer-controlled system. The upper dasheéjp@sents
the process dynamics, which include the sensors and actuators in addlitiendynamical
system being controlled. Noise and external disturbances can pereudyilamics of the
process. The controller is shown in the lower dashed box. It consiatdtef and analog-to-
digital (A/D) and digital-to-analog (D/A) converters, as well as a compiltarimplements
the control algorithm. A system clock controls the operation of the contrsijachronizing
the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

ation and stable interconnection. Model reduction, whesienpler (lower- delity)
description of the dynamics is derived from a high- delity ded, is also naturally
described in an input/output framework. Perhaps most inaptlt modeling in a
control context allows the design afbustinterconnections between subsystems,
a feature that is crucial in the operation of all large engird systems.

Controlis also closely associated with computer sciermgeesiirtually all mod-
ern control algorithms for engineering systems are implaetkin software. How-
ever, control algorithms and software can be very diffefesrh traditional com-
puter software because of the central role of the dynamitseofystem and the
real-time nature of the implementation.

1.3 Feedback Examples

Feedback has many interesting and useful properties. ItsigBessible to design
precise systems from imprecise components and to makearglguantities in a
system change in a prescribed fashion. An unstable systetmecstabilized using
feedback, and the effects of external disturbances cancueed. Feedback also
offers new degrees of freedom to a designer by exploitingisgnactuation and
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Movement Load
opens Spring Accderator
throttle \ Peail
\ Spead-
Adjusimert
Electranagnet Governor KnoP
Contads Latching
Button
- Flyball
Reversible Sped-
Motor Gowernor or?]ete
-~—— Adjusimert
Spring <E>
€
(a) Honeywell thermostat, 1953 (b) Chrysler cruise control, 1958

Figure 1.4: Early control devices. (a) Honeywell T87 thermostat originally intrelmn
1953. The thermostat controls whether a heater is turned on by compleircurrent tem-
perature in aroom to a desired value that is set using a dial. (b) Chrysise control system
introduced in the 1958 Chrysler Imperi&¢w5§. A centrifugal governor is used to detect
the speed of the vehicle and actuate the throttle. The reference speediisgthrough an
adjustment spring. (Left gure courtesy of Honeywell Internatiomad, )

computation. In this section we survey some of the imporgglications and
trends for feedback in the world around us.

Early Technological Examples

The proliferation of control in engineered systems occumeaharily in the latter
half of the 20th century. There are some important exceptsuth as the centrifugal
governor described earlier and the thermostat (Figutg, designed at the turn of
the century to regulate the temperature of buildings.

The thermostat, in particular, is a simple example of feekibantrol that every-
one is familiar with. The device measures the temperaturéirnlding, compares
that temperature to a desired setpoint and usefetttback errobetween the two
to operate the heating plant, e.g., to turn heat on when thpegture is too low
and to turn it off when the temperature is too high. This exalemm captures the
essence of feedback, but it is a bit too simple even for a lwhsiice such as the
thermostat. Because lags and delays exist in the heating)qoha sensor, a good
thermostat does a bit of anticipation, turning the heatidvefre the error actually
changes sign. This avoids excessive temperature swingsaligoof the heating
plant. This interplay between the dynamics of the processtadperation of the
controller is a key element in modern control systems design

There are many other control system examples that have gedtlover the
years with progressively increasing levels of sophisiticatAn early system with
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broad public exposure was teauise controloption introduced on automobiles in
1958 (see Figuré.4b). Cruise control illustrates the dynamic behavior of ctbse
loop feedback systems in action—the slowdown error as thiesyclimbs a grade,
the gradual reduction of that error due to integral actiothécontroller, the small
overshoot at the top of the climb, etc. Later control systemawtomobiles such
as emission controls and fuel-metering systems have aghieajor reductions of
pollutants and increases in fuel economy.

Power Generation and Transmission

Access to electrical power has been one of the major driveteahnological
progress in modern society. Much of the early developmenbafrol was driven
by the generation and distribution of electrical power. aris mission critical
for power systems, and there are many control loops in iddai power stations.
Control is also important for the operation of the whole powetwork since it
is dif cult to store energy and it is thus necessary to matobdpiction to con-
sumption. Power management is a straightforward regulatioblem for a system
with one generator and one power consumer, but it is more wlif in a highly
distributed system with many generators and long distalpe®geen consumption
and generation. Power demand can change rapidly in an uotakldi manner and
combining generators and consumers into large networkesiggossible to share
loads among many suppliers and to average consumption amaimgcustomers.
Large transcontinental and transnational power systenssthavefore been built,
such as the one show in Figuteb.

Most electricity is distributed by alternating current (A@ecause the transmis-
sion voltage can be changed with small power losses usingftianers. Alternating
current generators can deliver power only if the generatsynchronized to the
voltage variations in the network. This means that the ratbedl generators in a
network must be synchronized. To achieve this with locaédé&@lized controllers
and a small amount of interaction is a challenging probleror&gtic low-frequency
oscillations between distant regions have been observed vegional power grids
have been interconnectel\v05].

Safety and reliability are major concerns in power systemsrdmay be dis-
turbances due to trees falling down on power lines, liglgminequipment failures.
There are sophisticated control systems that attempt to tkeegpystem operating
even when there are large disturbances. The control acteonbesto reduce volt-
age, to break up the net into subnets or to switch off linesgaveer users. These
safety systems are an essential element of power distibatistems, but in spite
of all precautions there are occasionally failures in lgrgeer systems. The power
system is thus a nice example of a complicated distributetésywhere control is
executed on many levels and in many different ways.
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Figure 1.5: A small portion of the European power network. By 2008 Europeanepow
suppliers will operate a single interconnected network covering a regiomthe Arctic to
the Mediterranean and from the Atlantic to the Urals. In 2004 the installedmpeagmore
than 700 GW (7 10" W). (Source: UCTE [www.ucte.org])

L
Le Solel_{ Echalos s

Volvon, 4 T3
Jacquad 2= (‘ 3
LaRiviee -t
Trevas g St Alban )

P Cordier
Sans &
Gervans

1s5C
ratclaux

Aerospace and Transportation

In aerospace, control has been a key technological catyatbdicing back to the
beginning of the 20th century. Indeed, the Wright brotheesarrectly famous
not for demonstrating simply powered ight babntrolledpowered ight. Their
early Wright Flyer incorporated moving control surfacegijeal ns and canards)
and warpable wings that allowed the pilot to regulate theraft's ight. In fact,
the aircraft itself was not stable, so continuous pilot ections were mandatory.
This early example of controlled ight was followed by a fasaiimg success story
of continuous improvements in ight control technology, uhating in the high-
performance, highly reliable automatic ight control syste we see in modern
commercial and military aircraft today (Figute6).

Similar success stories for control technology have ocdumemany other
application areas. Early World War Il bombsights and re cohservo systems
have evolved into today's highly accurate radar-guidedsgamd precision-guided
weapons. Early failure-prone space missions have evolvedantine launch oper-
ations, manned landings on the moon, permanently mannee sgations, robotic
vehicles roving Mars, orbiting vehicles at the outer plaraid a host of commer-
cial and military satellites serving various surveillappemmunication, navigation
and earth observation needs. Cars have advanced from ryatwredd mechani-
cal/pneumatic technology to computer-controlled operatif all major functions,
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(a) F/A-18 “Hornet” (b) X-45 UCAV

Figure 1.6: Military aerospace systems. (a) The F/A-18 aircraft is one of the mstipction
military ghters to use “ y-by-wire” technology. (b) The X-45 (UCAV) mmanned aerial
vehicle is capable of autonomous ight, using inertial measuremenbsgiasid the global
positioning system (GPS) to monitor its position relative to a desired traje¢®rgtographs
courtesy of NASA Dryden Flight Research Center.)

including fuel injection, emission control, cruise comjtaraking and cabin com-
fort.

Current research in aerospace and transportation systeimgestigating the
application of feedback to higher levels of decision makingluding logical regu-
lation of operating modes, vehicle con gurations, payload gurations and health
status. These have historically been performed by humaratgrer but today that
boundary is moving and control systems are increasingipgedn these functions.
Another dramatic trend on the horizon is the use of largeectithns of distributed
entities with local computation, global communication geations, little regularity
imposed by the laws of physics and no possibility of impogiagtralized control
actions. Examples of this trend include the national airspa@anagement problem,
automated highway and traf c management and command andatdoi future
battle elds.

Materials and Processing

The chemical industry is responsible for the remarkable n@sgyin developing
new materials that are key to our modern society. In additdhe continuing need
to improve product quality, several other factors in thecpss control industry
are drivers for the use of control. Environmental statutegioae to place stricter
limitations on the production of pollutants, forcing thews sophisticated pollution
control devices. Environmental safety considerations Hadeto the design of
smaller storage capacities to diminish the risk of majonuical leakage, requiring
tighter control on upstream processes and, in some caggdy stains. And large
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Figure 1.7: Materials processing. Modern materials are processed underloacefutrolled
conditions, using reactors such as the metal organic chemical vapositien (MOCVD)
reactor shown on the left, which was for manufacturing supercondutin Ims. Using
lithography, chemical etching, vapor deposition and other technigoeglex devices can
be built, such as the IBM cell processor shown on the right. (MOCVD incagetesy of Bob
Kee. IBM cell processor photograph courtesy Tom Way, IBM Caafion; unauthorized use
not permitted.)

increases in energy costs have encouraged engineersga gémits that are highly
integrated, coupling many processes that used to opeds&pamdently. All of these
trends increase the complexity of these processes andrfioerpance requirements
for the control systems, making control system design emirgly challenging.
Some examples of materials-processing technology are simokigurel1.7.

As in many other application areas, new sensor technologyeating new
opportunities for control. Online sensors—including tabackscattering, video
microscopy and ultraviolet, infrared and Raman spectimgeeare becoming more
robustand less expensive and are appearing in more mamuf@girocesses. Many
of these sensors are already being used by current processlcgystems, but
more sophisticated signal-processing and control teciesigre needed to use more
effectively the real-time information provided by thesesers. Control engineers
also contribute to the design of even better sensors, whietstidl needed, for
example, in the microelectronics industry. As elsewhdre,challenge is making
use of the large amounts of data provided by these new seimsars effective
manner. In addition, a control-oriented approach to modefe essential physics
of the underlying processes is required to understand théafmental limits on
observability of the internal state through sensor data.
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Figure 1.8: The voltage clamp method for measuring ion currents in cells using fekdha
pipet is used to place an electrode in a cell (left and middle) and maintaiotéstal of the
cell at a xed level. The internal voltage in the celis and the voltage of the external uid
is Ve. The feedback system (right) controls the curretto the cell so that the voltage drop
across the cell membrade D v; Ve is equal to its reference valde . The current is
then equal to the ion current.

Instrumentation

The measurement of physical variables is of prime interestisnce and engineer-
ing. Consider, for example, an accelerometer, where eatyuments consisted of
a mass suspended on a spring with a de ection sensor. The iprecssuch an
instrument depends critically on accurate calibratiorhefspring and the sensor.
There is also a design compromise because a weak spring ggvesamsitivity but
low bandwidth.

A different way of measuring acceleration is to tfisece feedbackThe spring
is replaced by a voice coil that is controlled so that the mes®ins at a constant
position. The acceleration is proportional to the curremtigh the voice coil. In
such aninstrument, the precision depends entirely on theation of the voice coll
and does not depend on the sensor, which is used only as thsafdesignal. The
sensitivity/bandwidth compromise is also avoided. This whysing feedback has
been applied to many different engineering elds and hasltedun instruments
with dramatically improved performance. Force feedbackls® used in haptic
devices for manual control.

Another important application of feedback is in instrunadiain for biological
systems. Feedback is widely used to measure ion currentdisruseng a device
called avoltage clampwhich is illustrated in Figuré.8. Hodgkin and Huxley used
the voltage clamp to investigate propagation of actionmitdés in the axon of the
giant squid. In 1963 they shared the Nobel Prize in Medicirth ®ccles for “their
discoveries concerning the ionic mechanisms involved aitation and inhibition
in the peripheral and central portions of the nerve cell rramé.” A re nement of
the voltage clamp calledatch clampmade it possible to measure exactly when a
single ion channelis opened or closed. This was developechgifand Sakmann,
who received the 1991 Nobel Prize in Medicine “for their diggies concerning
the function of single ion channels in cells.”

There are many other interesting and useful applicationsexdlfack in scien-
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ti c instruments. The development of the mass spectrometanisarly example.
In a 1935 paper, Nier observed that the de ection of ions ddpemn both the
magnetic and the electric elds\je35. Instead of keeping both elds constant,
Nier let the magnetic eld uctuate and the electric eld was ¢aolled to keep the
ratio between the elds constant. Feedback was implementied wvacuum tube
ampli ers. This scheme was crucial for the development of nsp&stroscopy.

The Dutch engineer van der Meer invented a clever way to usthéei to
maintain a good-quality high-density beam in a particlesterator MPTvdM8(Q.
The idea is to sense particle displacement at one point incitedexator and apply
a correcting signal at another point. This scheme, catedhastic coolingwas
awarded the Nobel Prize in Physics in 1984. The method was &sdsiemtthe
successful experiments at CERN where the existence of thielparW and Z
associated with the weak force was rst demonstrated.

The 1986 Nobel Prize in Physics—awarded to Binnig and Rohréhéardesign
of the scanning tunneling microscope—is another exampda afinovative use of
feedback. The key idea is to move a narrow tip on a cantile\eamlkaecross a surface
and to register the forces on the tiBR86. The de ection of the tip is measured
using tunneling. The tunneling current is used by a feedbgsies to control the
position of the cantilever base so that the tunneling caiisstonstant, an example
of force feedback. The accuracy is so high that individuairstoan be registered.
A map of the atoms is obtained by moving the base of the castileorizontally.
The performance of the control system is directly re ectedimitnage quality and
scanning speed. This example is described in additionail det@hapter3.

Robotics and Intelligent Machines

The goal of cybernetic engineering, already articulatederi940s and even before,
has been to implement systems capable of exhibiting hightible or “intelligent”
responses to changing circumstances. In 1948 the MIT matieiem Norbert
Wiener gave a widely read account of cybernetitdd4g. A more mathematical
treatment of the elements of engineering cybernetics wesepited by H. S. Tsien
in 1954, driven by problems related to the control of miss[lEsi54]. Together,
these works and others of that time form much of the inteli@dbasis for modern
work in robotics and control.

Two accomplishments that demonstrate the successes ofltharethe Mars
Exploratory Rovers and entertainment robots such as the S8 Ashown in
Figure 1.9. The two Mars Exploratory Rovers, launched by the Jet Propulsio
Laboratory (JPL), maneuvered on the surface of Mars for moredlyaars starting
in January 2004 and sent back pictures and measuremengsradiiliironment. The
Sony AIBO robot debuted in June 1999 and was the rst “ententaint” robot to be
mass-marketed by a major international corporation. Itpeaticularly noteworthy
because of its use of arti cial intelligence (Al) technolegithat allowed it to act in
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Figure 1.9:Robotic systems. (a) Spirit, one of the two Mars Exploratory Rovers thdelhon
Mars in January 2004. (b) The Sony AIBO Entertainment Robot, otteeofst entertainment
robots to be mass-marketed. Both robots make use of feedback betgresors, actuators and
computation to function in unknown environments. (Photographs cqusfeket Propulsion
Laboratory and Sony Electronics, Inc.)

response to external stimulation and its own judgment. Tiglsdr level of feedback
is a key element in robotics, where issues such as obstamteance, goal seeking,
learning and autonomy are prevalent.

Despite the enormous progress in robotics over the lastcealfury, in many
ways the eld is still in its infancy. Today's robots still eitsit simple behaviors
compared with humans, and their ability to locomote, intetrjgomplex sensory
inputs, perform higher-level reasoning and cooperateth@gen teams is limited.
Indeed, much of Wiener's vision for robotics and intelligenachines remains
unrealized. While advances are needed in many elds to aehileis vision—
including advances in sensing, actuation and energy sterdlge opportunity to
combine the advances of the Al community in planning, adaptand learning
with the techniques in the control community for modelingalgsis and design of
feedback systems presents a renewed path for progress.

Networks and Computing Systems

Control of networks is a large research area spanning magstancluding con-

gestion control, routing, data caching and power managerSeneral features of
these control problems make them very challenging. The damifeature is the
extremely large scale of the system; the Internet is prgbtg largest feedback
control system humans have ever built. Another is the deairdd nature of the
control problem: decisions must be made quickly and basbdoorocal informa-

tion. Stability is complicated by the presence of varyingdilags, as information
about the network state can be observed or relayed to clamgroinly after a delay,
and the effect of alocal control action can be felt throudtloe network only after



1.3. FEEDBACK EXAMPLES 14

=)
= J 008 [
] Request Requst Request
Clients - e >
] Reply Reply Reply
= 000 0
g Tierl Tier 2 Tier 3
(a) Multitiered Internet services (b) Individual server

Figure 1.10: A multitier system for services on the Internet. In the complete system shown
schematically in (a), users request information from a set of corrp(tter 1), which in turn
collect information from other computers (tiers 2 and 3). The individealer shown in (b)

has a set of reference parameters set by a (human) system opwititdeedback used to
maintain the operation of the system in the presence of uncertainty. (Baddéellerstein et

al. [HDPTO04.)

substantial delay. Uncertainty and variation in the nekwtinrough network topol-
ogy, transmission channel characteristics, traf c demamdl aailable resources,
may change constantly and unpredictably. Other comptigasisues are the diverse
traf ¢ characteristics—in terms of arrival statistics aththe packet and ow time
scales—and the different requirements for quality of serthat the network must
support.

Related to the control of networks is control of the servkead &it on these net-
works. Computers are key components of the systems of muteb servers and
database servers used for communication, electronic cooemadvertising and
information storage. While hardware costs for computingetdecreased dramati-
cally, the cost of operating these systems has increasedigeof the dif culty in
managing and maintaining these complex interconnectedrags The situation is
similar to the early phases of process control when feedwaskrst introduced to
control industrial processes. As in process control, tlaeeeinteresting possibili-
ties for increasing performance and decreasing costs byiagpeedback. Several
promising uses of feedback in the operation of computeesystare described in
the book by Hellerstein et alHDPTO04.

A typical example of a multilayer system for e-commerce isvah in Fig-
urel.10a The system has several tiers of servers. The edge servetaouEpn-
ing requests and routes them to the HTTP server tier where tieegaased and
distributed to the application servers. The processingiffarént requests can vary
widely, and the application servers may also access exteeneers managed by
other organizations.

Control of an individual server in a layer is illustrated irg#re1.10b A quan-
tity representing the quality of service or cost of openmatiesuch as response time,
throughput, service rate or memory usage—is measured totheuter. The con-
trol variables might represent incoming messages acceptiedities in the oper-
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ating system or memory allocation. The feedback loop thesgits to maintain
quality-of-service variables within a target range of esu

Economics

The economy is a large, dynamical system with many actorergovents, orga-
nizations, companies and individuals. Governments cbtiiteoeconomy through
laws and taxes, the central banks by setting interest ratks@mpanies by setting
prices and making investments. Individuals control thenecwmy through purchases,
savings and investments. Many efforts have been made tolrtieasystem both
at the macro level and at the micro level, but this modelingjfisult because the
system is strongly in uenced by the behaviors of the diffémstors in the system.

Keynes Key3€ developed a simple model to understand relations amorgggro
national product, investment, consumption and governsg@rding. One of Keynes'
observations was that under certain conditions, e.g.nduhie 1930s depression,
anincrease in the investment of government spending ceattitb a larger increase
in the gross national product. This idea was used by sevevaergments to try to
alleviate the depression. Keynes' ideas can be capturedsbyie model that is
discussed in Exercis24.

A perspective on the modeling and control of economic systean be obtained
from the work of some economists who have received the SveRgesbank Prize
in Economics in Memory of Alfred Nobel, popularly called theld&l Prize in
Economics. Paul A. Samuelson received the prize in 1970 ferstienti ¢ work
through which he has developed static and dynamic econdmary and actively
contributed to raising the level of analysis in economiesce.” Lawrence Klein
received the prize in 1980 for the development of large dyoahmodels with
many parameters that were tted to historical d&&b5], e.g., a model of the
U.S. economy in the period 1929-1952. Other researchersrhadeled other
countries and other periods. In 1997 Myron Scholes sharegrthe with Robert
Merton for a new method to determine the value of derivatidd®y ingredient was
a dynamic model of the variation of stock prices that is wideded by banks and
investment companies. In 2004 Finn E. Kydland and Edward C. ¢attsthared
the economics prize “for their contributions to dynamic ne&conomics: the time
consistency of economic policy and the driving forces behtinsiness cycles,” a
topic that is clearly related to dynamics and control.

One of the reasons why it is dif cult to model economic systémthat there
are no conservation laws. A typical example is that the valua company as
expressed by its stock can change rapidly and erraticalbreTare, however, some
areas with conservation laws that permit accurate mode@mg example is the
ow of products from a manufacturer to a retailer as illuséditn Figurel.11 The
products are physical quantities that obey a conservaigrand the system can be
modeled by accounting for the number of products in the gfieinventories. There
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Figure 1.11: Supply chain dynamics (after Forrest&of61). Products ow from the pro-
ducer to the customer through distributors and retailers as indicated bglithérees. There
are typically many factories and warehouses and even more distribntbrstailers. Multiple
feedback loops are present as each agent tries to maintain the pragreoiy level.

are considerable economic bene ts in controlling supplyitha&o that products
are available to customers while minimizing products thatia storage. The real
problems are more complicated than indicated in the gureabee there may be
many different products, there may be different factories tire geographically
distributed and the factories may require raw material beassemblies.

Control of supply chains was proposed by Forrester in 186141 and is now
growing in importance. Considerable economic bene ts canlitained by using
models to minimize inventories. Their use accelerated dtiaaily when infor-
mation technology was applied to predict sales, keep trapkanlucts and enable
just-in-time manufacturing. Supply chain management hasitmted signi cantly
to the growing success of global distributors.

Advertising on the Internet is an emerging application aftcol. With network-
based advertising it is easy to measure the effect of diffarearketing strategies
quickly. The response of customers can then be modeled, adbdek strategies
can be developed.

Feedback in Nature

Many problems in the natural sciences involve understandggregate behavior
in complex large-scale systems. This behavior emerges finenmteraction of a
multitude of simpler systems with intricate patterns oormiation ow. Repre-
sentative examples can be found in elds ranging from emlaypko seismology.
Researchers who specialize in the study of speci c completesys often develop
an intuitive emphasis on analyzing the role of feedback ftgrconnection) in
facilitating and stabilizing aggregate behavior.

While sophisticated theories have been developed by domaiarts for the
analysis of various complex systems, the development a@faaus methodology
that can discover and exploit common features and essaratkematical structure



1.3. FEEDBACK EXAMPLES 17

Figure 1.12: The wiring diagram of the growth-signaling circuitry of the mammalian
cell [HWO0OQ]. The major pathways that are thought to play a role in cancer are indicate
in the diagram. Lines represent interactions between genes and priotéfirescell. Lines
ending in arrowheads indicate activation of the given gene or pathwass énding in a
T-shaped head indicate repression. (Used with permission of Elsediesrd the authors.)

is just beginning to emerge. Advances in science and teogy@alre creating a new
understanding of the underlying dynamics and the impoganhteedback in a wide
variety of natural and technological systems. We brie y Hiigitit three application
areas here.

Biological SystemsA major theme currently of interest to the biology commu-
nity is the science of reverse (and eventually forward) eegiing of biological
control networks such as the one shown in Figlw®E2 There are a wide variety
of biological phenomena that provide a rich source of exaspf control, includ-
ing gene regulation and signal transduction; hormonal,umafogical and cardio-
vascular feedback mechanisms; muscular control and lotomactive sensing,
vision and proprioception; attention and consciousnass;p@pulation dynamics
and epidemics. Each of these (and many more) provide oppibesito gure out
what works, how it works, and what we can do to affect it.

One interesting feature of biological systems is the frequse of positive feed-
back to shape the dynamics of the system. Positive feedbadiecased to create
switchlike behavior through autoregulation of a gene, ammléate oscillations such
as those present in the cell cycle, central pattern gernrsrataircadian rhythm.
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Ecosystemdn contrast to individual cells and organisms, emergenperies
of aggregations and ecosystems inherently re ect seleatiechanisms that act on
multiple levels, and primarily on scales well below that loé system as a whole.
Because ecosystems are complex, multiscale dynamicamsgsthey provide a
broad range of new challenges for the modeling and analy$&gdback systems.
Recentexperience in applying tools from control and dycahsystems to bacterial
networks suggests that much of the complexity of these n&swvs due to the
presence of multiple layers of feedback loops that provim®ist functionality
to the individual cell. Yet in other instances, events at ¢b# level bene t the
colony at the expense of the individual. Systems level arsabten be applied to
ecosystems with the goal of understanding the robustnesscbfsystems and the
extent to which decisions and events affecting individpalcses contribute to the
robustness and/or fragility of the ecosystem as a whole.

Environmental Sciencé.is now indisputable that human activities have altered
the environment on a global scale. Problems of enormous @xitylchallenge
researchers in this area, and rst among these is to undergti@feedback sys-
tems that operate on the global scale. One of the challengks/eloping such an
understanding is the multiscale nature of the problem, détiailed understanding
of the dynamics of microscale phenomena such as microbaabgrganisms be-
ing a necessary component of understanding global pherarsech as the carbon
cycle.

1.4 Feedback Properties

Feedback is a powerful idea which, as we have seen, is usatsasdly in natural
and technological systems. The principle of feedback is lenigse correcting
actions on the difference between desired and actual peafuze. In engineering,
feedback has beenrediscovered and patented many timesyrtiffarent contexts.
The use of feedback has often resulted in vast improvemesigsitem capability,
and these improvements have sometimes been revolutiasmdiscussed above.
The reason for this is that feedback has some truly remarkabfeerties. In this
section we will discuss some of the properties of feedbaakdhn be understood
intuitively. This intuition will be formalized in subsequiechapters.

Robustness to Uncertainty

One of the key uses of feedback is to provide robustness teriaiaty. By mea-
suring the difference between the sensed value of a regudagral and its desired
value, we can supply a corrective action. If the system wgubss some change that
affects the regulated signal, then we sense this changenatalforce the system
back to the desired operating point. This is precisely thecethat Watt exploited
in his use of the centrifugal governor on steam engines.
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Figure 1.13: A feedback system for controlling the speed of a vehicle. In the blockaliag
on the left, the speed of the vehicle is measured and compared to theldgsiesl within the
“Compute” block. Based on the difference in the actual and desiregtispéhe throttle (or
brake) is used to modify the force applied to the vehicle by the enginetcain and wheels.
The gure on the right shows the response of the control system to axemtted change in
speed from 25 m/s to 30 m/s. The three different curves corredpdtifiering masses of the
vehicle, between 1000 and 3000 kg, demonstrating the robustnessobdsie loop system
to a very large change in the vehicle characteristics.

As an example of this principle, consider the simple feelllsystem shown in
Figure1.13 In this system, the speed of a vehicle is controlled by diigshe
amount of gas owing to the engine. Simpteoportional-integral(PI) feedback
is used to make the amount of gas depend on both the error dretitve current
and the desired speed and the integral of that error. The plthe right shows
the results of this feedback for a step change in the desireeidsand a variety of
different masses for the car, which might result from haardjfferent number of
passengers or towing a trailer. Notice that independeihisofitass (which varies by
a factor of 3!), the steady-state speed of the vehicle ahappsoaches the desired
speed and achieves that speed within approximately 5 s. Tieysetrformance of
the system is robust with respect to this uncertainty.

Another early example of the use of feedback to provide rolass is the nega-
tive feedback ampli er. When telephone communications vekreeloped, ampli-

ers were used to compensate for signal attenuation in lamggsli A vacuum tube
was a component that could be used to build ampli ers. Diginrtaused by the
nonlinear characteristics of the tube ampli er togetherhvaimpli er drift were
obstacles that prevented the development of line ampli eraflong time. A ma-
jor breakthrough was the invention of the feedback ampliret927 by Harold S.
Black, an electrical engineer at Bell Telephone Laborasoidack usedegative
feedbackwhich reduces the gain but makes the ampli er insensitiveatdations
in tube characteristics. This invention made it possibleuitdbstable ampli ers
with linear characteristics despite the nonlinearitiethefvacuum tube ampli er.
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Design of Dynamics

Another use of feedback is to change the dynamics of a systhrough feed-
back, we can alter the behavior of a system to meet the neeals application:
systems that are unstable can be stabilized, systems éhslugigish can be made
responsive and systems that have drifting operating poemsbe held constant.
Control theory provides a rich collection of techniquesnalsize the stability and
dynamic response of complex systems and to place bounde deltavior of such
systems by analyzing the gains of linear and nonlinear opesthat describe their
components.

An example of the use of control in the design of dynamics cofrmm the area
of ight control. The following quote, from a lecture presedtby Wilbur Wright
to the Western Society of Engineers in 19McF53, illustrates the role of control
in the development of the airplane:

Men already know how to construct wings or airplanes, whittemw
driven through the air at suf cient speed, will not only sustéhe
weight of the wings themselves, but also that of the engind, af
the engineer as well. Men also know how to build engines arehsc
of suf cient lightness and power to drive these planes atanstg
speed ... Inability to balance and steer still confrontsletiis of the
ying problem ... When this one feature has been worked o, th
age of ying will have arrived, for all other dif culties are ominor
importance.

The Wright brothers thus realized that control was a key iss@mable ight.
They resolved the compromise between stability and manahiligy by building
an airplane, the Wright Flyer, that was unstable but manainer The Flyer had
a rudder in the front of the airplane, which made the plang waaneuverable. A
disadvantage was the necessity for the pilot to keep adg#tie rudder to y the
plane: if the pilot let go of the stick, the plane would craéther early aviators
tried to build stable airplanes. These would have been e@sigrbut because of
their poor maneuverability they could not be brought up thair. By using their
insight and skillful experiments the Wright brothers mdue tst successful ight
at Kitty Hawk in 1903.

Since it was quite tiresome to y an unstable aircraft, thers si@ong motiva-
tionto nd a mechanism that would stabilize an aircraft. Suckegice, invented by
Sperry, was based on the concept of feedback. Sperry used-atggpitzed pendu-
lum to provide an indication of the vertical. He then arrashgéeedback mechanism
that would pull the stick to make the plane go up if it was pioigidown, and vice
versa. The Sperry autopilot was the rst use of feedback in aartical engineer-
ing, and Sperry won a prize in a competition for the safestamgin Paris in 1914.
Figurel.14shows the Curtiss seaplane and the Sperry autopilot. Theikitigp
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Figure 1.14: Aircraft autopilot system. The Sperry autopilot (left) contained a sdbof
gyros coupled to a set of air valves that controlled the wing surfaces19h2 Curtiss used
an autopilot to stabilize the roll, pitch and yaw of the aircraft and was able iotaialevel
ight as a mechanic walked on the wing (rightifig93.

a good example of how feedback can be used to stabilize aahlestystem and
hence “design the dynamics” of the aircraft.

One of the other advantages of designing the dynamics of imel@ythat it
allows for increased modularity in the overall system desBy using feedback
to create a system whose response matches a desired pro leanvaide the
complexity and variability that may be present inside a gatesn. This allows us
to create more complex systems by not having to simultamgauree the responses
of a large number of interacting components. This was oneehtlvantages of
Black's use of negative feedback in vacuum tube ampli erg: tbsulting device
had awell-de ned linear input/output response that did rgehd on the individual
characteristics of the vacuum tubes being used.

Higher Levels of Automation

A major trend in the use of feedback is its application to kigbvels of situational
awareness and decision making. This includes not only ioaditlogical branch-
ing based on system conditions but also optimization, adiapt, learning and even
higher levels of abstract reasoning. These problems aresiddmain of the arti-
cial intelligence community, with an increasing role of dymics, robustness and
interconnection in many applications.

One ofthe interesting areas of researchin higher levels@$ibn is autonomous
control of cars. Early experiments with autonomous drivirgrevperformed by
Ernst Dickmanns, who in the 1980s equipped cars with camerdother sen-
sors Pic07]. In 1994 his group demonstrated autonomous driving wittmén su-
pervision on a highway near Paris and in 1995 one of his cargedtutonomously
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Figure 1.15:DARPA Grand Challenge. “Alice,” Team Caltech's entry in the 2005 an@i720
competitions and its networked control architect @& G+064. The feedback system fuses
data from terrain sensors (cameras and laser range nders) tordie¢éea digital elevation
map. This map is used to compute the vehicle's potential speed over thétend an
optimization-based path planner then commands a trajectory for the véhitddow. A
supervisory control module performs higher-level tasks suchrdling sensor and actuator
failures.

(with human supervision) from Munich to Copenhagen at spaddup to 175
km/hour. The car was able to overtake other vehicles and ehlangs automati-
cally.

This application area has been recently explored througb&iRPA Grand
Challenge, a series of competitions sponsored by the U.&rgment to build ve-
hicles that can autonomously drive themselves in desertigmah environments.
Caltech competed in the 2005 and 2007 Grand Challengesasiogli ed Ford E-
350 offroad van nicknamed “Alice.” It was fully automateiciuding electronically
controlled steering, throttle, brakes, transmission gndion. Its sensing systems
included multiple video cameras scanning at 10-30 Hz, sélaser ranging units
scanning at 10 Hz and an inertial navigation package capdpi®viding position
and orientation estimates at 5 ms temporal resolution. Céatipnal resources in-
cluded 12 high-speed servers connected together througbtdsiEthernet switch.
The vehicle is shown in Figurg.15 along with a block diagram of its control
architecture.

The software and hardware infrastructure that was develepabled the ve-
hicle to traverse long distances at substantial speedsstimgj, Alice drove itself
more than 500 km in the Mojave Desert of California, with thédity to follow dirt
roads and trails (if present) and avoid obstacles alongdtie Speeds of more than
50 km/h were obtained in the fully autonomous mode. Substiantiing of the al-
gorithms was done during desert testing, in part because dditk of systems-level
design tools for systems of this level of complexity. Othempetitors in the race
(including Stanford, which won the 2005 competition) usepbathms for adaptive
control and learning, increasing the capabilities of tlsggtems in unknown en-
vironments. Together, the competitors in the Grand Chgedemonstrated some
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of the capabilities of the next generation of control systemd highlighted many
research directions in control at higher levels of decisi@king.

Drawbacks of Feedback

While feedback has many advantages, it also has some drisvi2icsief among
these is the possibility of instability if the system is natstyned properly. We
are all familiar with the effects opositive feedbackvhen the ampli cation on
a microphone is turned up too high in a room. This is an exampfeerback
instability, something that we obviously want to avoid. Tisidgricky because we
must design the system not only to be stable under nominalittoms but also to
remain stable under all possible perturbations of the dycem

In addition to the potential for instability, feedback imaetly couples different
parts of a system. One common problem is that feedback aiffects measurement
noise into the system. Measurements must be carefully dterethat the actuation
and process dynamics do not respond to them, while at thetsa@ensuring that
the measurement signal from the sensor is properly couptedthe closed loop
dynamics (so that the proper levels of performance are aetije

Another potential drawback of control is the complexity ofleedding a control
system in a product. While the cost of sensing, computatioheetuation has de-
creased dramatically in the past few decades, the fact nsrtfzat control systems
are often complicated, and hence one must carefully bathieasosts and bene ts.
An early engineering example of this is the use of micropssoe-based feedback
systems in automobiles.The use of microprocessors in atiwerapplications be-
gan in the early 1970s and was driven by increasingly stridsgions standards,
which could be met only through electronic controls. Earlsteyns were expensive
and failed more often than desired, leading to frequenboost dissatisfaction. It
was only through aggressive improvements in technology ttiea performance,
reliability and cost of these systems allowed them to be usadransparent fash-
ion. Even today, the complexity of these systems is such thsif cult for an
individual car owner to x problems.

Feedforward

Feedback is reactive: there must be an error before coreeattions are taken.
However, in some circumstances it is possible to measurstarbdance before it
enters the system, and this information can then be usedécctarective action
before the disturbance has in uenced the system. The effeitteoflisturbance is
thus reduced by measuring it and generating a control sifpahlcounteracts it.
This way of controlling a system is callégedforward Feedforward is particularly
useful in shaping the response to command signals becanseaad signals are
always available. Since feedforward attempts to match tgiueds, it requires good
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process models; otherwise the corrections may have theggina or may be badly
timed.

The ideas of feedback and feedforward are very general arghappmany dif-
ferent elds. In economics, feedback and feedforward aréogoaus to a market-
based economy versus a planned economy. In business, arfgarf strategy
corresponds to running a company based on extensive stratagning, while a
feedback strategy corresponds to a reactive approacholiogyi feedforward has
been suggested as an essential element for motion contiahirans that is tuned
during training. Experience indicates that it is often adageous to combine feed-
back and feedforward, and the correct balance requireghnand understanding
of their respective properties.

Positive Feedback

In most of this text, we will consider the role okgative feedbachn which we
attempt to regulate the system by reacting to disturbamcasiay that decreases
the effect of those disturbances. In some systems, paatlguliological systems,
positive feedbackan play an important role. In a system with positive fee@&bac
the increase in some variable or signal leads to a situatiovhich that quantity
is further increased through its dynamics. This has a dégiali effect and is
usually accompanied by a saturation that limits the grothequantity. Although
often considered undesirable, this behavior is used irgioal (and engineering)
systems to obtain a very fast response to a condition orlsigna

One example of the use of positive feedback is to create Biwgdbehavior,
in which a system maintains a given state until some inpussa® a threshold.
Hysteresis is often present so that noisy inputs near tlestiotd do not cause the
system to jitter. This type of behavior is callbdtability and is often associated
with memory devices.

1.5 Simple Forms of Feedback

The idea of feedback to make corrective actions based on fieeestice between
the desired and the actual values of a quantity can be implesdé many different
ways. The bene ts of feedback can be obtained by very simpldbfaek laws such
as on-off control, proportional control and proportiofiraiegral-derivative control.
In this section we provide a brief preview of some of the tepitat will be studied
more formally in the remainder of the text.



1.5. SIMPLE FORMS OF FEEDBACK 25

ud u‘ ul
y
———

oV
oV

(a) On-off control (b) Dead zone (c) Hysteresis

Figure 1.16: Input/output characteristics of on-off controllers. Each plot showsniat on
the horizontal axis and the corresponding output on the vertical axial toh-off control is
shown in (a), with modi cations for a dead zone (b) or hysteresis (oteNhat for on-off
control with hysteresis, the output depends on the value of past inputs.

On-Off Control

A simple feedback mechanism can be described as follows:

Unax if€e>0

ubD _
Umin |f e< O,

(1.1)
where thecontrol erroreD r  y s the difference between the reference signal (or
command signal) and the output of the systeyrandu is the actuation command.
Figurel.16ashows the relation between error and control. This contvolhaplies
that maximum corrective action is always used.

The feedback in equation (1) is calledon-off control One of its chief advan-
tages is that it is simple and there are no parameters to eh@osoff control often
succeeds in keeping the process variable close to the mefgrsuch as the use of
a simple thermostat to maintain the temperature of a rootgpitally results in
a system where the controlled variables oscillate, whidaftsn acceptable if the
oscillation is suf ciently small.

Notice that in equation1(1) the control variable is not de ned when the error
is zero. It is common to make modi cations by introducing eitla dead zone or
hysteresis (see Figufel6band1.169.

PID Control

The reason why on-off control often gives rise to oscillasias that the system
overreacts since a small change in the error makes the edtvaiable change over
the full range. This effect is avoidedjmoportional contro) where the characteristic
of the controller is proportional to the control error for airerrors. This can be
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achieved with the control Iagl

2Umax if e  emax
ubD > I(pe if €nin < €< €nax (1-2)
" Umin if€  Emin;
wherek, is the controller gaingmin D Umin=Kp andémax D Umax=Kp. The interval

.€min; €max 1S called theproportional bandbecause the behavior of the controller
is linear when the error is in this interval:

While a vastimprovement over on-off control, proportiocahtrol has the draw-
back that the process variable often deviates from itseafar value. In particular,
if some level of control signal is required for the system &imtain a desired value,
then we must have 600 in order to generate the requisite input.

This can be avoided by making the control action proportibtm#ie integral of
the error: Z,

u.t/ D k; e/d: (1.4)
0

This control form is calledntegral control andk; is the integral gain. It can be
shown through simple arguments that a controller with iretegction has zero
steady-state error (Exerci$eb). The catch is that there may not always be a steady
state because the system may be oscillating.

An additional re nement is to provide the controller with antizipative abil-
ity by using a prediction of the error. A simple predictiongisen by the linear
extrapolation

det/

1 C Tyl A/ C Tg———;
e d e d dt

which predicts the errofy time units ahead. Combining proportional, integral and
derivative control, we obtain a controller that can be egpeel mathematically as
Z+ det/
u.t/ D kpe.t/ Ck; e/ d Cky—:
0 dt
The control action is thus a sum of three terms: the past agsepted by the
integral of the error, the present as represented by theogiopal term and the
future as represented by a linear extrapolation of the dther derivative term).
This form of feedback is called@oportional-integral-derivative (P1D) controller
and its action is illustrated in Figude17.

A PID controller is very useful and is capable of solving a widege of con-
trol problems. More than 95% of all industrial control pretvis are solved by
PID control, although many of these controllers are actyathportional-integral
(PI) controllersbecause derivative action is often not includBd/02]. There are

(1.5)
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Figure 1.17: Action of a PID controller. At timet, the proportional term depends on the
instantaneous value of the error. The integral portion of the feedb#elsed on the integral

of the error up to time (shaded portion). The derivative term provides an estimate of the
growth or decay of the error over time by looking at the rate of changiefrror. Ty
represents the approximate amount of time in which the error is projemtedrd (see text).

also more advanced controllers, which differ from PID colters by using more
sophisticated methods for prediction.

1.6 Further Reading

The material in this section draws heavily from the reporthaf Panel on Future
Directions on Control, Dynamics and SysterivIf03]. Several additional papers
and reports have highlighted the successes of comif8Bf and new vistas in
control [Bro0OO, Kum01, Wis07. The early development of control is described
by Mayr [May7Q and in the books by BennetBgn79 Ben93, which cover the
period 1800-1955. A fascinating examination of some of #méyéistory of con-
trol in the United States has been written by Mind&llifn02]. A popular book
that describes many control concepts across a wide rangsajplihes isOut of
Control by Kelly [Kel94]. There are many textbooks available that describe con-
trol systems in the context of speci c disciplines. For erggrs, the textbooks by
Franklin, Powell and Emami-NaeirffPENO03, Dorf and Bishop PB04], Kuo and
Golnaraghi KG02] and Seborg, Edgar and MellichanffM04 are widely used.
More mathematically oriented treatments of control theocjude Sontag$on9g
and Lewis Lew03. The book by Hellerstein et alHDPT04 provides a description
of the use of feedback control in computing systems. A nurableooks look at the
role of dynamics and feedback in biological systems, inclgdJilhorn [Mil66]
(now out of print), J. D. MurrayNMur04] and Ellner and GuckenheimeE({05.
The book by FradkovHra07 and the tutorial article by Bechhoefd3¢c03 cover
many speci ¢ topics of interest to the physics community.
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Exercises

1.1(Eye motion) Perform the following experiment and explainy@sults: Hold-
ing your head still, move one of your hands left and right ionfrof your face,
following it with your eyes. Record how quickly you can moveuy hand before
you begin to lose track of it. Now hold your hand still and shgkur head left to
right, once again recording how quickly you can move befosing track of your
hand.

1.2 Identify ve feedback systems that you encounter in your gélay environ-
ment. For each system, identify the sensing mechanismatémtumechanism and
control law. Describe the uncertainty with respect to whioh feedback system
provides robustness and/or the dynamics that are changmdytihthe use of feed-
back.

1.3(Balance systems) Balance yourself on one foot with yous elased for 15 s.
Using Figurel.3as a guide, describe the control system responsible foirkggpu
from falling down. Note that the “controller” will differ fsm that in the diagram
(unless you are an android reading this in the far future).

1.4(Cruise control) Download the MATLAB code used to produce dations for
the cruise control system in Figutel3from the companion web site. Using trial
and error, change the parameters of the control law so teaitbrshoot in speed
is not more than 1 m/s for a vehicle with mam<$ 1000 kg.

1.5(Integral action) We say that a system with a constant inpartiies steady state
if the output of the system approaches a constant value asritreases. Show that
a controller with integral action, such as those given inagigns (.4) and (.5),
gives zero error if the closed loop system reaches steatiy sta

1.6 Search the web and pick an article in the popular press aba#dibéck and
control system. Describe the feedback system using thernelogy given in the
article. In particular, identify the control system and ctése (a) the underlying
process or system being controlled, along with the (b) sefspactuator and (d)
computational element. If the some of the information isawaiilable in the article,
indicate this and take a guess at what might have been used.



Chapter Two
System Modeling

... | asked Fermi whether he was not impressed by the agreemawmtdre our calculated
numbers and his measured numbers. He replied, “How many arbipargmeters did you use
for your calculations?” | thought for a moment about our cut-off prdaees and said, “Four.”
He said, “l remember my friend Johnny von Neumann used to say, witp&oameters | can
t an elephant, and with ve | can make him wiggle his trunk.”

Freeman Dyson on describing the predictions of his model for mesutospscattering to
Enrico Fermi in 1953Dys04.

A model is a precise representation of a system's dynames tasanswer ques-
tions via analysis and simulation. The model we choose dependhe questions
we wish to answer, and so there may be multiple models forgesdynamical sys-
tem, with different levels of delity depending on the phenena of interest. In this
chapter we provide an introduction to the concept of modetind present some
basic material on two speci ¢ methods commonly used in feekll@nd control
systems: differential equations and difference equations

2.1 Modeling Concepts

A modelis a mathematical representation of a physical, biologicahformation
system. Models allow us to reason about a system and makéetwed about
how a system will behave. In this text, we will mainly be irgsted in models of
dynamical systems describing the input/output behavi®ystems, and we will
often work in “state space” form.

Roughly speaking, a dynamical system is one in which thecesffef actions
do not occur immediately. For example, the velocity of a caesinot change
immediately when the gas pedal is pushed nor does the tetapeiaa room rise
instantaneously when a heater is switched on. Similarlyad&ehe does not vanish
right after an aspirin is taken, requiring time for it to ta#ect. In business systems,
increased funding for a development project does not isereavenues in the short
term, although it may do so in the long term (if it was a goodestment). All
of these are examples of dynamical systems, in which thevilmhef the system
evolves with time.

In the remainder of this section we provide an overview of emhthe key
concepts in modeling. The mathematical details introdueed are explored more
fully in the remainder of the chapter.
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Figure 2.1: Spring—mass system with nonlinear damping. The position of the massiteden
by g, with g D 0 corresponding to the rest position of the spring. The forces on the anas
generated by a linear spring with spring constaand a damper with force dependent on the
velocity @

The Heritage of Mechanics

The study of dynamics originated in attempts to describegiéay motion. The
basis was detailed observations of the planets by TychoeBaal the results of
Kepler, who found empirically that the orbits of the plansdsiid be well described
by ellipses. Newton embarked on an ambitious program taotexplain why the
planets move in ellipses, and he found that the motion coeldxXplained by his
law of gravitation and the formula stating that force equadss times acceleration.
In the process he also invented calculus and differentiahgons.

One of the triumphs of Newton's mechanics was the obsenvétiat the motion
of the planets could be predicted based on the current posidnd velocities of
all planets. It was not necessary to know the past motion stdteof a dynamical
system is a collection of variables that completely chagmts the motion of a
system for the purpose of predicting future motion. For @esysof planets the
state is simply the positions and the velocities of the gan&e call the set of all
possible states thetate space

A common class of mathematical models for dynamical systisnesdinary
differential equations (ODES). In mechanics, one of the stsuch differential
equations is that of a spring—mass system with damping:

mdrC c.d@f C kg D O: (2.1)

This system is illustrated in Figugel The variableg 2 R represents the position
of the massn with respect to its rest position. We use the notatiRio denote the
derivative ofg with respect to time (i.e., the velocity of the mass) dgid represent
the second derivative (acceleration). The spring is assuoneatisfy Hooke's law,
which says that the force is proportional to the displacanigme friction element
(damper) is taken as a nonlinear functiady, which can model effects such as
stiction and viscous drag. The positigmand velocityiPrepresent the instantaneous
state of the system. We say that this system s&eond-order systeince the
dynamics depend on the rst two derivativespf
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Figure 2.2: lllustration of a state model. A state model gives the rate of change of tiee sta
as a function of the state. The plot on the left shows the evolution of the statfiaction of
time. The plot on the right shows the evolution of the states relative to eaeh wofith the
velocity of the state denoted by arrows.

The evolution of the position and velocity can be describedgusither a time
plot or a phase portrait, both of which are shown in Fig2u2 Thetime plot on
the left, shows the values of the individual states as a fonaf time. Thephase
portrait, on the right, shows theector eld for the system, which gives the state
velocity (represented as an arrow) at every point in theesgpaice. In addition,
we have superimposed the traces of some of the states frégnedif conditions.
The phase portrait gives a strong intuitive representatitimeoequation as a vector
eld or a ow. While systems of second order (two states) can égresented in
this way, unfortunately it is dif cult to visualize equatierof higher order using
this approach.

The differential equation2(1) is called anautonomousystem because there
are no external in uences. Such a model is natural for use iestiel mechanics
because it is dif cult to in uence the motion of the planets.rirany examples, it
is useful to model the effects of external disturbances atroded forces on the
system. One way to capture this is to replace equafidl) by

mdrC c.d@ C kg D u; (2.2)

whereu represents the effect of external inputs. The mo#€) (s called aforced

or controlled differential equatianit implies that the rate of change of the state
can be in uenced by the input.t/. Adding the input makes the model richer and
allows new questions to be posed. For example, we can examfiakin uence
external disturbances have on the trajectories of a sysbenin the case where
the input variable is something that can be modulated in &albed way, we can
analyze whether itis possible to “steer” the system frompmiet in the state space
to another through proper choice of the input.
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Figure 2.3: lllustration of the input/output view of a dynamical system. The gure on the
left shows a detailed circuit diagram for an electronic ampli er; the onehenright is its
representation as a block diagram.

The Heritage of Electrical Engineering

A different view of dynamics emerged from electrical enginieg, where the design
of electronic ampli ers led to a focus on input/output betmaviA system was
considered a device that transforms inputs to outputs|usiriited in Figure.3.
Conceptually an input/output model can be viewed as a géoi¢ tof inputs and
outputs. Given an input signalt/ over some interval of time, the model should
produce the resulting outpytt/.

The input/output framework is used in many engineering glsw@s since it
allows us to decompose a system into individual componesiaected through
their inputs and outputs. Thus, we can take a complicate@msystich as a radio
or a television and break it down into manageable pieces agdine receiver,
demodulator, ampli er and speakers. Each of these pieces besd inputs and
outputs and, through proper design, these components caridoeonnected to
form the entire system.

The input/output view is particularly useful for the spedaikss oflinear time-
invariant systemsr his term will be de ned more carefully later in this chaptent
roughly speaking a system is linear if the superpositiomitemh) of two inputs
yields an output that is the sum of the outputs that wouldespond to individual
inputs being applied separately. A system is time-invaiifaiie output response
for a given input does not depend on when that input is applied

Many electrical engineering systems can be modeled bytlitve-invariant
systems, and hence a large number of tools have been destdtopralyze them.
One such tool is thetep responsewvhich describes the relationship between an
input that changes from zero to a constant value abruptlye@ isput) and the
corresponding output. As we shall see later in the text, thp sesponse is very
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Figure 2.4: Input/output response of a linear system. The step response (&g giautput
of the system due to an input that changes from 0 to 1 at tifle 5 s. The frequency
response (b) shows the amplitude gain and phase change due to é&sihngpart at different
frequencies.

useful in characterizing the performance of a dynamicaksgsand it is often used
to specify the desired dynamics. A sample step responsevasim Figure2.4a

Another way to describe a linear time-invariant system igefresent it by its
response to sinusoidal input signals. This is calledftbguency responsand a
rich, powerful theory with many concepts and strong, usedfallts has emerged.
The results are based on the theory of complex variables arnddeapransforms.
The basic idea behind frequency response is that we can catypdbaracterize
the behavior of a system by its steady-state response tedgdal inputs. Roughly
speaking, this is done by decomposing any arbitrary sigmal a linear combi-
nation of sinusoids (e.g., by using the Fourier transforng #nen using linearity
to compute the output by combining the response to the iddalifrequencies. A
sample frequency response is shown in Figlif

The input/output view lends itself naturally to experimérmtatermination of
system dynamics, where a system is characterized by recpidi response to
particular inputs, e.g., a step or a set of sinusoids ovengeraf frequencies.

The Control View

When control theory emerged as a discipline in the 1940safipgoach to dy-
namics was strongly in uenced by the electrical engineefingut/output) view.
A second wave of developments in control, starting in the 1850s, was inspired
by mechanics, where the state space perspective was usegméngence of space
ight is a typical example, where precise control of the orbita spacecraft is
essential. These two points of view gradually merged intotwhteoday the state
space representation of input/output systems.
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The development of state space models involved modifyingrtbdels from
mechanics to include external actuators and sensors diingtimore general
forms of equations. In control, the model given by equat@@)(was replaced by

d
d_i[( D f.x;ul; y D h.x; uf; (2.3)

wherex is a vector of state variables,is a vector of control signals angis a
vector of measurements. The ted=dt represents the derivative fvith respect
to time, now considered a vector, ahéndh are (possibly nonlinear) mappings of
their arguments to vectors of the appropriate dimensionntechanical systems,
the state consists of the position and velocity of the sysserthatx D .q; & in the
case ofadamped spring—mass system. Note thatin the cfantrallation we model
dynamics as rst-order differential equations, but we wikshat this can capture
the dynamics of higher-order differential equations byrappgate de nition of the
state and the mapk andh.

Adding inputs and outputs has increased the richness ofdlsical problems
and led to many new concepts. For example, it is natural taf gelssible statex
can be reached with the proper choicaigfeachability) and if the measuremgnt
contains enough information to reconstruct the state (@hbdity). These topics
will be addressed in greater detail in Chapt@end?.

A nal development in building the control point of view wasglemergence of
disturbances and model uncertainty as critical elementisariheory. The simple
way of modeling disturbances as deterministic signalsdilke@s and sinusoids has
the drawback that such signals cannot be predicted precisehore realistic ap-
proach is to model disturbances as random signals. This viewgives a natural
connection between prediction and control. The dual viewsmit/output repre-
sentations and state space representations are paftiausaful when modeling
uncertainty since state models are convenient to describengnal model but un-
certainties are easier to describe using input/output teddéen via a frequency
response description). Uncertainty will be a constant gnéroughout the text and
will be studied in particular detail in Chapt&®.

An interesting observation in the design of control systésnhat feedback
systems can often be analyzed and designed based on coredgsatnple models.
The reason for this is the inherent robustness of feedbat&ragsHowever, other
uses of models may require more complexity and more accutasy example is
feedforward control strategies, where one uses a modektmprpute the inputs
that cause the system to respond in a certain way. Anothersasgstem validation,
where one wishes to verify that the detailed response ofytsie performs as it
was designed. Because of these different uses of modet¢sc@mmon to use a
hierarchy of models having different complexity and delity



2.1. MODELING CONCEPTS 35

Multidomain Modeling

Modeling is an essential element of many disciplines, aditions and methods
from individual disciplines can differ from each other, figstrated by the previous
discussion of mechanical and electrical engineering. Aulify in systems engi-
neering is that it is frequently necessary to deal with legfeneous systems from
many different domains, including chemical, electricagahanical and informa-
tion systems.

To model such multidomain systems, we start by partitiorangystem into
smaller subsystems. Each subsystem is represented by dalquations for mass,
energy and momentum, or by appropriate descriptions ofnimétion processing
in the subsystem. The behavior at the interfaces is captyréédcribing how the
variables of the subsystem behave when the subsystemdenmimected. These
interfaces act by constraining variables within the indlial subsystems to be equal
(such as mass, energy or momentum uxes). The complete motiensobtained
by combining the descriptions of the subsystems and th&fautes.

Using this methodology it is possible to build up libraridssabsystems that
correspond to physical, chemical and informational congpdst The procedure
mimics the engineering approach where systems are buitt $tdosystems that are
themselves built from smaller components. As experiengaiiged, the components
and their interfaces can be standardized and collecteddiehibraries. In practice,
it takes several iterations to obtain a good library that barreused for many
applications.

State models or ordinary differential equations are noablétfor component-
based modeling of this form because states may disappear eadmeponents are
connected. This implies that the internal description of mponent may change
when it is connected to other components. As an illustratierconsider two ca-
pacitors in an electrical circuit. Each capacitor has a stateesponding to the
voltage across the capacitors, but one of the states wipgisar if the capacitors
are connected in parallel. A similar situation happens with rotating inertias,
each of which is individually modeled using the angle of tiotaand the angular
velocity. Two states will disappear when the inertias anmegd by a rigid shaft.

This dif culty can be avoided by replacing differential eqioais bydifferential
algebraic equationswhich have the form

F.zz# DO;
wherez 2 R". A simple special case is
2D f.x;y/; g.x;y/ D Q; (2.4)

wherez D .x;y/ andF D .® f.x;y/; g.x;y/l. The key property is that the
derivativePis not given explicitly and there may be pure algebraic retetbetween
the components of the vectar
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The model 2.4) captures the examples of the parallel capacitors andrikedi
rotating inertias. For example, when two capacitors areeoted, we simply add
the algebraic equation expressing that the voltages athessapacitors are the
same.

Modelicais a language that has been developed to support compoasedb
modeling. Differential algebraic equations are used astsic description, and
object-oriented programming is used to structure the nsodébdelica is used to
model the dynamics of technical systems in domains such abaneal, electri-
cal, thermal, hydraulic, thermo uid and control subsysteMsdelica is intended
to serve as a standard format so that models arising in éifteiomains can be
exchanged between tools and users. A large set of free ancheanal Modelica
component libraries are available and are used by a growimgper of people
in industry, research and academia. For further informagibout Modelica, see
http://www.modelica.or@r Tiller [TilO1].

2.2 State Space Models

In this section we introduce the two primary forms of modékstiwe use in this
text: differential equations and difference equationghBoake use of the notions
of state, inputs, outputs and dynamics to describe the h@hafva system.

Ordinary Differential Equations

The state of a system is a collection of variables that sunamdhe past of a
system for the purpose of predicting the future. For a plysigstem the state is
composed of the variables required to account for storagest, momentum and
energy. A key issue in modeling is to decide how accurated/dtorage has to be
represented. The state variables are gathered in a ve@oR" called thestate
vector The control variables are represented by another vec®rRP, and the
measured signal by the vectpr2 RY. A system can then be represented by the
differential equation

3—1( D f.x;uf; y D h.x; uf; (2.5)

wheref : R" RP! R"andh:R" RP! RYare smooth mappings. We call
a model of this form &tate space model

The dimension of the state vector is called trder of the system. The sys-
tem @.5) is calledtime-invariantbecause the functions andh do not depend
explicitly on timet; there are more general time-varying systems where the func
tions do depend on time. The model consists of two functidresfunctionf gives
the rate of change of the state vector as a function of gtated controlu, and the
functionh gives the measured values as functions of stated controlu.
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A system is called &near state space system if the functiohandh are linear
in X andu. A linear state space system can thus be represented by

d
d—)t( D AXCBu,  yDCxC Du; (2.6)

whereA, B, C andD are constant matrices. Such a system is said tmbar and
time-invariant or LTI for short. The matrixA is called thedynamics matrixthe
matrix B is called thecontrol matrix the matrixC is called thesensor matrixand
the matrixD is called thedirect term Frequently systems will not have a direct
term, indicating that the control signal does not in uence tlutput directly.

A different form of linear differential equations, genezalg the second-order
dynamics from mechanics, is an equation of the form

dny dan 1y

don © g 1
wheret is the independent (time) variablg,t/ is the dependent (output) variable
andu.t/ is the input. The notatiod®y=dt* is used to denote thieth derivative
of y with respect ta, sometimes also written ag¥/. The controlled differential

equation 2.7) is said to be amth-order system. This system can be converted into
state space form by de ning

C CaybDu (2.7)

8 9 9
X1 dn ly=dth 1
X2 d" 2y:dtn 2
x D : D
i :
and the state space equations become
8 9 8 8 9
X1 ai; X1
X2 X1
d . )
— : D ; D Xn:
dt - % % | y n
: Xn 1 : Xn 2
Xn ' Xn 1

With the appropriate de nitions oA, B, C and D, this equation is in linear state
space form.

An even more general system is obtained by letting the olnpatlinear com-
bination of the states of the system, i.e.,

yD bix;ChyxoC  C byx, Cdu:
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(a) Segway (b) Saturn rocket (c) Cart—pendulum system

Figure 2.5: Balance systems. (a) Segway Personal Transporter, (b) Satket @nd (c)
inverted pendulum on a cart. Each of these examples uses forcesattiira of the system
to keep it upright.

This system can be modeled in state space as

8 9 8 9 8 9
X1 ap A i an 1 ap 1
X2 1 0 ::: 0 0
dt 3 . ; L 2.8)
" Xn' 0 0
8
yD: by by ::: bn1 xCdu:

This particular form of a linear state space system is catbedhable canonical
formand will be studied in more detail in later chapters.

Example 2.1 Balance systems
An example of a type of system that can be modeled using andutifferential
equations is the class balance system# balance system is a mechanical system
inwhich the center of mass is balanced above a pivot pointe®mmmon examples
of balance systems are shown in Fig@ré. The Segway® Personal Transporter
(Figure 2.59 uses a motorized platform to stabilize a person standintpprof
it. When the rider leans forward, the transportation depiapels itself along the
ground but maintains its upright position. Another exanipéerocket (Figur@.5b),
in which a gimbaled nozzle at the bottom of the rocket is usexiabilize the body
of the rocket above it. Other examples of balance systenhisdaciumans or other
animals standing upright or a person balancing a stick an hiaed.

Balance systems are a generalization of the spring—matesisye saw earlier.
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We can write the dynamics for a mechanical system in the géfeam
M.g/®RC C.q; & C K.qg/ D B.qg/u;

whereM. g/ is the inertia matrix for the systeng,.q; ¢ represents the Coriolis
forces as well as the dampinlj,.q/ gives the forces due to potential energy and
B.qg/ describes how the external applied forces couple into theuiycs. The
speci ¢ form of the equations can be derived using Newtoniatimanics. Note
that each of the terms depends on the con guration of the sygtand that these
terms are often nonlinear in the con guration variables.

Figure2.5cshows a simpli ed diagram for a balance system consistingnof a
inverted pendulum on a cart. To model this system, we chdase wriables that
represent the position and velocity of the base of the sygteand |, and the angle
and angular rate of the structure above the basmd P We letF represent the
force applied at the base of the system, assumed to be in timhi@l direction
(aligned withp), and choose the position and angle of the system as outiits.
this set of de nitions, the dynamics of the system can be cartbusing Newtonian
mecréanlcs and have the forbn 8 9

9
x.MCm/ mlcosgg;ﬁg gc;PCmIsm g 2 Fx .

mlcos .JCml?" - R P mglsin T o7 (2.9)

whereM is the mass of the bas®e,andJ are the mass and moment of inertia of the
system to be balanceldis the distance from the base to the center of mass of the
balanced body; and are coef cients of viscous friction anglis the acceleration
due to gravity.

We can rewrite the dynamics of the system in state space fgrde Iming the
stateax D .p; ; ® P, the input ass D F and the output ag D . p; /. If we
de ne the total mass and total inertia as

MiDMCm; JDJCml

the equations of motion then become

8 P 9
8 9 P
p
d § 5 mis PCmgml?>=}/sc cP ImcPCu ¥
dt M  m.ml2=J/c? '
P mi’sc PC Mgls clc ® . M=m/PClcu
8 o J.Mi=m/ m.lc /2 '
yD 2Pz

where we have used the shorthand cos ands D sin .
In many cases, the anglewill be very close to 0, and hence we can use the
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approximations sin and cos 1. Furthermore, ifPis small, we can
ignore quadratic and higher terms fhSubstituting these approximations into our
equations, we see that we are left withireear state space equation

89 % o 1 0 98 9 0 3
d %é 0 0 0 1 0
dt D 0 mil%g= ck= JIm= =
P "0 Mimgl= clm= M= " Im="’
8
51 0 0 &
YP79 1 0 0 %
where D Mg m?3l2. r

Example 2.2 Inverted pendulum

A variation of the previous example is one in which the lomaif the base does

not need to be controlled. This happens, for example, if weraeeested only in
stabilizing a rocket's upright orientation without wonngj about the location of
base of the rocket. The dynamics of this simpliged system avergby

gg 8 P
olgg BDEm—glsin —Pcl—cos ug; yD (2.10)
J J J
where is the coef cient of rotational friction,; D J C ml? andu is the force
applied at the base. This system is referred to dsarted pendulum r

Difference Equations

In some circumstances, it is more natural to describe thigoo of a system at
discrete instants of time rather than continuously in titheve refer to each of
these times by an integ&rD 0; 1; 2;:::, then we can ask how the state of the
system changes for ea&hJust as in the case of differential equations, we de ne
the state to be those sets of variables that summarize thefghe system for the
purpose of predicting its future. Systems described in tlaamar are referred to
asdiscrete-time systems
The evolution of a discrete-time system can be written in ¢t f

X[k C 1] D f.x[K]; u[Kk]/; y[K] D h.x[K]; u[Kk]/; (2.11)

wherex[k] 2 R" is the state of the system at tilkg(an integer)u[k] 2 RP is
the input andy[k] 2 R is the output. As beforef andh are smooth mappings of
the appropriate dimension. We call equati@nl() a difference equatiosince it
tells us howx[k C 1] differs fromx[k]. The statex[k] can be either a scalar- or a
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Figure 2.6: Predator versus prey. The photograph on the left shows a Canadiaryg
a snowshoe hare, the lynx's primary prey. The graph on the rightskize populations of
hares and lynxes between 1845 and 1935 in a section of the Canadides{ptac37. The
data were collected on an annual basis over a period of 90 yearso@Pdyoh copyright Tom
and Pat Leeson.)

vector-valued quantity; in the case of the latter we wxitik] for the value of the
jth state at timék.

Just as in the case of differential equations, it is oftercdse that the equations
are linear in the state and input, in which case we can destitdsystem by

x[k C 1] D Ax[k] C BU[K]; y[K] D Cx[K] C Dul[Kk]:

As before, we refer to the matricés B, C andD as the dynamics matrix, the control
matrix, the sensor matrix and the direct term. The solutioa tifiear difference

1
x[kK] D A% C AKX T 1Bu[j];
jDO
1
y[kl| DCA%C  CA< 1 Bu[j]C Du[K];
iDO

k> 0 (2.12)

Difference equations are also useful as an approximatiafifigfrential equa-
tions, as we will show later.

Example 2.3 Predator—prey
As an example of a discrete-time system, consider a simpteehfor a predator—
prey system. The predator—prey problem refers to an ecalbgystem in which
we have two species, one of which feeds on the other. This tfjggsbem has
been studied for decades and is known to exhibit interestymgmics. Figur.6
shows a historical record taken over 90 years for a populaifdynxes versus a
population of hares\lac37. As can been seen from the graph, the annual records
of the populations of each species are oscillatory in nature

A simple model for this situation can be constructed usinigerdte-time model
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Figure 2.7: Discrete-time simulation of the predator—prey mo@el 8. Using the parameters
aD cD 0:014,b,.u/ D 0:6andd D 0:7 in equation2.13 with daily updates, the period and
magnitude of the lynx and hare population cycles approximately match thedgigure2.6.

by keeping track of the rate of births and deaths of each spdoettingH represent
the population of hares aridrepresent the population of lynxes, we can describe
the state in terms of the populations at discrete periodsrad. tLettingk be the
discrete-time index (e.g., the day or month number), we agtie w

H[kC 1] D H[K] C b.u/H[K] aL[k]H[K];
L[kC 1] D L[k] C cL[KIH[K] dL[K];

whereby.u/ is the hare birth rate per unit period and as a function of tal f
supplyu, d¢ is the lynx mortality rate and andc are the interaction coef cients.
The interaction termaL[k] H[k] models the rate of predation, which is assumed
to be proportional to the rate at which predators and preyt aregis hence given
by the product of the population sizes. The interaction tetrfk] H[K] in the
lynx dynamics has a similar form and represents the rate @ithr of the lynx
population. This model makes many simplifying assumptioeseh as the fact
that hares decrease in number only through predation byegssbut it often is
suf cient to answer basic questions about the system.

To illustrate the use of this system, we can compute the nuwitdgnxes and
hares at each time point from some initial population. Thfoise by starting with
X[0] D .Hp; Lo/ and then using equatior2.(l3 to compute the populations in
the following period. By iterating this procedure, we camgete the population
over time. The output of this process for a speci ¢ choice obpagters and initial
conditions is shown in Figur2.7. While the details of the simulation are different
from the experimental data (to be expected given the siitypi€our assumptions),
we see qualitatively similar trends and hence we can use ¢igeito help explore
the dynamics of the system. r

(2.13)

Example 2.4 E-mail server
The IBM Lotus server is an collaborative software system tdatinisters users'
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e-mail, documents and notes. Client machines interact vithusers to provide
access to data and applications. The server also handlegsadth@istrative tasks.
In the early development of the system it was observed tleapénformance was
poor when the central processing unit (CPU) was overloadeduse of too many
service requests, and mechanisms to control the load wereftine introduced.

The interaction between the client and the server is in tha fafrremote pro-
cedure calls (RPCs). The server maintains a log of statistiosmpleted requests.
The total number of requests being served, caéd (RPCs in server), is also
measured. The load on the server is controlled by a paranedted MaxUsers ,
which sets the total number of client connections to theeseivhis parameter is
controlled by the system administrator. The server can bardeg as a dynami-
cal system withMlaxUsers as the input andRIS as the output. The relationship
between input and output was rst investigated by explorimg $teady-state per-
formance and was found to be linear.

In [HDPTO04 a dynamic model in the form of a rst-order difference eqoati
is used to capture the dynamic behavior of this system. Usiatgm identi cation
techniques, they construct a model of the form

y[k C 1] D ay[k] C bu[k];

whereu D MaxUsers MaxUsers andy D RIS RIS. The parameters

a D 0:43 andb D 0:47 are parameters that describe the dynamics of the system
around the operating point, alaxUsers D 165 andRIS D 135 represent the
nominal operating point of the system. The number of requesssaveraged over

a sampling period of 60 s. r

Simulation and Analysis

State space models can be used to answer many questions.tbamokt common,
as we have seen in the previous examples, involves preglittenevolution of the
system state from a given initial condition. While for simphodels this can be
done in closed form, more often it is accomplished throughmater simulation.
One can also use state space models to analyze the overallitedf the system
without making direct use of simulation.

Consider again the damped spring—mass system from Se&cfidout this time
with an external force applied, as shown in Fig2r8 We wish to predict the
motion of the system for a periodic forcing function, withigem initial condition,
and determine the amplitude, frequency and decay rate oéthdting motion.

We choose to model the system with a linear ordinary diffeaérequation.
Using Hooke's law to model the spring and assuming that tinepeet exerts a force
that is proportional to the velocity of the system, we have

mdRC cdPC kg D u; (2.14)
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Figure 2.8: A driven spring—mass system with damping. Here we use a linear damping
element with coef cient of viscous friction. The mass is driven with a sinusoidal force of
amplitudeA.

wherem is the massgq is the displacement of the massjs the coef cient of
viscous friction k is the spring constant andis the applied force. In state space
form, usingx D .q; & as the state and choosigd g as the output, we have

9

8
dx 5 g X2 % _ D ..
dt . £X2 Exl C E, ’ y X1
m m m

We see that this is a linear second-order differential égnatith one inputu and
one outputy.

We now wish to compute the response of the system to an inptliecform
u D Asin! t. Although it is possible to solve for the response analiicave
instead make use of a computational approach that does Igairreéhe speci c
form of this system. Consider the general state space system

dx
— D f.x;uf:
at X; U

Given the statex at timet, we can approximate the value of the state at a short
timeh > 0 later by assuming that the rate of changd of; u/ is constant over the
intervalt tot C h. This gives

x.t C h/ D x.t/ C hf.x.t/; u.t/l (2.15)

Iterating this equation, we can thus solve %aas a function of time. This approxi-
mation is known as Euler integration and is in fact a diffeeeaquation if we leh
represent the time increment and wei{é&] D x.kh/. Although modern simulation
tools such as MATLAB and Mathematica use more accurate metthaasEuler
integration, they still have some of the same basic traéke-of

Returning to our speci ¢ example, Figu&9 shows the results of computing
X.t/ using equation4.15), along with the analytical computation. We see that as
h gets smaller, the computed solution converges to the exadian. The form
of the solution is also worth naoticing: after an initial teknt, the system settles
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Figure 2.9: Simulation of the forced spring—mass system with different simulation time
constants. The dashed line represents the analytical solution. The safiddpresent the
approximate solution via the method of Euler integration, using decreaspgizes.

into a periodic motion. The portion of the response after thegient is called the
steady-state responsge the input.

In addition to generating simulations, models can also led s answer other
types of questions. Two that are central to the methods itbesiin this text concern
the stability of an equilibrium point and the input/outptgduency response. We
illustrate these two computations through the exampleswbalnd return to the
general computations in later chapters.

Returning to the damped spring—mass system, the equafiomstion with no
input forcing are given by

9
dXpg o 7y 3
—D c k X 2.16
dt - EXZ — ( )

wherex; is the position of the mass (relative to the rest positiorg mnis its
velocity. We wish to show that if the initial state of the ssstis away from the
rest position, the system will return to the rest positioergually (we will later
de ne this situation to mean that the rest positiomsymptotically stable While
we could heuristically show this by simulating many, manijiah conditions, we
seek instead to prove that this is true &myinitial condition.

To do so, we construct a functioh : R" ! R that maps the system state to a
positive real number. For mechanical systems, a convednite is the energy of
the system,

1 1
V.x/ D Ekxf C meg: (2.17)
If we look at the time derivative of the energy function, we $eat
dv

C Kk
— DkxpBCm D kxXoCm¥. —X, —xi/ D cxX3
T 1] X X5 1X2 X X X 5
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which is always either negative or zero. Hen¢ex.t// is never increasing and,
using a bit of analysis that we will see formally later, thdiindual states must
remain bounded.
If we wish to show that the states eventually return to thgioyiwe must use

a slightly more detailed analysis. Intuitively, we can @ass follows: suppose
that for some period of time/.x.t// stops decreasing. Then it must be true that
V.x.t// D 0, which in turn implies thak,.t/ D O for that same period. In that
case .t/ D 0, and we can substitute into the second line of equaabg) to
obtain

c k k

ODBD —X%X —XxX1D —X;:
m m m

Thus we must have thag also equals zero, and so the only time tak.t// can
stop decreasing is if the state is at the origin (and hensestfstem is at its rest
position). Since we know that.x.t// is never increasing (becau¥® 0), we
therefore conclude that the origin is stable @oiyinitial condition).

This type of analysis, called Lyapunov stability analyss;onsidered in detalil
in Chapte#. It shows some of the power of using models for the analyssystem
properties.

Another type of analysis that we can perform with models isdmpute the
output of a system to a sinusoidal input. We again consi@esphing—mass system,
but this time keeping the input and leaving the system inrigiroal form:

mdrRC cdPC kg D u: (2.18)
We wish to understand how the system responds to a sinusodlof the form
u.t/ D Asin! t:

We will see how to do this analytically in Chapt@rbut for now we make use of
simulations to compute the answer.

We rst begin with the observation thatdf. t/ is the solution to equatior2(18
with inputu.t/, then applying an inputi2 t/ will give a solution 2J.t/ (this is easily
veri ed by substitution). Hence it suf ces to look at an inpuitlvunit magnitude,
A D 1. A second observation, which we will prove in Chaggers that the long-
term response of the system to a sinusoidal input is itselfi@sesid at the same
frequency, and so the output has the form

g.t/ D g.l/ sin! tC",;

whereg.!/ is called thegain of the system antl!/ is called thephase(or phase

offset).
To compute the frequency response numerically, we can aimtiie system
at a set of frequenciels;:::;! y and plot the gain and phase at each of these

frequencies. An example of this type of computation is showkigure2.10
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Figure 2.10: A frequency response (gain only) computed by measuring the respain
individual sinusoids. The gure on the left shows the response ofykem as a function of
time to a number of different unit magnitude inputs (at different fregies). The gure on
the right shows this same data in a different way, with the magnitude of $pemse plotted
as a function of the input frequency. The lled circles correspond tg#récular frequencies
shown in the time responses.

2.3 Modeling Methodology

To deal with large, complex systems, it is useful to haveedét representations
of the system that capture the essential features and maleviant details. In all
branches of science and engineering it is common practiosgésome graphical
description of systems, callethematic diagramsThey can range from stylistic
pictures to drastically simpli ed standard symbols. Thesgyries make it possible
to get an overall view of the system and to identify the indiddl components.
Examples of such diagrams are shown in Figuid. Schematic diagrams are useful
because they give an overall picture of a system, showilferdiit subprocesses and
their interconnection and indicating variables that camla@ipulated and signals
that can be measured.

Block Diagrams

A special graphical representation calleblack diagramhas been developed in
control engineering. The purpose of a block diagram is to exsizle the information
ow and to hide details of the system. In a block diagram, déf& process elements
are shown as boxes, and each box has inputs denoted by lithesvaws pointing
toward the box and outputs denoted by lines with arrows goungof the box.
The inputs denote the variables that in uence a process, anduktputs denote
the signals that we are interested in or signals that in uestter subsystems.
Block diagrams can also be organized in hierarchies, winelieidual blocks may
themselves contain more detailed block diagrams.

Figure2.12shows some of the notation that we use for block diagramsaign
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a biological circuit diagram for a synthetic clock circl®$MNO3], (c) a process diagram for
a distillation column $EM04 and (d) a Petri net description of a communication protocol.

uz
U u; C u, L . 4ku> 4u> / iaEu/
(a) Summing junction (b) Gain block (c) Saturation
LJJ/ L i Q.t/dt uHSystemL
(d) Nonlinear map (e) Integrator (f) Input/output system

Figure 2.12:Standard block diagram elements. The arrows indicate the the inputstgudisou
of each element, with the mathematical operation corresponding to theshltatheled at the
output. The system block (f) represents the full input/output respdresdymamical system.
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Figure 2.13: A block diagram representation of the ight control system for an inggng
against the wind. The mechanical portion of the model consists of thebragigt dynamics
of the y, the drag due to ying through the air and the forces generatethb wings. The
motion of the body causes the visual environment of the y to changgtfaia information
is then used to control the motion of the wings (through the sensory mattarsy, closing
the loop.

arerepresented as lines, with arrows to indicate inputsatpits. The rstdiagram
is the representation for a summation of two signals. An fifgquiput response is
represented as a rectangle with the system name (or maibahtkscription) in

the block. Two special cases are a proportional gain, whiethes the input by
a multiplicative factor, and an integrator, which outputs integral of the input
signal.

Figure2.13illustrates the use of a block diagram, in this case for madehe
ight response of a y. The ight dynamics of an insect are incrbbi intricate,
involving careful coordination of the muscles within the g maintain stable ight
in response to external stimuli. One known characterigties is their ability to
y upwind by making use of the optical ow in their compound eyas a feedback
mechanism. Roughly speaking, the y controls its orientato that the point of
contraction of the visual eld is centered in its visual eld.

To understand this complex behavior, we can decompose tralbdynamics
of the system into a series of interconnected subsystentddoky. Referring to
Figure2.13 we can model the insect navigation system through an imtection
of ve blocks. The sensory motor system (a) takes the inforamatiom the visual
system (e) and generates muscle commands that attempeitdrstey so that the
point of contraction is centered. These muscle commandaxered into forces
through the apping of the wings (b) and the resulting aeraayic forces that are
produced. The forces from the wings are combined with the dratlpe y (d) to
produce a net force on the body of the y. The wind velocity estémrough the
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drag aerodynamics. Finally, the body dynamics (c) descrivethe y translates
and rotates as a function of the net forces that are appligdTtbe insect position,
speed and orientation are fed back to the drag aerodynamitsision system
blocks as inputs.

Each of the blocks in the diagram can itself be a complicatédysiem. For
example, the visual system of a fruit y consists of two cornpted compound eyes
(with about 700 elements per eye), and the sensory motaraysis about 200,000
neurons that are used to process information. A more ddthlteck diagram of
the insect ight control system would show the interconnes between these
elements, but here we have used one block to represent hawatien of the y
affects the output of the visual system, and a second blaelptesent how the visual
eld is processed by the y's brain to generate muscle commamts choice of the
level of detail of the blocks and what elements to separ&badifferent blocks often
depends on experience and the questions that one wantsterarsing the model.
One of the powerful features of block diagrams is their &bth hide information
about the details of a system that may not be needed to gaindarstanding of
the essential dynamics of the system.

Modeling from Experiments

Since control systems are provided with sensors and acétisralso possible to
obtain models of system dynamics from experiments on thegs The models
are restricted to input/output models since only theseadsgare accessible to
experiments, but modeling from experiments can also be gwdhvith modeling
from physics through the use of feedback and interconnectio

A simple way to determine a system's dynamics is to obsemedbponse to a
step change in the control signal. Such an experiment begisstting the control
signal to a constant value; then when steady state is esttadlithe control signal is
changed quickly to a new level and the output is observed. Ajpergnent gives the
step response of the system, and the shape of the respoaseigeful information
about the dynamics. It immediately gives an indication efrésponse time, and it
tells if the system is oscillatory or if the response is monet

Example 2.5 Spring—mass system
Consider the spring—mass system from SecZdnwhose dynamics are given by

mdrC céPC kq D u: (2.19)

We wish to determine the constamts ¢ andk by measuring the response of the
system to a step input of magnituéig.
We will show in Chaptet6 that whenc? < 4km, the step response for this
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Figure 2.14: Step response for a spring—mass system. The magnitude of the stésinpu
Fo D 20 N. The period of oscillatio is determined by looking at the time between two
subsequent local maxima in the response. The period combined wittetddysstate value
g.1 / and the relative decrease between local maxima can be used to estinpateatheters

in a model of the system.

system from the rest con guration is given by
D P 4km  c?
Fo ct - d om :
t/D— 1 exp — sin!4C'/
a k P 2m d

P
"Dtan!  4km 2 :

From the form of the solution, we see that the form of the respdas determined
by the parameters of the system. Hence, by measuring céettures of the step
response we can determine the parameter values.
Figure2.14shows the response of the system to a step of magniyd 20
N, along with some measurements. We start by noting thatélaelg-state position
of the mass (after the oscillations die down) is a functiothefspring constark:
Fo_

9.1/D 7 (2.20)

whereF, is the magnitude of the applied forcEy(D 1 for a unit step input). The
parameter %k is called thegain of the system. The period of the oscillation can be
measured between two peaks and must satisfy

P
2 4km 2
—D —— —: 2.21
T 2m ( )

Finally, the rate of decay of the oscillations is given by tkpanential factor in the
solution. Measuring the amount of decay between two peathiave

log q.ti/ % log q.to/ E Di

RPN T 2.22
K om 2 1 ( )
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Using this set of three equations, we can solve for the paemsand determine
that for the step response in Figlgd4we havem 250 kg,c 60 N s/m and
k 40 N/m. r

Modeling from experiments can also be done using many otigeaks. Si-
nusoidal signals are commonly used (particularly for systevith fast dynamics)
and precise measurements can be obtained by exploiting/ation techniques. An
indication of nonlinearities can be obtained by repeatixigeements with input
signals having different amplitudes.

Normalization and Scaling

Having obtained a model, it is often useful to scale the \weim by introducing
dimension-free variables. Such a procedure can often dirtpk equations for a
system by reducing the number of parameters and reveaéatiieg properties of
the model. Scaling can also improve the numerical condiigmif the model to
allow faster and more accurate simulations.

The procedure of scaling is straightforward: choose unitsefich indepen-
dent variable and introduce new variables by dividing thealdes by the chosen
normalization unit. We illustrate the procedure with twamples.

Example 2.6 Spring—mass system
Consider again the spring—mass system introduced e&tligtecting the damping,

the system is described by
mdRC kq D u:

The model has two parametarsandk. To normalize the deel we introduce
dimension-free variables D g=l and D ! ot, where! ¢ D = k=m andl is the
chosen length scale. We scale forcerby 2 and introduces D u=.ml! 3/. The
scaled equation then becomes

d?x d?g=l 1

— D . kgCu/ D xCyv;

d2-dioz muz O
which is the normalized undamped spring—mass system. &bt the normalized
model has no parameters, while the original model had twarpateran andk.
Introducing the scaled, dimension-free state variakle® x D g=l andz, D
dx=d D &=.l! o/, the rréod%I can be writéeré as9

8 9
d323 ;30 13323 .303.

dt " z’ 1 0 "z Vv
This simple linear equation describes the dynamics of anpgpmass system,
independent of the particular parameters, and hence gs/assight into the fun-
damental dynamics of this oscillatory system. To recoveptiysical frequency of
oscillation or its magnitude, we must invert the scaling \aeehapplied. r
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Example 2.7 Balance system
Consider the balance system described in SeidnNeglecting damping by
puttingc D 0 and D 0 in equation 2.9), the model can be written as

d’q d? dq »

.MCm/— mlcos — Cmlsin — "D F;
e a2 ST
d2q d?
mlcos — C.JCml%— mglsin D O:
e az M9

P :

Let! o D mgl=.J C ml?/, choose the length scalelatet the time scale be o,
choose the force scale a9l C n/I! 2 and introduce the scaled variable® ! qt,
x D g=I andu D F=..M C m/I! 3/. The equations then become

d?x d? d 2 d’x _ d? .

42 cospc sin a4 D u; coS FCP sin DO;
where D m=.MCm/and D ml?=.JCml?%. Notice that the original model has
ve parametersn, M, J, | andg but the normalized model has only two parameters

and .If M mandml®> J, we get 0 and 1 and the model can be
approximated by

d?x d? .

FDU, qz sin Ducos:
The model can be interpreted as a mass combined with an idyatelulum driven
by the same input. r

Model Uncertainty

Reducing uncertainty is one of the main reasons for usingjd@ek, and it is there-
fore important to characterize uncertainty. When makingsoeements, there is a
good tradition to assign both a nominal value and a measuveadrtainty. It is
useful to apply the same principle to modeling, but unfaatety it is often dif cult
to express the uncertainty of a model quantitatively.

For a static system whose input/output relation can be cteniaed by a func-
tion, uncertainty can be expressed by an uncertainty bankuasated in Fig-
ure 2.15a At low signal levels there are uncertainties due to senssolution,
friction and quantization. Some models for queuing systentells are based on
averages that exhibit signi cant variations for small paidns. At large signal
levels there are saturations or even system failures. Thalsignges where a model
is reasonably accurate vary dramatically between apmitstbut it is rare to nd
models that are accurate for signal ranges larger than 10

Characterization of the uncertainty of a dynamic model isimmore dif cult.
We can try to capture uncertainties by assigning uncergaimd parameters of the
model, but this is often not suf cient. There may be errors dupiienomena that
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Figure 2.15: Characterization of model uncertainty. Uncertainty of a static system is illus-
trated in (a), where the solid line indicates the nominal input/output relatiorsstdpthe
dashed lines indicate the range of possible uncertainty. The uncertairip [SPD59 in

(b) is one way to capture uncertainty in dynamical systems emphasizirgtiadel is valid

only in some amplitude and frequency ranges. In (c) a model is repties by a nominal
modelM and another moddl representing the uncertainty analogous to the representation
of parameter uncertainty.

have been neglected, e.g., small time delays. In contralltimeate test is how well
a control system based on the model performs, and time detaybe important.
There is also a frequency aspect. There are slow phenomefaaswaging, that
can cause changes or drift in the systems. There are alsdregirency effects: a
resistor will no longer be a pure resistance at very highuesgies, and a beam
has stiffness and will exhibit additional dynamics whenjsabto high-frequency
excitation. Theuncertainty lemofdGPD59 shown in Figure2.15bis one way to
conceptualize the uncertainty of a system. It illustraltes & model is valid only in
certain amplitude and frequency ranges.

We will introduce some formal tools for representing unaietly in Chapted 2
using gures such as Figuz15c These tools make use of the concept of a transfer
function, which describes the frequency response of antfopiput system. For
now, we simply note that one should always be careful to neieegthe limits of
a model and not to make use of models outside their range dicapjhity. For
example, one can describe the uncertainty lemon and thek ebenake sure that
signals remain in this region. In early analog computingysiesm was simulated
using operational ampli ers, and it was customary to giveraawhen certain
signal levels were exceeded. Similar features can be indludgigital simulation.

2.4 Modeling Examples

In this section we introduce additional examples thatitiate some of the different
types of systems for which one can develop differential éqnaand difference
equation models. These examples are speci cally chosen fr@nge of different
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elds to highlight the broad variety of systems to which feadk and control
concepts can be applied. A more detailed set of applicatimatsserve as running
examples throughout the text are given in the next chapter.

Motion Control Systems

Motion control systems involve the use of computation ardifack to control the
movement of a mechanical system. Motion control systemgerdrom nanopo-
sitioning systems (atomic force microscopes, adaptivegptto control systems
for the read/write heads in a disk drive of a CD player, to nfiacturing systems
(transfer machines and industrial robots), to automotomrol systems (antilock
brakes, suspension control, traction control), to air guadte ight control systems
(airplanes, satellites, rockets and planetary rovers).

Example 2.8 Vehicle steering—the bicycle model
A common problem in motion control is to control the trajegtof a vehicle
through an actuator that causes a change in the orientétsteering wheel on an
automobile and the front wheel of a bicycle are two examlessimilar dynamics
occur in the steering of ships or control of the pitch dynaoican aircraft. In many
cases, we can understand the basic behavior of these sysi@ugh the use of a
simple model that captures the basic kinematics of the syste

Consider a vehicle with two wheels as shown in Fig2uks For the purpose of
steering we are interested in a model that describes howetbeity of the vehicle
depends on the steering angldo be speci ¢, consider the velocityat the center
of mass, a distanca from the rear wheel, and l&tbe the wheel base, as shown
in Figure2.16 Letx andy be the coordinates of the center of mas#)e heading
angle and the angle between the velocity vectaand the centerline of the vehicle.
Sinceb D rytan anda D rytan |, it follows thattan D .a=b/tan and we get
the following relation between and the steering angle

atan
./ D arctan (2.23)

Assume that the wheels are rolling without slip and that thleaity of the rear
wheel isvg. The vehicle speed at its center of masg B vp=cos , and we nd
that the motion of this point is given by

%Dvcos. c/ DVO%;

g _ c (2.24)
—yDvsin. Cc/ Dvo—sm' :

dt cos

To see how the angleis in uenced by the steering angle, we observe from Fig-
ure 2.16that the vehicle rotates with the angular veloaitygr, around the point
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Figure 2.16: Vehicle steering dynamics. The left gure shows an overhead viewehéicle
with four wheels. The wheel basebsand the center of mass at a distaaderward of the
rear wheels. By approximating the motion of the front and rear pairshefelg by a single
front wheel and a single rear wheel, we obtain an abstraction calldzayee modelshown
on the right. The steering angle isand the velocity at the center of mass has the angle
relative the length axis of the vehicle. The position of the vehicle is giverxpy/ and the
orientation (heading) by.

O. Hence d Vo _ Vo
ai D o D b tan : (2.25)

Equations2.23—(2.25 can be used to model an automobile under the assump-
tions that there is no slip between the wheels and the roadhatdhe two front
wheels can be approximated by a single wheel at the centdreoédr. The as-
sumption of no slip can be relaxed by adding an extra statablar giving a more
realistic model. Such a model also describes the steeringndis of ships as well
as the pitch dynamics of aircraft and missiles. It is alscsjiids to choose coor-
dinates so that the reference point is at the rear wheelse@mwnding to setting

D 0), a model often referred to as tbeibins car[Dub57.

Figure 2.16 represents the situation when the vehicle moves forwarchasd
front-wheel steering. The case when the vehicle reversast@ned by changing
the sign of the velocity, which is equivalent to a vehicletwi¢ar-wheel steering.

r

Example 2.9 Vectored thrust aircraft

Consider the motion of vectored thrust aircraft, such asHheier “jump jet”
shown Figure2.17a The Harrier is capable of vertical takeoff by redirecting it
thrust downward and through the use of smaller maneuvehingters located on
its wings. A simpli ed model of the Harrier is shown in FiguBel7h where we
focus on the motion of the vehicle in a vertical plane throtigd wings of the
aircraft. We resolve the forces generated by the main dowhéauster and the
maneuvering thrusters as a pair of for€égsandF, acting at a distancebelow the
aircraft (determined by the geometry of the thrusters).
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(a) Harrier “jump jet” (b) Simpli ed model

Figure 2.17: Vectored thrust aircraft. The Harrier AV-8B military aircraft (a) resits its
engine thrust downward so that it can “hover” above the ground.eSginfrom the engine
is diverted to the wing tips to be used for maneuvering. As shown in (bpehéhrust on
the aircraft can be decomposed into a horizontal fétcand a vertical forcd-, acting at a
distance from the center of mass.

Let.x;y; / denote the position and orientation of the center of massef t
aircraft. Letm be the mass of the vehicl& the moment of inertiag the gravitational
constant and the damping coef cient. Then the equations of motion for theieke
are given by

mRkD F; cos F,sin c®,
mRD Fysin C F,cos mg cy (2.26)
JRD rFy:
Itis convenient to rede ne the inputs so that the origin is quilbrium point of the
system with zero input. Letting; D F; andu, D F,  mg, the equations become

mRkD mgsin c¥®C u;cos u,sin ;

mRD mg.cos 1/ cPCu;sin Cuycos; (2.27)
JRD ruy:
These equations describe the motion of the vehicle as a $eeeftoupled second-
order differential equations. r

Information Systems

Information systems range from communication systemsthkenternet to soft-
ware systems that manipulate data or manage enterprisesgidarces. Feedback
is presentin all these systems, and designing strategiesfting, ow control and
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Figure 2.18:Schematic diagram of a queuing system. Messages arrive ataateare stored
in a queue. Messages are processed and removed from the quatee afThe average size
of the queue is given by 2 R.

buffer management is a typical problem. Many results in qngetheory emerged
from design of telecommunication systems and later fronelbgment of the In-
ternet and computer communication systeBG87, Kle75, Sch87. Management
of queues to avoid congestion is a central problem and wethghefore start by
discussing the modeling of queuing systems.

Example 2.10 Queuing systems

A schematic picture of a simple queue is shown in Figud8 Requests arrive
and are then queued and processed. There can be large variatiarrival rates
and service rates, and the queue length builds up when tivelaate is larger
than the service rate. When the queue becomes too larg&eerdenied using
an admission control policy.

The system can be modeled in many different ways. One way i®teheach
incoming request, which leads to an event-based model wihestate is an integer
that represents the queue length. The queue changes wheuestragives or a
request is serviced. The statistics of arrival and serviairgtypically modeled as
random processes. In many cases it is possible to determaitigtiss of quantities
like queue length and service time, but the computationdeayuite complicated.

A signi cant simpli cation can be obtained by using aw model Instead
of keeping track of each request we instead view service aqdests as ows,
similar to what is done when replacing molecules by a contimwhen analyzing

uids. Assuming that the average queue lengtis a continuous variable and that
arrivals and services are ows with ratesand , the system can be modeled by
the rst-order differential equation

dx
at D D maxf.Xl; X 0 (2.28)
where max is the maximum service rate arfd x/ is a number between 0 and 1
that describes the effective service rate as a functioneofjtleue length.
Itis natural to assume that the effective service rate d#gpen the queue length
because larger queues require more resources. In steddywstehavef.x/ D

= max and we assume that the queue length goes to zero wheg,goes to zero
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Figure 2.19: Queuing dynamics. (a) The steady-state queue length as a function gf,.
(b) The behavior of the queue length when there is a temporary overidae system. The
solid line shows a realization of an event-based simulation, and the dasheshbws the
behavior of the ow model2.29.

and that it goes to in nity wher=  haxgoes to 1. This implies thait.0/ D 0 and
thatf.1 / D 1. In addition, if we assume that the effective service ratedorates
monotonically with queue length, then the functibrx/ is monotone and concave.
A simple function that satis es the basic requirement$.ig/ D x=.1C x/, which
gives the model

dx X

T D max =7 (2.29)
This model was proposed by Agnewdn76. It can be shown that if arrival and
service processes are Poisson processes, the averageangtheéd given by equa-
tion (2.29 and that equatior2(29 is a good approximation even for short queue
lengths; see Tipped[s9Qd.

To explore the properties of the mod@lZ9 we will rst investigate the equi-
librium value of the queue length when the arrival rates constant. Setting the
derivativedx=dt to zero in equation?.29 and solving forx, we nd that the queue
lengthx approaches the steady-state value

Xe D ——: (2.30)
max
Figure 2.19ashows the steady-state queue length as a functiorr of,ax the
effective service rate excess. Notice that the queue lengtkases rapidly as
approaches max. To have a queue length less than 20 requiteSnax < 0:95. The
average time to service arequeskdD .XC /= a anditincreases dramatically
as approaches max.

Figure2.19billustrates the behavior of the server in a typical overlsiaghation.
The maximum service rate isnax D 1, and the arrival rate starts atD 0:5. The
arrival rate is increased toD 4 at time 20, and it returns to D 0:5 at time 25.
The gure shows that the queue builds up quickly and clears stemyly. Since the
response time is proportional to queue length, it meanslhieaquality of service
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Figure 2.20: lllustration of feedback in the virtual memory system of the IBM/370. (ag¢ T
effect of feedback on execution times in a simulation, followiBg&pg. Results with no
feedback are shown with, and results with feedback with Notice the dramatic decrease
in execution time for the system with feedback. (b) How the three statedbtamed based
on process measurements.

is poor for a long period after an overload. This behavior iEedaherush-hour
effectand has been observed in web servers and many other questegisysuch
as automobile traf c.

The dashed line in Figur2.19bshows the behavior of the ow model, which
describes the average queue length. The simple model cajtelavior qualita-
tively, but there are variations from sample to sample whengueue length is
short. r

Many complex systems use discrete control actions. Sucaragstan be mod-
eled by characterizing the situations that correspond th €antrol action, as
illustrated in the following example.

Example 2.11 Virtual memory paging control

An early example of the use of feedback in computer systenssapplied in the
operating system OS/VS for the IBM 37BG68 Cro75. The system used virtual
memory, which allows programs to address more memory thaimyisically avail-
able as fast memory. Data in current fast memory (randonmsacoemory, RAM)
is accessed directly, but data that resides in slower me(@l) is automatically
loaded into fast memory. The system is implemented in suchyehed it appears
to the programmer as a single large section of memory. Thersysérformed very
well in many situations, but very long execution times weneaintered in over-
load situations, as shown by the open circles in Figug9a The dif culty was
resolved with a simple discrete feedback system. The lodtkafeéntral processing
unit (CPU) was measured together with the number of page shetpseen fast
memory and slow memory. The operating region was classi eceaggtin one of
three states: normal, underload or overload. The normad s&atharacterized by
high CPU activity, the underload state is characterized Wwya®U activity and few
page replacements, the overload state has moderate to loho@ébut many page
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Figure 2.21: Consensus protocols for sensor networks. (a) A simple sensor etvith
ve nodes. In this network, node 1 communicates with node 2 and nodar@nuinicates
with nodes 1, 3, 4, 5, etc. (b) A simulation demonstrating the converg#ribe consensus
protocol @.31) to the average value of the initial conditions.

replacements; see Figu2e20h The boundaries between the regions and the time
for measuring the load were determined from simulationsgugipical loads. The
control strategy was to do nothing in the normal load cooditio exclude a process
from memory in the overload condition and to allow a new pssca a previously
excluded process in the underload condition. The crossegurdé2.20ashow the
effectiveness of the simple feedback system in simulateddoSimilar principles
are used in many other situations, e.g., in fast, on-chipeatemory. r

Example 2.12 Consensus protocols in sensor networks

Sensor networks are used in a variety of applications whergvare to collect
and aggregate information over a region of space using phellsiensors that are
connected together via a communications network. Exampt#sde monitoring
environmental conditions in a geographical area (or inaitailding), monitoring
the movement of animals or vehicles and monitoring the nesoloading across
a group of computers. In many sensor networks the compuotdti@sources are
distributed along with the sensors, and it can be importartie set of distributed
agentstoreach aconsensus about a certain property, sheteasrage temperature
in a region or the average computational load among a setnopuaters.

We model the connectivity of the sensor network using a grapth nodes
corresponding to the sensors and edges corresponding éxitence of a direct
communications link between two nodes. We use the not&tipto represent the
set of neighbors of a node For example, in the network shown in Figize2la
N, D f1;3; 4, 5gandN3 D f2; 4g

To solve the consensus problem Xebe the state of thigh sensor, correspond-
ing to that sensor's estimate of the average value that wigyang to compute. We
initialize the state to the value of the quantity measuredhieyindividual sensor.
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The consensus protocol (algorithm) can now be realized asahupdate law
X

xi[kC 1] D x[k] C X[kl xi[K]/ (2.31)
i2N;
This protocol attempts to compute the average by updatingpta state of each

agent based on the value of its neighbors. The combined dgsarhall agents can
be written in the form

x[kC1]D x[k] .D AXK; (2.32)

where A is the adjacency matrix anD is a diagonal matrix with entries corre-
sponding to the number of neighbors of each node. The constdascribes the
rate at which the estimate of the average is updated basedfarmation from
neighboring nodes. The matrix:D D  Ais called theLaplacianof the graph.
The equilibrium points of equatior2(32) are the set of states such tixgtk C
1] D Xg[K]. It can be shown thate D .; ;:::; / is an equilibrium state for the
system, corresponding to each sensor having an identioakeds for the average.
Furthermore, we can show thatis indeed the average value of the initial states.
Since there can be cycles in the graph, it is possible thatttte ef the system
could enter into an in nite loop and never converge to the idesconsensus state.
A formal analysis requires tools that will be introducecelah the text, but it can
be shown that for any connected graph we can always ndsach that the states
of the individual agents converge to the average. A simutatiemonstrating this
property is shown in Figur2.21hb r

Biological Systems

Biological systems provide perhaps the richest sourceeaflfack and control ex-
amples. The basic problem of homeostasis, in which a quasidiy as temperature
or blood sugar levelis regulated to a xed value, is but onéefrhany types of com-
plex feedback interactions that can occur in molecular rimesh cells, organisms
and ecosystems.

Example 2.13 Transcriptional regulation
Transcription is the process by which messenger RNA (mRBE&gherated from a
segmentof DNA. The promoter region of a gene allows trangoripo be controlled
by the presence of other proteins, which bind to the prom@gion and either
repress or activate RNA polymerase, the enzyme that preducsRNA transcript
from DNA. The mRNA is then translated into a protein accordimds nucleotide
sequence. This process is illustrated in FigRuz2

A simple model of the transcriptional regulation processhimugh the use
of a Hill function [dJ02 Mur04]. Consider the regulation of a protein A with a
concentration given by, and a corresponding mRNA concentratiog. Let B
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RNA
,/olymerase

Figure 2.22: Biological circuitry. The cell on the left is a bovine pulmonary cell, stained s
that the nucleus, actin and chromatin are visible. The gure on the riglesgin overview
of the process by which proteins in the cell are made. RNA is transcribed DNA by an
RNA polymerase enzyme. The RNA is then translated into a protein by ameltg called
aribosome.

be a second protein with concentratipfthat represses the production of protein
A through transcriptional regulation. The resulting dynesrof p, andm, can be
written as

dma ab
D Nab

where ,,C 4oisthe unregulated transcription ratg represents the rate of degra-
dation of MRNA, ap, Kap @andngp are parameters that describe how B represses A,

a represents the rate of production of the protein from itsegponding mRNA
and , represents the rate of degradation of the protein A. The pateamy, de-
scribes the “leakiness” of the promoter, amg is called the Hill coef cient and
relates to the cooperativity of the promoter.

A similar model can be used when a protein activates the ptatuof another

protein rather than repressing it. In this case, the egusitiave the form

dmg Kab Py d
dt D laCbkabF;JnabC a0 aMa, ;PaD aMa  aPa; (2.34)

where the variables are the same as described previoudly.thét in the case of
the activator, ifp, is zero, then the production rate ig (versus ap C 4 for the
repressor). Agy, gets large, the rst term in the expression f@ approaches 1
and the transcription rate becomeg C 4o (versus 4o for the repressor). Thus
we see that the activator and repressor act in oppositeofaéitim each other.

As an example of how these models can be used, we consideraithel of a
“repressilator,” originally due to Elowitz and LeibleE[0Q]. The repressilator is
a synthetic circuit in which three proteins each represstamon a cycle. This is
shown schematically in Figur2.23a where the three proteins are TetR;l and
Lacl. The basic idea of the repressilator is that if TetR is@néshen it represses

C a0 aMa; —D aMa aPa; (2-33)
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Figure 2.23: The repressilator genetic regulatory network. (a) A schematic diagfaheo
repressilator, showing the layout of the genes in the plasmid that holdg¢hé as well as
the circuit diagram (center). (b) A simulation of a simple model for theasgilator, showing
the oscillation of the individual protein concentrations. (Figure courtesklbwitz.)

the production of cl. If clis absent, then Lacl is produced (at the unregulated
transcription rate), which in turn represses TetR. OncR Tetepressed, thercl is
no longer repressed, and so on. If the dynamics of the ciaceitlesigned properly,
the resulting protein concentrations will oscillate.

We can model this system using three copies of equad@8), with A and
B replaced by the appropriate combination of TetR, cl and Laké state of the
system is then given by D .Mrer; Pretr; Mel; Pel; Miacl; Prac/ . Figure 2.23b
shows the traces of the three protein concentrations fanpetersy D 2, D 0:5,
kD625 104 (D5 104 D58 103 DO012and D12 10°3
with initial conditionsx.0/ D .1; 0; 0; 200, 0; 0/ (following [ELOQ]). r

Example 2.14 Wave propagation in neuronal networks
The dynamics of the membrane potential in a cell are a fundeherechanism
in understanding signaling in cells, particularly in news@nd muscle cells. The
Hodgkin—Huxley equations give a simple model for studyinggagation waves in
networks of neurons. The model for a single neuron has the form

dv

CH D |Na IK |IeakC Iinput;

whereV is the membrane potentidl, is the capacitancéy, andlk are the current
caused by the transport of sodium and potassium across ltheemabrane,l\gax
is a leakage current arlghy is the external stimulation of the cell. Each current
obeys Ohm's law, i.e.,

I Dg.V E/,

whereg is the conductance anB is the equilibrium voltage. The equilibrium
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voltage is given by Nernst's law,

ED E log %;
nk Ci
whereRis Boltzmann's constant, is the absolute temperatukejs Faraday's con-
stant,n is the charge (or valence) of the ion appéndc, are the ion concentrations
inside the cell and in the external uid. At 2@ we haveRT=F D 20 mV.

The Hodgkin—Huxley model was originally developed as a méapgedict the
quantitative behavior of the squid giant axétH52]. Hodgkin and Huxley shared
the 1963 Nobel Prize in Physiology (along with J. C. Eccles) falgsis of the
electrical and chemical events in nerve cell dischargesvdhage clamp described
in Sectionl.3was a key element in Hodgkin and Huxley's experiments. r

2.5 Further Reading

Modeling is ubiquitous in engineering and science and hasgliistory in applied
mathematics. For example, the Fourier series was intratingd-ourier when he
modeled heat conduction in solidBqu07. Models of dynamics have been de-
veloped in many different elds, including mechanidsrp78, Gol53, heat con-
duction [CJ59, uids [ BRS6Q, vehicles Pbk69, Bla9l, Ell94], robotics MLS94,
SVv89, circuits [Gui6d, power systemsqun93, acoustics Ber54 and microme-
chanical systemsSen0]. Control theory requires modeling from many differ-
ent domains, and most control theory texts contain sevégters on modeling
using ordinary differential equations and difference digms (see, for example,
[FPENOY). A classic book on the modeling of physical systems, esigane-
chanical, electrical and thermo uid systems, is Cann@arj03. The book by
Aris [Ari94] is highly original and has a detailed discussion of the dsimnension-
free variables. Two of the authors' favorite books on maugbf biological systems
are J. D. Murray Mur04] and Wilson Wil99].

Exercises

2.1 (Chain of integrators form) Consider the linear ordinarffedential equa-
tion (2.7). Show that by choosing a state space representationxith y, the
dynamics can be written as
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This canonical form is called th&hain of integratordorm.

2.2(Inverted pendulum) Use the equations of motion for a baaystem to derive
a dynamic model for the inverted pendulum described in Exa2@and verify
that for small the dynamics are approximated by equatiari().

2.3 (Disrete-time dynamics) Consider the following discréitee system

x[k C 1] D Ax[k] C Bu[K]; y[k] D Cx[K];
where g g 8 9 8 9 8 o
xD3X3. ap3dun Az gp30. opog g
X: 0 apxy 1

In this problem, we will explore some of the properties o$ttliscrete-time system
as a function of the parameters, the initial conditions duednputs.

(&) For the case whesmy, D 0 andu D 0, give a closed form expression for the
output of the system.

(b) A discrete system is iaquilibriumwhenx[k C 1] D x[k] for all k. Letu D r

be a constant input and compute the resulting equilibriumtgor the system.
Show that ifja;jj < 1 for alli, all initial conditions give solutions that converge to
the equilibrium point.

(c) Write a computer program to plot the output of the systenesponse to a unit
step inputu[k] D 1,k 0. Plot the response of your system wifld] D 0 andA
given bya;; D 0:5,a;, D 1 anday, D 0:25.

2.4 (Keynesian economics) Keynes' simple model for an econagpien by
Y[k] D C[K] C I[Kk] C G[K];

whereY, C, | andG are gross national product (GNP), consumption, investment
and government expenditure for ydaiConsumption and investment are modeled
by difference equations of the form

ClkC1]D aY[k]; I[kC1]Db.C[kC1] CIK/:

wherea andb are parameters. The rst equation implies that consumptioreases
with GNP but that the effectis delayed. The second equatiphésithat investment
is proportional to the rate of change of consumption.

Show that the equilibrium value of the GNP is given by

1

Ye D e C Gef;
1 a

where the parameter1l  a/ is the Keynes multiplier (the gain fromor G to

Y). With a D 0:25 an increase of government expenditure will result in aftdd
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increase of GNP. Also show that the model can be written a®tlosving discrete-
time state rréodel: 98 8

9 9

3CkCllz 3 a az 3Cklz .3 a3 .

“Ikc1) Pab b ab -1k’ C7ap G
Y[K] D C[K] C I[K] C G[KI:

2.5(Least squares system identi cation) Consider a nonlindfaréintial equatione

that can be written in the form
dx X
a i fi . X/;
iD1
where f;.x/ are known nonlinear functions and are unknown, but constant,
parameters. Suppose that we have measurements (or es}iofatesfull statex

at time instantd;; tp; :::; ty, with N > M. Show that the parameters can be
determined by nding the least squares solution to a lineaaéign of the form
H Db;

where 2 RM is the vector of all parameters amti 2 RN M andb 2 RN are
appropriately de ned.

2.6(Normalized oscillator dynamics) Consider a damped sprimass system with
dynamics
mdrC céPC kq D F:

Let! o D P k= be the natural frequency andD c=.2p km/ be the damping
ratio.

(a) Show that by rescaling the equations, we can write therdiagsin the form
RC2! ofPC!3qD! 3u; (2.35)

whereu D F=k. This form of the dynamics is that of a linear oscillator wititural
frequency! o and damping ratio.

(b) Show that the system can be further normalized and wiiittéme form
— D z; —D zz 2 2 Cuv: (2.36)

The essential dynamics of the system are governed by a siaglpidg parameter
. TheQ-valuede ned asQ D 1=2 is sometimes used instead af

2.7 (Electric generator) An electric generator connected toangtpower grid can
be modeled by a momentum balance for the rotor of the gemerato
d?

EV . .
JWDPm P. D Py TSIH,
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wherel is the effective moment of inertia of the generatothe angle of rotation,
P the mechanical power that drives the generdgis the active electrical power,
E the generator voltag¥, the grid voltage ani the reactance of the line. Assuming
that the line dynamics are much faster than the rotor dyrgnfic D VI D
.EV=X/sin' , wherel is the current component in phase with the voltagand'

is the phase angle between voltagesndV . Show that the dynamics of the electric
generator has a normalized form that is similar to the dynawii a pendulum with
forcing at the pivot.

2.8 (Admission control for a queue) Consider the queuing sysiescribed in
Example2.10 The long delays created by temporary overloads can be rddhyce
rejecting requests when the queue gets large. This allowestsg|that are accepted
to be serviced quickly and requests that cannot be accontetda receive a
rejection quickly so that they can try another server. Gigrsan admission control
system described by

dx X
it D u max =7 uD satoy.k.r - x/l; (2.37)

where the controller is a simple proportional control wititisation (sa.p IS

de ned by equation 3.9)) andr is the desired (reference) queue length. Use a
simulation to show that this controller reduces the rustrreffect and explain
how the choice of affects the system dynamics.

2.9 (Biological switch) A genetic switch can be formed by cortiregtwo repres-
sors together in a cycle as shown below.

ul_|g 5,_u2 ﬁ -

LUZ

Using the models from Examp&13—assuming that the parameters are the same
for both genes and that the mRNA concentrations reach sstattyquickly—show
that the dynamics can be written in normalized coordinates a
le D 5 Vi ng
d 1czZ * " 4 “1cZ
wherez; andz, are scaled versions of the protein concentrations andrtteestcale
has also been changed. Show that 200 using the parameters in Examplé3
and use simulations to demonstrate the switch-like behavithe system.

Z Vo, (2.38)

2.10(Motor drive) Consider a system consisting of a motor dgwiwo masses that
are connected by a torsional spring, as shown in the diagehoawb
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This system can represent a motor with a exible shaft thaedravload. Assuming
that the motor delivers a torque that is proportional to tineent, the dynamics of
the system can be described by the equations
x ' '
2 Liccds g2 o,
dt? dt dt
&, 4, d (2.39)
JZF CW W Ck.' > 1/ D Tq:
Similar equations are obtained for a robot with exible armsl &or the arms of
DVD and optical disk drives.
Derive a state space model for the system by introducing riber(alized)
Btate variablex; D "1, X, D "5, X3 D ! 1=l g, andxs D ! ,=! g, where! ¢ D
k.J; C J/=.21 3,/ is the undamped natural frequency of the system when the
control signal is zero.




Chapter Three

Examples

... Don't apply any model until you understand the simplifying assumptionwhich it is
based, and you can test their validity. Catch phrase: use only as dirdatett limit yourself
to a single model: More than one model may be useful for understandiegedif aspects of
the same phenomenon. Catch phrase: legalize polygamy.”

Saul Golomb, “Mathematical Models—Uses and Limitations,” 1936I[Q].

In this chapter we present a collection of examples spanmiagy different
elds of science and engineering. These examples will be ussslghout the
text and in exercises to illustrate different concepts tKirse readers may wish to
focus on only a few examples with which they have had the nrast@xperience or
insight to understand the concepts of state, input, outpditignamics in a familiar

setting.

3.1 Cruise Control

The cruise control system of a car is a common feedback systeoustered in
everyday life. The system attempts to maintain a constantitglin the presence
of disturbances primarily caused by changes in the slope @@ The controller
compensates for these unknowns by measuring the speed @irthed adjusting
the throttle appropriately.

To model the system we start with the block diagram in Figdide Let v be
the speed of the car ang the desired (reference) speed. The controller, which
typically is of the proportional-integral (PI) type des@ibbrie y in Chapterl,
receives the signalé andv, and generates a control signathat is sent to an
actuator that controls the throttle position. The throttiéurn controls the torque
T delivered by the engine, which is transmitted through thergiand the wheels,
generating a forcé& that moves the car. There are disturbance folegdue to
variations in the slope of the road, the rolling resistanug aerodynamic forces.
The cruise controller also has a human—-machine interfadeatioavs the driver
to set and modify the desired speed. There are also functiaslisconnect the
cruise control when the brake is touched.

The system has many individual components—actuator, engaresmission,
wheels and car body—and a detailed model can be very cortgdichn spite of
this, the model required to design the cruise controllerteaguite simple.
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Figure 3.1: Block diagram of a cruise control system for an automobile. The throttle-
controlled engine generates a torquéhat is transmitted to the ground through the gearbox
and wheels. Combined with the external forces from the environmettt,asiaerodynamic
drag and gravitational forces on hills, the net force causes the car\e.fibe velocity

of the carv is measured by a control system that adjusts the throttle through an actuation
mechanism. A driver interface allows the system to be turned on andhoffree reference
speedv, to be established.

To develop a mathematical model we start with a force baléordee car body.
Letv be the speed of the can the total mass (including passengefsthe force
generated by the contact of the wheels with the road Faritie disturbance force
due to gravity, friction and aerodynamic drag. The equatianation of the car is
simply dv

—DF Fyg: 3.1
M d (3.1)

The forceF is generated by the engine, whose torque is proportionbEtcete
of fuel injection, which is itself proportional to a contrsignal 0 u 1 that
controls the throttle position. The torque also depends gmerspeed . A simple
representation of the torque at full throttle is given l?ymbmue curve

| 2

TY DTw 1 — 1 (3.2)
- m

where the maximum torqug,, is obtained at engine spekg,. Typical parameters
are T, D 190 Nm,! ,, D 420 rad/s (about 4000 RPM) andD 0:4. Letn be
the gear ratio and the wheel radius. The engine speed is related to the velocity
through the expression N

' D FV D: v,

and the driving force can be written as
nu
FD TT'!/ D nuT. Vi

Typical values of  for gears 1 through5are D 40, , D 25, 3D 16, 4D 12
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Figure 3.2: Torque curves for typical car engine. The graph on the left showsotigeie
generated by the engine as a function of the angular velocity of the engiile,the curve
on the right shows torque as a function of car speed for differemsgea

and 5 D 10. The inverse of , has a physical interpretation as thigective wheel
radius. Figure3.2shows the torque as a function of engine speed and vehiae spe
The gure shows that the effect of the gear is to “ atten” the toegcurve so that
an almost full torque can be obtained almost over the whaedpange.

The disturbance forc&y has three major componentsy, the forces due to
gravity; F, the forces due to rolling friction; anig,, the aerodynamic drag. Letting
the slope of the road be, gravity gives the forcd~y D mgsin , as illustrated in
Figure3.33 whereg D 9.8 m/¢ is the gravitational constant. A simple model of
rolling friction is

F- D mgG sgnv/;

whereC; is the coef cient of rolling friction and sgw/ is the sign ofv ( 1) or
zero ifv D 0. A typical value for the coef cient of rolling friction i<C; D 0:01.
Finally, the aerodynamic drag is proportional to the squéthespeed:

1
F,D > CyAV?;

where isthe density of ailCq is the shape-dependent aerodynamic drag coef cient
andAisthe frontal area of the car. Typical parameters aie1.3 kg/n¥,Cq D 0:32
andA D 2.4 nt.

Summarizing, we nd that the car can be modeled by
dv
dt
where the functiorT is given by equation3.2). The model 8.3) is a dynamical
system of rst order. The state is the car velooitywhich is also the output. The

input is the signal that controls the throttle position, and the disturbanddés
force Fy, which depends on the slope of the road. The system is nonleeause

1
m— D ,uT. v/ mgG sgnv/ ECdAVZ mgsin ; (3.3)
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Figure 3.3: Car with cruise control encountering a sloping road. A schematic diaggam
shown in (a), and (b) shows the response in speed and throttle whereaoéld is encoun-
tered. The hill is modeled as a net change ofrdhill angle , with a linear change in the
angle between D 5 andt D 6. The PI controller has proportional gainkis D 0:5, and the
integral gain is; D 0:1.

of the torque curve, the gravity term and the nonlinear dtaraf rolling friction
and aerodynamic drag. There can also be variations in thengtess; e.g., the mass
of the car depends on the number of passengers and the loagdagried in the
car.

We add to this model a feedback controller that attemptsgolage the speed
of the car in the presence of disturbances. We shall use aiomal-integral
controller, which has the form .

t

ut/Dkyet/Ck e/ d:
(0]

This controller can itself be realized as an input/outputadgital system by de n-
ing a controller state and implementing the differential equation

@ Dv, v; uDkpv, V/ICKkz (3.4)

wherev; is the desired (reference) speed. As discussed brie y in @eitb, the
integrator (represented by the stajesnsures that in steady state the error will be
driven to zero, even when there are disturbances or modedings. (The design of
P1 controllers is the subject of ChaptHd.) Figure3.3bshows the response of the
closed loop system, consisting of equatio88) and (3.4), when it encounters a
hill. The gure shows that even if the hill is so steep that thettie changes from
0.17 to almost full throttle, the largest speed error isteaa 1 m/s, and the desired
velocity is recovered after 20 s.

Many approximations were made when deriving the mo8&) (1t may seem
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forasy

Figure 3.4: Finite state machine for cruise control system. The gure on the left show
some typical buttons used to control the system. The controller can be iof éour modes,
corresponding to the nodes in the diagram on the right. Transition betweendtles is
controlled by pressing one of the ve buttons on the cruise control interfan, off, set,
resume or cancel.

surprising that such a seemingly complicated system capsmitbed by the simple
model @.3). It is important to make sure that we restrict our use of tlueleh to
the uncertainty lemon conceptualized in Fig@ré5h The model is not valid for
very rapid changes of the throttle because we have ignoeedigtails of the engine
dynamics, neither is it valid for very slow changes becatuseptroperties of the
engine will change over the years. Nevertheless the modadrisuseful for the
design of a cruise control system. As we shall see in lateptelns, the reason for
thisis the inherent robustness of feedback systems: etlerifiodel is not perfectly
accurate, we can use it to design a controller and make u$e déedback in the
controller to manage the uncertainty in the system.

The cruise control system also has a human—machine intetfatallows the
driver to communicate with the system. There are many diffexays to implement
this system; one version is illustrated in Fig&d. The system has four buttons:
on-off, set/decelerate, resume/accelerate and cancebfdration of the system
is governed by a nite state machine that controls the modekePI controller
and the reference generator. Implementation of contsodied reference generators
will be discussed more fully in Chapt&0.

The use of control in automotive systems goes well beyondithpls cruise
control system described here. Applications include eonsscontrol, traction
control, power control (especially in hybrid vehicles) adhptive cruise control.
Many automotive applications are discussed in detail irbiek by Kiencke and
Nielsen KNOO] and in the survey papers by Powers et BPP6 PNOQ.

3.2 Bicycle Dynamics

The bicycle is an interesting dynamical system with the fiesatinat one of its key
properties is due to a feedback mechanism that is creatdtelaesign of the front
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Figure 3.5: Schematic views of a bicycle. The steering angle &nd the roll angle is. The

center of mass has heightand distance from a vertical through the contact poiRt of the
rear wheel. The wheel baselisand the trail isc.

fork. A detailed model of a bicycle is complex because théssgdas many degrees
of freedom and the geometry is complicated. However, a glealt of insight can
be obtained from simple models.

To derive the equations of motion we assume that the bicytle on the hor-
izontal xy plane. Introduce a coordinate system that is xed to the beydth
the -axis through the contact points of the wheels with the gdouhe -axis
horizontal and the -axis vertical, as shown in Figu5. Letvg be the velocity of
the bicycle at the rear whedd,the wheel basé, the tilt angle and the steering
angle. The coordinate system rotates around the @inith the angular veloc-
ity ! D vp =b, and an observer xed to the bicycle experiences forces dtlecto
motion of the coordinate system.

The tilting motion of the bicycle is similar to an inverted plettum, as shown in
the rear view in Figur8.5b. To model the tilt, consider the rigid body obtained when
the wheels, the rider and the front fork assembly are xed &lticycle frame. Let
m be the total mass of the systedthe moment of inertia of this body with respect
to the -axis andD the product of inertia with respect to the axes. Furthermore,
let the and coordinates of the center of mass with respect to the reaelwhe
contact pointPy, bea andh, respectively. We havd mt? andD D mah The
torques acting on the system are due to gravity and cerdtipetion. Assuming
that the steering angleis small, the equation of motion becomes
dz Dv, d ., . mvgh
e T D mghsin' C
The termmghsin’ is the torque generated by gravity. The terms containiagd
its derivative are the torques generated by steering, Wwihdrm. Dvo=b/ d =dt

J

: (3.5)
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Figure 3.6: Block diagram of a bicycle with a front fork. The steering torque appliethéo
handlebars idl, the roll angle is and the steering angle is Notice that the front fork
creates a feedback from the roll angl¢o the steering anglethat under certain conditions
can stabilize the system.

due to inertial forces and the termmvzh=b/  due to centripetal forces.

The steering angle is in uenced by the torque the rider appbethe handle
bar. Because of the tilt of the steering axis and the shaphleofront fork, the
contact point of the front wheel with the ro&d is behind the axis of rotation of the
front wheel assembly, as shown in Fig@:.&c. The distance between the contact
point of the front wheelP, and the projection of the axis of rotation of the front
fork assemblyP; is called thetrail. The steering properties of a bicycle depend
critically on the trail. A large trail increases stabilitytomakes the steering less
agile.

A consequence of the design of the front fork is that the Bigeangle is
in uenced both by steering torqu&é and by the tilt of the framé . This means
that a bicycle with a front fork is &edback systemas illustrated by the block
diagram in Figure3.6. The steering angle in uences the tilt angle , and the
tilt angle in uences the steering angle, giving rise to thecglar causality that is
characteristic of reasoning about feedback. For a froktigth a positive trail, the
bicycle will steer into the lean, creating a centrifugaki®that attempts to diminish
the lean. Under certain conditions, the feedback can dgtsialbilize the bicycle.
A crude empirical model is obtained by assuming that theko®can be modeled

as the static system
D le kzl: (36)

This model neglects the dynamics of the front fork, the tioaer interaction and
the fact that the parameters depend on the velocity. A marnerate model, called
theWhipple modelis obtained using the rigid-body dynamics of the front farid
the frame. Assugnigg small fémggl)es, this model b%cosr)nes

M.BISB CCVO??C.KOCKZV(%/?'?D???; (3.7)

where the elements of the 22 matricesM, C, K andK, depend on the geometry
and the mass distribution of the bicycle. Note that this Hasra somewhat similar
to that of the spring—mass system introduced in Ch&xed the balance system in
Example2.1 Even this more complex model is inaccurate because thadaiien
between the tire and the road is neglected; taking this intmant requires two
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(a) Chip pinout (b) Full schematic (c) Simple view

Figure 3.7: An operational ampli er and two schematic diagrams. (a) The ampli er pin
connections on an integrated circuit chip. (b) A schematic with all connect{g) Only the
signal connections.

additional state variables. Again, the uncertainty lemmRigure2.15bprovides a
framework for understanding the validity of the model unterse assumptions.

Interesting presentations on the development of the kécgob given in the
books by D. Wilson Wil04] and Herlihy Her04. The model 8.7) was presented
in a paper by Whipple in 189%Yhi99]. More details on bicycle modeling are given
in the paper AKLO5], which has many references.

3.3 Operational Ampli er Circuits

An operational ampli er (op amp) is a modern implementatiéBlack's feedback
ampli er. Itis a universal component that is widely used festrumentation, con-
trol and communication. It is also a key element in analogmatimg. Schematic
diagrams of the operational ampli er are shown in Fig8ré The ampli er has one
inverting input ¢ ), one noninverting inputc) and one outputv,). There are
also connections for the supply voltages,andec, and a zero adjustment (offset
null). A simple model is obtained by assuming that the inputentsi andic are
zero and that the output is given by the static relation

Vout D saty,vmad KVec Vv I (3.8)
where sat denotes the saturation fugction

2a ifx<a
sata.p . X/ D X fa x b (3.9)
b ifx> b
We assume that the galinis large, in the range of £810°, and the voltagegmin

andvmax satisfy
e Vmin <Vmax €c
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Vout

Vm ax

Ve V

Vmin

Figure 3.8: Input/output characteristics of an operational ampli er. The differéimiaut is
givenbyve v . The output voltage is a linear function of the input in a small range around
0, with saturation a¥mi, andvmax. In the linear regime the op amp has high gain.

and hence are inthe range of the supply voltages. More aecuralels are obtained
by replacing the saturation function with a smooth funcésrshown in Figur8.8.
For small input signals the ampli er characterist&§) is linear:

Vout D kve v I/ D: kv: (3.10)

Since the open loop galais very large, the range of input signals where the system
is linear is very small.

A simple ampli er is obtained by arranging feedback arounel ltlasic opera-
tional ampli er as shown in Figur&.9a To model the feedback ampli er in the
linear range, we assume that the curignd i C ic is zero and that the gain of
the ampli er is so large that the voltageD v vc is also zero. It follows from
Ohm'’s law that the currents through resist&sand R, are given by

\Y V
R Rz
O_Wv A‘/‘/‘v
R )
v e v %
- V. R 2
R, RiICR
V2
o o)
(a) Ampli er circuit (b) Block diagram

Figure 3.9: Stable ampli er using an op amp. The circuit (a) uses negative feédiracind
an operational ampli er and has a corresponding block diagram ¢® r&sistord?; and R,
determine the gain of the ampli er.
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and hence the closed loop gain of the ampli er is

\Y; R

2D kg where kgD —: (3.11)

Vi Ry
A more accurate model is obtained by continuing to negleetdiwrrentiy but
assuming that the voltageis small but not negligible. The current balance is then

Vi V vV Vo
D : 3.12
R Ry (3.12)

Assuming that the ampli er operates in the linear range amagusquation 8.10),
the gain of the closed loop system becomes

Vo R, k Ry

D L PR RCRCKR
If the open loop gairk of the operational ampli er is large, the closed loop gain
kq is the same as in the simple model given by equat®alj. Notice that the
closed loop gain depends only on the passive componenthandariations irk
have only a marginal effect on the closed loop gain. For exavifigx D 10° and
R,=R; D 100, a variation ok by 100% gives only a variation of 0.01% in the closed
loop gain. The drastic reduction in sensitivity is a nicesthation of how feedback
can be used to make precise systems from uncertain comoiretitis particular
case, feedback is used to trade high gain and low robustoeks\ gain and high
robustness. Equatio.(l3 was the formula that inspired Black when he invented
the feedback ampli erBla34] (see the quote at the beginning of Chayita).

It is instructive to develop a block diagram for the feedbaakpli er in Fig-
ure3.9a To do this we will represent the pure ampli er with inputand outputv,
as one block. To complete the block diagram, we must deshobes depends on
v1 andv,. Solving equation3.12 for v gives

(3.13)

D Ro c Ry D Ry Ro Cv, -
P RCRT RCR? RCR R~V
and we obtain the block diagram shown in Fig8r@h The diagram clearly shows
that the system has feedback and that the gain frofmv is R;=.R; C R,/, which
can also be read from the circuit diagram in Fig@r@a If the loop is stable and
the gain of the ampli er is large, it follows that the erm@is small, and we nd that
Vo D .Ry=R;/vi. Notice that the resistoR; appears in two blocks in the block
diagram. This situation is typical in electrical circuitsicait is one reason why
block diagrams are not always well suited for some types g$igial modeling.
The simple model of the ampli er given by equatidh 10 provides qualitative
insight, but it neglects the fact that the ampli er is a dynaatisystem. A more
realistic model is

dVout
dt

D avgy bv: (3.14)
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Figure 3.10: Circuit diagram of a PI controller obtained by feedback around aratipesl
ampli er. The capacitoC is used to store charge and represents the integral of the input.

The parametdr that has dimensions of frequency and is calledythia-bandwidth
productof the ampli er. Whether a more complicated model is used depeon
the questions to be answered and the required size of thetaimtg lemon. The
model @.14 is still not valid for very high or very low frequencies sedrift
causes deviations at low frequencies and there are adalidgnamics that appear
at frequencies close tm The model is also not valid for large signals—an upper
limitis given by the voltage of the power supply, typicaliythe range of 5-10 V—
neither is it valid for very low signals because of electrizaise. These effects can
be added, if needed, but increase the complexity of the sisaly

The operational ampli er is very versatile, and many diffareystems can be
built by combining it with resistors and capacitors. In faty linear system can
be implemented by combining operational ampli ers with sésis and capacitors.
Exercise3.5shows how a second-order oscillator is implemented, and&g)@0
shows the circuit diagram for an analog proportional-irdégontroller. To develop
a simple model for the circuit we assume that the cuiirgistzero and that the open
loop gaink is so large that the input voltageis negligible. The currertthrough
the capacitor is D Cdv.=dt, wherev, is the voltage across the capacitor. Since
the same current goes through the resi®grwe get

. Vi dvc
i D El D CE;
which implies that . .
vC.t/D1 i.t/dtDi tv1./d:
C RiC o
The output voltage is thus given by
. R> 1 Z
Vo.t/ D Roi v D Elvl.t/ @ , vi. /1 d;

which is the input/output relation for a PI controller.

The development of operational ampli ers was pioneered byRick [Lun05,
Phi4g, and their usage is described in many textbooks (ea,/5). Good infor-
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mation is also available from suppliedujn02 Man03.

3.4 Computing Systems and Networks

The application of feedback to computing systems followssti@e principles as
the control of physical systems, but the types of measurts@erd control inputs
that can be used are somewhat different. Measurementso(sgr@se typically
related to resource utilization in the computing systemetwork and can include
quantities such as the processor load, memory usage ormdiadwidth. Control
variables (actuators) typically involve setting limits the resources available to a
process. This might be done by controlling the amount of mgnuisk space or
time that a process can consume, turning on or off procesdaigying availability
of a resource or rejecting incoming requests to a servelege@rocess modeling
for networked computing systems is also challenging, angigcal models based
on measurements are often used when a rst-principles medwitiavailable.

Web Server Control

Web servers respond to requests from the Internet and gravidrmation in the
form of web pages. Modern web servers start multiple prasess respond to
requests, with each process assigned to a single sourtaafiither requests are
received from that source for a prede ned period of time. Psses that are idle
become part of a pool that can be used to respond to new reqiiesprovide a
fast response to web requests, it is important that the wafersprocesses do not
overload the server's computational capabilities or eshdsimemory. Since other
processes may be running on the server, the amount of aegiedressing power
and memory is uncertain, and feedback can be used to prowitk gerformance
in the presence of this uncertainty.

Figure 3.11 illustrates the use of feedback to modulate the operatioanof
Apache web server. The web server operates by placing ingpoannection re-
guests on a queue and then starting a subprocess to handistefipr each accepted
connection. This subprocess responds to requests from @ givenection as they
come in, alternating betweenBusy state and aVait state. (Keeping the sub-
process active between requests is known apéhsistencef the connection and
provides a substantial reduction in latency to requestsdtiple pieces of infor-
mation from a single site.) If no requests are received fafaiently long period
of time, controlled by th&eepAlive parameter, then the connection is dropped
and the subprocess entersldie  state, where it can be assigned another connec-
tion. A maximum ofMaxClients  simultaneous requests will be served, with the
remainder remaining on the incoming request queue.

The parameters that control the server represent a tradeetffeen perfor-
mance (how quickly requests receive a response) and resosage (the amount
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Figure 3.11:Feedback control of a web server. Connection requests arriveiopat queue,
where they are sent to a server process. A nite state machine keegofrtne state of the
individual server processes and responds to requests. A colgasitm can modify the
server's operation by controlling parameters that affect its behasich as the maximum
number of requests that can be serviced at a single fiaxClients ) or the amount of
time that a connection can remain idle before it is droppéepAlive ).

of processing power and memory used by the server). IncrgdseMaxClients
parameter allows connection requests to be pulled off ofjtleie more quickly
but increases the amount of processing power and memorg tisagis required.
Increasing th&eepAlive timeout means that individual connections can remain
idle for alonger period of time, which decreases the prangdsad on the machine
but increases the size of the queue (and hence the amoumeaiquired for a user

to initiate a connection). Successful operation of a busyesaequires a proper
choice of these parameters, often based on trial and error.

To model the dynamics of this system in more detail, we craaliscrete-time
model with states given by the average processor lgg¢land the percentage
memory usage&menm The inputs to the system are taken as the maximum number
of clientsunc and the keep-alive timey,. If we assume a linear model around the
e%umbrlum point, the dynamics can be written as

9 8 98 9 8

2 XepdKC 13 bz Aur Az 3 XeplKl 3 -3 Bn BlZS 3 Uka[k]B

" XmemK C 1]’ Azi A2 " XmemlK]’ Bar B2’ Umc[K]’
where the coef cients of théd andB matrices can be determined based on empirical
measurements or detailed modeling of the web server's psieg and memory

usage. Using system identi cation, Diao et d&GH+02 HDPTO04 identi ed the
linearized dynamics as

9
3 0:54 0:11% . g 85 443 4.
AD: 0:026 063’ BD: 25 28 105

. (3.15)
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where the system was linearized about the equilibrium point

This model shows the basic characteristics that were destabove. Looking
rst at the B matrix, we see that increasing tkeepAlive timeout ( rst column
of the B matrix) decreases both the processor usage and the menawy sisice
there is more persistence in connections and hence the speseds a longer time
waiting for a connection to close rather than taking on a netiveconnection. The
MaxClients connectionincreases both the processing and memory exgliirts.
Note that the largest effect on the processor load iskbepAlive timeout.
The A matrix tells us how the processor and memory usage evolveagian of
the state space near the equilibrium point. The diagonalstel@scribe how the
individual resources return to equilibrium after a transimcrease or decrease.
The off-diagonal terms show that there is coupling betweernwmo resources, so
that a change in one could cause a later change in the other.

Although this model is very simple, we will see in later exdegpthat it can
be used to modify the parameters controlling the serverahtime and provide
robustness with respect to uncertainties in the load on #ehime. Similar types of
mechanisms have been used for other types of servers. Iptgiant to remember
the assumptions on the model and their role in determinireywhe model is valid.
In particular, since we have chosen to use average quaniiter a given sample
time, the model will not provide an accurate representatosrhigh-frequency
phenomena.

Congestion Control

The Internet was created to obtain a large, highly decenédlief cient and ex-
pandable communication system. The system consists of atangber of inter-
connected gateways. A message is split into several packéth are transmitted
over different paths in the network, and the packages aoénezj to recover the
message at the receiver. An acknowledgment (“ack”) messaggnt back to the
sender when a packet is received. The operation of the systgoverned by a
simple but powerful decentralized control structure tres @volved over time.

The system has two control mechanisms cafpestocols the Transmission
Control Protocol (TCP) for end-to-end network communicatiod ¢he Internet
Protocol (IP) for routing packets and for host-to-gateway ategay-to-gateway
communication. The current protocols evolved after sometapalar congestion
collapses occurred in the mid 1980s, when throughput ureéeply could drop by
a factor of 1000 Jac9%. The control mechanism in TCP is based on conserving
the number of packets in the loop from the sender to the recaivd back to the
sender. The sending rate is increased exponentially whee th@o congestion,
and it is dropped to a low level when there is congestion.
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Figure 3.12:Internet congestion control. (a) Source computers send informati@uters,
which forward the information to other routers that eventually connecigtogbeiving com-
puter. When a packet is received, an acknowledgment packetisasnthrough the routers
(not shown). The routers buffer information received from thersesi and send the data
across the outgoing link. (b) The equilibrium buffer sizdor a set ofN identical computers
sending packets through a single router with drop probability

To derive an overall model for congestion control, we mothe¢¢ separate
elements of the system: the rate at which packets are semdbsidual sources
(computers), the dynamics of the queues in the links (reptmnd the admission
control mechanism for the queues. FigB8r&2ais a block diagram of the system.

The current source control mechanism on the Internet is a@wbknown
as TCP/RenolUPDO0Z. This protocol operates by sending packets to a receiver
and waiting to receive an acknowledgment from the receivat the packet has
arrived. If no acknowledgment is sent within a certain tinntgeeriod, the packet
is retransmitted. To avoid waiting for the acknowledgmesfbbe sending the next
packet, Reno transmits multiple packets up to a xeihdow around the latest
packetthat has been acknowledged. If the window lengthasemproperly, packets
at the beginning of the window will be acknowledged before sburce transmits
packets at the end of the window, allowing the computer tdinaously stream
packets at a high rate.

To determine the size of the window to use, TCP/Reno uses adekahech-
anism in which (roughly speaking) the window size is incezblgy 1 every time a
packet is acknowledged and the window size is cut in half wierkets are lost.
This mechanism allows a dynamic adjustment of the window isizehich each
computer acts in a greedy fashion as long as packets are delingred but backs
off quickly when congestion occurs.

A model for the behavior of the source can be developed byritbasg the
dynamics of the window size. Suppose we h&eomputers and letv; be the
current window size (measured in number of packets) for thecomputer. Let
g represent the end-to-end probability that a packet will tmoped someplace
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between the source and the receiver. We can model the dysaifiibe window
size by the differential equation

%D 1 qi/%qu. %ri.t I 1D V% (3.16)
where ; is the end-to-end transmission time for a packet to reachssmhtion and
the acknowledgment to be sent back ands the resulting rate at which packets
are cleared from the list of packets that have been receiMaal.rst term in the
dynamics represents the increase in window size when a piagkeeived, and the
second term represents the decrease in window size wherket igtost. Notice
thatr; is evaluated attime ;, representing the time required to receive additional
acknowledgments.

The link dynamics are controlled by the dynamics of the rogtezue and the
admission control mechanism for the queue. Assume that we Lhdinks in the
network and uskto index the individual links. We model the queue in termshef t
current number of packets in the router's buffigrand assume that the router can
contain a maximum df. max packets and transmits packets at a catequal to the
capacity of the link. The buffer dynamics can then be written a

X
Bpg o sp " nt [k (3.17)
dt N
fi:12Lig

whereL; is the set of links that are being used by SOUI;C(ﬁf is the time it takes a
packet from sourceto reach linkl ands is the total rate at which packets arrive
at link|.

The admission control mechanism determines whether a gigekep is ac-
cepted by a router. Since our model is based on the averaggtmsan the network
and not the individual packets, one simple model is to asdhatehe probability
that a packet is dropped depends on how full the buffepi€ m.by; bnay/ . For
simplicity, we will assume for now thap, D by (see Exercis&.6 for a more
detailed model). The probability that a packet is droppedyaten link can be used
to determine the end-to-end\[()robability tha)t(t a packet isitosansmission:

qD1 1 pl/ p.t 2 (3.18)
|2Li |2|—i

where |? is the backward delay from linkto source and the approximation is
valid as long as the individual drop probabilities are smak use the backward
delay since this represents the time required for the aclatyment packet to be
received by the source.

Together, equations3(16), (3.17) and .18 represent a model of congestion
control dynamics. We can obtain substantial insight by icterg1g a special case
in which we haveN identical sources and 1 link. In addition, we assume for the
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moment that the forward and backward time delays can be éghan which case
the dynamics can be reduced to the form

. 1 2 2 XN
dwi 1 c2Cwi. db,Awi b (3.19)
dt 2 dt _ c
iD1
wherew; 2 R,i D 1;:::; N, are the window sizes for the sources of data,R is

the current buffer size of the routercontrols the rate at which packets are dropped
andc is the capacity of the link connecting the router to the cotapmu The variable
represents the amount of time required for a packet to beepsed by a router,
based on the size of the buffer and the capacity of the linkstuting into the
equations, we write the state space dynamics as
dw;, _ ¢ w2 db X cw;
—D - 1C - ; — — 3.20
@t °b "2 da- b °© (3.20)
iD1
More sophisticated models can be founditMTGO0O, LPDOZ.
The nominal operating point for the system can be found binga® D D 0:
c w?
Ob- ¢ 1C—+- ; 0D
b 2

X CW;
iD1 b
Exploiting the fact that all of the source dynamics are id=itiit follows that all
of thew; should be the same, and it can be shown that there is a unigideagm
satisfying the equations
be Ce 1
Wie D =D —; .
TN N 2 2N2
The solution for the second equation is a bit messy but calyémsiietermined nu-
merically. A plot of its solution as a function 0£12 2N?/ is shown in Figur&.12hb
We also note that at equilibrium we have the following addiéil equalities:
b Nw W,
eDEeD Ce; 0eD Np.D N b, reD —: (3.22)

e

b/2C. b/ 1DO: (3.21)

Figure3.13shows a simulation of 60 sources communicating across desing
link, with 20 sources dropping out &tD 500 ms and the remaining sources in-
creasing their rates (window sizes) to compensate. Notethleabuffer size and
window sizes automatically adjust to match the capacityefiink.

A comprehensive treatment of computer networks is giveméntéxtbook by
TannenbaumTan9§. A good presentation of the ideas behind the control prin-
ciples for the Internet is given by one of its designers, Varobson, inJac95.

F. Kelly [Kel85] presents an early effort on the analysis of the system. Th& bo
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Figure 3.13:Internet congestion control fdt identical sources across a single link. As shown
on the left, multiple sources attempt to communicate through a router acsosge link. An
“ack” packet sent by the receiver acknowledges that the messageeeeived; otherwise the
message packet is resent and the sending rate is slowed down atrite §dwe simulation
on the right is for 60 sources starting random rates, with 20 sourcppidgout at D 500
ms. The buffer size is shown at the top, and the individual source fi@atésof the sources
are shown at the bottom.

by Hellerstein et al. HDPTO04 gives many examples of the use of feedback in
computer systems.

3.5 Atomic Force Microscopy

The 1986 Nobel Prize in Physics was shared by Gerd Binnig andigleiRohrer
for their design of thescanning tunneling microscop&he idea of the instrument
is to bring an atomically sharp tip so close to a conductinfgse that tunneling
occurs. Animage is obtained by traversing the tip acrossahgle and measuring
the tunneling current as a function of tip position. This imien has stimulated
the development of a family of instruments that permit visiagion of surface
structure at the nanometer scale, including dh@mic force microscopfAFM),
where a sample is probed by a tip on a cantilever. An AFM canaipen two
modes. Intapping modehe cantilever is vibrated, and the amplitude of vibration
is controlled by feedback. lnontact modehe cantilever is in contact with the
sample, and its bending is controlled by feedback. In bosesaontrol is actuated
by a piezo element that controls the vertical position ofdhetilever base (or the
sample). The control system has a direct in uence on pictuedityuand scanning
rate.

A schematic picture of an atomic force microscope is showkigare3.14a A
microcantilever with a tip having a radius of the order of 10 is placed close to
the sample. The tip can be moved vertically and horizontalpgia piezoelectric
scanner. It is clamped to the sample surface by attractiwelga\Waals forces and
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Figure 3.14: Atomic force microscope. (a) A schematic diagram of an atomic forceamnic
scope, consisting of a piezo drive that scans the sample under the AFMadiger re ects off
of the cantilever and is used to measure the detection of the tip throughtmatdecbntroller.
(b) An AFM image of strands of DNA. (Image courtesy Veeco Instrotsg

repulsive Pauli forces. The cantilever tilt depends on tpegoaphy of the surface
and the position of the cantilever base, which is controtigdhe piezo element.
The tilt is measured by sensing the de ection of the laser besingwa photodiode.
The signal from the photodiode is ampli ed and sent to a colgrahat drives
the ampli er for the vertical position of the cantilever. Bpmtrolling the piezo
element so that the de ection of the cantilever is constdm,dignal driving the
vertical de ection of the piezo element is a measure of then&tdorces between
the cantilever tip and the atoms of the sample. An image o$tiniace is obtained
by scanning the cantilever along the sample. The resolutiakemit possible to
see the structure of the sample on the atomic scale, agaltedtin Figure3.14h
which shows an AFM image of DNA.

The horizontal motion of an AFM is typically modeled as a sprmgss system
with low damping. The vertical motion is more complicated iiodel the system,
we start with the block diagram shown in Figl&d.5 Signals that are easily acces-
sible are the input voltage to the power ampli er that drives the piezo element,
the voltagev applied to the piezo element and the output voltgg# the signal
ampli er for the photodiode. The controller is a Pl controllenplemented by a
computer, which is connected to the system by analog-tivadi{@/D) and digital-
to-analog (D/A) converters. The de ection of the cantilevas also shown in the

gure. The desired reference value for the de ection is an inpuhe computer.

There are several different con gurations that have diffedytmamics. Here we
will discuss a high-performance system fro8AD+07 where the cantilever base
is positioned vertically using a piezo stack. We begin theleling with a simple
experiment on the system. FigilBd.6ashows a step response of a scanner from the
input voltageu to the power ampli er to the output voltageof the signal ampli er
for the photodiode. This experiment captures the dynamitiseo€hain of blocks
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Figure 3.15: Block diagram of the system for vertical positioning of the cantilever for an
atomic force microscope in contact mode. The control system attempisef tke can-
tilever de ection equal to its reference value. Cantilever de ection is mes ampli ed
and converted to a digital signal, then compared with its reference val@récting signal is
generated by the computer, converted to analog form, ampli ed andcstre piezo element.

fromutoy inthe block diagram in Figurg.15 Figure3.16ashows that the system
responds quickly but that there is a poorly damped osciljattode with a period
of about 35 us. A primary task of the modeling is to underst#edorigin of the
oscillatory behavior. To do so we will explore the system iorendetail.

The natural frequency of the clamped cantilever is typicaélyeral hundred
kilohertz, which is much higher than the observed oscidlatf about 30 kHz. As
a rst approximation we will model it as a static system. Sinlce tle ections are
small, we can assume that the bendingf the cantilever is proportional to the
difference in height between the cantilever tip at the piantthe piezo scanner. A
more accurate model can be obtained by modeling the camtiges/a spring—mass
system of the type discussed in Chajer

Figure 3.16aalso shows that the response of the power ampli er is fast. The
photodiode and the signal ampli er also have fast responséan thus be mod-
eled as static systems. The remaining block is a piezo sysidnsuspension. A
schematic mechanical representation of the vertical matieghe scanner is shown
in Figure3.16h We will model the system as two masses separated by an ideal
piezo element. The mass; is half of the piezo system, and the massis the
other half of the piezo system plus the mass of the support.

A simple model is obtained by assuming that the piezo crgsaérates a force
F between the masses and that there is a danguim¢he spring. Let the positions
of the center of the masses beandz,. A momentum balance gives the following
model for the system:

2 2
mlE D F; mz% D cz% kozo F:
Let the elongation of the piezo elemdnD z; 7, be the control variable and
the heightz, of the cantilever base be the output. Eliminating the vaeidblin
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Figure 3.16: Modeling of an atomic force microscope. (a) A measured step respdhg
top curve shows the voltageapplied to the drive ampli er (50 mV/div), the middle curve
is the outputV,, of the power ampli er (500 mV/div) and the bottom curve is the output
of the signal ampli er (500 mV/div). The time scale is 2%/div. Data have been supplied
by Georg Schitter. (b) A simple mechanical model for the vertical postiamd the piezo
crystal.

equations .23 and substituting; | for z, gives the model

d221 dz Z1 21 1402 dl
m1C m2/ de2 Cc Co— dt C kzZl D my fracd‘ldt- C Czd— C kzl (323)

Summarizing, we nd that a simple model of the system is obthlmemodeling
the piezo by 8.23 and all the other blocks by static models. Introducing thedr
equation$ D ksu andy D k4z;, we now have a complete model relating the output
y to the control signall. A more accurate model can be obtained by introducing the
dynamics of the cantilever and the power ampli er. As in theyious examples,
the concept of the uncertainty lemon in Fig@d5bprovides a framework for
describing the uncertainty: the model will be accurate ughvéofrequencies of the
fastest modeled modes and over a range of motion in whiclarimed stiffness
models can be used.

The experimental results in FiguBel6acan be explained qualitatively as fol-
lows. When a voltage is applied to the piezo, it expandk pthe massn; moves
up and the mass, moves down instantaneously. The system settles after aypoorl
damped oscillation.

Itis highly desirable to design a control system for theieatimotion so that it
responds quickly with little oscillation. The instrumenstmer has several choices:
to accept the oscillation and have a slow response time sigi@ control system
that can damp the oscillations or to redesign the mechaoigs/é resonances of
higher frequency. The last two alternatives give a fastgraese and faster imaging.

Since the dynamic behavior of the system changes with theepiep of the
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sample, itis necessary to tune the feedback loop. In simygtems this is currently
done manually by adjusting parameters of a Pl controller. §lage interesting
possibilities for making AFM systems easier to use by intaigiautomatic tuning
and adaptation.

The book by Sarid$ar9] gives a broad coverage of atomic force microscopes.
The interaction of atoms close to surfaces is fundamentalli state physics, see
Kittel [Kit95]. The model discussed in this section is based on Schi&r(].

3.6 Drug Administration

The phrase “Take two pills three times a day” is a recommeaodatith which we
are all familiar. Behind this recommendation is a solutibam open loop control
problem. The key issue is to make sure that the concentrafiannoedicine in
a part of the body is suf ciently high to be effective but notIsigh that it will
cause undesirable side effects. The control action is qgehtake two pills and
sampledgevery 8 hoursThe prescriptions are based on simple models captured in
empirical tables, and the dose is based on the age and wéitjiet patient.

Drug administration is a control problem. To solve it we muistlerstand how
a drug spreads in the body after it is administered. This tagiledpharmacoki-
netics is now a discipline of its own, and the models used are calbedpartment
modelsThey go back to the 1920s when Widmark modeled the propaugeaitedco-
hol in the body WT24]. Compartment models are now important for the screening
of all drugs used by humans. The schematic diagram in Figurgillustrates the
idea of a compartment model. The body is viewed as a numbermopadments
like blood plasma, kidney, liver and tissues that are sépdray membranes. It is
assumed that there is perfect mixing so that the drug coratémnt is constant in
each compartment. The complex transport processes arexappted by assuming
that the ow rates between the compartments are proportirthle concentration
differences in the compartments.

To describe the effect of a drug it is necessary to know batldncentration
and how it in uences the body. The relation between conceptratand its effect
eis typically nonlinear. A simple model is

Emax. (3.24)

cCc
The effect is linear for low concentrations, and it saturatgsigh concentrations.

The relation can also be dynamic, and it is then caglledrmacodynamics
Compartment Models

The simplest dynamic model for drug administration is ol@diby assuming that
the drug is evenly distributed in a single compartment gfteas been administered
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Figure 3.17: Abstraction used to compartmentalize the body for the purpose of diegcrib
drug distribution (based on Teorelldo37). The body is abstracted by a number of com-
partments with perfect mixing, and the complex transport processeapg@roximated by
assuming that the ow is proportional to the concentration differenceseicéimpartments.
The constantk; parameterize the rates of ow between different compartments.

and that the drug is removed at a rate proportional to theerttretion. The com-
partments behave like stirred tanks with perfect mixing.de¢ the concentration,
V the volume andj the out ow rate. Converting the description of the systenoint
differential equations gives the model

V% D qgc c¢ O (3.25)
This equation has the solutiant/ D cpe 9%V D cye K, which shows that the
concentration decays exponentially with the time constabt V= after an injec-
tion. The input is introduced implicitly as an initial conidih in the model 8.25).
More generally, the way the input enters the model dependsoanthe drug is
administered. For example, the input can be representedrasa ow into the
compartment where the drug is injected. A pill that is digedlcan also be inter-
preted as an input in terms of a mass ow rate.

The model 8.25 is called a aone-compartment modet asingle-pool model
The parameteg=V is called the elimination rate constant. This simple model
often used to model the concentration in the blood plasman8gsuring the con-
centration at a few times, the initial concentration canlfitaimed by extrapolation.
If the total amount of injected substance is known, the va@Mrcan then be de-
termined a3/ D m=cy; this volume is called thapparent volume of distribution
This volume is larger than the real volume if the concentratiothe plasma is
lower than in other parts of the body. The mod&R§) is very simple, and there
are large individual variations in the parameters. The pataraV andq are often
normalized by dividing by the weight of the person. Typicatgmeters for aspirin
areV D 0.2 L/kg andg D 0.01.L/h//kg. These numbers can be compared with
a blood volume of 0.07 L/kg, a plasma volume of 0.05 L/kg, areicetlular uid

S



3.6. DRUG ADMINISTRATION 93

Uy
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Figure 3.18: Schematic diagrams of compartment models. (a) A simple two-compatrtme
model. Each compartment is labeled by its volume, and arrows indicatewhef chemical
into, out of and between compartments. (b) A system with six compartrasatsto study
the metabolism of thyroid hormon&pd83. The notationk;; denotes the transport from
compartmenf to compartmeni.

volume of 0.4 L/kg and an out ow of 0.0015 L/ min /kg.

The simple one-compartment model captures the gross beludvdoug distri-
bution, butitis based on many simpli cations. Improved miga&n be obtained by
considering the body as composed of several compartmerdamigs of such sys-
tems are shown in Figui218 where the compartments are represented as circles
and the ows by arrows.

Modeling will be illustrated using the two-compartment rebish Figure3.18a
We assume that there is perfect mixing in each compartmehtheax the transport
between the compartments is driven by concentration éiffegs. We further as-
sume that a drug with concentratiogis injected in compartment 1 at a volume
ow rate of u and that the concentration in compartment 2 is the outputcLand
C, be the concentrations of the drug in the compartments and lehdV, be the
volumes of the compartments. The mass balances for the comgrds are

dc
Vld_tl Dqg.cc ¢/ ot Ccou; ¢ O
d
Vzd—c;2 Dqg.c; ¢, c O (3.26)
y D co:

Introducing the variableky D go=V1, ky D q=V4, ko D q=V, andby D cp=V; and
using matrix notation, the model can be written as
9 8 9 8 9

dc -3 ko ki ki 3box . : .
aD. K, Ky cCroyru yD-0 1 c (3.27)
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Figure 3.19: Insulin—glucose dynamics. (a) Sketch of body parts involved in the alooitr
glucose. (b) Schematic diagram of the system. (c) Responses of iasdliglucose when
glucose in injected intravenously. FroPB84.

Comparing this model with its graphical representation iguFé¢ 3.183 we nd
that the mathematical representati@m2() can be written by inspection.

It should also be emphasized that simple compartment medelsas the one in
equation 8.27) have a limited range of validity. Low-frequency limits ediecause
the human body changes with time, and since the compartnaaelruses average
concentrations, they will not accurately represent rapidnges. There are also
nonlinear effects that in uence transportation betweercttrapartments.

Compartment models are widely used in medicine, engingentd environ-
mental science. An interesting property of these systeltimts/ariables like con-
centration and mass are always positive. An essential difycin compartment
modeling is deciding how to divide a complex system into cartipents. Com-
partment models can also be nonlinear, as illustrated inékéesection.

Insulin—glucose Dynamics

It is essential that the blood glucose concentration in thaykis kept within a
narrow range (0.7-1.1 g/L). Glucose concentration is in whby many factors
like food intake, digestion and exercise. A schematic peuf the relevant parts
of the body is shown in Figuréx19aandb.

There is a sophisticated mechanism that regulates glucosectation. Glu-
cose concentration is maintained by the pancreas, whiaetescthe hormones
insulin and glucagon. Glucagon is released into the bloedst when the glucose
levelis low. It acts on cells in the liver that release gluedasulin is secreted when
the glucose level is high, and the glucose level is loweredamsing the liver and
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other cells to take up more glucose. In diseases like juselidbetes the pancreas
is unable to produce insulin and the patient must injectlingato the body to
maintain a proper glucose level.

The mechanisms that regulate glucose and insulin are coatgdicdynamics
with time scales that range from seconds to hours have besamadd. Models of
different complexity have been developed. The models arediptested with data
from experiments where glucose is injected intravenoustyiasulin and glucose
concentrations are measured at regular time intervals.

A relatively simple model called thainimal modeivas developed by Bergman
and coworkersBer89. This models uses two compartments, one representing the
concentration of glucose in the bloodstream and the otipeesenting the concen-
tration of insulin in the interstitial uid. Insulin in the lblodstream is considered an
input. The reaction of glucose to insulin can be modeled beth&tions

dx dx .
d_tl D .p1Cx/x1 C p1Qe; d_t2 D p2x2C ps.u el (3.28)

wherege andi, represent the equilibrium values of glucose and insuijris the
concentration of glucose and is proportional to the concentration of interstitial
insulin. Notice the presence of the tempx; in the rst equation. Also notice
that the model does not capture the complete feedback locgube it does not
describe how the pancreas reacts to the glucose. FRjBzshows a t of the
model to a test on a normal person where glucose was injecte/énously at
timet D 0. The glucose concentration rises rapidly, and the pancesgp®nds
with a rapid spikelike injection of insulin. The glucose amgulin levels then
gradually approach the equilibrium values.

Models of the type in equatio (28 and more complicated models having many
compartments have been developed and tted to experimeatal 4 dif culty in
modeling is that there are signi cant variations in modelgraeters over time and
for different patients. For example, the paramgigin equation 8.28 has been
reported to vary with an order of magnitude for healthy imdiials. The models
have been used for diagnosis and to develop schemes foetten&nt of persons
with diseases. Attempts to develop a fully automatic aréilggancreas have been
hampered by the lack of reliable sensors.

The papers by Widmark and TandbeWyT24] and Teorell Teo37 are classics
in pharmacokinetics, which is now an established disogliith many textbooks
[Dos68 Jac72 GP83. Because of its medical importance, pharmacokinetics is
now an essential component of drug development. The bookdysHRig63 is a
good source for the modeling of physiological systems, anmbee mathematical
treatment is given inKS01]. Compartment models are discussed@ofi83. The
problem of determining rate coef cients from experimentatalis discussed in
[BA70] and [God83. There are many publications on the insulin—-glucose model.
The minimal model is discussed i@T84, Ber89 and more recent references are
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[MLKO6, FCF+04.

3.7 Population Dynamics

Population growth is a complex dynamic process that invdlveteraction of one
or more species with their environment and the larger etesysThe dynamics of
population groups are interesting and important in marfgdiht areas of social and
environmental policy. There are examples where new speaigsiieen introduced
into new habitats, sometimes with disastrous results. Thnre also been attempts
to control population growth both through incentives anatigh legislation. In
this section we describe some of the models that can be usetitgrstand how
populations evolve with time and as a function of their eoninents.

Logistic Growth Model

Let x be the population of a species at timé\ simple model is to assume that the
birth rates and mortality rates are proportional to thel fotgulation. This gives
the linear model

%(Dbx dxD.b d/xDrx; x 0 (3.29)

where birth ratd and mortality ratel are parameters. The model gives an expo-
nential increase ib > d or an exponential decreasehif< d. A more realistic
model is to assume that the birth rate decreases when théatiopus large. The
following modi cation of the model 8.29 has this property:

dx X
g Drxl E/’ X O (3.30)

wherek is thecarrying capacityof the environment. The mode3.30 is called the
logistic growth model

Predator-Prey Models

A more sophisticated model of population dynamics inclube®ffects of compet-
ing populations, where one species may feed on another. ifleigisn, referred to
as thepredator—prey problenwas introduced in Exampk3, where we developed
a discrete-time model that captured some of the featuresstifrical records of
lynx and hare populations.

In this section, we replace the difference equation modsd tisere with a more
sophisticated differential equation model. lkétt/ represent the number of hares
(prey) and letL.t/ represent the number of lynxes (predator). The dynamicseof th
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system are modeled as

—dHDrH 1 ﬂ aHL; H O

dt k cCH (3.31)
dL aHL '
— D b—— L; L :

dt bcCH d 0

In the rst equation,r represents the growth rate of the hadesepresents the
maximum population of the hares (in the absence of lynxesgpresents the
interaction term that describes how the hares are dimidisisea function of the
lynx population andt controls the prey consumption rate for low hare population.
In the second equatiof, represents the growth coef cient of the lynxes ahd
represents the mortality rate of the lynxes. Note that thhe dgnamics include a
term that resembles the logistic growth modB().

Of particular interest are the values at which the poputatelues remain con-
stant, calledequilibrium points The equilibrium points for this system can be
determined by setting the right-hand side of the above @ngto zero. Letting
He and L represent the equilibrium state, from the second equatmhave

cd
ab d’
Substituting this into the rst equation, we have that far D O eitherHe D 0 or
He D k. For Le 600, we obtain

L I:)rHe.cC He/ 1 He bcr.abk cd dk/
€ aHe k .ab d/%

Thus, we have three %osgsible equilibéiugn poixgd . lée; Heg/:

xeD.Bg,g; xeD.Bg,B; xeD.Bll__":,g;
whereH, andL, are given in equations3(32 and @.33. Note that the equilib-
rium populations may be negative for some parameter vatogsesponding to a
nonachievable equilibrium point.

Figure 3.20shows a simulation of the dynamics starting from a set of popu
lation values near the nonzero equilibrium values. We saeftr this choice of
parameters, the simulation predicts an oscillatory pamriaount for each species,
reminiscent of the data shown in Figuzes.

LeDO or H, D (3.32)

(3.33)

Volume | of the two-volume set by J. D. Murrayiur04] give a broad coverage
of population dynamics.

Exercises

3.1(Cruise control) Consider the cruise control example deedrin SectiorB8.1
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Figure 3.20:Simulation of the predator—prey system. The gure onthe left showsalation

of the two populations as a function of time. The gure on the right showsptpmilations
plotted against each other, starting from different values of the popnldtie oscillation seen

in both gures is an example of lémit cycle The parameter values used for the simulations
areaD 3:2,bD 0:6,c D 50,d D 0:56,k D 125 and D 1.6.

Build a simulation that re-creates the response to a hillvehio Figure3.3band
show the effects of increasing and decreasing the mass céthry 25%. Redesign
the controller (using trial and error is ne) so that it retarto within 1% of the
desired speed within 3 s of encountering the beginning ohithe

3.2(Bicycle dynamics) Show that the dynamics of a bicycle fraimergby equa-
tion (3.5) can be apgroximated in state space form as
8 8 98 9 8 9
d 3x3 b3 O lggxlgcg Dv0=.bJ/gu,

dt = X' émgth 0 " x' ~ mvih=bJ/" ™

yD:1 0O x;
where the inputi is the steering angleand the outpuy is the tilt angle’ . What
do the stateg; andx, represent?

3.3(Bicycle steering) Combine the bicycle model given by egue(3.5) and the
model for steering kinematics in Exam#e3to obtain a model that describes the
path of the center of mass of the bicycle.

3.4 (Operational ampli er circuit) Consider the op amp circuiosvn below.

V2
O— WA —T— WV ANV
Ry Ra Ro

vi Ci==

Ry
Vo
(07 V3

L.
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Show that the dynamics can be written in state space form as

8 1 1 . 9 8 1 9 . .
dx § R,C, R.Cq % % R;C % - -
—D x C =12 U D-0 1 x;
dt % R 1 1 5s Eh |
Ra RoCo R.C»

whereu D v; andy D vs. (Hint: Usev, andvs as your state variables.)

3.5(Operational ampli er oscillator) The op amp circuit showrdse is an imple-
mentation of an oscillator.

G

Ro . R3 . Ry .
MWV MY
+ V2 + V3 + Vi

Show that the dynamics can be written in state space form as
8 9

0 R4
dx Ri1R;C
D 1 1e1E

2
Q)

dt

R.C>
where the state variables represent the voltages acrosajlaeitors<; D v; and
X2 D Vo.

3.6 (Congestion control using REDRPW+02) A number of improvements can
be made to the model for Internet congestion control preseimt Section3.4.
To ensure that the router's buffer size remains positivecare modify the buffer
dynamics to satisfy (

db p S © >0

dt satp1 .5 ¢/ b DO:
In addition, we can model the drop probability of a packe&llasn how close we
are to the buffer limits, a mechanism known as random eatigotien (RED):

8
%O a.t/  blover
ro.t/ blower blower < a 1/ < bupper
p D ml-aI/ D I I ' upper, Iupper | upper
1 a.tl - 2p"PP
da
——D aa b
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where |, b?"® plower and pi'PP*" are parameters for the RED protocol.

Using the model above, write a simulation for the system andl anset of
parameter values for which there is a stable equilibriunmipand a set for which
the system exhibits oscillatory solutions. The followingssaf parameters should
be explored:

N D 20;30;:::; 60; bio“e" D 40 pkts 1 D 0:1;
cD 8;9;:::; 15 pktsms bPP*" D 540 pkts D10 4
D 55;60;:::; 100 ms

3.7 (Atomic force microscope with piezo tube) A schematic diagrof an AFM
where the vertical scanner is a piezo tube with preloadisdsvn below.

pe ™

Y
mzl k1% L ¢y

C2

Show that the dynamics can be written as

d?zy dz d i
5 C- C1CC2/d—1C ki Cke/z DMy 5 C o C il

Are there parameter values that make the dynamics partigsianple?

.My C m2/

3.8(Drug administration) The metabolism of alcohol in the bodyn be modeled
by the nonlinear compartment model
do dg o)
V,— D q. Co/ C Qiv; Vi— Dq.c / —
bdt g.¢ o/ C Qiv Id'[ g.¢6 G qmaXCOCQ
whereV, D 48 L andV, D 0.6 L are the apparent volumes of distribution of
body water and liver watec, andc are the concentrations of alcohol in the com-
partmentsg;, andqg are the injection rates for intravenous and gastrointaktin
intake,q D 1.5 L/min is the total hepatic blood owgmax D 2.75 mmol/min and
co D 0.1 mmol/L. Simulate the system and compute the concentriatitwe blood
for oral and intravenous doses of 12 g and 40 g of alcohol.

C Qgi;

3.9 (Population dynamics) Consider the model for logistic glogiven by equa-
tion (3.30. Show that the maximum growth rate occurs when the size gbdipe
ulation is half of the steady-state value.
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3.10 (Fisheries management) The dynamics of a commercial sherybeade-
scribed by the following simple model:

%Df.x/ h.x; u/; y D bh.x;u/ cu

wherex is the total biomassf.x/ D rx.1 x=k/ is the growth rate anl. x; u/ D
axuis the harvesting rate. The outpis the rate of revenue, and the paramegers
b andc are constants representing the price of sh and the cost ohghshow that
there is an equilibrium where the steady-state biomasg 3 c=.ab/. Compare
with the situation when the biomass is regulated to a cohstdne and nd the
maximum sustainable return in that case.



Chapter Four
Dynamic Behavior

It Don't Mean a Thing If It Ain't Got That Swing.
Duke Ellington (1899-1974)

In this chapter we present a broad discussion of the behakdynamical sys-
tems focused on systems modeled by nonlinear differergiztons. This allows
us to consider equilibrium points, stability, limit cyclead other key concepts in
understanding dynamic behavior. We also introduce somaadstfor analyzing
the global behavior of solutions.

4.1 Solving Differential Equations

In the last two chapters we saw that one of the methods of nmgpdi/namical
systems is through the use of ordinary differential equst{®DES). A state space,
input/output system has the form

d
d_i[( D f.x;ul; y D h.x; ul; (4.1)

the output. The smooth maps : R RP ! R"andh : R" RP! RS
represent the dynamics and measurements for the systemnémad, they can be
nonlinear functions of their arguments. We will sometimesuls on single-input,
single-output (SISO) systems, for whighD q D 1.

We begin by investigating systems in which the input has lse¢to a function
of the statey D . x/. This is one of the simplest types of feedback, in which the
system regulates its own behavior. The differential equatin this case become

% D f.x; . x/l D: F.x/: (4.2)

To understand the dynamic behavior of this system, we neethatyze the
features of the solutions of equatioh?). While in some simple situations we can
write down the solutions in analytical form, often we mudyren computational
approaches. We begin by describing the class of solutiarthifoproblem.

We say thatx.t/ is a solution of the differential equation4(2) on the time
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intervalty 2 Rtot; 2 Rif

dx.t/
dt
A given differential equation may have many solutions. Wé wiost often be
interested in thénitial value problem wherex.t/ is prescribed at a given time
to 2 R and we wish to nd a solution valid for afuturetimet > to.
We say thak.t/ is a solution of the differential equatiod.@) with initial value
Xo 2 R" atto 2 R if

D F.x.t// foralltg< t < ts.

dx.t/

X.to/ D Xxo and D F.x.t// foralltg< t< ts.

For most differential equations we will encounter, thera isiquesolution that is
de ned forty < t < t;. The solution may be de ned for all time> tg, in which
case we také; D 1 . Because we will primarily be interested in solutions of the
initial value problem for ODEs, we will usually refer to thisrgply as the solution
of an ODE.

We will typically assume that is equal to 0. In the case whénis independent
of time (as in equation4(2)), we can do so without loss of generality by choosing
a new independent (time) variableD t  to (Exercised.l).

Example 4.1 Damped oscillator
Consider a damped linear oscillator with dynamics of thenfor

RC 2! (C! 39D O;

whereq is the displacement of the oscillator from its rest positibimese dynamics
are equivalent to those of a spring—mass system, as showneirtigs?.6. We
assume that < 1, corresponding to a lightly damped system (the reasorhfer t
particular choice will become clear later). We can rewtitis in state space form
by settingx; D g andx, D &=! o, giving

% D! gXo; % D !X 2! 0X2:
In vector form, the right-hand sige can be written 83

FxD3 ‘o 3.
' ’ !0X1 2!0X2"

The solution to the initial value problem can be written in aoer of different
ways and will be explored in more detail in ChapeiHere we simply assert that



4.1. SOLVING DIFFERENTIAL EQUATIONS 104

1
X X
1 —-——-"2
-~
0.5r /’ \ J
/ \ Lo~
\ , - - <
/ \ N - o<
7 \ 7 ~ v =
\ / \ , N -
\ / \ 7
05} \ e 4
\ /
7

\

States<l, X,
o

_1 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

Timet [s]

Figure 4.1: Response of the damped oscillator to the initial conditignD .1;0/. The
solution is unique for the given initial conditions and consists of an oscillatohytion for
each state, with an exponentially decaying magnitude.

the solution can be written as

1 .
x1.t/ De ' xpcos! 4t C =10 X10C Xzof Sin! gt ;
L

Xp.t/ D e ' xypcos! gt Ii.! 2X10C ! g Xoof sin! gt ;
' d

wherexg D . X10; X2¢/ is the initial condition and 4 D ! Op 1 2, This solution
can be veri ed by substituting it into the differential eqiost. We see that the
solution is explicitly dependent on the initial conditicand it can be shown that
this solutionis unique. A plot of the initial condition respse is shown in Figuee 1
We note that this form of the solution holds only foxk0 < 1, corresponding to
an “underdamped” oscillator. r

Without imposing some mathematical conditions on the fiondt, the differ-
ential equation4.2) may not have a solution for &l] and there is no guarantee that
the solution is unique. We illustrate these possibilitiégiwo examples.

Example 4.2 Finite escape time
Letx 2 R and consider the differential equation

dx
—D X2 4.3
at (4.3)
with the initial conditionx. 0/ D 1. By differentiation we can verify that the function
1
Xt/ D ——
1 t

satis es the differential equation and that it also satis ke tnitial condition. A
graph of the solution is given in Figude2g notice that the solution goes to in nity
ast goes to 1. We say that this system hiaise escape timeThus the solution
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Figure 4.2: Existence and uniqueness of solutions. Equatio8) fias a solution only for time
t < 1, at which point the solution goes 10, as shown in (a). Equatiod 4) is an example
of a system with many solutions, as shown in (b). For each value o get a different
solution starting from the same initial condition.

exists only in the time interval 0 t < 1. r

Example 4.3 Nonunique solution
Letx 2 R and consider the differential equation

dx p_
—D2 4.4
at X (4.4)
with initial conditionx.0/ D 0. We can show that the function
0 if0 t a

x.t/ D
1 a ift>a
satis es the differential equation for all values of the pasdera 0. To see this,
we differentiatex.t/ to obtain

d_x 0 ifoO t a
dt 2.t al ift> a,

and hencePD 2p x forallt O with x.0/ D 0. A graph of some of the possible
solutions is given in Figurd.2h Notice that in this case there are many solutions
to the differential equation. r

These simple examples show that there may be dif culties evigm simple
differential equations. Existence and uniqueness can beagigeed by requiring
that the functior- have the property that for some xed2 R,

kKF.x/  F.ylk< ckx yk forallx;y;

which is calledLipschitz continuity A suf cient condition for a function to be
Lipschitz is that the Jacobia@ =@ is uniformly bounded for alk. The dif culty
in Example4.2 is that the derivatived=@ becomes large for large, and the
dif culty in Example 4.3is that the derivatived-=@ is in nite at the origin.
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Figure 4.3: Phase portraits. (a) This plot shows the vector eld for a planar dyralmic
system. Each arrow shows the velocity at that point in the state spadeigylot includes
the solutions (sometimes called streamlines) from different initial conditigitis the vector
eld superimposed.

4.2 Qualitative Analysis

The qualitative behavior of nonlinear systems is importantiderstanding some of
the key concepts of stability in nonlinear dynamics. We Widus on an important
class of systems known as planar dynamical systems. Theses/save two state
variablesx 2 R?, allowing their solutions to be plotted in th&;; X,/ plane. The
basic concepts that we describe hold more generally andecasda to understand
dynamical behavior in higher dimensions.

Phase Portraits

A convenient way to understand the behavior of dynamicalesys with state
x 2 R?is to plot the phase portrait of the system, brie y introdudehapter2.
We start by introducing the concept ofvactor eld. For a system of ordinary
differential equations dx

— D F.x/;
dt X/,

the right-hand side of the differential equation de nes argw 2 R" a velocity
F.x/ 2 R". This velocity tells us how changes and can be represented as a vector
F.x/ 2 R".

For planar dynamical systems, each state corresponds totarpihe plane and
F.x/ is a vector representing the velocity of that state. We cahtpkse vectors
on a grid of points in the plane and obtain a visual image ofdyramics of the
system, as shown in Figuke3a The points where the velocities are zero are of
particular interest since they de ne stationary points ef tw: if we start at such
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a state, we stay at that state.

A phase portraitis constructed by plotting the ow of the vector eld corre-
sponding to the planar dynamical system. That is, for a seiitidili conditions, we
plot the solution of the differential equation in the plaR& This corresponds to
following the arrows at each point in the phase plane andidgathe resulting tra-
jectory. By plotting the solutions for several differenitial conditions, we obtain
a phase portrait, as show in Figute8h Phase portraits are also sometimes called
phase plane diagrams

Phase portraits give insight into the dynamics of the systgmhowing the
solutions plotted in the (two-dimensional) state spacéefystem. For example,
we can see whether all trajectories tend to a single poim&sncreases or whether
there are more complicated behaviors. In the example in €4@r corresponding
to a damped oscillator, the solutions approach the origiralianitial conditions.
This is consistent with our simulation in Figudel, but it allows us to infer the
behavior for all initial conditions rather than a singletiai condition. However,
the phase portrait does not readily tell us the rate of chahfee states (although
this can be inferred from the lengths of the arrows in theoreelid plot).

Equilibrium Points and Limit Cycles

An equilibrium pointof a dynamical system represents a stationary condition for
the dynamics. We say that a statgs an equilibrium point for a dynamical system

dx
— D F.x/
at X

if F.xe/ D 0. If a dynamical system has an initial conditier0/ D Xe, then it will
stay at the equilibrium poink.t/ D x.forallt 0, where we have takep D 0.

Equilibrium points are one of the most important features dfaamical sys-
tem since they de ne the states corresponding to constamatipg conditions. A
dynamical system can have zero, one or more equilibriumtg.oin

Example 4.4 Inverted pendulum
Consider the inverted pendulum in Figurd, which is a part of the balance system
we considered in Chapt@ The inverted pendulum is a simpli ed version of the
problem of stabilizing a rocket: by applying forces at thedaf the rocket, we
seek to keep the rocket stabilized in the upright positiore $tate variables are
the angle D x; and the angular velocitg =dt D x», the control variable is the
acceleratiornu of the pivot and the output is the angle

For simplicity we assume thatgl=J; D 1 andml=J; D 1, so that the dynamics

(equation 2.10) become 9
dx D 2 X 2 :

dt ~ ° sinx; ¢cx C ucosx;’ (4-5)
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Figure 4.4: Equilibrium points for an inverted pendulum. An inverted pendulum is a tode
for a class of balance systems in which we wish to keep a system uprightasa rocket (a).
Using a simpli ed model of an inverted pendulum (b), we can developaselportrait that
shows the dynamics of the system (c). The system has multiple equilibriums pmarked

by the solid dots along the, D O line.

This is a nonlinear time-invariant system of second orders Shime set of equa-
tions can also be obtained by appropriate normalizatiohegystem dynamics as
illustrated in Example.7.

We consider the open loop dynamics by settnD 0. The equilibrium points

for the system are given by 8 9
n
XD % 0 2
wheren D 0; 1; 2;::: . The equilibrium points fon even correspond to the pendu-

lum pointing up and those far odd correspond to the pendulum hanging down. A
phase portrait for this system (without corrective inpuigs3hown in Figuret.4c.
The phase portrait shows?2 X1 2 ,so0 ve of the equilibrium points are
shown. r

Nonlinear systems can exhibit rich behavior. Apart fromikgpia they can also
exhibit stationary periodic solutions. This is of great picad value in generating
sinusoidally varying voltages in power systems or in getireggeriodic signals for
animal locomotion. A simple example is given in Exerdis&2, which shows the
circuit diagram for an electronic oscillator. A normalizeddel of the oscillator is
given by the equation

% DxoCxi.1 x& x3; % D x1Cx.1 x§ X (4.6)
The phase portrait and time domain solutions are given in Eigls The gure
shows that the solutions in the phase plane converge towaniittajectory. In the
time domain this corresponds to an oscillatory solutiontidenatically the circle
is called dimit cycle More formally, we call an isolated solutiont/ a limit cycle
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Figure 4.5: Phase portrait and time domain simulation for a system with a limit cycle. The
phase portrait (a) shows the states of the solution plotted for different utalitions. The
limit cycle corresponds to a closed loop trajectory. The simulation (b) slaasingle solution
plotted as a function of time, with the limit cycle corresponding to a steady dswillaf

xed amplitude.

of periodT > 0if x.t C T/ D x.t/ forallt 2 R.

There are methods for determining limit cycles for secorgdkepsystems, but for
general higher-order systems we have to resort to compogdtinalysis. Computer
algorithms nd limit cycles by searching for periodic trajedes in state space that
satisfy the dynamics of the system. In many situations lstahit cycles can be
found by simulating the system with different initial cotidns.

4.3 Stability

The stability of a solution determines whether or not sohgioearby the solution
remain close, get closer or move further away. We now giveradbde nition of
stability and describe tests for determining whether atswius stable.

De nitions

Let x.tl &/ be a solution to the differential equation with initial catimh a. A
solution isstableif other solutions that start nearstay close to.tl a/. Formally,
we say that the solutiok.tl a/ is stable if for all > 0, there exists a> 0 such

that
kb ak< D k x.tlb/ x.tlalk< forallt> O:

Note that this de nition does not imply that.tl b/ approachex.tl a/ as time
increases but just that it stays nearby. Furthermore, theeval may depend on
, SO that if we wish to stay very close to the solution, we mayeha start very,
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Figure 4.6: lllustration of Lyapunov's concept of a stable solution. The solutionespnted
by the solid line is stable if we can guarantee that all solutions remain within atdismeter
by choosing initial conditions suf ciently close the solution.

very close ( ). This type of stability, which is illustrated in Figu#e6, is also
calledstability in the sense of Lyapundfa solution is stable in this sense and the
trajectories do not converge, we say that the solutioreigrally stable

An important special case is when the solutionl a/ D X is an equilibrium
solution. Instead of saying that the solution is stable, wely say that the equi-
librium point is stable. An example of a neutrally stableiéqtium point is shown
in Figure4.7. From the phase portrait, we see that if we start near theilequih
point, then we stay near the equilibrium point. Indeed, iig xample, given any

that de nes the range of possible initial conditions, we ciampdy choose D
to satisfy the de nition of stability since the trajectoriage perfect circles.

A solutionx.tl a/ isasymptotically stabléit is stable in the sense of Lyapunov
andalsx.tlb/! x.tla/ast!1 forbsuf ciently close toa. This corresponds
tothe case where all nearby trajectories converge to thiestalution for large time.
Figure4.8 shows an example of an asymptotically stable equilibriunmtpdote
from the phase portraits that not only do all trajectoriesy stear the equilibrium
point at the origin, but that they also all approach the origst gets large (the
directions of the arrows on the phase portrait show the timedan which the
trajectories move).

A solutionx.tl a/ is unstableif it is not stable. More speci cally, we say that
a solutionx.tl a/ is unstable if given some> 0, there doesiotexista > 0
suchthatifkb ak < ,thenkx.tlb/ x.tla/lk< forallt. An example of an
unstable equilibrium point is shown in Figu4eo.

The de nitions above are given without careful descriptiorttadir domain of
applicability. More formally, we de ne a solution to Hecally stable(or locally
asymptotically stablef it is stable for all initial conditionsx 2 B;.a/, where

Br.a/ Dfx:kx ak<rg

is a ball of radiug arounda andr > 0. A system igjlobally stableif it is stable

forallr > 0. Systems whose equilibrium points are only locally stable lcave

interesting behavior away from equilibrium points, as welerse in the next section.
For planar dynamical systems, equilibrium points have Bssigned names
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Figure 4.7: Phase portrait and time domain simulation for a system with a single stable
equilibrium point. The equilibrium point, at the origin is stable since all trajectories that
start neax. stay neaxe.

based on their stability type. An asymptotically stableilogpium point is called

a sink or sometimes amttractor. An unstable equilibrium point can be either a
source if all trajectories lead away from the equilibrium point, @ saddle if
some trajectories lead to the equilibrium point and othesseraway (this is the
situation pictured in Figurd.9). Finally, an equilibrium point that is stable but not
asymptotically stable (i.e., neutrally stable, such asthein Figuret.?) is called
acenter

Example 4.5 Congestion control

The model for congestion control in a network consistinglaflentical computers
connected to a single router, introduced in Sec8ahis given by

dw _ ¢ w? db wc

ap ¢z PNy @

wherew is the window size ant is the buffer size of the router. Phase portraits are
shown in Figurel.10for two different sets of parameter values. In each case we se
that the system converges to an equilibrium point in whighhbffer is below its
full capacity of 500 packets. The equilibrium size of the bufepresents a balance
between the transmission rates for the sources and theiapithe link. We see
from the phase portraits that the equilibrium points arergsptically stable since
all initial conditions result in trajectories that converg these points. r

Stability of Linear Systems

A linear dynamical system has the form

d
d—f D AX; X.0/ D Xo; (4.7)
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Figure 4.8: Phase portrait and time domain simulation for a system with a single asymptoti-
cally stable equilibrium point. The equilibrium poirt at the origin is asymptotically stable
since the trajectories converge to this point &4

where A 2 R" " is a square matrix, corresponding to the dynamics matrix of a
linear control system2(6). For a linear system, the stability of the equilibrium at
the origin can be determined from the eigenvalues of theixmatr

. A/Dfs2 C:detsl A/ DOg

The polynomial desl A/ is thecharacteristic polynomiadnd the eigenvalues
are its roots. We use the notatiopfor the jth eigenvalue oA, sothat ; 2 . A/.
In general can be complex-valued, although A is real-valued, then for any
eigenvalue , its complex conjugate will also be an eigenvalue. The origin is
always an equilibrium for a linear system. Since the stabdita linear system
depends only on the matrik, we nd that stability is a property of the system. For
a linear system we can therefore talk about the stabilithefdystem rather than
the stability of a particular solution or equilibrium paint
The easiest class of linear systems to analyze are those wysteen matrices
are in diagonal form. In this case, the dynamics have the form
8 ) 0
dx 2
at D 3 X: (4.8)
0 n

It is easy to see that the state trajectories for this systenmdependent of each
other, so that we can write the solution in termsafidividual systemsg D X;.
Each of these scalar solutions is of the form

X;.t/ D e I'x.0/:
We see that the equilibrium point D O is stable if ; 0 and asymptotically
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Figure 4.9: Phase portrait and time domain simulation for a system with a single unstable
equilibrium point. The equilibrium point at the origin is unstable since not all trajectories
that start neare stay neatx.. The sample trajectory on the right shows that the trajectories
very quickly depart from zero.

stable if j < 0.
Another simple case is when the dynamics are in the blockodiaigorm
8 9
1 0 0
! 0 0
dx D ! ' e ' ' X
dt o 0 - : : :
0 m !m
O O I m m’
In this case, the eigenvalues can be showntojdg ; i! ;. We once again can

separate the state trajectories into independent sofufiimreach pair of states, and
the solutions are of the form

Xoj 1.t/ D el' xpj 1.0/ cos! jt C xp;.0/ sin! jt ;
Xoj.t/ D et Xpj 1.0/sin! jt C xp;.0/ cos! jt ;

if ; DRe ;< 0.ltis also possible to combine real and complex eigengaiue
(block) diagonal form, resulting in a mixture of solutiorfstioe two types.

Very few systems are in one of the diagonal forms above, buessystems
can be transformed into these forms via coordinate tramgfbons. One such class
of systems is those for which the dynamics matrix has distfnonrepeating)
eigenvalues. In this case there is a mafri2 R" " such that the matrig AT !
is in (block) diagonal form, with the block diagonal elemeigbrresponding to
the eigenvalues of the original matrix (see Exercisé.14). If we choose new
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Figure 4.10:Phase portraits for a congestion control protocol running With 60 identical
source computers. The equilibrium values correspond to a xed wiratdine source, which
results in a steady-state buffer size and corresponding transmistgoA faster link (b) uses
a smaller buffer size since it can handle packets at a higher rate.

coordinateg D Tx, then

d
d—tZDT)PD TAXD TAT 1z

and the linear system has a (block) diagonal dynamics mditighermore, the
eigenvalues of the transformed system are the same as irabisystem since
if v is an eigenvector oA, thenw D Tv can be shown to be an eigenvector of
T AT L. We can reason about the stability of the original system dtyng that
x.t/ D T 'zt/, and so if the transformed system is stable (or asymptbtical
stable), then the original system has the same type of iyabil

This analysis shows that for linear systems with distinateiglues, the stability
of the system can be completely determined by examining eéhaé part of the
eigenvalues of the dynamics matrix. For more general systemmake use of the
following theorem, proved in the next chapter:

Theorem 4.1(Stability of a linear system)The system

dx
DA
at -~ X

is asymptotically stable if and only if all eigenvalues oflkhave a strictly negative
real part and is unstable if any eigenvalue of A has a striptigitive real part.

Example 4.6 Compartment model
Consider the two-compartment module for drug deliveryodtrced in SectioB.6.
Using concentrations as state variables and denotingateagctor by, the system
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dynamics are given by
g 9 8 9 8 9

dx -3 ko ki ki3 3 box . ;
— D X C: u; D-0 1 x;
dt k2 ko’ 0’ y
where the inpuu is the rate of injection of a drug into compartment 1 and the
concentration of the drug in compartment 2 is the measurgzlioy. We wish to
design a feedback control law that maintains a constanubgipen byy D yjy.
We choose an output feedback control law of the form

uD k.y 4/ Cug;

whereuy is the rate of injection required to maintain the desiredcemtration and
kis afeedback gain that should be chosen such that the closedystem is stable.
Substituting the control law into the syséemgwe obtain

d
Hps o ki ka bok,ng.Bbo,B .Ug C kyy/ D: AxC Bug;
yD-0 1 xD:Cx

The equilibrium concentratior. 2 R? is given byxe D A Bue and
bok2

Kokz C bokok

Choosinguq such thatye D yq provides the constant rate of injection required to

maintain the desired output. We can now shift coordinatgdace the equilibrium
point at the origin, which yielgs (after some algebéa)

dz 3 ko ki ki bokz _
dtD' ko ko " &

wherezD x  Xe. We can now apply the results of Theordmi to determine the
stability of the system. The eigenvalues of the system aenddy the roots of the
characteristic polynomial

.5/ D S?C .kg C kg C ky/s C .koko C bokok!:

While the speci ¢ form of the roots is messy, it can be shown tharoots are posi-
tive as long as the linear term and the constant term are bsttiye (Exercisd.16).
Hence the system is stable for aky O. r

YeD CA Bu.D ug C kyy/:

Stability Analysis via Linear Approximation

Animportant feature of differential equations is that ibfsen possible to determine
the local stability of an equilibrium point by approximaiithe system by a linear
system. The following example illustrates the basic idea.
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Example 4.7 Inverted pendulum
Consider again an inverted pendéjlum whose %pen loop dyisaamecgiven by

dx 3 X 3.
—_— D . . y
dt sinX, X

where we have de ned the state D . ; 7. We rst consider the equilibrium
pointatx D .0; 0/, corresponding to the straight-up position. If we assuraéttie
angle D x; remains small, then we can replacesiwith x; and co; with 1,

which gives the approximat8e system 8 9

dx 593 % 3530 1z
at D: X1 X! D: 1 ~ X (4.9)
Intuitively, this system should behave similarly to the ma@omplicated model
as long as«; is small. In particular, it can be veri ed that the equilibmupoint
.0; 0/ is unstable by plotting the phase portrait or computing therevalues of the
dynamics matrix in equatior?(9)

We can also approximate the system around the stable egquititpoint at
x D .; 0/. In this case we have to expand ginand cosq aroundx; D
according to the expansions

sinn. C/ D sin ; cos C/ D cos/ 1
If we dene z; D x; andz, D xp, the resulting approximate dynamics are
given by 4y 8 9 8 o 1 9
2“p3 22 3p3 3.
T D - 2 Z, D 1 -z (4.10)

Note thatz D .0; 0/ is the equilibrium point for this system and that it has thesa
basic form as the dynamics shown in Figdt8. Figure4.11shows the phase por-
traits for the original system and the approximate systeyarat the corresponding
equilibrium points. Note that they are very similar, altgbunot exactly the same.
It can be shown that if a linear approximation has either gagtically stable or

unstable equilibrium points, then the local stability of thriginal system must be

the same (Theored.3). r
More generally, suppose that we have a nonlinear system
dx
— D F.x/
dt

that has an equilibrium point a&. Computing the Taylor series expansion of the
vector eld, we can write
dx @

at D F.x/ C — .x X C higher-ordertermsinx X/
Xe
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Figure 4.11: Comparison between the phase portraits for the full nonlinear systérasda
its linear approximation around the origin (b). Notice that near the equilibgaimt at the
center of the plots, the phase portraits (and hence the dynamics) ais aertical.

SinceF.x/ D 0, we can approximate the system by choosing a new statdlearia
zD x  Xe and writing

dz o

at D Az where AD @ . . (4.12)
We call the systen¥(11) thelinear approximatiorof the original nonlinear system
or thelinearizationat Xe.

The fact that a linear model can be used to study the behaviamahlinear
system near an equilibrium point is a powerful one. Indeezlcan take this even
further and use a local linear approximation of a nonlingatesn to design a feed-
back law that keeps the system near its equilibrium poinsi¢pheof dynamics).
Thus, feedback can be used to make sure that solutions refoa@to the equi-
librium point, which in turn ensures that the linear appnoation used to stabilize
it is valid.

Linear approximations can also be used to understand thiétgtabnonequi-
librium solutions, as illustrated by the following example

Example 4.8 Stable limit cycle
Consider the system given by equatidng,

dx dx
d_tl Dx,Cx.1 X2 X3 d_t2 D xCx.1 x& X3,
whose phase portrait is shown in Figdr&. The differential equation has a periodic

solution
X1.t/ D x1.0/ cost C x,.0/ sint; (4.12)

with x2.0/ C x2.0/ D 1.
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To explore the stability of this solution, we introduce potaordinates and
, Which are related to the state variablgsandx, by

X1 D r cos'; Xo D rsin':
Differentiation gives the following linear equations #®and'P.
B D Pcos' r'Psin’; B D Psin' Cr'Pcos':
Solving this linear system faPand'Pgives, after some calculation,

dr 2/ d )

dtDr'l rel; dtD 1:

Notice that the equations are decoupled; hence we can athlyztability of each
state separately.

The equation for has three equilibriac D 0,r D 1 andr D 1 (not realiz-
able sinca must be positive). We can analyze the stability of theselibgiai by
linearizing the radial dynamics witR.r/ D r.1 r?/. The corresponding linear
dynamics are given by

dr
' pa 3r2/r; reDO; 1,

dt @ |,

where we have abused notation and usdd represent the deviation from the
equilibrium point. It follows from the sign afL ~ 3r2/ that the equilibriunt D 0

is unstable and the equilibriumD 1 is asymptotically stable. Thus for any initial
conditionr > 0 the solution goes toD 1 as time goes to in nity, but if the system
starts withr D 0, it will remain at the equilibrium for all times. This impkahat
all solutions to the original system that do not starkaD x, D 0 will approach
the circlex? C x2 D 1 as time increases.

To show the stability of the full solutior(12), we must investigate the behavior
of neighboring solutions with different initial conditisnWe have already shown
that the radius will approach that of the solutio}(12 as long as.0/ > 0. The
equation for the angle can be integrated analytically to givet/ D tC"'. 0/,
which shows that solutions starting at different anglesill neither converge nor
diverge. Thus, the unit circle attracting, but the solution4.12) is only stable, not
asymptotically stable. The behavior of the system is ilatefl by the simulation
in Figure4.12 Notice that the solutions approach the circle rapidly,that there
is a constant phase shift between the solutions. r

4.4 Lyapunov Stability Analysis

We now return to the study of the full nonlinear system

d
d—)t( DF.x/; x2R" (4.13)
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Figure 4.12:Solution curves for a stable limit cycle. The phase portrait on the left shiost
the trajectory for the system rapidly converges to the stable limit cycle. fEinéng points
for the trajectories are marked by circles in the phase portrait. The timaidgiots on the
right show that the states do not converge to the solution but instead maictamstant phase
error.

Having de ned when a solution for a nonlinear dynamical sysie stable, we
can now ask how to prove that a given solution is stable, asyioplly stable
or unstable. For physical systems, one can often argue atalitity based on
dissipation of energy. The generalization of that techniguarbitrary dynamical
systems is based on the use of Lyapunov functions in placeerfg.

In this section we will describe techniques for determirtimg stability of so-
lutions for a nonlinear systen#(13. We will generally be interested in stability
of equilibrium points, and it will be convenient to assumattk, D O is the equi-
librium point of interest. (If not, rewrite the equationsamew set of coordinates
zD X Xe.)

Lyapunov Functions

A Lyapunov function V: R" ! R is an energy-like function that can be used to
determine the stability of a system. Roughly speaking, ita®e nd a nonnegative
function that always decreases along trajectories of tegery, we can conclude
that the minimum of the function is a stable equilibrium gdlocally).

To describe this more formally, we start with a few de nitioMge say that a
continuous functiorV is positive de niteif V.x/ > 0 for all x 600 andV.0/ D 0.
Similarly, a function isnegative de nitef V.x/ < 0 for all x 600 andV.0/ D 0.
We say that a functioV is positive semide nitéf V.x/ 0 for all x, butV.x/
can be zero at points other than jusb O.

To illustrate the difference between a positive de nite ftioc and a positive
semide nite function, suppose that2 R? and let

Vi.xI D x3;  Va.x/ D X2 C x2:
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Figure 4.13: Geometric illustration of Lyapunov's stability theorem. The closed contours
represent the level sets of the Lyapunov funchonx/ D c. If dx=dt points inward to these
sets at all points along the contour, then the trajectories of the system vayslvaus&/ . x/

to decrease along the trajectory.

Both V; and V., are always nonnegative. However, it is possible\fpito be zero
even if x 6D0. Speci cally, if we setx D .0; ¢/, wherec 2 R is any nonzero
number, therV;.x/ D 0. On the other hand/,.x/ D 0 if and only ifx D .0; O/.
ThusV; is positive semide nite and/; is positive de nite.

We can now characterize the stability of an equilibrium poinD O for the
system §.13.

Theorem 4.2(Lyapunov stability theorem)Let V be a nonnegative function on
R" and let\ represent the time derivative of V along trajectories @ slystem
dynamicg4.13: @ d @
X
VD

@a D @F.x/:

Let B D B;.0/ be a ball of radius r around the origin. If there existsr 0 such
that V is positive de nite andf’ is negative semide nite for all 2 B;, then xD 0

is locally stable in the sense of Lyapunov. If V is positivaiteeand VP is negative
de nite in B, then xD 0 is locally asymptotically stable.

If V satis es one of the conditions above, we say tMas a (local)Lyapunov
functionfor the system. These results have a nice geometric intatfmet The
level curves for a positive de nite function are the curvesnéd by V.x/ D c,
¢ > 0, and for eactlt this gives a closed contour, as shown in Figdrg3 The
condition that¥. x/ is negative simply means that the vector eld points toward
lower-level contours. This means that the trajectories ntowenaller and smaller
values ofV and if Wis negative de nite thex must approach 0.

Example 4.9 Scalar nonlinear system
Consider the scalar nonlinear system
dx 2

X5 2 4
dt ~1cx ¥
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This system has equilibrium points)>aD 1 andx D 2. We consider the equilib-
rium point atx D 1 and rewrite the dynamics usizgd x  1:

dz 2
—D 1;
dt  2Cz 2 &

which has an equilibrium point & D 0. Now consider the candidate Lyapunov
function

1
V.z/ D =7%
2

which is globally positive de nite. The derivative &f along trajectories of the

system is given by 5
Z 2

z
2Cz
If we restrict our analysis to an interv8}, wherer < 2, then 2C z > 0 and we
can multiply through by Z z to obtain
2z .7°Cz7.2CzZD Z 32D 7.zC3<0 z2B;r<2

It follows that\.z/ < 0 for all z 2 B,, z 6D0, and hence the equilibrium point
Xe D 1is locally asymptotically stable. r

V.z/ D zPD

A slightly more complicated situation occurs\f is negative semide nite. In
this case itis possible th¥ x/ D 0 whenx 600, and hence could stop decreasing
in value. The following example illustrates this case.

Example 4.10 Hanging pendulum
A normalized model for a hanging pendulum is

dx; dx, .
— D Xo; — D  sinxy;
dat 2 dt !

wherex; is the angle between the pendulum and the vertical, withtigesk;
corresponding to counterclockwise rotation. The equatasan equilibriunx; D
x2 D 0, which corresponds to the pendulum hanging straight ddwaexplore the
stability of this equilibrium we choose the total energy dyapunov function:

1 1 1
V.xD1 cosxC Exg Exf C Exg:

The Taylor series approximation shows that the function sitpe de nite for
smallx. The time derivative oV.x/ is

VD R sinx, C ®x, D X,8inX;  Xpsinx; D O:

Since this function is positive semide nite, it follows frony&punov's theorem that
the equilibrium is stable but not necessarily asymptdiicahble. When perturbed,
the pendulum actually moves in a trajectory that corresptmdonstant energyr
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Lyapunov functions are not always easy to nd, and they arenimue. In many
cases energy functions can be used as a starting point, a®nag Exampld.10
It turns out that Lyapunov functions can always be found forstable system (un-
der certain conditions), and hence one knows that if a systetable, a Lyapunov
function exists (and vice versa). Recent results using sfisguares methods have
provided systematic approaches for nding Lyapunov systgP02 Sum-of-
squares techniques can be applied to a broad variety ofsystecluding systems
whose dynamics are described by polynomial equations, bhasveybrid systems,
which can have different models for different regions ofestgpace.

For a linear dynamical system of the form

dx
— D AXx;
at -

it is possible to construct Lyapunov functions in a systecmaanner. To do so, we
consider quadratic functions of the form

V.x/ D X" Px;

whereP 2 R" "is asymmetric matrix® D PT). The condition tha¥ be positive
de nite is equivalent to the condition th&t be apositive de nite matrix

x"Px> 0; forall x 600,

which we write as? > 0. It can be shown that P is symmetric, therP is positive
de nite if and only if all of its eigenvalues are real and pogt

Given a candidate Lyapunov functidéh x/ D xT Px, we can now compute its
derivative along ows of the system:

@/ dx
VD —--Dx".ATPCPAxD: x'Qx
@ dt Q
The requirement tha¥® be negative de nite (for asymptotic stability) becomes a
condition that the matrixQ be positive de nite. Thus, to nd a Lyapunov function
for a linear system it is suf cient to choose@ > 0 and solve thd.yapunov

equation
ATPCPAD Q: (4.14)

This is a linear equation in the entries Bf and hence it can be solved using
linear algebra. It can be shown that the equation always katution if all of the
eigenvalues of the matril are in the left half-plane. Moreover, the solutienis
positive de nite if Q is positive de nite. Itis thus always possible to nd a quadiat
Lyapunov function for a stable linear system. We will defguraof of this until
Chapter5, where more tools for analysis of linear systems will be tgwed.
Knowing that we have a direct method to nd Lyapunov functidaslinear
systems, we can now investigate the stability of nonlingatesns. Consider the
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Figure 4.14: Stability of a genetic switch. The circuit diagram in (a) represents two pitein
that are each repressing the production of the other. The inp@sdu, interfere with this
repression, allowing the circuit dynamics to be modi ed. The equilibriurmigofor this
circuit can be determined by the intersection of the two curves shown.in (b)

system q
X

at D F.x/ D: AxC Rx/; (4.15)
whereF.0/ D 0 and®x/ contains terms that are second order and higher in the
elements ok. The functionAx is an approximation of . x/ near the origin, and we
can determine the Lyapunov function for the linear appr@tion and investigate if
itis also a Lyapunov function for the full nonlinear systérhe following example
illustrates the approach.

Example 4.11 Genetic switch
Consider the dynamics of a set of repressors connectedhtrgiet a cycle, as
shown in Figure4.14a The normalized dynamics for this system were given in

Exercise2.9. dz ' 42
d ~1cz * 49 "1cZ
wherez; andz, are scaled versions of the protein concentrationand are
parameters that describe the interconnection betweereties@nd we have set the
external inputsi; andu, to zero.
The equilibrium points for the system are found by equatirgithe derivatives

to zero. We de ne

2, (4.16)

df nu" !

; fOu/D—D —;

1Cun du .1Cuv?
and the equilibrium points are de ned as the solutions of tnga¢ions

21 D f.zf; 2D f.zl:

f.u/ D
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If we plot the curvesz;; f.z// and. f.z/; zo/ on a graph, then these equations
will have a solution when the curves intersect, as shown inr€ig.14h Because
of the shape of the curves, it can be shown that there willydvwe three solutions:

one atzie D 75, ONe withzye < 75 and one withzye > Zoe. If 1, then we can
show that the solutions are given approximately by
1
Zie  Ze —(l zeDzel  ze —(7 Ze (4.17)

To check the stability of the system, we writeu/ in terms of its Taylor series
expansion aboute:

1
f.u/ D f.us/ C fOue/-.u us/ C > f%u/ -.u  ue/? C higher-order terms

where f°represents the rst derivative of the function, affthe second. Using
these approximations, the dynamics can then be written as

dw 3 1 fZZe/g
ik £9.2,/ 1 w C Rw/;

wherew D z zisthe shifted state arfw/ represents quadratic and higher-order
terms.
We now use equatio(14) to search for a Lyapunov function. Choosi@gD |

and lettingP ZgRg 2 have eslaem%nt;s».J , we Segrch fora solutlon of the equation

> 1 fz3pu p12303p11 Pz 3 1 flong 1 03,
YT pi P2 T P2 P2 P 0 T

where f2D f°z,/ and /D f°z/. Note that we have sgh; D p;, to force P
to be sg/mmetrlc Multlplylng out the matrices, we obtam

8
3 2p11 C 2f0p12 pifd 2p12C pz2 f208 3 1 0 S
" pufl 2p12C ppofy 2p2 C 20p12 0 1

which is a set ofinear equations for the unknowns; . We can solve these linear
equations to obtain

& f9f0C2 5 foC 12 5 & f9f9C2
410t0 v PRP g0y PR T4 u
To check thaV.w/ D w' Pw is a Lyapunov function, we must verify thetw/ is

positive de nite function or equivalently th&® > 0. SinceP isa2 2 symmetric
matrix, it has two real eigenvalueg and » that satisfy

1 C - D traceP/; 1+ oD detP/

In order forP to be positive de nite we must have that and » are positive, and

p11 D
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we thus require that
& 21 tFca & 219f0C t¥C4
4 41912 16 16f2f)

We see that trac®/ D 4det P/ and the numerator of the expressions is just
.fi f,/2C 4> 0, so it suf ces to check the sign of 1 flofzo. In particular, for
P to be positive de nite, we require that

0210/ 1020/ < 1:

trace P/ D > 0; detP/ D > 0:

We can now make use of the expressionsffBde ned earlier and evaluate at
the approximate locations of the equilibrium points detireequation 4.17). For
the equilibrium points where,e 6Dz, we can show that

1 nnt n v 2
0 0 0 0 2 n2Cn.

7 Z16l T7 Zpe/ f./f.nllD.lc 2 1e nn U n :
Usingn D 2 and 200 from Exercis®.9, we see that®z/ fCze/ 1and
henceP is a positive de nite. This implies that is a positive de nite function and
hence a potential Lyapunov function for the system.

To determine if the systerd (16) is stable, we now compuiat the equilibrium
point. By construction,

VYD w'.PAC ATP/w C KJ.w/ Pw C w'PRw/
D w'wC K .w/ PwCw'PRw:

Since all terms iffRare quadratic or higher order im, it follows that K.w/ Pw
andwTPRw/ consist of terms that are at least third ordeminTherefore ifw
is suf ciently close to zero, then the cubic and higher-ortdems will be smaller
than the quadratic terms. Hence, suf ciently closevt® O, WYis negative de nite,
allowing us to conclude that these equilibrium points arih lstable.
Figure4.15shows the phase portrait and time traces for a system with4,
illustrating the bistable nature of the system. When thigaintondition starts with
a concentration of protein B greater than that of A, the sofutonverges to the
equilibrium point at (approximately)l= " ; / . If A is greater than B, then it
goesto ; 1= " 1/. The equilibrium point withz;e D zo is unstable. r

More generally, we can investigate what the linear appration tells about
the stability of a solution to a nonlinear equation. The fwilog theorem gives a
partial answer for the case of stability of an equilibriuniro

Theorem 4.3. Consider the dynamical syste@.15 with F.0/ D 0 and Rsuch
thatlim kiQx/k=kxk ! Oaskxk! 0. Ifthe real parts of all eigenvalues of A are
strictly less than zero, then,>D 0 is a locally asymptotically stable equilibrium
point of equatior(4.15).
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Figure 4.15:Dynamics of a genetic switch. The phase portrait on the left shows thawitteh
has three equilibrium points, corresponding to protein A having a corat@mtigreater than,
equal to or less than protein B. The equilibrium point with equal protein eutnations is
unstable, but the other equilibrium points are stable. The simulation on theshgtvs the
time response of the system starting from two different initial conditionsifiitial portion of
the curve corresponds to initial concentratiar® D .1; 5/ and converges to the equilibrium
wherez;e < zp. Attimet D 10, the concentrations are perturbedd®inz; and 2 in z,
moving the state into the region of the state space whose solutions convirgetmilibrium
point wherezye < zje.

This theorem implies that asymptotic stability of the linapproximation im-
plieslocalasymptotic stability of the original nonlinear system. Tiedrem is very
important for control because it implies that stabilizatad a linear approximation
of a nonlinear system results in a stable equilibrium forrtbelinear system. The
proof of this theorem follows the technique used in Examdplel A formal proof
can be found inKha01.

Krasovski—Lasalle Invariance Principle

For general nonlinear systems, especially those in symfmtin, it can be dif cult
to nd a positive de nite functionV whose derivative is strictly negative de nite.
The Krasovski—Lasalle theorem enables us to conclude thepstimstability of
an equilibrium point under less restrictive conditionsyedy, in the case whe®
is negative semide nite, which is often easier to constrdciwever, it applies only
to time-invariant or periodic systems. This section makesafssome additional
concepts from dynamical systems; see Hata{67 or Khalil [Kha0J] for a more
detailed description.

We will deal with the time-invariant case and begin by introithg a few more
de nitions. We denote the solution trajectories of the timeariant system

dx
— D F.x/ 4.18
at -~ X (4.18)
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asx.tl a/, whichis the solution of equatiod (18 at timet starting froma atty D 0.
The! limit setof a trajectoryx.tl a/ is the set of all pointg 2 R" such that there
exists a strictly increasing sequence of timesuch tha.t,la/! zasn!1
AsetM R"is said to be amvariant setif for all b 2 M, we havex.tlb/ 2 M
forallt 0. It can be proved that tHe limit set of every trajectory is closed and
invariant. We may now state the Krasovski—Lasalle principle

Theorem 4.4(Krasovski—Lasalle principle)LetV : R" ! R be alocally positive
de nite function such that on the compact setD fx 2 R": V.x/ rgwe have

WV.x/ 0.Dene
SDfx2e,:\W¥.x/ D Og

Ast!1l | the trajectory tends to the largest invariant set insidé &; its! limit
set is contained inside the largest invariant set in S. Irtipatar, if S contains no
invariant sets other than © 0, then 0 is asymptotically stable.

Proofs are given infra63 and [LaS6qQ.

Lyapunov functions can often be used to design stabiliziowtrollers, as is
illustrated by the following example, which also illusgathow the Krasovski—
Lasalle principle can be applied.

Example 4.12 Inverted pendulum
Following the analysis in Examp7, an inverted pendulum can be described by
the following normalized model:

dX2 .
— D Xy; —— D sinx; C ucosxy; 4.19
dt 2 dt 1 1 ( )

wherex; is the angular deviation from the upright position ané the (scaled)
acceleration of the pivot, as shown in Figutd6a The system has an equilib-
rium atx; D xo D 0, which corresponds to the pendulum standing upright. This
equilibrium is unstable.

To nd a stabilizing controller we consider the following adidate for a Lya-
punov function:

1 1 1
EXS a 3 Xz C Exg:
The Taylor series expansion shows that the function is pesie nite near the

origin if a > 0:5. The time derivative oY .x/ is

V.x/ D.cosx; U Cal cogx/C

WD Px; sinx; C 2a® sinx; cosx; C B, D X,.u C 2asinxy/ cosxy:
Choosing the feedback law
uD 2asinx; XpCOSX;

gives
VD x35cos x:
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Figure 4.16: Stabilized inverted pendulum. A control law applies a foucat the bottom
of the pendulum to stabilize the inverted position (a). The phase portraghys that
the equilibrium point corresponding to the vertical position is stabilized. Tiaded region
indicates the set of initial conditions that converge to the origin. The ellipsesonds to a
level set of a Lyapunov functiow. x/ for whichVV.x/ > 0 and\’.x/ < 0 for all points inside
the ellipse. This can be used as an estimate of the region of attraction ofiilieragn point.
The actual dynamics of the system evolve on a manifold (c).

It follows from Lyapunov's theorem that the equilibrium echlly stable. However,
since the function is only negative semide nite, we cannaiadode asymptotic
stability using Theorend.2 However, note tha’ D 0 implies thatx, D 0 or

x1D =2 n
If we restrict our analysis to a small neighborhood of thgjiort |, r =2,

then we can de ne
SDf.xy; %/ 2 ¢ % D Og
and we can compute the largest invariant set inSldeor a trajectory to remain
in this set we must have, D O for allt and henceR.t/ D 0 as well. Using the
dynamics of the systerd (19, we see that,.t/ D 0 and®.t/ D Oimpliesx;.t/ D
0 as well. Hence the largest invariant set ins&e. X;; X,/ D 0, and we can use the
Krasovski—Lasalle principle to conclude that the origindsdlly asymptotically
stable. A phase portrait of the closed loop system is shoviigare4.16h
In the analysis and the phase portrait, we have treated thie ahthe pendulum

D x; as a real number. In fact,is an angle with D 2 equivalentto D O.
Hence the dynamics of the system actually evolves maaifold(smooth surface)
as shown in Figurd.16¢ Analysis of nonlinear dynamical systems on manifolds
is more complicated, but uses many of the same basic idessries] here. r
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4.5 Parametric and Nonlocal Behavior

Most of the tools that we have explored are focused on thd lmslaavior of a
xed system near an equilibrium point. In this section we hyriatroduce some
concepts regarding the global behavior of nonlinear systand the dependence
of a system's behavior on parameters in the system model.

Regions of Attraction

To get some insight into the behavior of a nonlinear systemamestart by nding
the equilibrium points. We can then proceed to analyze tbal loehavior around
the equilibria. The behavior of a system near an equilibrioimtds called théocal
behavior of the system.

The solutions of the system can be very different far away famrequilibrium
point. This is seen, for example, in the stabilized pendulixample4.12 The
inverted equilibrium point is stable, with small oscillais that eventually converge
to the origin. But far away from this equilibrium point theaee trajectories that
converge to other equilibrium points or even cases in whiehpendulum swings
around the top multiple times, giving very long oscillatsothat are topologically
different from those near the origin.

To better understand the dynamics of the system, we can arairé set of all
initial conditions that converge to a given asymptoticaligble equilibrium point.
This set is called theegion of attractionfor the equilibrium point. An example
is shown by the shaded region of the phase portrait in Figutéhb In general,
computing regions of attraction is dif cult. However, evdmie cannot determine
the region of attraction, we can often obtain patches ardbedtable equilibria
that are attracting. This gives partial information aboethihavior of the system.

One method for approximating the region of attraction istigh the use of
Lyapunov functions. Suppose thdtis a local Lyapunov function for a system
around an equilibrium poinky. Lete  be a set on whicN . x/ has a value less than
r,

e, Dfx2R":V.x/ rg

and suppose thalP.x/ 0 for all x 2 « ,, with equality only at the equilibrium
point Xo. Thene | is inside the region of attraction of the equilibrium poiince

this approximation depends on the Lyapunov function andtioéce of Lyapunov
function is not unique, it can sometimes be a very consemvatstimate.

It is sometimes the case that we can nd a Lyapunov functiosuch thatv is
positive de nite andPis negative (semi-) de nite for ak 2 R". In many instances
it can then be shown that the region of attraction for the ldayium point is the
entire state space, and the equilibrium point is said tglbbkally stable.
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Example 4.13 Stabilized inverted pendulum
Consider again the stabilized inverted pendulum from Exashgl The Lyapunov
function for the system was

1
V.x/ D.cosx; U Cal cosxy/C Exg;

and\P was negative semide nite for at and nonzero wher; 6D = 2. Hence
for any x such thajx,j < = 2,V.x/ > 0 will be inside the invariant set de ned
by the level curves of . x/. One of these level sets is shown in Figdté6h r

Bifurcations

Another important property of nonlinear systems is howrthehavior changes as
the parameters governing the dynamics change. We can gtigdiy tthe context
of models by exploring how the location of equilibrium paintheir stability, their
regions of attraction and other dynamic phenomena, suamesycles, vary based
on the values of the parameters in the model.

Consider a differential equation of the form

d
d—)t( DF.x; /. x2R" 2R (4.20)

wherex is the state and is a set of parameters that describe the family of equations.
The equilibrium solutions satisfy

F.x;/ DO;

and as is varied, the corresponding solutioxs/ can also vary. We say that the

system 4.20 has abifurcationat D if the behavior of the system changes
qualitatively at . This can occur either because of a change in stability ty@e or
change in the number of solutions at a given value of

Example 4.14 Predator—prey
Consider the predator—prey system described in Se8tibThe dynamics of the
system are given by

dHDrH 1 H aHL dLDbaHL
dt k cCH’ dt cCH

whereH andL are the numbers of hares (prey) and lynxes (predatorspabnd
¢, d, k andr are parameters that model a given predator—prey systeroritoes
in more detail in SectioB.7). The system has an equilibrium pointtd > 0 and
Le > 0 that can be found numerically.

To explore how the parameters of the model affect the behafibe system, we
choose to focus on two speci ¢ parameters of interasthe interaction coef cient
between the populations amgda parameter affecting the prey consumption rate.

dL; (4.21)
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Figure 4.17: Bifurcation analysis of the predator—prey system. (a) Parametric stadiidity
gram showing the regions in parameter space for which the system is gt3tB&urcation
diagram showing the location and stability of the equilibrium point as a funcfi@ ®he
solid line represents a stable equilibrium point, and the dashed line refgreseanstable
equilibrium point. The dashed-dotted lines indicate the upper and lowedsdanthe limit
cycle atthat parameter value (computed via simulation). The nominawvafihe parameters
in the model are D 3:2,b D 0:6,¢ D 50,d D 0:56,k D 125 andr D 1:6.

Figure4.17ais a numerically computeparametric stability diagranshowing the
regions in the chosen parameter space for which the equitibpoint is stable
(leaving the other parameters at their nominal values). &gd®m this gure that
for certain combinations @& andc we get a stable equilibrium point, while at other
values this equilibrium point is unstable.

Figure4.17bis a numerically computeblifurcation diagramfor the system. In
this plot, we choose one parameter to vagnd then plot the equilibrium value of
one of the statedH) on the vertical axis. The remaining parameters are set to the
nominal values. A solid line indicates that the equilibripoint is stable; a dashed
line indicates that the equilibrium point is unstable. Nttat the stability in the
bifurcation diagram matches that in the parametric stsfallagram forc D 50 (the
nominal value) an@ varying from 1.35 to 4. For the predator—prey system, when
the equilibrium point is unstable, the solution converges stable limit cycle. The
amplitude of this limit cycle is shown by the dashed-dotieé in Figure4.17h

r

A particular form of bifurcation that is very common when tafing linear
systems is that the equilibrium remains xed but the stapitit the equilibrium
changes as the parameters are varied. In such a case itaimg\ue plot the eigen-
values of the system as a function of the parameters. Suck aletcalledoot
locus diagramsecause they give the locus of the eigenvalues when pareamete
change. Bifurcations occur when parameter values are batthere are eigenval-
ues with zero real part. Computing environments such LabVIEMTLAB and
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Figure 4.18: Stability plots for a bicycle moving at constant velocity. The plot in (a) shows
the real part of the system eigenvalues as a function of the bicycle veloditye system is
stable when all eigenvalues have negative real part (shaded regimplot in (b) shows the
locus of eigenvalues on the complex plane as the velacigyvaried and gives a different
view of the stability of the system. This type of plot is calletbat locus diagram

Mathematica have tools for plotting root loci.

Example 4.15 Root locus diagram for a bicycle model

Considerthe linear bicycle model given by equati®iT)in Sectior3.2 Introducing
the state variables; D ', X, D , x3 D 'Pandx, D Pand setting the steering
torqueT D 0, the e%uations can be written as o

0 I
dx 3 2 x D: AX;
dt M 1. Ko C KzVS/ M 1CV0'

wherel isa2 2 identity matrix ands is the velocity of the bicycle. Figu4.18a
shows the real parts of the eigenvalues as a function of wgldeigure 4.18b
shows the dependence of the eigenvalues of the velocity,. The gures show
that the bicycle is unstable for low velocities because tigemvalues are in the
right half-plane. As the velocity increases, these eigem@gamove into the left
half-plane, indicating that the bicycle becomes self4itailg. As the velocity is
increased further, there is an eigenvalue close to themtigit moves into the right
half-plane, making the bicycle unstable again. Howevés, ¢igenvalue is small
and so it can easily be stabilized by a rider. FigdirtEBashows that the bicycle is
self-stabilizing for velocities between 6 and 10 m/s. r

Parametric stability diagrams and bifurcation diagrams peovide valuable
insights into the dynamics of a nonlinear system. It is ugunscessary to carefully
choose the parameters that one plots, including combihi@gnatural parameters
of the system to eliminate extra parameters when possildmpQter programs
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Figure 4.19:Headphones with noise cancellation. Noise is sensed by the exterior tmcr®p
(a) and sent to a lter in such a way that it cancels the noise that penethatégad phone
(b). The Iter parametera andb are adjusted by the controllé.represents the input signal
to the headphones.

such aAUTQLOCBIF andXPPAUTprovide numerical algorithms for producing
stability and bifurcation diagrams.

Design of Nonlinear Dynamics Using Feedback

In most of the text we will rely on linear approximations tosag feedback laws
that stabilize an equilibrium point and provide a desireceleof performance.
However, for some classes of problems the feedback comtrallist be nonlinear to
accomplish its function. By making use of Lyapunov functieve can often design
a nonlinear control law that provides stable behavior, asavein Examplet.12

One way to systematically design a nonlinear controlleridegin with a
candidate Lyapunov functiok'.x/ and a control system® D f.x;u/. We say
thatV.x/ is acontrol Lyapunov functiofif for every x there exists al such that
V.x/ D @£ x;u/ < 0. In this case, it may be possible to nd a functianx/
such thatu D . x/ stabilizes the system. The following example illustrates th
approach.

Example 4.16 Noise cancellation

Noise cancellation is used in consumer electronics anddaodmial systems to
reduce the effects of noise and vibrations. The idea is tdljoeduce the effect of
noise by generating opposing signals. A pair of headphortaswise cancellation
such as those shown in Figu4el9ais a typical example. A schematic diagram of
the system is shown in Figu#el19h The system has two microphones, one outside
the headphones that picks up exterior nois@d another inside the headphones that
picks up the signag, which is a combination of the desired signal and the externa
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noise that penetrates the headphone. The signal from thecextgcrophone is

Itered and sent to the headphones in such a way that it catioelsxternal noise
that penetrates into the headphones. The parameters of ¢éheark adjusted by a
feedback mechanism to make the noise signal in the interitabphone as small
as possible. The feedback is inherently nonlinear becawszstby changing the
parameters of the lter.

To analyze the system we assume for simplicity that the gaipan of external
noise into the headphones is modeled by a rst-order dyndmjctiem described
by

dz

at D apz C bgn; (4.22)

wherezis the sound level and the paramet&ys 0 andbg are not known. Assume
that the lter is a dynamical system of the same type:

d—W D aw C bn:
dt

We wish to nd a controller that updates and b so that they converge to the

(unknown) parameteray andby. Introducex; D eDw z x, D a a and
x3 D b bg; then

d
% Daw 2 C.a a/wC.b by/nD agx CxwCxsn:  (4.23)

We will achieve noise cancellation if we can nd a feedback fawchanging the
parameters. andb so that the erroe goes to zero. To do this we choose

1
V. %01 el D 5 X2 C x5 C x3
as a candidate Lyapunov function fe.23. The derivative ol is

VD x;pRCxoRCxgBD ax?Cx.BC Wxi/Cx3. BC nxyf:

Choosing
BD wxiD we BD nx; D ne (4.24)

we ndthat\ D aoxf < 0, and itfollows that the quadratic function will decrease
aslongae D x; Dw z6D0. The nonlinear feedback .4 thus attempts to
change the parameters so that the error between the sigh#t@mnoise is small.
Notice that feedback lawd(24) does not use the modet.2) explicitly.

A simulation of the system is shown in Figu4e2Q In the simulation we have
represented the signal as a pure sinusoid and the noise & lbmod noise. The
gure shows the dramatic improvement with noise cancelfatibhe sinusoidal
signal is not visible without noise cancellation. The Iterpemeters change quickly
from their initial valuesa D b D 0. Filters of higher order with more coef cients
are used in practice. r
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Figure 4.20:Simulation of noise cancellation. The top left gure shows the headphignals
without noise cancellation, and the bottom left gure shows the signal witereancellation.
The right gures show the parameteasandb of the lter.

4.6 Further Reading

The eld of dynamical systems has a rich literature that chiréges the possi-
ble features of dynamical systems and describes how patiarabainges in the
dynamics can lead to topological changes in behavior. Readatroductions to
dynamical systems are given by Stroge&@#r4 and the highly illustrated text by
Abraham and ShawyS827. More technical treatments include Andronov, Vitt and
Khaikin [AVK87], Guckenheimer and Holme&H83 and Wiggins Wig9Q]. For
students with a strong interest in mechanics, the texts hpldfArn87] and Mars-
den and RatiufMR94] provide an elegant approach using tools from differential
geometry. Finally, good treatments of dynamical system#$aukt in biology are
given by Wilson Wil99] and Ellner and GuckenheimegG03. There is a large lit-
erature on Lyapunov stability theory, including the classkts by Malkin Mal59)],
Hahn [Hah67 and Krasovski Kra63. We highly recommend the comprehensive
treatment by KhalilKhaOJ].

Exercises

4.1 (Time-invariant systems) Show that if we have a solution ef differential
equation 4.1) given byx.t/ with initial conditionx.to/ D Xo,then®) / D x.t to/
is a solution of the differential equation

dx

—~DF.
d Q
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with initial conditionXQ0/ D xo, where Dt tp.

4.2 (Flow in a tank) A cylindrical tank has cross sectidnm?, effective outlet
areag m? and in ow g, m3=s. An energy balance shows that the outlet velocity is
v D " 2gh m=s, whereg m=s? is the acceleration of gravity aridis the distance
between the outlet and the water level in the tank (in met8is)w that the system
can be modeled by

dh apb— 1 p_—
HD A 2gh Zqin; Jout D @ 2gh:

Use the parametes D 0:2,a D 0:01. Simulate the system when the in ow is zero
and the initial level i D 0:2. Do you expect any dif culties in the simulation?

4.3 (Cruise control) Consider the cruise control system dbedrin Sectior8.1
Generate a phase portrait for the closed loop system on atrgt¢ D 0), in third
gear, using a Pl controller (witk, D 0:5 andk; D 0:1), m D 1000 kg and desired
speed 20 m/s. Your system model should include the effedatafating the input
between O and 1.

4.4 (Lyapunov functions) Consider the second-order system

daxg dx
— D axq — D bxg X
dt ! dt o
wherea; b; ¢ > 0. Investigate whether the functions
1 1 1 1
V,.x/ D ExfC Exg; \,.xI D ExfC E.xzc . ax1/2

are Lyapunov functions for the system and give any condittbat must hold.

4.5 (Damped spring—mass system) Consider a damped spring-systesn with e
dynamics
mdrC cdPC kq D O:

A natural candidate for a Lyapunov function is the total ggeaf the system, given
by
1 1
V D =md* C kg*
SM@ C Skq

Use the Krasovski—Lasalle theorem to show that the systesyistotically stable.

4.6 (Electric generator) The following simple model for an eleEcgrenerator con-
nected to a strong power grid was given in Exer@seé

dz EV .,

The parameter
Pmax . EV
D
Pm X Pn

aD

(4.25)
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is the ratio between the maximum deliverable powggx D EV=X and the me-
chanical poweiPy,.

(a) Considem as a bifurcation parameter and discuss how the equilibipe
ona.

(b) Fora > 1, show that there is a center'ag D arcsinl=a/ and a saddle at

"D "o

(c) Show that ifP,=J D 1 there is a solution through the saddle that satis es
14d 2
2 dt

Use simulation to show that the stability region is the iiaieof the area enclosed

by this solution. Investigate what happens if the systenm isquilibrium with a

value ofa that is slightly larger than 1 arelsuddenly decreases, corresponding to
the reactance of the line suddenly increasing.

p
"C'p acos a2 1DO: (4.26)

4.7 (Lyapunov equation) Show that Lyapunov equatiri ) always has a solution
if all of the eigenvalues oA are in the left half-plane. (Hint: Use the fact that the
Lyapunov equation is linear if® and start with the case wher has distinct
eigenvalues.)

4.8(Congestion control) Consider the congestion control fgmldescribed in Sec-
tion3.4. Con rmthatthe equilibrium point for the system s given lguation 8.21)
and compute the stability of this equilibrium point usingreebr approximation.

4.9 (Swinging up a pendulum) Consider the inverted penduluntudised in Ex-
ample4.4, that is described by

RD sin Cucos;
where is the angle between the pendulum and the vertical and theotsignal
u is the acceleration of the pivot. Using the energy function
1
V.: PDcos 1C EFZ;
show that the state feedbaglD k.Vy V/ Pcos causes the pendulum to “swing
up” to the upright position.

4.10(Root locus diagram) Consider the linear system
8 9 8 9 8 9
yD:1 0O x;

with the feedbacki D  ky. Plot the location of the eigenvalues as a function the
parametek.
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4.11(Discrete-time Lyapunov function) Consider a nonlineacdete-time systen
with dynamicsx[k C 1] D f.x[k]/ and equilibrium poinie D 0. Suppose there
exists asmooth, positive de nite functidh: R" ! Rsuchthav. f.x// V.x/<

0 for x 600 and V(0) = 0. Show that, D 0 is (locally) asymptotically stable.

4.12 (Operational ampli er oscillator) An op amp circuit for an @kator was
shown in Exercisé8.5. The oscillatory solution for that linear circuit was stable
but not asymptotically stable. A schematic of a modi ed cit¢hat has nonlinear
elements is shown in the gure below.

The modi cation is obtained by making a feedback around eadraipnal am-
pli er that has capacitors using multipliers. The sigmalD v2 C v5 V3 is the
amplitude error. Show that the system is modeled by

dvs Ra 1 2 2 2
— D vo C V1.V Vs Vsl
dt = RiRsC; 2~ RyCp ©0 12
dV2 1 2

1
—<D v; C Vo2 V2 V3
dt RC, '~ RpC, 20 1 72

Show that the circuit gives an oscillation with a stable lipyitle with amplitude
Vo. (Hint: Use the results of Exampte8.)

4.13(Self-activating genetic circuit) Consider the dynamica genetic circuit that
implementsself-activationthe protein produced by the gene is an activator for the
protein, thus stimulating its own production through pesifeedback. Using the
models presented in Exam@®el3 the dynamics for the system can be written as

dm p? dp

—D C m; —D m ; 4.27

dt ~ 1Ckp = ° at P (4.27)
for p;m 0. Find the equilibrium points for the system and analyze tall
stability of each using Lyapunov analysis.
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4.14 (Diagonal systems) Lef 2 R" " be a square matrix with real eigenvalues

(a) Show that if the eigenvalues are distingt 6D j for i 6Dj), thenv; 6Dv; for
i 6D).
(b) Show thatgthe eigenvectors form a basis Rrso that any vectok can be
written asx D v for ;2 %
8
(c) LetT D‘ vy Vv, ::: vy andshowthal AT is a diagonal matrix of
the form @.9).
(d) Show that if some of the; are complex numbers, thekcan be written as
31 0 8 9
. 3 !z,
AD e where 3;D 2R or 3;D- | -
"0 3y '
in an appropriate set of coordinates.
This form of the dynamics of a linear system is often refersedsmodal form

4.15(Furuta pendulum) The Furuta pendulum, an inverted penduluarotating
arm, is shown to the left in the gure below.

Pendulum angle=
'
o

0 5 10 15 20
Angular velocity!

Consider the situation when the pendulum arm is spinning eonstant rate. The
system has multiple equilibrium points that depend on thgukam velocity! , as
shown in the bifurcation diagram on the right.

The equations of motion for the system are given by

JoR 3,1 2sin cos  mpglsin DO;

whereJ, is the moment of inertia of the pendulum with respect to it®pim,, is
the pendulum mass,is the distance between the pivot and the center of mass of
the pendulum and g is the the rate of rotation of the arm.

(a) Determine the equilibria for the system and the condijpfor stability of each
equilibrium point (in terms of o).
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(b) Consider the angular velocity as a bifurcation parametel verify the bifur-
cation diagram given above. This is an example pitehfork bifurcation

4.16 (Routh-Hurwitz criterion) Consider a linear differentiequation with the
characteristic polynomial

.S/ Ds’CasC ay; . s/ Ds®Cas?’CaysC ag:

Show that the system is asymptotically stable if and onlylifte coef cientsa;
are positive and i&;a, > ag. This is a special case of a more general set of criteria
known as the Routh-Hurwitz criterion.



Chapter Five

Linear Systems

Few physical elements display truly linear characteristics. For examplectéon between
force on a spring and displacement of the spring is always nonlinear te stegree. The
relation between current through a resistor and voltage drop acrosksd deviates from a
straight-line relation. However, if in each case the relatioméasonablyinear, then it will
be found that the system behavior will be very close to that obtained bynasgan ideal,
linear physical element, and the analytical simpli cation is so enormouswieamake linear
assumptions wherever we can possibly do so in good conscience.

Robert H. CannorDynamics of Physical Systendi®967 [Can03.

In Chapters2—4 we considered the construction and analysis of differéntia
equation models for dynamical systems. In this chapter \eiafize our results to
the case of linear, time-invariant input/output systems €entral concepts are the
matrix exponential and the convolution equation, througicivwe can completely
characterize the behavior of a linear system. We also dessome properties of
the input/output response and show how to approximate aneamlsystem by a
linear one.

5.1 Basic De nitions

We have seen several instances of linear differential @usin the examples in the
previous chapters, including the spring—mass system (ddropcillator) and the
operational ampli er in the presence of small (nonsatugitinput signals. More
generally, many dynamical systems can be modeled accybgtbhear differential
equations. Electrical circuits are one example of a broagba@ésystems for which
linear models can be used effectively. Linear models aretatsadly applicable in
mechanical engineering, for example, as models of smaihtiens from equilibria
in solid and uid mechanics. Signal-processing systemsuigiclg digital lters of
the sortused in CD and MP3 players, are another source of gaouxes, although
these are often best modeled in discrete time (as deschibeubie detail in the
exercises).

In many cases, wereatesystems with a linear input/output response through
the use of feedback. Indeed, it was the desire for linearbehthat led Harold
S. Black to the invention of the negative feedback ampli emmfikst all modern
signal processing systems, whether analog or digital aestbfack to produce linear
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or near-linear input/output characteristics. For thesgesys, it is often useful to
represent the input/output characteristics as lineagrigg the internal details
required to get that linear response.

For other systems nonlinearities cannot be ignored, eslbeitione cares about
the global behavior of the system. The predator—prey prolideome example of
this: to capture the oscillatory behavior of the interdefsett populations we must
include the nonlinear coupling terms. Other examples ohelswitching behavior
and generating periodic motion for locomotion. Howeveryé care about what
happens near an equilibrium point, it often suf ces to apprate the nonlinear
dynamics by their local linearization, as we already exgdidirie y in Sectiord.3.
The linearization is essentially an approximation of thelim@ar dynamics around
the desired operating point.

Linearity

We now proceed to de ne linearity of input/output systemseformally. Consider
a state space system of the form

d
d_i[( D f.x;ul; y D h.x; uf; (5.1)

wherex 2 R",u 2 RP andy 2 RY. As in the previous chapters, we will usually
restrict ourselves to the single-input, single-outpuedagtakingp D q D 1. We
also assume that all functions are smooth and that for amah#®class of inputs
(e.g., piecewise continuous functions of time) the sohgiof equation§.1) exist
for all time.

It will be convenient to assume that the origirD 0, u D 0 is an equilibrium
point for this system¥® D 0/ and thath.0; 0/ D 0. Indeed, we can do so without
loss of generality. To see this, suppose thxatue/ 6D.0; 0/ is an equilibrium point
of the system with outpufe D h.Xe; Ue/. Then we can de ne a new set of states,
inputs and outputs,

XD X Xe; @WDU U YWDY Ve
and rewrite the equations of motion in terms of these vaggbl

%)QD f.QC Xe; QC ue/ D: RQ@;
WD h.QC Xe; QC U/ Ve D: RQ@:

In the new set of variables, the origin is an equilibrium paiith output 0, and
hence we can carry out our analysis in this set of variablase@e have obtained
our answers in this new set of variables, we simply “traesl#tem back to the
original coordinates using D XC X, U D QC ue andy D QC V.

Returning to the original equationS.{), now assuming without loss of gener-
ality that the origin is the equilibrium point of interestewvrite the outputy.t/
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corresponding to the initial condition 0/ D X and inputu.t/ asy.tl Xo; u/. Using
this notation, a system is said to bdirzear input/output systerif the following
conditions are satis ed:

() y.tl x3C x2;0/ D y.tlx3;0/ C y.tlxp; 0
(i) y.tl xo; u/ D y.tlx; 0/ C y.tl0;u/; (5.2)
@iy y.t10; upC uy/ D y.t10;uy/ C y.tl10;uy

Thus, we de ne a system to be linear if the outputs are jointigdir in the initial
condition responseau D 0/ and the forced response.0/ D 0/. Property (iii) is a
statement of therinciple of superpositionthe response of a linear system to the
sum of two inputsu; andus, is the sum of the outputg andy, corresponding to
the individual inputs.

The general form of a linear state space system is

d
d—)t( D AXCBu,  yDCxC Du; (5.3)

whereA2 R" ", B2 R" P,C 2 RY "andD 2 RY P, In the special case of a
single-input, single-output system,is a column vectorC is a row vector and

is scalar. Equationb(3) is a system of linear rst-order differential equations hvit
inputu, statex and outpuly. It is easy to show that given solutiorg t/ andx,.t/
for this set of equations, they satisfy the linearity coiodis.

We de nexy.t/ to be the solution with zero input (tH@mogeneous solutipn
and the solutiorxp.t/ to be the solution with zero initial condition (@articular
solution). Figure5.lillustrates how these two individual solutions can be simper
posed to form the complete solution.

It is also possible to show that if a nite-dimensional dynaali system is
input/output linear in the sense we have described, it canya be represented
by a state space equation of the forin3j through an appropriate choice of state
variables. In Sectiob.2we will give an explicit solution of equatiorb(3), but we
illustrate the basic form through a simple example.

Example 5.1 Scalar system
Consider the rst-order differential equation
dx
dt
withx.0/ D Xp.Letu; D Asin! jtandu, D B cos! ;t. The homogeneous solution
is xp.t/ D e*'xg, and two particular solutions witk.0/ D 0 are
1162 C ! jcos! 1t C asin! it
azC!z ’
e! acos! ;t C! psin! ot
azC!s '

D axCu; y D X;

a
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Figure 5.1: Superposition of homogeneous and particular solutions. The rst mws the
input, state and output corresponding to the initial condition responses€etioad row shows
the same variables corresponding to zero initial condition but nonzeub. ifipe third row
is the complete solution, which is the sum of the two individual solutions.

Suppose that we now chooged/ D Xo andu D u; C u,. Then the resulting
solution is the weighted sum of the individual solutions:

Al 4 c Ba
a2C!?  a2Cl!3

x.t/De® xC

: : (5.4)
1 1cos! 1t C asin! 4t B acos! 5t C!psin! ot
azC!2 azC!3
To see this, substitute equatidn4) into the differential equation. Thus, the prop-
erties of a linear system are satis ed. r

Time Invariance

Time invariancds an important concept that is used to describe a systemewhos
properties do not change with time. More precisely, for atimvariant system if
the inputu.t/ gives outpuy.t/, then if we shift the time at which the input is applied
by a constant amout u.t C a/ gives the outpuy.t C a/. Systems that are linear
and time-invariant, often callddl'| systemgshave the interesting property that their
response to an arbitrary input is completely charactetigettheir response to step
inputs or their response to short “impulses.”

To explore the consequences of time invariance, we rst cdmfhe response
to a piecewise constant input. Assume that the systemiilinit rest and consider
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Figure 5.2: Response to piecewise constant inputs. A piecewise constant sigrize cap-

resented as a sum of step signals (a), and the resulting output is the shenindividual
outputs (b).

the piecewise constant input shown in Figbr2a The input has jumps at timég
and its values after the jumps ardy/. The input can be viewed as a combination
of steps: the rst step at timi has amplituder. ty/, the second step at tintehas
amplitudeu.t;/  u.to/, etc.

Assuming that the system is initially at an equilibrium pdiso that the initial
condition response is zero), the response to the input cabtaged by superim-
posing the responses to a combination of step inputsHLét be the response to
a unit step applied at time 0. The response to the rst step is thad  to/u.to/,
the response to the second stepdis  t1/ u.ty/ u.tg/ , and we nd that the
complete response is given by

y.t/ D H.t to/U.to/ CH.t tl/ U.t1/ U.to/ C
D H.t to/ H.t ti/ut/C H.t ti/ H.t t/ ut/C

et

D 1 H.t tn/ H.t tnC]_/ u.tn/
nDO
XUHE td Ht tecd

D - n i nci utn/ tnCl tn
nDO tnCl tn

An example of this computation is shown in Fig&.2h
The response to a continuous input signal is obtained by datkia limit as
thc1 th! 0O, which gives

t

yt/D  H°t /u./d; (5.5)
0
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whereH?Cis the derivative of the step response, also calledrttpilse response
The response of a linear time-invariant system to any inpuoitloas be computed
from the step response. Notice that the output depends ortlyeninput since we
assumed the system was initially at rest)/ D 0. We will derive equation.5)
in a slightly different way in the Sectiob.3.

5.2 The Matrix Exponential

Equation B.5) shows that the output of a linear system can be written astagral
over the inputal.t/. In this section and the next we derive a more general version
of this formula, which includes nonzero initial conditioWge begin by exploring

the initial condition response using the matrix exponéntia

Initial Condition Response

Although we have shown that the solution of a linear set dedéntial equations
de nes alinear input/output system, we have not fully coneplthe solution of the
system. We begin by considering the homogeneous responssponding to the

system
9X5 ax: (5.6)
D Ax .

For thescalardifferential equation

d—XDax; X2R;a2R;
dt

the solution is given by the exponential
x.t/ D €*'x.0/:

We wish to generalize this to the vector case, whebecomes a matrix. We de ne
the matrix exponentiafs the in nite series

1 1 X o1

X 2 3 k.
e"DICXC=-X“C=X°C D —X 5.7

2 3! ki™ ' ®.7)
whereX 2 R" "is a square matrix antlis then n identity matrix. We make
use of the notation

X°D1I;  X?D XX, X"DX"!x;
which de nes what we mean by the “power” of a matrix. Equatibtv) is easy to
remember since it is just the Taylor series for the scalaoegptial, applied to the
matrix X. It can be shown that the series in equatidrY)converges for any matrix

X 2 R" "in the same way that the normal exponential is de ned for ajesc
az2R.
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ReplacingX in equation §.7) by At, wheret 2 R, we nd that
At 1 242 1 343 X 1 ks k
e DICAtcéAtC—AtC D — At

3! YDO k!

and differentiating this expression with respect gives
d At 2 1 342 )é 1 ki k t
—eMDACARCZAMC DA —A4*D AeM: (5.8)

dt 2 \DO k!

Multiplying by x.0/ from the right, we nd thatx.t/ D e*'x.0/ is the solution
to the differential equation5(6) with initial condition x.0/. We summarize this
important result as a proposition.

Proposition 5.1. The solution to the homogeneous system of differential equa-
tions(5.6) is given by
x.t/ D e*x.0r:

Notice that the form of the solution is exactly the same aséaiar equations,
but we must put the vector. 0/ on the right of the matrie”t,

The form of the solution immediately allows us to see that thaten is linear
in the initial condition. In particular, ikn;.t/ is the solution to equatiorb(6) with
initial conditionx.0/ D Xg1 andXnz.t/ with initial conditionx.0/ D Xgp, then the
solution with initial conditionx.0/ D Xp1 C  Xp2 is given by

Xt/ De* x1C xoo D €01 C eMxp D Xn1.t/ C Xpo.t/:
Similarly, we see that the corresponding output is given by
y.t/ D Cx.t/ D Yni.t/ C  yno.tl;

whereyn;.t/ andy,.t/ are the outputs correspondingXg .t/ andxn,.t/.
We illustrate computation of the matrix exponential by twamples.

Example 5.2 Double integrator
A very simple linear system that is useful in understandiagi®concepts is the
second-order system given by

@RD u; yDa:

This system is called double integratoibecause the inputis integrated twice to
determine the output.

In state space form, we wribgD .q;gcﬁ’/ an% 9
dx ;30 1z 303 .
ED' 0 O XC - 1 u:
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The dynamics matrix of a double int8egrat%r is

30 1z
ADZ. &

and we nd by direct calculation tha%é DO gnd hence
A3l i3
ev D: 0 1
Thus the homogeneouss soluéi%n[() 0) S1;or th8e double integrgtor is given by

21 t33x.0/3  3x.0/ Ctx.0/3
XUDZ0 17 70 BT e 7

y.t/ D X;.0/ C tx,.0/:

Example 5.3 Undamped oscillator
A simple model for an oscillator, such as the spring—magssywith zero damping,
is

®RC! 29D u:
Putting the system into state space form, the dynamics nfatrikis system can
be written as

9 8 _ 9
AD 3 0 !ox and €A p 3 cos! ot sin! otz
oy O " sinl gt cos! ot’

This expression foe*! can be veri ed by differentéation:

EeAt 3 !osinl ot !ocos! ot 3

dt 8 ! ocos!90t8 I osin! ot’
D.B 0o ! 0,; g co_s! ot sin! ot,g D At
I'o 0 sin! ot cos! ot

The solution is then given by

. 98 9
x.t/ D e*x.0/ D 3 cos! ot sin! otz 2 x1.0/3
. ' ©sinl ot cosl gt’ " x2.0/"

If the system has damping,
RC2! oqC!35qDu;
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the solution is more complicated, but the matrix exponéntda be shown to be

8 e|'?: eildtCei!dtCei!dt ei!dt ei!dt 9
B 2 21 2 1
€ e il gt ei!dt e il gt ei!dt ei!dtce ilgt
2 2 1 2n 2 1 ¢ 2 ’

p p .
where! 4D !y 2 1.Notethat yand 2 1 can be either real or complex,
but the combinations of terms will always yield a real valoethe entries in the
matrix exponential. r

Animportant class of linear systems are those that can hecdwul into diagonal
form. Suppose that we are given a system

dx
— DA
at =

such that all the eigenvalues Afare distinct. It can be shown (Exerci¥d 4 that
we can nd an invertible matriX such thafl AT !is diagonal. If we choose a set
of coordinatez D T x, then in the new coordinates the dynamics become

d d
225 12X b TAXD TAT 2
dt © ' dt

By construction ofT, this system will be diagonal.
Now consider a diagonal matriA and the correspondinkth power of At,
which is also diagonal:

8 9 8 9
1 0 Kgk 0
kik
t
AD .5, .AUfD S é
. 0 n., . 0 ﬁtk’
It follows from the series expansion that the matrix expdia¢is given by
et 0 2
e
e D
0 ent’

A similar expansion can be done in the case where the eigeswalre complex,
using a block diagonal matrix, similar to what was done in Bect.3.
Jordan Form

Some matrices with equal eigenvalues cannot be transfooaaljonal form. They
can, however, be transformed to a closely related formedadtieJordan form in
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X1

Py

X2
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Figure 5.3:Representations of linear systems where the dynamics matrices aaa Btocks.
A rst-order Jordan block can be represented as an integrator witlbéek , as shown on
the left. Second- and third-order Jordan blocks can be representatias connections of
integrators with feedback, as shown on the right.

Py

R— X R X1

which the dynamics matrix has the eigenvalues along theodeg\When there are
equal eigenvalues, there may be 1's appearing in the s@gendal indicating that
there is coupling between the states.

More speci cally, we de ne a matrix to be in Jordan form if it cée written

as
8 9 8 9
Jb 0 0 0 i1 0 ::: O
0 J O 0 0 o i 1 0
JD e . where J D Do
0 O Ji1 O 0 O i 1
0O 0 ::: 0 J "0 0 ::: 0
(5.9)

Each matrixJ; is called aJordan block and ; for that block corresponds to an
eigenvalue ofl. A rst-order Jordan block can be represented as a systenistongs

of an integrator with feedback A Jordan block of higher order can be represented
as series connections of such systems, as illustrated imeFgRi

Theorem 5.2(Jordan decompositionAny matrix A2 R" " can be transformed
into Jordan form with the eigenvalues of A determiningn the Jordan form.

Proof. See any standard text on linear algebra, such as St&ir@f]. The special
case where the eigenvalues are distinct is examined in Bedrdi4 O

Converting a matrix into Jordan form can be complicatedaaigh MATLAB
can do this conversion for numerical matrices usingjtrdan function. The
structure of the resulting Jordan form is particularly retting since there is no
requirement that the individual's be unique, and hence for a given eigenvalue we
can have one or more Jordan blocks of different sizes.

Once a matrix is in Jordan form, the exponential of the maiaix be computed
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in terms of the Jordan blocks:

er 0 0 9
J :
SHY RS- ¥ (5.10)
: -0
0 ::: 0 ek’

This follows from the block diagonal form af. The exponentials of the Jordan
blocks can in turn be writtgn as

9
t2 tnl
1t 21 n an
tn 2
0 1 t ::: ol
edtD 1 i Bell; (5.11)
Z-: t
0 0 1’

When there are multiple eigenvalues, the invariant sutespassociated with
each eigenvalue correspond to the Jordan blocks of thexwatNote that may be
complex, in which case the transformatibhat converts a matrix into Jordan form
will also be complex. When has a nonzero imaginary component, the solutions
will have oscillatory components since

e C"'tDetl.cos tCisin! t/:

We can now use these results to prove Theategwhich states that the equilibrium
pointxe D 0 of a linear system is asymptotically stable if and only if Re 0.

Proof of Theorend.1 LetT 2 C™ "be an invertible matrix that transformsinto
Jordan formJ D T AT . Using coordinateg D T x, we can write the solution

z.t/ as
z.t/ D e’'z.0/:

Since any solutiow.t/ can be written in terms of a solutiant/ with z.0/ D T x.0/,
it follows that it is suf cient to prove the theorem in the tisformed coordinates.
The solutiorz. t/ can be written in terms of the elements of the matrix exponen-
tial. From equationg.11) these elements all decay to zero for arbitrzai§y if and
only if Re ; < 0. Furthermore, if any; has positive real part, then there exists an
initial conditionz. 0/ such that the corresponding solution increases without¢éou
Since we can scale this initial condition to be arbitrarilyadimit follows that the
equilibrium point is unstable if any eigenvalue has positial part. O

The existence of a canonical form allows us to prove many ptigseof linear
systems by changing to a set of coordinates in whichAthsatrix is in Jordan form.
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We illustrate this in the following proposition, which folivs along the same lines
as the proof of Theorer.1

Proposition 5.3. Suppose that the system

dx
— DA
at -~ X

has no eigenvalues with strictly positive real part and omemmre eigenvalues
with zero real part. Then the system is stable if and only if Jbelan blocks
corresponding to each eigenvalue with zero real part ardasdd. 1) blocks.

Proof. See Exercis&.6b. O
The following example illustrates the use of the Jordan form.

Example 5.4 Linear model of a vectored thrust aircraft
Consider the dynamics of a vectored thrust aircraft suchatgiescribed in Exam-
ple 2.9. Suppose that we choosg D u, D 0 so that the dynamics of the system

become 8 9
Z4
Z5
dz B (5.12)
dt gsinzz 74
g.coszz 1 =1zs
; 0 -

wherez D .x;y; ; ® ¥ . The equilibrium points for the system are given by
setting the velocitie®, Yand Pto zero and choosing the remaining variables to
satisfy

gsinzzeD 0

D Zze D «DO:
g.coszze 1/ DO ) de ™ e

This corresponds to the upright orientation for the aircidtite thatx. andy, are
not speci ed. This is because we can translate the system i@ éupeight) position
and still obtain an equilibrium point.

To compute the stability of the equilibrium point, we comgtlie linearization
using equation4.11):

8 9
0 0 O 1 0
0 0 O 0 1
@ 0 0 O 0 0
AD@ZGD 00 g cm 0
0 0 O 0 c=m O
"0 0 O 0 0 0
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—_— —_— —_— -
(a) Mode 1 (b) Mode 2

Figure 5.4: Modes of vibration for a system consisting of two masses connectediogsp
In (a) the masses move left and right in synchronization in (b) they rnteward or against
each other.

The eigenvalues of the system can be computed as
. A/ Df0;0;0;0; c=m; c=mg

We see that the linearized system is not asymptoticallylestsibce not all of the
eigenvalues have strictly negative real part.
To determine whether the system is stable in the sense olubyapwe must

make use of the Jordan form. It can be shown that the JordandbA is given by
8

0/0 0 0] O 02
00 1 0[] O 0 3
0/0 0 1| © 0o 2
IDE 50 0 0| o0 0 %
0/0 0 O] c=m 0 =
0/[0 0 O] O c=m’

Since the second Jordan block has eigenvalue 0 and is not kesigpnvalue, the
linearization is unstable. r

Eigenvalues and Modes

The eigenvalues and eigenvectors of a system provide a pegorof the types of
behavior the system can exhibit. For oscillatory systeims t¢érmmodeis often
used to describe the vibration patterns that can occur. &gudrillustrates the
modes for a system consisting of two masses connected mgspfne pattern is
when both masses oscillate left and right in unison, andremas when the masses
move toward and away from each other.

The initial condition response of a linear system can be @mrith terms of a
matrix exponential involving the dynamics matéx The properties of the matrik
therefore determine the resulting behavior of the systawerGa matrixA 2 R" ",
recall thatv is an eigenvector oA with eigenvalue if

AvD v:
In general andv may be complex-valued, althoughAfis real-valued, then for
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Figure 5.5: The notion of modes for a second-order system with real eigenvalhedeft
gure shows the phase portrait and the modes corresponding to sautian start on the
eigenvectors (bold lines). The corresponding time functions are sbowime right.

any eigenvalue its complex conjugate will also be an eigenvalue (with as
the corresponding eigenvector).
Suppose rst that andv are a real-valued eigenvalue/eigenvector pairKor
If we look at the solution of the differential equation for0/ D v, it follows from
the de nition of the matrix exponential that
1 2t2
e*v D ICAtCEAZtZC vDvC tvCTvC De'v:

The solution thus lies in the subspace spanned by the eigenvéhe eigenvalue
describes how the solution varies in time, and this soluaften called anode
of the system. (In the literature, the term “mode” is als@pftised to refer to the

eigenvalue rather than the solution.)
If we look at the individual elements of the vectorandy, it follows that

Xi.t/ e tVi \Y

Xj.t/ ~ ety v’
and hence the ratios of the components of the state constants for a (real) mode.
The eigenvector thus gives the “shape” of the solution andsis ealled amode
shapeof the system. Figuré&.5 illustrates the modes for a second-order system
consisting of a fast mode and a slow mode. Notice that the gtatables have the
same sign for the slow mode and different signs for the fastano

The situation is more complicated when the eigenvaluésare complex. Since
A has real elements, the eigenvalues and the eigenvectarerapex conjugates
D i! andv D u iw, which implies that

uDVCV; WDv .v.
2 2
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Making use of the matrix exponential, we have
efvDel.uCiw/ De' .ucoslt wsin!t/Ci.usin!tCwecos! t/ ;

from which it follows that
1 .
eMuD > eMvCceMv Duelcosl't we tsin!t;

Aty Due'sin! t Cwe tcos! t:

eMw D i v e
2i

A solution with initial conditions in the subspace spanngdhe real paru and
imaginary partv of the eigenvector will thus remain in that subspace. Thetiwoiu
will be a logarithmic spiral characterized byand! . We again call the solution
corresponding to a mode of the system, awdthe mode shape.

If a matrix A hasn distinct eigenvalues;:::; n, then the initial condition
response can be written as a linear combination of the mddesee this, suppose
for simplicity that we have all real eigenvalues with copesding unit eigenvectors

we can write the initial conditio.0/ as
Xx.00/D viC voC C
Using linearity, the initial condition response can be teritas
x.t/D ettviC e?dv,C C ,ertv,:

Thus, the response is a linear combination of the modes ofysters, with the

amplitude of the individual modes growing or decayinga's The case for distinct
complex eigenvalues follows similarly (the case for notidét eigenvalues is more
subtle and requires making use of the Jordan form discusslee previous section).

Example 5.5 Coupled spring—mass system
Consider the spring—mass system shown in Fidgu#e but with the addition of
dampers on each mass. The equations of motion of the system are

miR D 2kqg cdp C kap; mdg D ko 2k cd:
In state space form, we de ne the state todd@ .qz; gz; @; @/, and we can rewrite

the equations as
8 0 0 1 0 2
0 0 0 1
dx 2k kK c
—D - = — 0 BX
dt m m m
k 2k
LA A R
m m m
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We now de ne a transformation D T x that puts this system into a simpler form.
Letzz D 3.1 C 0/, z2D B, 23D .01 0/ andz, D B, so that

81 1 O O9
zDTxD}§0 0 1 1§XI

231 1 0 O
"0 0 1 T
In the new coordinates, the dynamics become
0 1 0 0 9
k
— E 0 0
dz m m
D :
dt 0 0 0 1
k
0 0 3_ <
m m

and we see that the system is in block diagonahfoda) form.
In the z coochnates thlg states and z, parameterize one mode with eigen-
values p_C= k i’ k=m, and the stateg; and z, another mode with
c=.2 3km/ 3k=m. From the form of the transformatioh we see that
these modes correspond exactly to the modes in Fydran whichq; andg, move
either toward or against each other. The real and imaginaty péthe eigenvalues
give the decay rates and frequenciek for each mode. r

5.3 Input/Output Response

In the previous section we saw how to compute the initial domdresponse using
the matrix exponential. In this section we derive the coatioh equation, which
includes the inputs and outputs as well.

The Convolution Equation

We return to the general input/output case in equattod) (repeated here:

d
d—)t( D AXCBu;  yD CxC Du: (5.13)

Using the matrix exponential, the solution to equatidrnl8 can be written as
follows.

Theorem 5.4. The solution to the linear differential equati@b.13 is given by
z t

x.t/Defx.0/C e 'Bu./d: (5.14)
0
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Proof. To prove this, we differentiate both sides and use the ptp§gr8) of the
matrix exponential. This gives

dx t
4t P AeMx.0/C  AeM 'Bu./d CBut/ D AxC Bu;
0
which proves the result. Notice that the calculation is eally the same as for
proving the result for a rst-order equation. O

It follows from equationsg.13 and 6.14) that the input/output relation for a
linear system is given by
z

t
y.t/ DCeMx.00C Cé' 'Bu./d CDu.t/ (5.15)
0

It is easy to see from this equation that the output is joilitigar in both the
initial conditions and the input, which follows from the diarity of matrix/vector
multiplication and integration.

Equation 6.15) is called theconvolution equatioyand it represents the general
form of the solution of a system of coupled linear differahgquations. We see
immediately that the dynamics of the system, as charaettly the matridA, play
a critical role in both the stability and performance of tiigtem. Indeed, the matrix
exponential describdmthwhat happens when we perturb the initial condition and
how the system responds to inputs.

Another interpretation of the convolution equation can lvemgyusing the concept
of the impulse responsef a system. Consider the application of an input signal
u.t/ given by the following equation:

20 t<oO0
ut/Dp.t/D >1= 0 t< (5.16)
"0t

This signal is gulseof duration and amplitude £ , as illustrated in Figuré.6a
We de ne animpulse . t/ to be the limit of this signal as! 0:

/D lim p .t/ (5.17)

This signal, sometimes calleddelta function,is not physically achievable but
provides a convenient abstraction in understanding thmorese of a system. Note
that the integral of an impulse is 1:
z t Z t Z t
./ d D limp .t/d D lim p.t/d
0 0 40 o

D lim 1=d D1 t>0:;
1o o
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(a) Pulse and impulse functions (b) Pulse and impulse responses

Figure 5.6: Pulse response and impulse response. (a) The rectangles shosqfulgdth
5, 25 and 08, each with total area equal to 1. The arrow denotes an impuisele ned
by equation $.17). The corresponding pulse responses for a linear system with elgeava
D f 0:08 0:62gare shown in (b) as dashed lines. The solid line is the true impulse
response, which is well approximated by a pulse of durati8n O

In particular, the integral of an impulse over an arbitsaghort period of time is
identically 1.

We de ne theimpulse responsef a systenh.t/ to be the output corresponding
to having an impulse as its input:

t
ht D Ccé* 'B./ d DCe'B;
0

where the second equality follows from the fact thaf is zero everywhere except
the origin and its integral is identically 1. We can now wtfie convolution equation
in terms of the initial condition response, the convolutidrthe impulse response
and the input signal, and the dire%t term:

t

y.t/ DCeMx.00C h.t
0

One interpretation of this equation, explored in Exer&s2 is that the response
of the linear system is the superposition of the response to aite set of shifted
impulses whose magnitudes are given by the inptf. This is essentially the
argument used in analyzing Figuse2 and deriving equations(5). Note that the
secondtermin equatiob (19 is identical to equatiorg5), and it can be shown that
the impulse response is formally equivalent to the dereadif the step response.
The use of pulses as approximations of the impulse functiso ptovides a
mechanism for identifying the dynamics of a system from d&itgure5.6bshows
the pulse responses of a system for different pulse widtbsicél that the pulse
responses approach the impulse response as the pulse wiekhazero. As a
general rule, if the fastest eigenvalue of a stable systemnds part ax then a
pulse of length will provide a good estimate of the impulse responseifax 1.
Note that for Figuré.6, a pulse width of D 1sgives mnax D 0:62 and the pulse

(5.18)

/u./ d CDu.t/ (5.19)
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response is already close to the impulse response.

Coordinate Invariance

The components of the input vectoand the output vectorare given by the chosen
inputs and outputs of amodel, but the state variables depetiet coordinate frame
chosen to represent the state. This choice of coordinatestafhe values of the
matricesA, B andC that are used in the model. (The direct telinis not affected
since it maps inputs to outputs.) We now investigate sombetbnsequences of
changing coordinate systems.

Introduce new coordinates by the transformatiorz D T x, whereT is an
invertible matrix. It follows from equatiory(3) that

dz
dt
yDCxCDuDCT 'zC DuD: &C Du:

The transformed system has the same form as equdi8) put the matrices\,
B andC are different:

ADTAT YL ®DTB, ®&DCT % (5.20)

There are often special choices of coordinate systems thatad to see a particular
property of the system, hence coordinate transformatiande used to gain new
insight into the dynamics.

We can also compare the solution of the system in transfocneddinates to
that in the original state coordinates. We make use of anitapbproperty of the
exponential map,

DT.AXC Bu D TAT zCTBuD: &C &

e’ST'DTEST L

which can be veri ed by substitution in the de nition of the miatexponential.
Using this property, it is easy to show that
YA t

xt/DT 2zt/DT eRTxo/CcT ! & '8/ d:
0

From this form of the equation, we see that if it is possibleramsformA into

a form ARfor which the matrix exponential is easy to compute, we canthat
computation to solve the general convolution equationHentntransformed state
x by simple matrix multiplications. This technique is illestied in the following
example.

Example 5.6 Coupled spring—mass system
Consider the coupled spring—mass system shown in Figidré he input to this
system is the sinusoidal motion of the end of the rightmoshgpand the output
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— 1 — W2

- ]
K ﬁu\\M’;» u(t) = sinwt

k k

Figure 5.7: Coupled spring mass system. Each mass is connected to two springs Witsstif
k and a viscous damper with damping coef cienfThe mass on the right is drive through a
spring connected to a sinusoidally varying attachment.

is the position of each masg, andg,. The equations of motion are given by
mig D 2kg cdg C ko, md D kg 2kg cdp C ku:

In state space form, we de ne the state todl@ .qy; gz; @; @/, and we can rewrite
the equations as

0o o 1 o3 8,9
o o0 o0 1 0
OI—XD 2—k 5 ° 03xCg0
dt m m k
k 2k X
L
m m

This is a coupled set of four differential equations and isegodomplicated to solve
in analytical form.

The dynamics matrix is the same as in Exantplg and we can use the coor-
dinate transformation de ned there to put the system in méatah:

8 0 1 0 09 8 0 2
kK ¢ o o K
dz m m 2m
at D 0 0 0 1 zC 0 u:
3k C k
m m 2m’

Note that the resulting matrix equations are block diaganal hence decoupled.
We can solve for the solutions by computing the solutionsvaf $ets of second-
order systems represented by the statgsz,/ and. z3; z4/. Indeed, the functional
form of each set of equations is identical to that of a singling—mass system.
(The explicit solution is derived in Sectidh3)
Once we have solved the two sets of independent second-egdations, we

can recover the dynamics in the original coordinates byrtmgthe state transfor-
mation and writingxk D T 'z. We can also determine the stability of the system
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Figure 5.8: Transient versus steady-state response. The input to a linear systieowis in
(a), and the corresponding output wkh0/ D 0 is shown in (b). The output signal initially
undergoes a transient before settling into its steady-state behavior.

by looking at the stability of the independent second-osystems. r

Steady-State Response

Given a linear input/output system

%( D AxC Bu; y D CxC Du; (5.21)

the general form of the solution to equatidhd1) is given by the convolution
equation: 7

t
y.t/ DCeMx.00C Cé' 'Bu./d CDu.t/
0

We see from the form of this equation that the solution cassisan initial condition
response and an input response.

The input response, corresponding to the last two terms iedhation above,
itself consists of two components—theansient respons@and thesteady-state
responseThe transient response occurs in the rst period of time afterinput
is applied and re ects the mismatch between the initial coodiand the steady-
state solution. The steady-state response is the portidreadutput response that
re ects the long-term behavior of the system under the gimpaiis. For inputs that
are periodic the steady-state response will often be pieriadd for constant inputs
the response will often be constant. An example of the tesmisind the steady-state
response for a periodic input is shown in Figbt8.

A particularly common form of input is step inputwhich represents an abrupt
change in input from one value to anothemAit step(sometimes called the Heav-
iside step function) is de ned as

0tDO

uD St/ D
1t>0:
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Figure 5.9: Sample step response. The rise time, overshoot, settling time and stasaly-s
value give the key performance properties of the signal.

Thestep responsefthe system§.21) is de ned as the output. t/ starting from zero
initial condition (or the appropriate equilibrium point@given a step input. We
note that the step input is discontinuous and hence is notigaily implementable.
However, it is a convenient abstraction that is widely usestiudying input/output
systems.

We can compute the step response to a linear system usingmirelation
equation. Settingk.0/ D 0 and using the de nition of the step input above, we

have
Zt Zt
yt/D Cé' 'Bu/d CDut/DC ¢€* 'Bd CD
OZ 0
t
DC e*Bd CDDC Al*B _CD

0
DCA "B CA BCD:

If A has eigenvalues with negative real part (implying that thegimm is a stable
equilibrium point in the absence of any input), then we cavrite the solution as

y.t/ D Fi{lzei'?c P_EA 1%; t> 0 (5.22)
transient steady-state
The rst term is the transient response and decays to zetd &s . The second
term is the steady-state response and represents the ¥ahe @utput for large
time.

A sample step response is shown in Figbr@ Several terms are used when
referring to a step response. Thteady-state valuesyof a step response is the
nal level of the output, assuming it converges. Titige time T is the amount of
time required for the signal to go from 10% of its nal value t6% of its nal
value. Itis possible to de ne other limits as well, but in thisok we shall use these
percentages unless otherwise indicated. dVershoot M is the percentage of the
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Figure 5.10:Response of a compartment model to a constant drug infusion. A sitiafieam
of the system is shown in (a). The step response (b) shows the rateagfritoation buildup
in compartment 2. In (c) a pulse of initial concentration is used to spedteugsponse.

nal value by which the signal initially rises above the nal k. This usually
assumes that future values of the signal do not overshooh#h&alue by more
than this initial transient, otherwise the term can be amnnbigs. Finally, thesettling
time Tg is the amount of time required for the signal to stay within @2ts nal
value for all future times. The settling time is also somesimie ned as reaching 1%
or 5% of the nal value (see Exercige?). In general these performance measures
can depend on the amplitude of the input step, but for lingstesns the last three
guantities de ned above are independent of the size of the ste

Example 5.7 Compartment model

Consider the compartment model illustrated in FigbuEOand described in more
detail in Sectior8.6. Assume that a drug is administered by constant infusion in
compartmen¥/; and that the drug has its effect in compartméntTo assess how
quickly the concentration in the compartment reaches gtstate we compute the
step response, which is shown in Fig&rd®. The step response is quite slow,
with a settling time of 39 min. Itis possible to obtain thesgtg-state concentration
much faster by having a faster injection rate initially, &aswn in Figure5.1Qc.
The response of the system in this case can be computed by rambivo step
responses (Exercige3). r

Another common input signal to a linear system is a sinusmid combination
of sinusoids). Th&requency respongd an input/output system measures the way in
which the system responds to a sinusoidal excitation onfiteioputs. As we have
already seen for scalar systems, the particular solutisocéested with a sinusoidal
excitation is itself a sinusoid at the same frequency. Hemeean compare the
magnitude and phase of the output sinusoid to the input. enerally, if a system
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has a sinusoidal output response at the same frequencyiaptiiércing, we can
speak of the frequency response of the system.
To see this in more detail, we must evaluate the convolutipragon 6.15) for

u D cos! t. This turns out to be a very messy calculation, but we can ma&ef
the fact that the system is linear to simplify the derivatibnparticular, we note
that

1 it it

cos!tDE e "Ce ' :

Since the system is linear, it suf ces to compute the respoh#igecsystem to the
complex inputu.t/ D €t and we can then reconstruct the input to a sinusoid by
averaging the responses corresponding/ibi! andsD i!.

Applying the convolution equation to the inputD €% we have

t
y.t/ DCex.00C Cée* 'Bed C De™
0
Zt

Dce'x.oocce es' A Bd CDe:
0

If we assume that none of the eigenvaluesfolire equal tes D !, then the
matrixs| Ais invertible, and we can write

t
y.t/ DCeMx.00CCeM sl A e A B ,C Dest

DcCeMx.o/Cccelsl A 1tes At | BCDee

DCé'x.00CC.sl A B cCceMsl A BCDe:
and we obtain

y.t/ DCeM x.00 .sl A B C C.sl A BCD e': (523
I {z b {z }

transient steady-state

Notice that once again the solution consists of both a tesmgiomponent and a
steady-state component. The transient component decagsdadf zhe system is
asymptotically stable and the steady-state componenbfgoptional to the (com-
plex) inputu D e,

We can simplify the form of the solution slightly further kgwriting the steady-

state response as _ ,
Ysst/ D Mé €' D MeSt©/

where _
Me DC.sl A BCD (5.24)

andM and represent the magnitude and phase of the complex nu@isdr
A/ 1B C D.Whens D i! , we say thatM is thegainand is thephaseof the
system at a given forcing frequenkty Using linearity and combining the solutions
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Figure 5.11: Response of a linear system to a sinusoid. (a) A sinusoidal input ofitndgn
A, (dashed) gives a sinusoidal output of magnitégg(solid), delayed byl T seconds. (b)
Frequency response, showing gain and phase. The gain is giver logtid of the output
amplitude to the input amplitud® D A,=A,. The phase lag is givenbyD 21 T=T;
it is negative for the case shown because the output lags the input.

forsD Ci! andsD i!,wecanshowthatifwehaveaninpuD A sin.! tC /
and an outpuy D Aysin! tC'/ , then

A
gain!/ DXVDM; phase/ D' D :
u

The steady-state solution for a sinusai® cos! t is now given by
Vsst/ D Mcos! tC [

If the phase is positive, we say that the outpleadsthe input, otherwise we say
it lagsthe input.

A sample sinusoidal response is illustrated in FigbrEla The dashed line
shows the input sinusoid, which has amplitude 1. The outputsiid is shown as a
solid line and has a different amplitude plus a shifted ph@ke gain is the ratio of
the amplitudes of the sinusoids, which can be determineddnsnring the height
of the peaks. The phase is determined by comparing the ratieedime between
zero crossings of the input and output to the overall perfdd@sinusoid:

17T

D 2 -—:
T

A convenient way to view the frequency response is to plot Hmvgain and
phase in equatiors(24) depend orl (throughs D i! ). Figure5.11bshows an
example of this type of representation.

Example 5.8 Active band-pass lter
Consider the op amp circuit shown in Figlird.2a We can derive the dynamics of
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Figure 5.12: Active band-pass lter. The circuit diagram (a) shows an op amp with R@
Iters arranged to provide a band-pass lIter. The plot in (b) shows thia gnd phase of the
Iter as a function of frequency. Note that the phase starts atdd@ to the negative gain of

the operational ampli er.

the system by writing theodal equationswhich state that the sum of the currents
at any node must be zero. Assuming thatD vc D 0, as we did in SectioB.3,

we have

Vi Vo dv, dvy, _ v3 dvs
0D R Clﬁ; ODClWC@CCZE:
Choosingv, andvs as our states and using these equations, we obtain
dvo _vi Vo dvs V3 Vi Vo
dt ~ RC; ' dt  RC, RGCy’
Rewriting these in linear state space form, we obtain
8 1 9 8 19

>~ 0 8 9
dx 3 R § §R1c1§ | 5, 2.
aD% 1 1 xC 154 yD-0 1 x; (5.25)
RC,  RC, RiCy

wherex D .vy;va/,u D vy andy D va.

The frequency response for the system can be computed usiaf@y6.24):

: R, R1C13 .
Mel DC.sl A 'BCDD - ;  sDil:
R;.1C RiC18/. 1C Ry,Cys/

The magnitude and phase are plotted in Figufebfor R; D 100 , R, D 5 ke
andC; D C, D 100 pF. We see that the circuit passes through signals with
frequencies at about 10 rad/s, but attenuates frequeneiew b rad/s and above
50 rad/s. At 0.1 rad/s the input signal is attenuated by 20.05). This type of
circuit is called aband-pass ltersince it passes through signals in the band of
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frequencies between 5 and 50 rad/s. r

As in the case of the step response, a number of standardriese de ned
for frequency responses. The gain of a system Bt 0 is called thezero frequency
gainand corresponds to the ratio between a constant input arsieghdy output:

MoD CA BC D:

The zero frequency gain is well de ned onlyAis invertible (and, in particular, if

it does not have eigenvalues at 0). Itis also important te tiwtt the zero frequency
gain is a relevant quantity only when a system is stable atheutorresponding
equilibrium point. So, if we apply a constant inpuD r, then the corresponding
equilibrium pointxe D A Br must be stable in order to talk about the zero
frequency gain. (In electrical engineering, the zero fezgry gain is often called
the DC gain DC stands for direct current and re ects the common separatf
signals in electrical engineering into a direct currentdZeequency) term and an
alternating current (AC) term.)

Thebandwidth! , of a system is thB frequency range over which the gain has
decreased by no more than a factor of 2 from its reference value. For systems
with nonzero, nite zero frerggency gain, the bandwidth is freguency where
the gain has decreased by 12 from the zero frequency gain. For systems that
attenuate low frequencies but pass through high frequenttie reference gain
is taken as the high-frequency gain. For a system such asathaflass Iter in
Example5.8, Fpgmdwidth is de ned as the range of frequencies where the igai
larger than £ 2 of the gain at the center of the band. (For Exantp&this would
give a bandwidth of approximately 50 rad/s.)

Another important property of the frequency response isrés®nant peak
M, the largest value of the frequency response, angéad frequency n, the
frequency where the maximum occurs. These two propertiesideshe frequency
of the sinusoidal input that produces the largest possilieut and the gain at the
frequency.

Example 5.9 Atomic force microscope in contact mode

Consider the model for the vertical dynamics of the atomicdamicroscope in
contact mode, discussed in Secti®®. The basic dynamics are given by equa-
tion (3.23. The piezo stack can be modeled by a second-order systenmumth
damped natural frequendy; and damping ratios. The dynamics are then de-
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Figure 5.13: AFM frequency response. (a) A block diagram for the vertical dyisarf an
atomic force microscope in contact mode. The plot in (b) shows the gaiphase for the
piezo stack. The response contains two frequency peaks at ressnafrthe system, along
with an antiresonance at D 268 krad/s. The combination of a resonant peak followed by
an antiresonance is common for systems with multiple lightly damped modes.

scribed by the linear system

9 8 9
0 1 0 0 0
dx k2=.m1Cm2/ c2=.mlCm2/ 1=m2 0 § §O§ .
E[é 0 0 0 1, 8XCE &Y
0 0 ! 23l 4 g
m 8 mik m; C: 9 i v i
2 > 1K2 1C2 1 0 x

mlcmzl mCm, mCm,

where the input signal is the drive signal to the ampli er ahe dutput is the elon-
gation of the piezo. The frequency response of the systenoversim Figure5.13h
The zero frequency gain of the systenMg D 1. There are two resonant poles with
peaksM;; D 2:12 at! 1 D 238 krads andM;, D 4:29 at! ;2 D 746 kradss.

he bandwidth of the system, de ned as the lowest frequencyrevties gain is

2 less than the zero frequency gain! is D 292 krads. There is also a dip in
the gainMy D 0:556 for! g D 268 krads. This dip, called aantiresonancgis
associated with a dip in the phase and limits the performareEn the system is
controlled by simple controllers, as we will see in Chagi@er r

Sampling
It is often convenient to use both differential and diffeverequations in modeling
and control. For linear systems it is straightforward to&farm from one to the

other. Consider the general linear system described bytiegua.13 and assume
that the control signal is constant over a sampling inteo¥&lonstant lengti. It
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follows from equation .14 of Theoremb.4that

z tCh

x.t Ch/ D e*"x.t/ C eMCh 'Buk/id D8x.t/COu.t/; (5.26)
t

where we have assumed that the discontinuous control sgjeahtinuous from
the right. The behavior of the system at the sampling titieskh is described by
the difference equation

X[k C 1] D 8 x[k] C Ou[K]; y[k] D Cx[K] C Du[k]: (5.27)

Notice that the difference equatiob.27) is an exact representation of the behavior
of the system at the sampling instants. Similar expressianstso be obtained if
the control signal is linear over the sampling interval.

The transformation from5(26) to (5.27) is calledsampling The relations be-
tween the system matrices in the continuous and sampledsemiations are as
follows:

Z, 1 Z, L
8De* 0D e**ds Bl AD HIogS; BD e’Sds  0:

0
(5.28)
Notice that if A is invertible, we have

ODAlerM | B:

All continuous-time systems can be sampled to obtain aelisg¢ime version,
but there are discrete-time systems that do not have a cant&atime equivalent.
The precise condition is that the mati® cannot have real eigenvalues on the
negative real axis.

Example 5.10 IBM Lotus server
In Example2.4 we described how the dynamics of an IBM Lotus server were
obtained as the discrete-time system

y[k C 1] D ay[Kk] C bul[k];

wherea D 0:43,b D 0:47 and the sampling period [ D 60 s. A differential
equation model is needed if we would like to design contraitems based on
continuous-time theory. Such a model is obtained by applgggation $.28);
hence Z,
loga ) : At ! )
AD - D 0:0141 BD etdt bD0:0116
0
and we nd that the difference equation can be interpretedsasrgled version of

the ordinary differential equation

%( D 0:0141x C 0:0116u:
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5.4 Linearization

As described at the beginning of the chapter, a common sadrieear system

models is through the approximation of a nonlinear systera liyear one. These
approximations are aimed at studying the local behavior ®fsdaem, where the
nonlinear effects are expected to be small. In this sect®digcuss how to locally
approximate a system by its linearization and what can lwead@ut the approxi-
mation in terms of stability. We begin with an illustratioftbe basic concept using
the cruise control example from Chapger

Example 5.11 Cruise control
The dynamics for the cruise control system were derived ini@e8t1and have
the form

d 1
md—\t/D 2UT. v/ mgG sgnv/ > C,Av? mgsin ; (5.29)

where the rst term on the right-hand side of the equation &ftirce generated
by the engine and the remaining three terms are the rollioidn, aerodynamic
drag and gravitational disturbance force. There is an daitilin .v¢; us/ when the
force applied by the engine balances the disturbance forces

To explore the behavior of the system near the equilibriumwildinearize the
system. A Taylor series expansion of equatibr29 around the equilibrium gives

dv v/ .
Te Dav Ve Dby o/ Cb.u U/ C higher order terms, (5.30)
where
210 / C/A T. /
ap Jenl: nVe vVe.  pyDgcose bD " (531

m
Notice that the term corresponding to rolling friction dipaars ifv 600. For a car
in fourth gear withve D 25 m/s, ¢ D 0 and the numerical values for the car from
Section3.1, the equilibrium value for the throttle ig D 0:1687 and the parameters
area D 0:0101,b D 1:32 andc D 9:8. This linear model describes how small
perturbations in the velocity about the nominal speed evisitime.
Figure5.14shows a simulation of a cruise controller with linear andlmaar
models; the differences between the linear and nonlineafeilscare small, and
hence the linearized model provides a reasonable appraogima r

Jacobian Linearization Around an Equilibrium Point

To proceed more formally, consider a single-input, sirgiéput nonlinear system

dXDfX'u/' Xx2R“MU2R;
at ~ ’ ’ (5.32)

y D h.x; uf; y2R;
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Figure 5.14: Simulated response of a vehicle with PI cruise control as it climbs a hill with a
slope of 4. The solid line is the simulation based on a nonlinear model, and the dashed line
shows the corresponding simulation using a linear model. The controites geek, D 0:5

andk; D 0:1.

with an equilibrium point akk D Xe, u D ue. Without loss of generality we can
assume that, D 0 andue D 0, although initially we will consider the general case
to make the shift of coordinates explicit.

To study thdocal behavior of the system around the equilibrium poit ue/,
we suppose that x.andu ue are both small, so that nonlinear perturbations
around this equilibrium point can be ignored compared viigh(tower-order) linear
terms. This is roughly the same type of argument that is useshwie do small-
angle approximations, replacing sitwith and cos with 1 for near zero.

As we did in Chapte4, we de ne a new set of state variablgess well as inputs
v and outputsv:

zD X Xe; vDu WDy h.Xe uUe:

These variables are all close to zero when we are near thebegum point, and so
in these variables the nonlinear terms can be thought otdsdginer-order terms in
a Taylor series expansion of the relevant vector elds (assgror now that these
exist).

Formally, theJacobian linearizatiorof the nonlinear systenb(32) is

d_z D AzC Bv;
dt

Ue,

w D CzC Dv; (5.33)
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where

AD@ ; BD@ ; CD@ ; DD@ : (5.34)
@ . Xe; Ue/ @ . Xe; Ue/ @ . Xe; Ue/ @ . Xe; Ue/
The system .33 approximates the original systerb.82 when we are near the
equilibrium point about which the system was linearizedingsrheoremy.3, if
the linearization is asymptotically stable, then the ejuim pointx. is locally
asymptotically stable for the full nonlinear system.
Itis important to note that we can de ne the linearization ayatem only near

an equilibrium point. To see this, consider a polynomiatays

dx
at D ay C a3x C a,x? C agx® C u;

whereay 6D0. A set of equilibrium points for this system is given by; ue/ D

Xe, Ay @Xe azxg a3x§/ , and we can linearize around any of them. Suppose
that we try to linearize around the origin of the syster® 0, u D O. If we drop

the higher-order terms ix, then we get

X 5 s Caxcu

at a C apX C u;
which isnotthe Jacobian linearization & 600. The constant term must be kept,
and itis not present irb(33. Furthermore, even if we kept the constant term in the
approximate model, the system would quickly move away froispoint (since it
is “driven” by the constant terray), and hence the approximation could soon fail
to hold.

Software for modeling and simulation frequently has fae#itfor performing
linearization symbolically or numerically. The MATLAB commatrim  ndsthe
equilibrium, andlinmod extracts linear state space models from a SIMULINK
system around an operating point.

Example 5.12 Vehicle steering

Consider the vehicle steering system introduced in Exar2@eThe nonlinear
equations of motion for the system are given by equati@®3—(2.25 and can
be written as

8 9
X vcc_)s../ c/
gEyEDEVS'n--/ C/? i Darctanatan :
dt” 73 Vo b
oo

wherex, y and are the position and orientation of the center of mass of the
vehicle,vq is the velocity of the rear whed,is the distance between the front and
rear wheels and is the angle of the front wheel. The functior’/ is the angle
between the velocity vector and the vehicle's length axis.
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We are interested in the motion of the vehicle about a sttdiga path ( D )
with xed velocity vo 600. To nd the relevant equilibrium point, we rst sétD 0
and we see that we must haveD 0, corresponding to the steering wheel being
straight. This also yields D 0. Looking at the rst two equations in the dynamics,
we see that the motion in they direction is by de nitionnotat equilibrium since
P C P D vZ 6D0. Therefore we cannot formally linearize the full model.

Suppose instead that we are concerned with the lateral aeviaftthe vehicle
from a straight line. For simplicity, we let D 0, which corresponds to driving
along thex axis. We can then focus on the equations of motion inyttend
directions. With some abuse of notation we introduce theestaD .y; / and
uD .The sgstem is then in standard form with

nu

9
vsin.. u/ C X/ ata
§ ;. u/ D arctan 5 : h.x;ul D xq:

f.x; uf D% Vo
- Etanu ,

The equilibrium point of interest is given byD .0; 0/ andu D 0. To compute the
linearized model around this equilibrium point, we makeafdbe formulas$.34).
A straightforward calculation yields

8 9
@ 20 Voz @ 2 avo=by
AD — D: ; BD — D: .
@ xDo 0o o @ xDo Vo=b
ubDO0 ubDO0
@ 8 9 @
CD — D-1 O ; DD — D O;
xDO @ xDo
ubDO0 ubD0
and the linearized system
d
d—f D AxC Bu; yD CxC Du (5.35)

thus provides an approximation to the original nonlinearatyics.

The linearized model can be simpli ed further by introducirggmalized vari-
ables, as discussed in Secti@3. For this system, we choose the wheel base
as the length unit and the unit as the time required to trawgheel base. The
normalized state is thus D .x;=b; X/, and the new time variable is D vgt=b.

The model %.33 thengbec%mes 9 8 9
8 9

dz 32C uz 30 13 2 3 : -

d_D' u D.0 o ZC'l’ u; yD-1 0O z (5.36)
where D a=h. The normalized linear model for vehicle steering with ngoshg
wheels is thus a linear system with only one parameter. r
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Feedback Linearization

Another type of linearization is the use of feedback to cointree dynamics of a
nonlinear system into those of a linear one. We illustragsliaisic idea with an
example.

Example 5.13 Cruise control
Consider again the cruise control system from Exarbpld4, whose dynamics are
given in equation§.29:

d 1
md—\t/D WUT. v/ mgG sgnv/ > CqAv?  mgsin :

If we chooseu as a feedback law of the form

1 1
uD — uC mgG sgnv/ C > C AV? ; (5.37)
then the resulting dynamics become
d
md—\t/ D u°C d; (5.38)

whered D mgsin is the disturbance force due the slope of the road. If we
now de ne a feedback law fan® (such as a proportional-integral-derivative [PID]
controller), we can use equatioh.87) to compute the nal input that should be
commanded.

Equation b.38) is a linear differential equation. We have essentiallyéiried”
the nonlinearity through the use of the feedback 1&87). This requires that we
have an accurate measurement of the vehicle velacig well as an accurate
model of the torque characteristics of the engine, geangatirag and friction
characteristics and mass of the car. While such a model igarwrally available
(remembering that the parameter values can change), if sigrda good feedback
law for u® then we can achieve robustness to these uncertainties. r

More generally, we say that a system of the form

dx
ED f.x; uf; y D h.x/;

is feedback linearizablg we can nd a control lawu D . x;v/ such that the
resulting closed loop system is input/output linear withutv and outputy, as
shown in Figures.15 To fully characterize such systems is beyond the scope of
this text, but we note that in addition to changes in the iniétgeneral theory also
allows for (nonlinear) changes in the states that are usel@goribe the system,
keeping only the input and output variables xed. More detail this process can

be found in the textbooks by Isidoisj95] and Khalil [KhaO1].

One case that comes up relatively frequently, and is hencthspecial mention,e
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Figure 5.15: Feedback linearization. A nonlinear feedback of the forl . x;v/ is used
to modify the dynamics of a nonlinear process so that the responselimimputv to the
outputy is linear. A linear controller can then be used to regulate the system's dgsiam

is the set of mechanical systems of the form
M.g/@®C C.q; & D B.qg/u:

Hereq 2 R" is the con guration of the mechanical systei,.q/ 2 R" " is
the con guration-dependent inertia matri®, g; & 2 R" represents the Coriolis
forces and additional nonlinear forces (such as stiffnesisfiaction) andB.qg/ 2

R" P is the input matrix. Ifp D n, then we have the same number of inputs and
con guration variables, and if we further have tHatqg/ is an invertible matrix for

all con gurationsq, then we can choose

uDB g/ M.gv C.q; @ : (5.39)
The resulting dynamics become
M.qg/&RD M.qglv D Rq D v;

which is a linear system. We can now use the tools of lineateaysheory to
analyze and design control laws for the linearized systemembering to apply
equation $.39 to obtain the actual input that will be applied to the system

This type of control is common in robotics, where it goes by tiaene of
computed torqueand in aircraft ight control, where it is calledynamic inver-
sion Some modeling tools like Modelica can generate the codehmririverse
model automatically. One caution is that feedback linedion can often cancel
out bene cial terms in the natural dynamics, and hence it rbesised with care.
Extensions that do not require complete cancellation ofineatities are discussed
in Khalil [Kha0J and Krstic et al. KKK95].

5.5 Further Reading

The majority of the material in this chapter is classical aad be found in most
books on dynamics and control theory, including early warkscontrol such as
James, Nichols and PhillipdiiP47 and more recent textbooks such as Dorf and
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Bishop [DBO04], Franklin, Powell and Emami-NaeirfPEN03and Ogata@ga0].

An excellent presentation of linear systems based on theb@tponential is
given in the book by Brocketgro7(], a more comprehensive treatment is given by
Rugh [Rug9§ and an elegant mathematical treatment is given in Sorf8ag93§.
Material on feedback linearization can be found in booksammiinear control theory
such as Isidorilgi95] and Khalil [Kha0J. The idea of characterizing dynamics by
considering the responses to step inputs is due to Heayfsdaso introduced an
operator calculus to analyze linear systems. The unit stégeigfore also called
theHeaviside step functionalysis of linear systems was simpli ed signi cantly,
but Heaviside's work was heavily criticized because of latknathematical rigor,
as described in the biography by Nahi¥gh88. The dif culties were cleared up
later by the mathematician Laurent Schwartz who develajisiibution theory
in the late 1940s. In engineering, linear systems havetioadily been analyzed
using Laplace transforms as described in Gardner and Ba@Gi®47. Use of
the matrix exponential started with developments of cdnlreory in the 1960s,
strongly stimulated by a textbook by Zadeh and Des@d®g3]. Use of matrix
techniques expanded rapidly when the powerful methodsrokmic linear algebra
were packaged in programs like LabVIEW, MATLAB and Mathematica.

Exercises

5.1 (Response to the derivative of a signal) Show that.if is the output of a
linear system corresponding to inputt/, then the output corresponding to an
input it/ is given by Yt/. (Hint: Use the de nition of the derivativeit/ D
im, gy.tC / y.t/ =)

5.2(Impulse response and convolution) Show that a sigrtélcan be decomposes
in terms of the impulse function t/ as
z t

u.t/ D .t /u./d
0

and use this decomposition plus the principle of superposib show that the
response of a linear system to an input/ (assuming a zero initial condition) can
be written as Z,

yt/D ht Jul/d;
0

whereh.t/ is the impulse response of the system.

5.3 (Pulse response for a compartment model) Consider the commgatr model
given in Examples.7. Compute the step response for the system and compare it
with Figure5.10hb Use the principle of superposition to compute the resptmse
the 5 s pulse input shown in FigueelOc Use the parameter valués D 0:1,

ki D 0:1,k, D 0:5 andbg D 1:5.
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5.Ap(Matrix exponential for second-order system) Assume tikatl and letl 4 D

1o 1 2.%howthat

9 8 | 9
Lo g 3the-°tcos!dt e 'osin! gtz
g I o " e 'dginl 4t e 'ocos! 4t

exp>
5.5(Lyapunov function for a linear system) Consider a lineatesn®D Ax with
Re ; < Ofor all eigenvalues ; of the matrixA. Show that the matrix
1

PD e Qetd

0
de nes a Lyapunov function of the forid.x/ D x' Px.

5.6 (Nondiagonal Jordan form) Consider a linear system withrdaloform that is
non-diagonal.

(a) Prove PropositioB.3by showing that if the system contains a real eigenvalue
D 0 with a nontrivial Jordan block, then there exists an ihtt@andition with a
solution that grows in time.

(b) Extend this argument to the case of complex eigenvalugs®é D O by -

using the block Jordan form
8 9

0o ! 1 o0
I 0 0 _
J‘Dgo 0 0 é'
“0 0 1 0O

5.7 (Rise time for a rst-order system) Consider a rst-order gystof the form

dx

at D xCu; y D x:
We say that the parameteis thetime constantor the system since the zero input
system approaches the origin@d™ . For a rst-order system of this form, show
that the rise time for a step response of the system is appat&ly 2 , and that

1%, 2%, and 5% settling times approximately correspondsgdo, 4 and 3.
5.8 (Discrete-time systems) Consider a linear discrete-tiyséesn of the form
X[k C 1] D Ax[K] C Bu[K]; y[k] D Cx[k] C Du[k]:

(@) Show that the general form of the output of a discrete-fimgar system is
given by the discrete-time convolution equation:

1
y[k]| D CAX[0]C  CAX I 1Bu[j] C Dulk]:
jDO
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(b) Show that a discrete-time linear system is asymptoyica#ible if and only if
all the eigenvalues o have a magnitude strictly less than 1.

(c) Letu[k] D sin.! k/ represent an oscillatory input with frequency (to
avoid “aliasing”). Show that the steady-state componenhefresponse has gain
M and phase, where

Mé DC.€'l A BCD:

(d) Show that if we have a nonlinear discrete-time system
X[K] D f.x[k]; u[k]/; X[kl 2 R"; u2 R;
y[k] D h.x[K; ulk]/; Y2 R;

then we can linearize the system around an equilibrium paintue/ by de ning
the matricesA, B, C andD as in equation.34).

5.9 (Keynesian economics) Consider the following simple Keyae macroeco-
nomic modeéin the forén ofg linear discrgt%-timegsystgmmgsed in Exercisg.8

3C[tCllz y3 a  azzCltz ~3a3 .
“i1itc1) PTab b oab - ap] ©° ab CHI

Y[t] D C[t] C I[t] C G[t]:

Determine the eigenvalues of the dynamics matrix. Whenterartagnitudes of
the eigenvalues less than 1? Assume that the system is iibeigui with constant
values capital spendin@, investmentt and government expenditug. Explore

what happens when government expenditure increases by W6&othe values
aD 0:25andb D 0:5.

5.10 Consider a scalar system

dx
—~D1 xCu
dt

Compute the equilibrium points for the unforced systenid(0) and use a Taylor
series expansion around the equilibrium point to compugditiearization. \Verify
that this agrees with the linearization in equatiérB0).

5.11(Transcriptional regulation) Consider the dynamics ofreggie circuit that im-
plementsself-repressionthe protein produced by a gene is a repressor for that gene,
thus restricting its own production. Using the models pnése in Example2.13

the dynamics for the system can be written as

dm dp

—D C m X — D m ; 5.40

dt ~ 1Ck@ -~ ° ! at P (5.40)
whereu is a disturbance term that affects RNA transcription epg 0. Find

the equilibrium points for the system and use the lineartdygthmics around each
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equilibrium point to determine the local stability of theuddrium point and the
step response of the system to a disturbance.



Chapter Six
State Feedback

Intuitively, the state may be regarded as a kind of information storage olamesnaccumula-
tion of past causes. We must, of course, demand that the set of irgtxtes6 be suf ciently
rich to carry all information about the past history 6f to predict the effect of the past upon
the future. We do not insist, however, that the state isgastsuch information although this
is often a convenient assumption.

R.E.Kalman, P.L. Falband M. A. ArbiBppics in Mathematical System Thed969 KFA69].

This chapter describes how the feedback of a system's statseaased to shape
the local behavior of a system. The concept of reachabilitytieduced and used
to investigate how to design the dynamics of a system thrasgignment of its
eigenvalues. In particular, it will be shown that underaigrtonditions itis possible
to assign the system eigenvalues arbitrarily by apprapfegdback of the system
state.

6.1 Reachability

One of the fundamental properties of a control system is whiabf points in the
state space can be reached through the choice of a contud! infurns out that the
property of reachability is also fundamental in understagdhe extent to which
feedback can be used to design the dynamics of a system.

De nition of Reachability

We begin by disregarding the output measurements of therayaihd focusing on
the evolution of the state, given by

d
d—)t( D AxC Bu; 6.1)

wherex 2 R", u 2 R, Aisann n matrix andB a column vector. A fundamental
question is whether it is possible to nd control signals satiny point in the state
space can be reached through some choice of input. To stisjywh de ne the
reachable seR.xg; T/ as the set of all points; such that there exists an input
u.t/,0 t T thatsteersthe system from0/ D xptox.T/ D X¢, as illustrated
in Figure6.l1la
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R.xqo; T/ 4

(a) Reachable set (b) Reachability through control

Figure 6.1: The reachable set for a control system. Thdsety; T/ shownin (a) is the set
of points reachable fromy in time less thaT . The phase portrait in (b) shows the dynamics
for a double integrator, with the natural dynamics drawn as horizontakarand the control
inputs drawn as vertical arrows. The set of achievable equilibrium piirite x axis. By
setting the control inputs as a function of the state, it is possible to steer teensicsthe
origin, as shown on the sample path.

De nition 6.1 (Reachability) A linear system iseachablef for any xg; x; 2 R"
there exists & > 0 andu: [0; T] ! R such that the corresponding solution
satis esx.0/ D xg andx.T/ D xs.

The de nition of reachability addresses whether it is pogsiblreach all points
in the state space inteansientfashion. In many applications, the set of points that
we are most interested in reaching is the set of equilibriwntp of the system
(since we can remain at those points once we get there). Thaf aéitpossible
equilibria for constant controls is given by

ED fXe: Ax C Bug D O for someus 2 Rg

This means that possible equilibria lie in a one- (or posditigjrer) dimensional
subspace. If the matriR is invertible, this subspace is spannedy'B.
The following example provides some insight into the podisids.

Example 6.1 Double integrator
Consider a linear system consisting of a double integratowse dynamics are
given by

Figure6.1bshows a phase portrait of the system. The open loop dynamidd))
are shown as horizontal arrows pointed to the rightdor 0 and to the left for
X2 < 0. The control input is represented by a double-headed arrdlei vertical
direction, corresponding to our ability to set the valugofThe set of equilibrium
pointskE corresponds to the; axis, withue D 0.

Suppose rst that we wish to reach the origin from an initial didion .a; 0/.
We can directly move the state up and down in the phase plah&dmust rely
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on the natural dynamics to control the motion to the left agdtr If a > 0, we
can move the origin by rst setting < 0, which will causex, to become negative.
Oncex;, < 0, the value ofk; will begin to decrease and we will move to the left.
After a while, we can sat, to be positive, moving, back toward zero and slowing
the motion in thex; direction. If we bringx, > 0, we can move the system state in
the opposite direction.

Figure6.1bshows a sample trajectory bringing the system to the orgote
that if we steer the system to an equilibrium point, it is plolesto remain there
inde nitely (since@ D 0 whenx, D 0), but if we go to any other point in the state
space, we can pass through the point only in a transientiashi r

To nd general conditions under which a linear system is redadd, we will
rst give a heuristic argument based on formal calculatioits wnpulse functions.
We note that if we can reach all points in the state space gtresome choice of
input, then we can also reach all equilibrium points.

Testing for Reachability

When the initial state is zero, the response of the system toutu.t/ is given
by z
t

xt/D e 'Bu/d: (6.2)
0

If we choose the input to be a impulse functio/ as de ned in Sectiok.3, the
state becomes Z, dx

xD e I/B./d D-De"B:
o dt

(Note that the state changes instantaneously in resporike tmpulse.) We can
nd the response to the derivative of an impulse function Kirtg the derivative
of the impulse response (ExercBd):

dx

xpD —— D Ae™B:

dt

Continuing this process and using the linearity of the systae input
ut/D ;.t/C ,PtyCc Ruc c , " Y
gives the state
x.t/ D 1eMBC ,AeMBC 3A%MBC C A" 'eMB:

Taking the limit ag goes to zero through positive values, we get

tllirycx.t/D 1BC ,ABC 3A°BC C A" !B:
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On the right is a linear combénation of the columnSé)f the matr
W, D' B AB A" 1B (6.3)

To reach an arbitrary point in the state space, we thus rethait there ara linear
independent columns of the mathy, . The matrixW; is called thereachability
matrix.

An input consisting of a sum of impulse functions and themadives is a very
violent signal. To see that an arbitrary point can be reaghitdsmoother signals
we can make use of the convolution equation. Assuming theinitial condition
is zero, the state of a linear system is given by

t t

xt/D e* 'Bu/d D e*But /d:
0 0

It follows from the theory of matrix functions, speci calljhé Cayley—Hamilton
theorem (see Exercig10), that

e DI ./ CA../ C CA "1, .1

where ;. / are scalar functions, and we nd that
Z t Z t
x.t/ D B o./ut [/d CAB . fut [d
0 0
Z t
C CA'B ,i/ut /d:
0
Again we observe that the right-hand side is a linear contiminaf the columns
of the reachability matrixV; given by equation@.3). This basic approach leads to
the following theorem.

Theorem 6.1(Reachability rank condition)A linear system is reachable if and
only if the reachability matrix Wis invertible.

The formal proof of this theorem is beyond the scope of this Ibex follows
along the lines of the sketch above and can be found in modtsbon linear
control theory, such as Callier and DescgbP]] or Lewis [Lew03. We illustrate
the concept of reachability with the following example.

Example 6.2 Balance system

Consider the balance system introduced in Exar@dend shown in Figuré.2
Recall that this system is a model for a class of examplesicivthe center of mass

is balanced above a pivot point. One example is the Segway iRérB@nsporter
shown in Figures.2g about which a natural question to ask is whether we can move
from one stationary point to another by appropriate appiceof forces through

the wheels.
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p I
(a) Segway (b) Cart-pendulum system

Figure 6.2: Balance system. The Segway Personal Transporter shown in (egxsuaple of
a balance system that uses torque applied to the wheels to keep the rigbt. Upsimpli ed
diagram for a balance system is shown in (b). The system consists cdssmum a rod of
lengthl connected by a pivot to a cart with mads

The nonlinear equations of motion for the system are givergiragon @.9)
and repeated here:

MCm/R mlcos RD cp misin PCF;
JCmi¥R mlcos RD  PC mglsin :

For simplicity, we takec D D 0. Linearizing around the equilibrium point

Xe D . p; 0; 0; 0/, the dynamics matrix and the control matrix are
9 8 9

0o o 1 0
0o 0 0 E 0§
APZo mazg= o & PPEa= %

"0 Mimgl= 0 O “im=

where D M{J m?%, M; D MCmandJ, D JC ml2. The reachability matrix
is

(6.4)

8 0 J= 0 gl*m3= 2 2
0 Im= 0 gl’m>.mC M/= 2
W, D .
"TEx= 0 gi*me= 2 0 (6.5)
" Im= 0 gPm.mCM/= 2 0 '
The determinant of this matrix is
2|4 4
detW,/ D g /T 600;

and we can conclude that the system is reachable. This inthkésve can move



6.1. REACHABILITY 185

Figure 6.3: An unreachable system. The cart—pendulum system shown on thedefshagle
input that affects two pendula of equal length and mass. Since thesfaffgeting the two
pendula are the same and their dynamics are identical, it is not possiblgttardy control

the state of the system. The gure on the right is a block diagram repiassm of this

situation.

the system from any initial state to any nal state and, in ipgatar, that we can
always nd an input to bring the system from an initial statatoequilibrium point.
r

It is useful to have an intuitive understanding of the medras that make a
system unreachable. An example of such a system is given urd=6g3. The
system consists of two identical systems with the same ir@learly, we cannot
separately cause the rst and the second systems to do somatiffierent since
they have the same input. Hence we cannot reach arbitrdegstand so the system
is not reachable (Exercige3).

More subtle mechanisms for nonreachability can also odeurexample, if
there is a linear combination of states that always remainstant, then the system
is not reachable. To see this, suppose that there exists wewarH such that

0D %Hx D H.AxC Bu/; forallu:

ThenH is in the left null spa%e of botA andB and it gollows that
HW, DH' B AB A" 1B, DO:

Hence the reachability matrix is not full rank. In this cageye have an initial
conditionxg and we wish to reach a state for which Hxg 6DH X+, then since
Hx.t/ is constant, no inpui can move fromxg to X .
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d bl bz bn1 bn
R z R 2 .. [Rz Rz
u (6/ 1 i, n 1 n
1 =5 & an 1 an
I N T
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Figure 6.4: Block diagram for a system in reachable canonical form. The indiVistades
of the system are represented by a chain of integrators whose inparidtepn the weighted
values of the states. The output is given by an appropriate combinatibe sf/stem input
and other states.

Reachable Canonical Form

As we have already seen in previous chapters, it is oftenegsuamnt to change
coordinates and write the dynamics of the system in the fwmamed coordinates
z D Tx. One application of a change of coordinates is to conversteayinto a
canonical form in which it is easy to perform certain typesnalysis.

A linear state space system isregachable canonical fornf its dynamics are

given by 8 9 8 9
=4 a az .. an 1
1 0 0o ::: 0 0
dzp20 1 0 x 0E,cEGE.
dt SR P (6.6)
0 1 0’ o
8 9
yD*by by by ::: by zCdu

A block diagram for a system in reachable canonical form ashin Figure6.4.
We see that the coef cients that appear in thend B matrices show up directly
in the block diagram. Furthermore, the output of the system smple linear
combination of the outputs of the integration blocks.

The characteristic polynomial for a system in reachable wi@abform is given

by
.s/IDs"Cas"'C C a, 1sCay: (6.7)
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The reachability matrix also has a relatively simple strrestu
8

1 a a a
8 9 0 1 a
W.D:B AB ::: A"!B; DZ: ! S
0 0 0 1
"0 0 0 r

where indicates a possibly nonzero term. This matrix is full rancsino col-
umn can be written as a linear combination of the others tsecafithe triangular
structure of the matrix.

We now consider the problem of changing coordinates sudfthibalynamics
of a system can be written in reachable canonical form.AeB represent the
dynamics of a given system arfd Bbe the dynamics in reachable canonical form.
Suppose that we wish to transform the original system intohalale canonical
form using a coordinate transformatiarD T x. As shown in the last chapter, the
dynamics matrix and the control matrix for the transformgstesm are

ADTAT L BDTB:
The reachability matrix for trée transformed system 9then (4]:25:9)
WD R AR JURE. VI
Transforming each element individually, we have

ABD TAT 1TBD TAB;
AED .TAT Y2TBD TAT 'TAT 'TBD T A%B;

A’D TA"B;
and hence the reachabilitg matrix for the transfogmed fyste
VWDT-B AB A" 1B DTW: (6.8)

SinceW; is invertible, we can thus solve for the transformatibrihat takes the
system into reachable canonical form:

TDWw,
The following example illustrates the approach.

Example 6.3 Transformation to reachable form
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Consider a simple two-dimensional sy%tem og; th9e form

dx oz 13, 303 .
at D: | - XC: 1 u:
We wishto nd the transformation that converts the systemiaachable canonical
form: 8 9 8 19
2 a3z, 31z
AD 1 o1 ®D * o

The coef cientsa; anda, can be determined from the characteristic polynomial
for the original system:

2 2 2 aD 2;
.s/ Ddetsl A/Ds* 2sC. “C!4 D ) )
a D c!~
The reachability matrix for each system is
8 0 9 8 1 9
3 3. 3 az .
WDZ, 7 W D: 9 1:°
The transformatio becomes 8 9
1,3 aC /=! 1 3= 1y,
TDWW D> 1= o P70 o
and hence the coordln%tes 8
343 pryp3 ¥ C Xz?
2z’ X1=!
put the system in reachable canonical form. r

We summarize the results of this section in the followingtieen.

Theorem 6.2 (Reachable canonical formLet A and B be the dynamics and
control matrices for a reachable system. Then there existastormation 2D T x
such that in the transformed coordinates the dynamics antf@lanatrices are in
reachable canonical forr(6.6) and the characteristic polynomial for A is given by

detsl A/DsS"Cas"'C C a, 15Cay

One important implication of this theorem is that for anyategble system, we
can assume without loss of generality that the coordinatestesen such that the
system is in reachable canonical form. This is particulaskgful for proofs, as we
shall see later in this chapter. However, for high-ordetesys, small changes in
the coef cientsg; can give large changes in the eigenvalues. Hence, the fgdacha
canonical form is not always well conditioned and must belwgi¢h some care.
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Controller Process

D AxC Bu
y D CxC Du

Figure 6.5: A feedback control system with state feedback. The controller useystens
statex and the reference inputto command the process through its inputWe model
disturbances via the additive inpait

6.2 Stabilization by State Feedback

The state of a dynamical system is a collection of variablaspbrmits prediction
of the future development of a system. We now explore the afedesigning
the dynamics of a system through feedback of the state. Weaggume that the
system to be controlled is described by a linear state madkhas a single input
(for simplicity). The feedback control law will be developstp by step using a
single idea: the positioning of closed loop eigenvalueseisiregd locations.

State Space Controller Structure

Figure6.5is a diagram of a typical control system using state feedb&le& full
system consists of the process dynamics, which we take iodmr] the controller
elementK andk;, the reference input (or command signaBnd process distur-
bancegl. The goal of the feedback controller is to regulate the outptite system
y such that it tracks the reference input in the presence tifirhiances and also
uncertainty in the process dynamics.

An important element of the control design is the perforneasigeci cation.
The simplest performance speci cation is that of stabilitythe absence of any
disturbances, we would like the equilibrium point of theteys to be asymptotically
stable. More sophisticated performance speci cationsciby involve giving de-
sired properties of the step or frequency response of thersysuch as specifying
the desired rise time, overshoot and settling time of the stsponse. Finally, we
are often concerned with the disturbance attenuation piepeof the system: to
what extent can we experience disturbance indusd still hold the outpuy near
the desired value?

Consider a system described by the linear differential tgua

d
d—)t( D AXCBuU  yDCxC Du; (6.9)

where we have ignored the disturbance sigh&r now. Our goal is to drive the
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outputy to a given reference valueand hold it there. Notice that it may not be
possible to maintain all equilibria; see Exerct8.

We begin by assuming that all components of the state vectomaasured.
Since the state at tintecontains all the information necessary to predict the &itur
behavior of the system, the most general time-invariantroblaw is a function of
the state and the reference input:

ubD . x;rl
If the feedback is restricted to be linear, it can be written a
uD KxCkr; (6.10)

wherer is the reference value, assumed for now to be a constant.

This control law corresponds to the structure shown in FiGUBET he negative
sign is a convention to indicate that negative feedbackdstrmal situation. The
closed loop system obtained when the feedbéck is applied to the systens (9)
is given by dx

4 DA BKIXCBkr (6.11)

We attempt to determine the feedback gKirso that the closed loop system has
the characteristic polynomial

p.ssDsS"Cpis" 1C C p, 1SC pn: (6.12)

This control problem is called tredgenvalue assignment problempole placement
problem(we will de ne poles more formally in Chapte).

Note thatk;, does not affect the stability of the system (which is deteediby
the eigenvalues o  BK) but does affect the steady-state solution. In particular,
the equilibrium point and steady-state output for the aldsep system are given
by

XD .A BK/ Bkr; VyeD CxC Dug;

hencek. should be chosen such thatD r (the desired output value). Sinkeis
a scalar, we can easily solve to show thdDiD 0 (the most common case),

kD 1=C.A BK/ 'B: (6.13)

Notice thatk is exactly the inverse of the zero frequency gain of the cldsep
system. The solution fob 600 is left as an exercise.

Using the gainK andk;, we are thus able to design the dynamics of the closed
loop system to satisfy our goal. To illustrate how to constauch a state feedback
control law, we begin with a few examples that provide somsdimtuition and
insights.

Example 6.4 Vehicle steering
In Example5.12we derived a normalized linear model for vehicle steeringe Th
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dynamics describing the Iatgral dgviation were giv%n by

30 1z 2 3.
AD'OO” BD'l”
8 9
CDh'1 O ; DDO:

The reachability matrix for the system is thLéS 9
8 9
: -
W.D- B AB D: 1 0
The system is reachable since W¢tD 1 600.
We now want to design a controller that stabilizes the dyearand tracks a
given reference valueof the lateral position of the vehicle. To do this we introduc

the feedback
uD KXxCkr D kix; koxCkr;

and the closed loop system becomes
dx 8 9 8 9

S DA BK/x C Bkr D 3 kkl ! kkz?xc.gkrk'?r;
8 9 ! 2 (6.14)

yDCxCDuD-1 0O x:

The closed loop system has8the characteristicgolynomial

BSC ki ko

det.sl AC BK/D det 3 hec. kCkisCke

Ky sCky’
Suppose that we would like to use feedback to design the dyisamhihe system
to have the characteristic polynomial

p.si Ds?’C2 ! sC!2Z

Comparing this polynomial with the characteristic polynahof the closed loop
system, we see that the feedback gains should be chosen as

kiD!% kD2, !2Z
Equation 6.13 givesk: D k; D ! 2, and the control law can be written as

UDKi.r  xo/ koxoD 21 xof 2¢c 1 2xy

The step responses for the closed loop system for differéumesaf the design
parameters are shown in Figue®. The effect of . is shown in Figuré.6a which
shows that the response speed increases with increbginghe responses for
! . D 0:5and 1 have reasonable overshoot. The settling time is abaarlengths
for! . D 0:5 (beyond the end of the plot) and decreases to about 6 cahkefugy
I . D 1. The control signal is large initially and goes to zero as time increases
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Figure 6.6: State feedback control of a steering system. Step responses obtétinedmy
trollers designed with, D 0:7 and! . D 0:5, 1 and 2 [rad/s] are shown in (a). Notice that
response speed increases with increasindut that large . also give large initial control
actions. Step responses obtained with a controller designed with 1 and . D 0:5, 0:7
and 1 are shown in (b).

because the closed loop dynamics have an integrator. Tra ugitue of the control
signal isu.0/ D k. D ! 2r, and thus the achievable response time is limited by the
available actuator signal. Notice in particular the draaiatrease in control signal
when! . changes from 1to 2. The effect qfis shown in Figuré.6h The response
speed and the overshoot increase with decreasing dampsintg these plots, we
conclude that reasonable values of the design parametsisiaave . in the range
of0.5toland. 0:7. r

The example of the vehicle steering system illustrates have $eedback can
be used to set the eigenvalues of a closed loop system toaaybilues.

State Feedback for Systems in Reachable Canonical Form

The reachable canonical form has the property that the paeasrad the system are
the coef cients of the characteristic polynomial. It is thare natural to consider
systems in this form when solving the eigenvalue assignpratiem.



6.2. STABILIZATION BY STATE FEEDBACK 193

Consider a system in reachable canonical form, i.e,
8

9 8 9
a a ag :i: an 1
4z 1 0 0 ::: 0 0
—~DARc&DE 0 1 0 =t 037c8:8u
dt . ST : 0 (6.15)
1 '01

8 9
yD&D: by b by z
It follows from(6.7) that the open loop system has the characteristic polyriomia
detsl A/DsS"Cas"'C C a, 15Cay

Before making a formal analysis we can gain some insight bgstigating the
block diagram of the system shown in Fig@d. The characteristic polynomial is
given by the parametesg inthe gure. Notice thatthe parametarcan be changed
by feedback from statg, to the inputu. It is thus straightforward to change the
coef cients of the characteristic polynomial by state feack

Returning to equations, introducing the control law

uD KXCkrD Kz Kz KRz, C kr: (6.16)

the closed loop system becomes

8 9 8 9
a K a KB a @ an 3] K
1 0 0 0
d_zgé 0 1 0 %Z(éé
t : .
g

9
yD: by b, by z
(6.17)

The feedback changes the elements of the rst row ofAhmatrix, which corre-
sponds to the parameters of the characteristic polynoifii .closed loop system

thus has the characteristic polynomial
S"C.qCKIs"1C.aaCKIs"?C C.a 1CK 1/sCa, CK:
Requiring this polynomial to be equal to the desired closeg Ipolynomial
p.ss DsS"C ps” 1C C p, 15C pn;
we nd that the controller gains should be chosen as
KDp a; KDp a i KDp ax
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This feedback simply replaces the parametgris the system@.15 by p;. The
feedback gain for a sygtem in reachable canonical formgis thu

KD p1 & p & Pn @ (6.18)
To have zero frequency gain equal to unity, the parametshould be chosen
as cR
kD= p P (6.19)

Notice that itis essential to know the precise values ofipatarsa, andb, in order
to obtain the correct zero frequency gain. The zero frequgauyis thus obtained
by precise calibration. This is very different from obtaigihe correct steady-state
value by integral action, which we shall see in later sestion

Eigenvalue Assignment

We have seen through the examples how feedback can be usesdign the dy-

namics of a system through assignment of its eigenvaluesolVe the problem in
the general case, we simply change coordinates so that $kensys in reachable
canonical form. Consider the system

d
d—)t( D AXCBu;  yD CxC Du: (6.20)

We can change the coordinates by a linear transformati@n T x so that the
transformed system is in reachable canonical fodmi%). For such a system the
feedback is given by equatio®.06), where the coef cients are given by equa-
tion (6.18. Transforming back to the original coordinates gives #eriback

uD KXCkrD KIxCkr:

The results obtained can be summarized as follows.

Theorem 6.3 (Eigenvalue assignment by state feedbadBdnsider the system
given by equatioli6.20), with one input and one output. Lets/ D s"C a;s" 1C
C a, 15 C a, be the characteristic polynomial of A. If the system is resoté,

then there exists a feedback
ubD KxCkr

that gives a closed loop system with the characteristicrpatyial
pssDs"Cps”" 1C C py1SC pn

and unity zero freqéjency gain betweenr and y. Th%feedbanldsggiven by

KDKID ' pp & P @ Pn an V@AW, % (6.21)
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where @ are the coef cients of the characteristic polynomial of thatrix A and
the matrices Wand\& are given by
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8 9 ,
1 a1 & an 1
8 9 0 1 & an 2
W, D: B AB A" 1B ; V@DE: et
0 O 1 g
"0 0 O 1

The reference gain is given by
kD 1=C.A BK/ 'B:

For simple problems, the eigenvalue assignment problembeasolved by
introducing the elementl of K as unknown variables. We then compute the
characteristic polynomial

. s/ Ddetsl AC BK/

and equate coef cients of equal powerssdb the coef cients of the desired char-
acteristic polynomial

p.ssDs"Cpis" 1C C p, 1SC pn:

This gives a system of linear equations to deternkindhe equations can always
be solved if the system is reachable, exactly as we did in Ela6h

Equation 6.21), which is called Ackermann's formulaAfk72, Ack85], can
be used for numeric computations. It is implemented in theTM®B function
acker . The MATLAB function place is preferable for systems of high order
because it is better conditioned numerically.

Example 6.5 Predator—prey

Consider the problem of regulating the population of an gstesn by modulating
the food supply. We use the predator—prey model introducegkerction3.7. The
dynamics for the system are given by

dH H aHL

—D. H 1 — ; ;
at Drey K GcCH 0
dL aHL

—Db—— dL; L O

dt cCH

We choose the following nominal parameters for the systehnigtwcorrespond to
the values used in previous simulations:

abD 32 b D 0:6; c D 50;
d D 0:56; kD125 r D 1.6:

We take the parameter corresponding to the growth rate for hares, as the input to
the system, which we might modulate by controlling a foodrsedor the hares.
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This is re ected in our model by the teron C u/ in the rst equation. We choose
the number of lynxes as the output of our system.

To control this system, we rst linearize the system aroune dguilibrium
point of the systemHg; L¢/, which can be determined numerically to ke
.20:6; 29:5/. This yields a linear dynamical system

8 9 8 98 "9 8 9 8 98 9
d 373 D 2013 093z 3712 Cgl?:Zg v wD.:o0 1 343.

dt = 2’ " 0:57 0 "z 0 V2N
wherezy DL Le, z2D H Heandv D u. Itis easy to check that the system
is reachable around the equilibriurg v/ D .0; 0/, and hence we can assign the
eigenvalues of the system using state feedback.

Determining the eigenvalues of the closed loop system regjlialancing the
ability to modulate the input against the natural dynamiafie system. This can
be done by the process of trial and error or by using some ahtbre systematic
techniques discussed in the remainder of the text. For nevgimiply choose the
desired closed loop eigenvaluestobe @ f 0:1; 0:2g We can then solve for
the feedback gains using the t%chniques descrigbed eavhierh results in

KD:- 0025 0:052 :

Finally, we solve for the reference galp, using equationg.13 to obtaink, D
0:002.
Putting these steps together, our control law becomes

vD KzCkr:

In order to implement the control law, we must rewrite it @sihe original coordi-
nates for the system, yielding

uDue K.x X/C ké.r Vel
8 _ISH 2063 . -
D 0:025 0:052 - L 295 C 0:002.r 295/
This rule tells us how much we should modulageas a function of the current
number of lynxes and hares in the ecosystem. Fi§urashows a simulation of
the resulting closed loop system using the parameters deabede and starting
with an initial population of 15 hares and 20 lynxes. Notd tha system quickly
stabilizes the population of lynxes at the reference valub (30). A phase portrait
of the system is given in Figu&7h showing how other initial conditions converge
to the stabilized equilibrium population. Notice that tlymdmics are very different
from the natural dynamics (shown in Figu8e20). r

The results of this section show that we can use state feedbaidsign the
dynamics of a system, under the strong assumption that wmeasure all of the
states. We shall address the availability of the statesaméxt chapter, when we
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Figure 6.7: Simulation results for the controlled predator—prey system. The population
lynxes and hares as a function of time is shown in (a), and a phaseipfrtitae controlled
system is shown in (b). Feedback is used to make the population stadle2t20:6 and
L. D 20.

consider output feedback and state estimation. In addifibeorem6.3, which
states that the eigenvalues can be assigned to arbitraatidos, is also highly
idealized and assumes that the dynamics of the process@sm ko high precision.
The robustness of state feedback combined with state estisnatconsidered in
Chapterl2 after we have developed the requisite tools.

6.3 State Feedback Design

The location of the eigenvalues determines the behavioratlbsed loop dynam-
ics, and hence where we place the eigenvalues is the maigndéscision to be
made. As with all other feedback design problems, thereradetoffs among the
magnitude of the control inputs, the robustness of the sysbeperturbations and
the closed loop performance of the system. In this sectiorexenine some of
these trade-offs starting with the special case of secodédraystems.

Second-Order Systems

One class of systems that occurs frequently in the analpsislasign of feedback
systems is second-order linear differential equationsaBse of their ubiquitous
nature, it is useful to apply the concepts of this chapteh&d speci c class of
systems and build more intuition about the relationshipveen stability and per-
formance.

The canonical second-order system is a differential equatithe form

RC 2! ofPC! 5q D k! 3u; yDaQ: (6.22)
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In state space form, this s;gstem céan bg represented as

8 9
dx ;3 0 o 3 303, ‘10 x
ED !0 2| 0, XC. kl 0, u, yD 1 0’ X (623)

The eigenvalues of this system are given by
D !y 1'% 2 1

and we see that the origin is a stable equilibrium poihtif> 0 and > 0. Note
that the eigenvalues are complex ik 1 and real otherwise. Equation8.22
and 6.23 can be used to describe many second-order systems, inglddmped
oscillators, active Iters and exible structures, as showrtlie examples below.

The form of the solution depends on the value pWhich is referred to as the
damping ratiofor the system. If > 1, we say that the systemaserdampegdand
the natural response O 0) of the system is given by

Y.t/ D Xlocxzoe ¢ Xlocxzoe ‘.

P——0 P——0
where D!y. C 2 1 and D!y, 2 1/. We see that the response
consists of the sum of two exponentially decaying signélsD 1, then the system
is critically dampedand solution becomes

y.t/ De Hot X10C .Xo0 C ! 0X10/t :

Note that this is still asymptotically stable as long as> 0, although the second
term in the solution is increasing with time (but more slovan the decaying
exponential that is multiplying it).

Finally,if0 < < 1, then the solution is oscillatory and equatiér@) is said
to beunderdampedThe parametér is referred to as theatural frequencyf the
system, stemming from the fact that for smalthe eigenvalues of the system are
approximately D ! o j! o. The natural response of the system is given by

! 1 .
y.t/ De ' xjpcos! 4t C I—oxloC —Xp sin! gt ;
Iy Iy

p :
wherel ¢ D !5 1 2 is called thedamped frequencyFor 1,14 I'o
de nesthe oscillation frequency of the solution angives the damping rate relative
to! q.
Because of the simple form of a second-order system, it isiplesto solve
for the step and frequency responses in analytical form. dheisn for the step
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(a) Eigenvalues (b) Step responses

Figure 6.8: Step response for a second-order system. Normalized step resjdios the
system 6.23 for D 0, 0.4, 0.7, 1 and 1.2. As the damping ratio is increased, the rise time
of the system gets longer, but there is less overshoot. The horizoigdsan scaled units

! ot; higher values of ( result in a faster response (rise time and settling time).

response depends on the magnitude:of |

yt/Dk 1 e '°cos! 4t pﬁe Polginl gt ;< 1

yt/Dk 1 e'®1Clot/ ; D1l
(6.24)

1 p
ytUDk 1 5 p—Cle'® "V

1 !t.CpZJJ. .
Cépz—l le’© ; > 1

where we have takex.0/ D 0. Note that for the lightly damped case<q{ 1) we
have an oscillatory solution at frequenicy.

Step responses of systems WitlD 1 and different values of are shown in
Figure 6.8 The shape of the response is determined bgnd the speed of the
response is determined by (included in the time axis scaling): the response is
faster if! ¢ is larger.

Inaddition to the explicit form of the solution, we can alsorgoute the properties
of the step response that were de ned in Secdh For example, to compute the
maximum overshoot for an underdamped system, we re\{vriteut[mt as

1
y.t/ Dk 1 pﬁe Potsin! gt C'/ (6.25)

where' D arccos . The maximum overshoot will occur at the rst time in which
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Table 6.1: Properties of the step response for a second-order system with<0 1.

Property Value D 0:5 D 1:p 2 D1
Steady-state value k k k k
Rise time T, D 1=l -e”@  1:8=l, 2:2=l, 2:7=1
Overshoot M,De = T e aw 0%
Settling time (2%) Ts 4=1, 8:0=! 5:.9=1, 5:8=!g

the derivative ofy is zero, which can be shown to be

P
M,De = 1 %

Similar computations can be done for the other charactesistia step response.
Table6.1summarizes the calculations.

The frequency response for a second-order system can alsmnimuted ex-
plicitly and is given by

ki 2 5 k! 2 :

A 2C21 g0l C12 12 12C2 1 g
A graphical illustration of the frequency response is giweRigure6.9. Notice the
resonant peak that increases with decreasirighe peak is often characterized by

is Q-value de ned asQ D 1=2 . The properties of the frequency response for a
second-order system are summarized in Ték?e

Mel D

Example 6.6 Drug administration
To illustrate the use of these formulas, consider the twogartment model for
drug administration, described in Se%titﬁug. The dynamics of the system are
8 9
dc 3 ko kl kl 3 3 bOB i . . .
ED' K K cC.O, u; yD-0 1 x;

Table 6.2: Properties of the frequency response for a second-order systerfi w < 1.

Property Value D 0:1 D 05 D1~ 2
Zero frequency gain Mg k k k
Bandwidth Iy 154" 127!, Io
Resonant peak gain M, 1:54k 1:27k k

Resonant frequency ! o, [ 070", O
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Figure 6.9:Frequency response of a second-order sys&e23) (a) Eigenvalues as a function
of . (b) Frequency response as a function oThe upper curve shows the gain ralilg and
the lower curve shows the phase shiffor small there is a large peak in the magnitude of
the frequency response and a rapid change in phase centérdd &f. As is increased,
the magnitude of the peak drops and the phase changes more smobitegité and -180.

wherec; andc; are the concentrations of the drug in each compartnkenit,D

compartment 1 anyglis the concentration of the drug in compartment 2. We assume
that we can measure the concentrations of the drug in eacphartment, and we
would like to design a feedback law to maintain the output given reference

valuer.
We choose D 0:9 to minimize the overshoot and choose the rise time to be

T, D 10 min. Using the formulas in Tabi&1, this gives a value fof ¢ D 0:22.
We can now compute the gain to place the eigenvalues at tbagidm. Setting
uD KxCkr,the closed loop eigenvalues for the system satisfy

.s/ D 0:198 0:0959:

Choosingk; D 0:2027 andk, D 0:2005 gives the desired closed loop behavior.
Equation 6.13 gives the reference gaikq D 0:0645. The response of the con-
troller is shown in Figur®.10and compared with an open loop strategy involving
administering periodic doses of the drug. r

Higher-Order Systems

Our emphasis so far has considered only second-order syskmhigher-order
systems, eigenvalue assignment is considerably more dlif especially when
trying to account for the many trade-offs that are preseatfeedback design.
One of the other reasons why second-order systems play sughpmrtant
role in feedback systems is that even for more complicatetgys the response is
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Figure 6.10: Open loop versus closed loop drug administration. Comparison betwegn d
administration using a sequence of doses versus continuously monttegingncentrations
and adjusting the dosage continuously. In each case, the concentraf@ppisximately)
maintained at the desired level, but the closed loop system has substansaiat@bility

in drug concentration.

often characterized by thdominant eigenvalue§o de ne these more precisely,

for a complex eigenvalueto be

Re
i
We say that a complex conjugate pair of eigenvaluyes is adominant pairif it
has the lowest damping ratio compared with all other eigergof the system.
Assuming that a system is stable, the dominant pair of e&jaag tends to be
the most important element of the response. To see thismesthat we have a
system in Jordan form with a simple Jordan block correspanthi the dominant
pair of eigenvalueg:

D

9

d_ZD J2

zC Bu; DCz
at y

J’
(Note that the state may be complex because of the Jordan transformation.) The
response of the system will be a linear combination of thpaoeses from each

of the individual Jordan subsystems. As we see from Figugefor < 1 the
subsystem with the slowest response is precisely the ohdhétsmallest damping
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ratio. Hence, when we add the responses from each of thedndivsubsystems,
it is the dominant pair of eigenvalues that will be the priynfactor after the initial
transients due to the other terms in the solution die outl&\this simple analysis
does not always hold (e.g., if some nondominant terms hagerdaoef cients
because of the particular form of the system), it is oftercthee that the dominant
eigenvalues determine the (step) response of the system.

The only formal requirement for eigenvalue assignment it ttia system be
reachable. In practice there are many other constraintsusecthe selection of
eigenvalues has a strong effect on the magnitude and rateanfje of the control
signal. Large eigenvalues will in general require large argignals as well as
fast changes of the signals. The capability of the actuatdrsherefore impose
constraints on the possible location of closed loop eigelega These issues will
be discussed in depth in Chaptéfsandl12.

We illustrate some of the main ideas using the balance syasesm example.

Example 6.7 Balance system
Consider the problem of stabilizing a balance system, whgeamics were given
in Example6.2 The dynamics are given by

0 0 1 0 8
0 0 0 1
AD%O m?l2g= cl= Jlm= % ! BD%
Im="

"0 Mmgl= clm= M=

[eNe)

whereMiD MCm,J;DJCml3, D MJ mi?andwe have left and
nonzero. We use the following parameters for the systenigsponding roughly
to a human being balanced on a stabilizing cart):

M D 10 kg m D 80 kg cD 0.1 Ns/m
J D 100 kg nt/s; ID1m; D0.0L1Nms

The eigenvalues of the open loop dynamics are given by0; 4:7; 1:9 2:7i.

We have veri ed already in Exampl@.2 that the system is reachable, and hence
we can use state feedback to stabilize the system and pravi@sired level of
performance.

To decide where to place the closed loop eigenvalues, wethate¢he closed
loop dynamics will roughly consist of two components: a sefast dynamics
that stabilize the pendulum in the inverted position andta&slower dynamics
that control the position of the cart. For the fast dynamiesJook to the natural

eriod of the pendulum (in the hanging-down position), whi& given by! o D

mgl=.J C ml?/ 2.1 rad/s. To provide afastresponse we choose a dampiag rati
of D 0:5 and try to place the rst pair of eigenvglues at, o o

1 2i, where we have used the approximation thdt 2 1. For the slow

gD 9.8 m/é:
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Figure 6.11: State feedback control of a balance system. The step response mifalleo
designed to give fast performance is shown in (a). Although the rsgpoharacteristics
(top left) look very good, the input magnitude (bottom left) is very large. s laggressive
controller is shown in (b). Here the response time is slowed down, but e magnitude
is much more reasonable. Both step responses are applied to the lidebtizanics.

dynamics, we choose the damping ratio to bétd provide a small overshoot and
choose the natural frequency to hé @ give arise time of approximately 5 s. This
gives eigenvaluesg4 D 0:35 0:35.

The controller consists of a feedback on the state and a fierealfd gain for the
reference input. The feed8back gain is given by

KD: 156 1730 501 443 ;

which can be computed using Theor@&m3 or using the MATLABplace com-

mand. The feedforward gainks D 1=.C.A BK/ B/ D 155. The step
response for the resulting controller (applied to the lire=al system) is given in
Figure6.11a While the step response gives the desired characterigtiesnput

required (bottom left) is excessively large, almost thises the force of gravity
at its peak.

To provide a more realistic response, we can redesign theotlen to have
slower dynamics. We see that the peak of the input force saruthe fast time scale,
and hence we choose to slow this down by a factor of 3, leatiaglamping ratio
unchanged. We also slow down the second set of eigenvalithshe intuition that
we should move the position of the cart more slowly than weikta the pendulum
dynamics. Leaving the damping ratio for the slow dynamicsanged at  and
changing the frequency to 1 (corresponding to a rise timgpfaimately 10 s),
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the desired eigenvalues become
Df 0:33 0:66; 018 0:18g
The performance of the resulting controller is shown in Figutel b r

As we see from this example, it can be dif cult to determine veht place
the eigenvalues using state feedback. This is one of theipainonitations of this
approach, especially for systems of higher dimension.r@gdtcontrol techniques,
such as the linear quadratic regulator problem discusseil ae one approach
that is available. One can also focus on the frequency regpimn performing the
design, which is the subject of Chapt&rl2.

Linear Quadratic Regulators

As an alternative to selecting the closed loop eigenvaloations to accomplish a
certain objective, the gains for a state feedback controdia instead be chosen is
by attempting to optimize a cost function. This can be paldityuseful in helping
balance the performance of the system with the magnitudeeoiinputs required
to achieve that level of performance.

The in nite horizon, linear quadratic regulator (LQR) problésnone of the
most common optimal control problems. Given a multi-inpogér system

dx
aDAxCBu; Xx2R" u2RP;

we attempt to minimize the quadratic cost function
1
JD xTQyx CuTQuu dt; (6.26)
0
whereQyx 0 andQy > 0 are symmetric, positive (semi-) de nite matrices of
the appropriate dimensions. This cost function represetrtsda-off between the
distance of the state from the origin and the cost of the obirtput. By choosing
the matriceQy and Q,,, we can balance the rate of convergence of the solutions
with the cost of the control.
The solution to the LQR problem is given by a linear control ldwhe form

uD Q,'B"Px
whereP 2 R" "is a positive de nite, symmetric matrix that satis es the etioa
PACA'P PBQ,'BTPCQ«DO: (6.27)

Equation 6.27) is called thealgebraic Riccati equatioand can be solved numer-
ically (e.g., using thégr command in MATLAB).

One of the key questions in LQR design is how to choose the wseighand
Qu. To guarantee that a solution exists, we must h@ye 0 andQ, > 0. In
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addition, there are certain “observability” conditions @Qr that limit its choice.
Here we assum@y > 0 to ensure that solutions to the algebraic Riccati equation
always exist.

To choose speci ¢ values for the cost function weigQtsandQ,,, we must use
our knowledge of the system we are trying to control. A pattidy simple choice

is to use diagonal weights
9 8 9

Qngql i 0? QUDE1 3 o?

-0 On’ -0 n
For this choice o)y andQ,, the individual diagonal elements describe how much
each state and input (squared) should contribute to thealbvarst. Hence, we
can take states that should remain small and attach highightwalues to them.
Similarly, we can penalize an input versus the states and ionts through choice
of the corresponding input weight

Example 6.8 Vectored thrust aircraft
Consider the original dynamics of the syste2r2@), written in state space form as

8 9 8 0
Zs
0
Zs 0
dz Zs
— 1 1 o
T <7, CZ>cos Fi zIsin R
mg <zs Lsin F1C Zcos R
0 ’ - r ’
h

(see also Examplg.4). The system parameters areD 4 kg, J D 0.0475 kg m,
r D 0.25m,g D 9.8 m/£, ¢ D 0.05 N s/m, which corresponds to a scaled model
of the system. The equilibrium point for the system is giverFpyp 0, F, D mg
andze D .Xe; Ye; 0; 0; 0; O/. To derive the linearized model near an equilibrium
point, we Cé)mpute the linearization accorging to equat%JBég:

9
00 O 1 0 0 0
00 O 0 1 0 0
00 O 0 0 . 0 0%
AD 00 g c= 0 ’ BD 1= 0=z’
0 0 O 0 c=m O 0 1=m
"0 0 O 0 0 0 Cor= 0’
810000(§ 8002
3 . 2 )
CD'OlOOOO' DD'O o -
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Figure 6.12: Step response for a vectored thrust aircraft. The plot in (a) shows amely
positions of the aircraft when it is commanded to move 1 m in each diredtidip) the x
motion is shown for control weights D 1, 1%, 10¢. A higher weight of the input term in
the cost function causes a more sluggish response.

LettingzD z z.andv D u ue, the linearized system is given by

d
d—tZDAzC Bv; yD Cx:

It can be veri ed that the system is reachable.
To compute a linear quadratic regulator for the system, vite wre cost function
as Z,

JD .2'Q,zC v' Qv /dt;
0

wherezD z z.andv D u uerepresentthe local coordinates around the desired
equilibrium point. z¢; ue/. We begin with diagonal matrices for the state and input

costs: 8 9
1 0000
01 00O 8 9
0 0100 ) 21 Oz,
QzD00010 ' Q"D'Ol"
0 0001
"0 000 O0 1

This gives a control law of the form D Kz, which can then be used to derive
the control law in terms of the original variables:

uDvCueD K.z zJ/Cug:

As computed in ExamplB.4, the equilibrium points have. D .0; mg/ andz. D

.Xe; Ye; 0; 0; 0; O/. The response of the controller to a step change in the desired
position is shown in Figur®é.12a The response can be tuned by adjusting the
weights in the LQR cost. Figuré.12bshows the response in tixedirection for
different choices of the weight. r
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Figure 6.13: Feedback control of a web server. The controller sets the values efehe
server parameters based on the difference between the nominalgtera (determined by
k.r) and the current loagl,,. The disturbance represents the load due to other processes
running on the server. Note that the measurement is taken after thebdisterso that we
measure the total load on the server.

Linear quadratic regulators can also be designed for destiee systems, as
illustrated by the following example.

Example 6.9 Web server control

Consider the web server example given in Sec8dhwhere a discrete-time model
for the system was given. We wish to design a control law te&t the server
parameters so that the average server processor load isamathat a desired
level. Since other processes may be running on the servewdheserver must
adjust its parameters in response to changes in the load.

A block diagram for the control system is shown in Fig6t&3 We focus on
the special case where we wish to control only the processar lising both the
KeepAlive andMaxClients parameters. We also include a “disturbance” on
the measured load that represents the use of the procegslag by other processes
running on the server. The system has the same basic strastilmegeneric control
system in Figuré.5, with the variation that the disturbance enters after tioegss
dynamics.

The dynamics of the system are given by a set of differencetiemsaof the

form
X[k C 1] D AX[k] C BU[K];  YepulK] D CepuX[K] C depulK];

wherex D . Xcpu; Xmen/ iSthe statey D . Uk, Umd/ is the inputgdep,is the processing
load from other processes on the computer ggglis the total processor load.
We choose our controller to be8a statg feedback controlldreoform

ub K B ycpu’B C krrcpu;
Xmem
wherercp, is the desired processor load. Note that we have used theuraeas
processor loagk,, instead of the state to ensure that we adjust the systemtmpera
based on the actual load. (This modi cation is necessary lseoafithe nonstandard
way in which the disturbance enters the process dynamics.)
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The feedback gain matrik can be chosen by any of the methods described in
this chapter. Here we use a linear quadratic regulator, tivégtcost function given
>y S 5 Og S 1=50% 0 S
3 : 3 3.
QD 0o 1" QuD: 0 1=100G*" -

The cost function for the stat®, is chosen so that we place more emphasis on
the processor load versus the memory use. The cost functiathdanputsQ,

is chosen so as to normalize the two inputs, witkepAlive timeout of 50 s
having the same weight as4axClients  value of 1000. These values are squared
since the cost associated with the inputs is givemb@,u. Using the dynamics

in Section3.4and thedigr comnéand in MATLAB, the resulting gains become

D3 22:3 1(112 :

© 3827 TTT

As in the case of a continuous-time control system, the eefsx gairk; is
chosen to yield the desired equilibrium point for the syst8ettingx[k C 1] D
X[K] D Xe, the steady-state equilibrium point and output for a givefanence input
r are given by

K

XeD.A BK/x.C Bkr; Ve D Cxe:

This is a matrix differential equation in whidh is a column vector that sets the
two inputs values based on the desired reference. If we tekddsired output to
be of the formye D .r; Oé, tgen we must solve

.3(1),3DC.A BK I/ Bk:

Solving this equation fok;, we obtain

) 8 19 8 493 9
1 313 3 4993,
k D C.A BK I/ "B 'O’D'5395"
The dynamics of the closed loop system are illustrated in Eigu4 We apply
a change in load ofi.,, D 0:3 at timet D 10 s, forcing the controller to adjust
the operation of the server to attempt to maintain the deédoad at 057. Note
that both theKeepAlive andMaxClients parameters are adjusted. Although
the load is decreased, it remains approximately 0.2 ab@vddhired steady state.
(Better results can be obtained using the techniques ofakiesection.) r

6.4 Integral Action

Controllers based on state feedback achieve the correadysstate response to
command signals by careful calibration of the gainrHowever, one of the primary
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Figure 6.14:Web server with LQR control. The plotin (a) shows the state of the systelerun

a change in external load appliedkaD 10 ms. The corresponding web server parameters
(system inputs) are shown in (b). The controller is able to reduce thet effthe disturbance

by approximately 40%.

uses of feedback is to allow good performance in the presehcmcertainty,
and hence requiring that we have@tactmodel of the process is undesirable. An
alternative to calibration is to make use of integral feetdthan which the controller
uses an integrator to provide zero steady-state error. Téie bancept of integral
feedback was given in Sectidn5 and in Sectior3.1; here we provide a more
complete description and analysis.

The basic approach in integral feedback is to create a stitélie controller
that computes the integral of the error signal, which is tnsed as a feedback term.
We do this by augme8ntir§1’g thg descripti%n oféhe systerg witbva statez:

ggxg D.gAxC Bu’gD.gAxC Bu’g: (6.28)
dt z y r Cx r
The statez is seen to be the integral of the difference between the tluakbautput
y and desired output Note thatif we nd a compensator that stabilizes the system,
then we will necessarily hau@D 0 in steady state and hengé r in steady state.
Given the augmented system, we design a state space centrothe usual
fashion, with a control law of the form

uD Kx kzCkr; (6.29)

whereK is the usual state feedback terknjs the integral term anll is used to
set the nominal input for the desired steady state. The negudquilibrium point
for the system is given as

xeD .A BK/ B.kr kzl

Note that the value df, is not speci ed but rather will automatically settle to the
value that make®D y r D 0, which implies that at equilibrium the output will
equal the reference value. This holds independently of tleeigpvalues of A,
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B andK as long as the system is stable (which can be done througb@jgte
choice ofK andk;).
The nal compensator is given by

dz
uD Kx kzCkr; aDy r
where we have now included the dynamics of the integratoagpthe speci ca-
tion of the controller. This type of compensator is known dgr@amic compensator
since it has its own internal dynamics. The following exaniiilistrates the basic

approach.

Example 6.10 Cruise control

Consider the cruise control example introduced in Se@idmand considered fur-
therin Examplé.11 The linearized dynamics of the process around an equitibriu
pointve, Ue are given by

d
d—?[(Dax by C bw; yDvD XxC v

wherex D v ve,w D U Ue, misthe mass of the car ands the angle of the road.
The constan& depends on the throttle characteristic and is given in Exapll
If we augment the system with an integrator, the processrdigsabecome

dx dz
aDax by C bw; aDy Vi DVeC XV
or, in state space form,
d8 9 8 098 9 8b9 8 b9 8 0 9
UzxXxz yza Uz 3Xz 303 2 Dgz 2 2.
dt'Z'D'l O"z'C'O' ucC- 0 C.Ve v

Note that when the system is at equilibrium, we have #]Bt 0, which implies
that the vehicle speed D v, C x should be equal to the desired reference speed
V;. Our controller will be of the form

aDy V| uD Kkpx kzCKkv;

and the gaing,, ki andk; will be chosen to stabilize the system and provide the
correct input for the reference speed.
Assume that we wish to design the closed loop system to havehédracteristic

polynomial
.s/ Ds*C asC ay:

Setting the disturbance D 0, the characteristic polynomial of the closed loop
system is given by

detsl .A BK/ Ds*C.bk, a/sC bk;
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Figure 6.15:Velocity and throttle for a car with cruise control based on proportioreaied)
and PI control (solid). The PI controller is able to adjust the throttle to cosgte for the
effect of the hill and maintain the speed at the reference valug Bf20 m/s.

and hence we set

kp D aca  p® D 1=C.A BK/ B DX

b b b

The resulting controller stabilizes the system and henegb®D y v, to zero,
resulting in perfect tracking. Notice that even if we haverab error in the values
of the parameters de ning the system, as long as the closerdm®nvalues are
still stable, then the tracking error will approach zero. Jiiue exact calibration
required in our previous approach (usikg is not needed here. Indeed, we can
even choos&: D 0 and let the feedback controller do all of the work.

Integral feedback can also be used to compensate for cortithnrbances.
Figure 6.15 shows the results of a simulation in which the car encourgénsl
with angle D 4 att D 8s. The stability of the system is not affected by this
external disturbance, and so we once again see that thevetosity converges
to the reference speed. This ability to handle constant thahces is a general
property of controllers with integral feedback (see Exer6ig). r

6.5 Further Reading

The importance of state models and state feedback was distirsthe seminal
paper by KalmanKal60], where the state feedback gain was obtained by solving
an optimization problem that minimized a quadratic losscfiom. The notions
of reachability and observability (Chapt@) are also due to Kalmarkpl61h
(see alsoGil63, KHNG3]). Kalman de nes controllability and reachability as the
ability to reach the origin and an arbitrary state, respebttiKFA69]. We note that
in most textbooks the term “controllability” is used instieaf “reachability,” but
we prefer the latter term because it is more descriptiveefuhdamental property
of being able to reach arbitrary states. Most undergradigatbooks on control
contain material on state space systems, including, fample Franklin, Powell
and Emami-NaeiniFPENO0J and Ogata Qga0]l. Friedland's textbook Fri04]
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covers the material in the previous, current and next chapt®onsiderable detail,
including the topic of optimal control.

Exercises

6.1 (Double integrator) Consider the double integrator. Findeagwise constant
control strategy that drives the system from the origin togtatex D . 1; 1/.

6.2 (Reachability from nonzero initial state) Extend the argaotie Section6.1to
show that if a system is reachable from an initial state ob ziis reachable from
a nonzero initial state.

6.3 (Unreachable systems) Consider the system shown in F@GréNrite the
dynamics of the two systems as

d—XDAXC Bu; d—ZDAzC Bu:
dt dt

If x andz have the same initial condition, they will always have themsastate
regardless of the input that is applied. Show that this veslahe de nition of
reachability and further show that the reachability mawixis not full rank.

6.4 (Integral feedback for rejecting constant disturbances)sitier a linear system
of the form dx

aDAxCBuCFd; y D Cx

whereu is a scalar and is a disturbance that enters the system through a distugbanc
vectorF 2 R". Assume that the matriR is invertible and the zero frequency gain
C A !B is nonzero. Show that integral feedback can be used to cormeeits a
constant disturbance by giving zero steady-state outpat even wherd 600.

6.5(Rear-steered bicycle) A simple model for a bicycle wasmglweequation3.5)
in Section3.2 A model for a bicycle with rear-wheel steering is obtaingdré-
versing the sign of the velocity in the model. Determine thieditions under which
this systems is reachable and explain any situations inlwthie system is not
reachable.

6.6 (Characteristic polynomial for reachable canonical foBhpw that the char-
acteristic polynomial for a system in reachable canonicahfis given by equa-
tion (6.7) and that
d"z, d" 1z dz d" ku
C c C —C D———:;
dtn - Mg 1 I T T
wherez, is thekth state.
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6.7 (Reachability matrix for reachable canonical form) Coesi@system in reach-
able canonical form. Show that the inverse of the reachgloildtrix is given by

8 9
1 a3 & an
0 1 & an 1
Wipz0o 0 1 '
: a

"0 0 O 1

6.8 (Non-maintainable equilibria) Consider the normalizeddelmof a pendulum
on a cart Px 2

— D uy; — D Cu;

az -~ " ae u’
wherex is cart position and is pendulum angle. Can the angl® o for o 600
be maintained?

6.9 (Eigenvalue assié]nmegt for u8nr%achable system) Considerydtem

8 9
de.;O lng.ngu; yD:-1 0O x;

with the control law
uD Kkix; koxo Ckr:

Show that eigenvalues of the system cannot be assigned tagyhialues.

6.10 (Cayley—Hamilton theorem) LeA 2 R" " be a matrix with characteristic
polynomial . s/ D detsl A/ Ds"Cas" 'C C a, 1sC a,. Assume that
the matrixA can be diagonalized and show that it satis es

.AADA"CayA"'C Ca, 1ACaIl DO;

Use the result to show th&*, k  n, can be rewritten in terms of powers Afof
order less than.

6.11 (Motor drive) Consider the normalized model of the motowverin Exer-
cise2.10 Using the following normalized parameters,

J; D 10=9; J> D 10, cD 0:1; kD 1; ki D 1;

verify that the eigenvalues of the open loop system afe 00:05 i. Design a
state feedback that gives a closed loop system with eigeesal, land 1 .
This choice implies that the oscillatory eigenvalues wilivibell damped and that
the eigenvalues at the origin are replaced by eigenvaluéiseomegative real axis.
Simulate the responses of the closed loop system to stepehanthe command
signal for , and a step change in a disturbance torque on the second rotor.
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6.12(Whipple bicycle model) Consider the Whipple bicycle mogigkn by equa-
tion (3.7) in Section3.2 Using the parameters from the companion web site, the
modelis unstable at the velocityD 5 m=s and the open loop eigenvalues are -1.84,
-14.29 and B0 4:60i. Find the gains of a controller that stabilizes the bicycle
and gives closed loop eigenvalues at -2, -10 add i. Simulate the response of
the system to a step change in the steering reference of €ad02

6.13 (Atomic force microscope) Consider the model of an AFM in eabimode
given in Examplés.9:
8

9 8 9
0 1 0 0 0
dx D % ko=.m; C my/ Co=.m; C my/ 1=my 0 § X C % 8% u;

dt 0 0 0 3
0 0 ! 233 g
m 8 mk m;C: 93 T i
yD 2 > 182 12 10,>XZ

mCm, mCm mCm,
Use the MATLAB scriptafm_data.m from the companion web site to generate the
system matrices.

(a) Compute the reachability matrix of the system and nuraéyi determine its
rank. Scale the model by using milliseconds instead of secasiime units. Repeat
the calculation of the reachability matrix and its rank.

(b) Find a state feedback controller that gives a closed lgstem with complex
poles having damping ratio 0.707. Use the scaled model éocdmputations.

(c) Compute state feedback gains using linear quadratitraoiExperiment by
using different weights. Compute the gains &arD g D 0;03 D g4 D 1 and

1 D 0:1 and explain the result. ChoogeD g, D g3 D g4 D 1 and explore what
happens to the feedback gains and closed loop eigenvaluss yau change ;.
Use the scaled system for this computation.

6.14 Consider the second-order system

d?y dy du
—C05—=CyDa—Cu:
ae at - Y7 %G

Let the initial conditions be zero.
(a) Show that the initial slope of the unit step response Biscuss what it means
whena < 0.

(b) Show that there are points on the unit step response thahariant witha.
Discuss qualitatively the effect of the paramedam the solution.

(c) Simulate the system and explore the effea oh the rise time and overshoot.
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6.15(Bryson's rule) Bryson and HAH75] have suggested the following method
for choosing the matriceQx and Qy in equation 6.26. Start by choosindQy
and Q, as diagonal matrices whose elements are the inverses ofjtiaees of
the maxima of the corresponding variables. Then modify theehts to obtain a
compromise among response time, damping and control effpply this method
to the motor drive in Exercisé.11 Assume that the largest values of theand

' o are 1, the largest values & and'R are 2 and the largest control signal is 10.
Simulate the closed loop system far.0/ D 1 and all other states are initialized to
0. Explore the effects of different values of the diagonairedats forQ, and Q.



Chapter Seven
Output Feedback

One may separate the problem of physical realization into two stages:utatign of the
“best approximation™0t,/ of the state from knowledge ofty fort  t; and computation of
u.ty/ givenxoty/.

R. E. Kalman, “Contributions to the Theory of Optimal Control,” 198&I60].

In this chapter we show how to use output feedback to modiydynamics
of the system through the use of observers. We introducecheept of observ-
ability and show that if a system is observable, it is possiblrecover the state
from measurements of the inputs and outputs to the systenth&keshow how to
design a controller with feedback from the observer stateirdportant concept is
the separation principle quoted above, which is also provee structure of the
controllers derived in this chapter is quite general andbigioed by many other
design methods.

7.1 Observability

In Section6.2 of the previous chapter it was shown that it is possible to nd a
state feedback law that gives desired closed loop eigeawgbuovided that the
system is reachable and that all the states are measurethdsyr situations, it

is highly unrealistic to assume that all the states are nmedsin this section we
investigate how the state can be estimated by using a maticaimaodel and a
few measurements. It will be shown that computation of théestcan be carried
out by a dynamical system called abserver

De nition of Observability

Consider a system described by a set of differential equstio

d
d_)t( D AxC Buy; y D CxC Du; (7.2)

wherex 2 R" is the statey 2 RP the input andy 2 RY the measured output. We
wish to estimate the state of the system from its inputs ampubs, as illustrated
in Figure7.1 In some situations we will assume that there is only one oreds
signal, i.e., that the signaglis a scalar and tha&t is a (row) vector. This signal may
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n

Process
u #D AXC Bu | Y 0
- Observer —
yD CxC Du

A

Figure 7.1: Block diagram for an observer. The observer uses the processursezenty
(possibly corrupted by nois@) and the inputl to estimate the current state of the process,
denotedO

be corrupted by noise, although we shall start by considering the noise-free.case
We write XOfor the state estimate given by the observer.

De nition 7.1 (Observability) A linear system i®bservablef forany T > 0itis
possible to determine the state of the systei/ through measurements gft/
andu.t/ on the interval [Q T].

The de nition above holds for nonlinear systems as well, arerdsults dis-
cussed here have extensions to the nonlinear case.

The problem of observability is one that has many importaptiegtions, even
outside feedback systems. If a system is observable, tieea &éne no “hidden” dy-
namics inside it; we can understand everything that is goimtiprough observation
(over time) of the inputs and outputs. As we shall see, thblpro of observability
is of signi cant practical interest because it will determiif a set of sensors is
suf cient for controlling a system. Sensors combined with ahlmeanatical model
can also be viewed as a “virtual sensor” that gives inforamaéibout variables that
are not measured directly. The process of reconciling ssginaim many sensors
with mathematical models is also callsensor fusion

Testing for Observability

When discussing reachability in the last chapter, we néggethe output and fo-
cused on the state. Similarly, it is convenient here to iljtizeglect the input and
focus on the autonomous system

% D Ax; yD Cx: (7.2)

We wish to understand when it is possible to determine the &tam observations
of the output.

The output itself gives the projection of the state on vediwasare rows of the
matrix C. The observability problem can immediately be solved if tharx C is
invertible. If the matrix is not invertible, we can take detives of the output to
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obtain dy dx
2 pcitDpCAx
dt ~ " dt X

From the derivative of the output we thus get the projectiothefstate on vectors
that are rows of the matri€ A. Proceeding in this way, we get

8 9 8 9
y C
\a CA
R EDE CAZx (7.3)
Cynwr CAn v
We thus nd that the state can be determined if dservability matrix
C
CA
W,D§ CA° (7.4)
oA v

hasn independent rows. It turns out that we need not consideraryadives higher
thann 1 (this is an application of the Cayley—Hamilton theorem [€ise6.10).

The calculation can easily be extended to systems with inphesstate is then
given by a linear combination of inputs and outputs and thigher derivatives.
The observability criterion is unchanged. We leave this ezsan exercise for the
reader.

In practice, differentiation of the output can give largeoes when there is
measurement noise, and therefore the method sketched showe particularly
practical. We will address this issue in more detail in thetisection, but for now
we have the following basic result.

Theorem 7.1(Observability rank condition)A linear system of the foriv.1) is
observable if and only if the observability matrix,\¥ full rank.

Proof. The suf ciency of the observability rank condition follow®fn the analysise
above. To prove necessity, suppose that the system is aldeiut\W, is not full
rank. Letv 2 R", v 6D0, be a vector in the null space W, so thatW,v D 0. If
we letx.0/ D v be the initial condition for the system and choaosP 0, then the
output is given byy.t/ D Ce”lv. Sincee”t can be written as a power seriesAn
and sinceA" and higher powers can be rewritten in terms of lower powe @y
the Cayley—Hamilton theorem), it follows that the outputl e identically zero
(the reader should Il in the missing steps if this is not cle&towever, if both the
input and output of the system are 0, then a valid estimateeo$tate iSOD O for
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Figure 7.2: An unobservable system. Two identical subsystems have outputs thtagather
to form the overall system output. The individual states of the subsystenotbe determined
since the contributions of each to the output are not distinguishable. Thet clragram on
the right is an example of such a system.

all time, which is clearly incorrect since 0/ D v 600. Hence by contradiction we
must have tha¥\, is full rank if the system is observable. O

Example 7.1 Compartment model
Consider the two-compartment model in Fig@r#&8a but assume that the concen-
tration in the rst compartment can be measured. The systemagsribed by the
linear system

dc oz ko ki klg gbog 87

aD. K ko cC.O, u; yD-1 O x:
The rst compartment represents the drug concentration ifbtbed plasma, and
the second compartment the drug concentration in the tisheee it is active. To
determine if it is possible to nd the concentration in thestis compartment from
a measurement of blood plasma, we investigate the obsétyaibithe system by

forming the observability mgtrix g

9
3Czxy3 1 03 .
The rows are linearly independentkf 6D0, and under this condition it is thus
possible to determine the concentration of the drug in thieeacompartment from
measurements of the drug concentration in the blood. r

It is useful to have an understanding of the mechanisms th&em system
unobservable. Such a system is shown in Figug The system is composed of
two identical systems whose outputs are added. It seenitvatyclear that itis not
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Figure 7.3: Block diagram of a system in observable canonical form. The states eftem
are represented by individual integrators whose inputs are a weightgaation of the next
integrator in the chain, the rst state (rightmost integrator) and the systpui.ifhe output
is a combination of the rst state and the input.

possible to deduce the states from the output since we cdedate the individual
output contributions from the sum. This can also be seen fityr{texercise7.2).

Observable Canonical Form

As in the case of reachability, certain canonical forms kélluseful in studying ob-

servability. A linear single-input, single-output stapmee system is inbservable

canonical formif its dynamics are given by
8

9 8 9
g 1 0 0 bl
ap 01 b2
dz : . .
D : o zC : u;
dt . .
a,1 00 iE bn 1
8 a, 00 9 0 bn
yD-1 0 0 0 zC Du:

The de nition can be extended to systems with many inputs; thg difference is
that the vector multiplyingi is replaced by a matrix.

Figure7.3is a block diagram for a system in observable canonical faks.
in the case of reachable canonical form, we see that the deefsin the system
description appear directly in the block diagram. The charéstic polynomial for
a system in observable canonical form is

.siDs"Cas"'C Ca,isCan (7.5)

It is possible to reason about the observability of a systeabservable canonical
form by studying the block diagram. If the inputand the outpuy are available,
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the statez; can clearly be computed. Differentiatizg, we obtain the input to the
integrator that generateg and we can now obtai3 D B.Ca;z; bju. Proceeding
in this way, we can compute all states. The computation willyéver, require that
the signals be differentiated.

To check observability more formally, we compute the obakiiity matrix for
a system in observable canonical form, which is given Sy

8
1 0O O 0;
a 1 0
W,DE a aa, a 1

where * represents an entry whose exact value is not impoitée rows of this
matrix are linearly independent (since it is lower triaraglyl and hencéh, is
full rank. A straightforward but tedious calculation shotlst the inverse of the
observability matrix has a simple form given by

1 0 0 0]

=1 1 0 0

WolD 3:2 =4 1 0
@1 @ 2 @y 3 r

As in the case of reachability, it turns out that if a systewhiservable then there
always exists a transformatidnthat converts the system into observable canonical
form. This is useful for proofs since it lets us assume thaséesy is in observable
canonical form without any loss of generality. The obserwalalnonical form may
be poorly conditioned numerically.

7.2 State Estimation

Having de ned the concept of observability, we now return he question of
how to construct an observer for a system. We will look foreslers that can be
represented as a linear dynamical system that takes thesiapd outputs of the
system we are observing and produces an estimate of theréystate. That is,
we wish to construct a dynamical system of the form

do

at D FXOC GuC Hy;

whereu andy are the input and output of the original system a&@@d R" is an
estimate of the state with the property th@t/ ! x.t/ ast!1
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The Observer

We consider the system in equatioh) with D set to zero to simplify the expo-
sition: dx
at D AxC Buy; yD Cx: (7.6)

We can attempt to determine the state simply by simulatiegtiuations with the
correct input. An estimate of the state is then given by
do

— D A Bu: 7.7
T XOC Bu (7.7)

To nd the properties of this estimate, introduce the estioraerrorQD x . It
follows from equationsq.6) and (7.7) that
dQ

— D A
dt Q

If matrix A has all its eigenvalues in the left half-plane, the ex@will go to zero,
and hence equatiof (7) is a dynamical system whose output converges to the state
of the system7.6).

The observer given by equation ) uses only the process inputthe measured
signal does notappear inthe equation. We must also reqairthie system be stable,
and essentially our estimator converges because the $tad¢hathe observer and
the estimator are going zero. This is not very useful in a @bd#sign context since
we want to have our estimate converge quickly to a nonzete stathat we can
make use of it in our controller. We will therefore attempmodify the observer
so that the output is used and its convergence propertielsecdasigned to be fast
relative to the system's dynamics. This version will also kvior unstable systems.

Consider the observer

(;—?D AOC BuC L.y C: (7.8)

This can be considered as a generalization of equaiidi). Feedback from the
measured outputis provided by adding the térmp CX3, which is proportional to
the difference between the observed output and the outedigted by the observer.
It follows from equations¥.6) and (7.8) that

dQ

T D.A LC/RQ
If the matrix L can be chosen in such a way that the ma#ix LC has eigen-
values with negative real parts, the erf@will go to zero. The convergence rate is
determined by an appropriate selection of the eigenvalues.

Notice the similarity between the problems of nding a statedback and

nding the observer. State feedback design by eigenvalugasgnt is equivalent
to nding amatrixK sothatA BK has given eigenvalues. Designing an observer
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with prescribed eigenvalues is equivalent to nding a matrigo thatA LC has
given eigenvalues. Since the eigenvalues of a matrix anchitspose are the same
we can establish the following equivalences:

A$ AT, B$ C';, KS$ LT, WS wW:

The observer design problem is tihealof the state feedback design problem. Using
the results of Theorer®.3, we get the following theorem on observer design.

Theorem 7.2(Observer design by eigenvalue assignme@®nsider the system

given by d
X

at D AxCBu;, yDCx; (7.9)

with one input and one output. Lets/ D s"C a;s" 'C  C a, 1SC a, be the

characteristic polynomial for A. If the system is obserealthen the dynamical

system
Y do

at D ACBuCL.y Cx (7.10)
is an observer for the system, with L cgosen asg
a
LD W, 1\%% & : 2§ (7.11)

and the matrices Wand @/, given by
1

8 9 1 0 0

C g 1 0

§CA§ dp ag 1
CA" U anzan3an4 :
@ 1 @ 2 a3 i oa 1

The resulting observer erroQD x & is governed by a differential equation
having the characteristic polynomial

p.ssDs"Cps”" 1C C pu:

The dynamical systeni7(10 is called anobserverfor (the states of) the sys-
tem (7.9) because it will generate an approximation of the statdseo$ystem from
its inputs and outputs. This form of an observer is a much meeduliform than
the one given by pure differentiation in equatiah3).
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Figure 7.4: Observer for a two compartment system. A two compartment modebvgrsbn
the left. The observer measures the input concentratenm output concentrationD c; to
determine the compartment concentrations, shown on the right. Theangergrations are
shown by solid lines and the estimates generated by the observer byl diagise

Example 7.2 Compartment model
Consider the compartment model in Examil&, which is characterized by the
matrices
9 8 9 8 9
ap3 Ko ki kiz.o gpzbs. op0y g
ko ko’ 0’

The observability matrix was computed in Examplé, where we concluded that
the system was observablekif 600. The dynamics matrix has the characteristic
polynomial

9
/D de3SCRCk Kz o0 1ok CksC ok
k2 sC k2
Let the desired characteristic polynomial of the observes®@ p;s C p,, and
equation 7.11) gives the observer gain

9 ,8 9 ;8 9
LD B 1 OB B 1 03 B P1 k0 k1 kZB
8 ko ki ki’ 'koCklgkz 1 P2 kokz
D3 pr ko ki ko 2.
P2 p1k2 C kiko C k%/:kl’ )
Notice that the observability conditioky 6DO0 is essential. The behavior of the
observer is illustrated by the simulation in Figut&h Notice how the observed
concentrations approach the true concentrations. r

The observer is a dynamical system whose inputs are the sriogegu and the
process outpuwy. The rate of change of the estimate is composed of two ternes. On
term, AXOC Bu, is the rate of change computed from the model wigubstituted
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Figure 7.5: Block diagram of the observer. The observer takes the signat&lu as inputs
and produces an estimate Notice that the observer contains a copy of the process model
that is driven byy @ through the observer galn.

for x. The otherterml..y @/, is proportional to the differenaeD y G between
measured output and its estimatgdD CxXO The observer gaih is a matrix that
tells how the erroeis weighted and distributed among the states. The obsemn®r th
combines measurements with a dynamical model of the sy#tditack diagram

of the observer is shown in Figureb.

Computing the Observer Gain

For simple low-order problems it is convenient to introdtice elements of the
observer gairL. as unknown parameters and solve for the values required¢o gi
the desired characteristic polynomial, as illustratedafollowing example.

Example 7.3 Vehicle steering

The normalized linear model for vehicle steering derived ialfigless.12and6.4
gives the following state space model dynamics relatirgyédfpath deviatioly to
steering angle:

dx 80 Lg 8 9 8 9
3 3 3, S
at D: 00 X C- u; yD-1 O x: (7.12)

Recall that the state, represents the lateral path deviation and thatepresents
the turning rate. We will now derive an observer that usesstrstem model to
determine the turning rate from the measured path deviation

The observability matrix is

3108
WoD g g7

i.e., the identity matrix. The system is thus observable,thacigenvalue assign-
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Figure 7.6: Simulation of an observer for a vehicle driving on a curvy road (lefig dbserver
has an initial velocity error. The plots on the middle show the lateral deviatidihe lateral
velocity x, by solid lines and their estimat&® andxX by dashed lines. The plots on the right
show the estimation errors.

ment problem can be solved. We have

9
|1 13

3
A LCD: , O
which has the characteristic polyno8mial

det.sl ACLC/D det?sill

Assuming that we want to have an observer with the charatitepolynomial
SCpsCpDs?C2, ,sC! 2

the observer gains should be chosen as
EiDpiD2y o 12DpD!2

The observer is then 8 9 8 9 8 9
do

5 pocBucLy cop3® Boc3 3uc33 y oy
dt 00 1 P

A simulation of the observer for a vehicle driving on a curegd is simulated in
Figure7.6. The vehicle length is the time unit in the normalized modek Tgure
shows that the observer error settles in about 3 vehicleheng r

9
Sl,g D 52C |1SC |2:

For systems of high order we have to use numerical calculatiohe duality
between the design of a state feedback and the design of arvebmeans that the
computer algorithms for state feedback can also be usedhdontiserver design;
we simply use the transpose of the dynamics matrix and theububatrix. The
MATLAB commandacker , which essentially is a direct implementation of the
calculations given in Theoreffi2, can be used for systems with one output. The
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MATLAB commandplace can be used for systems with many outputs. It is also
better conditioned numerically.

7.3 Control Using Estimated State

In this section we will consider a state space system of tima fo

%( D AxC Buy; yD Cx: (7.13)

Notice that we have assumed that there is no direct term isyteiem D D 0).
This is often a realistic assumption. The presence of a diegst in combination
with a controller having proportional action creates arehlgic loop, which will
be discussed in Sectidh3. The problem can be solved even if there is a direct
term, but the calculations are more complicated.

We wish to design a feedback controller for the system whehg the output
is measured. As before, we will assume thatndy are scalars. We also assume
that the system is reachable and observable. In Chépterfound a feedback of

the form
ubD KxCkr

for the case that all states could be measured, and in Secfave developed an
observer that can generate estimates of the £2htesed on inputs and outputs. In
this section we will combine the ideas of these sections taafeledback that gives
desired closed loop eigenvalues for systems where onlyutsigye available for
feedback.

If all states are not measurable, it seems reasonable toarfgéedback

uD KxXCkr; (7.14)
wherexXdis the output of an observer of the state, i.e.,
do
at D ACBuCL.y Cx (7.15)

Since the systen7(13 and the observer7(15 are both of state dimension the
closed loop system has state dimensionth state &, X). The evolution of the
states is described by equatiofis1®—(7.15. To analyze the closed loop system,
the state variabl®is replaced by

XD x &: (7.16)
Subtraction of equatior7(15 from equation 7.13 gives

d
d—ng AXx AO L.Cx CODAQ LCQD.A LC/®
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Returning to the process dynamics, introducinfrom equation 7.14) into
equation 7.13 and using equatior(16) to eliminatexXdgives
dx

EDAXCBUDAX BKXC Bkr D Ax BK.x &/ C Bkr

D.A BK/xC BKXXC Bkr:
The closed Ioopgsygs)tem8is thus governed by

d A BK  BK 3ax 8ka9
IX2 L3 23Xz ~3Bkx
G0l o A Lc g CPorir (7.17)

Notice that the stat) representing the observer error, is not affected by therref
ence signal. This is desirable since we do not want the reference sigrgdrierate
observer errors.

Since the dynamics matrix is block diagonal, we nd that therahteristic
polynomial of the closed loop system is

.s/ Ddet.sl ACBK/det.sl ACLC/

This polynomial is a product of two terms: the characteriptitynomial of the
closed loop system obtained with state feedback and theactesistic polyno-
mial of the observer error. The feedback14) that was motivated heuristically
thus provides a neat solution to the eigenvalue assignmehtgm. The result is
summarized as follows.

Theorem 7.3(Eigenvalue assignment by output feedbadBdnsider the system

d
d—? D AxC Bu; yD Cx:
The controller described by
do

EDA)OCBUCL.y CaD.A BK LC/@OCLy;

uD KxXCkr
gives a closed loop system with the characteristic polyabmi
. s/ Ddet.sl ACBK/det.sl ACLC/:

This polynomial can be assigned arbitrary roots if the sysiemeachable and
observable.

The controller has a strong intuitive appeal: it can be thbofias being com-
posed of two parts, one state feedback and one observer. Tiaaniys of the
controller are generated by the observer. The feedbackigasn be computed as
if all state variables can be measured, and it depends onfoauty B. The observer
gainL depends on only andC. The property that the eigenvalue assignment for
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Figure 7.7: Block diagram of an observer-based control system. The obsasesrthe mea-
sured outpuly and the inputu to construct an estimate of the state. This estimate is used
by a state feedback controller to generate the corrective input. Theolentonsists of the
observer and the state feedback; the observer is identical to that ireFigur

output feedback can be separated into an eigenvalue assgfona state feedback
and an observer is called teeparation principle

A block diagram of the controller is shown in Figurer. Notice that the con-
troller contains a dynamical model of the plant. This is achlieeinternal model
principle: the controller contains a model of the process being ctiatto

Example 7.4 Vehicle steering

Consider again the normalized linear model for vehiclersigan Example6.4.
The dynamics relating the steering angl® the lateral path deviatiopis given by
the state space modél.02. Combining the state feedback derived in Exantole
with the observer determined in Example3, we nd that the controller is given

b
Y 8 9 8 9 8 9

(;—)ODADCBUCLy C>0D38 é’?;ocg 3 CBllg y Oul;

uD KXCKkr Dkir &/ koxX:
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Figure 7.8: Simulation of a vehicle driving on a curvy road with a controller based on
state feedback and an observer. The left plot shows the lane baem(tiotted), the vehicle
position (solid) and its estimate (dashed), the upper right plot shows kbetygsolid) and

its estimate (dashed), and the lower right plot shows the control sigimgj siate feedback
(solid) and the control signal using the estimated state (dashed).

Elimination of the variablel gives

do

“D.A BK LC/OC LyC Bk r

dat g 89 89
Dg l1 kp 1 kzgmgllg ycg Bkll'

ki I Ko [’

The controller is a dynamical system of second order, withitysotsy andr and
one output. Figure7.8shows a simulation of the system when the vehicle is driven
along a curvy road. Since we are using a normalized modeletigth unit is the
vehicle length and the time unit is the time it takes to traved vehicle length. The
estimator is initialized with all states equal to zero bet teal system has an initial
velocity of 0.5. The gures show that the estimates convergekdyito their true
values. The vehicle tracks the desired path, which is in thiellaiof the road, but
there are errors because the road is irregular. The tracking @n be improved
by introducing feedforward (Sectioh5). r

7.4 Kalman Filtering

One of the principal uses of observers in practice is to egénthe state of a
system in the presencembisymeasurements. We have not yet treated noise in our
analysis, and a full treatment of stochastic dynamicalesystis beyond the scope
of this text. In this section, we present a brief introduetio the use of stochastic
systems analysis for constructing observers. We work pifyria discrete time to
avoid some of the complications associated with contintdine random processes
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and to keep the mathematical prerequisites to a minimum. §é¢gdon assumes
basic knowledge of random variables and stochastic presgesee Kumar and
Varaiya KV86] or Astrom [Ast06] for the required material.

Consider a discrete-time linear system with dynamics

x[k C 1] D Ax[k] C Bu[k] C Fv[K]; y[k] D Cx[k] C wl[K]; (7.18)
wherev[k] andw[k] are Gaussian white noise processes satisfying
Efv[klg DO; Efw[k]g DO;
( 0 k6D ( 0 k6Dj

Efv[KIv'[jlg D Efw[Klw'[j]g D

R, kD j: Ry kD j;
Efv[k]w'[j]g DO:

(7.19)

Efv[k]g represents the expected valuewpk] and Efv[k]v[j]gthe correlation
matrix. The matrice®}, and R,, are the covariance matrices for the process dis-
turbancev and measurement noise We assume that the initial condition is also
modeled as a Gaussian random variable with

Efx[0]g Dxo;  Efx[0]x"[0]g D Py: (7.20)
We would like to nd an estimatek] that minimizes the mean square error
Ef.x[K] &[K]/. x[K] &[K]/Tggiven the measuremeritg. / : 0 tg We
consider an observer in the same basic form as derived pigyio
Xk C 1] D AXQk] C Bu[k] C L[K].y[k] CxXK]/: (7.21)

The following theorem summarizes the main result.

Theorem 7.4(Kalman, 1961) Consider a random procesgk{ with dynamics
given by equatiorf7.18 and noise processes and initial conditions described by
equationy7.19 and (7.20. The observer gain L that minimizes the mean square
error is given by
L[k] D AP[K]CT.R, C CP[KICT/ %;
where
P[kC1]D.A LC/P[k].A LC/TCFRFTCLR,LT

P, D Efx[0]x"[0]g (7.22)

Before we prove this result, we re ect on its form and functidiirst, note
that the Kalman lIter has the form of gecursive lter: given mean square error
P[k] D Ef.x[k] &[K]/. x[k] &[K]/Tgattimek, we can compute how the estimate
and errorchange Thus we do not need to keep track of old values of the output.
Furthermore, the Kalman lter gives the estimafik] and the error covariance
P[k], so we can see how reliable the estimate is. It can also bersitiwat the
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Kalman lter extracts the maximum possible information aboutput data. If we
form the residual between the measured output and the estroatput,

e[k] D y[k] ~ CXpK];
we can show that for the Kalman Iter the correlation m(atrix is
. . 1 jDk
.j;k/ D Efe[jle"[Klg DWIK] jk; ik D ;
Re J [J] [ ]g [ ] jk ik 0 j 60k:

In other words, the error is a white noise process, so there ismaining dynamic
information content in the error.

The Kalman lIter is extremely versatile and can be used evehéffrocess,
noise or disturbances are nonstationary. When the syststatisnary andf P[K]
converges, then the observer gain is constant:

LD APC'.R,CCPC'/;
whereP satis es
PD APA CFRFT APC' R,CCPCT ‘cpPA":

We see that the optimal gain depends on both the processamuisee measurement
noise, but in a nontrivial way. Like the use of LQR to choosesstatdback gains,
the Kalman Iter permits a systematic derivation of the obsergains given a
description of the noise processes. The solution for thetaohgain case is solved
by thedlge command in MATLAB.

Proof of theorem.We wish to minimize the mean square of the eridr x[K]
K]/ x[K] X[K]/Tg We will de ne this quantity asP[k] and then show that it
satis es the recursion given in equation22). By de nition,

P[kC1] D Ef.x[kC 1] &[kC1])/.x[kC1] &x[kC 1)/Tg
D.A LC/PkK.A LC/TCFRFTCLR,LT
D AP[KIATC FR,FT  APIKICTLT LCP[KAT
CL.R,CCP[KCT/LT:
LettingR D .Ry, C CP[K]CT/, we have
P[kC 1] D AP[KJATC FR,FT AP[K]IC'LT LCP[KJATCLRLT
D APKIATCFRFTC L APKICTR!R L APKC'R!'
APIKICTR CPT[K]AT:

To minimize this expression, we chookeD AP[K]JCTR %, and the theorem is
proved. O
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The Kalman lIter can also be applied to continuous-time statibgrocesses.
The mathematical derivation of this result requires morehstigated tools, but
the nal form of the estimator is relatively straightforward

Consider a continuous stochastic system

d
d—)t( D AXC BUC Fv;  Efv.sv".t/gDR.t/.t o

yD CxCw; Efw.slwT.t/gDR,.t/.t sl

where . / is the unit impulse function. Assume that the disturbanead noise
w are zero mean and Gaussian (but not necessarily stationary)

1 1,,T 1 1 10T 1
dfv/ D p—p——e 2 "V, pdfw/ D p—p——=e 2V R W
P "2 detR, P "2 detR,
We wish to nd the estimateéDt/ that minimizes the mean square erkfr. x. t/
Ot/ x.t/ &.t// Tggivenfy. / : 0 tg

Theorem 7.5(Kalman—Bucy, 1961)The optimal estimator has the form of a linear
observer 40

at D AC BuCL.y Cx3

where Lt/ D P.t/CTR,and P.t/ D Ef.x.t/ &.t/l. x.t/ &.t// Tgand satis es

?j—f D APCPA" PC'R,Lt/CPCFR,.t/FT; P[0] D Efx[0]x"[0]g

As in the discrete case, when the system is stationary d@d/fconverges, the
observer gain is constant:

LD PC'R,! where APCPA" PC'R,)CPCFRF'DO:
The second equation is tladgebraic Riccati equation

Example 7.5 Vectored thrust aircraft

We consider the lateral dynamics of the system, consisfitigesubsystems whose
states are given by D .x; ; ® ?.To design a Kalman lIter for the system, we
must include a description of the process disturbances l@ddnsor noise. We
thus augment the system to have the form

3—tZDAzC BuC Fv; yD CzCw;

whereF represents the structure of the disturbances (includie@fiects of non-
linearities that we have ignored in the linearizatiom)iepresents the disturbance
source (modeled as zero mean, Gaussian white noise) egatesents that mea-
surement noise (also zero mean, Gaussian and white).

For this example, we choo$eas the identity matrix and choose disturbanges
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Figure 7.9: Kalman Iter design for a vectored thrust aircraft. In the rst desigi ¢aly
the lateral position of the aircraft is measured. Adding a direct meammeof the roll
angle produces a much better observer (b). The initial condition for siathlations is
.0:1; 0:0175 0:01; O/.

Rj D 0,i 6Dj. The sensor noise is a single random variable which we model as
having covarianc®,, D 10 “. Using the same parameters as before, the resulting
Kalman gain is given by 8 9

37.0
4693
" 316
The performance of the estimator is shown in Figai@a We see that while the
estimator converges to the system state, it contains signt overshoot in the state
estimate, which can lead to poor performance in a closeddetipng.
To improve the performance of the estimator, we explorertipaict of adding a

new output measurement. Suppose thatinstead of measustiiggwutput position
X, we also measure the origntation of thg airc%aﬂ'hge output becomes

21 0 0 &_~3W3.
YDZ4 1 0 0 2C7 4w,

and if we assume that; andw; are independent noise sources each with covariance
Ry, D 10 4, then the optimal estimator gain matrix becomes

8 32:6 O:lSQ%
0:150 326 =

L D% 327 9:793
0:0033 316 °

These gains provide good immunity to noise and high perfoomaas illustrated
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Figure 7.10:Block diagram of a controller based on a structure with two degreesexfdra
which combines feedback and feedforward. The controller condistfrajectory generator,
state feedback and an observer. The trajectory generation subgysteutes a feedforward
commandig along with the desired statg. The state feedback controller uses the estimated
state and desired state to compute a corrective ingut

in Figure7.9h r

7.5 A General Controller Structure

State estimators and state feedback are important com@ookatcontroller. In
this section, we will add feedforward to arrive at a geneoaitoller structure that
appears in many places in control theory and is the heart st modern control
systems. We will also brie y sketch how computers can be useidiplement a
controller based on output feedback.

Feedforward

In this chapter and the previous one we have emphasizeddekdls a mechanism
for minimizing tracking error; reference values were idimoed simply by adding
them to the state feedback through a ggqinA more sophisticated way of doing
this is shown by the block diagram in FigufelQ, where the controller consists of
three parts: an observer that computes estimates of tles fiased on a model and
measured process inputs and outputs, a state feedback teajelcéory generator
that generates the desired behavior of all stateand a feedforward signai.
Under the ideal conditions of no disturbances and no moglelirors the signal
generates the desired behavigivhen applied to the process. The sigratan be
generated by a system that gives the desired response datbeT™ generate the
the signalug, we must also have a model of the inverse of the process dgsami
To get some insight into the behavior of the system, we asshaighere are
no disturbances and that the system is in equilibrium witloastant reference
signal and with the observer sta@equal to the process stateWhen the reference
signal is changed, the signalg andxy will change. The observer tracks the state
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perfectly because the initial state was correct. The estidstated's thus equal to
the desired statey, and the feedback signag, D L.xy &/ will also be zero. All
action is thus created by the signals from the trajectorggaor. If there are some
disturbances or some modeling errors, the feedback sighattempt to correct
the situation.

This controller is said to havevo degrees of freedolmecause the responses
to command signals and disturbances are decoupled. Dastcebresponses are
governed by the observer and the state feedback, while sp@mee to command
signals is governed by the trajectory generator (feedfaijva

For an analytic description we start with the full nonlineimamics of the
process dx

at D f.x;ul; y D h.x; uf: (7.23)

Assume that the trajectory generator is able to computeiseddgajectory. Xq; U/
that satis es the dynamic¥ (23 and satis e D h.Xxg; ug/. To design the con-
troller, we construct the error system. lz22D X xqandv D u ug and compute
the dynamics for the error:

PD R Py D f.x;ul  f.xq;ug/
D f.zCxq;vCug/ f.Xq;ug/ D: F.z;v; Xq.t/; ug.t/l:

In general, this system is time-varying. Note thd ein Figure7.10due to the
convention of using negative feedback in the block diagram.

For trajectory tracking, we can assume that small (if our controller is doing
a good job), and so we can linearize arourid O:

g—tz A.t/zC B.t/v; A.t/ D g ;. B.t/D @

Xg.thug .t @V
It is often the case tha@.t/ and B.t/ depend only orxgq, in which case it is
convenient to writeA.t/ D A.xy/ andB.t/ D B.Xx4/.

Assume now thaky andug are either constant or slowly varying (with respect
to the performance criterion). This allows us to considet flas (constant) linear
system given by A. xq4/; B.Xxg// . If we design a state feedback controlkerxy/ for
eachxq, then we can regulate the system using the feedback

vD K.x4/z

Substituting back the de nitions af andv, our controller becomes

Xg.thug.t/

uD K.xg/.X X4/ C ug:

This form of controller is called gain scheduletinear controller witifeedforward
U .

Finally, we consider the observer. The full nonlinear dynaneian be used for
the prediction portion of the observer and the linearizextesy for the correction
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Figure 7.11: Trajectory generation for changing lanes. We wish to change from thiafef
to the right lane over a distance of 30 min 4 s. The planned trajectory kytpkane is shown
in (a) and the lateral positiop and the steering angleover the maneuver time interval are
shown in (b).

term:
fi_)tOD f.Qu/ CL.A.y hxul,

where L.XD is the observer gain obtained by linearizing the systemratdhe
currently estimated state. This form of the observer is knaswrextended Kalman

Iter and has provedto be a very effective means of estimatingdteesf a nonlinear
system.

There are many ways to generate the feedforward signal, argldhe also many
different ways to compute the feedback g&irand the observer gain. Note that
once again the internal model principle applies: the cdletroontains a model of
the system to be controlled through the observer.

Example 7.6 Vehicle steering
To illustrate how we can use a two degree-of-freedom desigmprove the per-
formance of the system, consider the problem of steering toazhange lanes on
aroad, as illustrated in Figuiglla

We use the non-normalized form of the dynamics, where weareatkin Exam-
ple 2.8 Using the center of the rear wheels as the referend2 Q), the dynamics
can be written as

dx dy . d Y%
— D cos v; — D sin v; — D — tan;
dt Y at - oY dt b
wherev is the forward velocity of the vehicle ands the steering angle. To generate

a trajectory for the system, we note that we can solve for thies and inputs of
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the system giver, y by solving the following sets of equations:

2D vcos ; RD Pcos  vPsin ;
YD vsin ; RD Psin C v Pcos ; (7.24)
PD .v=b/tan:

This set of ve equations has ve unknowns,(P v, Yand ) that can be solved
using trigonometry and linear algebra. It follows that wa campute a feasible
trajectory for the system given any path/, y.t/. (This special property of a system
is known adifferential atness{FLMR92, FLMR95].)

To nd a trajectory from an initial statexo; Yo; of to a nal state.X¢; ys; ¢/
at atimeT, we look for a pathx.t/; y.t/ that satis es

X.0/ D Xg; X. T/ D Xs;
y.0/ D yo; y. T/ D ys; (7.25)
®0/sin ¢ B.0/cos oD 0; RT/sin 1 B.T/cos ¢ DO
Y0/ sin o C .0/ cos o D vg; YT/sin { CRT/cos ; D vg:

One such trajectory can be found by choosing andy.t/ to have the form
Xg.t/D oC 1tC »t2C 4t3 Va.t/ D oC 1tC ,t?2C 4t

Substituting these equations into equati@f), we are left with a set of linear
equations that can be solved for ,i D 0; 1; 2; 3. This gives a feasible trajectory
for the system by using equation.24) to solve for 4, vg and g.
Figure7.11bshows a sample trajectory generated by a set of higher-ecaer-
tions that also set the initial and nal steering angle to z&tatice that the feedfor-
ward input is quite different from 0, allowing the contralte command a steering
angle that executes the turn in the absence of errors. r

Kalman's Decomposition of a Linear System

In this chapter and the previous one we have seen that twafoedtal properties
of a linear input/output system are reachability and oledghty. It turns out that
these two properties can be used to classify the dynamicssgétem. The key
result is Kalman's decomposition theorem, which says tHatesr system can be
divided into four subsystems:;, which is reachable and observalig o which is
reachable but not observabbey, which is not reachable but is observable éng
which is neither reachable nor observable.

We will rst consider this in the special case of systems whaeematrixA has
distinct eigenvalues. In this case we can nd a set of cootdmauch that thé\
matrix is diagonal and, with some additional reorderinghaf states, the system
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(a) Distinct eigenvalues (b) General case

Figure 7.12: Kalman's decomposition of a linear system. The decomposition in (a) is for
a system with distinct eigenvalues and the one in (b) is the general casesy$tem is
broken into four subsystems, representing the various combinatioeaafable and observ-
able states. The input/output relationship only depends on the subsetesftsiat are both
reachable and observable.

can be written as 9

8 8
Ao O 0 0 Bro
dx 0 An O 0 % % Brﬁ% .
at D % 0 0 Ay O xC 0 u; 7.26)
) 0 0 | 0’ '
5 gANN
yD-Cyo 0 Cp 0O xCDu:

All statesx, such thatB, 6D0 are reachable, and all states such abD0 are
observable. If we set the initial state to zero (or equivilydnok at the steady-state
response ifA is stable), the states given by, andXyywill be zero andx, o does
not affect the output. Hence the outputan be determined from the system

dXo
dt
Thus from the input/output point of view, it is only the reableand observable
dynamics that matter. A block diagram of the system illusigathis property is
given in Figure7.12a
The general case of the Kalman decomposition is more congticand re-
quires some additional linear algebra; see the originabphp Kalman, Ho and
Narendra KHN63]. The key result is that the state space can still be decordpose
into four parts, but there will be additional coupling sotttiee equations have the

D AoXo C Biou; y D CioXo C Du:
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form 8 9 8 9
; Ao O 0 Bro
X Aol By .
EDEO 0 Ay O XC%O u; .27
'8 0 0 9A,NN’ 0’ '

yD-Cpo 0 Cp O Xx;

where denotes block matrices of appropriate dimensions. The fopydut re-
sponse of the system is given by

d
;(t[o D AoXo C BroU; y D CioXro C Du; (7.28)

which are the dynamics of the reachable and observable signs§ .. A block
diagram of the system is shown in Figutd.2h
The following example illustrates Kalman's decomposition.

Example 7.7 System and controller with feedback from observer stage
Consider the system

X
EDAXCBU; y D Cx:

The following controller, based on feedback from the obsestate, was given in
Theorem?.3;

%)D AOC BuC L.y CX3 uD KXCkr:

Introdlécing thg states andXQD x O(,Sthg cloged Iogop system can be written as
8 9

dzxz ~3A BK BK 3 3x3 ~3Bkxz . . T
which is a Kalman decomposition like the one shown in Figud2bwith only
two subsystems$ ;, and6 »,. The subsysterd ,, with statex, is reachable and
observable, and the subsystérg, with statex is not reachable but observable.
It is natural that the stat®is not reachable from the reference signélecause it
would not make sense to design a system where changes inrtirearad signal
could generate observer errors. The relationship betweereference and the
outputy is given by

dx

aD.A BK/x C Bkr; y D Cx;

which is the same relationship as for a system with full stegelback. r
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external disturbances

= System -
i Clock 1
! Y $ Y i
| D/IA |« Computer |« AD |« Filter |« :
S I ,,,,,,,,,,,,,,,,,,,, Controller

operator input

Figure 7.13:Components of a computer-controlled system. The controller consetsitafg-

to-digital (A/D) and digital-to-analog (D/A) converters, as well as a corapthhat implements
the control algorithm. A system clock controls the operation of the contrsijachronizing

the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

Computer Implementation

The controllers obtained so far have been described by aydditferential equa-

tions. They can be implemented directly using analog commtsng/hether elec-
tronic circuits, hydraulic valves or other physical dewc8ince in modern engi-
neering applications most controllers are implementedgisomputers, we will

brie y discuss how this can be done.

A computer-controlled system typically operates periatijc every cycle, sig-
nals fromthe sensors are sampled and converted to digitaldgthe A/D converter,
the control signal is computed and the resulting output iveded to analog form
for the actuators, as shown in Figitd.3 To illustrate the main principles of how
to implement feedback in this environment, we consider th@roller described
by equations7.14) and (7.19), i.e.,

do

aDA)OC BuCL.y Cx uD KxXCkr:

The second equation consists only of additions and mulépbas and can thus
be implemented directly on a computer. The rst equation camijgemented by
approximating the derivative by a difference

do Ot/ Xt/

9t h D A0t/ C Bu.ty/ CL y.ty/ COt/ ;
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wherety are the sampling instants andD tyc;  tk isthe sampling period. Rewriting
the equation to isolat®tyc1/, we get the difference equation

Otc1/ D At/ Ch AOL/ C Bu.ty/ CL y.t/ COt/ (7.29)

The calculation of the estimated state at titigg requires only addition and mul-
tiplication and can easily be done by a computer. A sectigusefidocode for the
program that performs this calculation is

% Control algorithm - main loop

r = adin(chl) % read reference

y = adin(ch2) % get process output

u = K*(xd - xhat) + uff % compute control variable
daout(chl, u) % set analog output

xhat = xhat + h*(A*x+B*u+L*(y-C*x)) % update state estimate

The program runs periodically at a xed rate Notice that the number of
computations between reading the analog input and settmgralog output has
been minimized by updating the state after the analog oudtpsitbeen set. The
program has an array of statdsat that represents the state estimate. The choice
of sampling period requires some care.

There are more sophisticated ways of approximating a diffexkequation by a
difference equation. If the control signal is constant leswthe sampling instants,
it is possible to obtain exact equations; SA&O7].

There are several practical issues that also must be dehltkat example, it
is necessary to lter measured signals before they are sahgpl¢hat the Itered
signal has little frequency content abofge2, wherefs is the sampling frequency.
This avoids a phenomena knowsaissing If controllers with integral action are
used, it is also necessary to provide protection so thahtegiial does not become
too large when the actuator saturates. This issue, daliegrator windupis studied
in more detail in Chaptet0. Care must also be taken so that parameter changes do
not cause disturbances.

7.6 Further Reading

The notion of observability is due to Kalmalkidl61b] and, combined with the dual
notion of reachability, it was a major stepping stone tovestblishing state space
control theory beginning in the 1960s. The observer rst appgas the Kalman
Iter, in the paper by Kalmani{al614 on the discrete-time case and Kalman and
Bucy [KB61] on the continuous-time case. Kalman also conjecturedttigaton-
troller for output feedback could be obtained by combinirgjaete feedback with
an observer; see the quote in the beginning of this chapterr@$ult was formally
proved by Josep and TodT67 and Gunckel and FranklirGF71. The combined
result is known as the linear quadratic Gaussian contrarthea compact treat-
ment is given in the books by Anderson and Mook#1P0] and Astrém Rst0g.
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Much later it was shown that solutions to robust control peois also had a sim-
ilar structure but with different ways of computing obseread state feedback
gains PGKF89. The general controller structure discussed in Seciénwhich
combines feedback and feedforward, was described by Hrawi963 Hor63.
The particular form in Figur@.10appeared inAW97], which also treats digital
implementation of the controller. The hypothesis that motiontrol in humans
is based on a combination of feedback and feedforward wgsopeal by Ito in
1970 |to70Q].

Exercises

7.1(Coordinate transformations) Consider a system underiwde transforma-
tionz D Tx, whereT 2 R" "is an invertible matrix. Show that the observability
matrix for the transformed system s given® D W, T !and hence observability
is independent of the choice of coordinates.

7.2 Show that the system depicted in Fig@is not observable.

7.3 (Observable canonical form) Show that if a system is obségyaihen there
exists a change of coordinated T x that puts the transformed system into ob-
servable canonical form.

7.4(Bicycle dynamics) The linearized model for a bicycle is giveequation 8.5),
which has the form
d*  Dvod mv3h
Ydg o ar DMt C
where' is the tilt of the bicycle and is the steering angle. Give conditions under
which the system is observable and explain any specialtgihsgawhere it loses
observability.

7.5 (Integral action) The model’(1) assumes that the inputD 0 corresponds to
x D 0. In practice, it is very dif cult to know the value of the coot signal that
gives a precise value of the state or the output becausethisinequire a perfectly
calibrated system. One way to avoid this assumption is tenagghat the model is
given by dx

EDAXC B.u C ug/; y D CxC Du;

whereug is an unknown constant that can be modeledasdt D 0. Consider
Up as an additional state variable and derive a controllerdasgeedback from
the observed state. Show that the controller has integralneand that it does not
require a perfectly calibrated system.
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7.6 (Vectored thrust aircraft) The lateral dynamics of the vesdiathrust aircrafte
example described in Examp&8 can be obtained by considering the motion
described by the stateD .x; ; ® . Construct an estimator for these dynamics
by setting the eigenvalues of the observer inBudterworth patterrwith ,, D

3:83 9:24i, 9:24 3:83.Using this estimator combined with the state space
controller computed in Examplé.8, plot the step response of the closed loop
system.

7.7 (Unigueness of observers) Show that the design of an obdeyveigenvalue
assignment is unique for single-output systems. Constarnples that show that
the problem is not necessarily unique for systems with manguds.

7.8 (Observers using differentiation) Consider the lineatesys(7.2), and assume
that the observability matriX\; is invertible. Show that
91
)ODW015y P R y.n v;

is an observer. Show that it has the advantage of giving the ststantaneously
but that it also has some severe practical drawbacks.

7.9 (Observer for Teorell's compartment model) Teorell's carment model,«
shown in Figure3.17, has the following state space representation:

9 8.9
K1 0 0 0

=

dx kq kx» ks O ks 0 0

— D 0 k4 0 0 xC =202 u;

dt 0 k,y O ks ks O 0
0 0 0 ks 0} 0

where representative parameterslaré® 0:02,k, D 0:1, ks D 0:05,k4 D ks D
0:005. The concentration of a drug that is active in compartriesimeasured in
the bloodstream (compartment 2). Determine the compattnleat are observable
from measurement of concentration in the bloodstream asijdl@n estimator
for these concentrations base on eigenvalue assignmeots€tihe closed loop
eigenvalues 0:03, 0:05and O0:1. Simulate the system when the inputis a pulse
injection.

7.10(Observer design for motor drive) Consider the normalizedehof the motor
drive in Exercis®.10where the openloop system has the eigenvalu@s 00:05
i. A state feedback that gave a closed loop system with eigggwan 2, 1 and

1 i was designed in Exercigell Design an observer for the system that has
eigenvalues 4, 2and 2 2i. Combine the observer with the state feedback
from Exerciseb.11to obtain an output feedback and simulate the completerayste

7.11 (Feedforward design for motor drive) Consider the normdlizedel of the
motor drive in Exercis@.10 Design the dynamics of the block labeled “trajectory
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generation” in Figur@.10so that the dynamics relating the outpub the reference
signalr has the dynamics

d3ym d?ym, dYm

——Cam— Camp—C D amaf; 7.30

ATE am1 a2 am2 at 8mzym D 8ms (7.30)
with parametergm; D 2:5! i, ame D 2:5! 2 andamg D ! 3. Discuss howthe largest
value of the feedforward signal for a unit step in the commsigdal depends on

'

7.12(Whipple bicycle model) Consider the Whipple bicycle mogigkn by equa-
tion (3.7) in Section3.2 A state feedback for the system was designed in Exer-
cise6.12 Design an observer and an output feedback for the system.

7.13(Discrete-time random walk) Suppose that we wish to estirttegosition -
of a particle that is undergoing a random walk in one dimangie., along a line).
We model the position of the particle as

x[k C 1] D x[K] C u[K];

wherex is the position of the particle ands a white noise processes witu[i]g D
O andEfu[i]u[jlg D R, .i j/. We assume that we can measursubject to
additive, zero-mean, Gaussian white noise with covaridnce

(a) Compute the expected value and covariance of the pratich function ok.

(b) Construct a Kalman lter to estimate the position of thetjgde given the
noisy measurements of its position. Compute the steadg-sipected value and
covariance of the error of your estimate.

(c) Suppose thaEfu[0]g D 600 but is otherwise unchanged. How would your
answers to parts (a) and (b) change?

7.14(Kalman decomposition) Consider a linear system chariaetkby the matri-

ces
8 9 8.9

2 1 1 2 2
AD%l 3 0 2? BD%%' CD380 1 1 0'9- DDO:
1 1 4 25 ’ o :

0o 1 1 T T
Construct a Kalman decomposition for the system. (Hint:tdrgliagonalize.)



Chapter Eight

Transfer Functions

Thetypical regulator system can frequently be described, in essentidi§fdyential equations
of no more than perhaps the second, third or fourth order. ...In copttias order of the set
of differential equations describing the typical negative feedback amplised in telephony
is likely to be very much greater. As a matter of idle curiosity, | once countewl out what
the order of the set of equations in an ampli er | had just designed woalettbeen, if | had
worked with the differential equations directly. It turned out to be 55.

Henrik Bode, 1960B0d6(.

This chapter introduces the concept of ttamsfer functionwhich is a compact
description of the input/output relation for a linear systeCombining transfer
functions with block diagrams gives a powerful method foaldey with complex
linear systems. The relationship between transfer funstéom other descriptions
of system dynamics is also discussed.

8.1 Frequency Domain Modeling

Figure8.1lis a block diagram for a typical control system, consistifig process to
be controlled and a controller that combines feedback agdféeward. We saw in
the previous two chapters how to analyze and design suatrsgstsing state space
descriptions of the blocks. As mentioned in Chaj®ean alternative approach is
to focus on the input/output characteristics of the syst&ince it is the inputs and
outputs that are used to connect the systems, one couldtekpéchis point of
view would allow an understanding of the overall behaviothaf system. Transfer
functions are the main tool in implementing this point ofwior linear systems.
The basic idea of the transfer function comes from lookinghatftequency

response of a system. Suppose that we have an input signéd frexiodic. Then
we can decompose this signal into the sum of a set of sinescanes,

3

u.t/ D a sink! t/ C by cosk! t/;

kDO
where! isthe fundamental frequency of the periodic input. Each@ténms in this
input generates a corresponding sinusoidal output (irdgtetate), with possibly
shifted magnitude and phase. The gain and phase at eachriogcare determined
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************************ |

| Reference Feedback d Process n
i shaping controller, dynamics
ro, e Lu y
— F C P -
| 1
! Controller |

Figure 8.1: A block diagram for a feedback control system. The reference kigizafed
through a reference shaping block, which produces the signal thdienithcked. The error
between this signal and the output is fed to a controller, which producedsphbeto the
process. Disturbances and noise are included as external signadsiapuh and output of
the process dynamics.

by the frequency response given in equatidr2{):
G.ssDC.sl A BCD; (8.1)

where we ses D i.k!/ foreachk D 1;:::;1 andi D P ~ 1. If we know the
steady-state frequency resporses/, we can thus compute the response to any
(periodic) signal using superposition.

The transfer function generalizes this notion to allow a bevaclass of input
signals besides periodic ones. As we shall see in the nekibsethe transfer
function represents the response of the system texaonential inpytu D €.

It turns out that the form of the transfer function is preljighe same as that of
equation 8.1). This should not be surprising since we derived equaté) py
writing sinusoids as sums of complex exponentials. Fogmtile transfer function
is the ratio of the Laplace transforms of output and inpuhalgh one does not
have to understand the details of Laplace transforms in todeake use of transfer
functions.

Modeling a system through its response to sinusoidal andrexgtial signals is
known asfrequency domain modelinghis terminology stems from the fact that
we represent the dynamics of the system in terms of the gereztdrequencys
rather than the time domain variatileThe transfer function provides a complete
representation of a linear system in the frequency domain.

The power of transfer functions is that they provide a palaidy convenient
representation in manipulating and analyzing complexlirfieedback systems. As
we shall see, there are many graphical representationamgfar functions that
capture interesting properties of the underlying dynamicansfer functions also
make it possible to express the changesin a system becausedeling error, which
is essential when considering sensitivity to process tiaria of the sort discussed
in Chapterl2. More speci cally, using transfer functions, it is possildeanalyze



8.2. DERIVATION OF THE TRANSFER FUNCTION 250

what happens when dynamic models are approximated by statiels or when
high-order models are approximated by low-order modele €dmsequence is that
we can introduce concepts that express the degree of staifii system.

While many of the concepts for state space modeling and sisadpply di-
rectly to nonlinear systems, frequency domain analysi§iegpprimarily to linear
systems. The notions of gain and phase can be generalizedhliogar systems
and, in particular, propagation of sinusoidal signals digio a nonlinear system
can approximately be captured by an analog of the frequesgponse called the
describing function. These extensions of frequency respuiils be discussed in
Section9.5.

8.2 Derivation of the Transfer Function

As we have seen in previous chapters, the input/output dipsaof a linear sys-
tem have two components: the initial condition responsethadorced response.
In addition, we can speak of the transient properties of yiséesn and its steady-
state response to an input. The transfer function focuseseost¢ady-state forced
response to a given input and provides a mapping betweersiapd their corre-
sponding outputs. In this section, we will derive the trangtinction in terms of
the exponential response of a linear system.

Transmission of Exponential Signals

To formally compute the transfer function of a system, wénvdke use of a special
type of signal, called aexponential signalpf the forme®, wheresD Cii! is

a complex number. Exponential signals play an importantirolaear systems.
They appear in the solution of differential equations anchmimpulse response
of linear systems, and many signals can be represented asaxjals or sums of
exponentials. For example, a constant signal is sineplywith D 0. Damped

sine and cosine signals can be represented by

e CVtpetd'tDet.cos! tCisin! t/;

where < 0 determines the decay rate. Fig@:2 gives examples of signals that
can be represented by complex exponentials; many othealsigan be represented
by linear combinations of these signals. As in the case ofsiidal signals, we will
allow complex-valued signals in the derivation that follvalthough in practice
we always add together combinations of signals that restdidl-valued functions.
To investigate how a linear system responds to an expohéntist u.t/ D €%
we consider the state space system
dx

at D AxC Bu; yD CxC Du: (8.2)
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Figure 8.2: Examples of exponential signals. The top row corresponds to expah&gnals
with a real exponent, and the bottom row corresponds to those with copexents. The
dashed line in the last two cases denotes the bounding envelope foritle@mycsignals. In

each case, if the real part of the exponent is negative then the segwls while if the real
part is positive then it grows.

j- Al is the jth eigenvalue ofA. The state is then given by

Z
t t
xt/Defx.o/Cc et 'Beed Defx.oceM es A Bd:
0 0

As we saw in Sectiob.3, if s6D. A/, the integral can be evaluated and we get

x.t/ D eMx.0/Ceflsl A/ 1es! At | B

De x.00 .sl A B C.sl A !Bet
The output of equatiorB(?) is thus
y.t/ D Cx.t/ C Du.t/
DCeM x.00 .sl A B C C.sl A BCD €% (8.3)

a linear combination of the exponential functiog®s ande”'. The rst term in
equation 8.3 is the transient response of the system. RecallMatan be written
in terms of the eigenvalues & (using the Jordan form in the case of repeated
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eigenvalues), and hence the transient response is a liogdigation of terms of
the forme 1, where ; are eigenvalues oA. If the system is stable, thest' ! 0
ast !l and this term dies away.

The second term of the outpu8.8) is proportional to the input.t/ D €%t This
term is called th@ure exponential responsk the initial state is chosen as

x.0/ D.sl A !B;

then the output consists of only the pure exponential respamd both the state
and the output are proportional to the input:

x.t/ D.sl A Be'D.sl A Bu.t/
y.t/ D C.sl A 'BCDe"D C.sl A BCD utl

This is also the output we see in steady state, when the trassigpresented by
the rstterm in equation§.3) have died out. The map from the input to the output,

Gy,.s/DC.sl A 'BCD; (8.4)

is thetransfer functiorfrom u to y for the system§.2), and we can writg/.t/ D
Gyu.s/u.t/ for the case that.t/ D €%'. Compare with the de nition of frequency
response given by equatiob.24).

An important point in the derivation of the transfer functis the fact that
we have restricted so thats 6D ;. A/, the eigenvalues of. At those values of
s, we see that the response of the system is singular (sihce A will fail to
be invertible). Ifs D ;. A/, the response of the system to the exponential input
uDeitisy D p.t/e it, wherep.t/ is a polynomial of degree less than or equal
to the multiplicity of the eigenvalue; (see Exercis@.2).

Example 8.1 Damped oscillator
Consider the response of a damped linear oscillator, whiase space dynamics
were studie%in Sectiod.3:

dx 0 ' 9 8 0 9 8 9

a2 ‘o0 B 2 2. : oy

dtD' 1y 214 XC'k!o’ u; yD-1 0O x: (8.5)
This system is stable if > 0, and so we can look at the steady-state response to
an inputu D €,

8 98 9 ,8 9
. S 3S 'o 2 303
Gyu.sDCsl A 'BD:1 O 3 , ,
1o sC2! ¢ ko
S8 1 3s 153303
: ; N
b1 0 $2C21 gsC!2" o sC2!l ¢ " ki¢ (86)

k! 2
s2C2! ¢sC! 3’
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To compute the steady-state response to a step functiorgetweéds0 and we see

that
uD1 D y D Gy,.0/u D k:

If we wish to compute the steady-state response to a sinuseidrrite

1 . .
uDsin!tDéie”t ie't ;
1 . )
We can now writeG.i!/ in terms of its magnitude and phase,
: k! 2 .
G.i/ D . D M€ ;
s?C2! ¢sC!j
where the magnitude (or gaily) and phase are given by
k! 2 sin 21 o
M D ¢ 0 : D —5— >
12 122¢c 2142 CoS  lg !

We can also make use of the fact ti@t i!/ is given by its complex conjugate
G .i!/ ,anditfollows thatG. i!/ D Me ' . Substituting these expressions into
our output equation, we obtain

yD% i.Me' /et j.Mé /€'t

1 . .
DM-= ie "t/ i€’ D Msin! tC I

2
The responses to other signals can be computed by writingithe &s an appro-
priate combination of exponential responses and usingilitye r

Coordinate Changes

The matricesA, B andC in equation 8.2) depend on the choice of coordinate
system for the states. Since the transfer function relafag o outputs, it should
be invariant to coordinate changes in the state space. W #fig, consider the
model 8.2) and introduce new coordinatedy the transformatiom D T X, where

T is a nonsingular matrix. The system is then described by

dz
dt
yDCxCDuDCT 'zC DuD: &C Du:

This system has the same form as equat®8)( but the matrice#\, B andC are
different:

DT.AXC BU D TAT zC TBuD: A& C R

ADTAT YL ®DTB, &DCT % (8.7)
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Computing the transfer function of the transformed model get
QssD®sI R WCE®DCT sl TAT ¥ 'TBCD
DCT sl TATYT 'BCDDC.sl A BCDDG.S,

which is identical to the transfer functioB.é) computed from the system descrip-
tion (8.2). The transfer function is thus invariant to changes of therdimates in
the state space.

Another property of the transfer function is that it corresgs to the portion of the
state space dynamics that is both reachable and obsenvgdeticular, if we make
use of the Kalman decomposition (Sectitb), then the transfer function depends
only on the dynamics in the reachable and observable sub8pa¢Exercised.?).

Transfer Functions for Linear Systems

Consider a linear input/output system described by therotbed! differential equa-
tion

d"y d" ly dMu d™ tu

an Ca]_WC CanyDbodthbldtm 1
whereu is the input andy is the output. This type of description arises in many
applications, as described brie y in Secti@r®, bicycle dynamics and AFM mod-
eling are two speci ¢ examples. Note that here we have geimedhbur previous
system description to allow both the input and its derivegito appear.

To determine the transfer function of the systéng), let the input beu.t/ D €.

Since the system is linear, there is an output of the systetistaso an exponential
functiony.t/ D yoe®'. Inserting the signals into equatio8.8), we nd

S"Cas" 1C  Can/ye® D .bps"Chbis™ !  Cbyle st
and the response of the system can be completely descriktalpolynomials

as/Ds"Cas"'C C ay b.s/ D bps™"Cb;s™ *C  C by
(8.9)
The polynomiah. s/ is the characteristic polynomial of the ordinary diffetiaht
equation. Ifa.s/ 600, it follows that

C C bpy; (8.8)

b.s/
.t/ D ype®' D ——¢ 8.10
y Yo s (8.10)
The transfer function of the syster@.8) is thus the rational function
b.s/
G.ss D —; 8.11
a.s/ ( )

where the polynomiala.s/ andb.s/ are given by equatior8(9). Notice that the
transfer function for the systen8.8) can be obtained by inspection since the co-
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Table 8.1: Transfer functions for some common ordinary differential equations

Type ODE Transfer Function
1
Integrator YD u S
Differentiator yD® S
1
First-order system YCayD u —
Y yCay sCa
. 1
Double integrator YRD u o
Damped oscillator RC 2! o$C! 2y D u __t
P oYty $2C214sC!2

ki

R :
PID controller yDkouCkqPCki u k,CkysC <

Time delay yt/Dut / e s

ef cients of a.s/ andb. s/ are precisely the coef cients of the derivativeswéand
y. The order of the transfer function is de ned as the order of the denomoina
polynomial.

Equations 8.8)—(8.11) can be used to compute the transfer functions of many
simple ordinary differential equations. Tal#el gives some of the more com-
mon forms. The rst ve of these follow directly from the analgsabove. For the
proportional-integral-derivative (PID) controller, we keause of the fact that the
integral of an exponential input is given by=s/e.

The lastentry in Tabl8.1is for a pure time delay, in which the outputis identical
totheinputatan earlier time. Time delays appear in mangsys typical examples
are delays in nerve propagation, communication and massoat. A system with
a time delay has the input/output relation

yt/Dut I (8.12)

As before, let the input be.t/ D €. Assuming that there is an output of the form
y.t/ D yoe®t and inserting into equatior8(12), we get

y.t/Dye'De’t 'Dese'De S utl

The transfer function of a time delay is thGss/ D e ° , which is not a rational
function butis analytic except atin nity. (A complex funoti isanalyticin a region
if it has no singularities in the region.)

Example 8.2 Electrical circuit elements
Modeling of electrical circuits is a common use of transtardtions. Consider, for
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Figure 8.3: Stable ampli er based on negative feedback around an operatiomdil @mirhe

block diagram on the left shows a typical ampli er with low-frequency gBy¥R;. If we
model the dynamic response of the op amias/ D ak=.s C a/, then the gain falls off at
frequency! D aRk=R,, as shown in the gain curves on the right. The frequency response
is computed fok D 107, a D 10 rad/s,R, D10° « ,andR; D 1, 1%, 10* and 16 - .

example, a resistor modeled by Ohm's I#D | R, whereV is the voltage across
the resister] is the current through the resistor aRds the resistance value. If
we consider current to be the input and voltage to be the tutipel resistor has
the transfer functiorz.s/ D R. Z.s/ is also called thempedanceof the circuit
element.

Next we consider an inductor whose input/output charastteris given by

dl
L—DV:
dt
Letting the current bé.t/ D €%, we nd that the voltage i&/.t/ D Ls€ and the

transfer function of an inductor is thus s/ D Ls. A capacitor is characterized by

dv
C T D I;
and a similar analysis gives a transfer function from curtewoltage ofZ.s/ D
1=.C¢d/. Using transfer functions, complex electrical circuite t& analyzed alge-
braically by using the complex impedan£es/ just as one would use the resistance
value in a resistor network. r

Example 8.3 Operational ampli er circuit
To further illustrate the use of exponential signals, wesider the operational
ampli er circuit introduced in Sectior8.3 and reproduced in Figur8.3a The
modelintroduced in Sectidh3is a simpli cation because the linear behavior of the
ampli er was modeled as a constant gain. In reality there @@ sant dynamics
in the ampli er, and the static mode},: D kv (equation 8.10) should therefore
be replaced by a dynamic model. In the linear range of theisanplre can model
the operational ampli er as having a steady-state frequeesgonse

Vout ak

— D ——D: G.s 8.13
Y sCa ( )
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This response corresponds to a rst-order system with timesteont Fa. The
parametek is called theopen loop gainand the producak is called thegain-
bandwidth produgttypical values for these parameters ki@ 10’ andak D 10—
10° rad/s.

Since all of the elements of the circuit are modeled as ben&ali if we drive
the inputv; with an exponential signa®!, then in steady state all signals will be
exponentials of the same form. This allows us to manipul&eduations describing
the system in an algebraic fashion. Hence we can write

" VpY Y2 and v,D G.siv (8.14)
Ry Ro
using the factthat the currentinto the ampli eris very siadlwe did in SectioB.3
Eliminatingv between these equations gives the following transfer fonaif the
system

') D RzGS/ Rzak .
V1 R C R, C RG.s/ RiakC.R; C Rzl.sCa/'
The low-frequency gain is obtained by sett&i® 0, hence

kR Ro.
kCURCR, R’
which is the result given by3(11) in Section3.3 The bandwidth of the ampli er

circuitis RLKCUCR, Rk
l'yDa——— a—;
RICR; R,

where the approximation holds f@,=R; 1. The gain of the closed loop system
drops off at high frequencies &k=.!. R; C Ry//. The frequency response of the
transfer function is shown in Figu&3bfor k D 107, a D 10 rad/s,R, D 10° «
andR; D 1,1, 10*and 16 - .

Note that in solving this example, we bypassed explicitliting the signals as
v D vpe®' and instead worked directly with assuming it was an exponential. This
shortcut is handy in solving problems of this sort and whemipating block
diagrams. A comparison with Secti@&?3 where we made the same calculation
whenG.s/ was a constant, shows analysis of systems using transfetidos is
as easy as using static systems. The calculations are thafghmeesistancef;
andR; are replaced by impedances, as discussed in Exa8rple r

Guy,.0/ D

Although we have focused thus far on ordinary differentiplations, transfer func-
tions can also be used for other types of linear systems. N&rite this via an
example of a transfer function for a partial differentialiatjon.

Example 8.4 Heat propagation
Consider the problem of one-dimensional heat propagatiarsemi-in nite metal
rod. Assume that the input is the temperature at one end amndhi output is the
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temperature at a point along the rod. Lek; t/ be the temperature at position
and timet. With a proper choice of length scales and units, heat praijiayis
described by the partial differential equation

@ @«
and the point of interest can be assumed to ha@ 1. The boundary condition
for the partial differential equation is

.0;t/ D u.t/:

To determine the transfer function we choose the input #sD €°'. Assume that
there is a solution to the partial differential equationha form . x;t/ D . x/e®
and insert this into equatio®15 to obtain
2
dx2’
with boundary condition. 0/ D €. This ordinary differential equation (with
independent variable) has the solution
P e
. xI D A& °C Be * =
Matching the boundary conditions givésD 0 andB D €®, so the solution is
P ]
y.t/D .Lt/D . Ue'De °¢'De Su.tl

P _ :
The system thus has the transfer funct®rs/ D e 5. As in the case of a time
delay, the transfer function is not a rational function Istam analytic function. r

(8.15)

s. x/ID

Gains, Poles and Zeros

The transfer function has many useful interpretations aedeatures of a transfer
function are often associated with important system ptiggerThree of the most
important features are the gain and the locations of thespoie zeros.

The zero frequency gaiof a system is given by the magnitude of the transfer
function ats D 0. It represents the ratio of the steady-state value of thgudwith
respect to a step input (which can be represented€® with s D 0). For a state
space system, we computed the zero frequency gain in equatkd):

G.O0DD CA'B:
For a system written as a linear differential equation
dny dn ly d™u dm 1y

dtn C al—dtn 1 C C any D bodtm C bldtm 1

C C by
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if we assume that the input and output of the system are autsgipandug, then
we nd thata,yo D bnhug. Hence the zero frequency gain is
G.o/p X p O (8.16)
Uo an

Next consider a linear system with the rational transfectiom
b.s/
a.sl’

The roots of the polynomial.s/ are called thgolesof the system, and the roots
of b.s/ are called theerosof the system. Ifp is a pole, it follows that.t/ D e

is a solution of equationd(8) with u D 0 (the homogeneous solution). A pagte
corresponds to emodeof the system with corresponding modal solutah. The
unforced motion of the system after an arbitrary excitatioa weighted sum of
modes.

Zeros have a different interpretation. Since the pure expaieutput corre-
sponding to the inputi.t/ D €3 with a.s/ 600 is G.s/e®, it follows that the pure
exponential output is zero .s/ D 0. Zeros of the transfer function thus block
transmission of the corresponding exponential signals.

For a state space system with transfer funcGos/ D C.sl A/ 'BC D, the
poles of the transfer function are the eigenvalues of theixnatin the state space
model. One easy way to see this is to notice that the valu(e. sf is unbounded
whens is an eigenvalue of a system since this is precisely the g@biofs where
the characteristic polynomial s/ D detsl A/ D 0 (and hencesl A'is
noninvertible). It follows that the poles of a state spacstesy depend only on the
matrix A, which represents the intrinsic dynamics of the system. ®yetkat a
transfer function is stable if all of its poles have negat®al part.

To nd the zeros of a state space system, we observe that the aex complex
numberss such that the inputi.t/ D uge® gives zero output. Inserting the pure
exponential responset/ D xqe®t andy.t/ D 0 in equation 8.2) gives

s€xy D Axe® C Buge® 0D Ce'%y C De’tug;

which can be written a58 . | Bg 8 9

3 S 2 2 X0 _st .

T D ug e'DO:
This equation has a solution with nonzeg up only if the matrix on the left does
not have full rank. The zeros a%e thus the V%lSISECh that the matrix

2 A CS' g? (8.17)

G.s/ D

loses rank.
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Figure 8.4: A pole zero diagram for a transfer function with zeros &tand 1 and poles at
3and 2 2j.Thecirclesrepresentthe locations of the zeros, and the crossesdtieris
of the poles. A complete characterization requires we also specify thefdia system.

Since the zeros depend &g B, C and D, they therefore depend on how the
inputs and outputs are coupled to the states. Notice inqodatti that if the matrix
B has full row rank, then the matrix in equatid®.17) hasn linearly independent
rows for all values ok. Similarly there aren linearly independent columns if the
matrix C has full column rank. This implies that systems where theimm&ror C
is square and full rank do not have zeros. In particular itmsdhat a system has
no zeros if it is fully actuated (each state can be contraitdépendently) or if the
full state is measured.

A convenient way to view the poles and zeros of a transfertfanés through
apole zero diagramas shown in Figur8.4. In this diagram, each pole is marked
with a cross, and each zero with a circle. If there are mdtpmles or zeros at a
xed location, these are often indicated with overlappingsses or circles (or other
annotations). Poles in the left half-plane correspond tastaodes of the system,
and poles in the right half-plane correspond to unstableasddl/e thus call a pole
in the left-half plane atable poleand a pole in the right-half plane amstable
pole A similar terminology is used for zeros, even though th@geio not directly
related to stability or instability of the system. Noticathihe gain must also be
given to have a complete description of the transfer functio

Example 8.5 Balance system

Consider the dynamics for a balance system, shown in F&j&ré&he transfer func-
tion for a balance system can be derived directly from thesg®rder equations,
given in Example.1

d?p d? dp d 2
Mi— ml— —Cml — “DF;
tye mdtZCOS CcdtCm sin i ;
d?p d? .
— el Pp o
ml cos e C Jtdtz mglsin C D 0:

If we assume that and Pare small, we can approximate this nonlinear system by
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(a) Cart—pendulum system (c) Pole zero diagram faf ¢

Figure 8.5: Poles and zeros for a balance system. The balance system (a) cauékedn
around its vertical equilibrium point by a fourth order linear system. Tdlegpand zeros for
the transfer functions! ¢ andH,r are shown in (b) and (c), respectively.

a set of linear second-order differential equations,
d?p d? dp

M(— ml— Cc— D F:
gz M™Mae ~ Ca
d?p d?
I—C }—C — | DO
MGz Cdge© @ ™9

If we let F be an exponential signal, the resulting response satis es
Mis?’p mls® Ccs pD F;
Js? ml$pC s mgl DO;

where all signals are exponential signals. The resultingsfea functions for the
position of the cart and the orientation of the pendulum arergby solving forp
and interms ofF to obtain

mls
HegD :
F Mk mil2/s*C. M;Ccl/s?2C.c Mimgl/s mglc
HD Js’C s mgl .
PF= M ma2/s*C. M{Ccl/s’C.c  MmglisZ mglcs

where each of the coef cients is positive. The pole zero diagrdor these two
transfer functions are shown in FiguBé using the parameters from Exampléd.
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G
u y u y u e y
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)Gy D ————
©) Gy 1C GG,

Figure 8.6: Interconnections of linear systems. Series (a), parallel (b) antéekdc) con-
nections are shown. The transfer functions for the composite systembecderived by
algebraic manipulations assuming exponential functions for all signals.

If we assume the damping is small ande& 0 and D 0, we obtain

ml
HegD :
F M ml2/s?2 Mymgl
s mgl
Hor D Nt g

2 Mg m22/s2 Mimgl

This gives nonzero poles and zeros at
s s
mgl M, mgl
_— 2:68; zD —
MiJ  m?l2 J

We see that these are quite close to the pole and zero losatiéiigure8.5.

pD 2:09:

8.3 Block Diagrams and Transfer Functions

The combination of block diagrams and transfer functions p@aerful way to
represent control systems. Transfer functions relatifigréint signals in the system
can be derived by purely algebraic manipulations of thesfiemfunctions of the
blocks usingolock diagram algebraTo show how this can be done, we will begin
with simple combinations of systems.

Consider a system that is a cascade combination of systetinghei transfer
functionsG;.s/ andG,.s/, as shown in Figur8.6a Let the input of the system
beu D €. The pure exponential output of the rst block is the exporargignal
G1u, which is also the input to the second system. The pure expi@hentput of

the second system is
Yy D G,.Gu/ D .G,G4/u:

The transfer function of the series connection is tBuB G,G4, i.e., the product
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of the transfer functions. The order of the individual tramdiinctions is due to
the fact that we place the input signal on the right-hand eidihis expression,
hence we rst multiply byG; and then byG,. Unfortunately, this has the opposite
ordering from the diagrams that we use, where we typicallyehthe signal ow
from left to right, so one needs to be careful. The orderingsdrtant if eitheiG,
or G; is a vector-valued transfer function, as we shall see in saxaeples.
Consider next a parallel connection of systems with thesfearfunctionsG,
andG,, as shown in Figur8.6h Lettingu D € be the input to the system, the
pure exponential output of the rst system is thgnD G;u and the output of the
second system i D G,u. The pure exponential output of the parallel connection

is thus
yD GiuC GouD .G, C Gylu;

and the transfer function for a parallel connectioGi® G, C G..

Finally, consider a feedback connection of systems withriduesfer functions
G1 andG,, as shown in Figur8.6c Letu D €°! be the input to the systerg,be
the pure exponential output, ardbe the pure exponential part of the intermediate
signal given by the sum efand the output of the second block. Writing the relations
for the different blocks and the summation unit, we nd

y D Gi€ eDu Gyy:
Elimination ofe gives
Gy
D Gi.u Gyy/ D .1CG;G/yD Guu D D —u
yD G, 2y. ) 1G2/y D Gy ) Y 1C G:G,

The transfer function of the feedback connection is thus

CTR
1C GGy’
These three basic interconnections can be used as the basigrfputing transfer
functions for more complicated systems.

GD

Control System Transfer Functions

Consider the system in Figug?7, which was given at the beginning of the chapter.
The system has three blocks representing a proBess feedback controlle€
and a feedforward controlldt. TogetherC andF de ne thecontrol lawfor the
system. There are three external signals: the referenceifamand signaly, the
load disturbance and the measurement noiseA typical problem is to nd out
how the errore is related to the signals d andn.

To derive the relevant transfer functions we assume thatigtlals are expo-
nential signals, drop the arguments of signals and tramsfetions and trace the
signals around the loop. We begin with the signal in which vesiterested, in this
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d n
r e u y
—» F.s/ C.sl P.s/ -

1 |

Figure 8.7: Block diagram of a feedback system. The inputs to the system are thenege
signalr, the process disturbanceand the measurement noiseThe remaining signals in
the system can all be chosen as possible outputs, and transfer furmetiobs used to relate
the system inputs to the other labeled signals.

case the control errag, given by

eDFr vy
The signaly is the sum oh and , where is the output of the process:
yDnC ; D P.dCu/; uD Ce

Combining these equations gives
eDFr yDFr .nC/DFr nCP.dCuU
DFr nCP.dCC¢ ;

and hence
eDFr n Pd PCe

Finally, solving this equation foe gives

F 1 P
icpPc' 1cpPc" 1IcPC
and the error is thus the sum of three terms, depending onefeeencer, the
measurement noigeand the load disturbanak The functions

F 1 P
icrc  “Picec  ©Picec
are transfer functions from referencenoisen and disturbanced to the errore.

We can also derive transfer functions by manipulating tleelbdiagrams di-
rectly, asillustrated in Figur@.8. Suppose we wish to compute the transfer function
between the referenceand the outpuy. We begin by combining the process and
controller blocks in Figurd.7to obtain the diagram in Figur@8a. We can now
eliminate the feedback loop using the algebra for a feedivekconnection (Fig-
ure 8.8b) and then use the series interconnection rule to obtain

PCF

Y= 1cpc

Ger D (8.19)

(8.20)
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Figure 8.8: Example of block diagram algebra. The results from multiplying the psoaed
controller transfer functions (from FiguBe7) are shown in (a). Replacing the feedback loop
with its transfer function equivalent yields (b), and nally multiplying the twenraining
blocks gives the reference to output representation in (c).

Similar manipulations can be used to obtain the other trarigfections (Exer-
cise8.8).

The derivation illustrates an effective way to manipulatedgquations to obtain
the relations between inputs and outputs in a feedbackrayJtee general idea is
to start with the signal of interest and to trace signalsagidbe feedback loop until
coming back to the signal we started with. With some practcgiations §.18
and 8.19 can be written directly by inspection of the block diagravetice, for
example, that all terms in equatio®.{9 have the same denominators and that the
numerators are the blocks that one passes through when djo&agly from input
to output (ignoring the feedback). This type of rule can beluseompute transfer
functions by inspection, although for systems with muétifdedback loops it can
be tricky to compute them without writing down the algebral@itly.

Example 8.6 Vehicle steering

Consider the linearized model for vehicle steering intiatlin Examplé.12 In
Examples6.4 and 7.3 we designed a state feedback compensator and state esti-
mator for the system. A block diagram for the resulting colglystem is given in
Figure8.9. Note that we have split the estimator into two componeBs, s/ and
Gyy-s/, corresponding to its inputsandy. The controller can be described as the
sum of two (open loop) transfer functions

uD Gyy.s/y C Gy .sr:

The rst transfer functionGy.s/, describes the feedback term and the second,
Gur. 8/, describes the feedforward term. We call thepen looptransfer functions
because they represent the relationships between thdssigitlhout considering
the dynamics of the process (e.g., removihg/ from the system description). To
derive these functions, we compute the transfer functiongdch block and then
use block diagram algebra.

We begin with the estimator, which takasandy as its inputs and produces
an estimateO The dynamics for this process were derived in Exanip3and are
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Figure 8.9: Block diagram for a steering control system. The control system is nkesigp
maintain the lateral position of the vehicle along a reference curve (I¢f) sTructure of the
control system is shown on the right as a block diagram of transfetifursc The estimator
consists of two components that compute the estimated ®faden the combination of the
input u and outputy of the process. The estimated state is fed through a state feedback
controller and combined with a reference gain to obtain the commandeihgtaagleu.

given by
(0)3)
at D.A LC/XCLyCBuy
©D sl .A _LC/ ‘BuC sl .A_LC/ 'Ly
| P S P
Ga Gy
Using the expressions fak, B, C andL from Example7.3, we obtain
9 8 9
sCl1 [1sCl,
s2ClisCly s2ClisCl,
G@S/ D ) G)Q,S/ D ;
SC|1 |2 IZS
. SZC|1SC|21 - SZC|1SC|2’

wherel, andl, are the observer gains andis the scaled position of the center
of mass from the rear wheels. The controller was a state fe&dtmmpensator,
which can be viewed as a constant, multi-input, single-aguttnsfer function of
theformuD KX

We can now proceed to compute the transfer function for thezadlvcontrol
system. Using block diagram algebra, we have

KG)Q,S/ S. klll C k2|2/ C k]_|2

Gyy.S/ D
w 1C KGgq,.s/ 2Cs. kiCkyCli/CkiCl,Ckoly  kols
and
ki.s2C11SC I,/
Gyr.s/ D ki LS~ 1St 12

D ;
1C KGﬂJS/ s2Cs. k]_Cszll/ClelzCkzll k2|2
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wherek; andk;, are the controller gains.

Finally, we compute the full closed loop dynamics. We begirdbyiving the
transfer function for the proce$s. s/. We can compute this directly from the state
space description of the dynamics, which was given in Exad2 Using that
description, we have

8 98 19 13 sC1
P.s/DGy,.s/DC.sl A ‘BCDD:1 O .38 3 3 3p :
S 1 52
The transfer function for the full closed loop system betwdeninputr and the
outputy is then given by

kP.s k. sCU
1C P.S/Guy.S/ SZC.kl Ckz/SCkl.

Note that the observer gaihsandl, do not appear in this equation. This is because
we are considering steady-state analysis and, in steaty ste estimated state
exactly tracks the state of the system assuming perfect lsxddle will return to
this example in Chapter2to study the robustness of this particular approaah.

Gyr D

Pole/Zero Cancellations

Because transfer functions are often polynomials,iit can sometimes happen
that the numerator and denominator have a common factochvelain be canceled.
Sometimes these cancellations are simply algebraic simgiloas, but in other
situations they can mask potential fragilities in the moltgbarticular, if a pole/zero
cancellation occurs because terms in separate blockaugtdiappen to coincide,
the cancellation may not occur if one of the systems is diigigrturbed. In some
situations this can result in severe differences betweemxpected behavior and
the actual behavior.

To illustrate when we can have pole/zero cancellationssicen the block dia-
gram in FigureB.7with F D 1 (no feedforward compensation) aBcandP given

by

Nne.s/ Np.s/
C.si D —; P.s/ D :
dc.s/ dp.s/
The transfer function from to e is then given by
1 : :
Ger.S/ D D Cc. S/ dp. S

1C PC ~ 0.5/dp.S/ C Ne.5/np s/

If there are common factors in the numerator and denominatiynomials, then
these terms can be factored out and eliminated from bothuheerator and de-
nominator. For example, if the controller has a zers Bt a and the process has
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apoleats D a, then we will have
.sC a/dc.s/dg.s/ b dc.s/dg.s/ .
.sC a/d;.s/dS.s/ C.sCa/nd.s/ny.s/ ~ de.s/dS.s/ C nl.s/np.s/’

wherenl.s/ and dg.s/ represent the relevant polynomials with the tesr@ a
factored out. In the case when< 0 (so that the zero or pole is in the right
half-plane), we see that there is no impact on the transfetion Ge,.

Suppose instead that we compute the transfer functiondrtme, which repre-
sents the effect of a disturbance on the error between theerefe and the output.
This transfer function is given by

Ger.s/ D

de.s/Np. s/ _
.sCa/d..s/dS.s/ C.sCa/nd.s/ny.sl

Notice thatifa < 0, then the pole is in the right half-plane and the transfection
Geq is unstable Hence, even though the transfer function froto e appears to be
okay (assuming a perfect pole/zero cancellation), thesteariunction fromd to e
can exhibit unbounded behavior. This unwanted behaviopis#y of anunstable
pole/zero cancellatian

It turns out that the cancellation of a pole with a zero can bisunderstood in
terms of the state space representation of the systemsh&tsbity or observability
is lost when there are cancellations of poles and zeros (Exsf8cl]). A conse-
guence is that the transfer function represents the dyrsaomiy in the reachable
and observable subspace of a system (see Setthn

Example 8.7 Cruise control

The input/output response from throttle to velocity for thee&rized model for a
car has the transfer functi@d.s/ D b=.s a/,a < 0. Asimple (but not necessarily
good) way to design a PI controller is to choose the parametding Pl controller
so that the controller zero atD ki =k, cancels the process polesaD a. The
transfer function from reference to velocity®, .s/ D bk,=.sC bk,/, and control
design is simply a matter of choosing the giainThe closed loop system dynamics
are of rst order with the time constantikp,.

Figure8.10shows the velocity error when the car encounters an incindbe
road slope. A comparison with the controller used in Figdu&b (reproduced in
dashed curves) shows that the controller based on pole¢aecellation has very
poor performance. The velocity error is larger, and it taklesg time to settle.

Notice that the control signal remains practically constdtert D 15 even if
the error is large after that time. To understand what happenwill analyze the
system. The parameters of the systema® 0:0101 ando D 1:32, and the
controller parameters akg D 0:5 andk; D 0:0051. The closed loop time constant
is 1=.bky/ D 2.5s, and we would expect that the error would settle in ahOwt
(4 time constants). The transfer functions from road slopestocity and control
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Figure 8.10: Car with PI cruise control encountering a sloping road. The velocityr ésro
shown on the left and the throttle is shown on the right. Results with a PI contvatie
kp D 0:5andk D 0:0051, where the process pal® 0:0101, is shown by solid lines, and
a controller withk, D 0:5 andk; D 0:5 is shown by dashed lines. Compare with FigBugh

signals are
b
gKpS . G, .8D bk, :
.8 al.sC bkp/ s C bk,
Notice that the canceled modeD a D 0:0101 appears i, but notinG, .
The reason why the control signal remains constant is thaidhtoller has a zero

atsD 0:0101, which cancels the slowly decaying process mode. dltiiat the
error would diverge if the canceled pole was unstable. r

GV -S/ D

The lesson we can learn from this example is that it is a bad tioleey to
cancel unstable or slow process poles. A more detailed sbsmu of pole/zero
cancellations is given in Sectidi2.4

Algebraic Loops

When analyzing or simulating a system described by a blaadrdim, itis necessary
to form the differential equations that describe the coepdgstem. In many cases
the equations can be obtained by combining the differeatja&tions that describe
each subsystem and substituting variables. This simpleeduwe cannot be used
when there are closed loops of subsystems that all havea daenection between
inputs and outputs, known as algebraic loop

To see what can happen, consider a system with two blockst-arder non-

linear system, d
d_?[( D f.x;ul; y D h.x/; (8.21)

and a proportional controller describedbbyp  ky. There is no direct term since
the functionh does not depend an In that case we can obtain the equation for the
closed loop system simply by replaciody kyin (8.21) to give

dx

ED f.x;  kyl; y D h.x/:
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Such a procedure can easily be automated using simple fommangulation.
The situation is more complicated if there is a direct terny. I h.x; u/, then
replacingu by ky gives
dx

— D f.x; kyl; D h.x; ky/:
dt X Y y X yi

To obtain a differential equation foq, the algebraic equationD h.x; ky/ must
be solved to givey D . x/, which in general is a complicated task.

When algebraic loops are present, it is necessary to sajabidic equations
to obtain the differential equations for the complete systResolving algebraic
loops is a nontrivial problem because it requires the syinlsolution of algebraic
equations. Most block diagram-oriented modeling langeaganot handle alge-
braic loops, and they simply give a diagnosis that such laoppresent. In the era
of analog computing, algebraic loops were eliminated hyuohicing fast dynamics
between the loops. This created differential equationsfagtand slow modes that
are dif cult to solve numerically. Advanced modeling langes like Modelica use
several sophisticated methods to resolve algebraic loops.

8.4 The Bode Plot

The frequency response of a linear system can be computedtétransfer func-
tion by settings D i! , corresponding to a complex exponential

u.t/ D €'t D cos! t/ Cisin! t/:
The resulting output has the form
y.t/ D G.il/ €''D Me*/ D Mcos! tC'/ CiMsin! tC'/;
whereM and' are the gain and phase Gf

MDjG.iYj; "D arctanm:
ReG.il/
The phase o6 is also called thargumenof G, a term that comes from the theory
of complex variables.

It follows from linearity that the response to a single sipids(sin or cos) is
ampli ed by M and phase-shifted By. Note that < , SO the arctangent
must be taken respecting the signs of the numerator and deatam It will often
be convenient to represent the phase in degrees rathethians. \We will use the
notation\ G.i!/ forthe phase indegreesand &gq!/ forthe phase inradians. In
addition, while we always take a€g.i!/ to beintherange ; ], we will take
\ G.i!/ to be continuous, so that it can take on values outside tlgeerah 180
to 180.
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Figure 8.11: Bode plot of the transfer functioB.s/ D 20C 10=s C 10s corresponding to
an ideal PID controller. The top plot is the gain curve and the bottom plot istthse curve.
The dashed lines show straight-line approximations of the gain curve amtiesponding
phase curve.

The frequency respong&.i!/ can thus be represented by two curves: the gain
curve and the phase curve. Tdfgn curvegivesjG.i!/ j as a function of frequency
!, and thghase curvgives\ G.i!/ . One particularly useful way of drawing these
curves is to use a log/log scale for the gain plot and a logdlirscale for the phase
plot. This type of plot is called Bode plotand is shown in Figur8.11

Sketching and Interpreting Bode Plots

Part of the popularity of Bode plots is that they are easy &wictkand interpret.
Since the frequency scale is logarithmic, they cover theiehaf a linear system
over a wide frequency range.

Consider a transfer function that is a rational functionhaf torm

b;.s/by.s/
G.ss D ——:
a;.5/as. s/
We have
logjG.s/j D logjb;.s/jC logjb,.s/]

and hence we can compute the gain curve by simply adding dotchsting gains
corresponding to terms in the numerator and denominatoile8iyn

\ G.s/ D\ by.s/ C\ by.s/ \ a.s/;

and so the phase curve can be determined in an analogousrfaShice a polyno-

logja;.s/j logjas.slj;

\ a;.s/
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Figure 8.12: Bode plots of the transfer functio®.s/ D skfork D 2, 1;0;1;2.0Ona
log-log scale, the gain curve is a straight line with sl&pEsing a log-linear scale, the phase
curves for the transfer functions are constants, with phase equal to R0

mial can be written as a product of terms of the type
ki s; sCa; s°C2! osC!?Z

it suf ces to be able to sketch Bode diagrams for these terms.Bdde plot of a

complex system is then obtained by adding the gains and plo&siee terms.
The simplest term in a transfer function is one of the faywherek > 0 if

the term appears in the numerator &nd 0 if the term is in the denominator. The
gain and phase of the term are given by
logjG.i!/ jD klog!; \ G.i!/ D 90k:

The gain curve is thus a straight line with sldgpeand the phase curve is a constant

at90 k. The case whek D 1 corresponds to a differentiator and has slope 1 with

phase 90 The case whek D 1 corresponds to an integrator and has slofie

with phase 90 . Bode plots of the various powerslofire shown in Figur8.12
Consider next the transfer function of a rst-order systeimeg by

a
G.s/ D sca
We have ..
icsjp 22 \GcyD\.a \.sCa
jsCa
and hence

1 180 !
logjG.i!/ jD loga Elog.! 2ca’; \G.il/ D —arctang:
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Figure 8.13:Bode plots for rst-and second-order systems. (a) The rst-osystenG.s/ D

a=.s C a/ can be approximated by asymptotic curves (dashed) in both the gain @nd th
frequency, with the breakpoint in the gain curve aD a and the phase decreasing by 90
over afactor of 100 in frequency. (b) The second-order sy&eshD ! 2=.s2C2 ! (sC! 3/

has a peak at frequeneayand then a slope of 2 beyond the peak; the phase decreases from
0 to 180.The height of the peak and the rate of change of phase dependingdartiping
ratio ( D 0:02,0.1,0.2,0.5 and 1.0 shown).

The Bode plot is shown in FiguB13a with the magnitude normalized by the zero
frequency gain. Both the gain curve and the phase curve capgreximated by

the following straight Iin(es

ifl< a
logjG.il/ j
0g1%- 1+ ] 8Ioga log! if!> a;
20
\ G.il/ 45 45]og!
90

if 1 < a=10

loga/ a=10<!< 10a

if 1 > 10a.

The approximate gain curve consists of a horizontal line ujpeiguency! D a,
called thebreakpointor corner frequencyafter which the curve is a line of slope
1 (on a log-log scale). The phase curve is zero up to frequart9 and then
decreases linearly by 4lecade up to frequency a0at which point it remains
constant at 90 Notice that a rst-order system behaves like a constantdor |
frequencies and like an integrator for high frequencies)gare with the Bode plot

in Figure8.12
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Finally, consider the transfer function for a second-orgstem,

1 2

G.s/ D -0 5
s2C2 g sCl!g

for which we have

L 1
logjG.i!/ jD 2log! o E|og!“cz!§!2.22 vCcté:

\ G.i/ D @arctanu:
1a 12
The gain curve has an asymptote with zero slope!for ! (. For large val-
ues of! the gain curve has an asymptote with slop2. The largest gaifQ D
max jG.il/ j 1=.2/, called theQ-value is obtained for ! 9. The phase
is zero for low frequencies and approaches 180 large frequencies. The curves

can be approximated with the following piecewise linearrespions

if ! I'o

0g]G. 1/ ] 2log! ¢ 2log! if! 1y

0 if ! I'o

\ G.il/ .
180 if! ! o:

The Bode plot is shown in Figu&13h Note that the asymptotic approximation is
poorneat D! gand thatthe Bode plot depends strongly amear this frequency.

Given the Bode plots of the basic functions, we can now skitetirequency
response for a more general system. The following exampistilites the basic
idea.

Example 8.8 Asymptotic approximation for a transfer function
Consider the transfer function given by

k.sC b/ _
.sCal.s2C2! ¢sC! ¥’

The Bode plot for this transfer function appears in Fig8ue4, with the complete
transfer function shown as a solid line and the asymptofic@pmation shown as
a dashed line.
We begin with the gain curve. At low frequency, the magnitigdgiven by
kb

G.0/ D ——:
al 2

G.s/ D b o

When we reach D a, the effect of the pole begins and the gain decreases with
slope 1. At! D b, the zero comes into play and we increase the slope by 1,
leaving the asymptote with net slope 0. This slope is used tnatieffect of the
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Figure 8.14: Asymptotic approximation to a Bode plot. The thin line is the Bode plot for the
transfer functionG.s/ D k.sC b/=.sCa/.s>C 2! (sC!2/,wherea b !, Each
segment in the gain and phase curves represents a separate pottienapproximation,
where either a pole or a zero begins to have effect. Each segmentagpheximation is a
straight line between these points at a slope given by the rules for comgphéreffects of
poles and zeros.

second-order pole is seenaD ! o, at which point the asymptote changes to slope
2. We see that the gain curve is fairly accurate except ingg@n of the peak
due to the second-order pole (since for this cagereasonably small).

The phase curve is more complicated since the effect of theepbtnetches
out much further. The effect of the pole begind aD a=10, at which point we
change from phase 0 to a slope o#i5 /decade. The zero begins to affect the
phase at D b=10, producing a at section in the phase. AtD 10a the phase
contributions from the pole end, and we are left with a sloped® /decade (from
the zero). At the location of the second-order psle, i! o, we geta jump in phase
of 180. Finally, at! D 10b the phase contributions of the zero end, and we are
left with a phase of 180 degrees. We see that the straight-line approximation fo
the phase is not as accurate as it was for the gain curve,dngstcapture the basic
features of the phase changes as a function of frequency. r

The Bode plot gives a quick overview of a system. Since any bicgna be
decomposed into a sum of sinusoids, it is possible to vizseidhe behavior of a
system for different frequency ranges. The system can beedi@ws a Iter that can
change the amplitude (and phase) of the input signals aiogpta the frequency
response. For example, if there are frequency ranges whergdin curve has
constant slope and the phase is close to zero, the actio® afytem for signals
with these frequencies can be interpreted as a pure gainagiynior frequencies
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Figure 8.15: Bode plots for low-pass, band-pass and high-pass Iters. The top aletthe
gain curves and the bottom plots are the phase curves. Each systers fiagsencies in a
different range and attenuates frequencies outside of that range.

where the slope is +1 and the phase close tq ®@ action of the system can be
interpreted as a differentiator, as shown in FigBire2

Three common types of frequency responses are shown in Figlise The
system in Figure8.15ais called alow-pass lIter because the gain is constant for
low frequencies and drops for high frequencies. Notice tthatphase is zero for
low frequencies and 180 for high frequencies. The systems in Fig8ré5band
c are called dand-pass Iterandhigh-pass lterfor similar reasons.

To illustrate how different system behaviors can be reathftbe Bode plots
we consider the band-pass Iter in Figu8el. For frequencies aroudd D ! o,
the signal is passed through with no change in gain. Howéweirequencies well
below or well above , the signal is attenuated. The phase of the signal is also
affected by the Iter, as shown in the phase curve. For fregiesnbelow! ;=100
there is a phase lead of 9@and for frequencies above 10§there is a phase lag
of 90 . These actions correspond to differentiation and integmati the signal in
these frequency ranges.

Example 8.9 Transcriptional regulation

Consider a genetic circuit consisting of a single gene. Vgbwa study the response
of the protein concentration to uctuations in the mRNA dynesn We consider
two cases: aonstitutive promotefno regulation) and self-repression (negative
feedback), illustrated in Figui@16 The dynamics of the system are given by

dm . dp
HD.p/ m u at

whereu is a disturbance term that affects mRNA transcription.

D m p
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Figure 8.16: Noise attenuation in a genetic circuit. The open loop system (a) consists of a
constitutive promoter, while the closed loop circuit (b) is self-regulatedmétative feedback
(repressor). The frequency response for each circuit is shoya).in

For the case of no feedback we havegp/ D , and the system has an equi-
librium pointatme D o= , pe D  o=. / . The transfer function froma to p is
given by

G%.s'D ——:
v .sC /.sC/
For the case of negative regulation, we have

1

.p/Dlepn

C o

and the equilibrium points satisfy

meD_pe; C OD meD_pe:

1Ckpl
The resulting transfer function is given by
n 1kpn 1
G% s/ D : — e .
v .sC l.sC/C .1C kpa/2

Figure8.16cshows the frequency response for the two circuits. We séditha
feedback circuit attenuates the response of the systenstiaridances with low-
frequency content but slightly ampli es disturbances atHigquency (compared
to the open loop system). Notice that these curves are vmilasito the frequency
response curves for the op amp shown in FigRiBh r
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Figure 8.17: Frequency response of a preloaded piezoelectric drive for an atontie
microscope. The Bode plot shows the response of the measuref@triamstion (solid) and
the tted transfer function (dashed).

Transfer Functions from Experiments

The transfer function of a system provides a summary of thetinptput response
and is very useful for analysis and design. However, modditiom rst principles
can be dif cult and time-consuming. Fortunately, we canofiaild an input/output
model for a given application by directly measuring the frelacy response and
tting a transfer function to it. To do so, we perturb the inpathe system using a
sinusoidal signal at a xed frequency. When steady statedistred, the amplitude
ratio and the phase lag give the frequency response for tliagan frequency. The
complete frequency response is obtained by sweeping owagrge of frequencies.

By using correlation techniques it is possible to deterntireefrequency re-
sponse very accurately, and an analytic transfer functionbe obtained from the
frequency response by curve tting. The success of this ambrdes led to in-
struments and software that automate this process, cglectrum analyzerdVe
illustrate the basic concept through two examples.

Example 8.10 Atomic force microscope

Toillustrate the utility of spectrum analysis, we consiterdynamics of the atomic
force microscope, introduced in Secti8rb. Experimental determination of the
frequency response is particularly attractive for thigetysbecause its dynamics are
very fast and hence experiments can be done quickly. A tyei@mple is given in
Figure8.17, which shows an experimentally determined frequency mrespésolid
line). In this case the frequency response was obtained@than a second. The
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(a) Closed loop (b) Open loop (c) High gain

Figure 8.18:Light stimulation of the eye. In (a) the light beam is so large that it alwaysnso
the whole pupil, giving closed loop dynamics. In (b) the light is focused anb@am which
is so narrow that it is not in uenced by the pupil opening, giving opempldgnamics. In (c)
the light beam is focused on the edge of the pupil opening, which hasféwt @fincreasing
the gain of the system since small changes in the pupil opening have aféegeon the
amount of light entering the eye. From Sta8t468.

transfer function
kI 2121252C2 1! 1SC!2..52C2 4 4sC!2les
|2| 52C22 2SC|2/SZC23 3SC|2/52C25 5SC|2/

with! « D 2 fyandf; D 2.42 kHz, 1 D 0:03, f, D 2.55 kHz, , D 0:03, f3 D
6.45 kHz, 3 D 0:042, f, D 8.25 kHz, 4 D 0:025, fs D 9.3 kHz, 5 D 0:032,

D 10 #sandk D 5, was tto the data (dashed line). The frequencies associated
with the zeros are located where the gain curve has mininthftenfrequencies
associated with the poles are located where the gain cus/bal maxima. The
relative damping ratios are adjusted to give a good t to maxand minima. When
agood ttothe gain curve is obtained, the time delay is adjd$b give a good tto
the phase curve. The piezo drive is preloaded, and a simplelrabits dynamics is
derived in Exercis®.7. The pole at 2.42 kHz corresponds to the trampoline mode
derived in the exercise; the other resonances are higheesnod

G.s/ D

r

Example 8.11 Pupillary light re ex dynamics
The human eye is an organ that is easily accessible for expetant has a control
system that adjusts the pupil opening to regulate the ligienisity at the retina.
This control system was explored extensively by Stark in th@0$9Sta6§.
To determine the dynamics, light intensity on the eye wagdasinusoidally and
the pupil opening was measured. A fundamental dif culty iattthe closed loop
system is insensitive to internal system parameters, slysagaf a closed loop
system thus gives little information about the internajganties of the system. Stark
used a clever experimental technique that allowed him testigate both open and
closed loop dynamics. He excited the system by varying tieasgity of a light beam
focused on the eye and measured pupil area, as illustratédune8.18 By using
a wide light beam that covers the whole pupil, the measurégiees the closed
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Figure 8.19: Sample curves from an open loop frequency response of the et)eafhelfl a
Bode plot for the open loop dynamics (right). The solid curve showscdi the data using a
third-order transfer function with time delay. The dashed curve in theeBdat is the phase
of the system without time delay, showing that the delay is needed to praggtyre the
phase. (Figure redrawn from the data of Sts8ta6§.)

loop dynamics. The open loop dynamics were obtained by usimarraw beam,
which is small enough that it is not in uenced by the pupil ojpen The result of
one experiment for determining open loop dynamics is gimdfigure8.19 Fitting

a transfer function to the gain curve gives a good t@rs/ D 0:17=.1C 0:08s/°.
This curve gives a poor t to the phase curve as shown by the dashere in
Figure8.19 The t to the phase curve is improved by adding a time delaycthi
leaves the gain curve unchanged while substantially modjfthe phase curve.
The nal t gives the model

0:17 ,
) D 0:2s.
G-8'D S omn®
The Bode plot of this is shown with solid curves in Fig@&49 Modeling of the
pupillary re ex from rst principles is discussed in detail [(KS01]. r

Notice that for both the AFM drive and pupillary dynamics itrist easy to
derive appropriate models from rst principles. In practiités often fruitful to use
a combination of analytical modeling and experimental ideation of parameters.
Experimental determination of frequency response is léstive for systems with
slow dynamics because the experiment takes a long time.

8.5 Laplace Transforms

Transfer functions are conventionally introduced usinglae@ transforms, and in
this section we derive the transfer function using this falism. We assume basic
familiarity with Laplace transforms; students who are nobifaar with them can
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safely skip this section. A good reference for the matherahtnaterial in this
section is the classic book by Widdé&k{d41].

Traditionally, Laplace transforms were used to computeaeses of linear sys-
tems to different stimuli. Today we can easily generate #sponses using com-
puters. Only a few elementary properties are needed foc bastrol applications.
There is, however, a beautiful theory for Laplace transfoimsnakes it possible
to use many powerful tools from the theory of functions of enptex variable to
get deep insights into the behavior of systems.

Consider a functiorf.t/, f : R ! R, that is integrable and grows no faster
thane™' for some nites; 2 R and larget. The Laplace transform magsto a
functonF DLf :C! C ofacomplexvariable. It is de ned by

1

F.s/ D e S'f.t/dt; Res> s (8.22)
0

The transform has some properties that makes it well suitetb#b with linear
systems.
First we obse%/e that the transform is linear because
1

L.af Cbg D e St.af.t/ C bg.t// dt
Z, z, (8.23)
Da e*S'f.t/dtCb e S'g.t/dtDaLfCbLg:
0 0

Next we czalculate the Laplace transform on the derivative fofretion. We have

df 1 1 1
L—D e S'f%t/dtDe s'f.t/ Cs e S'f.t/dtD f.0/CsLf;

dt 0 0 0

where the second equality is obtained using integrationdoispWe thus obtain

L%Dst f.0/ DsF.s/ .0/ (8.24)

This formulais particularly simple if the initial conditigrare zero because it follows
that differentiation of a function corresponds to muligliion of the transform by
S.

Since differentiation corresponds to multiplication §ywe can expect that
integration corresponds to division ByThis is true, as can be seen by calculating
the Laplace transform of an integral. Using integration bygave get

YA t z 1 YA t
L f./d D est f./d dt
0 0 z, 0 z,




8.5. LAPLACE TRANSFORMS 282

hence Z, 1

1
L f./d D-LfD=F.s (8.25)
0 S S

Next consider a linear time-invariant system with zeroahistate. We saw in
Section5.3that the relation between the inputand the outpuy is given by the
convolution integral zZ,

y.t/ D ht /u/d;
0

whereh.t/ is the impulse response for the system. Taking the Laplansftram of
this expression, we have
z 1 Z 1 Z 1
Y.s/ D e Sty.t/dtD et  ht Ju/d dt
Zol Zt 0 0
D est 'esSht Ju./d dt
2, ° Z,
D eu/d e Sth.t/dt D H.s/U.s/:
0 0

Thus, the input/output response is givenYys/ D H.s/U.s/, whereH, U and
Y are the Laplace transforms bf u andy. The system theoretic interpretation
is that the Laplace transform of the output of a linear systein product of two
terms, the Laplace transform of the inguits/ and the Laplace transform of the
impulse response of the systdrh s/. A mathematical interpretation is that the
Laplace transform of a convolution is the product of the tfamss of the functions
that are convolved. The fact that the formMas/ D H.s/U.s/ is much simpler
than a convolution is one reason why Laplace transforms hewerbe popular in
engineering.

We can also use the Laplace transform to derive the trangietiéun for a state

space system. Consider, for example, a linear state spatmtsygescribed by
%(DAXC Bu; yD CxC Du:

Taking Laplace transformgnder the assumption that all initial values are zero
gives
sX.s/ D AX.s/ C BU.s/ Y.s/ D CX.s/ C DU.s/:

Elimination of X.s/ gives
Y.ssD C.sl A BCD U.s (8.26)

The transfer functioni§.s/ D C.sl A/ 1BC D (compare with equatior8(4)).
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8.6 Further Reading

The idea of characterizing a linear system by its steadg-sé&ponse to sinusoids
was introduced by Fourier in his investigation of heat canidun in solids Fou07.
Much later, it was used by the electrical engineer Steinméta imtroduced the
i! method for analyzing electrical circuits. Transfer funos were introduced via
the Laplace transform by Gardner Barn&B@ 2, who also used them to calcu-
late the response of linear systems. The Laplace transfornvevgsmportant in
the early phase of control because it made it possible to addients via tables
(see, e.g. JNP4T). Combined with block diagrams, transfer functions andliaag
transforms provided powerful techniques for dealing witmplex systems. Cal-
culation of responses based on Laplace transforms is lesstamp today, when
responses of linear systems can easily be generated usimguters. There are
many excellent books on the use of Laplace transforms andféafunctions for
modeling and analysis of linear input/output systems. ifi@thl texts on control
such as PDB04], [FPENO0Y and [Oga0] are representative examples. Pole/zero
cancellation was one of the mysteries of early control thebis clear that com-
mon factors can be canceled in a rational function, but diatimas have system
theoretical consequences that were not clearly undersiotidKalman's decom-
position of a linear system was introduc&HN63]. In the following chapters, we
will use transfer functions extensively to analyze st&p@ind to describe model
uncertainty.

Exercises

8.1 Let G.s/ be the transfer function for a linear system. Show that if we ap
ply an inputu.t/ D Asin.! t/, then the steady-state output is givenyay/ D
jG.i!/ jAsin! t C argG.i!// . (Hint: Start by showing that the real part of a com-
plex number is a linear operation and then use this fact.)

8.2 Consider the system

X
— D axCu:
dt

Compute the exponential response of the system and use tiesive the transfer
function fromu to y. Show that whers D a, a pole of the transfer function, the
response to the exponential input/ D e3tis x.t/ D €¥'x.0/ C te?.

8.3 (Inverted pendulum) A model for an inverted pendulum wasothiced in
Example2.2 Neglecting damping and linearizing the pendulum arouediftright
position gives a linear system characterized by the matrice
8 0 ],g 8 0 9 8 9
3 . 3 3. : . .
AD'mgIth o BD'lth” CD-1 0 ; DDO:
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Determine the transfer function of the system.
8.4(Solutions corresponding to poles and zeros) Consider ffezelitial equation

dny dn ly dn lu dn 2u
Ca C CanyDbldtn1Cb2dtn2

T TOE! C C byu:

(&) Let be aroot of the characteristic polynomial

s"Cas”"'C Ca,DO
Show that ifu.t/ D 0, the differential equation has the solutipni/ D e .
(b) Let be a zero of the polynomial

b.ss Dbs" 1Chys" 2C C by

Show that if the input isi.t/ D e!, then there is a solution to the differential
equation that is identically zero.

8.5 (Operational ampli er) Consider the operational ampli ettioduced in Sec-
tion 3.3and analyzed in Exampk3. A PI controller can be constructed using an
op amp by replacing the resistBp with a resistor and capacitor in series, as shown
in Figure3.10 The resulting transfer function of the circuit is given by
1 kCs
G.s/ D RC— - :
>~ Cs KRICC R,C/sC 1
wherek is the gain of the op amR; andR; are the resistances in the compensation
network andC is the capacitance.

(a) Sketch the Bode plot for the system under the assumptadkth R, > R;.
You should label the key features in your plot, including ¢faén and phase at low
frequency, the slopes of the gain curve, the frequenciehitwhe gain changes
slope, etc.

(b) Suppose now that we include some dynamics in the ampli€gw&lined in
Example 8.1. This would involve replacing the g&iwith the transfer function

k
H.s/ D iCsT

Compute the resulting transfer function for the system, (ieplacek with H.s/)
and nd the poles and zeros assuming the following parameiieles
Ry

R D 100 k D 10%; R.C D 1, T D 0:0L
1

(c) Sketch the Bode plot for the transfer function in part (bing straight line
approximations and compare this to the exact plot of thestearfunction (using
MATLAB). Make sure to label the important features in your plot
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8.6(Transfer function for state space system) Consider tiealigtate space system
d
d—)t(DAxC Bu; y D Cx:

Show that the transfer function is

bls” 1Cb2$n 2C C bn.

sS"Cas"1C Ca, '

G.s/D

where
DCB; b,DCABCaCB; :::; b,DCA" 'BCaCA" 'BC Ca, ;CB
and.s/ Ds"Cas" 1C C a,isthe characteristic polynomial fak.

8.7 (Kalman decomposition) Show that the transfer function ofsiesm depends
only on the dynamics in the reachable and observable subsidabhe Kalman
decomposition. (Hint: Consider the representation giveaduation 7.27).)

8.8 Using block diagram algebra, show that the transfer funstioomd to y and
ntoy in Figure8.7 are given by
P 1

GyD———  GyD——:
vi= 1cpPC = 1CPC

8.9 (Bode plot for a simple zero) Show that the Bode plot for tran$finction
G.s/ D .sC a/=acan be(approximated by

ifl< a
logjG.il/ j
B . 8Iog! loga if!> a;
20 if ! < a=10
\ G.il/ >45C45.Iog! loga/ a=10<!< 10a
" 90 if 1 > 10a.

8.10(Vectored thrust aircraft) Consider the lateral dynamita wectored thrust
aircraft as described in Examp®9. Show that the dynamics can be described
using the following block diagram:

r 1
u - — = m —»(%)—»—»x
! Js? 9 ms C cs

Use this block diagram to compute the transfer functionmfig to andx and
show that they satisfy

J mgr

H JSZ.mSZCCS/:

Up D E1 HXU1 D
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8.11(Common poles) Consider a closed loop system of the form airEig.7,
with F D 1 andP andC having a pole/zero cancellation. Show that if each system
is written in state space form, the resulting closed loopesyss not reachable and
not observable.

8.12(Congestion control) Consider the congestion control rhdescribed in Sec-
tion 3.4. Letw represent the individual window size for a setbidentical sources,

g represent the end-to-end probability of a dropped pabkeipresent the number

of packets in the router's buffer an@represent the probability that that a packet is
dropped by the router. We writhlD Nw to represent the total number of packets
being received from alN sources. Show that the linearized model can be described
by the transfer functions

" . GusD — N
sCe s’ il Ge. oS C Gewe/ '

where.w; be/ is the equilibrium point for the systemy is the steady-state round-
trip time and ¢ is the forward propagation time.

Gpw.S/ D pr.S/ D ;

8.13(Inverted pendulum with PD control) Consider the normalizeerted pen-
dulum system, whose transfer function is given Bys/ D 1=.s> 1/ (Exer-

cise8.3). A proportional-derivative control law for this systemshtaansfer func-
tion C.s/ D kp C kys (see TableB.1). Suppose that we chooses/ D . s 1/.

Compute the closed loop dynamics and show that the systegoloalstracking of
reference signals but does not have good disturbanceiogjgubperties.

8.14(Vehicle suspensiorHB90]) Active and passive damping are used in cars to
give a smooth ride on a bumpy road. A schematic diagram of withra damping
system in shown in the gure below.

(Porter Class | race car driven by Todd Cuffaro)

This model is called guarter car modeland the car is approximated with two
masses, one representing one fourth of the car body and hiee @twheel. The
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actuator exerts a fordeé between the wheel and the body based on feedback from
the distance between the body and the center of the wheeaktiespacg.

Let xp, X andx; represent the heights of body, wheel and road measured from
their equilibria. A simple model of the system is given by Nemws equations for
the body and the wheel,

My D F; my D FCkix Xul;

wheremy is a quarter of the body massy, is the effective mass of the wheel
including brakes and part of the suspension systemyfisprung magsandk; is
the tire stiffness. For a conventional damper consisting sfpring and a damper,
we haveF D k.x, X/ Cc.B, Px/. For an active damper the forde can
be more general and can also depend on riding conditiongr R@mfort can be
characterized by the transfer functiGr, from road heighk;, to body acceleration
aD R. Sth that this transfer function has the prope®y .i! «/ D ki=my,
where! { D © ki=m,, (thetire hop frequency The equation implies that there are
fundamental limitations to the comfort that can be achievigld any damper.

8.15(Vibration absorber) Damping vibrations is a common engjiimg problem.
A schematic diagram of a damper is shown below:

1
=.

F
my
Crl—] k;
=0,

—

X1

T

The disturbing vibration is a sinusoidal force acting on nragsand the damper
consists of the mags, and the spring,. Show that the transfer function from
disturbance force to heightg of the massn; is

m252 Cky .
m1m2$4 C m2C1$3 C .miky, C myo.ky C kof/ s2C koc1s C kiko '
How should the mass, and the stiffnes&, be chosen to eliminate a sinusoidal

oscillation with frequency o. (More details are vibration absorbers is given in the
classic text by Den HartodJH85, pp. 87-93].)

leF D




Chapter Nine

Frequency Domain Analysis

Mr. Black proposed a negative feedback repeater and proved by tedt# ffossessed the
advantages which he had predicted for it. In particular, its gain was consteanhigh degree,
and it was linear enough so that spurious signals caused by the interaatitire various
channels could be kept within permissible limits. For best results the fekdbetor  had
to be numerically much larger than unity. The possibility of stability with a feekdfsator
larger than unity was puzzling.

Harry Nyquist, “The Regeneration Theory,” 199%y[q56].

In this chapter we study how the stability and robustnessoskd loop systems
can be determined by investigating how sinusoidal signadiéfierent frequencies
propagate around the feedback loop. This technique allow® usason about
the closed loop behavior of a system through the frequennyagtoproperties of
the open loop transfer function. The Nyquist stability tleeoris a key result that
provides a way to analyze stability and introduce measurdegrees of stability.

9.1 The Loop Transfer Function

Determining the stability of systems interconnected bylfieek can be tricky be-
cause each system in uences the other, leading to potgntatiular reasoning.
Indeed, as the quote from Nyquist above illustrates, thawiehof feedback sys-
tems can often be puzzling. However, using the mathemditeazakwork of transfer
functions provides an elegant way to reason about suchregstehich we calloop
analysis

The basic idea of loop analysis is to trace how a sinusoidab$jgropagates in
the feedback loop and explore the resulting stability byestigating if the prop-
agated signal grows or decays. This is easy to do becauseatis@rission of
sinusoidal signals through a linear dynamical system isatttiarized by the fre-
guency response of the system. The key result is the Nyquaibilist theorem,
which provides a great deal of insight regarding the stighif a system. Unlike
proving stability with Lyapunov functions, studied in Chiep4, the Nyquist crite-
rion allows us to determine more than just whether a systestalsle or unstable.
It provides a measure of the degree of stability through #haition of stability
margins. The Nyquist theorem also indicates how an unstgiskers should be
changed to make it stable, which we shall study in detail ingtérsl0-12.
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(@) (b)

Figure 9.1: The loop transfer function. The stability of the feedback system (a) ean b
determined by tracing signals around the loop. Lettin® P C represent the loop transfer
function, we break the loop in (b) and ask whether a signal injected ataiiné A has the
same magnitude and phase when it reaches point B.

Considerthe systemin Figudela The traditional way to determine ifthe closed
loop system is stable is to investigate if the closed loopaittaristic polynomial
has all its roots in the left half-plane. If the process aradbntroller have rational
transfer functions.s/ D ny.s/=d,.s/ andC.s/ D nc.s/=d..s/, then the closed
loop system has the transfer function

PC Ny.s/ne.s/
s/ D D == ;
Cv-S'D 755 P G, 9des Cnp.sine.s

and the characteristic polynomial is
. 8/ D dp.s/dc.s/ C np.s/nc.s/:

To check stability, we simply compute the roots of the chimdgtic polynomial
and verify that they each have negative real part. This apprizastraightforward
but it gives little guidance for design: it is not easy to tev the controller should
be modi ed to make an unstable system stable.

Nyquist's idea was to investigate conditions under whicatilzgions can occur
in a feedback loop. To study this, we introduce kbep transfer function Ls/ D
P.s/C.s/, which is the transfer function obtained by breaking thalbeek loop,
as shown in Figur®.1h The loop transfer function is simply the transfer function
from the input at position A to the output at position B muigg by 1 (to account
for the usual convention of negative feedback).

We will rst determine conditions for having a periodic odation in the loop.
Assume that a sinusoid of frequenky is injected at point A. In steady state the
signal at point B will also be a sinusoid with the frequehgy It seems reasonable
that an oscillation can be maintained if the signal at B hastime amplitude and
phase as the injected signal because we can then discoheétjected signal and
connect A to B. Tracing signals around the loop, we nd thatslgmals at A and
B are identical if

Lilo/D 1 (9.1)
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Z1 Z.C Z,
o ‘o)
(a) Ampli er circuit (b) Block diagram

Figure 9.2: Loop transfer function for an op amp. The op amp circuit (a) has aimam
transfer function/,=v; D Z,.s/=Z;.s/, whereZ, and Z, are the impedances of the circuit
elements. The system can be represented by its block diagram (bg weeow include the
op amp dynamic§.s/. The loop transfer function is D Z,G=.Z; C Z,/.

which then provides a condition for maintaining an osditlat The key idea of
the Nyquist stability criterion is to understand when thas diappen in a general
setting. As we shall see, this basic argument becomes mbtke suhen the loop
transfer function has poles in the right half-plane.

Example 9.1 Operational ampli er circuit
Consider the op amp circuit in Figufe2g whereZ, andZ, are the transfer func-
tions of the feedback elements from voltage to current. Thesfieedback because
voltagev; is related to voltage through the transfer functionG describing the op
amp dynamics and voltageis related to voltage, through the transfer function
Z,=.Z, C Z,/. The loop transfer function is thus
Gz,
LD ———: 9.2
Z,C Z; (©-2)

Assuming that the curreritis zero, the current through the elemegisandZ; is

the same, which implies
Vi V vV
D :
Zy Z;

Solving forv gives
Zov1 C Z1Vy Zov1  Z1Gv Zo L

vD ——v; Lv:
Z,C Z, Z,C Z, Z:G
Sincev, D Gv the input/output relation for the circuit becomes
Z, L
G -
val Z;1CL

A block diagram is shown in Figur@.2h It follows from (9.1) that the condition
for oscillation of the op amp circuit is

Zq.il G.il/
Zq.ill C Zy.ill

L.il/ D (9.3)
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r

One of the powerful concepts embedded in Nyquist's approastability anal-
ysis is that it allows us to study the stability of the feedbagstem by looking at
properties of the loop transfer function. The advantage afigithis is that it is
easy to see how the controller should be chosen to obtainigeddsop transfer
function. For example, if we change the gain of the contrptlee loop transfer
function will be scaled accordingly. A simple way to stabélian unstable system is
then to reduce the gain so that thé& point is avoided. Another way is to introduce
a controller with the property that it bends the loop traniiaction away from the
critical point, as we shall see in the next section. Difféenays to do this, called
loop shaping, will be developed and will be discussed in @rad.

9.2 The Nyquist Criterion

In this section we present Nyquist's criterion for determgnthe stability of a
feedback system through analysis of the loop transfer imctVe begin by intro-
ducing a convenient graphical tool, the Nyquist plot, anashow it can be used
to ascertain stability.

The Nyquist Plot

We saw in the last chapter that the dynamics of a linear systanbe represented
by its frequency response and graphically illustrated byedeBplot. To study the
stability of a system, we will make use of a different repreagion of the frequency
response called ldyquist plot The Nyquist plot of the loop transfer functians/

is formed by tracings 2 C around the Nyquist “D contour,” consisting of the
imaginary axis combined with an arc at in nity connecting edpoints of the
imaginary axis. The contour, denoted@2 C, is illustrated in Figur®.3a The
image ofL.s/ whens traverse$® gives a closed curve in the complex plane and is
referred to as the Nyquist plot fdr.s/, as shown in Figur®.3h Note that if the
transfer functiorL.s/ goes to zero asgets large (the usual case), then the portion
of the contour “at in nity” maps to the origin. Furthermore gtiportion of the plot
corresponding td< 0 is the mirror image of the portion with> 0.

There is a subtlety in the Nyquist plot when the loop transiaction has poles
on the imaginary axis because the gain is in nite at the pdlesolve this problem,
we modify the contouf to include small deviations that avoid any poles on the
imaginary axis, as illustrated in Figuge3a(assuming a pole df. s/ at the origin).
The deviation consists of a small semicircle to the right efithaginary axis pole
location.

The condition for oscillation given in equatiof.{) implies that the Nyquist
plot of the loop transfer function go through the pointD 1, which is called
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r Re

(a) Nyquist D contour (b) Nyquist plot

Figure 9.3: The Nyquist contouf and the Nyquist plot. The Nyquist contour (a) encloses
the right half-plane, with a small semicircle around any polek.af on the imaginary axis
(illustrated here at the origin) and an arc at in nity, representedRbyl . The Nyquist
plot (b) is the image of the loop transfer functibns/ whens traversed® in the clockwise
direction. The solid line corresponds'te 0, and the dashed line to< 0. The gain and
phase at the frequendy areg D jL.i!/ jand' D \ L.il/ . The curve is generated for
L.s/ D Lde 5=sC U2

thecritical point. Let! . represent a frequency at whith..i! o/ D 180, corre-
sponding to the Nyquist curve crossing the negative real. dxiuitively it seems
reasonable that the system is stablg.ifi! ./j < 1, which means that the critical
point 1 is on the left-hand side of the Nyquist curve, as indicatefigure9.3h
This means that the signal at point B will have smaller amgétthan the injected
signal. This is essentially true, but there are several stiél that require a proper
mathematical analysis to clear up. We defer the detailsdarand state the Nyquist
condition for the special case whetes/ is a stable transfer function.

Theorem 9.1(Simpli ed Nyquist criterion) Let L.s/ be the loop transfer function
for a negative feedback system (as shown in Figuie) and assume that L has
no poles in the closed right half-plan&€¢s  0) except for single poles on the
imaginary axis. Then the closed loop system is stable if aryg ibthe closed
contourgivenby DfL.i!// : 1 <!< 1g C hasno netencirclements of
the critical pointsD 1.

The following conceptual procedure can be used to deternhiaethere are
no encirclements. Fix a pin at the critical po;D 1, orthogonal to the plane.
Attach a string with one end at the critical point and the ptirethe Nyquist plot.
Let the end of the string attached to the Nyquist curve tr&vére whole curve.
There are no encirclements if the string does not wind up opithehen the curve
is encircled.

Example 9.2 Third-order system



9.2. THE NYQUIST CRITERION 293

Figure 9.4: Nyquist plot for a third-order transfer function. The Nyquist plot sists of a
trace of the loop transfer functidn.s/ D 1=.s C a/%. The solid line represents the portion
of the transfer function along the positive imaginary axis, and the ddstethe negative
imaginary axis. The outer arc of the D contour maps to the origin.

Consider a third-order transfer function

1 .
.sCa/?
To compute the Nyquist plot we start by evaluating pointstaitmaginary axis
sD !, which yields

1 a i/3® _a® 3a? 1% 332
il Cal® ~ a2Cl23  aClZ3 ' aZc123
This is plotted in the complex plane in Figu8el, with the points corresponding to
I'> 0drawn as a solid line and< 0 as a dashed line. Notice that these curves
are mirror images of each other.

To complete the Nyquist plot, we computes/ for s on the outer arc of the

Nyquist D contour. This arc has the fostD Reé for R!1 . This gives
i 1
LRE/D—————=! 0 as R!1
.Ré Ca/s

Thus the outer arc of thB contour maps to the origin on the Nyquist plot. r

L.s/ D

L.iY/ D

An alternative to computing the Nyquist plot explicitly s determine the plot
from the frequency response (Bode plot), which gives theusstqurvefors D i!
1> 0. We start by plottings.i!/ from! D Oto! D 1 , which can be read off
from the magnitude and phase of the transfer function. We phet G. R€ / with

2 =2, =2]andR!1 , which almost always maps to zero. The remaining

parts of the plot can be determined by taking the mirror in@fdbe curve thus far
(normally plotted using a dashed line). The plot can then beléad with arrows
corresponding to a clockwise traversal around the D cor{tbersame direction in
which the rst portion of the curve was plotted).
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A Im L.il
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Frequency [rad/s]
(a) Bode plot (b) Nyquist plot

Figure 9.5: Sketching Nyquist and Bode plots. The loop transfer functian g D 1=.s.sC
1/2/. The large semicircle is the map of the small semicircle oftlw®ntour around the pole
at the origin. The closed loop is stable because the Nyquist curve do@saiiele the critical
point. The point where the phase i480 is marked with a circle in the Bode plot.

Example 9.3 Third-order system with a pole at the origin
Consider the transfer function

k
L.ssD ———;
S s.sCvy?’

where the gain has the nominal vaki® 1. The Bode plot is shown in FiguBeba

The system has a single polesdd 0 and a double pole atD 1. The gain curve

of the Bode plot thus has the slopd. for low frequencies, and at the double pole

s D 1the slope changes ta3. For smalswe havel.  k=s, which means that the

low-frequency asymptote intersects the unit gain liné & k. The phase curve

starts at 90 for low frequencies, itis 180 at the breakpoint D 1 and it is
270 at high frequencies.

Having obtained the Bode plot, we can now sketch the Nyqudtt phown
in Figure9.5h It starts with a phase of 90 for low frequencies, intersects the
negative real axis at the breakpoinD 1 whereL.i/ D 0:5 and goes to zero along
the imaginary axis for high frequencies. The small halfieiaf theO contour at
the origin is mapped on a large circle enclosing the right-plne. The Nyquist
curve does not encircle the critical point, and it followsrfr the simpli ed Nyquist
theorem that the closed loop is stable. Sihce/ D k=2, we nd the system
becomes unstable if the gain is increasel » 2 or beyond. r

The Nyquist criterion does notrequire thiti! ./j < 1forall! . corresponding
to acrossing of the negative real axis. Rather, it saystieatimber of encirclements
must be zero, allowing for the possibility that the Nyquistve could cross the
negative real axis and cross back at magnitudes greaterlth@he fact that it
was possible to have high feedback gains surprised the @eslgners of feedback
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Figure 9.6: Internet congestion control. A set bf sources using TCP/Reno send messages
through a single router with admission control (left). Link delays are iredifdr the forward
and backward directions. The Nyquist plot for the loop transfer fundsoshown on the
right.

ampli ers, as mentioned in the quote in the beginning of tihamer.

One advantage of the Nyquist criterion is that it tells us laogystem is in-
uenced by changes of the controller parameters. For exanitpke very easy to
visualize what happens when the gain is changed since #tisgales the Nyquist

curve.

Example 9.4 Congestion control
Consider the Internet congestion control system desciib8dction3.4. Suppose
we haveN identical sources and a disturbanteepresenting an external data
source, as shown in Figuge6a We letw represent the individual window size for
a sourceq represent the end-to-end probability of a dropped padketpresent
the number of packets in the router's buffer gmepresent the probability that that
a packet is dropped by the router. We wilidor the total number of packets being
received from allN sources. We also include a time delay between the router and
the senders, representing the time delays between therserdieeceiver.

To analyze the stability of the system, we use the transfestions computed
in ExerciseB8.12

1 1

s/ D sCe s Gua-/ D Oe. &S C QeWe/’

where.we; be/ is the equilibrium point for the systeri\ is the number of sources,

e IS the steady-state round-trip time ands the forward propagation time. We use
& to represent the transfer function with the forward timeagiekmoved since
this is accounted for as a separate block in Figuéa Similarly, Gyq D Gwy=N
since we have pulled out the multiplidr as a separate block as well.
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The loop transfer function is given by
N 1 o
eSCe ™ Qe eSC geWe/
Using the fact that ~ 2N=wZ D 2N3=. .c/2 andwe D be=N D c=N from
equation 8.22), we can show that
N c 3 .
esCe 1 2N3.c 2sC 2N?/
Note that we have chosen the signlofs/ to use the same sign convention as in
Figure9.1h The exponential term representing the time delay gives saymt
phase abové D 1=, and the gain at the crossover frequency will determine
stability.
To check stability, we require that the gain be suf cientlyahat crossover. If

we assume that the pole due to the queue dynamics is suf gifa#l that the TCP
dynamics are dominant, the gain at the crossover frequentygiven by

€S-

L.s/ D

eS-

L.s/ D

G2 L e,
2N3c 2.~ 2N! ¢’

Using the Nyquist criterion, the closed loop system will Instable if this quantity

is greater than 1. In particular, for a xed time delay, thetsys will become
unstable as the link capacityis increased. This indicates that the TCP protocol

may not be scalable to high-capacity networks, as pointelayduow et al. LPD0Z.
Exercised.7 provides some ideas of how this might be overcome. r

jL.i! /iD -N-

Conditional Stability

Normally, we nd that unstable systems can be stabilized &by reducing the
loop gain. There are, however, situations where a system eastabilized by
increasing the gain. This was rst encountered by electringimeers in the design
of feedback ampli ers, who coined the terwonditional stability The problem was
actually a strong motivation for Nyquist to develop his thedVe will illustrate by
an example.

Example 9.5 Third-order system
Consider a feedback system with the loop transfer function

3.5C6/2
s.sC1?

The Nyquist plot of the loop transfer function is shown in Fig@7. Notice that the

Nyquist curve intersects the negative real axis twice. Theint®rsection occurs at
LD 12for! D 2,andthesecond&atD 4:5for! D 3. The intuitive argument
based on signal tracing around the loop in Figudbis strongly misleading in this

L.s/ D (9.4)
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Figure 9.7:Nyquist curve for the loop transfer functians/ D Z2=& . The plot on the right
is an enlargement of the box around the origin of the plot on the left. Trguisycurve
intersections the negative real axis twice but has no net encirclementks of

case. Injection of a sinusoid with frequency 2 rad/s and dogd 1 at A gives, in
steady state, an oscillation at B that is in phase with thatiapd has amplitude
12. Intuitively it is seems unlikely that closing of the lowgll result in a stable
system. However, it follows from Nyquist's stability criten that the system is
stable because there are no net encirclements of the tptoa. Note, however,
that if we decreasehe gain, then we can get an encirclement, implying that the
gain must be suf ciently large for stability. r

General Nyquist Criterion

Theorem9.1 requires that_.s/ have no poles in the closed right half-plane. In
some situations this is not the case and a more general reseatjuired. Nyquist
originally considered this general case, which we sumraatza theorem.

Theorem 9.2(Nyquist's stability theorem)Consider a closed loop system with the
loop transfer function Ls/ that has P poles in the region enclosed by the Nyquist
contour. Let N be the net number of clockwise encirclementddfy L.s/ when s
encircles the Nyquist contolr in the clockwise direction. The closed loop system
then has ZD N C P poles in the right half-plane.

The full Nyquist criterion states that if. s/ hasP poles in the right half-plane,
then the Nyquist curve fdc. s/ should haveP counterclockwise encirclements of
1 (sothatN D P). In particular, thigrequiresthatjL.i! ;/j > 1 for some!
corresponding to a crossing of the negative real axis. Cagédbe taken to get the
right sign of the encirclements. The Nyquist contour has ttvdneersed clockwise,
which means thdt moves from1 tol andN is positive if the Nyquist curve

winds clockwise. If the Nyquist curve winds counterclockeyi thenN will be
negative (the desired caseRf600).

As in the case of the simpli ed Nyquist criterion, we use snsainicircles of
radiusr to avoid any poles on the imaginary axis. By lettingg 0, we can use
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(a) Inverted pendulum (b) Nyquist plot

Figure 9.8: PD control of an inverted pendulum. (a) The system consists of a maisis th
balanced by applying a force at the pivot point. A proportional-dévigacontroller with
transfer functiorC.s/ D k.s C 2/ is used to command based on . (b) A Nyquist plot of
the loop transfer function for gakaD 1. There is one counterclockwise encirclement of the
critical point, givingN D 1 clockwise encirclements.

Theoremd.2to reason about stability. Note that the image of the smaliciecles
generates a section of the Nyquist curve whose magnitudeagipes in nity,
requiring care in computing the winding number. When photiNyquist curves on
the computer, one must be careful to see that such poles@verfyr handled, and
often one must sketch those portions of the Nyquist plot mdhheing careful to
loop the right way around the poles.

Example 9.6 Stabilized inverted pendulum

The linearized dynamics of a normalized inverted pendulumbearepresented by
the transfer functiof?.s/ D 1=.s> 1/, where the input is acceleration of the pivot
and the output is the pendulum angleas shown in Figur8.8 (Exercise8.3). We
attempt to stabilize the pendulum with a proportional-ekive (PD) controller
having the transfer functio@.s/ D k.s C 2/. The loop transfer function is

k.sC2/

2 17
The Nyquist plot of the loop transfer function is shown in FigQr8h We have
L./ D 2kandL.1/ D 0.If k> 0:5, the Nyquist curve encircles the critical
points D 1 in the counterclockwise direction when the Nyquist contous
encircled in the clockwise direction. The number of encitedats isthusN D 1.
Since the loop transfer function has one pole in the right-pkaihe P D 1), we
ndthat Z D NC P D 0 and the system is thus stablekos 0:5.Ifk < 0:5, there
is no encirclement and the closed loop will have one pole @right half-plane.
r

L.s/ D
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Derivation of Nyquist's Stability Theorem

We will now prove the Nyquist stability theorem for a gendoalp transfer function
L.s/. This requires some results from the theory of complex végbor which
the reader can consult Ahlforall66]. Since some precision is needed in stating
Nyquist's criterion properly, we will use a more mathemalistyle of presenta-
tion. We also follow the mathematical convention of cougtmcirclements in the
counterclockwise direction for the remainder of this sactiThe key result is the
following theorem about functions of complex variables.

Theorem 9.3(Principle of variation of the argument).et D be a closed region
in the complex plane and I8t be the boundary of the region. Assume the function
f:C! Cisanalyticin D and orD, except ata nite number of poles and zeros.
Then thewvinding numbemv,, is given by
z
1 1 f0z/
whaD —1pargf.zz D —

n® 5 rodrd 21 o f.2
wherel g is the net variation in the angle when z traverses the confoir the
counterclockwise direction, Z is the number of zeros in D Bnid the number of
poles in D. Poles and zeros of multiplicity m are counted nesim

dzD Z P;

Proof. Assume that D ais a zero of multiplicitym. In the neighborhood af D a

we have
f.zZzD.z a™g.z,

where the functiomny is analytic and different from zero. The ratio of the derivati
of f toitself is then given by

0z m g%z
f.zl ~z a g7’

and the second term is analyticzab a. The functionf %f thus has a single pole
atz D a with the residuen. The sum of the residues at the zeros of the function is
Z. Similarly, we nd that the sum of the residues for the poles B, and hence

z Z
Z PD % . ZOZ dzD 2—1| . dizlog f.z7dzD 2—1ilologf.z/;
wherel o again denotes the variation along the confouvVe have
logf.z/ Dlogjf.zjCiargf.z,
and since the variation ¢ff . z/j around a closed contour is zero it follows that
lologf.zzDilgargf.z,

and the theorem is proved. O
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This theoremis useful in determining the number of poles anaiszof a function
of complex variables in a given region. By choosing an appate closed region
D with boundary0, we can determine the difference between the number of poles
and zeros through computation of the winding number.

TheorenmB.3can be used to prove Nyquist's stability theorem by chooBiag
the Nyquist contour shown in FiguBe3a which encloses the right half-plane. To
construct the contour, we start with part of the imaginangaxR s jRand
a semicircle to the right with radiur. If the function f has poles on the imaginary
axis, we introduce small semicircles with radiio the right of the poles as shown
in the gure. The Nyquist contour is obtained by lettii®gy! 1 andr ! 0.
Note that0 has orientatiomppositethat shown in Figur®.3a (The convention in
engineering is to traverse the Nyquist contour in the cldskwdirection since this
corresponds to moving upwards along the imaginary axisghviniakes it easy to
sketch the Nyquist contour from a Bode plot.)

To see how we use the principle of variation of the argumecdtopute stability,
consider a closed loop system with the loop transfer fundtics/. The closed loop
poles of the system are the zeros of the funcfiosf D 1CL.s/. To ndthe number
of zeros in the right half-plane, we investigate the windmgnber of the function
f.s/ D 1C L.s/ ass moves along the Nyquist contoQrin the counterclockwise
direction. The winding number can conveniently be deterchiinem the Nyquist
plot. A direct application of Theorer.3 gives the Nyquist criterion, taking care
to ip the orientation. Since the image of@ L.s/ is a shifted version of..s/,
we usually state the Nyquist criterion as net encirclemehthe 1 point by the
image ofL.s/.

9.3 Stability Margins

In practice itis not enough that a system is stable. There atssbe some margins
of stability that describe how stable the system is and iastness to perturbations.
There are many ways to express this, but one of the most consioa iise of gain
and phase margins, inspired by Nyquist's stability crdariThe key idea is that it
is easy to plot the loop transfer functitns/. An increase in controller gain simply
expands the Nyquist plot radially. An increase in the phdskecontroller twists
the Nyquist plot. Hence from the Nyquist plot we can easitkpff the amount of
gain or phase that can be added without causing the systeettorie unstable.
Formally, thegain margin g, of a system is de ned as the smallest amount that
the open loop gain can be increased before the closed lotgmsgses unstable. For
a system whose phase decreases monotonically as a funtfrequency starting
at 0, the gain margin can be computed based on the smallest fregudere the
phase of the loop transfer functidns/ is 180 . Let! ,. represent this frequency,
called thephase crossover frequencyhen the gain margin for the system is given
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Figure 9.9: Stability margins. The gain marggs, and phase margin, are shown on the the
Nyquist plot (a) and the Bode plot (b). The gain margin correspontietemallest increase
in gain that creates an encirclement, and the phase margin is the smadlegedh phase
that creates an encirclement. The Nyquist plot also shows the stabilitymsargvhich is
the shortest distance to the critical point.
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Similarly, thephase margiiis the amount of phase lag required to reach the stability

limit. Let! y4cbe thegain crossover frequencthe smallest frequency where the loop

transfer functiorL.s/ has unit magnitude. Then for a system with monotonically
decreasing gain, the phase margin is given by

"mD CargL.i! g: (9.6)

These margins have simple geometric interpretations onyheilst diagram of
the loop transfer function, as shown in FigQr8a where we have plotted the portion
of the curve corresponding to> 0. The gain margin is given by the inverse of
the distance to the nearest point betwednand 0 where the loop transfer function
crosses the negative real axis. The phase margin is giverelsntiallest angle on
the unit circle between 1 and the loop transfer function. When the gain or phase
is monotonic, this geometric interpretation agrees withfirmulas above.

A drawback with gain and phase margins is that it is necegdsagive both of
them in order to guarantee that the Nyquist curve is not dioslee critical point.
An alternative way to express margins is by a single numheistability margin
Sm, Which is the shortest distance from the Nyquist curve tcctiteal point. This
number is related to disturbance attenuation, as will beudsed in Sectiohl.3

For many systems, the gain and phase margins can be detdrintnethe Bode
plot of the loop transfer function. To nd the gain margin we tred the phase

Om (9.5)
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Figure 9.10: Stability margins for a third-order transfer function. The Nyquist plottos
left allows the gain, phase and stability margins to be determined by megiueidistances
of relevant features. The gain and phase margins can also be feddhaf Bode plot on the
right.

crossover frequendy,c where the phase is180 . The gain margin is the inverse
of the gain at that frequency. To determine the phase margimsivdetermine the
gain crossover frequenctyy, i.e., the frequency where the gain of the loop transfer
function is 1. The phase margin is the phase of the loop trafigfetion at that
frequency plus 180 Figure9.9billustrates how the margins are found in the Bode
plot of the loop transfer function. Note that the Bode plaémpretation of the gain
and phase margins can be incorrect if there are multiplaigedes at which the
gain is equal to 1 or the phase is equal tb80 .

Example 9.7 Third-order system

Consider a loop transfer functidns/ D 3=.s C 1/3. The Nyquist and Bode plots
are shown in Figur8.10 To compute the gain, phase and stability margins, we can
use the Nyquist plot shown in Figu€elQ This yields the following values:

gm D 2:67; 'mD41.7; sn D 0:464
The gain and phase margins can also be determined from thefutde r

The gain and phase margins are classical robustness metsairbave been
used for a long time in control system design. The gain masgiveil de ned if the
Nyquist curve intersects the negative real axis once. Aymlsly, the phase margin
is well de ned if the Nyquist curve intersects the unit ciralieonly one point. Other
more general robustness measures will be introduced int€HED

Even if both the gain and phase margins are reasonable, ttersysay still
not be robust, as is illustrated by the following example.

Example 9.8 Good gain and phase margins but poor stability margins
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Figure 9.11: System with good gain and phase margins but a poor stability margin. Nyquis
(a) and Bode (b) plots of the loop transfer function and step respahser (@ system with
good gain and phase margins but with a poor stability margin. The Nydoisthows on the
portion of the curve correspondingte: 0.

Consider a system with the loop transfer function

0:38.52C 0:1s C 0:55/ )
s.sC1/.s2C 0:06sC 0:5/°

A numerical calculation gives the gain margingasD 266, and the phase margin
is 70 . These values indicate that the system is robust, but the istyqurve is
still close to the critical point, as shown in Figudell The stability margin is
sm D 0:27, which is very low. The closed loop system has two resonandies, one
with damping ratio D 0:81 and the other with D 0:014. The step response of
the system is highly oscillatory, as shown in Fig@rélc r

L.s/ D

The stability margin cannot easily be found from the Bode plothe loop
transfer function. There are, however, other Bode plotsitfilbjive s,,; these will
be discussed in Chapt&R. In general, it is best to use the Nyquist plot to check
stability since this provides more complete informatioarttthe Bode plot.

When designing feedback systems, it will often be usefuétaethe robustness
of the system using gain, phase and stability margins. Thasdaers tell us how
much the system can vary from our nominal model and still bblst Reasonable
values of the margins are phase marginD 30 —60 , gain marging, D 2-5 and
stability margins,, D 0.5-0.8.

There are also other stability measures, such adeks®y margin which is the
smallesttime delay required to make the system unstabléétransfer functions
that decay quickly, the delay margin is closely related ®oghase margin, but for
systems where the gain curve of the loop transfer functisrskeeral peaks at high
frequencies, the delay margin is a more relevant measure.
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Figure 9.12:Nyquist and Bode plots of the loop transfer function for the AFM syst@m) (
with an integral controller. The frequency in the Bode plot is normalizeal Byre parameters
are D 0:01 andk; D 0:008.

Example 9.9 Nanopositioning system for an atomic force microscope
Consider the system for horizontal positioning of the samplan atomic force
microscope. The system has oscillatory dynamics, and asimptel is a spring—
mass system with low damping. The normalized transfer fands given by
15

s2C2! 0$C!g1 (97)
where the damping ratio typically is a very small number,,e.d 0:1.

We will start with a controller that has only integral actidrhe resulting loop
transfer function is

k! 2

s.s2C2! osC! 3/’

wherek; is the gain of the controller. Nyquist and Bode plots of thepdransfer
function are shown in Figur@.12 Notice that the part of the Nyquist curve that is
close to the critical point 1 is approximately circular.

From the Bode plot in Figur@.12b, we see that the phase crossover frequency
is! pc D a, which will be independent of the gakq. Evaluating the loop transfer
function at this frequency, we havei! o/ D k=.2! o/, which means that the
gainmarginigm D 1 k=.2! (/. Tohave a desired gain marging{ the integral
gain should be chosen as

P.s/ D

L.s/ D

kD2 o.1 g

Figure9.12shows Nyquist and Bode plots for the system with gain maggirD
1:67 and stability margis, D 0:597. The gain curve in the Bode plot is almost
a straight line for low frequencies and has a resonant peaklat! . The gain
crossover frequency is approximately equakitoThe phase decreases monotoni-
callyfrom 90 to 270:itisequalto 180 at! D! (. The curve can be shifted



9.4. BODE'S RELATIONS AND MINIMUM PHASE SYSTEMS 305

vertically by changind; : increasings; shifts the gain curve upward and increases
the gain crossover frequency. Since the phaseli80 at the resonant peak, it is
necessary that the peak not touch thejing!/ jD 1. r

9.4 Bode's Relations and Minimum Phase Systems

An analysis of Bode plots reveals that there appears to blatore between the
gain curve and the phase curve. Consider, for example, tlie Rtots for the
differentiator and the integrator (shown in Fig@d.2. For the differentiator the
slope isC1 and the phase is a constant2 radians. For the integrator the slope is

1 and the phase is = 2. For the rst-order systerts.s/ D sC a, the amplitude
curve has the slope 0 for small frequencies and the sIdpéor high frequencies,
and the phase is 0 for low frequencies an@ for high frequencies.

Bode investigated the relations between the curves foesysivith no poles
and zeros in the right half-plane. He found that the phaseunagiely given by
the shape of the gain curve, and vice versa:

. ! dlogjG.il!/ | dlogjG.i!/ |
| — y — - | = -
argG.i! o/ D 2 .l dlog! dlog! 2 dlog! ;

wheref is the weighting kernel

(9.8)

2 1C!
f.l/ D Slog ——

o
The phase curve is thus a weighted average of the derivatitreeajain curve. If
the gain curve has constant slapehe phase curve has constant vaiue 2.

Bode's relations4.8) hold for systems that do not have poles and zeros in the
right half-plane. Such systems are calleohimum phase systerbsecause systems
with poles and zeros in the right half-plane have a largeseltg. The distinction
is important in practice because minimum phase systemsarereo control than
systems with a larger phase lag. We will now give a few exampi@onminimum
phase transfer functions.

The transfer function of a time delay ofunits isG.s/ D e S . This transfer
function has unit gaifG.i!/ j D 1, and the phase is a@i!/ D ! . The
corresponding minimum phase system with unit gain has tesfer function
G.s/ D 1. The time delay thus has an additional phase lalg ofNotice that the
phase lag increases linearly with frequency. Figik8ashows the Bode plot of
the transfer function. (Because we use a log scale for fregyu¢he phase falls off
exponentially in the plot.)

Consider a system with the transfer functiGns/ D .a s/=.a C s/ with
a > 0, which has a zers D a in the right half-plane. The transfer function
has unit gainG.i!/ j D 1, and the phase is a@i!/ D 2arctan!=a/. The
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Figure 9.13:Bode plots of systems that are not minimum phase. (a) Time @lsiyD e ST,
(b) system with a right half-plane (RHP) ze@s/ D .a s/=.aC s/ and (c) system with
right half-plane pole. The corresponding minimum phase system hasatisfer function
G.s/ D 1in all cases, the phase curves for that system are shown as dagsed lin

corresponding minimum phase system with unit gain has tesfer function
G.s/ D 1. Figure9.13bshows the Bode plot of the transfer function. A similar
analysis of the transfer functidd.s/ D .sC a/=s a/ with a > 0, which has a
pole in the right half-plane, shows that its phase isGuig/ D 2arctana=!/ .
The Bode plot is shown in Figui@13c

The presence of poles and zeros in the right half-plane ingzesere limitations
onthe achievable performance. Dynamics of this type sHmei&voided by redesign
of the system whenever possible. While the poles are intripoperties of the
system and they do not depend on sensors and actuatorsraésedepend on how
inputs and outputs of a system are coupled to the states. Za&ndkus be changed
by moving sensors and actuators or by introducing new ssresmd actuators.
Nonminimum phase systems are unfortunately quite commereictice.

The following example gives a system theoretic interpretatif the common
experience that it is more dif cult to drive in reverse geadalfustrates some of
the properties of transfer functions in terms of their pealed zeros.

Example 9.10 Vehicle steering
The nonnormalized transfer function from steering anglaterbl velocity for the
simple vehicle model is
avos C v3

bs '
wherevy is the velocity of the vehicle and; b > 0 (see Examplé&.12). The
transfer function has a zero atD vp=a. In normal driving this zero is in the left
half-plane, but itis in the right half-plane when drivingreverseyp < 0. The unit

G.s/ D
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Figure 9.14:Vehicle steering for driving in reverse. (a) Step responses fromisgegngle to
lateral translation for a simple kinematics model when driving forwaeslieéd) and reverse
(solid). With rear-wheel steering the center of mass rst moves in treng/direction and
that the overall response with rear-wheel steering is signi cantly delapenpared with that
for front-wheel steering. (b) Frequency response for drivingvéod (dashed) and reverse
(solid). Notice that the gain curves are identical, but the phase cungrifang in reverse
has nonminimum phase.

step response is 2
avp Vol .
y.t/ D b C b
The lateral velocity thus responds immediately to a steexamgmand. For reverse
steeringvy is negative and the initial response is in the wrong diregtobehavior
that is representative for nonminimum phase systems (tatieéverse responge
Figure 9.14 shows the step response for forward and reverse drivindhi$n t
simulation we have added an extra pole with the time con3taatapproximately
account for the dynamics in the steering system. The parasnatea D b D 1,
T D 0:1,vp D 1 for forward driving and/o D 1 for reverse driving. Notice that
fort > ty D a=vw, wheret is the time required to drive the distanagthe step
response for reverse driving is that of forward driving wtitle time delayty. The
position of the zerwy=a depends on the location of the sensor. In our calculation
we have assumed that the sensor is at the center of mass. Dhie tee transfer
function disappears if the sensor is located at the rear wihbe dif culty with
zeros in the right half-plane can thus be visualized by aghbaxperiment where
we drive a car in forward and reverse and observe the latesatipn through a
hole in the oor of the car. r
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9.5 Generalized Notions of Gain and Phase

A key idea in frequency domain analysis is to trace the beinavi sinusoidal
signals through a system. The concepts of gain and phasseeped by the transfer
function are strongly intuitive because they describe #oge and phase relations
between input and output. In this section we will see how temc the concepts
of gain and phase to more general systems, including sonimeansystems. We
will also show that there are analogs of Nyquist's stabitititerion if signals are
approximately sinusoidal.

System Gain

We begin by considering the case of a static linear systeh Au, whereA is

a matrix whose elements are complex numbers. The matrix duesane to be
square. Let the inputs and outputs be vectors whose elenrerdsraplex numbers
and use the Euclidean norm p
kukD 6 juj2 (9.9)

The norm of the output is
kyk?’ D u A Au;

where denotes the complex conjugate transpose. The maAtrixis symmetric
and positive semide nite, and the right-hand side is a quadfarm. The square
root of eigenvalues of the matrik A are all real, and we have

kyk?  max A A/kuk?:

The gain of the system can then be de ned as the maximum ratiwecdtitput to
the input over all possible inputs:
kyk P———
D mﬁxﬁ D max- A A/ (9.10)
The square root of the eigenvalues of the ma#&i are called thasingular values
of the matrixA, and the largest singular value is denotéd\/ .

To generalize this to the case of an input/output dynamigstiesn, we need
to think of the inputs and outputs not as vectors of real numbat as vectors of
signals For simplicity, consider rst the case of scalar signals #&tdhe signal
spacel , be square-integrable functions with the norm

S >
1
kuk, D juj2. / d:
0
This de nition can be generalized to vector signals by repigt¢he absolute value
with the vector norm4.9). We can now formally de ne the gain of a system taking
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inputsu 2 L, and producing outputg 2 L, as
D sup—; (9.11)

where sup is theupremumgde ned as the smallest number that is larger than its
argument. The reason for using the supremum is that the maximay not be
de nedforu 2 L,. This de nition of the system gain is quite general and can even
be used for some classes of nonlinear systems, though ode todee careful about
how initial conditions and global nonlinearities are haatll

The norm 90.11) has some nice properties in the case of linear systems. In
particular, given a single-input, single-output stableeér system with transfer
functionG.s/, it can be shown that the norm of the system is given by

D supG.i!/ j D: kGk (9.12)

In other words, the gain of the system corresponds to theyzgak of the frequency
response. This corresponds to our intuition that an inpudyres the largest output
when we are at the resonant frequencies of the sydtéik, is called than nity
normof the transfer functioi®. s/.

This notion of gain can be generalized to the multi-input, tiralitput case as
well. For a linear multivariable system with a real ratiotrahsfer function matrix
G.s/ we can de ne the gain as

D kGk; D supNG.il/l: (9.13)

Thus we can combine the idea of the gain of a matrix with the ad¢lae gain of a
linear system by looking at the maximum singular value olidreqguencies.

Small Gain and Passivity

For linear systems it follows from Nyquist's theorem that ttiosed loop is stable
if the gain of the loop transfer function is less than 1 foffrabuencies. This result
can be extended to a larger class of systems by using thearfdbe system gain
de ned in equation 9.117).

Theorem 9.4 (Small gain theorem)Consider the closed loop system shown in
Figure9.15 where H and H are stable systems and the signal spaces are properly
de ned. Let the gains of the systems &hd H, be ; and ,. Then the closed loop
system is input/output stable if , < 1, and the gain of the closed loop system is

_r .
1 12

Notice that if systems$l; andH, are linear, it follows from the Nyquist stability
theorem that the closed loop is stable becausg i < 1, the Nyquist curve is

D



9.5. GENERALIZED NOTIONS OF GAIN AND PHASE 310

Hl L

H2 -

Figure 9.15:Afeedback connection of two general nonlinear systeliandH,. The stability
of the system can be explored using the small gain theorem.

always inside the unit circle. The small gain theorem is thugx@ension of the
Nyquist stability theorem.

Although we have focused on linear systems, the small georém also holds
for nonlinear input/output systems. The de nition of gain guation ©.11) holds
for nonlinear systems as well, with some care needed in hanttle initial condi-
tion.

The main limitation of the small gain theorem is that it does cunsider the
phasing of signals around the loop, so it can be very congeevdo de ne the
notion of phase we require that there be a scalar productsdiaare-integrable

functions this can be de ned as
1

hu; yi D u./y. / d:
0

The phasé between two signals can now be de ned as
hu; yi D k ukkyk cos'/:

Systems where the phase between inputs and outputs isr 9€ss for all inputs
are calledpassive system#t follows from the Nyquist stability theorem that a
closed loop linear system is stable if the phase of the loapster function is
between and . This result can be extended to nonlinear systems as wedl. It
called thepassivity theorenand is closely related to the small gain theorem. See
Khalil [Kha0] for a more detailed description.

Additional applications of the small gain theorem and itplejation to robust
stability are given in Chaptelr2.

Describing Functions

For special nonlinear systems like the one shown in Fi§utéa which consists
of a feedback connection between a linear system and a stailnearity, it is
possible to obtain a generalization of Nyquist's stabititigerion based on the idea
of describing functions~ollowing the approach of the Nyquist stability condition
we will investigate the conditions for maintaining an oltibn in the system. If
the linear subsystem has low-pass character, its outpppi®gimately sinusoidal
even if its input is highly irregular. The condition for odation can then be found
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Im
B A
Re
1=N.a/
N. /= G.il/
(a) Block diagram (b) Nyquist plot

Figure 9.16: Describing function analysis. A feedback connection between a statimnon
earity and a linear system is shown in (a). The linear system is charadtésizes transfer
function L.s/, which depends on frequency, and the nonlinearity by its describingifum
N.a/, which depends on the amplitudef its input. The Nyquist plot of..i!/ and the plot

of the 1=N.a/ are shown in (b). The intersection of the curves represents a possifile lim
cycle.

by exploring the propagation of a sinusoid that correspaoadise rst harmonic.
To carry out this analysis, we have to analyze how a sinukeidaal propa-
gates through a static nonlinear system. In particular wesitigate how the rst
harmonic of the output of the nonlinearity is related tosis@soidal) input. Letting
F represent the nonlinear function, we expan@'' !/ in terms of its harmonics:

F.aé! t/ D )é- Mn.a/ei'"! tC'n.all .
nDO
whereM,.a/ and' ,.a/ represent the gain and phase of ttile harmonic, which
depend on the input amplitude since the functins nonlinear. We de ne the
describing function to be the complex gain of the rst harntoni

N.a/ D My.a/e »¥: (9.14)

The function can also be computed by assuming that the inpusisusoid and
using the rstterm in the Fourier series of the resulting amip

Arguing as we did when deriving Nyquist's stability criten, we nd that an
oscillation can be maintained if

L.i/ N.a/D 1 (9.15)

This equation means that if we inject a sinusoid at A in Figuld the same signal
will appear at B and an oscillation can be maintained by coting the points.
Equation 9.15 gives two conditions for nding the frequendy of the oscillation
and its amplitudea: the phase must be 180and the magnitude must be unity. A
convenient way to solve the equation is to ploi!/ and 1=N.a/ on the same



9.5. GENERALIZED NOTIONS OF GAIN AND PHASE

@)

=V

..
5N o v s o
——T

Out

1st har.

/!

/~

— 1

h

\/A

Y

10

(b)

15

20

312

(©)

Figure 9.17:Describing function analysis for arelay with hysteresis. The input/ougpation
of the hysteresis is shown in (a) and the input with amplitad® 2, the output and its rst
harmonic are shown in (b). The Nyquist plots of the transfer fundticsi D .sC 1/ * and
the negative of the inverse describing function for the relay Wwith 3 andc D 1 are shown
in (c).

diagram as shown in FiguB16@. The diagram is similar to the Nyquist plot where
the critical point 1 is replaced by the curvel=N.a/ anda ranges from 0 td .

It is possible to de ne describing functions for types of itpwther than si-
nusoids. Describing function analysis is a simple methad,itois approximate
because it assumes that higher harmonics can be neglectalieBxtreatments of
describing function techniques can be found in the texts theAon Ath75 and
Graham and McRueGM61].

Example 9.11 Relay with hysteresis
Consider a linear system with a nonlinearity consisting célay with hysteresis.
The output has amplitudeand the relay switches when the inputis, as shown in
Figure9.17a AssumingthattheinputisD asin.! t/,we ndthatthe outputiszero
ifa c,andifa> c,the outputis a square wave with amplituzihat switches at
times! t D arcsinc=a/Cn .The rstharmonicisthely.t/ D .4b=/ sin! t [/,
where sin D c=a. Fora > c the describing function and its inverse are
r——— P——s
4b cc .c 1 a? ¢ . ¢

N'a/Da 1 a2 Ia’ N.a/D 4b C|4b’
where the inverse is obtained after simple calculationsurigi§.17bshows the
response of the relay to a sinusoidal input with the rst hanmomf the output
shown as a dashed line. Describing function analysis istittted in Figur®.17¢
which shows the Nyquist plot of the transfer functibrs/ D 2=.s C 1/ (dashed
line) and the negative inverse describing function of ayrelith b D 1 andc D 0:5.
The curves intersect fa D 1 and! D 0.77 rads, indicating the amplitude and
frequency for a possible oscillation if the process and #h@yrare connected in a
a feedback loop. r
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9.6 Further Reading

Nyquist's original paper giving his now famous stabilityterion was published in
theBell Systems Technical Jourrnial1932 Nyq32. More accessible versions are
found in the book BK64], which also includes other interesting early papers on
control. Nyquist's paper is also reprinted in an IEEE collectf seminal papers on
control [Bas0]. Nyquist usedC1 as the critical point, but Bode changed it td,
which is now the standard notation. Interesting perspestin early developments
are given by BlackBla77], Bode Bod6(d and BennettBen93. Nyquist did a direct
calculation based on his insight into the propagation aisidal signals through
systems; he did not use results from the theory of complexgtioins. The idea
that a short proof can be given by using the principle of yvemmof the argument

is presented in the delightful book by MacCoW@c4y. Bode made extensive
use of complex function theory in his booB¢d43, which laid the foundation
for frequency response analysis where the notion of minirphase was treated in
detail. A good source for complex function theory is the siaby Ahlfors JAhI66].
Frequency response analysis was a key element in the ememgeruntrol theory

as described in the early texts by James ed&lF47, Brown and CampbelBC4§

and OldenburgerQld5€, and it became one of the cornerstones of early control
theory. Frequency response methods underwent a resurgéecerabust control
emerged in the 1980s, as will be discussed in Chalfter

Exercises

9.1 (Operational ampli er) Consider an op amp circuit with D Z, that gives
a closed loop system with nominally unit gain. Let the tran$fmction of the
operational ampli er be

kagay )
.sCal.sCay/.sCayl’

wherea; a, a. Show that the condition for oscillation s < a; C a, and
compute the gain margin of the system. Hint: Assuani2 0.

G.s/ D

9.2 (Atomic force microscope) The dynamics of the tapping modaroatomic
force microscope are dominated by the damping of the castitebrations and
the system that averages the vibrations. Modeling thelesatias a spring—mass
system with low damping, we nd that the amplitude of the viiwas decays as
exp. ! t/,where isthe damping ratio and is the undamped natural frequency
of the cantilever. The cantilever dynamics can thus be mddejethe transfer

function a

G.s/ D —;
sCa
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wherea D ! . The averaging process can be modeled by the input/outtitne|

t

y.t/ D E u.v/dv;
t

where the averaging time is a multipieof the period of the oscillation 2! . The
dynamics of the piezo scanner can be neglected in the rstoopation because
they are typically much faster than A simple model for the complete system is
thus given by the transfer function

al es/
s.sCal

Plot the Nyquist curve of the system and determine the gain mfoportional
controller that brings the system to the boundary of stbili

P.s/ D

9.3 (Heat conduction) A simple model for heat conduction in adsia given by
the transfer function

p
P.s/ D ke *=:

Sketch the Nyquist plot of the system. Determine the frequeriere the phase of
the process is 180 and the gain at that frequency. Show that the gain required to
bring the system to the stability boundanki® e .

9.4 (Vectored thrust aircraft) Consider the state space cheitrdesigned for thee
vectored thrust aircraft in Examplé&s8 and 7.5. The controller consists of two
components: an optimal estimator to compute the state sfgtem from the output
and a state feedback compensator that computes the infut the (estimated)
state. Compute the loop transfer function for the systemdatdrmine the gain,
phase and stability margins for the closed loop dynamics.

9.5 (Vehicle steering) Consider the linearized model for vishigteering with a
controller based on state feedback discussed in Exarnl&he transfer functions
for the process and controller are given by

1 kil1 C kol kil
sC . C.¢D S.kil1 C kal2/ C kil :
s2 s2Cs. kiCkoCli/ Ck;ClyC kol kol o
as computed in Exampl@.6. Let the process parameter beD 0:5 and assume
that the state feedback gains &teD 1 andk, D 0:914 and that the observer gains
arel; D 2:828 and, D 4. Compute the stability margins numerically.

P.s/ D

9.6 (Stability margins for second-order systems) A process whihygamics is
described by a double integrator is controlled by an ideal Biroller with the
transfer functiorC.s/ D kgs C kp,, where the gains afey D 2! g andk, D ! 3.
Calculate and plot the gain, phase and stability marginsfasaion .
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9.7 (Congestion control in overload conditions) A strongly plned ow model
of a TCP loop under overload conditions is given by the loopdfer function

L.s/ D lfe S5
S
where the queuing dynamics are modeled by an integratof@Rewindow control
is a time delay and the controller is simply a proportional controller. Ajora
dif culty is that the time delay may change signi cantly dugrthe operation of
the system. Show that if we can measure the time delay, it isilfjeso choose a
gain that gives a stability margin ¢f  0:6 for all time delays .

9.8 (Bode's formula) Consider Bode's formul8.8) for the relation between gain
and phase for a transfer function that has all its singugarin the left half-plane.
Plot the weighting function and make an assessment of thadregsies where the
approximation ar§s . = 2/dlogjGj=dlog! is valid.

9.9 (Padé approximation to a time delay) Consider the transfestfons
1 s=2
1Cs=2

Show that the minimum phase properties of the transfer fonstare similar for

frequencies < 1= . Alongtime delay is thus equivalent to a small right half-
plane zero. The approximatioB.(6) is called a rst-ordePadé approximation

G;.s/De?®; Gys/lDe?® (9.16)

9.10(Inverse response) Consider a system whose input/outgutnse is modeled
by G.s/ D 6. sC 1/=.s?C 5sC 6/, which has a zero in the right half-plane.
Compute the step response for the system, and show that thet @oes in the
wrong direction initially, which is also referred to asiamerse respons€ompare
the response to a minimum phase system by replacing the zef® & with a zero
atsD 1.

9.11(Describing function analysis) . Consider the system vhthklock diagram
shown on the left below.

Yy

1A}

1 |

The blockR is a relay with hysteresis whose input/output responseoasion the

right and the process transfer functionrAss/ D e ° =s. Use describing function
analysis to determine frequency and amplitude of possillg tycles. Simulate
the system and compare with the results of the describingtitmanalysis.



Chapter Ten
PID Control

Based on a survey of over eleven thousand controllers in the re nivemécals and pulp and
paper industries, 97% of regulatory controllers utilize PID feedback.

L. Desborough and R. Miller, 200DM02].

This chapter treats the basic properties of proportionaigiral-derivative (PID)
control and the methods for choosing the parameters of theailers. We also
analyze the effects of actuator saturation and time dedayjrhportant features of
many feedback systems, and describe methods for compaméatithese effects.
Finally, we will discuss the implementation of PID controfleas an example of
how to implement feedback control systems using analoggitadicomputation.

10.1 Basic Control Functions

PID control, which was introduced in Sectidn5 and has been used in several
examples, is by far the most common way of using feedbaclkgmerring systems.
It appears in simple devices and in large factories with saods of controllers.
PID controllers appear in many different forms: as stanav@loontrollers, as part
of hierarchical, distributed control systems and builbietnbedded components.
Most PID controllers do not use derivative action, so theyusdhetrictly speaking
be called PI controllers; we will, however, use PID as a gerterin for this class
of controller. There is also growing evidence that PID corappears in biological
systems YHSDO(.

Block diagrams of closed loop systems with PID controlleessirown in Fig-
ure10.1 The control signal for the system in Figur0.1ais formed entirely from
the errore; there is no feedforward term (which would corresponki tan the state
feedback case). A common alternative in which proportiamal derivative action
do not act on the reference is shown in Figli€elly combinations of the schemes
will be discussed in Sectioh0.5 The command signal is called the reference
signal in regulation problems, or tlsetpointin the literature of PID control. The
input/output relation for an ideal PID controller with erfeedback is

t de 1 Z+

uDkpeCk e/d Cky— Dk, eC —

0 dt Ti o

The control action is thus the sum of three terms: proportieealback, the integral

de
e/ d CTag; - (10.1)
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O k= |
P.s/ y 3 k ) 3 u P.s/ y
! p =) ; :
3 kys |
s —{ 1
1 © Controller
(a) PID using error feedback (b) PID using two degrees of freedom

Figure 10.1: Block diagrams of closed loop systems with ideal PID controllers. Both con
trollers have one output, the control sigrnalThe controller in (a), which is based on error
feedback, has one input, the control eed r y. For this controller proportional, integral
and derivative action acts on the ermb r y. The two degree-of-freedom controller in
(b) has two inputs, the referencend the process output Integral action acts on the error,
but proportional and derivative action act on the process oytput

term and derivative action. For this reason PID controlleesenoriginally called
three-term controllersThe controller parameters are the proportional ¢girthe
integral gaink; and the derivative gaiky. The time constant3; and Ty, called
integral time (constant) and derivative time (constamg,smetimes used instead
of the integral and derivative gains.

The controller £0.1) represents an idealized controller. It is a useful abstac
for understanding the PID controller, but several modi casanust be made to
obtain a controller that is practically useful. Before dissing these practical issues
we will develop some intuition about PID control.

We start by considering pure proportional feedback. Figur2ashows the
responses of the process output to a unit step in the refevahee for a system with
pure proportional control at different gain settings. la #bbsence of a feedforward
term, the output never reaches the reference, and henceavieftawith nonzero
steady-state error. Letting the process and the controdlee iransfer functions
P.s/ andC.s/, the transfer function from reference to output is

Gy D %; (10.2)
and thus the steady-state error for a unit step is
1 Gy,.00D ;:
1Cky,P.O/

For the system in Figur&0.2awith gainsk, D 1, 2 and 5, the steady-state error
is 0.5,0.33 and 0.17. The error decreases with increasimg lgati the system also
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Figure 10.2:Responses to step changes in the reference value for a system wiploetioraal
controller (a), Pl controller (b) and PID controller (¢). The process the transfer function
P.s/ D 1=.sC1/3, the proportional controller has parametey® 1,2and5, the Plcontroller
has parameteis, D 1,k; D 0,0.2,0.5and 1, and the PID controller has paraméjei 2:5,

ki D 1:5andky D 0, 1, 2 and 4.

becomes more oscillatory. Notice in the gure that the initialue of the control
signal equals the controller gain.
To avoid having a steady-state error, the proportional ambe changed to

u.t/ D kpe.t/ C ug; (10.3)

whereug is a feedforward term that is adjusted to give the desireddststate
value. If we chooseis D r=P.0/ D k;r, then the output will be exactly equal
to the reference value, as it was in the state space caseadedothat there are
no disturbances. However, this requires exact knowledgieeoprocess dynamics,
which is usually not available. The parametgr calledresetin the PID literature,
must therefore be adjusted manually.

As we saw in Sectio6.4, integral action guarantees that the process output
agrees with the reference in steady state and provides exmatitve to the feed-
forward term. Since this result is so important, we will pd®ia general proof.
Consider the controller given by equatidrO(1). Assume that there exists a steady
state withu D up ande D &y. It then follows from equationl(0.1) that

Uo D Kpep C k;ept;

which is a contradiction unless, or k; is zero. We can thus conclude that with
integral action the error will be zero if it reaches a steadtes Notice that we have
not made any assumptions about the linearity of the proadke disturbances. We
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1CsT; 1CsTqy
(a) Automatic reset (b) Proportional-derivative

Figure 10.3:Implementation of Pl and PD controllers. The block diagram in (a) shams h
integral action is implemented usipgsitive feedbaclith a rst-order system, sometimes
called automatic reset. The block diagram in (b) shows how derivati@nazan be imple-
mented by taking differences between a static system and a rst-orgersy

have, however assumed that an equilibrium exists. Usirgrat action to achieve
zero steady-state error is much better than using feedfdrwehich requires a
precise knowledge of process parameters.

The effect of integral action can also be understood fromueegy domain
analysis. The transfer function of the PID controller is

k—s' C kgs: (10.4)
The controller has in nite gain at zero frequeny.Q/ D 1 ), and it then follows
from equation {0.2 thatGy,.0/ D 1, which implies that there is no steady-state
error for a step input.

Integral action can also be viewed as a method for genertitaégedforward
termug in the proportional controllerl0.3 automatically. One way to do this is
shown in Figurel0.3g where the controller output is low-pass- ltered and fedibac
with positive gain. This implementation, calladtomatic resetwas one of the early
inventions of integral control. The transfer function of gystem in Figurel0.3a
is obtained by block diagram algebra; we have
1CsT Kp .

5T Dk,C ST
which is the transfer function for a PI controller.

The properties of integral action are illustrated in Figl@e2bfor a step input.
The proportional gain is constak, D 1, and the integral gains akeD 0, 0.2, 0.5
and 1. The casle D 0 corresponds to pure proportional control, with a steadies
error of 50%. The steady-state error is eliminated when rategin action is used.
The response creeps slowly toward the reference for smalesadfk; and goes
faster for larger integral gains, but the system also besammre oscillatory.

The integral gairk; is a useful measure for attenuation of load disturbances.
Consider a closed loop system under PID control and assurhéhthaystem is
stable and initially at rest with all signals being zero. Amounit step disturbance at

C.s/Dk,C

Gue D Kk,
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the process input. After a transient the process outputtgaeso and the controller
output settles at a value that compensates for the distoeb#riollows from (L0.1)
that Z,

u.l / DKk e.t/dt:
0

Theintegrated error is thus inversely proportional to thegral gairk;. The integral
gain is thus a measure of the effectiveness of disturbateelattion. A large gain
ki attenuates disturbances effectively, buttoo large a ge@s@scillatory behavior,
poor robustness and possibly instability.

We now return to the general PID controller and consider tifiecebf the
derivative termky. Recall that the original motivation for derivative feedkavas
to provide predictive or anticipatory action. Notice thhe tcombination of the
proportional and the derivative terms can be written as

de de
ubD kyeC kda DkpeC Tda D Kpep;

wheree,.t/ can be interpreted as a prediction of the error at tir@eTy by linear
extrapolation. The prediction tim& D ky=k, is the derivative time constant of
the controller.

Derivative action can be implemented by taking the diffeesimetween the signal
and its low-pass lItered version as shown in Figai@3h The transfer function
for the system is

1 STy
1CsTy P1CsTy’

The system thus has the transfer functiers/ D sTy=.1 C sTy/, which approxi-
mates a derivative for low frequencigsj(< Tg).

Figure10.2cillustrates the effect of derivative action: the systemdsiltatory
when no derivative action is used, and it becomes more dampduke derivative
gain is increased. Performance deteriorates if the dereszgtin is too high. When
the input is a step, the controller output generated by thivatae term will be
an impulse. This is clearly visible in Figuld®.2¢c The impulse can be avoided by
using the controller con guration shown in Figut®.1b.

Although PID control was developed in the context of engimegapplications,
it also appears in nature. Disturbance attenuation by fegdm biological sys-
tems is often calleddaptation A typical example is the pupillary re ex discussed
in Example8.11, where it is said that the eye adapts to changing light iitens
Analogously, feedback with integral action is called petgdaptationYHSDO(Q.

In biological systems proportional, integral and derivataction is generated by
combining subsystems with dynamical behavior similarlymuat is done in en-

gineering systems. For example, Pl action can be generatdtebgteraction of

several hormoneE[SGKO03.

Gue.s/ D kp 1

(10.5)
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Figure 10.4: Schematic diagram of cone photoreceptors (C) and horizontal cellsn(H)
the retina. In the schematic diagram in (a), excitatory feedback is indibgtedrows and
inhibitory feedback by circles. A block diagram is shown in (b) and the sgsponse in (c).

Example 10.1 PD action in the retina
The response of cone photoreceptors in the retina is an egamiglre proportional
and derivative action is generated by a combination of caneshorizontal cells.
The cones are the primary receptors stimulated by light, vimiturn stimulate the
horizontal cells, and the horizontal cells give inhibitgnegative) feedback to the
cones. A schematic diagram of the system is shown in FifjQréa The system
can be modeled by ordinary differential equations by regm#sg neuron signals
as continuous variables representing the average putsdmg¥Vil99] it is shown
that the system can be represented by the differential eqsat

% D Tic X1 kx Cul; % D _I_—lh.xl Xof;
whereu is the light intensity and; andx, are the average pulse rates from the cones
and the horizontal cells. A block diagram of the system issghim Figurel10.4h
The step response of the system shown in Figixdcshows that the system has
a large initial response followed by a lower, constant stestdte response typical
of proportional and derivative action. The parameters usdtieé simulation are
k D 4, T;, D 0:025 andT,, D 0:08. r

10.2 Simple Controllers for Complex Systems

Many of the design methods discussed in previous chapteestha property that
the complexity of the controller is directly re ected by theraplexity of the model.
When designing controllers by output feedback in Chaptare found for single-
input, single-output systems that the order of the corgrelas the same as the order
of the model, possibly one order higher if integral actiorswequired. Applying
similar design methods for PID control will require that werddow-order models
of the processes to be able to easily analyze the results.
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Low-order models can be obtained from rst principles. Anybitasystem

can be modeled by a static system if its inputs are suf cieslttyv. Similarly a
rst-order model is suf cient if the storage of mass, momentomenergy can be
captured by only one variable; typical examples are thecitylof a car on a road,
angular velocity of a stiff rotational system, the level itmak and the concentration
in a volume with good mixing. System dynamics are of secondrdfdhe storage
of mass, energy and momentum can be captured by two statdbles; typical
examples are the position of a car on the road, the staldizaf stiff satellites,
the levels in two connected tanks and two-compartment nsodelvide range of
techniques for model reduction are also available. In thegpter we will focus on
design techniques where we simplify the models to capt@essential properties
that are needed for PID design.

We begin by analyzing the case of integral control. A stalgktesn can be
controlled by an integral controller provided that the riegments on the closed
loop system are modest. To design the controller we assiatthttransfer function
of the process is a constalit D P.0/. The loop transfer function under integral
control then becomdsk; =s, and the closed loop characteristic polynomial is simply
sC Kk;. Specifying performance by the desired time constgrtf the closed loop
system, we nd that the integral gain is given by

ki D 1=.Tc| P.o/:

The analysis requires th@ be suf ciently large that the process transfer function
can be approximated by a constant.

For systems that are not well represented by a constant wairtan obtain
a better approximation by using the Taylor series expansfdhe loop transfer
function:

kiP.s/ k.P.0/ CsP0/ kPO/

L.s/ D DkP2O/C ——

Choosingk P20/ D  0:5 gives a system with good robustness, as will be discussed
in Sectionl12.5 The controller gain is then given by

1
kD Seogr (10.6)

and the expected closed loop time constatis  2P%0/=P.0/.

Example 10.2 Integral control of AFM in tapping mode

A simpli ed model of the dynamics of the vertical motion of atomic force
microscope in tapping mode was discussed in Exe&i2eThe transfer function
for the system dynamics is

al es/

P.s/ D :
s.sCal
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Figure 10.5: Integral control for AFM in tapping mode. An integral controller is design
based on the slope of the process transfer function at 0. The congielisrgood robustness
properties based on a very simple analysis.

wherea D ! 3, D 2 n=!, and the gain has been normalized to 1. We have
P.0/ D 1andP%0/ D =2 1=a, and it follows from (0.6 that the integral
gain can be chosen &s D a=.2 C a /. Nyquist and Bode plots for the resulting
loop transfer function are shown in Figut8.5 r

A rst-order system has the transfer function

b
P.ssf D —:
sCa

With a PI controller the closed loop system has the charatiepolynomial
s.sC a/ C bk,sC bksD s?C .aC bky/s C bk:

The closed loop poles can thus be assigned arbitrary valugsdper choice of
the controller gains. Requiring that the closed loop sydtere the characteristic

polynomial
p.s/ D s*C a;sC aj;

we nd that the controller parameters are

a a a
ko D 1b . kD 32: (10.7)
If we require aresponse of the closed loop system that issslthan that of the open
loop system, a reasonable choicaisD aC anda, D a. If a response faster
than that of the open loop system is required, it is reasenalthoose; D 2! ¢
anda, D ! 2, where! g and are undamped natural frequency and damping ratio
of the dominant mode. These choices have signi cant impachemdbustness of
the system and will be discussed in Secti@4 An upper limit to! ¢ is given by
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the validity of the model. Large values b§ will require fast control actions, and
actuators may saturate if the value is too large. A rst-onaexdel is unlikely to
represent the true dynamics for high frequencies. We ititistthe design by an
example.

Example 10.3 Cruise control using Pl feedback

Consider the problem of maintaining the speed of a car ases g a hill. In
Example5.14 we found that there was little difference between the lireaad

nonlinear models when investigating Pl control, provideat the throttle did not
reach the saturation limits. A simple linear model of a cas gigen in Exampl&.11

dv v
dt

wherev is the velocity of the caw is the input from the engine andis the slope
of the hill. The parameters weeeD 0:0101,b D 1:3203,9 D 9:8,ve D 20 and
Ue D 0:1616. This model will be used to nd suitable parameters of dalefspeed
controller. The transfer function from throttle to velocisya rst-order system.
Since the open loop dynamics is so slow, it is natural to spedidster closed loop
system by requiring that the closed loop system be of secodel with damping
ratio andundamped natural frequencgy The controller gains are given bid.7).

Figure 10.6 shows the velocity and the throttle for a car that initiallpwas
on a horizontal road and encounters a hill with a slope aditdtimet D 6 s. To
design a PI controller we chooseD 1 to obtain a response without overshoot, as
shown in Figurel0.6a The choice of o is a compromise between response speed
and control actions: a large value gives a fast responsét, taguires fast control
action. The trade-off is is illustrated in Figudd.6h The largest velocity error
decreases with increasithg, but the control signal also changes more rapidly. In
the simple modelX0.8) it was assumed that the force responds instantaneously to
throttle commands. For rapid changes there may be additignamics that have
to be accounted for. There are also physical limitationsea#ite of change of the
force, which also restricts the admissible valué gf A reasonable choice dfj
is in the range 0.5-1.0. Notice in Figut8.6that even withl o D 0:2 the largest
velocity error is only 1 m/s. r

D av VvJ/Cbu ud g; (10.8)

A PI controller can also be used for a process with secondraggemics, but
there will be restrictions on the possible locations of tlesed loop poles. Using a
PID controller, it is possible to control a system of secordkoin such a way that
the closed loop poles have arbitrary locations; see Exet€isz

Instead of nding a low-order model and designing contraléor them, we
can also use a high-order model and attempt to place only ademinant poles.
An integral controller has one parameter, and it is posgiblgosition one pole.
Consider a process with the transfer functirs/. The loop transfer function with
anintegral controlleri&.s/ D k; P.s/=s. Theroots of the closed loop characteristic
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Figure 10.6: Cruise control using PI feedback. The step responses for the ardoinput
illustrate the effect of parametersD 1 and! o on the response of a car with cruise control.
A change in road slope from Qo 4 is applied betweeh D 5 and 6 s. (a) Responses for
oD 0:5and D 0:5,1and 2. Choosing D 1 gives no overshoot. (b) Responses fd 1
and! o D 0:2, 0.5 and 1.0.

polynomial are the roots &fC k; P.s/ D 0. Requiring thas D a be a root, we

nd that the controller gain should be chosen as
a

kD 500 (10.9)

The poles D awill be dominant ifa is small. A similar approach can be applied
to Pl and PID controllers.

10.3 PID Tuning

Users of control systems are frequently faced with the ta#jasting the controller
parameters to obtain a desired behavior. There are manyatitferays to do this.
One approach is to go through the conventional steps of rimgdahd control
design as described in the previous section. Since the PIDotlenthas so few
parameters, a number of special empirical methods havebalso developed for
direct adjustment of the controller parameters. The rstiigrriules were developed
by Ziegler and NicholsZN42]. Their idea was to perform a simple experiment,
extract some features of process dynamics from the expetiamel determine the
controller parameters from the features.



10.3. PID TUNING 326

ReP.il/

t
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Figure 10.7: Ziegler—Nichols step and frequency response experiments. Thetepites
sponse in (a) is characterized by the parametenrsd . The frequency response method (b)
characterizes process dynamics by the point where the Nyquist ofitve process transfer
function rst intersects the negative real axis and the frequénowhere this occurs.

Ziegler—Nichols' Tuning

In the 1940s, Ziegler and Nichols developed two methods fatrotier tuning
based on simple characterization of process dynamics itirtteeand frequency
domains.

The time domain method is based on a measurement of part optreloop
unit step response of the process, as shown in Figj0réa The step response is
measured by applying a unit step input to the process anddiegathe response.
The response is characterized by parametarsd , which are the intercepts of the
steepest tangent of the step response with the coordinese Blxe parameteris
an approximation of the time delay of the system andis the steepest slope of the
step response. Notice that it is not necessary to wait ustldy state is reached to
nd the parameters, it suf ces to wait until the response hasddmain ection point.
The controller parameters are given in Tabe1l The parameters were obtained
by extensive simulation of a range of representative pseesA controller was
tuned manually for each process, and an attempt was then toaderelate the
controller parameters witaand .

In the frequency domain method, a controller is connectatieqrocess, the
integral and derivative gains are set to zero and the prigpaitgain is increased
until the system starts to oscillate. The critical value @& froportional gairk;
is observed together with the period of oscillatign It follows from Nyquist's
stability criterion that the loop transfer functianD k.P.s/ intersects the critical
point at the frequency . D 2 = T.. The experiment thus gives the point on the
Nyquist curve of the process transfer function where thespHag is 180, as
shown in Figurel0.7h

The Ziegler—Nichols methods had a huge impact when they wéedinced
in the 1940s. The rules were simple to use and gave initialitond for manual
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Table 10.1:Ziegler—Nichols tuning rules. (a) The step response methods give thmpters
in terms of the intercept and the apparent time delay(b) The frequency response method
gives controller parameters in termsasitical gain k. andcritical period Te.

Type k, T Tq Type  kp T T

P 1/a P 0.5

PI 0.9/a 3 PI 0.4, 0.8T;
PID 12/a 2 0.5 PID 0.6 0.5T, 0.125T,
(a) Step response method (b) Frequency response method

tuning. The ideas were adopted by manufacturers of contsdtéeroutine use. The
Ziegler—Nichols tuning rules unfortunately have two sewdnavbacks: too little
process information is used, and the closed loop systemsthaobtained lack
robustness.

The step response method can be improved signi cantly by clexiaing the
unit step response by paramet&rs andT in the model

K
1CsT

The parameters can be obtained by tting the model to a meastiepdesponse.
Notice that the experiment takes a longer time than the @xpeat in Figurel0.7a
because to determin€it is necessary to wait until the steady state has been rdache
Also notice that the interceptin the Ziegler—Nichols rule is given kD K =T.

The frequency response method can be improved by measurimgpoints on
the Nyquist curve, e.g., the zero frequency giimr the point where the process
has a 90 phase lag. This latter point can be obtained by connectingagral
controller and increasing its gain until the system reat¢hesstability limit. The
experiment can also be automated by using relay feedbadkilldse discussed
later in this section.

There are many versions of improved tuning rules. As an fttisin we give
the following rules for PI control, based oAH05]:

0:15 CO0:35T 0:9T <D 0:46 CO0:02T 03T
K K ' K 2 K 2 '

0:07 01 0:62 05
oD 022 207 ok, kD i e .
K T. ~KTe T

The values for the Ziegler—Nichols rule are given in parergbeblotice that the
improved formulas typically give lower controller gainsaththe Ziegler—Nichols
method. The integral gain is higher for systems where the micgare delay-

P.s/ D e S (10.10)

kp D
(10.11)
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Figure 10.8: PI control of an AFM in tapping mode. Nyquist plots (a) and step resgmons
(b) for PI control of the vertical motion of an atomic force microscop&pping mode. The
averaging parameter is D 20. Results with Ziegler—Nichols tuning are shown by dashed
lines, and modi ed Ziegler—Nichols tuning is shown by solid lines. The Nyijolist of the
process transfer function is shown by dotted lines.

dominated, T.

Example 10.4 Atomic force microscope in tapping mode
A simpli ed model of the dynamics of the vertical motion of atomic force
microscope in tapping mode was discussed in Exarb@l2 The transfer function

is normalized by choosing=a as the time unit. The normalized transfer function

1S 1 e STy

sT,.sC 1’

whereT, D 2n a=!yD 2n . The Nyquist plot of the transfer function is shown
in Figure10.8afor z D 0:002 anch D 20. The leftmost intersection of the Nyquist
curve with the real axis occurs at R® 0:0461 for! D 13:1. The critical gain
is thusk; D 21:7 and the critical period i3 D 0:48. Using the Ziegler—Nichols
tuning rule, we nd the parametets, D 8:87 andk; D 22:6 (T; D 0:384) for
a PI controller. With this controller the stability margingg D 0:31, which is
quite small. The step response of the controller is shown inreif0.8 Notice in
particular that there is a large overshoot in the contraialig

The modi ed Ziegler—Nichols rulel(0.11]) gives the controller parametekD
3:47 andk; D 8:73 (T; D 0:459) and the stability margin becomgsD 0:61. The
step response with this controller is shown in FigiBe8 A comparison of the
responses obtained with the original Ziegler—Nichols rhles that the overshoot
has beenreduced. Notice that the control signal reachsis#idy-state value almost
instantaneously. It follows from Exampl.2that a pure integral controller has
the normalized gaik; D 1=.2 C T,/ D 0:44. Comparing this with the gains of a

P.s/ D
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Figure 10.9:Block diagram of a process with relay feedback (a) and typical sighal3 e
process outpuwy is a solid line, and the relay outpuis a dashed line. Notice that the signals
u andy have opposite phases.

PI1 controller, we can conclude that a Pl controller gives muetelo performance
than a pure integral controller. r

Relay Feedback

The Ziegler—Nichols frequency response method increasgaihef a proportional
controller until oscillation to determine the critical gdi; and the corresponding
critical periodT, or, equivalently, the point where the Nyquist curve intets¢he
negative real axis. One way to obtain this information awtbcally is to connect
the process in a feedback loop with a nonlinear element bavirelay function as
shown in Figurel0.9a For many systems there will then be an oscillation, as shown
in Figure10.9h where the relay output is a square wave and the process output
y is close to a sinusoid. Moreover the input and the output areiophase, which
means that the system oscillates with the critical pefigdvhere the process has
a phase lag of 180 Notice that an oscillation with constant period is esttisid
quickly.
The critical period is simply the period of the oscillatioro @etermine the

critical gain we expand the square wave relay output in aiEpseries. Notice

in the gure that the process output is practically sinusblicause the process
attenuates higher harmonics effectively. It is then suitieo consider only the
rst harmonic component of the input. Lettird)be the relay amplitude, the rst
harmonic of the square wave input has amplitude 4 If a is the amplitude

of the process output, the process gain at the critical &agu! . D 2=T; is
jP.it /jD a=.4d/ and the critical gain is

Kc D ;ﬂ: (10.12)

Having obtained the critical gail. and the critical periody, the controller pa-
rameters can then be determined using the Ziegler—Nichlgs.improved tuning
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can be obtained by tting a model to the data obtained from ét@rexperiment.
The relay experiment can be automated. Since the amplitude aScillation
is proportional to the relay output, it is easy to control yt &djusting the relay
output.Automatic tuningbased on relay feedback is used in many commercial PID
controllers. Tuning is accomplished simply by pushing adwuthat activates relay
feedback. The relay amplitude is automatically adjustedetepkthe oscillations
suf ciently small, and the relay feedback is switched to a Ptdtcoller as soon as
the tuning is nished.

10.4 Integrator Windup

Many aspects of a control system can be understood fronrlinedels. There are,
however, some nonlinear phenomena that must be taken inbmatc These are
typically limitations in the actuators: a motor has limitgaeed, a valve cannot be
more than fully opened or fully closed, etc. For a system ¢ipatrates over a wide
range of conditions, it may happen that the control variabsehes the actuator
limits. When this happens, the feedback loop is broken ardsyistem runs in
open loop because the actuator remains at its limit indegrghdof the process
output as long as the actuator remains saturated. The ihtegrawill also build
up since the error is typically nonzero. The integral term #xedcontroller output
may then become very large. The control signal will then rensaiturated even
when the error changes, and it may take a long time beforentbgrator and the
controller output come inside the saturation range. Theeamuence is that there
are large transients. This situation is referred togegrator windup illustrated in
the following example.

Example 10.5 Cruise control

The windup effect is illustrated in Figudd®.10a which shows what happens when
a car encounters a hill that is so steep) (Bat the throttle saturates when the cruise
controller attempts to maintain speed. When encounteneglope at tim¢ D 5,
the velocity decreases and the throttle increases to gemame torque. However,
the torque required is so large that the throttle saturateserror decreases slowly
because the torque generated by the engine is just a literlghan the torque
required to compensate for gravity. The error is large andntiegral continues to
build up until the error reaches zero at time 30, but the adletroutput is still larger
than the saturation limit and the actuator remains satdratee integral term starts
to decrease, and at time 45 and the velocity settles quickiizé desired value.
Notice that it takes considerable time before the contraligput comes into the
range where it does not saturate, resulting in a large ogetsh r

There are many methods to avoid windup. One method is illiestren Fig-
ure 10.11 the system has an extra feedback path that is generated dgunrey
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Figure 10.10:Simulation of PI cruise control with windup (a) and anti-windup (b). Therg
shows the speed and the throttlau for a car that encounters a slope that is so steep that
the throttle saturates. The controller output is a dashed line. The contratiempters are

kp D 0:5andk; D 0:1. The anti-windup compensator eliminates the overshoot by preventing
the error for building up in the integral term of the controller.

the actual actuator output, or the output of a mathematicalehof the saturating
actuator, and forming an error signal as the difference between the output of
the controllerv and the actuator output The signales is fed to the input of the
integrator through gaik;. The signak; is zero when there is no saturation and the
extra feedback loop has no effect on the system. When thatactsaturates, the
signale; is fed back to the integrator in such a way teagoes toward zero. This
implies that controller output is kept close to the satoralimit. The controller
output will then change as soon as the error changes sigméegtal windup is
avoided.

The rate at which the controller output is reset is governedhiyfeedback
gaink;; a large value ok; gives a short reset time. The paramé¢erannot be too
large because measurement noise can then cause an uridessab A reasonable
choice is to choosk as a fraction of £T;. We illustrate how integral windup can
be avoided by investigating the cruise control system.

Example 10.6 Cruise control with anti-windup

Figure10.10bshows what happens when a controller with anti-windup idiegp

to the system simulated in Figut®.10aBecause of the feedback from the actuator
model, the output of the integrator is quickly reset to a galuch that the controller
output is at the saturation limit. The behavior is drasticdifferent from that in
Figure10.10aand the large overshoot is avoided. The tracking gain i3 2 in the



10.5. IMPLEMENTATION 332

y 1
™ 1CsTy ~ kas
Actuator
eDr vy u y
Kp 6 - / = P.s/ —»
C
. ;
€
kt Bl

Figure 10.11: PID controller with a Itered derivative and anti-windup. The input to the
integrator (&s) consists of the error term plus a “reset” based on input saturatione If th
actuator is not saturated, thenD u , otherwisee; will decrease the integrator input to
prevent windup.

simulation. r

10.5 Implementation

There are many practical issues that have to be consideradimpémenting PID
controllers. They have been developed over time based otigaleexperience. In
this section we consider some of the most common. Similarideretions also
apply to other types of controllers.

Filtering the Derivative

A drawback with derivative action is that an ideal derivativas high gain for
high-frequency signals. This means that high-frequencysomeanent noise will
generate large variations in the control signal. The effecteasurement noise may
be reduced by replacing the tekgs by kys=.1 C sT¢/, which can be interpreted
as an ideal derivative of a low-pass lItered signal. For sradiie transfer function
is approximatelykys and for larges it is equal toky=T¢. The approximation acts
as a derivative for low-frequency signals and as a constintfgr high-frequency
signals. The Itering time is chosen ds D .ky=k/=N, with N in the range 2—-20.
Filtering is obtained automatically if the derivative is ilemented by taking the
difference between the signal and its Itered version as shimwigurel0.3b(see
equation 10.9).

Instead of Itering just the derivative, itis also possibdeuse an ideal controller
and Iterthe measured signal. The transfer function of sucbrdroller with a lter
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is then

1 1
C.ssDk, 1C—=CsTy (10.13)

sT 1CsT; C.sT;/2=2’
where a second-order lter is used.

Setpoint Weighting

Figure 10.1 shows two con gurations of a PID controller. The system in Fig-
ure 10.1ahas a controller witherror feedbackwhere proportional, integral and
derivative action acts on the error. In the simulation of Plintcollers in Fig-
ure 10.2cthere is a large initial peak in the control signal, whichasised by the
derivative of the reference signal. The peak can be avoidessing the controller
in Figure10.1h where proportional and derivative action acts only on tlee@ss
output. An intermediate form is given by
1
uDkp r y Ck r./ y.l d Cky ﬂ d_y; (10.14)
0 dt dt

where the proportional and derivative actions act on fomsti and of the refer-
ence. Integral action has to act on the error to make suréft@atrror goes to zero
in steady state. The closed loop systems obtained for differsdues of and
respond to load disturbances and measurement noise imtiea/gay. The response
to reference signals is different because it depends oreflnesof and , which
are calledeference weightsr setpoint weightsWe illustrate the effect of setpoint
weighting by an example.

Example 10.7 Cruise control with setpoint weighting

Consider the PI controller for the cruise control systemweetin Examplel0.3
Figure10.12shows the effect of setpoint weighting on the response ofyistem

to a reference signal. With D 1 (error feedback) there is an overshoot in velocity
and the control signal (throttle) is initially close to thegration limit. There is no
overshoot with D 0 and the control signal is much smaller, clearly a much bette
drive comfort. The frequency responses gives another vigheoddame effect. The
parameter is typically in the range 0-1, and is normally zero to avoid large
transients in the control signal when the reference is obéng r

The controller given by equatiot.14 is a special case of the general controller
structure having two degrees of freedom, which was discliss8ection?.5.

Implementation Based on Operational Ampli ers

PID controllers have been implemented in different techgiel® Figurel0.13
shows how Pl and PID controllers can be implemented by feeddrackd opera-
tional ampli ers.
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Figure 10.12: Time and frequency responses for Pl cruise control with setpointhiiegy
Step responses are shown in (a), and the gain curves of the frggesponses in (b). The
controller gains ar&, D 0:74 andk; D 0:19. The setpoint weights areD 0, 0.5 and 1, and

D 0.

To show that the circuit in Figur0.13 is a PID controller we will use the
approximate relation between the input voltagend the output voltage of the

operational ampli er derived in Exampl&3,
Zze‘
Z,

In this equatior?; is the impedance between the negative input of the ampli dr an

ubD

I
Il
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(a) PI controller (b) PID controller

Figure 10.13:Schematic diagrams for Pl and PID controllers using op amps. Thetdircu
(a) uses a capacitor in the feedback path to store the integral of theT@reocircuit in (b)
adds a lter on the input to provide derivative action.
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the input voltages, andZ, is the impedance between the zero input of the ampli er
and the output voltage. The impedances are given by

Ry 1
2.8/ D ——————; Z;.s/ D R,C —;
! 1C Rlcls 2 2 CzS
and we nd the following relation between the input voltaggnd the output voltage
u- Z R:.1C RiCiS/. 1C RyCas/
uD —eD — e
VA Ry R,Czs

This is the input/output relation for a PID controller of therfo(10.1) with param-
eters

R
kp D EZ; T.DR,Ciy; TgD RCy:
1

The corresponding results for a Pl controller are obtainedetyng C; D 0O (re-
moving the capacitor).

Computer Implementation

In this section we brie y describe how a PID controller may bgelemented using
a computer. The computer typically operates periodicaliyh wignals from the
sensors sampled and converted to digital form by the A/D edav, and the control
signal computed and then converted to analog form for theasmts. The sequence
of operation is as follows:

1. Wait for clock interrupt 4. Send output to the actuator
2. Read input from sensor 5. Update controller variables
3. Compute control signal 6. Repeat

Notice that an output is sent to the actuators as soon as\vhitahle. The time
delay is minimized by making the calculations in step 3 agtsk® possible and
performing all updates after the output is commanded. Thipks way of reducing
the latency is, unfortunately, seldom used in commercistiesys.

As an illustration we consider the PID controller in Figu@.11 which has
a ltered derivative, setpoint weighting and protection iag& integral windup.
The controller is a continuous-time dynamical system. Tolément it using a
computer, the continuous-time system has to be approxiriate discrete-time
system.

A block diagram of a PID controller with anti-windup is showrfigure10.11
The signalv is the sum of the proportional, integral and derivative ®ramd the
controller output is1 D satv/, where sat is the saturation function that models the
actuator. The proportional terky. r y/ isimplemented simply by replacing the
continuous variables with their sampled versions. Hence

Pt/ Dkp. r.t/ y.tll; (10.15)
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whereftygdenotes the sampling instants, i.e., the times when the gcnpeads
its input. We leth represent the sampling time, so that; D tx C h. The integral
term is obtained by approximating the integral with a sum,

h
| .tkct/ D 1.t/ Ckihet/ C T satv/ v ; (10.16)
t

whereT; D h=k; represents the anti-windup term. The ltered derivative tddm
is given by the differential equation

dD
T{—CDD )
" Ki¥P.

Approximating the derivative with a backward differencees

D.tu/ D.tg 1/ i/ A 1/
T, kh leD.tk/D dekhykl;

which can be rewritten as

Ts
D.ty 4/
T.Ch Y T,Ch

The advantage of using a backward difference is that the paeaity=.T; C h/

is nonnegative and less than 1 forlalb 0, which guarantees that the difference
equation is stable. Reorganizing equatiat3.{5—-(10.17, the PID controller can
be described by the following pseudocode:

D.ty/ D Yot oyt ol (10.17)

% Precompute controller coefficients
bi=ki*h

ad=Tf/(Tf+h)

bd=kd/(Tf+h)

br=h/Tt

% Control algorithm - main loop
while (running) {

r=adin(chl) % read setpoint from chl
y=adin(ch2) % read process variable from ch2
P=kp*(b*r-y) % compute proportional part
D=ad*D-bd*(y-yold) % update derivative part

v=P+|+D % compute temporary output
u=sat(v,ulow,uhigh) % simulate actuator saturation
daout(chl) % set analog output chl
I=1+bi*(r-y)+br*(u-v) % update integral

yold=y % update old process output
sleep(h) % wait until next update interval

}

Precomputation of the coef cients , ad, bd andbr saves computer time in
the main loop. These calculations have to be done only wheinatlem parameters
are changed. The main loop is executed once every sampliglp&he program
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has three stategold , | , andD. One state variable can be eliminated at the cost
of less readable code. The latency between reading the amgogand setting
the analog output consists of four multiplications, foudiéidns and evaluation

of thesat function. All computations can be done using xed-point cddtions

if necessary. Notice that the code computes the ltered dévig of the process
output and that it has setpoint weighting and anti-windugdgation.

10.6 Further Reading

The history of PID control is very rich and stretches back tolibginning of the
foundation of control theory. Very readable treatmentgaren by BennettBen79
Ben93 and Mindel Min02]. The Ziegler—Nichols rules for tuning PID controllers,
rst presentedin 19424N42], were developed based on extensive experiments with
pneumatic simulators and Vannevar Bush's differentialyzea at MIT. An inter-
esting view of the development of the Ziegler—Nichols russgiven in an interview

with Ziegler Bli90]. An industrial perspective on PID control is given Bi§995,
[Shi9q and [YH91] and in the paperm)MO02] cited in the beginning of this chapter.

A comprehensive presentation of PID control is giver&inID5]. Interactive learn-

ing tools for PID control can be downloaded frdmtp://www.calerga.com/contrib

Exercises

10.1(Ideal PID controllers) Consider the systems representéidiylock diagrams
in Figurel0.1 Assume that the process has the transfer fund?ia D b=.sC a/
and show that the transfer functions fronto y are

bkgs? C bkps C bk )
.1C bkyg/s? C .a C bkp/sC bk’

bk )

.1C bkyg/s? C .a C bkp/sC bk -
Pick some parameters and compare the step responses oftdrasys

b/ Gy.s/ D

10.2 Consider a second-order process with the transfer function
b .
s?2CasCay

The closed loop system with a Pl controller is a third-ordetesys Show that it is
possible to position the closed loop poles as long as the §tira polesis a;. Give
equations for the parameters that give the closed loop cteaistic polynomial

.SC ¢/.s°C2 ¢l ¢sC! g

P.s/ D
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10.3 Consider a system with the transfer functiBns/ D .s C 1/ 2. Find an
integral controller that gives a closed loop pols& a and determine the value
of a that maximizes the integral gain. Determine the other poiéise system and
judge if the pole can be considered dominant. Compare watlidgtue of the integral
gain given by equatiorl(Q.6).

10.4 (Ziegler—Nichols tuning) Consider a system with transferction P.s/ D

e S=s. Determine the parameters of P, Pl and PID controllers usirgetieNichols
step and frequency response methods. Compare the paraaets obtained by
the different rules and discuss the results.

10.5 (Vehicle steering) Design a proportional-integral col¢mofor the vehicle
steering system that gives the closed loop characterisjmpmial

$C2 ps?°C2 gsC! 3

10.6 (Congestion control) A simplied ow model for TCP transmissids de-
rived in [HMTGOO, LPD0Z. The linearized dynamics are modeled by the transfer
function b
Se-

Gap-S/ D .sCayl.sC az/e ’
which describes the dynamics relating the expected quegthg to the expected
packet dropp. The parameters are given by D 2N?=.c 2/, a, D 1=, and
b D ¢?=.2N/. The parametec is the bottleneck capacityy is the number of
sources feeding the link and is the round-trip delay time. Use the parameter
valuesN D 75 sourcesC D 1250 packets/s and D 0:15 and nd the parameters
of a PI controller using one of the Ziegler—Nichols rules arel tbrresponding
improved rule. Simulate the responses of the closed loopsgsbbtained with the
Pl controllers.

10.7(Motor drive) Consider the model of the motor drive in Exee@slQ Develop
an approximate second-order model of the system and usdestgn ap ideal PD
controller that gives a closed loop system with eigenvaioes o i! g 2,
Add low-pass ltering as shown in equatiof@.13 and explore how largeq can
be made while maintaining a good stability margin. Simulagésdosed loop system
with the chosen controller and compare the results withdnéroller based on state

feedback in Exercis6.11

10.8 Consider the system in Exerci$.7investigate what happens if the second-
order ltering of the derivative is replace by a rst-order lIte

10.9(Tuning rules) Apply the Ziegler—Nichols and the modi ed togirules to
design PI controllers for systems with the transfer funcion

es es

PLD —; P,D —; P;De S
! S 2 sC1 3
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Compute the stability margins and explore any patterns.

10.10(Windup and anti-windup) Consider a Pl controller of the f@ns/ D 1C1=s

for a process with input that saturates whgn> 1, and whose linear dynamics are
given by the transfer functioR.s/ D 1=s. Simulate the response of the system to
step changes in the reference signal of magnitude 1, 2 aneii@aRthe simulation
when the windup protection scheme in Figd@11is used.

10.11 (Windup protection by conditional integration) Many metischave been
proposed to avoid integrator windup. One method catledditional integration
is to update the integral only when the error is suf cientlyainTo illustrate this
method we consider a system with PI control described by

dxg dx e ifjg < g

— D uy; u D sat,,.kpe C kixa/; —D

dt Lo-Kpe © KXo dt 0 ifjg e
wheree D r  x. Plot the phase portrait of the system for the parameter salue
ko D 1,ki D 1,up D 1 ande D 1 and discuss the properties of the system.
The example illustrates the dif culties of introducing ad hanlinearities without
careful analysis.



Chapter Eleven
Frequency Domain Design

Sensitivityimprovements in one frequency range must be paid for with sigpdieriorations
in another frequency range, and the price is higher if the plant is opep-lowtable. This
applies to every controller, no matter how it was designed.

Gunter Stein in the inaugural IEEE Bode Lecture, 198&03.

In this chapter we continue to explore the use of frequencyado techniques
with a focus on the design of feedback systems. We begin witloi@e thorough
description of the performance speci cations for contrdtsyns and then introduce
the concept of “loop shaping” as a mechanism for designingrotlers in the
frequency domain. We also introduce some fundamentaHtioits to performance
for systems with time delays and right half-plane poles ardz

11.1 Sensitivity Functions

In the previous chapter, we considered the use of propattiotegral-derivative
(PID) feedback as a mechanism for designing a feedback dientfor a given
process. In this chapter we will expand our approach to dehkuricher repertoire
of tools for shaping the frequency response of the closegl $gystem.

One of the key ideas in this chapter is that we can design thavie of the
closed loop system by focusing on the open loop transfertifumcThis same
approach was used in studying stability using the Nyquistrion: we plotted the
Nyquist plot for theopenloop transfer function to determine the stability of the
closedoop system. From a design perspective, the use of loop astdyds is very
powerful: since the loop transfer functionlisD PC, if we can specify the desired
performance in terms of propertieslof we can directly see the impact of changes
in the controllerC. This is much easier, for example, than trying to reason thirec
about the tracking response of the closed loop system, wihassfer function is
given byGy, D PC=.1C PC/.

We will start by investigating some key properties of thedtesck loop. A
block diagram of a basic feedback loop is shown in Fidurd. The system loop is
composed of two components: the process and the contrbilercontroller itself
has two blocks: the feedback blo€kand the feedforward block. There are two
disturbances acting on the process, the load disturbdrase the measurement
noisen. The load disturbance represents disturbances that deverttess away
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Figure 11.1: Block diagram of a basic feedback loop with two degrees of freedora. Th
controller has a feedback blo¢k and a feedforward block. The external signals are the
reference signal, the load disturbance and the measurement noiseThe process output
is , and the control signal ig.

from its desired behavior, while the measurement noisesgmts disturbances that
corrupt information about the process given by the sensotbe gure, the load
disturbance is assumed to act on the process input. This iai siation since
disturbances often enter the process in many different waytsit allows us to
streamline the presentation without signi cant loss of geiity.

The process outputis the real variable that we want to control. Control is based
on the measured signg) where the measurements are corrupted by measurement
noisen. The process is in uenced by the controller via the controliafale u.
The process is thus a system with three inputs—the contr@hleru, the load
disturbancel and the measurement noise-and one output—the measured signal
y. The controller is a system with two inputs and one output. Tipeiis are the
measured signat and the reference signal and the output is the control signal
u. Note that the control signai is an input to the process and the output of the
controller, and that the measured sigpas$ the output of the process and an input
to the controller.

The feedback loop in Figur#l.1lis in uenced by three external signals, the
reference, the load disturbanced and the measurement noiseAny of the re-
maining signals can be of interest in controller designeaeling on the particular
application. Since the system is linear, the relations betwke inputs and the in-
teresting signals can be expressed in terms of the transfetibns. The following
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relations are obtained from the block diagram in Figltel:

8 pcr P 1
8 9 1ICPC 1CPC 1CPC
y PCF P PC
icpc 1cpc 1cpPc38 .2
CF 1 c g E
ICPC ICPC 1ICPcs SU3: (11.1)
= U CF PC c n
e 1ICPC 1CPC 1CPC

: F P 1 :

1CPC 1CPC 1CPC
In addition, we can write the transfer function for the eoetween the reference
r and the output (not an explicit signal in the diagram), which satis es

PCF p PC
icpc ' C1cpciCichc™

There are several interesting conclusions we can draw fresetbquations. First
we can observe that several transfer functions are the sadrtbat the majority of
the relations are given by the following set of six transterdtions, which we call
the Gang of Six

Dr D1

PCF PC p
TFD Icpe TP 1cre PSD epc

CF C 1 (11.2)
CFSDiepcr  ©SPicpe  °SPicec

The transfer functions in the rst column give the responsehefprocess output
and control signal to the reference signal. The second colyivas the response
of the control variable to the load disturbance and the naisd the nal column
gives the response of the process output to those two ingatie that only four
transfer functions are required to describe how the systais to load disturbances
and measurement noise, and that two additional transfetituns are required to
describe how the system responds to reference signals.

The linear behavior of the system is determined by the sixstearfunctions
in equation 11.2, and speci cations can be expressed in terms of these &ansf
functions. The special case whenD 1 is called a system with (pure) error feed-
back. In this case all control actions are based on feedaokthe error only and
the system is completely characterized by four transfectfans, namely, the four
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rightmost transfer functions in equatiohl(2, which have speci c names:

1 sensitivity P load
SD . PSD ———= sensitivity
1C PC function 1CPC function
(11.3)
PC complementary C noise
D sensitivity CSD sensitivity
lcpc function lcpc function

These transfer functions and their equivalent systems desldhe Gang of Four
The load sensitivity function is sometimes called the ingumisitivity function and
the noise sensitivity function is sometimes called the ougensitivity function.
These transfer functions have many interesting propettiaswtill be discussed
in detail in the rest of the chapter. Good insight into thesmerties is essential
in understanding the performance of feedback systems éoptinposes of both
analysis and design.

Analyzing the Gang of Six, we nd that the feedback controllin uences
the effects of load disturbances and measurement noiseeNbat measurement
noise enters the process via the feedback. In Sedtbait will be shown that
the controller in uences the sensitivity of the closed loapprocess variations.
The feedforward paife of the controller in uences only the response to command
signals.

In Chapter9 we focused on the loop transfer function, and we found tlsat it
properties gave useful insights into the properties of desysTo make a proper
assessment of a feedback system it is necessary to cortedmoperties of all the
transfer functionsX1.2 in the Gang of Six or the Gang of Four, as illustrated in
the following example.

Example 11.1 The loop transfer function gives only limited insight

Consider a process with the transfer functiers/ D 1=.s a/ controlled by a PI
controller with error feedback having the transfer funetids/ D k.s a/=s. The
loop transfer function i4 D k=s, and the sensitivity functions are

PC k P S

icrcsck PSP 1checP s ascw

C k.s a/ 1 S
CSD D : SD D :
1C PC sCk '’ 1CPC sCk

Notice that the factos a is canceled when computing the loop transfer function
and that this factor also does not appear in the sensitivitgtion or the comple-
mentary sensitivity function. However, cancellation of flactor is very serious if

a > 0 since the transfer functio® Srelating load disturbances to process output is
then unstable. In particular, a small disturbad@an lead to an unbounded output,
which is clearly not desirable. r

TD
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C |=

Figure 11.2: A more general representation of a feedback system. The progasssuin
represents the control signal, which can be manipulated, and the pinpesw represents
other signals that in uence the process. The process owtpstthe vector of measured
variables and are other signals of interest.

The system in Figur&l.1lrepresents a special case because it is assumed that
the load disturbance enters at the process input and thatebeured output is the
sum of the process variable and the measurement noiserlizstes can enter in
many different ways, and the sensors may have dynamics. A& aiostract way
to capture the general case is shown in Figlte2 which has only two blocks
representing the procesB) and the controller@. The process has two inputs,
the control signall and a vector of disturbances and two outputs, the measured
signaly and a vector of signalsthat is used to specify performance. The system
in Figurell.1can be captured by choosimgD .d;n/ andzD .; ; €, /.The
process transfer functidh isa4 3 matrix, and the controller transfer functién
isal 2 matrix; compare with Exerciskl.3

Processes with multiple inputs and outputs can also be cenesidby regarding
andy as vectors. Representations at these higher levels oaahetr are useful for
the development of theory because they make it possiblectesfon fundamentals
and to solve general problems with a wide range of applinatiblowever, care
must be exercised to maintain the coupling to the real-wooltrol problems we
intend to solve.

11.2 Feedforward Design

Most of our analysis and design tools up to this point haveised on the role of
feedback and its effect on the dynamics of the system. Fegdfdiis a simple and
powerful technique that complements feedback. It can be listh to improve the
response to reference signals and to reduce the effect (furadde disturbances.
Feedforward compensation admits perfect elimination ofudignces, but it is
much more sensitive to process variations than feedbackensation. A general
scheme for feedforward was discussed in Secti®using Figure7.10 A simple
form of feedforward for PID controllers was discussed in $ec1i0.5 The con-
troller in Figurell.lalso has a feedforward block to improve response to command
signals. An alternative version of feedforward is shown igufe11.3 which we
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Usr Usd
Fu.s/ >( 6 Fqg.s/

Ust

Ym e U y y
Fn.s/ C.s/ P..s/ P,.s/

1l =

Figure 11.3: Block diagram of a system with feedforward compensation for improeed
sponse to reference signals and measured disturbances (2 DOfR)syidtece feedforward
elements are preserft,. s/ sets the desired output valug,.s/ generates the feedforward
commandu;; andFy. s/ attempts to cancel disturbances.

will use in this section to understand some of the tradelnétsveen feedforward
and feedback.

Controllers with two degrees of freedom (feedforward aretifack) have the
advantage that the response to reference signals can pael@sndependently of
the design for disturbance attenuation and robustness. West consider the
response to reference signals, and we will therefore Ihyitesssume that the load
disturbancel is zero. Let,, represent the ideal response of the system to reference
signals. The feedforward compensator is characterizeddaydahsfer functiong,
andF,. When the reference is changed, the transfer fundiiayenerates the signal
Us, which is chosen to give the desired output when appliedmas to the process.
Under ideal conditions the outputis then equal to/,, the error signal is zero and
there will be no feedback action. If there are disturbancenadeling errors, the
signalsyy, andy will differ. The feedback then attempts to bring the erroréoa

To make a formal analysis, we compute the transfer functiomfreference
input to process output:

P.CF,C R,/ PR, Fm.

Cyr-'D—Epc PFnC 3chc

whereP D P,P;. The rsttermrepresents the desired transfer function. Therse
term can be made small in two ways. Feedforward compensatioe used to
makePF, F, small, or feedback compensation can be used to makePC
large. Perfect feedforward compensation is obtained bysihgo

(11.4)

FyD 2 (11.5)

Design of feedforward using transfer functions is thus g &mple task. Notice
that the feedforward compensatby contains an inverse model of the process
dynamics.
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Feedback and feedforward have different properties. Fesdfdraction is ob-
tained by matching two transfer functions, requiring psedinowledge of the pro-
cess dynamics, while feedback attempts to make the errdt Byndividing it by
a large quantity. For a controller having integral actidrg toop gain is large for
low frequencies, and it is thus suf cient to make sure thatabedition for ideal
feedforward holds at higher frequencies. This is easier thang to satisfy the
condition @L1.5 for all frequencies.

We will now consider reduction of the effects of the load alibanced in Fig-
ure11.3by feedforward control. We assume that the disturbancekigmeasured
and that the disturbance enters the process dynamics invankmay (captured by
P. and P,). The effect of the disturbance can be reduced by feeding dasured
signal through a dynamical system with the transfer fumciig. Assuming that
the reference is zero, we can use block diagram algebra to nd that the teansf
function from the disturbance to the process output is

P,.1C FyPy/
1CPC '

whereP D P;P,. The effect of the disturbance can be reduced by makég4P;
small (feedforward) or by making@ P C large (feedback). Perfect compensation
is obtained by choosing

Gya D (11.6)

FaD P % (11.7)

requiring inversion of the transfer functid®,.

Asinthe case of reference tracking, disturbance attemueatin be accomplished
by combining feedback and feedforward control. Since lapgfrency disturbances
can be eliminated by feedback, we require the use of feedfaha@nly for high-
frequency disturbances, and the transfer funckgim equation {1.7) can then be
computed using an approximation Bf for high frequencies.

Equations 1.5 and (11.7) give analytic expressions for the feedforward com-
pensator. To obtain a transfer function that can be impléeaanithout dif culties
we require that the feedforward compensator be stable andt thoes not require
differentiation. Therefore there may be constraints oniptsshoices of the de-
sired responsé&,, and approximations are needed if the process has zeros in th
right half-plane or time delays.

Example 11.2 Vehicle steering

A linearized model for vehicle steering was given in Exangp# The normalized
transfer function from steering angléo lateral deviatiory is P.s/ D . sC 1/=s.
For a lane transfer system we would like to have a nice regpwiteout overshoot,
and we therefore choose the desired responsg,as D a’=.s C a/?, where the
response speed or aggressiveness of the steering is gd\umriiee parametea.
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0 2 4 6 8 10
Normalized time

(a) Overhead view (b) Position and steering

Figure 11.4:Feedforward control for vehicle steering. The plot on the left shoe/g#jectory
generated by the controller for changing lanes. The plots on the rigittledateral deviation

y (top) and the steering anglgbottom) for a smooth lane change control using feedforward
(based on the linearized model).

Equation (1.5 gives

Fm a’s?
FD 5D —cTscar

which is a stable transfer function aslong as 0. Figurell.4shows the responses
of the system fom D 0:5. The gure shows that a lane change is accomplished
in about 10 vehicle lengths with smooth steering angles. algekt steering angle
is slightly larger than 0.1 rad (f Using the scaled variables, the curve showing
lateral deviationsy as a function ot) can also be interpreted as the vehicle path
(y as a function ok) with the vehicle length as the length unit. r

A major advantage of controllers with two degrees of freedbat combine
feedback and feedforward is that the control design probkmbe splitin two parts.
The feedback controlle€ can be designed to give good robustness and effective
disturbance attenuation, and the feedforward part can sigried independently
to give the desired response to command signals.

11.3 Performance Speci cations

A key element of the control design process is how we spebiydesired per-
formance of the system. It is also important for users to tstdad performance
speci cations so that they know what to ask for and how to teststiem. Speci -
cations are often given in terms of robustness to processtizars and responses
to reference signals and disturbances. They can be givermas t& both time and
frequency responses. Speci cations for the step respongédience signals were
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given in Figure5.9in Section5.3 and in Sectior6.3. Robustness speci cations
based on frequency domain concepts were provided in SexBamd will be con-
sidered further in Chaptér2. The speci cations discussed previously were based
on the loop transfer function. Since we found in Sectidrnlthat a single transfer
function did not always characterize the properties of theexl loop completely,
we will give a more complete discussion of speci cations iis thection, based on
the full Gang of Six.

The transfer function gives a good characterization of theai behavior of a
system. To provide speci cations it is desirable to captheecharacteristic prop-
erties of a system with a few parameters. Common featurdsrierresponses are
overshoot, rise time and settling time, as shown in Figu@eCommon features of
frequency responses are resonant peak, peak frequentyrgasover frequency
and bandwidth. Aesonant peaks a maximum of the gain, and the peak frequency
is the corresponding frequency. Thiain crossover frequencsg the frequency
where the open loop gain is equal ope. Tamdwidthis de ned as the frequency
range where the closed loop gain is 12 of the low-frequency gain (low-pass),
mid-frequency gain (band-pass) or high-frequency gagih(ipass). There are inter-
esting relations between speci cations in the time and fezmy domains. Roughly
speaking, the behavior of time responses for short timesased to the behavior
of frequency responses at high frequencies, and vice VvEhgaprecise relations
are not trivial to derive.

Response to Reference Signals

Consider the basic feedback loop in Figiiel The response to reference signals
is described by the transfer functioGg, D PCF=.1C PC/ andG,, D CF=.1C
PC/ (F D 1 for systems with error feedback). Notice that it is usedutdnsider
both the response of the output and that of the control signgbarticular, the
control signal response allows us to judge the magnituderatedof the control
signal required to obtain the output response.

Example 11.3 Third-order system

Consider a process with the transfer functirs/ D .sC 1/ 2and a Pl controller
with error feedback having the gaikg D 0:6 andk; D 0:5. The responses are
illustrated in Figurd 1.5 The solid lines show results for a proportional-integra) (P!
controller with error feedback. The dashed lines show redaita controller with
feedforward designed to give the transfer funct®p D .0:5s C 1/ 3. Looking
at the time responses, we nd that the controller with feedfod gives a faster
response with no overshoot. However, much larger contgoiads are required to
obtain the fast response. The largest value of the contnohbig 8, compared to 1.2
for the regular Pl controller. The controller with feedford#ias a larger bandwidth
(marked with ) and no resonant peak. The transfer funct&n also has higher
gain at high frequencies. r
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Figure 11.5:Reference signal responses. The responses in processyatmlitontrol signal
u to a unit step in the reference sigmadre shown in (a), and the gain curves®f, andG,,
are shown in (b). Results with PI control with error feedback are shonsolid lines, and
the dashed lines show results for a controller with a feedforward cosapen

Response to Load Disturbances and Measurement Noise

A simple criterion for disturbance attenuation is to conethe output of the closed
loop system in Figurd1.1with the output of the corresponding open loop system
obtained by settin@ D 0. If we let the disturbances for the open and closed loop
systems be identical, the output of the closed loop systéheisobtained simply
by passing the open loop output through a system with thesfeearfiunctionS.
The sensitivity function tells how the variations in the aufttre in uenced by
feedback (Exercisgl.7). Disturbances with frequencies such tffai!/ j < 1 are
attenuated, but disturbances with frequencies suclj &dfl j > 1 are ampli ed

by feedback. The maximum sensitivitys, which occurs at the frequendys,

is thus a measure of the largest ampli cation of the distudean The maximum
magnitude of £.1 C L/ is also the minimum of1 C Lj, which is precisely the
stability margins;,, de ned in Section9.3 so thatMs D 1=s,. The maximum
sensitivity is therefore also a robustness measure.

If the sensitivity function is known, the potential imprewents by feedback
can be evaluated simply by recording a typical output andirig it through the
sensitivity function. A plot of the gain curve of the senstij function is a good way
to make an assessment of the disturbance attenuation. Bansertsitivity function
depends only on the loop transfer function, its propertess also be visualized
graphically using the Nyquist plot of the loop transfer ftiog. This is illustrated
in Figure11.6 The complex number € L.i!/ can be represented as the vector
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Figure 11.6: Graphical interpretation of the sensitivity function. Gain curves of the loop
transfer function and the sensitivity function (a) can be used to calculaftiperties of the
sensitivity function through the relatidhD 1=.1 C L/. The sensitivity crossover frequency

I sc and the frequency s where the sensitivity has its largest value are indicated in the
sensitivity plot. The Nyquist plot (b) shows the same information in a diffeform. All
points inside the dashed circle have sensitivities greater than 1.

from the point 1 to the pointL.i!/ on the Nyquist curve. The sensitivity is thus
less than 1 for all points outside a circle with radius 1 andeeat 1. Disturbances
with frequencies in this range are attenuated by the feédbac

The transfer functiorsy4 from load disturbance to process outpuy for the
system in Figurd.1.1is

P T
GyaD ;55 P PSP & (11.8)
Since load disturbances typically have low frequencies,rgitural to focus on the
behavior of the transfer function at low frequencies. Foystem withP.0/ 6D0
and a controller with integral action, the controller gaoeg to in nity for small

frequencies and we have the following approximation forlsia

T 1 S
Gyq D c T K (11.9)
wherek; is the integral gain. Since the sensitivity functiBmgoes to 1 for largs,
we have the approximatio@yq P for high frequencies.

Measurement noise, which typically has high frequenciesegates rapid vari-
ations in the control variable that are detrimental bec#usgcause wear in many
actuators and can even saturate an actuator. It is thustampéo keep variations in
the control signal due to measurement noise at reasonableea typical require-
ment is that the variations are only a fraction of the spamefcontrol signal. The
variations can be in uenced by ltering and by proper desigiief high-frequency
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Figure 11.7: Disturbance responses. The time and frequency responses esprmatput
to load disturbancd are shown in (a) and the responses of control sigrialmeasurement
noisen are shown in (b).

properties of the controller.
The effects of measurement noise are captured by the trdnafgion from the

measurement noise to the control signal,

C T
D D —: 111
1CPC S P ( 0

The complementary sensitivity function is close to 1 for loaguencies!(< ! ),
andGy, can be approximated by1=P. The sensitivity function is close to 1 for
high frequencies!(>! ), andGy, can be approximated byC.

Gun D

Example 11.4 Third-order system
Consider a process with the transfer functrs/ D .sC 1/ 2 and a proportional-
integral-derivative (PID) controller with gairls, D 0:6, ki D 0:5 andky D 2:0.
We augment the controller using a second-order noise IténWwi D 0:1, so that
its transfer function is

kas? C kps C k;
S.2T2=2CsT; C U’

The system responses are illustrated in Fidulre. The response of the output to
a step in the load disturbance in the top part of FigLke7ahas a peak of 0.28 at
timet D 2.73 s. The frequency response in Figlile7ashows that the gain has a
maximum of 0.58 at D 0.7 rad/s.

The response of the control signal to a step in measuremesg wishown

C.s/D
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in Figure11.7hb The high-frequency roll-off of the transfer functi@.i!/ is
due to ltering; without it the gain curve in Figurgl.7bwould continue to rise
after 20 raes. The step response has a peak of 18[at0.08 s. The frequency
response has its peak 20!atD 14 rad/s. Notice that the peak occurs far above
the peak of the response to load disturbances and far abevgaih crossover
frequency! o D 0.78 rad/s. An approximation ngerived in Exercik&.9 gives
maxjCSil/ j kg=T; D 20, which occurs at D = 2=T4 D 14.1 rad/s. r

11.4 Feedback Design via Loop Shaping

One advantage of the Nyquist stability theorem is that iaisdul on the loop transfer
function, which is related to the controller transfer fuantthroughL D PC. Itis
thus easy to see how the controller in uences the loop trariefection. To make
an unstable system stable we simply have to bend the Nyquigt away from the
critical point.

This simple idea is the basis of several different design ousicollectively
calledloop shaping These methods are based on choosing a compensator that
gives a loop transfer function with a desired shape. Oneilpitigsis to determine
a loop transfer function that gives a closed loop system thi¢hdesired properties
and to compute the controller & D L=P. Another is to start with the process
transfer function, change its gain and then add poles arab zetil the desired
shape is obtained. In this section we will explore differ@aip-shaping methods
for control law design.

Design Considerations

We will rst discuss a suitable shape for the loop transferciion that gives good
performance and good stability margins. Figliie8shows a typical loop transfer
function. Good robustness requires good stability marfgingood gain and phase
margins), which imposes requirements on the loop transfiection around the
crossover frequenciés,c and! yc. The gain ofL at low frequencies must be large
in order to have good tracking of command signals and go@shadition of low-
frequency disturbances. Sin8d 1=.1C L/, it follows that for frequencies where
jLj > 101 disturbances will be attenuated by a factor of 100 anttdle&ing error is
lessthan 1%. Itis therefore desirable to have alarge cvesfequency and a steep
(negative) slope of the gain curve. The gain at low frequencam be increased by
a controller with integral action, which is also callled) compensationTo avoid
injecting too much measurement noise into the system, the ti@nsfer function
should have low gain at high frequencies, which is cali@gh-frequency roll-off
The choice of gain crossover frequency is a compromise antteruation of load
disturbances, injection of measurement noise and robsstne
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Figure 11.8:Gain curve and sensitivity functions for a typical loop transfer funcfidre plot
on the left shows the gain curve and the plots on the right show the senditinitiion and
complementary sensitivity function. The gain crossover frequéngynd the slopeyg of
the gain curve at crossover are important parameters that deterrair@btistness of closed
loop systems. At low frequency, a large magnitude lfoprovides good load disturbance
rejection and reference tracking, while at high frequency a small leapig used to avoid
amplifying measurement noise.

Bode's relations (see Secti@¥) impose restrictions on the shape of the loop
transfer function. Equatior®(8) implies that the slope of the gain curve at gain
crossover cannot be too steep. If the gain curve has a coséoae, we have the
following relation between slope,c and phase marging,:

2
ngeD 2C =T [rad]: (11.11)

This formulais areasonable approximation when the gaireadives not deviate too
much from a straight line. It follows from equatiohl(.1]) that the phase margins
30, 45 and 60 correspond to the slopesh=3, 3=2and 4=3.

Loop shaping is a trial-and-error procedure. We typicallytswith a Bode plot
of the process transfer function. We then attempt to shapletp transfer function
by changing the controller gain and adding poles and zertigtoontroller trans-
fer function. Different performance speci cations are exakd for each controller
as we attempt to balance many different requirements bystidgucontroller pa-
rameters and complexity. Loop shaping is straightforwaapioly to single-input,
single-output systems. It can also be applied to systentsami¢ input and many
outputs by closing the loops one at a time starting with theimost loop. The only
limitation for minimum phase systems is that large phasgdead high controller
gains may be required to obtain closed loop systems withtadéaponse. Many
speci ¢ procedures are available: they all require expegerut they also give
good insight into the con icting requirements. There are famental limitations
to what can be achieved for systems that are not minimum pliasg will be
discussed in the next section.
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Figure 11.9:Frequency response for lead and lag compens@ta/sD k.sCa/=.sCh/.Lead
compensation (a) occurs whan< b and provides phase lead betweerD a and! D b.
Lag compensation (b) correspondsate: b and provides low-frequency gain. PI control is
a special case of lag compensation and PD control is a special casalafdmpensation.
PI/PD frequency responses are shown by dashed curves.

Lead and Lag Compensation

A simple way to do loop shaping is to start with the transfeiction of the process
and add simple compensators with the transfer function

sCa
C.s/ D km. (11.12)

The compensator is calledead compensatdf a < b, and alag compensatoif

a > b. The PI controller is a special case of a lag compensator lwiEh0, and
the ideal PD controller is a special case of a lead compengétioia D 0. Bode
plots of lead and lag compensators are shown in Figdr@ Lag compensation,
which increases the gain at low frequencies, is typicalgdu® improve tracking
performance and disturbance attenuation at low frequenCempensators that are
tailored to speci c disturbances can be also designed, asrshioExercisel1.1Q
Lead compensation is typically used to improve phase maifdia.following ex-
amples give illustrations.

Example 11.5 Atomic force microscope in tapping mode
A simple model of the dynamics of the vertical motion of annaitoforce micro-
scope in tapping mode was given in Exerc&8 The transfer function for the
system dynamics is
al es/

s.sCal’

whereaD ! 3, D 2 n=!gand the gain has been normalized to 1. A Bode plot

P.s/ D
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Figure 11.10:Loop-shaping design of a controller for an atomic force microscopejirg
mode. (a) Bode plots of the process (dashed), the loop transfetidarfor an integral
controller with critical gain (dotted) and a PI controller (solid) adjusted te gaasonable
robustness. (b) Gain curves for the Gang of Four for the system.

of this transfer function for the parameter® 1 and  0:25 is shown in dashed
curvesinFigurd1.10aToimprove the attenuation of load disturbances we inereas
the low-frequency gain by introducing an integral consgollThe loop transfer
function then becomek D k; P.s/=s, and we adjust the gain so that the phase
margin is zero, givind; D 8:3. Notice the increase of the gain at low frequencies.
The Bode plot is shown by the dotted line in Figdte10awhere the critical point
is indicated by . To improve the phase margin we introduce proportionabacti
and we increase the proportional g&ingradually until reasonable values of the
sensitivities are obtained. The valkgD 3:5 gives maximum sensitivitiyls D 1:6
and maximum complementary sensitivity D 1:3. The loop transfer function is
shown in solid lines in Figur&1.10a Notice the signi cant increase of the phase
margin compared with the purely integral controller (ddtiee).

To evaluate the design we also compute the gain curves afthsfer functions
in the Gang of Four. They are shown in Figdre 10b The peaks of the sensitivity
curves are reasonable, and the plotR shows that the largest value &Sis
0.3, which implies that the load disturbances are well atiéed. The plot o€ S
shows that the largest controller gain is 6. The controllerdngain of 3.5 at high
frequencies, and hence we may consider adding high-freguefi-off. r

A common problem in the design of feedback systems is thgitthee margin
is too small, and phadead must then be added to the system. If weaset b in
equation 11.12, we add phase lead in the frequency range between the eale/z
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Symbol  Description Value
m Vehicle mass 4.0 kg
J Vehicle inertia, 3 axis  0.0475 kg rh
r Force moment arm 25.0cm
y c Damping coef cient 0.05 kg m/s
g Gravitational constant 9.8 nf/s
(a) Simpli ed model (b) Parameter values

Figure 11.11:Roll control of a vectored thrust aircraft. (a) The roll angles controlled by
applying maneuvering thrusters, resulting in a moment generatéd.k{{p) The table lists
the parameter values for a laboratory version of the system.

pair (and extending approximately 10n frequency in each direction). By appro-
priately choosing the location of this phase lead, we camigecadditional phase
margin at the gain crossover frequency.

Because the phase of a transfer function is related to tpe sitthe magnitude,
increasing the phase requires increasing the gain of thettaasfer function over
the frequency range in which the lead compensation is apdleExercisell.11
itis shown that the gain increases exponentially with theamof phase lead. We
can also think of the lead compensator as changing the sfdipe tvansfer function
and thus shaping the loop transfer function in the cross@ggon (although it can
be applied elsewhere as well).

Example 11.6 Roll control for a vectored thrust aircraft
Consider the control of the roll of a vectored thrust aircsath as the one illustrated
in Figure11.11 Following Exercis&.10 we model the system with a second-order
transfer function of the form r
P.ss D —;

J&?
with the parameters given in Figutd.11b We take as our performance speci ca-
tion that we would like less than 1% error in steady state agslthan 10% tracking
error up to 10 rad/s.

The open loop transfer function is shown in Figure.12a To achieve our
performance speci cation, we would like to have a gain of aslel 0 at a frequency
of 10 rad/s, requiring the gain crossover frequency to benggtzer frequency. We
see from the loop shape that in order to achieve the desiréorp@ance we cannot
simply increase the gain since this would give a very low phaargin. Instead,
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Figure 11.12:Control design for a vectored thrust aircraft using lead compensati@Bode
plot for the open loop proces$sis shown in (a) and the loop transfer functibrD P C using
a lead compensator in (b). Note the phase lead in the crossover regidn Bel00 rad/s.

we must increase the phase at the desired crossover frggquenc

To accomplish this, we use a lead compensdtri2 with a D 2 andb D 50.
We then set the gain of the system to provide a large loop gaito the desired
bandwidth, as shown in Figuiel.12b We see that this system has a gain of greater
than 10 at all frequencies up to 10 rad/s and that it has mam &0 of phase

margin. r

The action of a lead compensator is essentially the sametasf tha derivative
portion of a PID controller. As described in Sectib®.5 we often use a Iter for
the derivative action of a PID controller to limit the highefiuency gain. This same
effect is present in a lead compensator through the padab.

Equation (1.12 is a rst-order compensator and can provide up to8Qphase
lead. Larger phase lead can be obtained by using a higher{festtcompensator

(Exercisell.11):
sCa/"

C.s/ D kW’ a< b:

11.5 Fundamental Limitations

Although loop shaping gives us a great deal of exibility insilgning the closed
loop response of a system, there are certain fundamentis lon what can be
achieved. We consider here some of the primary performamigtions that can
occur because of dif cult dynamics; additional limitatioredated to robustness are

considered in the next chapter.
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Right Half-Plane Poles and Zeros and Time Delays

There are linear systems that are inherently dif cult to cohtfhe limitations are
related to poles and zeros in the right half-plane and timiayde To explore the
limitations caused by poles and zeros in the right half-phae factor the process

transfer function as
P.s/ D Pmp.S/ Pap.s/; (11.13)

wherePn, is the minimum phase part ari, is the nonminimum phase part. The
factorization is normalized so thil,p.i!/ j D 1, and the sign is chosen so that,
has negative phase. The transfer functiapg is called arall-pass systerhecause
it has unit gain for all frequencies. Requiring that the ghiasargin bé ,, we get
argL.i! go/ D argPap.i! gof CargPmp.i! g CargC.i! gof C'm; (11.14)
whereC is the controller transfer function. Let, be the slope of the gain curve
at the crossover frequency. Sinég.i!/ j D 1, it follows that
dlogjL.i!/ j b dlogjPmp.il/ C.ill j
dlog! dlog!

Ngc D

I D! g I D! g

Assuming that the slopey is negative, it has to be larger thar2 for the system
to be stable. It follows from Bode's relations, equati®ngj, that

argPmp.i!/ CargC.i!/ ngCE:

Combining this with equationl(l.14 gives the following inequality for the allow-
able phase lag of the all-pass part at the gain crossoverdrey:

argPap.i! gdf "mC g D' (11.15)

This condition, which we call thgain crossover frequency inequalighows thatthe
gain crossover frequency must be chosen so that the phasgtlkegnonminimum
phase component is not too large. For systems with high tokss requirements
we may choose a phase margin of §0,, D =3) and a slop@&g. D 1, which
gives an admissible phase lagD =6 D 0.52 rad (30). For systems where we
can accept alower robustness we may choose a phase margir{of4 =4)and
the slopengc D 1=2, which gives an admissible phase lagb =2 D 1.57 rad
(90).

The crossover frequency inequality shows that nonminimuaselcomponents
impose severe restrictions on possible crossover fredgegititalso means that there
are systems that cannot be controlled with suf cient stgbitiargins. We illustrate
the limitations in a number of commonly encountered sitrei

Example 11.7 Zero in the right half-plane
The nonminimum phase part of the process transfer functioa 8ystem with a
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Pap S/ D ;
' Z C S,

wherez > 0. The phase lag of the nonminimum phase part is
|
argPap.i!/ D 2arctan'E:

Since the phase lag %, increases with frequency, the inequalify1 (15 gives
the following bound on the crossover frequency:
lge< ztan." =2/ (11.16)

With' | D =3 we getl 4 < 0:6z. Slow right half-plane zerogz(mall) therefore
give tighter restrictions on possible gain crossover feggpies than fast right half-
plane zeros. r

Time delays also impose limitations similar to those givgrzéros in the right
half-plane. We can understand this intuitively from the @agdproximation
1 05s D 2= s
1C 0:5s 2= Cs
A long time delay is thus equivalent to a slow right half-g@areroz D 2= .

eS

Example 11.8 Pole in the right half-plane
The nonminimum phase part of the transfer function for a systéh a pole in the

right half-plane is sCp

S
wherep > 0. The phase lag of the nonminimum phase part is

argPap.i!/ D 2arctan|E;

and the crossover frequency inequality becomes
p
Pge> —————
7 tan' =2/

Right half-plane poles thus require that the closed loopesy$ave a suf ciently
high bandwidth. With | D =3 we get! ¢c > 1:7p. Fast right half-plane poles
(p large) therefore give tighter restrictions on possiblengabssover frequencies
than slow right half-plane poles. The control of unstabléesys imposes minimum
bandwidth requirements for process actuators and sensors. r

(11.17)

We will now consider systems with a right half-plane zeamd a right half-plane
pole p. If p D z, there will be an unstable subsystem that is neither redemain
observable, and the system cannot be stabilized (see Sédi)oe can therefore
expect that the system is dif cult to control if the right hgdfane pole and zero are
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Figure 11.13:Example limitations due to the gain crossover frequency inequality. Thegu
show the phase lag of the all-pass fadfgy as a function of frequency. Since the phase lag
of P,p at the gain crossover frequency cannot be too large, it is necessepose the gain
crossover frequency properly. All systems have a right half-piente ats D 1. The system

in (a) has zeros &D 2, 5, 20 and 100 (solid lines) andsab 0:5, 0.2, 0.05 and 0.01 (dashed
lines). The system in (b) has time delay® 0:02 0.1, 0.5 and 1.

close. A straightforward way to use the crossover frequérexyuality is to plot the
phase of the nonminimum phase facRyy, of the process transfer function. Such
a plot, which can be incorporated in an ordinary Bode plofi,immediately show
the permissible gain crossover frequencies. An illugirais given in Figurd.1.13
which shows the phase &, for systems with a right half-plane pole/zero pair
and systems with a right half-plane pole and a time delay.dfrequire that the
phase lag | of the nonminimum phase factor be less than 9@ must require that
the ratioz=p be larger than 6 or smaller than 1/6 for systems with right-pkne
poles and zeros and that the prodpctbe less than 0.3 for systems with a time
delay and a right half-plane pole. Notice the symmetry ingrablem forz > p
andz < p: in either case the zeros and the poles must be suf cienthafert
(Exercisell.12. Also notice that possible values of the gain crossoveyueacy
I gc @re quite restricted.

Using the theory of functions of complex variables, it canshewn that for
systems with a right half-plane pofeand a right half-plane zerm(or a time delay

), any stabilizing controller gives sensitivity functiowith the property

g C N
supjS.i!/ | u supjT.il/j eP: (11.18)
! Ip 2 !
This result is proven in Exerciskl.13

As the examples above show, right half-plane poles and zsgvs cantly
limit the achievable performance of a system, hence onedniikd to avoid these

whenever possible. The poles of a system depend on the intdyisamics of the
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system and are given by the eigenvalues of the dynamicsxwatifia linear system.

Sensors and actuators have no effect on the poles; the onlyoaglyange poles
is to redesign the system. Notice that this does not imply tihatable systems
should be avoided. Unstable system may actually have aalyesitone example is
high-performance supersonic aircraft.

The zeros of a system depend on how the sensors and actuatcmuated to
the states. The zeros depend on all the matr/cel8, C and D in a linear system.
The zeros can thus be in uenced by moving the sensors and ardwatby adding
sensors and actuators. Notice that a fully actuated syBt&n does not have any
zeros.

Example 11.9 Balance system
As an example of a system with both right half-plane poleszands, consider the
balance system with zero damping, whose dynamics are given b

ml
HrD ;
F M m22/s2C mglM,’
2C |
Hor D hs” C mg :
2 Mg ma2/s2C mglM

Assume that we want to stabilize the pendulum by using thepaesition as the
measured signal. 'Ehe transfer function from the input ftgde the cart position
p has poled0;0;  mglM=.M;J; m?22/gand zero§ =~ mgl=Jg Using the
parameters in Examp&7, the right half-plane pole is gi D 2:68 and the zero is
atz D 2:09. Equation 11.18 then givegS.i!/ j 8, which shows that it is not
possible to control the system robustly.

The right half-plane zero of the system can be eliminated hyging the output
of the system. For example, if we choose the output to cooresjo a position at a
distance along the pendulum, we hayeD p r sin and the transfer function
for the linearized output becomes

.mlr  J/s?>C mgl _
2 Mg miZs2CmglM
If we chooser suf ciently large, thenmlr  J, > 0 and we eliminate the right
half-plane zero, obtaining instead two pure imaginary gefidne gain crossover
frequency inequality is then based just on the right hadfaplpole (Exampl1.8).
If our admissible phase lag for the nonminimum phase part 3 45 , then our
gain crossover must satisfy

p
'gc>

D 6.48 rad/s

tan' =2/
If the actuators have suf ciently high bandwidth, e.g., atémof 10 above 4 or
roughly 10 Hz, then we can provide robust tracking up to tfégdiency. r
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Bode's Integral Formula

In addition to providing adequate phase margin for robwagtikty, a typical control
design will have to satisfy performance conditions on tmsgwity functions (Gang

of Four). In particular, the sensitivity functio D 1=.1 C PC/ represents the
disturbance attenuation and also relates the tracking etoxthe reference signal:
we usually want the sensitivity to be small over the rangeeddiencies where we
want small tracking error and good disturbance attenuafidrasic problem is to
investigate ifS can be made small over a large frequency range. We will syart b
investigating an example.

Example 11.10 System that admits small sensitivities
Consider a closed loop system consisting of a rst-order @ss@nd a proportional

controller. Let the loop transfer function be
k

L.ssDPCD —;

sC1
where parametek is the controller gain. The sensitivity function is

sC1

Ss/ID ——
sC1Ck

and we have S

iSil jD

1C!?
1C2kCk2C! 2

ThisimpliesthajS.il/ j < 1forall nite frequencies and that the sensitivity can be
made arbitrarily small for any nite frequency by makikguf ciently large. r

The system in Exampl#1.10is unfortunately an exception. The key feature
of the system is that the Nyquist curve of the process is cetalyl contained in
the right half-plane. Such systems are calpadsive and their transfer functions
are positive real For typical control systems there are severe constraimthe
sensitivity function. The following theorem, due to Bodegyides insights into the
limits of performance under feedback.

Theorem 11.1(Bode's integral formula) Assume that the loop transfer function
L.s/ of a feedback system goes to zero faster thrmnas s! 1, and let Ss/
be the sensitivity function. If the loop transfer functicastpoles p in the right
half-plane, then the sensitivi%y function satis es thddwing integral:
1 1 X
logjS.i!/ jd! D log————d! D
gIste ] o C9iIC LV
Equation (1.19 implies that there are fundamental limitations to what can
be achieved by control and that control design can be vieweal r@distribution
of disturbance attenuation over different frequenciedrticular, this equation

Px: (11.19)
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Figure 11.14:Interpretation of thevaterbed effectThe function logS.i!/ j is plotted versus
I inlinear scales in (a). According to Bode's integral formula.(l9, the area of logS.i!/ j
above zero must be equal to the area below zero. Gunter Stein's et&ipn of design as a
trade-off of sensitivities at different frequencies is shown in (lr(f{Ste03).

shows that if the sensitivity function is made smaller fomgdrequencies, it must
increase at other frequencies so that the integral of3dd/ j remains constant.
This means that if disturbance attenuation is improved infogguency range, it
will be worse in another, a property sometime referred thasvaterbed effectt
also follows that systems with open loop poles in the right-pkne have larger
overall sensitivity than stable systems.

Equation (1.19 can be regarded asanservation lawif the loop transfer
function has no poles in thg right half-plane, the equatiomps es to

1
logjS.i!/ jd! D o:

This formula can be given a nice geometric interpretationllastiated in Fig-
urell.14 which shows logS.i!/ j as a function of . The area over the horizontal
axis must be equal to the area under the axis when the freguieptotted on a
linear scale. Thus if we wish to make the sensitivity smaller up toesémguency
! so; We must balance this by increased sensitivity abayeControl system design
can be viewed as trading the disturbance attenuation atBemesncies for distur-
bance ampli cation at other frequencies. Notice that theéesysn Examplel1.10
violates the condition that ligy sL.s/ D 0 and hence the integral formula does
not apply.

There is result analogous to equatidd (19 for the complementary sensitivity

function: Z, logjT.iV/ | X 1
————d' D —;

0 ! Z
where the summation is over all right half-plane zeros. &that slow right half-

(11.20)



11.5. FUNDAMENTAL LIMITATIONS 364

Sl

I 'a
Frequency [rad/s]

(a) X-29 aircraft (b) Sensitivity analysis

Figure 11.15:X-29 ight control system. The aircraft makes use of forward stveipgs and
a set of canards on the fuselage to achieve high maneuverability @}leRired sensitivity
for the closed loop system is shown in (b). We seek to use our contraritytto shape the
sensitivity curve so that we have low sensitivity (good performanceaddgequency! ; by
creating higher sensitivity up to our actuator bandwidh

plane zeros are worse than fast ones and that fast righplaaié poles are worse
than slow ones.

Example 11.11 X-29 aircraft

As an example of the application of Bode's integral formule, present an anal-
ysis of the control system for the X-29 aircraft (see Figlitel53, which has an
unusual con guration of aerodynamic surfaces that are desigo enhance its
maneuverability. This analysis was originally carried oyt@®unter Stein in his
article “Respect the UnstableS{e03, which is also the source of the quote at the
beginning of this chapter.

To analyze this system, we make use of a small set of parasrtbedrdescribe
the key properties of the system. The X-29 has longitudinabdyics that are very
similar to inverted pendulum dynamics (Exerc88) and, in particular, have a pair
of poles at approximatelg D 6 and a zero a D 26. The actuators that stabilize
the pitch have a bandwidth bf, D 40 rad/s and the desired bandwidth of the pitch
control loop is! 1 D 3 rad/s. Since the ratio of the zero to the pole is only 4.3, we
may expect that it may be dif cult to achieve the speci cations

To evaluate the achievable performance, we search for aoctdev such that
the sensitivity function is small up to the desired bandivitid not greater thavg
beyond that frequency. Because of the Bode integral forraid&now thatMg must
be greater than 1 at high frequencies to balance the smaitiséy at low frequency.
We thus ask if we can nd a controller that has the shape showigare11.15b
with the smallest value os. Note that the sensitivity above the frequency
is not speci ed since we have no actuator authority at thajuesmcy. However,
assuming that the process dynamics fall off at high frequethe sensitivity at
high frequency will approach 1. Thus, we desire to design secldoop system
that has low sensitivity at frequencies belbwand sensitivity that is not too large
between ; and! ,.
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From Bode's integral formula, we know that whatever conéolve choose,

equation 11.19 must hold. We will assume that the sensitivity function iigeg
by (
o sy
jSil/jp ‘!
M

1! Vas

!
s .
corresponding to Figurgl.15b If we further assume that.s/j =!I 2 for fre-
quencies larger than the ac'%Jator bandwidth, Bode's iatdgrcomes

1 la
logjS.i!/ jd! D logjS.i!/ jd!
0
P11 Mg
D log | dd C.ly !iJlogMsD p:
0 "1

Evaluation of the integral gives! 1 C! ;logMsD por

Ms D g PG/ a:

This formula tells us what the achievable valuevbf will be for the given control
speci cations. In particular, usingg D 6,! 1 D 3 and! ; D 40 rad/s, we nd
thatMg D 1:75, which means that in the range of frequencies betwgemnd! ,,
disturbances at the input to the process dynamics (suchra will be ampli ed
by a factor of 175 in terms of their effect on the aircraft.

Another way to view these results is to compute the phaseim#rgt corre-
sponds to the given level of sensitivity. Since the peak sgitginormally occurs
at or near the crossover frequency, we can compute the plaageraorresponding
to Mg D 1:75. As shown in Exercisgl.14 the maximum achievable phase margin
for this system is approximately 35which is below the usual design limit of 45
in aerospace systems. The zers & 26 limits the maximum gain crossover the
can be achieved. r

Derivation of Bode's Formula

We now derive Bode's integral formula (Theordrh.1). This is a technical section
that requires some knowledge of the theory of complex vighin particular
contour integration. Assume that the loop transfer fumctias distinct poles at
s D pk in the right half-plane and that.s/ goes to zero faster thand. for large
values ofs.

Consider the integral of the logarithm of the sensitivitgdtionS.s/ D 1=.1C
L.s// over the contour shown in Figurkl.16 The contour encloses the right
half-plane except for the pointssD px where the loop transfer function.s/ D
P.s/C.s/ has poles and the sensitivity functi®ms/ has zeros. The direction of the
contour is counterclockwise.
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Figure 11.16:Contour used to prove Bode's theorem. For each right half-planeymteeate
a path from the imaginary axis that encircles the pole as shown. To avdidrole have
shown only one of the paths that enclose one right half-plane.

The integral of the log of the sensitivity function aroundstibbntour is given
by
Z Z s z x Z
log.S.s/l dsD log.S.s// dsC log.S.s// dsC log. S.s/l ds
0 iR R K
D |1C |2C |3DO,

whereR is a large semicircle on the right ang is the contour starting on the
imaginary axis as D Im px and a small circle enclosing the pgbg. The integral
is zero because the function I8gs/ is analytic inside the contour. We have
Zig Zir
LD i log.S.i!// d! D 2i log.jS.i!/ j/d!
iR 0
because the real part of I&)i!/ is an even function and the imaginary part is an
odd function.furthermore we ha%e 7

l,D log.S.s// dsD log.1C L.s// ds L.s/ds
R R R

Sincel.s/ goes to zero faster thard.for larges, the integral goes to zero when
the radius of the circle goes to in nity.

Next we consider the integréd. For this purpose we split the contour into three
partsXc, and XZ , as indicated inZFigurﬂal.16 We ann then write the integral as

13D logS.s/dsC logS.s/dsC logS.s/ ds:
Xc X
The contour is a small circle with radius around the polgy. The magnitude of
the integrand is of the order log and the length of the path is 2. The integral
thus goes to zero as the radiugoes to zero. Furthermore, making use of the fact
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tzhatX is orientgd oppositely frogxc, we have

logS.s/dsC logS.s/dsD logS.s/ logS.s 2 i/ dsD 2 Rep:
X

Xc Xc

SincejS.s/jDjS.s 2 ilj, we have
logS.s/ logSs 2 i/DargSs/ argSs 2 i/D2 i

and we nd that X

D2 i Re Pxk-

k

Letting the small circles go to zero and the large circle gotoiy and adding the
contributions from all right half-plane polgx gives

Z g X

I1CI1,Cl3D 2i logjS.i!/ jd! Ci 2 RepcDO:
0

P P
Since complex poles appear as complex conjugate pajy&epx D | px, which
gives Bode's formulai1.19.

11.6 Design Example

In this section we present a detailed example that illussrdte main design tech-
niques described in this chapter.

Example 11.12 Lateral control of a vectored thrust aircraft

The problem of controlling the motion of a vertical takeofiddanding (VTOL)
aircraft was introduced in Exampk9and in Examplel1.6 where we designed a
controller for the roll dynamics. We now wish to control thesgiion of the aircraft,
a problem that requires stabilization of both the attitude #ne position.

To control the lateral dynamics of the vectored thrust aftcive make use of a
“inner/outer” loop design methodology, as illustrated igutie11.17 This diagram
shows the process dynamics and controller divided into vopgonents: aimner
loop consisting of the roll dynamics and control and@urter loopconsisting of
the lateral position dynamics and controller. This decoritjposfollows the block
diagram representation of the dynamics given in Exer@is@

The approach that we take is to design a contrdllefor the inner loop so
that the resulting closed loop systdth provides fast and accurate control of the
roll angle for the aircraft. We then design a controller foe fateral position that
uses the approximation that we can directly control theantjle as an input to
the dynamics controlling the position. Under the assunmptiiat the dynamics of
the roll controller are fast relative to the desired bandkwiaf the lateral position
control, we can then combine the inner and outer loop cdetsoto get a single
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Figure 11.17:Inner/outer control design for a vectored thrust aircraft. The innep le;
controls the roll angle of the aircraft using the vectored thrust. The tagercontrollerC,
commands the roll angle to regulate the lateral position. The procesmibmare decom-
posed into inner loopR;) and outer loop P,) dynamics, which combine to form the full
dynamics for the aircraft.

controller for the entire system. As a performance speciarafor the entire system,
we would like to have zero steady-state error in the latavsitipn, a bandwidth of
approximately 1 rad/s and a phase margin of 45

For the inner loop, we choose our design speci cation to ptevhe outer loop
with accurate and fast control of the roll. The inner loop dyits are given by

r

b JsCcs
We choose the desired bandwidth to be 10 rad/s (10 times tila¢ @uter loop)

and the low-frequency error to be no more than 5%. This spetibnds satis ed
using the lead compensator of Example6designed previously, so we choose

Ci.s/DkSC—a; aD2 bD50 kD1
sCh
The closed loop dynamics for the system satisfy
Ci CPR Ci.1 mgR/
H; D : mg— —— D = AL
1CGCPR 1CGCPR 1CGCPR

A plot of the magnitude of this transfer function is shown igéie11.18 and we
see thaH; mgD 392 is a good approximation up to 10 rad/s.

To design the outer loop controller, we assume the inner totcontrol is
perfect, so that we can takg as the input to our lateral dynamics. Following the
diagram shown in Exercisg 10, the outer loop dynamics can be written as

H;.0/
RyDWW%yDﬁ?;
where we replacel;. s/ with H;.0/ to re ect our approximation that the inner loop

PDH,
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Figure 11.18: Outer loop control design for a vectored thrust aircraft. (a) The dotgr
approximates the roll dynamics as a state gaimg. (b) The Bode plot for the roll dynamics,
indicating that this approximation is accurate up to approximately 10 rad/s.

will eventually track our commanded input. Of course, thip@ximation may not
be valid, and so we must verify this when we complete our aesig

Our control goal is now to design a controller that gives zeady-state error
in X and has a bandwidth of 1 rad/s. The outer loop process dynaneiggven by a
second-order integrator, and we can again use a simple ¢eapensator to satisfy
the speci cations. We also choose the design such that thetlaosfer function
for the outer loop haf_,j < 0:1for! > 10 rad/s, so that thel, dynamics can be
neglected. We choose the controller to be of the form

sCag

Co.s/ D k°sC b
with the negative sign to cancel the negative signin theggedynamics. To ndthe
location of the poles, we note that the phase lead attenst@pg@roximatelyp=10.
We desire phase lead at crossover, and we desire the crossbyeD 1 rad/s, so
this givesb, D 10. To ensure that we have adequate phase lead, we must choose
a, such thab,=10< 10a, < by, which implies that, should be between 0.1 and
1. We choosey, D 0:3. Finally, we need to set the gain of the system such that at
crossover the loop gain has magnitude 1. A simple calculatimws thak, D 2
satis es this objective. Thus, the nal outer loop controllexdomes

sCO3.
sC10’

Finally, we can combine the inner and outer loop controllerd gerify that
the system has the desired closed loop performance. The Baodsyajuist plots
corresponding to Figurgl.17with inner and outer loop controllers are shown in
Figure11.19 and we see that the speci cations are satis ed. In additian show

Co.s/ D 0:8
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Figure 11.19: Inner/outer loop controller for a vectored thrust aircraft. The Bod¢ (alp
and Nyquist plot (b) for the transfer function for the combined innet @uter loop transfer
functions are shown. The system has a phase margin airé8a gain margin of 6.2.

the Gang of Four in Figur#l.2Q and we see that the transfer functions between all
inputs and outputs are reasonable. The sensitivity to lcstdriiance® Sis large
at low frequency because the controller does not have itagtion.

The approach of splitting the dynamicsinto an inner and agréabp is common
in many control applications and can lead to simpler designsomplex systems.
Indeed, for the aircraft dynamics studied in this examplis, very challenging to
directly design a controller from the lateral positioto the inputu;. The use of the
additional measurement ofgreatly simpli es the design because it can be broken
up into simpler pieces. r

11.7 Further Reading

Design by loop shaping was a key element in the early devedopof control, and
systematic design methods were developed; see James|dNiakdhillips INP47,
Chestnut and MayerdM51], Truxal [Tru55 and Thaler Tha89. Loop shap-
ing is also treated in standard textbooks such as FranklineP@and Emami-
Naeini [FPENO3, Dorf and Bishop PB04], Kuo and GolnaraghiKG02] and
Ogata Pga0]l. Systems with two degrees of freedom were developed by Htrpidor63,
who also discussed the limitations of poles and zeros irigie half-plane. Funda-
mental results on limitations are given in Bod@op49; more recent presentations
are found in Goodwin, Graebe and Salga@&[S01]. The treatment in Sectiahl.5

is based ondst0q. Much of the early work was based on the loop transfer fumgti
the importance of the sensitivity functions appeared imeation with the devel-
opment in the 1980s that resultedi design methods. A compact presentation
is given in the texts by Doyle, Francis and TannenbaD#192 and Zhou, Doyle
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Figure 11.20:Gang of Four for vectored thrust aircraft system.

and Glover ZDG96]. Loop shaping was integrated with the robust control theory
in McFarlane and GloveMMG90] and Vinnicombe Yin01]. Comprehensive treat-
ments of control system design are given in Maciejowd&a¢89 and Goodwin,
Graebe and SalgadG{5S01.

Exercises

11.1 Consider the system in Figulel.1 Give all signal pairs that are related by
the transfer functionss11C PC/, P=.1C PC/,C=.1C PC/ andPC=.1C PC/.

11.2 Consider the system in Exampld.1 Choose the parameteasD 1 and
compute the time and frequency responses for all the trefusfetions in the Gang
of Four for controllers wittk D 0:2 andk D 5.

11.3(Equivalence of Figuresl.1and11.2 Consider the system in Figuid.1land
let the outputs of interest eD . ; / and the major disturbances teD .n; d/.
Show that the system can be represented by Fifjluzand give the matrix transfer
functionsP andC. Verify that the elements of the closed loop transfer fuorch,,
are the Gang of Four.

11.4 Consider the spring—mass system given Byi4), which has the transfer
function 1
P.s/ D ——:
s mg C csC k

Design a feedforward compensator that gives a responsecwiital damping
( D1).
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11.5(Sensitivity of feedback and feedforward) Consider theesysn Figurell.1
and letGy, be the transfer function relating the measured sigrtalthe reference
r. Show that the sensitivities @by, with respect to the feedforward and feed-
back transfer function§ andC are given bydGy,=dF D CP=.1C PC/ and
dGy,=dCD FP=.1C PC/2D Gy L=C.

11.6(Equivalence of controllers with two degrees of freedom) Stiatthe systems
in Figuresl1.1land11.3give the same responsesto command sign&g@C F, D
CF.

11.7(Disturbance attenuation) Consider the feedback systemrsin Figurell.l
Assume that the reference signal is constant.y,elbe the measured output when
there is no feedback ang, be the output with feedback. Show thé§.s/ D
S.s/'Yq . s/, whereSis the sensitivity function.

11.8 (Disturbance reduction through feedback) Consider a protih which an
output variable has been measured to estimate the potimtdisturbance attenu-
ation by feedback. Suppose an analysis shows that it is pessitdesign a closed
loop system with the sensitivity function

S
Ss/ID ——:
s2CsC1

Estimate the possible disturbance reduction when the megslisturbance is

y.t/ D 5sin.0:1t/ C 3sin.0:17t/ C 0:5c0s.0:9t/ C 0:1t:
11.9 Show that the effect of high frequency measurement noise @mahtrol
signal for the system in Examplel.4can be approximated by

kas _
.sT{/2=2CsT; C 1’

CS CD

and that the largest value gE S.i!/ j is ky=T; which occurs fol D P 2=T;.

11.10(Attenuation of low-frequency sinusoidal disturbancesggral action elim-
inates constant disturbances and reduces low-frequestyriddnces because the
controller gain is in nite at zero frequency. A similar idearcbe used to reduce the
effects of sinusoidal disturbances of known frequehgypy using the controller

kss .
s2C2! 0S Cc! (2)
This controller has the gai@s.i!/ D k,Cks=.2 / forthe frequency o, which can
be large by choosing a small value af Assume that the process has the transfer

function P.s/ D 1=s. Determine the Bode plot of the loop transfer function and
simulate the system. Compare the results with PI control.

C.s/Dk,C
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11.11 Consider a lead compensator with the transfer function
fkca n
sCa '’

which has zero frequency ga®.0/ D 1 and high-frequency gai€.1 / D k.
Show that the gain required to give a given phase le&d
q__
kD 1C2tarf.'=n/C2tan'=n/ 1C tart.'= n/ n;

Cn.s/ D

and thatnliimk D€ .

11.12 Consider a process with the loop transfer function
z s
S

with positivez and p. Show that the system is stablegfz < k< lorl< k<
p=z, and that the largest stability margindg D jp zj=.p C Z is obtained for
k D 2p=.p C z/. Determine the pole/zero ratios that gives the stabilitygima
Sm D 2=3.

L.s/ Dk

11.13 Prove the inequalities given by equatidil(18. (Hint: Use the maximume
modulus theorem.)

11.14(Phase margin formulas) Show that the relationship betwesgpithse margin
and the values of the sensitivity functions at gain crosssvgiven by
jSil go/jDjT.i! 4o/jD ———:
1517 9d 12 92 Ssin =2
11.15(Stabilization of an inverted pendulum with visual feedaCknsider sta-
bilization of an inverted pendulum based on visual feedhestkg a video camera
with a 50-Hz frame rate. Let the effective pendulum length.b&ssume that we
want the loop transfer function to have a slopengé D  1=2 at the crossover

frequency. Use the gain crossover frequency inequalitgterchine the minimum
length of the pendulum that can be stabilized if we desireaseimargin of 45

11.16 (Rear-steered bicycle) Consider the simple model of a kéciyt Equa-
tion (3.5), which has one pole in the right half-plane. The model is aédul for a
bicycle with rear wheel steering, but the sign of the velp@tthen reversed and
the system also has a zero in the right half-plane. Use thdises Exercisel1.12
to give a condition on the physical parameters that admitsrdraller with the
stability marginsy,.

11.17Prove the formulaX1.20 for the complementary sensitivity. .



Chapter Twelve
Robust Performance

However, by building an ampli er whose gain is deliberately made, sayetibels higher
than necessary (10000 fold excess on energy basis), and then féseliogtput back on the
input in such a way as to throw away that excess gain, it has been foussibjmto effect
extraordinary improvement in constancy of ampli cation and freedomnfrmn-linearity.

Harold S. Black, “Stabilized Feedback Ampli ers,” 193BIa34).

This chapter focuses on the analysis of robustness of fekdlyatems, a vast
topic for which we provide only an introduction to some of #ey concepts. We
consider the stability and performance of systems whoseegsodynamics are
uncertain and derive fundamental limits for robust stapdind performance. To
do this we develop ways to describe uncertainty, both in gmnfof parameter
variations and in the form of neglected dynamics. We alse yrinention some
methods for designing controllers to achieve robust paréorce.

12.1 Modeling Uncertainty

Harold Black's quote above illustrates that one of the kegsusf feedback is to
provide robustness to uncertainty (“constancy of ampli@at). It is one of the
most useful properties of feedback and is what makes it plestsi design feedback
systems based on strongly simpli ed models.

One form of uncertainty in dynamical systemspiarametric uncertaintyin
which the parameters describing the system are unknowmidalexample is the
variation of the mass of a car, which changes with the numiqgaissengers and the
weight of the baggage. When linearizing a nonlinear systeenparameters of the
linearized model also depend on the operating conditidisssiraightforward to in-
vestigate the effects of parametric uncertainty simplwaheating the performance
criteria for a range of parameters. Such a calculation revtbal consequences of
parameter variations. We illustrate by a simple example.

Example 12.1 Cruise control

The cruise control problem was described in Sec8d and a Pl controller was
designed in Exampl#0.3 To investigate the effect of parameter variations, we will
choose a controller designed for a nominal operating cmmddorresponding to
massm D 1600 kg, fourth gear ( D 12) and speedle D 25 m/s; the controller
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Figure 12.1: Responses of the cruise control system to a slope increase(aj and the
eigenvalues of the closed loop system (b). Model parameters aré¢ eveg@a wide range.

gains arek, D 0:72 andk; D 0:18. Figurel2.1ashows the velocity and the
throttleu when encountering a hill with a 3lope with masses in the range 1600
m < 2000 kg, gear ratios 3-5 (D 10, 12 and 16) and velocity 10 v 40 m/s.
The simulations were done using models that were linearizaaha the different
operating conditions. The gure shows that there are vamatim the response
but that they are quite reasonable. The largest velocityr éron the range of
0.2-0.6 m/s, and the settling time is about 15 s. The contgolagiis marginally
larger than 1 in some cases, which implies that the thrattielly open. A full
nonlinear simulation using a controller with windup prdten is required if we
want to explore these cases in more detail. Fidil@d bshows the eigenvalues of
the closed loop system for the different operating cond&idhe gure shows that
the closed loop system is well damped in all cases. r

This example indicates that at least as far as parametritiaars are concerned,
the design based on a simple nominal model will give satisfsgacontrol. The
example also indicates that a controller with xed parametan be used in all
cases. Notice that we have not considered operating condlitin low gear and at
low speed, but cruise controllers are not typically usedhase cases.

Unmodeled Dynamics

It is generally easy to investigate the effects of pararetariations. However,
there are other uncertainties that also are important sasissed at the end of Sec-
tion 2.3 The simple model of the cruise control system captures telgynamics
of the forward motion of the vehicle and the torque charasties of the engine
and transmission. It does not, for example, include a d=tariodel of the engine
dynamics (whose combustion processes are extremely crygplie slight delays
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Figure 12.2: Unmodeled dynamics in linear systems. Uncertainty can be represesited u
additive perturbations (left), multiplicative perturbations (middle) or ek perturbations
(right). The nominal system iB, and1, D 1=P andl g represent unmodeled dynamics.

that can occur in modern electronically controlled engifassa result of the pro-
cessing time of the embedded computers). These neglectdthmsms are called
unmodeled dynamics
Unmodeled dynamics can be accounted for by developing a cmrelex

model. Such models are commonly used for controller devedoprbut substantial
effort is required to develop them. An alternative is to stgate if the closed loop
system is sensitive to generic forms of unmodeled dynariies.basic idea is to
describe the unmodeled dynamics by including a transfectifom in the system
description whose frequency response is bounded but ofewmspeci ed. For
example, we might model the engine dynamics in the cruiséraloexample as
a system that quickly provides the torque that is requestesligh the throttle,
giving a small deviation from the simpli ed model, which assed the torque
response was instantaneous. This technique can also berussghy instances
to model parameter variations, allowing a quite general@ggh to uncertainty
management.

In particular, we wish to explore if additional linear dynasimay cause dif-
culties. A simple way is to assume that the transfer functafrthe process is
P.s/ C1,whereP.s/ is the nominal simpli ed transfer function arid represents
the unmodeled dynamics in termsaufditive uncertaintyDifferent representations

of uncertainty are shown in Figude.2

When Are Two Systems Similar? The Vinnicombe Metric

A fundamental issue in describing robustness is to determhren two systems are
close. Given such a characterization, we can then attengbégoribe robustness
according to how close the actual system must be to the madaider to still
achieve the desired levels of performance. This seemingigdent problem is
not as simple as it may appear. A naive approach is to saywhasystems are
close if their open loop responses are close. Even if thisappwtural, there are
complications, as illustrated by the following examples.

Example 12.2 Similar in open loop but large differences in closed tip
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Figure 12.3:Determining when two systems are close. The plots in (a) show a situation whe
the open loop responses are almost identical, but the closed loop sesgoe very different.
The processes are given by equati®.0) with k D 100 andT D 0:025. The plots in (b)
show the opposite situation: the systems are different in open loop butsimtlased loop.
The processes are given by equatid®.9) with k D 100.

The systems with the transfer functions

P,.s/ D (12.1)

PLs/ D — . K
MY Y scr .SC1.sTC 12
have very similar open loop responses for small valuds af illustrated in the top
plot in Figure12.3a which is plotted fofT D 0:025 andk D 100. The differences
between the step responses are barely noticeable in the. §heestep responses
with unit gain error feedback are shown in the bottom plot iguiF¢ 12.3a Notice
that one closed loop system is stable and the other one ighlest r

Example 12.3 Different in open loop but similar in closed loop
Consider the systems

k

P,.s/ D —: 12.2
28D —— (12.2)

k
P:.s/ D scL
The open loop responses are very different bec®yse stable and®, is unstable,
as shown in the top plot in Figur2.3h Closing a feedback loop with unit gain
around the systems, we nd that the closed loop transfer fonstare

T1.s/ D T,.s/ D S

SCkC1’ Ck 1
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Figure 12.4: Geometric interpretation df. P;; P,/. At each frequency, the points on the
Nyquist curve forP; (solid) andP, (dashed) are projected onto a sphere of radius 1 sitting
at the origin of the complex plane. The projection of the pointilis shown. The distance
between the two systems is de ned as the maximum distance between thetipngeof
P..i!/ and P,.i!/ over all frequencies . The gure is plotted for the transfer functions
P;.s/ D 2=.sC 1/ andP,.s/ D 2=.s 1/. (Diagram courtesy G. Vinnicombe.)

which are very close for large as shown in Figur&2.3h r

These examples show that if our goal is to close a feedbackitdopy be very
misleading to compare the open loop responses of the system.

Inspired by these examples we introduce Yhenicombe metricwhich is a
distance measure that is appropriate for closed loop sgsteansider two systems
with the transfer function®; and P,, and de ne

jPLil Pil _
ACjPLIY 2. 1C|P.IY

which is a metric with the property O d. Py; P,/ 1. The numbed. Py; P,/ can
be interpreted as the difference between the complemesémsitivity functions
for the closed loop systems that are obtained with unit faekilround®; and P,;
see Exercis&2.3 The metric also has a nice geometric interpretation, assiow
Figure12.4 where the Nyquist plots d?; and P, are projected onto a sphere with
radius 1 at the origin of the complex plane (called Riemann sphejePoints in
the complex plane are projected onto the sphere by a lineighrthe point and
the north pole (Figur&2.4). The distancel. P;; P,/ is the longest chordal distance
between the projections &#.i!/ andP,.i!/ . The distance is small whe, and
P, are small or large, but it emphasizes the behavior aroundjaire crossover
frequency.

The distancal. P;; P,/ has one drawback for the purpose of comparing the
behavior of systems under feedbackPifis perturbed continuously fror, to P,
there can be intermediate transfer functibhehered. P;; P/ is 1 evenifd. Py; Py/

d.Py; Py/ D supp (12.3)
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is small (see Exercisk2.4). To explore when this could happen, we observe that
ACP.Y P il 1C P i P
ACjPLil 2L 1CjPLIY j2

The right-hand side is zero, and heratd?;; P/ D 1if 1 C P.il/ P;. i/ =0
for some! . To explore when this could occur, we investigate the bedrasi the
function ICP.s/P;. s/ whenP isperturbed fron, to P,. Ifthe functionsf;.s/ D
1CP..s/Py. s/andf,.s/ D 1CP,.s/P;. s/ donothave the same number of zeros
in the right half-plane, there is an intermedi&such that C P.i!/ P;. i/ DO
for some! . To exclude this case we introduce the Gets all pairs Py; P,/ such
that the functions; D 1C P;.s/P;. s/ andf, D 1C P,.s/P;. s/ have the same
number of zeros in the right half-plane.

TheVinnicombe metrior -gap metricis de ned as

1; otherwise

1 d%P;P/ID

Vinnicombe Min01] showed that . Py; P,/ is a metric, he gave strong robustness
results based on the metric and he developed the theory $terag with many
inputs and many outputs. We illustrate its use by computiegretric for the
systems in the previous examples.

Example 12.4 Vinnicombe metric for Examplesl2.2and 12.3
For the systems in Example.2we have
2 2
f.s D1CPLs/P. s/ D oK S
1 g2
1Ck?C2sTC.T? VUs® 25T T2
.1 s2/.1C2sTC s2T?/ '

The function f; has one zero in the right half-plane. A numerical calcufafar
k D 100 andT D 0:025 shows that the functiof, has the roots 46.3, -86.3,

20:0 60:0i. Both functions have one zero in the right half-plane, aifmwus to
compute the norml2.4). ForT D 0:025 this gives .Py; P,/ D 0:98, which is a
quite large value. To have reasonable robustness Vinniesgdommended values
less than 1/3.

For the system in ExamplE2.3we have
1Ck? ¢&? 1 k? 2sC¢?

1C Py.s/Py. S/DW, 1C P,.s/P;. s/ D <C 12
These functions have the same number of zeros in the righplaie ifk > 1.
In this particular case the Vinnicombe metricdisPy; Po/ D 2k=.1 C k?/ (Exer-
cise12.4 and withk D 100 we get .P;; P,/ D 0:02. Figurel2.4 shows the
Nyquist curves and their projections foiD 2. Notice thad. Py; P/ is very small

f.s/ D 1C P,.s/P;. s/ D
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(a) Nyquist plot (b) Additive uncertainty

Figure 12.5:Robust stability using the Nyquist criterion. (a) This plot shows that thetesto
distance to the critical poirs, is a robustness measure. (b) This plot shows the Nyquist curve
of a nominal loop transfer function and its uncertainty caused by adgitaveess variations

1.

for smallk even though the closed loop systems are very different.thideefore
essential to consider the conditioR;; P,/ 2 C, as discussed in Exerci§€.4 r

12.2 Stability in the Presence of Uncertainty

Having discussed how to describe uncertainty and the giityilzetween two sys-

tems, we now consider the problem of robust stability: Whan we show that

the stability of a system is robust with respect to procesmtians? This is an

important question since the potential for instability ree@f the main drawbacks
of feedback. Hence we want to ensure that even if we have smaaituracies in

our model, we can still guarantee stability and performance

Robust Stability Using Nyquist's Criterion

The Nyquist criterion provides a powerful and elegant wayttm the effects
of uncertainty for linear systems. A simple criterion istthi@ Nyquist curve be
suf ciently far from the critical point 1. Recall that the shortest distance from
the Nyquist curve to the critical point &, D 1=Mg, whereMs is the maximum
of the sensitivity function and,, is the stability margin introduced in Secti®rs.
The maximum sensitivityMg or the stability margirs, is thus a good robustness
measure, as illustrated in Figut@.5a

We will now derive explicit conditions for permissible pess uncertainties.
Consider a stable feedback system with a prode@sad a controlleiC. If the
process is changed fromto P C 1, the loop transfer function changes frddC
to PCC C1, as illustrated in Figurd2.5h If we have a bound on the size of
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1 (represented by the dashed circle in the gure), then theegysemains stable
as long as the process variations never overlap th@oint, since this leaves the
number of encirclements of 1 unchanged.

Some additional assumptions are required for the analydislth Most im-
portantly, we require that the process perturbatibrise stable so that we do not
introduce any new right half-plane poles that would reqadgitional encirclements
in the Nyquist criterion.

We will now compute an analytical bound on the allowable pssalisturbances.
The distance from the critical point1 to the loop transfer functioh is j1 C Lj.
This means that the perturbed Nyquist curve will not reachctiteal point 1
provided thaiC1j < j1 C Lj, which implies

1C PC D 1 < ]
or jj P ST

This condition must be valid for all points on the Nyquist airize, pointwise
for all frequencies. The condition for robust stability cang be written as

o 1.0l 1 |

j.i/jD 511/ < RETE forall! 0. (12.6)
Notice that the condition is conservative because it fofldkem Figurel2.5that
the critical perturbation is in the direction toward thetical point 1. Larger
perturbations can be permitted in the other directions.

The condition in equationl@.6) allows us to reason about uncertainty without
exact knowledge of the process perturbations. Namely, weverfy stability for
anyuncertaintyl that satis es the given bound. From an analysis perspectiig, t
gives us a measure of the robustness for a given design. Gehyeaf we require
robustness of a given level, we can attempt to choose ouratlemiC such that the
desired level of robustness is available (by askingTha¢ small) in the appropriate
frequency bands.

Equation (2.6 is one of the reasons why feedback systems work so well in
practice. The mathematical models used to design contr@rsigsare often simpli-
ed, and the properties of a process may change during operdiiquation 12.6
implies that the closed loop system will at least be stablsdbstantial variations
in the process dynamics.

It follows from equation 12.6 that the variations can be large for those fre-
guencies wherd@ is small and that smaller variations are allowed for frecues
whereT is large. A conservative estimate of permissible procesiatians that
will not cause instability is given by

i1j< (12.5)
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Figure 12.6:Robustness for a cruise controller. On the left the maximum relative 540j
(solid) and the absolute errpPj5T]j (dashed) for the process uncertaidty The Nyquist
curve is shown on the right as a solid line. The dashed circles show évhaiperturbations
in the process dynamicg, j D j Pj5Tj, at the frequenciels D 0, 0.0142 and 0.05.

whereM; is the largest value of the complementary sensitivity
PC _

1CPC 1°

The value ofM; is in uenced by the design of the controller. For example, it

is shown in Exercisd2.5that if M D 2 then pure gain variations of 50% or

pure phase variations of 3@re permitted without making the closed loop system
unstable.

M, D supjT.i!/ jD (12.7)
|

Example 12.5 Cruise control
Consider the cruise control system discussed in Se&tibrThe model of the car
in fourth gear at speed 25 m/s is

1:38
sC 0:0142

and the controller is a PI controller with gaikg D 0:72 andk; D 0:18. Fig-
ure 12.6 plots the allowable size of the process uncertainty usiregbibund in
equation 12.6). At low frequenciesT.0/ D 1 and so the perturbations can be as
large as the original processj(D j1=Pj < 1). The complementary sensitivity
has its maximuniM; D 1:14 at! ,; D 0:35, and hence this gives the minimum
allowable process uncertainty, wifhj < 0:87 orjlj < 3:47. Finally, at high
frequenciesT ! 0 and hence the relative error can get very large. For example
at! D 5we havgT.i!/ j D 0:195, which means that the stability requirement is
j 1 < 5:1. The analysis clearly indicates that the system has goagtobss and
that the high-frequency properties of the transmissiotesysre not important for
the design of the cruise controller.

Another illustration of the robustness of the system isgimgthe right diagram

P.s/ D
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F 1
(6) = 6) P
C C iCPC

Figure 12.7: lllustration of robustness to process perturbations. A system with additive
certainty (left) can be manipulated via block diagram algebra to one with mudtijpiéc
uncertainty D 1= P (center). Additional manipulations isolate the uncertainty in a manner
that allows application of the small gain theorem (right)

o=

in Figure 12.6 which shows the Nyquist curve of the transfer function & th
process and the uncertainty bourdd® j Pj5T]j for a few frequencies. Note that
the controller can tolerate large amounts of uncertaintysifl maintain stability
of the closed loop. r

The situation illustrated in the previous example is typafainany processes:
moderately small uncertainties are required only arouad#in crossover frequen-
cies, but large uncertainties can be permitted at highell@mer frequencies. A
consequence of this is that a simple model that describgsdlcess dynamics well
around the crossover frequency is often suf cient for desystems with many
resonant peaks are an exception to this rule because thesgrovansfer function
for such systems may have large gains for higher frequeatées as shown for
instance in Exampl@.9.

The robustness condition given by equati@2.6 can be given another inter-
pretation by using the small gain theorem (Theor@d). To apply the theorem
we start with block diagrams of a closed loop system with &pked process and
make a sequence of transformations of the block diagramigbktte the block
representing the uncertainty, as shown in FigL2er. The result is the two-block
interconnection shown in Figud2.7c, which has the loop transfer function

PC 1
1CPCP
Equation (2.6 implies that the largest loop gain is less than 1 and heresytstem
is stable via the small gain theorem.

The small gain theorem can be used to check robust stabitityrfoertainty in
a variety of other situations. Tabk.1 summarizes a few of the common cases;
the proofs (all via the small gain theorem) are left as esesi

The following example illustrates that it is possible to dessystems that are
robust to parameter variations.
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Table 12.1:Conditions for robust stability for different types of uncertainty

Process Uncertainty Type  Robust Stability
PC1 Additive kCSlk; <1
P.1C / Multiplicative kT k; <1
P=1C 14 -P/ Feedback kPSLpks <1

Example 12.6 Bode's ideal loop transfer function

A major problem in the design of electronic ampli ers is to aiot a closed loop
system that is insensitive to changes in the gain of the releict components.
Bode found that the loop transfer functibns/ D ks ", with1 n 5=3, was
an ideal loop transfer function. The gain curve of the Bode isl@ straight line
with slope n and the phase is constant &rg!/ D n =2. The phase margin
is thus' ,, =90.2 n/ for all values of the gairk and the stability margin is
sn D sin . 1 n=2/. This exact transfer function cannot be realized with phajsic
components, butit can be approximated over a given frequange with a rational
function (Exercisél2.7). An operational ampli er circuit that has the approximate
transfer functiorG.s/ D k=.sC @/ is a realization of Bode's ideal transfer function
with n D 1, as described in Examp83. Designers of operational ampli ers go to
great efforts to make the approximation valid over a widgdiency range. r

Youla Parameterization

Since stability is such an essential property, it is usefahtaracterize all controllers
that stabilize a given process. Such a representation, vidicalled aYoula pa-
rameterizationis very useful when solving design problems because it mke
possible to search over all stabilizing controllers withthe need to test stability
explicitly.

We will rstderive Youla's parameterization for a stable pess with a rational
transfer functionP. A system with the complementary sensitivity functidrcan
be obtained by feedforward control with the stable tranfsfiectionQif T D P Q.
Notice thatT must have the same right half-plane zerosPasince Q is stable.
Now assume that we want to implement the complementaryfeafusictionT by
using unit feedback with the controll€. SinceT D PC=.1C PC/ D PQ, it
follows that the controller transfer function is

Q .
1 PQ

CD (12.8)

A straightforward calculation gives
SD1 PQ; PSD P.1 PQ/, CSD Q; TDPQ:
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Figure 12.8: Youla parameterization. Block diagrams of Youla parameterizationsdiatde
system (a) and an unstable system (b). Notice that the sigealero in steady state.

These transfer functions are all stabl®ifindQ are stable and the controller given
by equation {2.8 is thus stabilizing. Indeed, it can be shown that all stainidy
controllers are in the form given by equatiot2(8 for some choice ofQ. The
parameterization is illustrated by the block diagrams iruFed.2.8a

A similar characterization can be obtained for unstablaesys. Consider a
process with a rational transfer functiths/ D a.s/=b.s/, wherea.s/ andb.s/
are polynomials. By introducing a stable polynoniad/, we can write

a.s/ A.s/
pgD ¥ p 5.
SPyed By

whereA.s/ D a.s/=c.s/ andB.s/ D b.s/=c.s/ are stable rational functions. Simi-
larly we introduce the controlleéZy.s/ D Fq.s/=Gg.s/, whereFq.s/ andGg.s/ are
stable rational functions. We have

AF, B
9D —"0 . pgp-__0
AF, C BGo AF, C BGo

AGo BGo
CoSD — 0 . D2 _.
0% AF, C BG, °~ AR C BG,

The controlleiCy is stabilizing if and only if the rational functioAFR, C BGg does
not have any zeros in the right half plane. @te a stable rational function and
consider the controller GoC QA
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Figure 12.9:Block diagram of a basic feedback loop. The external signals areférenee
signalr, the load disturbance and the measurement noiseThe process output i, and

the control signal is1. The proces$® may include unmodeled dynamics, such as additive
perturbations.

The Gang of Four foP andC is
A.Fp QB/ PSD B.Fo QB/

SD : e
AR, C BGo AR, C BGo

csp AGCQA. L B.GoCON.
AR, C BGg AFo C BGo

All these transfer functions are stable if the rational fiot ARy, C BGp does
not have any zeros in the right half plane and the contr@legjiven by (2.9 is
therefore stabilizing for any stabl@. A block diagram of the closed loop system
with the controllerC is shown in Figurel2.8h Notice that the transfer functio@
appears af nely in the expressions for the Gang of Four, wisatery useful if we
want to determine the transfer functi@hto obtain speci c properties.

12.3 Performance in the Presence of Uncertainty

So far we have investigated the risk for instability and rabess to process un-
certainty. We will now explore how responses to load distndes, measurement
noise and reference signals are in uenced by process vam&tilo do this we will
analyze the system in Figufe.9 which is identical to the basic feedback loop
analyzed in Chaptetl

Disturbance Attenuation

The sensitivity functiorss gives a rough characterization of the effect of feedback
on disturbances, as was discussed in Sedtio® A more detailed characterization
is given by the transfer function from load disturbancesrtxpss output:

P

Gy D
vi= 1cPC

DPS (12.10)
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Load disturbances typically have low frequencies, and fiéséfore important that
the transfer function be small for low frequencies. For psses with constant
low-frequency gain and a controller with integral actionheeGyq s=k. The
integral gairk; is thus a simple measure of the attenuation of load distwdsn
To nd out how the transfer functioiGq is in uenced by small variations in
the process transfer function we differentiat@.0Q with respect taP yielding
dGyqg 1 SP <Cyd.

dpP D .1C PC/2 D P.1C PC/ DS P’

and it follows that

dGya fy SdP. (12.11)

Gyd P

The response to load disturbances is thus insensitive t@gso@riations for fre-
quencies whergS.i!/ j is small, i.e., for frequencies where load disturbances are
important.

A drawback with feedback is that the controller feeds measent noise into
the system. In addition to the load disturbance rejecttamtius also important that
the control actions generated by measurement noise a@alatge. It follows from
Figure 12.9that the transfer functio®,, from measurement noise to controller
output is given by

c D I: (12.12)
1C PC P
Since measurement noise typically has high frequencies;ahsfer functiorGy,,
should not be too large for high frequencies. The loop trarfsfiection PC is
typically small for high frequencies, which implies th@at,, C for large s. To
avoid injecting too much measurement noise it is therefomgoirtant thatC.s/
be small for larges. This property is calledhigh-frequency roll-off An example
is ltering of the measured signal in a PID controller to redube injection of
measurement noise; see Sectldna

To determine how the transfer functi@, is in uenced by small variations in
the process transfer, we differentiate equatiti2 12:

Gun D

dGun d C C Gun
D — D CDT—:
dP dP 1C PC .1C PC/2 P
Rearranging the terms gives
dGun 4P, (12.13)
Gun P . .

Since the complementary sensitivity function is also snaalhigh frequencies, we
nd that process uncertainty has little in uence on the trandunctionG, for
frequencies where measurements are important.
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Figure 12.10:Operational ampli er with uncertain dynamics. The circuit on the left is mod
eled using the transfer functidd.s/ to capture its dynamic properties and it has a load at
the output. The block diagram on the right shows the input/output relatiocnshie load is
represented as a disturbarttapplied at the output db. s/.

Reference Signal Tracking

The transfer function from reference to output is given by
PCF
1CPC

which contains the complementary sensitivity functionsée how variations iR
affect the performance of the system, we differentiate eoguél2.149 with respect

to the process transfer function:
dGy, D CF PCFC CF SGyr_
dpP 1CPC .1CPC/2  .1CPC/? P’

and it follows that

Gy D DTF; (12.14)

dGyr D Sd—P: (12.15)
Gyr P
The relative error in the closed loop transfer function thgsads the product of
the sensitivity function and the relative error in the pisgdn particular, it follows
from equation 12.15 that the relative error in the closed loop transfer funci®
small when the sensitivity is small. This is one of the usefaperties of feedback.
As in the last section, there are some mathematical assomsptihat are re-
quired for the analysis presented here to hold. As alreatgdt we require that
the perturbationd be small (as indicated by writing)P). Second, we require that
the perturbations be stable, so that we do not introduce awyright half-plane
poles that would require additional encirclements in theiNgt criterion. Also, as
before, this condition is conservative: it allows for anytpebation that satis es
the given bounds, while in practice the perturbations mambee restricted.

Example 12.7 Operational ampli er circuit

To illustrate the use of these tools, consider the perfoomari an op amp-based
ampli er, as shown in Figurd2.1Q We wish to analyze the performance of the
ampli er in the presence of uncertainty in the dynamic resgmof the op amp and
changes in the loading on the output. We model the systerg tisrblock diagram
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in Figure12.10h which is based on the derivation in Exampld.

Consider rst the effect of unknown dynamics for the openaséibampli er. If
we model the dynamics of the op ampwaD G.s/v, then the transfer function
for the overall circuit is given by

R G.sl _
RiG.s/C R=R, C1’

We see that ifs. s/ is large over the desired frequency range, then the closgd lo
system is very close to the ideal responde R,=R;. AssumingG.s/ D b=.sCa/,
wherebis the gain-bandwidth product of the ampli er, as discusseebiampleB.3,
the sensitivity function and the complementary sensitiftinction become

sCa b
_— D ——:
sCaC b sCaC b

The sensitivity function around the nominal values tellsas the tracking response
response varies as a function of process perturbations:
ﬂ D Sd—P:
Gyr P
We see that for low frequencies, whe$és small, variations in the bandwidghor
the gain-bandwidth produdt will have relatively little effect on the performance
of the ampli er (under the assumption thiats suf ciently large.

To model the effects of an unknown load, we consider the middf a dis-
turbance at the output of the system, as shown in Fig@r&0b This disturbance
represents changes in the output voltage due to loadingtefféhe transfer func-
tion Gyg D Sgives the response of the output to the load disturbancewarske
thatif Sis small, then we are able to reject such disturbances. Tisétiséy of G4
to perturbations in the process dynamics can be computeakingtthe derivative
of Gyq with respect toP:

dGyqg C T dGyqg dP_
ap °acper pée D G © P
Thus we see that the relative changes in the disturbanceiogjece roughly the
same as the process perturbations at low frequency (Whisrapproximately 1)
and drop off at higher frequencies. However, it is importanemember thaG, 4
itself is small at low frequency, and so these variationglative performance may
not be an issue in many applications. r

Gy,v, D

SD

12.4 Robust Pole Placement

In Chapterss and7 we saw how to design controllers by setting the locations of
the eigenvalues of the closed loop system. If we analyzesthdting system in the
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frequency domain, the closed loop eigenvalues correspahe poles of the closed
loop transfer function and hence these methods are ofterreefto as design by
pole placement

State space design methods, like many methods developedrfooksystem
design, do not explicitly take robustness into accountubhgases it is essential to
always investigate the robustness because there are gpgn@asonable designs
that give controllers with poor robustness. We illustrate by analyzing controllers
designed by state feedback and observers. The closed loep ganh be assigned
to arbitrary locations if the system is observable and rebleh However, if we
want to have a robust closed loop system, the poles and zefesarocess impose
severe restrictions on the location of the closed loop p&8eme examples are rst
given; based on the analysis of these examples we then prssgn rules for
robust pole (eigenvalue) placement.

Slow Stable Process Zeros

We will rst explore the effects of slow stable zeros, and weibewith a simple
example.

Example 12.8 Vehicle steering
Consider the linearized model for vehicle steering in Exa8ph, which has the
transfer function 05sC 1

)
A controller based on state feedback was designed in Exaérgland state feed-
back was combined with an observer in Examplé The system simulated in
Figure7.8 has closed loop poles speci ed by D 0:3, . D 0:707,! , D 7 and
o D 9. Assume that we want a faster closed loop system and chqoBe 10,
<D 0:707,! , D 20and , D 0:707. Using the state representation in Exan7ple
a pole placement design gives state feedback ¢aibs100 andk, D  35:86 and
observer gaing D 2828 andl, D 400. The controller transfer function is

11516 C 40000
s?2 C 424sC 66579

Figure12.11 shows Nyquist and Bode plots of the loop transfer functiore Th
Nyquist plot indicates that the robustness is poor sincéothye transfer function is
very close to the critical point 1. The phase margin is And the stability margin

is sy, D 0:077. The poor robustness shows up in the Bode plot, where ihe ga
curve hovers around the value 1 and the phase curve is clos&80 for a wide
frequency range. More insight is obtained by analyzing @vesiivity functions,
shown by solid lines in Figur#2.12 The maximum sensitivities atds D 13 and

M; D 12, indicating that the system has poor robustness.

P.s/ D

C.s/ D
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Figure 12.11:Observer-based control of steering. The Nyquist plot (left) anceBdat (right)
of the loop transfer function for vehicle steering with a controller basedtate feedback
and an observer. The controller provides stable operation, but wighasrgain and phase
margin.

At rst sight it is surprising that a controller where the naral closed system
has well damped poles and zeros is so sensitive to procaatiaas. WWe have an
indication that something is unusual because the controdle a zero as D 3:5
in the right half-plane. To understand what happens, weimiéstigate the reason
for the peaks of the sensitivity functions.

Let the transfer functions of the process and the controier b
S cep et

dp.s/ dc.s/
whereny,.s/, n¢.s/, dp.s/ andd.. s/ are the numerator and denominator polynomi-
als. The complementary sensitivity function is

PC D Np.s/ne.s/ .
1C PC ~ dp.s/dc.s/ Cnp.s/ng.s/

The poles ofT . s/ are the poles of the closed loop system and the zeros are given
by the zeros of the process and controller. Sketching theayeire of the comple-
mentary sensitivity function we nd that.s/ D 1 for low frequencies and that
JT.il/ | starts to increase at its rst zero, which is the process zema 2. It
increases further at the controller zersd 3:5, and it does not start to decrease
until the closed loop poles appearatD 10 and! , D 20. We can thus conclude
that there will be a peak in the complementary sensitivitycfion. The magnitude
of the peak depends on the ratio of the zeros and the poles tfathsfer function.
The peak of the complementary sensitivity function can bédaebby assigning
a closed loop pole close to the slow process zero. We canvedthiis by choosing
!« D 10and . D 2:6, which gives closed loop polesaD 2andsD 50. The

P.s/ D

T.s/ D
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Figure 12.12:Sensitivity functions for observer-based control of vehicle steeilihg.com-
plementary sensitivity function (left) and the sensitivity function (right)tfer original con-
troller with! . D 10, . D 0:707,! , D 20, , D 0:707 (solid) and the improved controller
with! . D 10, . D 2:6 (dashed).

controller transfer function then becomes

3628 C 40000 sC 11:.02
C.s/ D D 3628 :
s? C 80:28s C 15656 .sC2/.sC 7828

The sensitivity functions are shown by dashed lines in Fig2r&2 The controller

gives the maximum sensitivitieBls D 1:34 andM; D 1:41, which give much

better robustness. Notice that the controller has a padelat 2 that cancels the
slow process zero. The design can also be done simply by dagtet slow stable
process zero and designing the controller for the simpli gstam. r

One lesson from the example is that it is necessary to chdosedcloop poles
that are equal to or close to slow stable process zeros. Antebson is that slow
unstable process zeros impose limitations on the achieveidwidth, as already
noted in Sectiori1.5

Fast Stable Process Poles
The next example shows the effect of fast stable poles.

Example 12.9 Fast system poles
Consider a Pl controller for a rst-order system, where theepss and the controller
have the transfer functionB.s/ D b=.sC a/ andC.s/ D k, C ki=s. The loop
transfer function is b b.kys C kif

' ssCal ’

and the closed loop characteristic polynomial is.
s.sCa/ Chb.kysCki/ D s?C.aC bky/sC kb

If we specify the desired closed loop poles should @ and p,, we nd that
the controller parameters are given by

pLCp2 a, o Pip2
b ki D b

kp D
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Figure 12.13: Gain curves for Bode plots of the sensitivity functi@for designs with
p1 < p2 < a(leftyanda < p; < p; (right). The solid lines are the true sensitivities, and the
dashed lines are the asymptotes.

The sensitivity functions are then

ssD s.sCal/ . T.9D .p1Cp2 alsC PPz,
.SC p1/.sC py/ .SC p1/.sC pof

Assume that the process pol@ is much more negative than the closed loop poles

ppand p, say,pr < p2 a. Notice that the proportional gain is negative and
that the controller has a zero in the right half-plana # p; C p,, an indication
that the system has bad properties.

Next consider the sensitivity function, which is 1 for higedquencies. Moving
from highto low frequencies, we ndthatthe sensitivity iraises atthe process pole
sD a. The sensitivity does not decrease until the closed loopspaie reached,
resulting in a large sensitivity peak that is approximagetyp,. The magnitude of
the sensitivity function is shown in Figud2.13fora D b D 1, p; D 0:05 and
p2 D 0:2. Notice the high-sensitivity peak. For comparison we alsow the gain
curve for the case when the closed loop polas 5, p. D 20) are faster than the
process poleg D 1).

The problem with poor robustness can be avoided by choosieglosed loop
pole equal to the process pole, i.p;,D a. The controller gains then become

P1. apl
kp D b kiD — n
which means that the fast process pole is canceled by a tlenizero. The loop
transfer function and the sensitivity functions are
bk, S bk,

L.s/ D ; Ss/ID ——— Cbk T'S/Dstkp'
The maximum sensitivities are now less than 1 for all freqiemnd\otice that this
is possible because the process transfer function goesd@gs . r
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Design Rules for Pole Placement

Based on the insight gained from the examples, it is now plest obtain design
rules that give designs with good robustness. Considerxpeession 12.8 for
maximum complementary sensitivity, repeated here:

PC _
1CPC 1°

Let! 4 be the desired gain crossover frequency. Assume that tcegshas zeros
that are slower thahy.. The complementary sensitivity function is 1 for low fre-
guencies, and it increases for frequencies close to thepsaeros unless there is a
closed loop pole in the neighborhood. To avoid large valdd¢iseocomplementary
sensitivity function we nd that the closed loop system sliihlerefore have poles
close to or equal to the slow stable zeros. This means thatsséle zeros should
be canceled by controller poles. Since unstable zeros caeraanceled, the pres-
ence of slow unstable zeros means that achievable gairogersfsequency must
be smaller than the slowest unstable process zero.

Now consider process poles that are faster than the desiiedgpssover fre-
guency. Consider the expression for the maximum of the sétsfunction:

M D supjT.i!/ jD
!

e 1
| .

MSDS!uij.I./jD 1CPC .-
The sensitivity function is 1 for high frequencies. Movingin high to low fre-
guencies, the sensitivity function increases at the famtgss poles. Large peaks
canresult unless there are closed loop poles close to tharéeess poles. To avoid
large peaks in the sensitivity the closed loop system shitndcefore have poles
that match the fast process poles. This means that the denshbuld cancel the
fast process poles by controller zeros. Since unstable neaie®wt be canceled,
the presence of a fast unstable pole implies that the gagsover frequency must
be suf ciently large.

To summarize, we obtain the following simple rule for chogsclosed loop
poles: slow stable process zeros should be matched by stewdloop poles, and
fast stable process poles should be matched by fast closgg@ddes. Slow unstable
process zeros and fast unstable process poles impose Benegons.

Example 12.10 Nanopositioning system for an atomic force microspe

A simple nanopositioner was explored in Exampl8, where it was shown that
the system could be controlled using an integral controliee performance of
the closed loop was poor because the gain crossover fregueas limited to
FgeD 2! 0.1 sy/.Itcan be shown that little improvement is obtained by using
a PI controller. To achieve improved performance, we willréfiere apply PID
control. For a modest performance increase, we will use éiseyd rule derived in
Examplel2.9that fast stable process poles should be canceled by dentzetos.
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The controller transfer function should thus be chosen as

2 C k : . 2C 2 2
kg’ CkpsC ki ki s’ C 2sCa ; (12.16)
s s a

C.s/ D

which givesk, D 2 kj=a andkq D ki=a2.

Figurel2.14shows the gain curves for the Gang of Four for a system degigne
withk; D 0:5. Acomparison with Figur@.12shows that the bandwidth is increased
signi cantly from! 4 D 0:01to! 4c D ki D 0:5. Since the process pole is canceled,
the system will, however, still be very sensitive to loadulisances with frequencies
close to the resonant frequency. The gain curv€ 8fhas a dip or a notch at the
resonantfrequency, which implies that the controller gaiery low for frequencies
around the resonance. The gain curve also shows that thersigstery sensitive
to high-frequency noise. The system will likely be unusaldeguse the gain goes
to in nity for high frequencies.

The sensitivity to high frequency noise can be remedied byifyiod the con-

troller to be ) )

coD ki s"C2asCa .
' sa2.1CsT; C.sT¢/2=2/’
which has high-frequency roll-off. Selection of the constén for the lter is a
compromise between attenuation of high-frequency meamnenoise and ro-
bustness. A large value d@% reduces the effects of sensor noise signi cantly, but
it also reduces the stability margin. Since the gain crogsfreguency without
Itering is k;, a reasonable choiceTs D 0:2=Ts, as shown by the solid curves in
Figurel12.14 The plots off CSii!/ j andjS.i!/ j show that the sensitivity to high-
frequency measurement noise is reduced dramatically atdbeof a marginal
increase of sensitivity. Notice that the poor attenuatibdisturbances with fre-
guencies close to the resonance is not visible in the seibsitinction because of
the exact cancellation of poles and zeros.

The designs thus far have the drawback that load disturbavitefequencies
close to the resonance are not attenuated. We will now cersidesign that actively
attenuates the poorly damped modes. We start with an ideat&iDoller where
the design can be done analytically, and we add high-freqyuesil-off. The loop
transfer function obtained with this controller is

kas? C kps C ki
s.s2C2 asCa?’
The closed loop system is of third order, and its characiepstynomial is
s*C .kga? C 2 a/s’C .k, C Va?sC ka*: (12.19)
A general third-order polynomial can be parameterized as
SC. gC2/1 (s*C.1C2 /! 3sC o & (12.20)

(12.17)

L.s/ D (12.18)
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Figure 12.14: Nanopositioning system control via cancellation of the fast process pole.
Gain plots for the Gang of Four for PID control with second-order ltgrii2.17) are
shown by solid lines, and the dashed lines show results for an ideal Pititbtier without
Itering (12.16.

The parametersg and give the relative con guration of the poles, and the pa-
rametet q gives their magnitudes, and therefore also the bandwidtiecgystem.
The identi cation of coef cients of equal powers & with equation 12.19
gives a linear equation for the controller parameters, whis the solution
AC2 o0/ 2 13 . oC2/
" L kD3P kD
To obtain a design with active damping, it is necessary timattosed loop band-
width be at least as fast as the oscillatory modes. Adding-frigquency roll-off,
the controller becomes

kp D 2 a: (12.21)

kas?CkpsCk
s.1C ST; C .STf/2=2/-

The valueT; D Tq=10D 0:1ky=k is a good value for the Itering time constant.
Figure12.15shows the gain curves of the Gang of Four for designs with

0:707, o D 1and! o D a, 2a and 4. The gure shows that the largest values of
the sensitivity function and the complementary sensitiinction are small. The
gain curve forP Sshows that the load disturbances are now well attenuated ove
the whole frequency range, and attenuation increases matbasing o. The gain
curve forC Sshows that large control signals are required to provideadamping.

The high gain ofC Sfor high frequencies also shows that low-noise sensors and
actuators with a wide range are required. The largest gan€ fare 19, 103
and 434 forl ¢ D a, 2a and 4, respectively. There is clearly a trade-off between

C.s/ D (12.22)
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Figure 12.15: Nanopositioner control using active damping. Gain curves for the @&ng
Four for PID control of the nanopositioner designed!fgrD a (dash-dotted), 2 (dashed),
and 4 (solid). The controller has high-frequency roll-off and has beerngdes to give
active damping of the oscillatory mode. The different curves coardpo different choices
of magnitudes of the poles, parameterized lgyn equation 12.19.

disturbance attenuation and controller gain. A comparisioRigures12.14and
12.15illustrates the trade-offs between control action andudiEtnce attenuation
for the designs with cancellation of the fast process potkaative damping. r

12.5 Design for Robust Performance

Control design is a rich problem where many factors have taken into account.
Typical requirements are that load disturbances shoulttéewated, the controller
should inject only a moderate amount of measurement ndiseoutput should
follow variations in the command signal well and the clossapl system should be
insensitive to process variations. For the system in Fig@r8these requirements
can be captured by speci cations on the sensitivity funci@and T and the
transfer functionssyq, Gun, Gyr andGy,. Notice that it is necessary to consider
at least six transfer functions, as discussed Sedibd The requirements are
mutually con icting, and it is necessary to make trade-offise attenuation of load
disturbances will be improved if the bandwidth is increased so will the noise
injection.

It is highly desirable to have design methods that can gaeeammbust perfor-
mance. Such design methods did not appear until the late 1880%/ of these
design methods result in controllers having the same streicis the controller
based on state feedback and an observer. In this sectionowigl@ra brief review
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Figure 12.16: Hall and Nichols charts. The Hall chart is a Nyquist plot with curves for
constant gain and phase of the complementary sensitivity fundtiofihe Nichols chart

is the conformal map of the Hall chart under the transformahioB® log L (with the scale
ipped). The dashed curveisthe linewhgfiei!/ j D 1, andthe shaded region corresponding
to loop transfer functions whose complementary sensitivity changes byone than 10%

is shaded.

of some of the techniques as a preview for those interestedbie specialized
study.

Quantitative Feedback Theory

Quantitative feedback theo(FT) is a graphical design method for robust loop
shaping that was developed by I. M. Horowiltldr91]. The ideaisto rstdetermine
acontrollerthat gives acomplementary sensitivity thedlsist to process variations
and then to shape the response to reference signals by feeddfo The idea is
illustrated in Figurel2.16a which shows the level curves of the complementary
sensitivity functionil on a Nyquist plot. The complementary sensitivity functios ha
unitgainontheline R&.i!/ D 0:5.Inthe neighborhood of this line, signi cant
variations in process dynamics only give moderate changt®eicomplementary
transfer function. The dashed part of the gure correspondfi¢aregion @ <
jT.iY/ j < 1:1. To use the design method, we represent the uncertaintgafdr
frequency by a region and attempt to shape the loop transfietibn so that the
variation in T is as small as possible. The design is often performed usimg th
Nichols chart shown in Figurg2.16b

Linear Quadratic Control

One way to make the trade-off between the attenuation of dtistdrbances and
the injection of measurement noise is to design a contrtilrminimizes the loss
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function Z

JD 1 y2.t/ C ult/ dt;
T o

where is a weighting parameter as discussed in Sedi@nThis loss function
gives a compromise between load disturbance attenuatidmiaturbance injec-
tion because it balances control actions against devitiothe output. If all state
variables are measured, the controller is a state feedb@éck Kx and it has the
same form as the controller obtained by eigenvalue assigh(pele placement)
in Section6.2 However, the controller gain is obtained by solving an rojta-
tion problem. It has been shown that this controller is vetyust. It has a phase
margin of at least 60and an in nite gain margin. The controller is calledimear
quadratic controbr LQ controlbecause the process model is linear and the criterion
is quadratic.

When all state variables are not measured, the state caicdresteucted using
an observer, as discussed in Sectfod It is also possible to introduce process
disturbances and measurement noise explicitly in the madélto reconstruct
the states using a Kalman lter, as discussed brie y in Sec#ich The Kalman
Iter has the same structure as the observer designed bywalysnassignment in
Section7.3, but the observer gairis are now obtained by solving an optimization
problem. The control law obtained by combining linear quéidreontrol with a
Kalman lIter is calledlinear quadratic Gaussian contradr LQG control The
Kalman Iter is optimal when the models for load disturbaneesi measurement
noise are Gaussian.

Itis interesting that the solution to the optimization desh leads to a controller
having the structure of a state feedback and an observer.tdtesfsedback gains
depend on the parameter and the lter gains depend on the parameters in the
model that characterize process noise and measuremenst (8eis Sectiof7.4).
There are ef cient programs to compute these feedback andarsgains.

The nice robustness properties of state feedback are uné&bely lost when the
observer is added. Itis possible to choose parametersitieatigsed loop systems
with poor robustness, similar to Examdl2.8 We can thus conclude that there is a
fundamental difference between using sensors for allstatd reconstructing the
states using an observer.

H; Control

Robust control design is often calléti control for reasons that will be explained
shortly. The basic ideas are simple, but the details are doatpt and we will
therefore just give the avor of the results. A key idea isslitated in Figurd.2.17,
where the closed loop system is represented by two blockspitbcess and
the controllerC as discussed in Sectidrl.l The proces$ has two inputs, the
control signalu, which can be manipulated by the controller, and the gezedl



12.5. DESIGN FOR ROBUST PERFORMANCE 400

C |- C

Figure 12.17:H; robust control formulation. The left gure shows a general repnéation

of a control problem used in robust control. The inpuépresents the control signal, the input
w represents the external in uences on the system, the omtptiie generalized error and the
outputy is the measured signal. The right gure shows the special case of shefeadback
loop in Figurel2.9where the reference signal is zero. In this case we haik.n; d/ and
zD.y; ul.

disturbancev, which represents all external in uences, e.g., commanaiedggand
disturbances. The process has two outputs, the generatiped,avhich is a vector
of error signals representing the deviation of signals ftbeir desired values, and
the measured signal, which can be used by the controller to computd-or a
linear system and a linear controller the closed loop syst@mbe represented by

the linear system
zD H.P.s/; C.sllw; (12.23)

which tells how the generalized errardepends on the generalized disturbances
w. The control design problem is to nd a controll€r such that the gain of the
transfer functiorH is small even when the process has uncertainties. There age ma
different ways to specify uncertainty and gain, giving tiselifferent designs. The
namesH, andH; control correspond to the norrasik, andkHk; .

To illustrate the ideas we will consider a regulation probfer a system where
the reference signal is assumed to be zero and the extegmalsiare the load
disturbancal and the measurement noiseas shown in Figur&2.1h. The gener-
alized inputisw D . n; d/. (The negative sign af is not essential but is chosen
to obtain somewhat nicer equations.) The generalized exatrdsen asD . ; /
where is the process output andis the part of the load disturbance that is not
compensated by the controller. The clogsed loop system istinaieled by

Sy §1C2C 1;¥C§89 S s
2 Y3 2Nz oy 3N3 .
zD? 7 ? D A Sc ETg DH.PICIZ G (1224)

" 1CPC 1CPC
which is the same as equatial?(23. A straightforward calculation shows that
p — —
ACjP. 2. 1CjC.il j2l
jLC P.il/ C.il/ | '

kH.P; C//k; D sup (12.25)
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There are numerical methods for nding a controller such ktatP; C/k; <
, if such a controller exists. The best controller can theroled by iterating on
. The calculations can be made by solvaigebraic Riccatiequations, e.g., by
using the commantinfsyn in MATLAB. The controller has the same order as
the process and the same structure as the controller bastaterfieedback and an
observer; see Figure7and Theoren7.3.

Notice that if we minimizekH. P; C/k; , we make sure that the transfer func-
tionsGyyq D P=.1C PC/, representing the transmission of load disturbances to the
output, andG,, D C=.1C PC/, representing how measurement noise is trans-
mitted to the control signal, are small. Since the sengytaitd the complementary
sensitivity functions are also elementstéf P; C/, we have also guaranteed that
the sensitivities are less than The design methods thus balance performance and
robustness.

There are strong robustness results associated withtheontroller. It follows
from equations12.4) and (2.25 that

1 .

.P; 1=C/’
Theinverse okH. P; C/k; isthusequaltothe Vinnicombe distance betwBemd
1=C and can therefore be interpreted ageaeralized stability margirCompare
this with s,,, which we de ned as the shortest distance between the Nyquise
of the loop transfer function and the critical pointl. It also follows that if we

nd a controllerC with kH.P; C/k; < , then this controller will stabilize any
processP suchthat .P;P/< 1= .

kH.P;Cl/k; D (12.26)

Disturbance Weighting

Minimizing the gainkH.P; C/k; means that the gains of all individual signal
transmissions from disturbances to outputs are less thimm all frequencies of
the input signals. The assumption that the disturbancesgaialg important and
that all frequencies are also equally important is not veasistic; recall that load
disturbances typically have low frequencies and measuremase is typically
dominated by high frequencies. It is straightforward to fyothe problem so that
disturbances of different frequencies are given diffeemphasis, by introducing
a weighting lIter on the load disturbance as shown in Figli2el8 For example,
low-frequency load disturbances will be enhanced by chmop¥! as a low-pass
lter because the actual load disturbancaveN

By using block diagram manipulation as shown in Fighi2el8 we nd that
the system with frequency weighting is equivalent to theesyswith no frequency
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Figure 12.18:Block diagrams of a system with disturbance weighting. The left gureicies
afrequency weight on processes disturbances. Through blodladiaganipulation, this can
be converted to the standard problem on the right.

weighting in Figurel2.18and the signals are related through
8 9

1 )

8 9 8 9
nD 3 I3 1C§s§ 1%2‘5 237 D H.B; 8w (12.27)

" 1Cc B8 1cBE’

where D PW and€ D W IC. The problem of nding a controlle® that
minimizes the gain oH.B; &/ is thus equivalent to the problem without distur-
bance weighting; having obtain€¥ the controller for the original system is then
C D W&. Notice that if we introduce the frequency weightingD k=s, we will
automatically get a controller with integral action.

Limits of Robust Design

There is a limit to what can be achieved by robust design. Ite sy the nice
properties of feedback, there are situations where theepsovariations are so
large that it is not possible to nd a linear controller thaveg a robust system
with good performance. It is then necessary to use othesstgpeontrollers. In
some cases it is possible to measure a variable that is wetlated with the
process variations. Controllers for different paramettues can then be designed
and the corresponding controller can be chosen based on dhsumed signal.
This type of control design is callegiin schedulingThe cruise controller is a
typical example where the measured signal could be gedigoaind velocity. Gain
scheduling is the common solution for high-performanceraft where scheduling
is done based on Mach number and dynamic pressure. Whergasingcheduling,
it is important to make sure that switches between the ctatsodo not create
undesirable transients (often referred tdampless transfér

If it is not possible to measure variables related to the rpatars,automatic
tuningandadaptive controtan be used. In automatic tuning the process dynamics
are measured by perturbing the system, and a controlleeisdbsigned automat-
ically. Automatic tuning requires that parameters remainstant, and it has been
widely applied for PID control. It is a reasonable guess thahe future many
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controllers will have features for automatic tuning. If pareters are changing, it
is possible to use adaptive methods where process dynareioseasured online.

12.6 Further Reading

The topic of robust control is a large one, with many articles textbooks devoted
to the subject. Robustness was a central issue in classicabt as described in
Bode's classical bookHod45. Robustness was deemphasized in the euphoria of
the development of design methods based on optimizationsifbeg robustness
of controllers based on state feedback, shown by Andersdrivenore [AM90],
contributed to the optimism. The poor robustness of outpedifeck was pointed
out by RosenbrockRM71], Horowitz [Hor75 and Doyle Doy78 and resulted
in a renewed interest in robustness. A major step forwardthe@sgevelopment of
design methods where robustness was explicitly taken io¢ount, such as the
seminal work of ZamesZam81]. Robust control was originally developed using
powerful results from the theory of complex variables, vithgave controllers of
high order. A major breakthrough was made by Doyle, Glovéraitgonekar and
Francis PGKF89, who showed that the solution to the problem could be obthin
using Riccati equations and that a controller of low ordeddbe found. This paper
led to an extensive treatment b, control, including books by Franci&fa81,
McFarlane and GloveMG90], Doyle, Francis and Tannenbaul®HFT9Z], Green
and LimebeerGL95], Zhou, Doyle and GloveldDG96], Skogestand and Postleth-
waite [SP03 and Vinnicombe Yin01]. A major advantage of the theory is that it
combines much of the intuition from servomechanism theatly sound numerical
algorithms based on numerical linear algebra and optimoizaf he results have
been extended to nonlinear systems by treating the de<idptepn as a game where
the disturbances are generated by an adversary, as delsicrithe book by Basar
and BernhardBB91]. Gain scheduling and adaptation are discussed in the book
by Astrém and Wittenmark§wo8].

Exercises

12.1 Consider systems with the transfer functiods D 1=.sC 1/ and P, D
1=.sC a/. Show thatP; can be changed continuously® with bounded additive
and multiplicative uncertainty & > 0 butnotifa < 0. Also show that no restriction
ona s required for feedback uncertainty.

12.2 Consider systems with the transfer functioRsD .s C 1/=.s C 1/ and
P, D .s C a/=.s C /2. Show thatP; can be changed continuously B with

bounded feedback uncertaintyaf > 0 but not ifa < 0. Also show that no
restriction oma is required for additive and multiplicative uncertainties
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12.3(Difference in sensitivity functions) Lek. P; C/ be the complementary sen-
sitivity function for a system with proced$3 and controlleiC. Show that

.P1 PJC .
.1C P,C/.1C P,C/’
and derive a similar formula for the sensitivity function.

T.P;C/ T.P;C/D

12.4(The Riemann sphere) Consider systems with the transfetifunsd®, D -
k=.sC 1/ andP, D k=.s 1/. Show that

8
2k <1 if k<1
PuP/D-—=—;  .P;PJ/D
d.Py; P/ icie 1; Pof : 2k
1C k2

Use the Riemann sphere to show geometrically tha®;; P,/ D 1if k < 1. (Hint:
It is suf cient to evaluate the transfer function forD 0.)

otherwise

12.5(Stability margins) Consider a feedback loop with a processaacontroller
having transfer functionB andC. Assume that the maximum sensitivity\ D 2.
Show that the phase margin is at least @Ad that the closed loop system will be
stable if the gain is changed by 50%.

12.6(Bode's ideal loop transfer function) Make Bode and Nyqpilsts of Bode's
ideal loop transfer function. Show that the phase margin <9180 -90 n and
that the stability margin is, D arcsin. 1 n=2/.

12.7 Consider a process with the transfer functrs/ D k=.s.sC 1//, where the
gain can vary between 0.1 and 10. A controller that is rolauistése gain variations
can Be obtained by nding a controller that gives the loop$fanfunctionL.s/ D
1=.s s/. Suggest how the transfer function can be implemented byoappating
it by a rational function.

12.8 (Smith predictor) TheSmith predictor a controller for systems with time
delays, is a special version of Figut2.8awith P.s/ D e 5 Py.s/ andC.s/ D
Co.s/=.1C Cy.s/ P.sl// . The controllelCy. s/ is designed to give good performance
for the proces$%.s/. Show that the sensitivity functions are
1C.1 e S/F’().S/C().S/ Po.s/ Cq.s/

S.s/ D ; T.s/ID —————e
1C Py.s/Cop.s/ 1C Py.s/Cp.s/

S .

12.9 (Ideal delay compensator) Consider a process whose dysaaréca pure
time delay with transfer functiof.s/ D e 5. The ideal delay compensator is a
controller with the transfer functiof.s/ D 1=.1 e S/. Show that the sensitivity
functions arel.s/ D e SandS.s/ D 1 e ®and that the closed loop system will
be unstable for arbitrarily small changes in the delay.
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12.10(Vehicle steering) Consider the Nyquist curve in Figligell Explain why
part of the curve is approximately a circle. Derive a formiolathe center and the
radius and compare with the actual Nyquist curve.

12.11 Consider a process with the transfer function
.3C 3/.sC 200 )
.sC1/.s2C10sC 40.sC 40"

Discuss suitable choices of closed loop poles for a desagrgifies dominant poles
with undamped natural frequency 1 and 10.

P.s/ D

12.12(AFM nanopositioning system) Consider the design in Exardgld0and
explore the effects of changing parametegand .

12.13(H; control) Consider the matriid. P; C/ in equation 12.24. Show that
it has the singular values

P ACjP.Y j2l.ACClill 2
jLC P.il/ C.il/ |

Also show thatND 1=d . P; 1=C/, which implies that £Nis a generalization of

the closest distance of the Nyquist plot to the critical poin

12.14 Show that

D kH.P;C//ky :

1D O; 2D ND sup
|

jP.iY/ C1=C.il/ | 5 1 _
ACjP.il/ 4. 1C15C.i1/ j2I  kH.P;Cllks '

v.P; 1=C/ D irllf p

12.15 Consider the system
dx S 1 S 19 8 J

EDAXCBUD.B1 %xc?al?u; yDCxD:-0 1 vy:
Design a state feedback that givesdét BK/ D s?C2 ¢! .sC! 2,and an observer
with detsl LC/ D s2C 2 4! ,sC ! 2 and combine them using the separation
principle to get an output feedback. Choose the numeridaésa D 1.5,! . D 5,

<D 0:6and ,D 10, , D 0:6. Compute the eigenvalues of the perturbed system
when the process gain is increased by 2%. Also compute tipetdansfer function
and the sensitivity functions. Is there a way to know befarghthat the system
will be highly sensitive?

12.16(Robustness using the Nyquist criterion) Another view tiust performance
can be obtained through appeal to the Nyquist criterion.3«g}.i!/ represent a
desired upper bound on our sensitivity function. Show thasifstem provides this
level of performance subject to additive uncertaihtyf the following inequality
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is satis ed:

1
jlcQDjiCcLCClj> —— forall! O. 12.28
j1ICQD]j > ( )

Describe how to check this condition using a Nyquist plot.
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spectrum analyzeR78
Sperry autopilot20
spring-mass syster3p, 43,
45, 46, 88, 136
coupled 155, 159
generalized38, 76
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supply chains16

supremum (sup309

switching behavior24, 68,
125 126,402
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transforms282
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alsocoupled spring-mass
system

vertical takeoff and landing,
seevectored thrust aircraft

vibration absorbe287

Vinnicombe, G.371, 378
379 403

Vinnicombe metric376-380,
401

voltage clampll, 65

waterbed effect363

Watt governorseecentrifugal
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