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Preface

This book provides an introduction to the basic principled &ols for the design
and analysis of feedback systems. It is intended to serveeasd audience of
scientists and engineers who are interested in undersigadd utilizing feedback
in physical, biological, information and social systems héve attempted to keep
the mathematical prerequisites to a minimum while beingft&mnot to sacri ce
rigor in the process. We have also attempted to make use ofigga from a
variety of disciplines, illustrating the generality of nyaof the tools while at the
same time showing how they can be applied in speci ¢ applicadiomains.

A major goal of this book is to present a concise and insightiew of the
current knowledge in feedback and control systems. The eldaftrol started
by teaching everything that was known at the time and, as mawledge was
acquired, additional courses were developed to cover nelanigues. A conse-
guence of this evolution is that introductory courses haeained the same for
many years, and it is often necessary to take many individoatses in order
to obtain a good perspective on the eld. In developing thislkhove have at-
tempted to condense the current knowledge by emphasizimtafuoental concepts.
We believe that it is important to understand why feedbaaiseful, to know the
language and basic mathematics of control and to grasp thedmdigms that
have been developed over the past half century. It is alsoritapt to be able to
solve simple feedback problems using back-of-the-eneetephniques, to recog-
nize fundamental limitations and dif cult control probleraad to have a feel for
available design methods.

This book was originally developed for use in an experimecoalrse at Cal-
tech involving students from a wide set of backgrounds. Thesmwas offered to
undergraduates at the junior and senior levels in traditiengineering disciplines,
as well as rst- and second-year graduate students in engjiigeend science. This
latter group included graduate students in biology, compsitience and physics.
Over the course of several years, the text has been classested at Caltech and
at Lund University, and the feedback from many students alidagues has been
incorporated to help improve the readability and accel#tsilof the material.

Because of its intended audience, this book is organizedslightly unusual
fashion compared to many other books on feedback and cohtrphrticular, we
introduce a number of concepts in the text that are normabgnved for second-
year courses on control and hence often not available t@stadvho are not con-
trol systems majors. This has been done at the expense ohdeatditional top-
ics, which we felt that the astute student could learn inddpatly and are often
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explored through the exercises. Examples of topics that we inaluded are non-
linear dynamics, Lyapunov stability analysis, the matsip@nential, reachability
and observability, and fundamental limits of performancd eobustness. Topics
that we have deemphasized include root locus techniquesd/]dg compensation
and detailed rules for generating Bode and Nyquist plotsamdh

Several features of the book are designed to facilitate afdaction as a basic
engineering text and as an introduction for researcheratural, information and
social sciences. The bulk of the material is intended to bd usgardless of the
audience and covers the core principles and tools in theysisand design of
feedback systems. Advanced sections, marked by the “damgérend” symbols
shown here, contain material that requires a slightly mecénical background,
of the sort that would be expected of senior undergraduatesgineering. A few
sections are marked by two dangerous bend symbols and areled for readers
with more specialized backgrounds, identi ed at the begigrof the section. To
limit the length of the text, several standard results andresions are given in the
exercises, with appropriate hints toward their solutions.

To further augment the printed material contained here napamion web site
has been developed and is available from the publisher'spaghb:

http://www.cds.caltech.edumurray/amwiki

The web site contains a database of frequently asked quessopplemental ex-
amples and exercises, and lecture material for coursed badhis text. The mate-
rial is organized by chapter and includes a summary of thempaints in the text
as well as links to external resources. The web site also ic@ntiae source code
for many examples in the book, as well as utilities to implabtle techniques
described in the text. Most of the code was originally writtessing MATLAB M-
les but was also tested with LabView MathScript to ensure cotilyday with
both packages. Many les can also be run using other scripiinguages such as
Octave, SciLab, SysQuake and Xmath.

The rst half of the book focuses almost exclusively on statecgpcontrol sys-
tems. We begin in Chapt&with a description of modeling of physical, biolog-
ical and information systems using ordinary differentiqliations and difference
equations. Chapt& presents a number of examples in some detail, primarily as a
reference for problems that will be used throughout the tesftowing this, Chap-
ter 4 looks at the dynamic behavior of models, including de nisoof stability
and more complicated nonlinear behavior. We provide adz@usections in this
chapter on Lyapunov stability analysis because we nd thit itseful in a broad
array of applications and is frequently a topic that is nataduced until later in
one's studies.

The remaining three chapters of the rst half of the book focodioear sys-
tems, beginning with a description of input/output behaindChapters. In Chap-
ter 6, we formally introduce feedback systems by demonstratow $tate space
control laws can be designed. This is followed in Chafgtby material on output
feedback and estimators. Chaptérand7 introduce the key concepts of reacha-
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bility and observability, which give tremendous insighbitthe choice of actuators
and sensors, whether for engineered or natural systems.

The second half of the book presents material that is oftesidered to be
from the eld of “classical control.” This includes the traesffunction, introduced
in Chapter8, which is a fundamental tool for understanding feedbackesys.
Using transfer functions, one can begin to analyze thelgtati feedback systems
using frequency domain analysis, including the abilitygason about the closed
loop behavior of a system from its open loop characterisTibss is the subject of
Chapter9, which revolves around the Nyquist stability criterion.

In Chaptersl0 and 11, we again look at the design problem, focusing rst
on proportional-integral-derivative (PID) controllersdaien on the more general
process of loop shaping. PID control is by far the most comnesigh technique
in control systems and a useful tool for any student. The enamt frequency
domain design introduces many of the ideas of modern cotitealry, including
the sensitivity function. In Chapté2, we combine the results from the second half
of the book to analyze some of the fundamental trade-offsédxen robustness and
performance. This is also a key chapter illustrating the pa@i/the techniques that
have been developed and serving as an introduction for nuwanaed studies.

The book is designed for use in a 10- to 15-week course in fekdbstems
that provides many of the key concepts needed in a varietisoifjdines. For a 10-
week course, Chaptels2, 46 and8-11 can each be covered in a week's time,
with the omission of some topics from the nal chapters. A mieisurely course,
spread out over 14-15 weeks, could cover the entire book, 2witeeks on mod-
eling (Chapter and 3)—patrticularly for students without much background in
ordinary differential equations—and 2 weeks on robustgrerince (Chaptet2).

The mathematical prerequisites for the book are modest akdeaping with
our goal of providing an introduction that serves a broadienmk. We assume
familiarity with the basic tools of linear algebra, incladi matrices, vectors and
eigenvalues. These are typically covered in a sophomosd-t@urse on the sub-
ject, and the textbooks by ApostoApo69, Arnold [Arn87] and Strang $tr8§
can serve as good references. Similarly, we assume basicldagevof differ-
ential equations, including the concepts of homogeneodgarticular solutions
for linear ordinary differential equations in one variabfgpostol [Apo69 and
Boyce and DiPrimaBDO04] cover this material well. Finally, we also make use
of complex numbers and functions and, in some of the advaseetibns, more
detailed concepts in complex variables that are typicaillyeced in a junior-level
engineering or physics course in mathematical methodsst#pfi\po67 or Stew-
art [Ste02 can be used for the basic material, with AhlfoAh]66], Marsden and
Hoffman [MH98] or Saff and Snider$S02 being good references for the more
advanced material. We have chosen not to include appenslicesarizing these
various topics since there are a number of good books alailab

One additional choice that we felt was important was thedi@cinot to rely
on a knowledge of Laplace transforms in the book. While theé i by far the
most common approach to teaching feedback systems in emgigemany stu-
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dents in the natural and information sciences may lack thessary mathematical
background. Since Laplace transforms are not required in ssgnéial way, we
have included them only in an advanced section intendecetthiihgs together
for students with that background. Of course, we make trelmes use ofrans-
fer functions which we introduce through the notion of response to exptiale
inputs, an approach we feel is more accessible to a broayl afiscientists and
engineers. For classes in which students have already hdddeagpansforms, it
should be quite natural to build on this background in therayate sections of
the text.
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Chapter One

Introduction

Feedback is a central feature of life. The process of feedback gokiemsve grow, respond
to stress and challenge, and regulate factors such as body temperakooel, pressure and
cholesterol level. The mechanisms operate at every level, from thedtiteraf proteins in
cells to the interaction of organisms in complex ecologies.

M. B. Hoagland and B. Dodsoithe Way Life Works1995 HD95].

In this chapter we provide an introduction to the basic cphoéfeedbacland
the related engineering discipline @bntrol. We focus on both historical and cur-
rent examples, with the intention of providing the contextdurrent tools in feed-
back and control. Much of the material in this chapter is aeldfrom Mur03],
and the authors gratefully acknowledge the contributiodnRager Brockett and
Gunter Stein to portions of this chapter.

1.1 What Is Feedback?

A dynamical systers a system whose behavior changes over time, often in re-
sponse to external stimulation or forcing. The teeadbackefers to a situation
in which two (or more) dynamical systems are connected hagetuch that each
system in uences the other and their dynamics are thus dyauogipled. Simple
causal reasoning about a feedback system is dif cult becthesast system in-
uences the second and the second system in uences the rstingdo a circular
argument. This makes reasoning based on cause and eff&ygt &l it is neces-
sary to analyze the system as a whole. A consequence of thiatithe behavior
of feedback systems is often counterintuitive, and it isdfare necessary to resort
to formal methods to understand them.

Figurel.lillustrates in block diagram form the idea of feedback. Wemntise

/
/
'

System 2—»

System 1 System 2 - —{ System 1

(a) Closed loop (b) Open loop

Figure 1.1: Open and closed loop systems. (a) The output of system 1 is used aguhefin
system 2, and the output of system 2 becomes the input of system tingr@&losed loop
system. (b) The interconnection between system 2 and system 1 is raodethe system
is said to be open loop.
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Figure 1.2: The centrifugal governor and the steam engine. The centrifugahigaven the
left consists of a set of yballs that spread apart as the speed of gjieeemcreases. The
steam engine on the right uses a centrifugal governor (above andl&jfttbéthe ywheel)
to regulate its speed. (Credit: Machine a Vapeur Horizontale de Philip TEy8a8].)

the termsopen loopand closed loopwhen referring to such systems. A system
is said to be a closed loop system if the systems are inteecbed in a cycle, as
shown in Figurel.1a If we break the interconnection, we refer to the con guratio
as an open loop system, as shown in Figudd

As the gquote at the beginning of this chapter illustratesagonsource of ex-
amples of feedback systems is biology. Biological systerakemuse of feedback
in an extraordinary number of ways, on scales ranging frorfeautes to cells to
organisms to ecosystems. One example is the regulatioruobgg in the blood-
stream through the production of insulin and glucagon bypmecreas. The body
attempts to maintain a constant concentration of glucoséchnis used by the
body's cells to produce energy. When glucose levels riger(@&ating a meal, for
example), the hormone insulin is released and causes tlyetdatbre excess glu-
cose in the liver. When glucose levels are low, the pancrea®tes the hormone
glucagon, which has the opposite effect. Referring to Fidutewe can view the
liver as system 1 and the pancreas as system 2. The outputfediver is the glu-
cose concentration in the blood, and the output from theneasds the amount of
insulin or glucagon produced. The interplay between insaifid glucagon secre-
tions throughout the day helps to keep the blood-glucoseardration constant,
at about 90 mg per 100 mL of blood.

An early engineering example of a feedback system is a degéligovernor,
in which the shaft of a steam engine is connected to a yballlmetm that is
itself connected to the throttle of the steam engine, astited in Figurd..2 The
system is designed so that as the speed of the engine inergesbaps because
of a lessening of the load on the engine), the yballs spreattagnd a linkage
causes the throttle on the steam engine to be closed. Thisnirstmws down the
engine, which causes the yballs to come back together. Wertzatel this system
as a closed loop system by taking system 1 as the steam engireystem 2 as
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the governor. When properly designed, the yball governointaans a constant
speed of the engine, roughly independent of the loadingitiond. The centrifugal
governor was an enabler of the successful Watt steam enghieh fueled the
industrial revolution.

Feedback has many interesting properties that can be egblimitdesigning
systems. As in the case of glucose regulation or the yballegpouer, feedback can
make a system resilient toward external in uences. It cap aks used to create
linear behavior out of nonlinear components, a common aubrin electronics.
More generally, feedback allows a system to be insensititle to external distur-
bances and to variations in its individual elements.

Feedback has potential disadvantages as well. It can crgasaric instabili-
ties in a system, causing oscillations or even runaway heh@nother drawback,
especially in engineering systems, is that feedback caodnte unwanted sensor
noise into the system, requiring careful ltering of signdlsis for these reasons
that a substantial portion of the study of feedback systerdsvoted to developing
an understanding of dynamics and a mastery of techniqueggigical systems.

Feedback systems are ubiquitous in both natural and engthegstems. Con-
trol systems maintain the environment, lighting and poweour buildings and
factories; they regulate the operation of our cars, cons@heetronics and manu-
facturing processes; they enable our transportation amghemications systems;
and they are critical elements in our military and spaceesyst For the most part
they are hidden from view, buried within the code of embeduéttoprocessors,
executing their functions accurately and reliably. Feellligs also made it pos-
sible to increase dramatically the precision of instruraenitch as atomic force
microscopes (AFMs) and telescopes.

In nature, homeostasis in biological systems maintaingrtak chemical and
biological conditions through feedback. At the other endhef size scale, global
climate dynamics depend on the feedback interactions leetiee atmosphere,
the oceans, the land and the sun. Ecosystems are lled with ghearf feedback
due to the complex interactions between animal and plamt lif’en the dynam-
ics of economies are based on the feedback between indisidod corporations
through markets and the exchange of goods and services.

1.2 What Is Control?

The termcontrol has many meanings and often varies between communities.

this book, we de ne control to be the use of algorithms and lheett in engineered
systems. Thus, control includes such examples as feedbaok ilo electronic am-
pli ers, setpoint controllers in chemical and materials ggesing, “ y-by-wire”
systems on aircraft and even router protocols that contbtt ow on the Inter-
net. Emerging applications include high-con dence softwa&ems, autonomous
vehicles and robots, real-time resource management systedhbiologically en-
gineered systems. At its core, control isiaformationscience and includes the
use of information in both analog and digital representestio
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external disturbances

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

| Clock :
! Y y v |
| D/IA |= Computer AD | Filter |- :
e IContro"er

operator input

Figure 1.3: Components of a computer-controlled system. The upper dasheép@sents
the process dynamics, which include the sensors and actuators in addlitiendynamical
system being controlled. Noise and external disturbances can pertudylamics of the
process. The controller is shown in the lower dashed box. It consiatdtef and analog-to-
digital (A/D) and digital-to-analog (D/A) converters, as well as a compilitarimplements
the control algorithm. A system clock controls the operation of the contrsij@chronizing
the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

A modern controller senses the operation of a system, caapbagainst the
desired behavior, computes corrective actions based ondelnob the system's
response to external inputs and actuates the system tad #féedesired change.
This basideedback loopf sensing, computation and actuation is the central con-
cept in control. The key issues in designing control logicearsuring that the dy-
namics of the closed loop system are stable (bounded déstoes give bounded
errors) and that they have additional desired behaviordgtsturbance attenua-
tion, fast responsiveness to changes in operating poujt, Btese properties are
established using a variety of modeling and analysis tegtes that capture the
essential dynamics of the system and permit the explorafipossible behaviors
in the presence of uncertainty, noise and component failure

A typical example of a control system is shown in Figdt8 The basic ele-
ments of sensing, computation and actuation are clearly. $8enodern control
systems, computation is typically implemented on a digitemhputer, requiring the
use of analog-to-digital (A/D) and digital-to-analog (D/éonverters. Uncertainty
enters the system through noise in sensing and actuatieysieims, external dis-
turbances that affect the underlying system operation aoerntain dynamics in
the system (parameter errors, unmodeled effects, etc). [Goeithm that com-
putes the control action as a function of the sensor valueftes called acontrol
law. The system can be in uenced externally by an operator whodhicescom-
mand signaldo the system.
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Control engineering relies on and shares tools from phy@gaamics and
modeling), computer science (information and software) @perations research
(optimization, probability theory and game theory), buisitalso different from
these subjects in both insights and approach.

Perhaps the strongest area of overlap between control aeddisiziplines is in
the modeling of physical systems, which is common acrosga#ls of engineering
and science. One of the fundamental differences betwednotaniented model-
ing and modeling in other disciplines is the way in which rattions between
subsystems are represented. Control relies on a type afaypput modeling that
allows many new insights into the behavior of systems, saalisturbance attenu-
ation and stable interconnection. Model reduction, whesienpler (lower- delity)
description of the dynamics is derived from a high- delity dd, is also naturally
described in an input/output framework. Perhaps most impdst modeling in a
control context allows the design adbustinterconnections between subsystems,
a feature that is crucial in the operation of all large engiad systems.

Control is also closely associated with computer scienneesvirtually all
modern control algorithms for engineering systems areempinted in software.
However, control algorithms and software can be very diffiéifrom traditional
computer software because of the central role of the dyreofithe system and
the real-time nature of the implementation.

1.3 Feedback Examples

Feedback has many interesting and useful properties. Itsnghessible to design

precise systems from imprecise components and to makearglguantities in a

system change in a prescribed fashion. An unstable systeinecstabilized using

feedback, and the effects of external disturbances candueed. Feedback also
offers new degrees of freedom to a designer by exploitingisgnhactuation and

computation. In this section we survey some of the imporggplications and

trends for feedback in the world around us.

Early Technological Examples

The proliferation of control in engineered systems occumeaaharily in the latter
half of the 20th century. There are some important exceptismsh as the cen-
trifugal governor described earlier and the thermostatufeid.4g, designed at
the turn of the century to regulate the temperature of bugjsli

The thermostat, in particular, is a simple example of feekllcantrol that ev-
eryone is familiar with. The device measures the temperatuacbuilding, com-
pares that temperature to a desired setpoint and usdsdtiback errobetween
the two to operate the heating plant, e.g., to turn heat omwihe temperature
is too low and to turn it off when the temperature is too highisTéxplanation
captures the essence of feedback, but it is a bit too simjele for a basic device
such as the thermostat. Because lags and delays exist irdtiadiplant and sen-
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Movement Load
opens Spring  Accderator
throttle \ Peal
Spead-
Adjusmert
Knob
Govwvernor
Contads Latching
Button
Flyball
Speed-
Govwvernor omete
-—— Adjusmert
j Spring (;
A
(a) Honeywell thermostat, 1953 (b) Chrysler cruise control, 1958

Figure 1.4: Early control devices. (a) Honeywell T87 thermostat originally intregbin
1953. The thermostat controls whether a heater is turned on by complaerturrent tem-
perature in a room to a desired value that is set using a dial. (b) Chrysiise control
system introduced in the 1958 Chrysler ImperRbjv5g. A centrifugal governor is used
to detect the speed of the vehicle and actuate the throttle. The referezextisspeci ed
through an adjustment spring. (Left gure courtesy of Honeywelkinational, Inc.)

sor, a good thermostat does a bit of anticipation, turnirghtbater off before the
error actually changes sign. This avoids excessive temyperaivings and cycling
of the heating plant. This interplay between the dynamic$iefdrocess and the
operation of the controller is a key element in modern cdisystems design.

There are many other control system examples that have ¢gecelover the
years with progressively increasing levels of sophisiicatAn early system with
broad public exposure was tleuise controloption introduced on automobiles in
1958 (see Figurd.4b). Cruise control illustrates the dynamic behavior of ctbse
loop feedback systems in action—the slowdown error as tsiesyclimbs a grade,
the gradual reduction of that error due to integral actiothécontroller, the small
overshoot at the top of the climb, etc. Later control systemauwtomobiles such
as emission controls and fuel-metering systems have aadhi@ajor reductions of
pollutants and increases in fuel economy.

Power Generation and Transmission

Access to electrical power has been one of the major driveteamnological
progress in modern society. Much of the early developmenbafrol was driven
by the generation and distribution of electrical power. ttalnis mission critical
for power systems, and there are many control loops in iddalipower stations.
Control is also important for the operation of the whole powetwork since it is
dif cult to store energy and it is thus necessary to match poidn to consump-
tion. Power management is a straightforward regulationlprotfor a system with
one generator and one power consumer, but it is more dif qula ihighly dis-
tributed system with many generators and long distanceseaet consumption
and generation. Power demand can change rapidly in an uotakldi manner and
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Figure 1.5: A small portion of the European power network. By 2008 Europeanepow
suppliers will operate a single interconnected network covering a regiomthe Arctic to
the Mediterranean and from the Atlantic to the Urals. In 2004 the installedrpeagmore
than 700 GW (7 101 W). (Source: UCTE [www.ucte.org])

combining generators and consumers into large networkesiggossible to share
loads among many suppliers and to average consumption amaimg customers.
Large transcontinental and transnational power systenss thavefore been built,
such as the one show in Figuteb.

Most electricity is distributed by alternating current (A@zcause the transmis-
sion voltage can be changed with small power losses usingftaners. Alternat-
ing current generators can deliver power only if the gemesatre synchronized
to the voltage variations in the network. This means that ¢hers of all genera-
tors in a network must be synchronized. To achieve this vaidall decentralized
controllers and a small amount of interaction is a challeggiroblem. Sporadic
low-frequency oscillations between distant regions haaenbobserved when re-
gional power grids have been interconnect€@/p5].

Safety and reliability are major concerns in power systemerd may be dis-
turbances due to trees falling down on power lines, liglgminequipment failures.
There are sophisticated control systems that attempt to tkeegpystem operating
even when there are large disturbances. The control actaonbesto reduce volt-
age, to break up the net into subnets or to switch off linespavekr users. These
safety systems are an essential element of power distsibatistems, but in spite
of all precautions there are occasionally failures in lagrgeer systems. The power
system is thus a nice example of a complicated distributstesywhere control is
executed on many levels and in many different ways.
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(a) F/A-18 “Hornet” (b) X-45 UCAV

Figure 1.6: Military aerospace systems. (a) The F/A-18 aircraft is one of the irstipction
military ghters to use “ y-by-wire” technology. (b) The X-45 (UCAV) mmanned aerial
vehicle is capable of autonomous ight, using inertial measuremenbseiasd the global
positioning system (GPS) to monitor its position relative to a desired traje(Rirgtographs
courtesy of NASA Dryden Flight Research Center.)

Aerospace and Transportation

In aerospace, control has been a key technological cafyatbdicing back to the
beginning of the 20th century. Indeed, the Wright brotheesarrectly famous
not for demonstrating simply powered ight babntrolledpowered ight. Their
early Wright Flyer incorporated moving control surfaces{jeal ns and canards)
and warpable wings that allowed the pilot to regulate theraft's ight. In fact,
the aircraft itself was not stable, so continuous pilot ections were mandatory.
This early example of controlled ight was followed by a fasafimg success story
of continuous improvements in ight control technology, uhating in the high-
performance, highly reliable automatic ight control sysi® we see in modern
commercial and military aircraft today (Figuieb).

Similar success stories for control technology have ocdumemany other
application areas. Early World War 1l bombsights and re cohservo systems
have evolved into today's highly accurate radar-guidedsgamd precision-guided
weapons. Early failure-prone space missions have evolviedroutine launch
operations, manned landings on the moon, permanently rdaspece stations,
robotic vehicles roving Mars, orbiting vehicles at the ouinets and a host of
commercial and military satellites serving various sutaace, communication,
navigation and earth observation needs. Cars have advémooednanually tuned
mechanical/pneumatic technology to computer-contrafipdration of all major
functions, including fuel injection, emission controluie control, braking and
cabin comfort.

Current research in aerospace and transportation sysgeimgestigating the
application of feedback to higher levels of decision makingluding logical reg-
ulation of operating modes, vehicle con gurations, paylaash gurations and
health status. These have historically been performed byahwperators, but to-
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Figure 1.7: Materials processing. Modern materials are processed underlbacefutrolled
conditions, using reactors such as the metal organic chemical vapositden (MOCVD)
reactor shown on the left, which was for manufacturing supercondyttin Ims. Using
lithography, chemical etching, vapor deposition and other techniqoaglex devices can
be built, such as the IBM cell processor shown on the right. (MOCVD incagetesy of Bob
Kee. IBM cell processor photograph courtesy Tom Way, IBM Caaifion; unauthorized use
not permitted.)

day that boundary is moving and control systems are inarghsiaking on these
functions. Another dramatic trend on the horizon is the uskarge collections
of distributed entities with local computation, global aormication connections,
little regularity imposed by the laws of physics and no ploisity of imposing
centralized control actions. Examples of this trend incltite national airspace
management problem, automated highway and traf c manageamehcommand
and control for future battle elds.

Materials and Processing

The chemical industry is responsible for the remarkable r@sxyin developing
new materials that are key to our modern society. In additiothe continuing
need to improve product quality, several other factors & ghocess control in-
dustry are drivers for the use of control. Environmentalugést continue to place
stricter limitations on the production of pollutants, fiorg the use of sophisticated
pollution control devices. Environmental safety consitleres have led to the de-
sign of smaller storage capacities to diminish the risk ofomehemical leakage,
requiring tighter control on upstream processes and, irestases, supply chains.
And large increases in energy costs have encouraged enginekesign plants that
are highly integrated, coupling many processes that usepdmte independently.
All of these trends increase the complexity of these praeand the performance
requirements for the control systems, making control sysdesign increasingly
challenging. Some examples of materials-processing téofyare shown in Fig-
urel.7.

As in many other application areas, new sensor technologeaing new op-
portunities for control. Online sensors—including lasackscattering, video mi-
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croscopy and ultraviolet, infrared and Raman spectroseapg becoming more
robust and less expensive and are appearing in more mamirfigcprocesses.
Many of these sensors are already being used by currentgsrcoatrol systems,
but more sophisticated signal-processing and controhigales are needed to use
more effectively the real-time information provided by $besensors. Control en-
gineers also contribute to the design of even better sensbrsh are still needed,
for example, in the microelectronics industry. As elsewehére challenge is mak-
ing use of the large amounts of data provided by these nevoseimsan effective
manner. In addition, a control-oriented approach to modeiie essential physics
of the underlying processes is required to understand theafmental limits on
observability of the internal state through sensor data.

Instrumentation

The measurement of physical variables is of prime interestience and engineer-
ing. Consider, for example, an accelerometer, where eastyuiments consisted of
a mass suspended on a spring with a de ection sensor. The iprecissuch an
instrument depends critically on accurate calibratiorhefs$pring and the sensor.
There is also a design compromise because a weak spring giglesdmsitivity
but low bandwidth.

A different way of measuring acceleration is to tieee feedbackThe spring
is replaced by a voice coil that is controlled so that the nrassains at a con-
stant position. The acceleration is proportional to the entrthrough the voice
coil. In such an instrument, the precision depends entorlthe calibration of the
voice coil and does not depend on the sensor, which is usgdasrthe feedback
signal. The sensitivity/bandwidth compromise is also agdidrhis way of using
feedback has been applied to many different engineering attd has resulted in
instruments with dramatically improved performance. Edeedback is also used
in haptic devices for manual control.

Another important application of feedback is in instrunagion for biological
systems. Feedback is widely used to measure ion currentdisnuseng a device
called avoltage clampwhich is illustrated in Figurel.8 Hodgkin and Huxley
used the voltage clamp to investigate propagation of agtaiantials in the giant
axon of the squid. In 1963 they shared the Nobel Prize in Mediuwiith Eccles
for “their discoveries concerning the ionic mechanismeiwned in excitation and
inhibition in the peripheral and central portions of theveecell membrane.” A
re nement of the voltage clamp calledpatch clampmade it possible to measure
exactly when a single ion channel is opened or closed. Thisdeasloped by
Neher and Sakmann, who received the 1991 Nobel Prize in Meditam their
discoveries concerning the function of single ion chanmmetzlls.”

There are many other interesting and useful applicationseatlfack in scien-
ti ¢ instruments. The development of the mass spectrometanisarly example.
In a 1935 paper, Nier observed that the de ection of ions ddpain both the
magnetic and the electric elds\ie35. Instead of keeping both elds constant,
Nier let the magnetic eld uctuate and the electric eld was doolled to keep the
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Figure 1.8: The voltage clamp method for measuring ion currents in cells using fekdba
A pipet is used to place an electrode in a cell (left and middle) and maintapoteatial of
the cell at a xed level. The internal voltage in the cellhjs and the voltage of the external
uid is Ve. The feedback system (right) controls the curteinto the cell so that the voltage
drop across the cell membrabe = v; Vveis equal to its reference vali®,. The current

is then equal to the ion current.

ratio between the elds constant. Feedback was implementieg wacuum tube
ampli ers. This scheme was crucial for the development of nspestroscopy.

The Dutch engineer van der Meer invented a clever way to usthéei to
maintain a good-quality high-density beam in a particlesgaator MPTvdM8(.
The idea is to sense particle displacement at one point incitelerator and apply
a correcting signal at another point. This scheme, caltedhastic coolingwas
awarded the Nobel Prize in Physics in 1984. The method was @dsiemtthe
successful experiments at CERN where the existence of thglparw and Z
associated with the weak force was rst demonstrated.

The 1986 Nobel Prize in Physics—awarded to Binnig and Rohretheir
design of the scanning tunneling microscope—is anothenpi@of an innovative
use of feedback. The key idea is to move a narrow tip on a ceatileeam across
a surface and to register the forces on the BR6. The de ection of the tip is
measured using tunneling. The tunneling current is used bga@black system to
control the position of the cantilever base so that the tlimgeurrent is constant,
an example of force feedback. The accuracy is so high thatithdil atoms can
be registered. A map of the atoms is obtained by moving the bithe cantilever
horizontally. The performance of the control system is diyere ected in the
image quality and scanning speed. This example is descnibadditional detail
in Chapter3.

Robotics and Intelligent Machines

The goal of cybernetic engineering, already articulatedhé@1940s and even be-
fore, has been to implement systems capable of exhibitiglgiyiexible or “in-
telligent” responses to changing circumstances. In 1948MHT mathematician
Norbert Wiener gave a widely read account of cyberneti¢iefi§. A more math-
ematical treatment of the elements of engineering cybemsetas presented by
H. S. Tsien in 1954, driven by problems related to the controhiskiles [Tsi54].
Together, these works and others of that time form much oiritedlectual basis
for modern work in robotics and control.

Two accomplishments that demonstrate the successes ofltharethe Mars
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Figure 1.9: Robotic systems. (a) Spirit, one of the two Mars Exploratory Rovers thdeth
on Mars in January 2004. (b) The Sony AIBO Entertainment Robotobiiee rst enter-
tainment robots to be mass-marketed. Both robots make use of féelksaeeen sensors,
actuators and computation to function in unknown environments. (Plagtbgrcourtesy of
Jet Propulsion Laboratory and Sony Electronics, Inc.)

Exploratory Rovers and entertainment robots such as the StB§ Ashown in
Figurel.9. The two Mars Exploratory Rovers, launched by the Jet Propulsad-
oratory (JPL), maneuvered on the surface of Mars for more thegars starting in
January 2004 and sent back pictures and measurementsragniigdbnment. The
Sony AIBO robot debuted in June 1999 and was the rst “ententi@int” robot to
be mass-marketed by a major international corporationak particularly note-
worthy because of its use of arti cial intelligence (Al) teablogies that allowed it
to act in response to external stimulation and its own judgmighis higher level
of feedback is a key element in robotics, where issues suobsiacle avoidance,
goal seeking, learning and autonomy are prevalent.

Despite the enormous progress in robotics over the lastcealfury, in many
ways the eld is still in its infancy. Today's robots still eiiit simple behaviors
compared with humans, and their ability to locomote, intetrgomplex sensory
inputs, perform higher-level reasoning and cooperateth@geén teams is limited.
Indeed, much of Wiener's vision for robotics and intellifjgnachines remains
unrealized. While advances are needed in many elds to aehileis vision—
including advances in sensing, actuation and energy sertige opportunity to
combine the advances of the Al community in planning, adaptand learning
with the techniques in the control community for modelingglgsis and design of
feedback systems presents a renewed path for progress.

Networks and Computing Systems

Control of networks is a large research area spanning mamgstancluding con-

gestion control, routing, data caching and power managerB8eneral features of
these control problems make them very challenging. The damiifeature is the
extremely large scale of the system; the Internet is probthig largest feedback
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Figure 1.10: A multitier system for services on the Internet. In the complete system shown
schematically in (a), users request information from a set of comgp(iter 1), which in turn
collect information from other computers (tiers 2 and 3). The individealer shown in (b)

has a set of reference parameters set by a (human) system opsititdeedback used to
maintain the operation of the system in the presence of uncertainty. (Badéellerstein et

al. [HDPTO04.)

control system humans have ever built. Another is the deaierdd nature of the
control problem: decisions must be made quickly and basbdooriocal informa-
tion. Stability is complicated by the presence of varyingetitags, as information
about the network state can be observed or relayed to clamranly after a de-
lay, and the effect of a local control action can be felt tigioaut the network
only after substantial delay. Uncertainty and variatiothien network, through net-
work topology, transmission channel characteristic$,ctidemand and available
resources, may change constantly and unpredictably. ©dingplicating issues are
the diverse traf c characteristics—in terms of arrival &#tts at both the packet
and ow time scales—and the different requirements for qualf service that the
network must support.

Related to the control of networks is control of the servbas sit on these net-
works. Computers are key components of the systems of syuteb servers and
database servers used for communication, electronic cocemadvertising and
information storage. While hardware costs for computingetdecreased dramati-
cally, the cost of operating these systems has increasedibeof the dif culty in
managing and maintaining these complex interconnectedrags The situation is
similar to the early phases of process control when feedwaskrst introduced to
control industrial processes. As in process control, tleegnteresting possibili-
ties for increasing performance and decreasing costs lyiageedback. Several
promising uses of feedback in the operation of computeesystare described in
the book by Hellerstein et alHDPTO04.

A typical example of a multilayer system for e-commerce isvah in Fig-
ure 1.10a The system has several tiers of servers. The edge servertadacep
coming requests and routes them to the HTTP server tier wheyeatte parsed
and distributed to the application servers. The processindifferent requests can
vary widely, and the application servers may also accessmadtservers managed
by other organizations.

Control of an individual server in a layer is illustrated irg&re1.10h A quan-
tity representing the quality of service or cost of opematiesuch as response time,
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throughput, service rate or memory usage—is measured totheuter. The con-
trol variables might represent incoming messages acceptiedities in the oper-
ating system or memory allocation. The feedback loop thesmgits to maintain
quality-of-service variables within a target range of esu

Economics

The economy is a large, dynamical system with many actorsrgovents, orga-
nizations, companies and individuals. Governments cbtiteoeconomy through
laws and taxes, the central banks by setting interest rai£@mpanies by set-
ting prices and making investments. Individuals contrel¢élsonomy through pur-
chases, savings and investments. Many efforts have beea tmadodel the sys-
tem both at the macro level and at the micro level, but thisetiod is dif cult
because the system is strongly in uenced by the behaviorseotlifferent actors
in the system.

Keynes Key36 developed a simple model to understand relations amorgsgro
national product, investment, consumption and governs@eniding. One of Keynes'
observations was that under certain conditions, e.g.nduhie 1930s depression,
an increase in the investment of government spending ceald fo a larger in-
crease in the gross national product. This idea was used bya@overnments to
try to alleviate the depression. Keynes' ideas can be cagthy a simple model
that is discussed in Exerci2ed.

A perspective on the modeling and control of economic systeam be ob-
tained from the work of some economists who have receive@&tegiges Riks-
bank Prize in Economics in Memory of Alfred Nobel, popularlyied the Nobel
Prize in Economics. Paul A. Samuelson received the prize in 1&7Ghe sci-
enti ¢ work through which he has developed static and dynaeticnomic the-
ory and actively contributed to raising the level of anadyisieconomic science.”
Lawrence Klein received the prize in 1980 for the developnoéfarge dynamical
models with many parameters that were tted to historicabhd&tG55], e.g., a
model of the U.S. economy in the period 1929-1952. Other rekess have mod-
eled other countries and other periods. In 1997 Myron Sclshesed the prize
with Robert Merton for a new method to determine the value exfvdtives. A
key ingredient was a dynamic model of the variation of stagkgs that is widely
used by banks and investment companies. In 2004 Finn E. Kydiati&dward C.
Prestcott shared the economics prize “for their contrilmstito dynamic macroe-
conomics: the time consistency of economic policy and thérdy forces behind
business cycles,” a topic that is clearly related to dynaraitd control.

One of the reasons why it is dif cult to model economic systamthat there
are no conservation laws. A typical example is that the vaftecompany as ex-
pressed by its stock can change rapidly and erratically.eraex, however, some
areas with conservation laws that permit accurate modeldmge example is the
ow of products from a manufacturer to a retailer as illuséin Figurel.11 The
products are physical quantities that obey a conservadiandnd the system can
be modeled by accounting for the number of products in tHerifit inventories.
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Figure 1.11: Supply chain dynamics (after Forrest&of61). Products ow from the pro-
ducer to the customer through distributors and retailers as indicated bylithéres. There
are typically many factories and warehouses and even more distrilautdretailers. Multi-
ple feedback loops are present as each agent tries to maintain the ipxapeory level.

There are considerable economic bene ts in controlling spppéins so that prod-
ucts are available to customers while minimizing produc#s are in storage. The
real problems are more complicated than indicated in theedngcause there may
be many different products, there may be different facsatiat are geographically
distributed and the factories may require raw material bassemblies.

Control of supply chains was proposed by Forrester in 1%&id] and is
now growing in importance. Considerable economic bene ts loa obtained by
using models to minimize inventories. Their use accelerdtaghatically when
information technology was applied to predict sales, keapktof products and
enable just-in-time manufacturing. Supply chain manageimas contributed sig-
ni cantly to the growing success of global distributors.

Advertising on the Internet is an emerging application aftoal. With network-
based advertising it is easy to measure the effect of differerketing strategies
quickly. The response of customers can then be modeled, adtdek strategies
can be developed.

Feedback in Nature

Many problems in the natural sciences involve understandggregate behavior
in complex large-scale systems. This behavior emerges fnennteraction of a
multitude of simpler systems with intricate patterns ofoimhation ow. Repre-
sentative examples can be found in elds ranging from emlmypko seismology.
Researchers who specialize in the study of speci c complstesys often develop
an intuitive emphasis on analyzing the role of feedbackr{tarconnection) in fa-
cilitating and stabilizing aggregate behavior.

While sophisticated theories have been developed by domauarts for the
analysis of various complex systems, the development @faaus methodology
that can discover and exploit common features and essemiiflematical struc-
ture is just beginning to emerge. Advances in science armhtdogy are creating
a new understanding of the underlying dynamics and the itapoe of feedback
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Figure 1.12: The wiring diagram of the growth-signaling circuitry of the mammalian
cell [HWO0Q]. The major pathways that are thought to play a role in cancer are indicate
in the diagram. Lines represent interactions between genes and prioté¢escell. Lines
ending in arrowheads indicate activation of the given gene or pathwas énding in a
T-shaped head indicate repression. (Used with permission of Elsadieard the authors.)

in a wide variety of natural and technological systems. We Yihighlight three
application areas here.

Biological SystemsA major theme currently of interest to the biology commu-
nity is the science of reverse (and eventually forward) eegjiing of biological
control networks such as the one shown in FiglwE2 There are a wide variety
of biological phenomena that provide a rich source of exaspf control, includ-
ing gene regulation and signal transduction; hormonal,imafogical and cardio-
vascular feedback mechanisms; muscular control and lotomactive sensing,
vision and proprioception; attention and consciousness;p@pulation dynamics
and epidemics. Each of these (and many more) provide oppiiesito gure out
what works, how it works, and what we can do to affect it.

One interesting feature of biological systems is the frequse of positive
feedback to shape the dynamics of the system. Positive fekdfaa be used to
create switchlike behavior through autoregulation of aegamd to create oscilla-
tions such as those present in the cell cycle, central pagemerators or circadian
rhythm.

Ecosystemdn contrast to individual cells and organisms, emergenp@ries
of aggregations and ecosystems inherently re ect seleatiechanisms that act on
multiple levels, and primarily on scales well below that lné¢ system as a whole.
Because ecosystems are complex, multiscale dynamicansgsthey provide a
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broad range of new challenges for the modeling and analy&gdback systems.
Recent experience in applying tools from control and dyrahsystems to bac-
terial networks suggests that much of the complexity of¢hestworks is due to
the presence of multiple layers of feedback loops that pievobust functional-
ity to the individual cell. Yet in other instances, eventste cell level bene t the
colony at the expense of the individual. Systems level aisatyen be applied to
ecosystems with the goal of understanding the robustnesscbfsystems and the
extent to which decisions and events affecting individyalcses contribute to the
robustness and/or fragility of the ecosystem as a whole.

Environmental Sciencé.is now indisputable that human activities have altered
the environment on a global scale. Problems of enormous exitythallenge re-
searchers in this area, and rst among these is to understerféedback systems
that operate on the global scale. One of the challenges ielaj@ng such an un-
derstanding is the multiscale nature of the problem, withitkd understanding of
the dynamics of microscale phenomena such as microbi@bgrganisms being
a necessary component of understanding global phenomectaas the carbon
cycle.

1.4 Feedback Properties

Feedback is a powerful idea which, as we have seen, is usatsidly in natural
and technological systems. The principle of feedback is Eimmse correcting
actions on the difference between desired and actual peafuce. In engineering,
feedback has been rediscovered and patented many timesindifferent con-
texts. The use of feedback has often resulted in vast impremtsmn system ca-
pability, and these improvements have sometimes beernuteMmdry, as discussed
above. The reason for this is that feedback has some trulyrkaivla properties.
In this section we will discuss some of the properties of ket that can be un-
derstood intuitively. This intuition will be formalized irubsequent chapters.

Robustness to Uncertainty

One of the key uses of feedback is to provide robustness tertaiaty. By mea-
suring the difference between the sensed value of a regudaral and its desired
value, we can supply a corrective action. If the system wguks some change that
affects the regulated signal, then we sense this changenatadforce the system
back to the desired operating point. This is precisely thecethat Watt exploited
in his use of the centrifugal governor on steam engines.

As an example of this principle, consider the simple feelllsgstem shown in
Figurel.13 In this system, the speed of a vehicle is controlled by ditigshe
amount of gas owing to the engine. Simpbteoportional-integral(PI1) feedback
is used to make the amount of gas depend on both the error dretive current
and the desired speed and the integral of that error. The plthe right shows
the results of this feedback for a step change in the degreeldsand a variety of
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Figure 1.13: A feedback system for controlling the speed of a vehicle. In the blockaliag
on the left, the speed of the vehicle is measured and compared to theldgsesl within the
“Compute” block. Based on the difference in the actual and desiregtispéhe throttle (or
brake) is used to modify the force applied to the vehicle by the enginetaia and wheels.
The gure on the right shows the response of the control system to anemtted change
in speed from 25 m/s to 30 m/s. The three different curves corresjpodiffering masses
of the vehicle, between 1000 and 3000 kg, demonstrating the robustiteesclosed loop
system to a very large change in the vehicle characteristics.

different masses for the car, which might result from hawardjfferent number of
passengers or towing a trailer. Notice that independetisofrtass (which varies by
a factor of 3!), the steady-state speed of the vehicle ahappsoaches the desired
speed and achieves that speed within approximately 5 s. Tibysetrformance of
the system is robust with respect to this uncertainty.

Another early example of the use of feedback to provide rolass is the nega-
tive feedback ampli er. When telephone communications veereeloped, ampli-
ers were used to compensate for signal attenuation in lamgsli A vacuum tube
was a component that could be used to build ampli ers. Digiortaused by the
nonlinear characteristics of the tube ampli er togetherhwaimpli er drift were
obstacles that prevented the development of line ampli ersflong time. A ma-
jor breakthrough was the invention of the feedback ampliret927 by Harold S.
Black, an electrical engineer at Bell Telephone Laborasoi¢ack usedegative
feedbackwhich reduces the gain but makes the ampli er insensitiveatdations
in tube characteristics. This invention made it possiblettitdbstable ampli ers
with linear characteristics despite the nonlinearitiethefvacuum tube ampli er.

Design of Dynamics

Another use of feedback is to change the dynamics of a systbrough feed-
back, we can alter the behavior of a system to meet the neeals application:
systems that are unstable can be stabilized, systems éslugigish can be made
responsive and systems that have drifting operating poenisbe held constant.
Control theory provides a rich collection of techniquesnalgze the stability and
dynamic response of complex systems and to place bounds tettavior of such
systems by analyzing the gains of linear and nonlinear operthat describe their
components.

An example of the use of control in the design of dynamics cofmem the
area of ight control. The following quote, from a lecture peesed by Wilbur
Wright to the Western Society of Engineers in 1908AcF53, illustrates the role
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of control in the development of the airplane:

Men already know how to construct wings or airplanes, whitiemw
driven through the air at suf cient speed, will not only sust#e
weight of the wings themselves, but also that of the engind, &t
the engineer as well. Men also know how to build engines arehsc
of suf cient lightness and power to drive these planes atanstg
speed ... Inability to balance and steer still confrontsletiis of the
ying problem ... When this one feature has been worked o, th
age of ying will have arrived, for all other dif culties are ofinor
importance.

The Wright brothers thus realized that control was a key iss@mable ight.
They resolved the compromise between stability and manehiligy by building
an airplane, the Wright Flyer, that was unstable but maneiner The Flyer had
a rudder in the front of the airplane, which made the plang waaneuverable. A
disadvantage was the necessity for the pilot to keep adm#tie rudder to y the
plane: if the pilot let go of the stick, the plane would craéther early aviators
tried to build stable airplanes. These would have been e@sigrbut because of
their poor maneuverability they could not be brought up thair. By using their
insight and skillful experiments the Wright brothers mdue tst successful ight
at Kitty Hawk in 1903.

Since it was quite tiresome to y an unstable aircraft, thers a@ong motiva-
tion to nd a mechanism that would stabilize an aircraft. Sudakesice, invented
by Sperry, was based on the concept of feedback. Sperry use-atgypilized
pendulum to provide an indication of the vertical. He theraaged a feedback
mechanism that would pull the stick to make the plane go up Was point-
ing down, and vice versa. The Sperry autopilot was the rst usteeflback in
aeronautical engineering, and Sperry won a prize in a cotigefor the safest
airplane in Paris in 1914. Figurk14shows the Curtiss seaplane and the Sperry
autopilot. The autopilot is a good example of how feedbackeansed to stabilize
an unstable system and hence “design the dynamics” of tbia#ir

One of the other advantages of designing the dynamics of meléyvthat it
allows for increased modularity in the overall system desBy using feedback
to create a system whose response matches a desired pro éan\ede the com-
plexity and variability that may be present inside a sulesystThis allows us to
create more complex systems by not having to simultanedusky/the responses
of a large number of interacting components. This was oneeatlvantages of
Black's use of negative feedback in vacuum tube ampli erg: thsulting device
had a well-de ned linear input/output response that did regiehd on the individ-
ual characteristics of the vacuum tubes being used.

Higher Levels of Automation

A major trend in the use of feedback is its application to kigkevels of situa-
tional awareness and decision making. This includes not watjitional logical



1.4. FEEDBACK PROPERTIES 20

Figure 1.14: Aircraft autopilot system. The Sperry autopilot (left) contained a sdbof
gyros coupled to a set of air valves that controlled the wing surfaces19h2 Curtiss used
an autopilot to stabilize the roll, pitch and yaw of the aircraft and was able iataia level
ight as a mechanic walked on the wing (rightiig93.

branching based on system conditions but also optimizasidaptation, learning
and even higher levels of abstract reasoning. These profassria the domain of
the arti cial intelligence community, with an increasingemf dynamics, robust-
ness and interconnection in many applications.

One of the interesting areas of research in higher levelseofsibn is au-
tonomous control of cars. Early experiments with autonontisng were per-
formed by Ernst Dickmanns, who in the 1980s equipped cars edgtheras and
other sensorsjic07]. In 1994 his group demonstrated autonomous driving with
human supervision on a highway near Paris and in 1995 ones@faing drove au-
tonomously (with human supervision) from Munich to Copeggraat speeds of
up to 175 km/hour. The car was able to overtake other vehicidschange lanes
automatically.

This application area has been recently explored througtib&RPA Grand
Challenge, a series of competitions sponsored by the U.&rgment to build ve-
hicles that can autonomously drive themselves in desertigvah environments.
Caltech competed in the 2005 and 2007 Grand Challenges asimadi ed Ford
E-350 offroad van nicknamed “Alice.” It was fully automateai;luding electron-
ically controlled steering, throttle, brakes, transnagssand ignition. Its sensing
systems included multiple video cameras scanning at 10z38dveral laser rang-
ing units scanning at 10 Hz and an inertial navigation paelcgpable of providing
position and orientation estimates at 5 ms temporal rasolu€Computational re-
sources included 12 high-speed servers connected todbtbegh a 1-Gb/s Eth-
ernet switch. The vehicle is shown in Figutel5 along with a block diagram of
its control architecture.

The software and hardware infrastructure that was develepatled the ve-
hicle to traverse long distances at substantial speedsstimg, Alice drove itself
more than 500 km in the Mojave Desert of California, with thdity to follow
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Figure 1.15:DARPA Grand Challenge. “Alice,” Team Caltech's entry in the 2005 an@i720
competitions and its networked control architectul@&{G+06. The feedback system fuses
data from terrain sensors (cameras and laser range nders) tordle¢ea digital elevation
map. This map is used to compute the vehicle's potential speed over thetend an
optimization-based path planner then commands a trajectory for the vébitddow. A
supervisory control module performs higher-level tasks suchrdling sensor and actuator
failures.

dirt roads and trails (if present) and avoid obstacles atbagath. Speeds of more
than 50 km/h were obtained in the fully autonomous mode. @ukst tuning
of the algorithms was done during desert testing, in parabge of the lack of
systems-level design tools for systems of this level of demxify. Other competi-
tors in the race (including Stanford, which won the 2005 caiitipe) used algo-
rithms for adaptive control and learning, increasing thpatilities of their sys-
tems in unknown environments. Together, the competitotiserGrand Challenge
demonstrated some of the capabilities of the next generaficontrol systems
and highlighted many research directions in control at éigbvels of decision
making.

Drawbacks of Feedback

While feedback has many advantages, it also has some drisvi@lsief among
these is the possibility of instability if the system is na&styned properly. We
are all familiar with the effects opositive feedbackvhen the ampli cation on
a microphone is turned up too high in a room. This is an exampfeeawiback
instability, something that we obviously want to avoid. Tisigricky because we
must design the system not only to be stable under nominalittoms but also to
remain stable under all possible perturbations of the dycem

In addition to the potential for instability, feedback imbetly couples different
parts of a system. One common problem is that feedback affents measure-
ment noise into the system. Measurements must be careftdlyed so that the
actuation and process dynamics do not respond to them, whilee same time
ensuring that the measurement signal from the sensor i€gyagupled into the
closed loop dynamics (so that the proper levels of perfooaame achieved).

Another potential drawback of control is the complexity afteedding a con-
trol system in a product. While the cost of sensing, computand actuation has
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decreased dramatically in the past few decades, the faetimsrthat control sys-
tems are often complicated, and hence one must carefulynbalthe costs and
bene ts. An early engineering example of this is the use ofropecocessor-based
feedback systems in automobiles.The use of microprocessatsomotive appli-
cations began in the early 1970s and was driven by increlgsstigct emissions
standards, which could be met only through electronic cistrEarly systems
were expensive and failed more often than desired, leadirfigeguent customer
dissatisfaction. It was only through aggressive improvaisién technology that
the performance, reliability and cost of these systemsvaibthem to be used in a
transparent fashion. Even today, the complexity of thestesysis such that it is
dif cult for an individual car owner to x problems.

Feedforward

Feedback is reactive: there must be an error before coreeatitions are taken.
However, in some circumstances it is possible to measurstardance before it
enters the system, and this information can then be usede¢actarective action
before the disturbance has in uenced the system. The effetteoflisturbance
is thus reduced by measuring it and generating a controabktgat counteracts it.
This way of controlling a system is calléeledforward Feedforward is particularly
useful in shaping the response to command signals becaosead signals are
always available. Since feedforward attempts to match tgmeds, it requires good
process models; otherwise the corrections may have thegnsime or may be
badly timed.

The ideas of feedback and feedforward are very general arghappmany dif-
ferent elds. In economics, feedback and feedforward ardogyoaus to a market-
based economy versus a planned economy. In business, arfeadf strategy
corresponds to running a company based on extensive stralagning, while a
feedback strategy corresponds to a reactive approacholioglyi feedforward has
been suggested as an essential element for motion contrahians that is tuned
during training. Experience indicates that it is often adageous to combine feed-
back and feedforward, and the correct balance requiregnhand understanding
of their respective properties.

Positive Feedback

In most of this text, we will consider the role akgative feedbachkn which we
attempt to regulate the system by reacting to disturbamcasniay that decreases
the effect of those disturbances. In some systems, patlgiological systems,
positive feedbackan play an important role. In a system with positive feetbac
the increase in some variable or signal leads to a situatiarhich that quantity is
further increased through its dynamics. This has a destatglieffect and is usu-
ally accompanied by a saturation that limits the growth ef glnantity. Although
often considered undesirable, this behavior is used irgioal (and engineering)
systems to obtain a very fast response to a condition orlsigna
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(a) On-off control (b) Dead zone (c) Hysteresis

Figure 1.16: Input/output characteristics of on-off controllers. Each plot showsnet on
the horizontal axis and the corresponding output on the vertical axal toh-off control is
shown in (a), with modi cations for a dead zone (b) or hysteresis (oteNhat for on-off
control with hysteresis, the output depends on the value of past inputs.

One example of the use of positive feedback is to create Biwgdoehavior,
in which a system maintains a given state until some inputsa® a threshold.
Hysteresis is often present so that noisy inputs near tlesliiotd do not cause the
system to jitter. This type of behavior is callbdstability and is often associated
with memory devices.

1.5 Simple Forms of Feedback

The idea of feedback to make corrective actions based on fieeettice between
the desired and the actual values of a quantity can be implerdén many differ-

ent ways. The bene ts of feedback can be obtained by very sifeglgback laws
such as on-off control, proportional control and proparéibintegral-derivative
control. In this section we provide a brief preview of sometwf topics that will

be studied more formally in the remainder of the text.

On-O Control

A simple feedback mechanism can be described as follows:

u= Umax ife>0 (1.1)
Umin if e< 0,
where thecontrol error e= r  yis the difference between the reference signal (or
command signal) and the output of the systeyrandu is the actuation command.
Figurel.16ashows the relation between error and control. This contvoltaplies
that maximum corrective action is always used.

The feedback in equatiord (1) is calledon-off control One of its chief advan-
tages is that it is simple and there are no parameters to eh@osoff control often
succeeds in keeping the process variable close to the mefgrsuch as the use of
a simple thermostat to maintain the temperature of a rootgpitally results in
a system where the controlled variables oscillate, whidftsn acceptable if the
oscillation is suf ciently small.

Notice that in equation1(1) the control variable is not de ned when the error
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is zero. It is common to make modi cations by introducing eitta dead zone or
hysteresis (see Figufel6bandl1.169.

PID Control

The reason why on-off control often gives rise to oscillasios that the system
overreacts since a small change in the error makes the adtuatiable change
over the full range. This effect is avoidedpnoportional contro] where the char-
acteristic of the controller is proportional to the contalor for small errors. This
can be achieved with the c%ntrol law

2 Unax If €  emax
u=_ kpe if emin< €< @max (1.2)
" Umin ife  €nin
wherekp, is the controller gaingmin = Umin=Kp andemax= Umax=Kp. The interval
(emin; €max) is called theproportional bandbecause the behavior of the controller
is linear when the error is in this interval:

While a vast improvement over on-off control, proportioicahtrol has the
drawback that the process variable often deviates fronefesence value. In par-
ticular, if some level of control signal is required for thgstem to maintain a
desired value, then we must haa6 0 in order to generate the requisite input.

This can be avoided by making the control action proportieadhe integral
of the error: Z,

uv =k e(td: (1.4)

This control form is calledntegral control andk; is the integral gain. It can be
shown through simple arguments that a controller with irgkegction has zero
steady-state error (Exerci$eb). The catch is that there may not always be a steady
state because the system may be oscillating.

An additional re nement is to provide the controller with antizipative abil-
ity by using a prediction of the error. A simple predictiongiven by the linear
extrapolation

de(t)

e(t+ Td) e(t)+ wa,

which predicts the errofy time units ahead. Combining proportional, integral and
derivative control, we obtain a controller that can be egpeel mathematically as
VA t
t
u(t) = kpe(t)+ ki e(t)dt + kddj(t): (1.5)
0
The control action is thus a sum of three terms: the past aggepted by the

integral of the error, the present as represented by theotiopal term and the
future as represented by a linear extrapolation of the d€ther derivative term).
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Figure 1.17: Action of a PID controller. At time, the proportional term depends on the
instantaneous value of the error. The integral portion of the feedbaelsed on the integral

of the error up to time (shaded portion). The derivative term provides an estimate of the
growth or decay of the error over time by looking at the rate of changiefrror.Ty
represents the approximate amount of time in which the error is projemtedrd (see text).

This form of feedback is called@oportional-integral-derivative (PID) controller
and its action is illustrated in Figute17.

A PID controller is very useful and is capable of solving a widage of con-
trol problems. More than 95% of all industrial control preiris are solved by
PID control, although many of these controllers are actyathportional-integral
(P1) controllersbecause derivative action is often not includBdif02]. There are
also more advanced controllers, which differ from PID colters by using more
sophisticated methods for prediction.

1.6 Further Reading

The material in this section draws heavily from the reporthef Panel on Future
Directions on Control, Dynamics and Systervf03]. Several additional papers
and reports have highlighted the successes of coni{8Bf and new vistas in
control [Bro0OO, Kum01, Wis07]. The early development of control is described
by Mayr [May7( and in the books by BennetBgn79 Ben93, which cover the
period 1800-1955. A fascinating examination of some of Hréyéistory of con-
trol in the United States has been written by Mind&ifn02]. A popular book
that describes many control concepts across a wide rangsaplihes isOut of
Control by Kelly [Kel94]. There are many textbooks available that describe con-
trol systems in the context of speci c disciplines. For erggrs, the textbooks by
Franklin, Powell and Emami-NaeirfFfPENO3, Dorf and Bishop PB04], Kuo and
Golnaraghi KG02] and Seborg, Edgar and Mellichan®BEMO04 are widely used.
More mathematically oriented treatments of control theocjude Sontag$on98g
and Lewis Lew03. The book by Hellerstein et alHDPTO04 provides a descrip-
tion of the use of feedback control in computing systems. Mber of books
look at the role of dynamics and feedback in biological systeincluding Mil-
horn [Mil66] (now out of print), J. D. Murray Mur04] and Eliner and Gucken-
heimer EG09. The book by Fradkovira07 and the tutorial article by Bechhoe-
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fer [Bec03 cover many speci ¢ topics of interest to the physics comnuni

Exercises

1.1(Eye motion) Perform the following experiment and explainiy@sults: Hold-
ing your head still, move one of your hands left and right iontrof your face,
following it with your eyes. Record how quickly you can moveuy hand before
you begin to lose track of it. Now hold your hand still and shgkur head left to
right, once again recording how quickly you can move befosing track of your
hand.

1.2 Identify ve feedback systems that you encounter in yourrgglay environ-
ment. For each system, identify the sensing mechanismatimiumechanism and
control law. Describe the uncertainty with respect to whioh feedback system
provides robustness and/or the dynamics that are changadyththe use of feed-
back.

1.3(Balance systems) Balance yourself on one foot with yous el@sed for 15 s.
Using Figurel.3 as a guide, describe the control system responsible forikgep
you from falling down. Note that the “controller” will difiefrom that in the dia-
gram (unless you are an android reading this in the far future

1.4(Cruise control) Download the MATLAB code used to produce dations for
the cruise control system in Figutel3from the companion web site. Using trial
and error, change the parameters of the control law so thaivtbrshoot in speed
is not more than 1 m/s for a vehicle with mams 1000 kg.

1.5 (Integral action) We say that a system with a constant inpathes steady
state if the output of the system approaches a constant ealdiene increases.
Show that a controller with integral action, such as thosemin equationsl(.4)
and (L.5), gives zero error if the closed loop system reaches steaty. s

1.6 Search the web and pick an article in the popular press aba#dbéck and
control system. Describe the feedback system using thertelogy given in the
article. In particular, identify the control system and cése (a) the underlying
process or system being controlled, along with the (b) sefspactuator and (d)
computational element. If the some of the information isawvatilable in the article,
indicate this and take a guess at what might have been used.



Chapter Two
System Modeling

... | asked Fermi whether he was not impressed by the agreemawtdre our calculated
numbers and his measured numbers. He replied, “How many arbipargmeters did you
use for your calculations?” | thought for a moment about our cut-ofigedures and said,
“Four” He said, “l remember my friend Johnny von Neumann useday svith four param-
eters | can tan elephant, and with ve | can make him wiggle his trunk”

Freeman Dyson on describing the predictions of his model for mesatospscattering to
Enrico Fermi in 1953Dys04.

A model is a precise representation of a system's dynamied ts answer
guestions via analysis and simulation. The model we chogsendis on the ques-
tions we wish to answer, and so there may be multiple models fingle dy-
namical system, with different levels of delity depending the phenomena of
interest. In this chapter we provide an introduction to theaept of modeling and
present some basic material on two speci ¢ methods commasey in feedback
and control systems: differential equations and diffeesmguations.

2.1 Modeling Concepts

A modelis a mathematical representation of a physical, biologicahformation
system. Models allow us to reason about a system and makéetwad about
how a system will behave. In this text, we will mainly be irgsted in models of
dynamical systems describing the input/output behavi@ystems, and we will
often work in “state space” form.

Roughly speaking, a dynamical system is one in which theceffef actions
do not occur immediately. For example, the velocity of a caesinot change
immediately when the gas pedal is pushed nor does the tetapeia a room
rise instantaneously when a heater is switched on. Similateadache does not
vanish right after an aspirin is taken, requiring time fdoitake effect. In business
systems, increased funding for a development project daidaerease revenues in
the short term, although it may do so in the long term (if it @agod investment).
All of these are examples of dynamical systems, in which thlealior of the
system evolves with time.

In the remainder of this section we provide an overview of safithe key
concepts in modeling. The mathematical details introduesd are explored more
fully in the remainder of the chapter.
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Figure 2.1: Spring—mass system with nonlinear damping. The position of the mass is de-
noted byq, with g = 0 corresponding to the rest position of the spring. The forces on the
mass are generated by a linear spring with spring conkt@amtl a damper with force depen-
dent on the velocity.

The Heritage of Mechanics

The study of dynamics originated in attempts to describegtéay motion. The
basis was detailed observations of the planets by TychoeBaal the results of
Kepler, who found empirically that the orbits of the planstsild be well described
by ellipses. Newton embarked on an ambitious program taotexplain why the
planets move in ellipses, and he found that the motion coeldxplained by his
law of gravitation and the formula stating that force equadss times acceleration.
In the process he also invented calculus and differentiahgons.

One of the triumphs of Newton's mechanics was the obsenmvakiat the mo-
tion of the planets could be predicted based on the curresitipos and velocities
of all planets. It was not necessary to know the past motioa stdteof a dynam-
ical system is a collection of variables that completelyrahterizes the motion of
a system for the purpose of predicting future motion. Forsiesy of planets the
state is simply the positions and the velocities of the gan&e call the set of all
possible states thetate space

A common class of mathematical models for dynamical systisnasdinary
differential equations (ODESs). In mechanics, one of the #stpsuch differential
equations is that of a spring—mass system with damping:

md+ c(q) + kg= O: (2.1)

This system is illustrated in Figu21 The variableg 2 R represents the position
of the masam with respect to its rest position. We use the notatioio denote
the derivative ofg with respect to time (i.e., the velocity of the mass) antb ~
represent the second derivative (acceleration). The spsimgsumed to satisfy
Hooke's law, which says that the force is proportional to tieplacement. The
friction element (damper) is taken as a nonlinear functi@), which can model
effects such as stiction and viscous drag. The posiiand velocityq represent
the instantaneous state of the system. We say that thisnsystasecond-order
systensince the dynamics depend on the rst two derivatives.of

The evolution of the position and velocity can be describaxgusither a time
plot or a phase portrait, both of which are shown in Fig2u2 Thetime plot on
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Figure 2.2: lllustration of a state model. A state model gives the rate of change of tige sta
as a function of the state. The plot on the left shows the evolution of the statéuaction

of time. The plot on the right shows the evolution of the states relative to ethel, with

the velocity of the state denoted by arrows.

the left, shows the values of the individual states as a foncif time. Thephase
portrait, on the right, shows theector eld for the system, which gives the state
velocity (represented as an arrow) at every point in the Saéce. In addition, we
have superimposed the traces of some of the states fromedtiffeonditions. The
phase portrait gives a strong intuitive representatiorheféquation as a vector
eld or a ow. While systems of second order (two states) can &gresented in
this way, unfortunately it is dif cult to visualize equatierof higher order using
this approach.

The differential equation2(1) is called anautonomousystem because there
are no external in uences. Such a model is natural for use iesti@el mechanics
because it is dif cult to in uence the motion of the planets.rrany examples, it
is useful to model the effects of external disturbances atrotled forces on the
system. One way to capture this is to replace equafid) by

mg+ c(q) + kq= u; (2.2)

whereu represents the effect of external inputs. The mog€) (s called aforced

or controlled differential equatianit implies that the rate of change of the state
can be in uenced by the inpuf(t). Adding the input makes the model richer and
allows new questions to be posed. For example, we can examfiagin uence
external disturbances have on the trajectories of a systenin the case where
the input variable is something that can be modulated in &clbed way, we can
analyze whether it is possible to “steer” the system from poiat in the state
space to another through proper choice of the input.

The Heritage of Electrical Engineering

A different view of dynamics emerged from electrical engineg, where the de-
sign of electronic ampli ers led to a focus on input/outpubbeior. A system was
considered a device that transforms inputs to outputs|uestriited in Figur.3.

Conceptually an input/output model can be viewed as a gadoié tof inputs and
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Figure 2.3: lllustration of the input/output view of a dynamical system. The gure on the
left shows a detailed circuit diagram for an electronic ampli er; the onehenright is its
representation as a block diagram.

outputs. Given an input signalt) over some interval of time, the model should
produce the resulting outpugt).

The input/output framework is used in many engineering dlsas since it
allows us to decompose a system into individual componemisexcted through
their inputs and outputs. Thus, we can take a complicate@msystich as a radio
or a television and break it down into manageable pieces aadine receiver,
demodulator, ampli er and speakers. Each of these pieces kasd inputs and
outputs and, through proper design, these components carndoeonnected to
form the entire system.

The input/output view is particularly useful for the spealklss oflinear time-
invariant systemsThis term will be de ned more carefully later in this chapteut
roughly speaking a system is linear if the superpositiomi¢axh) of two inputs
yields an output that is the sum of the outputs that wouldespond to individual
inputs being applied separately. A system is time-invaiiftie output response
for a given input does not depend on when that input is applied

Many electrical engineering systems can be modeled byrlith@&-invariant
systems, and hence a large number of tools have been dedetopralyze them.
One such tool is thaetep responsevhich describes the relationship between an
input that changes from zero to a constant value abruptlyef@ isput) and the
corresponding output. As we shall see later in the text, thp s2sponse is very
useful in characterizing the performance of a dynamicdksgsand it is often used
to specify the desired dynamics. A sample step responsevasim Figure2.4a

Another way to describe a linear time-invariant system igefwresent it by its
response to sinusoidal input signals. This is calledftbguency responsand a
rich, powerful theory with many concepts and strong, usedsllts has emerged.
The results are based on the theory of complex variables arlddeafransforms.
The basic idea behind frequency response is that we can ctatypdbaracterize
the behavior of a system by its steady-state response teadal inputs. Roughly



2.1. MODELING CONCEPTS 31

4 0
- = = Input c 102
£ .2l |
_al Output | 3 10
2 10*}F 1
3
g7 g 0
o ]
£ S 90} |
1t &
< -180 8
. 270 ‘ ‘
0 B B
0 10" 10° 10" 10°
Time Frequency
(a) Step response (b) Frequency response

Figure 2.4: Input/output response of a linear system. The step response (a9 ghmautput
of the system due to an input that changes from 0 to 1 at timé& s. The frequency re-
sponse (b) shows the amplitude gain and phase change due to a sihingnitiat different

frequencies.

speaking, this is done by decomposing any arbitrary signal a linear combi-
nation of sinusoids (e.g., by using the Fourier transforng then using linearity
to compute the output by combining the response to the iddalifrequencies. A
sample frequency response is shown in Fidlidh

The input/output view lends itself naturally to experimémtatermination of
system dynamics, where a system is characterized by recpidi response to
particular inputs, e.g., a step or a set of sinusoids ovengeraf frequencies.

The Control View

When control theory emerged as a discipline in the 1940safimgoach to dy-
namics was strongly in uenced by the electrical engineefingut/output) view.
A second wave of developments in control, starting in the 1&850s, was inspired
by mechanics, where the state space perspective was usegiméhgence of space
ight is a typical example, where precise control of the ouifita spacecraft is es-
sential. These two points of view gradually merged into wkdibday the state
space representation of input/output systems.

The development of state space models involved modifyingrtbdels from
mechanics to include external actuators and sensors dixingtimore general
forms of equations. In control, the model given by equatg)(was replaced by

dx _ oo — Rt
a - f(X1 U), y= h(X, U), (23)

wherex is a vector of state variablesjs a vector of control signals aryds a vec-
tor of measurements. The tedw=dt represents the derivative rfvith respect to
time, now considered a vector, aldandh are (possibly nonlinear) mappings of
their arguments to vectors of the appropriate dimensionnte@chanical systems,
the state consists of the position and velocity of the systnthatx = ( g;q) in
the case of a damped spring—mass system. Note that in th@idonmulation we
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model dynamics as rst-order differential equations, butwik see that this can
capture the dynamics of higher-order differential equeiby appropriate de ni-
tion of the state and the mapsandh.

Adding inputs and outputs has increased the richness ofdlksical problems
and led to many new concepts. For example, it is natural tof palssible stateg
can be reached with the proper choicaigfeachability) and if the measurement
contains enough information to reconstruct the state (@hbéity). These topics
will be addressed in greater detail in Chapt@end?7.

A nal development in building the control point of view wasglemergence of
disturbances and model uncertainty as critical elementsariheory. The simple
way of modeling disturbances as deterministic signalsdik@s and sinusoids has
the drawback that such signals cannot be predicted precisehore realistic ap-
proach is to model disturbances as random signals. This viedvgives a natural
connection between prediction and control. The dual viewsmit/output repre-
sentations and state space representations are paitiausaful when modeling
uncertainty since state models are convenient to descrbewnal model but un-
certainties are easier to describe using input/output teqdéen via a frequency
response description). Uncertainty will be a constant tnénmoughout the text
and will be studied in particular detail in Chapti2.

An interesting observation in the design of control systentisat feedback sys-
tems can often be analyzed and designed based on complgraiiple models.
The reason for this is the inherent robustness of feedbatiragsHowever, other
uses of models may require more complexity and more accutawy example is
feedforward control strategies, where one uses a modektmprpute the inputs
that cause the system to respond in a certain way. Anotharisugystem valida-
tion, where one wishes to verify that the detailed respofisieeosystem performs
as it was designed. Because of these different uses of madelsommon to use
a hierarchy of models having different complexity and dglit

Multidomain Modeling

Modeling is an essential element of many disciplines, laditions and methods
from individual disciplines can differ from each other, Hsstrated by the previ-
ous discussion of mechanical and electrical engineerindif Aulty in systems
engineering is that it is frequently necessary to deal wétefogeneous systems
from many different domains, including chemical, ele@tjeonechanical and in-
formation systems.

To model such multidomain systems, we start by partitiorangystem into
smaller subsystems. Each subsystem is represented by dalgumations for mass,
energy and momentum, or by appropriate descriptions ofrimition processing
in the subsystem. The behavior at the interfaces is captyretkescribing how
the variables of the subsystem behave when the subsystenisterconnected.
These interfaces act by constraining variables within tdéidual subsystems to
be equal (such as mass, energy or momentum uxes). The conmpbetel is then
obtained by combining the descriptions of the subsysterdgtaninterfaces.
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Using this methodology it is possible to build up libraridssabsystems that
correspond to physical, chemical and informational congpd® The procedure
mimics the engineering approach where systems are buitt f@bsystems that
are themselves built from smaller components. As expegiéghgained, the com-
ponents and their interfaces can be standardized and teallét model libraries.
In practice, it takes several iterations to obtain a goagi¥pthat can be reused for
many applications.

State models or ordinary differential equations are noablétfor component-
based modeling of this form because states may disappear eameponents are
connected. This implies that the internal description of @mgonent may change
when it is connected to other components. As an illustratterconsider two ca-
pacitors in an electrical circuit. Each capacitor has a stateesponding to the
voltage across the capacitors, but one of the states wapgisar if the capacitors
are connected in parallel. A similar situation happens with rotating inertias,
each of which is individually modeled using the angle of tiotaand the angular
velocity. Two states will disappear when the inertias ailegd by a rigid shaft.

This dif culty can be avoided by replacing differential eqigets bydifferential
algebraic equationswhich have the form

F(z2=0;
wherez2 R". A simple special case is
x=f(xy);,  ogxy)=0 (2.4)

wherez=(x;y) andF =(x f(Xy);9(x;y)). The key property is that the deriva-
tive zis not given explicitly and there may be pure algebraic iefst between the
components of the vectar

The model 2.4) captures the examples of the parallel capacitors andrikedi
rotating inertias. For example, when two capacitors ar@eoted, we simply add
the algebraic equation expressing that the voltages athessapacitors are the
same.

Modelicais a language that has been developed to support compoased-b
modeling. Differential algebraic equations are used as#sc description, and
object-oriented programming is used to structure the nsodiébdelica is used to
model the dynamics of technical systems in domains such akanéal, electri-
cal, thermal, hydraulic, thermo uid and control subsysteMsdelica is intended
to serve as a standard format so that models arising in éifftedomains can be
exchanged between tools and users. A large set of free anahemial Modelica
component libraries are available and are used by a growimgber of people
in industry, research and academia. For further informagibout Modelica, see
http://www.modelica.or@r Tiller [TilO1].
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2.2 State Space Models

In this section we introduce the two primary forms of modéisttwe use in this
text: differential equations and difference equationghBoake use of the notions
of state, inputs, outputs and dynamics to describe the ahaiva system.

Ordinary Di erential Equations

The state of a system is a collection of variables that sunmmahe past of a
system for the purpose of predicting the future. For a playsgstem the state
is composed of the variables required to account for stooageass, momentum
and energy. A key issue in modeling is to decide how accyraitéd storage has
to be represented. The state variables are gathered in a weztB" called the
state vectorThe control variables are represented by another vex2oRP, and
the measured signal by the vecy® RY. A system can then be represented by the
differential equation

dx _ o o o
Fria f(x;u); y= h(x;u); (2.5)

wheref :R" RP! R"andh:R" RP! R%are smooth mappings. We call a
model of this form astate space model

The dimension of the state vector is called tdrder of the system. The sys-
tem @.5) is calledtime-invariantbecause the functions andh do not depend
explicitly on timet; there are more general time-varying systems where the func
tions do depend on time. The model consists of two functidresfunctionf gives
the rate of change of the state vector as a function of statel controlu, and the
functionh gives the measured values as functions of staed control.

A system is called &near state space system if the functiohandh are linear
in x andu. A linear state space system can thus be represented by

(ilf[( = Ax+ By y= Cx+ Du; (2.6)

whereA, B, C andD are constant matrices. Such a system is said {mbar and
time-invariant or LTI for short. The matrixA is called thedynamics matrixthe
matrix B is called thecontrol matrix the matrixC is called thesensor matrixand
the matrixD is called thedirect term Frequently systems will not have a direct
term, indicating that the control signal does not in uence tlutput directly.
A different form of linear differential equations, genezaig the second-order

dynamics from mechanics, is an equation of the form

dan dn 1

de)‘/ T T+
wheret is the independent (time) variablg}) is the dependent (output) variable
and u(t) is the input. The notationXy=dt¥ is used to denote thkth derivative
of y with respect td, sometimes also written 3. The controlled differential
equation 2.7) is said to be amth-order system. This system can be converted into

+ay=u; (2.7)
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state space form by de ning

8 X1 9 dn 1y—dt” 19
X2 dn 2y—dt” 2
X = : =
B :
and the state space equations become
8 9 8 8 9
X1 a1 X1
A TE
dts * 8
' Xn 1 ' Xn 2
Xn Xn 1

With the appropriate de nitions of, B, C andD, this equation is in linear state
space form.

An even more general system is obtained by letting the olpat linear com-
bination of the states of the system, i.e.,

y=bixg+ boxo+  + bpxy+ du:

This system can be modeled in state space as

8 9 8 9 8 9
X1 a1 a an 1 an 1
Xo 1 o 0 0
488 -5 0 1 0 0% |,
ds 5 (2.8)
" Xn 0 0
8
y=+:by by ::: bn, X+ du:

This particular form of a linear state space system is cabedhable canonical
formand will be studied in more detail in later chapters.

Example 2.1 Balance systems

An example of a type of system that can be modeled using ardutifferential
equations is the class bhlance system#\ balance system is a mechanical sys-
tem in which the center of mass is balanced above a pivot pBorhe common
examples of balance systems are shown in Figube The Segway® Personal
Transporter (Figur@.58 uses a motorized platform to stabilize a person standing
on top of it. When the rider leans forward, the transportatievice propels itself
along the ground but maintains its upright position. Anotlyeample is a rocket
(Figure 2.5b), in which a gimbaled nozzle at the bottom of the rocket isduse
stabilize the body of the rocket above it. Other examplesatditce systems in-
clude humans or other animals standing upright or a perstam&iag a stick on
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p I
(a) Segway (b) Saturn rocket (c) Cart—pendulum system

Figure 2.5: Balance systems. (a) Segway Personal Transporter, (b) Satket rand (c)
inverted pendulum on a cart. Each of these examples uses forcedattttra of the system
to keep it upright.

their hand.
Balance systems are a generalization of the spring—matesisyse saw earlier.
We can write the dynamics for a mechanical system in the géf@m

M(a)g+ C(q;q)+ K(a) = B(q)u;

whereM(q) is the inertia matrix for the systen@(q;q) represents the Coriolis
forces as well as the dampink§(q) gives the forces due to potential energy and
B(q) describes how the external applied forces couple into theuhjcs. The spe-

ci ¢ form of the equations can be derived using Newtonian naedts. Note that
each of the terms depends on the con guration of the systarmd that these terms
are often nonlinear in the con guration variables.

Figure2.5cshows a simpli ed diagram for a balance system consistingnof a
inverted pendulum on a cart. To model this system, we chdase &riables that
represent the position and velocity of the base of the sygteand p, and the an-
gle and angular rate of the structure above the basadg. We letF represent
the force applied at the base of the system, assumed to be hotizontal direc-
tion (aligned withp), and choose the position and angle of the system as outputs.
With this set of de nitions, the dynamics of the system can bemputed using
Newtgnian mechanics and léa\ée tge fOém 9 8 9

3 (M+m) - micosgz 3 Pz | zcprmisingg®s _3Fz. ;9

" mlcosg (J+ml®)’ " g~ gg mglsing’ ~ 0’ '
whereM is the mass of the basm,andJ are the mass and moment of inertia of the
system to be balancedis the distance from the base to the center of mass of the
balanced body; andg are coef cients of viscous friction anglis the acceleration
due to gravity.

We can rewrite the dynamics of the system in state space fgrde ming the

state ax=( p;q; p; q), the input asi= F and the output ag=( p;q). If we de ne
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the total mass and total inertia as

M= M+ m; J=J+ml?
the equations of motlon then become

%\Q-

My m(mIZ—JI)(:(Z7
mi?sgcqq?+ Miglsy  clcgp  g(Mi=m)g + Icqu

9
p

p 2_
q mlsqq + mg(ml —Jt)sch cp (g=k)micgg+u
p
q

o J(M=m)  m(icg)?

-3

9
DB ;
where we have used the shorthaid= cosq andsy = sing.

In many cases, the angtewill be very close to 0, and hence we can use the
approximations sig g and cogy 1. Furthermore, ifg is small, we can ig-
nore quadratic and higher termsdn Substituting these approximations into our
equations, we see that we are left witlireear state space equation

82 30 o 1 o 28,9 % 03
N el —+ u'
dt2 p 0 mll’g=m c}=m g¢gim= p J=m3
g 0 MmgEm clmem  gMe=mi 4 Im=mi
8 9
21 0 0 G .
Y>"0 100"
wherem= Mg n?l2. N

Example 2.2 Inverted pendulum
A variation of the previous example is one in which the lozaf the base does
not need to be controlled. This happens, for example, if weéraeeested only in
stabilizing a rocket's upright orientation without womng about the location of
base of the rocket The dynamics of this simplgi) ed system avergby

8 9

d 3 g3 § ] 3
= 2 mgl g_ .| ; y=q; (2.10)
dt’ —sing =g+ —cosqu;
q 3 q 3 q 3 sq
where g is the coef cient of rotational friction,; = J+ ml? andu is the force
applied at the base. This system is referred to ds\arted pendulum N

Di erence Equations

In some circumstances, it is more natural to describe thugon of a system
at discrete instants of time rather than continuously iretiiifi we refer to each
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of these times by an integ&r= 0;1;2;:::, then we can ask how the state of the
system changes for eakhJust as in the case of differential equations, we de ne
the state to be those sets of variables that summarize thefighs system for the
purpose of predicting its future. Systems described in tlaamer are referred to
asdiscrete-time systems

The evolution of a discrete-time system can be written in tf

xk+ 1] = f(x[K]; ulk]); YKl = h(X[K]; u[K)); (2.11)

wherex[k] 2 R" is the state of the system at tirkgan integer)u[k] 2 RP is the
input andy[k] 2 RY is the output. As beforef, andh are smooth mappings of the
appropriate dimension. We call equatiéhl(l) a difference equatiosince it tells
us howx[k+ 1] differs fromx[K]. The statex[k] can be either a scalar- or a vector-
valued quantity; in the case of the latter we w{k] for the value of thgth state
at timek.

Just as in the case of differential equations, it is ofterctse that the equations
are linear in the state and input, in which case we can destiitbsystem by

x[k+ 1] = AXK]+ BUK]; yik] = Cx[k]+ Du[K]:

As before, we refer to the matricés B, C andD as the dynamics matrix, the
control matrix, the sensor matrix and the direct term. Thatsmi of a linear dif-

k1
XK = AKX[0]+ § A% T IBU[j];
7 k> O: (2.12)
ylkl = CAX[0]+ § CAX | 1BU[j]+ Dulk];
j=0
Difference equations are also useful as an approximatiafifiefrential equa-
tions, as we will show later.

Example 2.3 Predator—prey
As an example of a discrete-time system, consider a simptehior a predator—
prey system. The predator—prey problem refers to an ecalbgystem in which
we have two species, one of which feeds on the other. This tyggstem has
been studied for decades and is known to exhibit interestymgmics. Figur.6
shows a historical record taken over 90 years for a populaiidynxes versus a
population of hares\lac37. As can been seen from the graph, the annual records
of the populations of each species are oscillatory in nature

A simple model for this situation can be constructed usingsardte-time
model by keeping track of the rate of births and deaths of spelties. Letting
H represent the population of hares dndcepresent the population of lynxes, we
can describe the state in terms of the populations at despexiods of time. Let-
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Figure 2.6: Predator versus prey. The photograph on the left shows a Canadiaagl
a snowshoe hare, the lynx's primary prey. The graph on the rightslioe populations of
hares and lynxes between 1845 and 1935 in a section of the CanadigesRptac37. The
data were collected on an annual basis over a period of 90 yearso@Pdyoh copyright Tom
and Pat Leeson.)

ting k be the discrete-time index (e.g., the day or month numbex);anm write
H[k+ 1] = H[K]+ b, (uH[K] aL[K]H[K];
Lk+ 1] = L[k]+ cLIKIH[K] ~ d¢L[K];

whereby (u) is the hare birth rate per unit period and as a function of toal f
supplyu, ds is the lynx mortality rate and andc are the interaction coef cients.
The interaction ternalL[k]H[k] models the rate of predation, which is assumed to
be proportional to the rate at which predators and prey megtsthence given
by the product of the population sizes. The interaction tekfR]H[K] in the lynx
dynamics has a similar form and represents the rate of grofittie lynx popula-
tion. This model makes many simplifying assumptions—sudha$act that hares
decrease in number only through predation by lynxes—buténds suf cient to
answer basic questions about the system.

To illustrate the use of this system, we can compute the nuwitdgnxes and
hares at each time point from some initial population. Thoise by starting with
X[0] = (Ho; L) and then using equatio2.(L3 to compute the populations in the
following period. By iterating this procedure, we can geteithe population over
time. The output of this process for a speci ¢ choice of parargeand initial con-
ditions is shown in Figur@.7. While the details of the simulation are different
from the experimental data (to be expected given the siitylaf our assump-
tions), we see qualitatively similar trends and hence weusanthe model to help
explore the dynamics of the system. N

(2.13)

Example 2.4 E-mail server
The IBM Lotus server is an collaborative software system tdatiaisters users'
e-mail, documents and notes. Client machines interact @vithusers to provide
access to data and applications. The server also handlesadthéistrative tasks.
In the early development of the system it was observed tlepénformance was
poor when the central processing unit (CPU) was overloadeause of too many
service requests, and mechanisms to control the load wereftine introduced.
The interaction between the client and the server is in tha fidiremote proce-
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Figure 2.7: Discrete-time simulation of the predator—prey mod®lL®. Using the param-
etersa= ¢ = 0:014,b;(u) = 0:6 andd = 0:7 in equation 2.13 with daily updates, the
period and magnitude of the lynx and hare population cycles approxinmagiyh the data
in Figure2.6.

dure calls (RPCs). The server maintains a log of statisticoofpteted requests.
The total number of requests being served, caRéd (RPCs in server), is also
measured. The load on the server is controlled by a paranedted MaxUsers ,
which sets the total number of client connections to theeseivhis parameter is
controlled by the system administrator. The server can bardeg as a dynami-
cal system withMaxUsers as the input andRIS as the output. The relationship
between input and output was rst investigated by explorimg $teady-state per-
formance and was found to be linear.

In [HDPT04 a dynamic model in the form of a rst-order difference eqoati
is used to capture the dynamic behavior of this system. Usiatgm identi cation
techniques, they construct a model of the form

ylk+ 1] = ayfk] + bulk];

whereu = MaxUsers MaxUsers andy = RIS RIS. The parametera =
0:43 andb = 0:47 are parameters that describe the dynamics of the systemdar
the operating point, anflaxUsers = 165 andRIS = 135 represent the nomi-
nal operating point of the system. The number of requests weraged over a
sampling period of 60 s. N

Simulation and Analysis

State space models can be used to answer many questions. Geentdst com-
mon, as we have seen in the previous examples, involvesctiregthe evolution
of the system state from a given initial condition. While $imple models this can
be done in closed form, more often it is accomplished thratghputer simula-
tion. One can also use state space models to analyze thdl ddravior of the
system without making direct use of simulation.

Consider again the damped spring—mass system from Sé&cfidout this time
with an external force applied, as shown in Figar8 We wish to predict the



2.2. STATE SPACE MODELS 41

C

|_

m ——> u(t) =Asinwt

k

Figure 2.8: A driven spring—mass system with damping. Here we use a linear damping
element with coef cient of viscous friction. The mass is driven with a sinusoidal force of
amplitudeA.

motion of the system for a periodic forcing function, withigem initial condition,
and determine the amplitude, frequency and decay rate oéthdting motion.

We choose to model the system with a linear ordinary difféakequation.
Using Hooke's law to model the spring and assuming that thrapda exerts a
force that is proportional to the velocity of the system, vagén

mg+ cg+ kgq=u; (2.14)

wherem is the massq is the displacement of the massjs the coef cient of
viscous friction k is the spring constant andis the applied force. In state space
form, usingx = ( g; q) as the state and choosigg g as the output, we have

8 9

dx _ g X2 % _ — -
= , = X1.
We see that this is a linear second-order differential egaatith one inputu and
one outputy.
We now wish to compute the response of the system to an inpléddrmu =
Asinwt. Although it is possible to solve for the response analilticave instead
make use of a computational approach that does not rely ospida ¢ form of

this system. Consider the general state space system

a: f(x;u):

Given the state at timet, we can approximate the value of the state at a short
timeh> 0 later by assuming that the rate of changd ©f u) is constant over the
intervalt tot + h. This gives

X(t+ h)y= x(t)+ hf(x(t);u(t)): (2.15)

Iterating this equation, we can thus solve fas a function of time. This approxi-
mation is known as Euler integration and is in fact a diffeeea@quation if we leh
represent the time increment and wrif&] = x(kh). Although modern simulation
tools such as MATLAB and Mathematica use more accurate methaasEuler
integration, they still have some of the same basic tratke-of
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Figure 2.9: Simulation of the forced spring—mass system with different simulation time
constants. The solid line represents the analytical solution. The dasheddjpresent the
approximate solution via the method of Euler integration, using decreasipgizes.

Returning to our speci ¢ example, Figu&9 shows the results of computing
X(t) using equationZ.15, along with the analytical computation. We see that as
h gets smaller, the computed solution converges to the exadien. The form
of the solution is also worth noticing: after an initial tei@nt, the system settles
into a periodic motion. The portion of the response after thrdient is called the
steady-state response the input.

In addition to generating simulations, models can also leel trs answer other
types of questions. Two that are central to the methods itbestin this text con-
cern the stability of an equilibrium point and the inputfouttfrequency response.
We illustrate these two computations through the exampésaband return to the
general computations in later chapters.

Returning to the damped spring—mass system, the equafiomstion with no
input forcing are given by

9
X2
9(: E c k g ; (2.16)
dt - —X —Xp
m m

wherex; is the position of the mass (relative to the rest positiorg mnis its
velocity. We wish to show that if the initial state of the ssstis away from the
rest position, the system will return to the rest positioerdgually (we will later
de ne this situation to mean that the rest positiomsymptotically stable While
we could heuristically show this by simulating many, mangiah conditions, we
seek instead to prove that this is true &myinitial condition.

To do so, we construct a functiah: R"! R that maps the system state to a
positive real number. For mechanical systems, a convealwrice is the energy of
the system,

V(X) = %kx§+ %mx%: (2.17)
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If we look at the time derivative of the energy function, we deat

?T\t/ = kxaxy + Mxxe = Kxaxa + Mg %Xz %xl) = o
which is always either negative or zero. Hentg«(t)) is never increasing and,
using a bit of analysis that we will see formally later, theiuidual states must
remain bounded.

If we wish to show that the states eventually return to thgioyiwe must use
a slightly more detailed analysis. Intuitively, we can mass follows: suppose
that for some period of timé&/(x(t)) stops decreasing. Then it must be true that
V(x(t)) = 0, which in turn implies thaxy(t) = 0 for that same period. In that case,
x2(t) = 0, and we can substitute into the second line of equafldkg(to obtain

0= x, = c k k.
= X2 = sz mX1 = mX1.

Thus we must have thaj also equals zero, and so the only time ti&x(t)) can
stop decreasing is if the state is at the origin (and hensesifstem is at its rest
position). Since we know thaf(x(t)) is never increasing (because 0), we
therefore conclude that the origin is stable @oryinitial condition).

This type of analysis, called Lyapunov stability analyss;ansidered in detail
in Chapte#. It shows some of the power of using models for the analyssgstem
properties.

Another type of analysis that we can perform with models isampute the
output of a system to a sinusoidal input. We again considesghing—mass sys-
tem, but this time keeping the input and leaving the systeitsiariginal form:

mg+ cg+ kg= u: (2.18)
We wish to understand how the system responds to a sinusojmlof the form
u(t) = Asinwt:

We will see how to do this analytically in Chapt@rbut for now we make use of
simulations to compute the answer.

We rst begin with the observation thatdft) is the solution to equatior2(18
with inputu(t), then applying an inputlt) will give a solution 2(t) (this is easily
veri ed by substitution). Hence it suf ces to look at an inpuitivunit magnitude,
A= 1. A second observation, which we will prove in Chagiers that the long-
term response of the system to a sinusoidal input is itseili@ssid at the same
frequency, and so the output has the form

q(t) = g(w) sin(wt + j (w));

whereg(w) is called thegain of the system and (w) is called thephase(or phase
offset).
To compute the frequency response numerically, we can atmtihe system

frequencies. An example of this type of computation is showFigure2.10,
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Figure 2.10: A frequency response (gain only) computed by measuring the respain
individual sinusoids. The gure on the left shows the response of ysem as a function
of time to a number of different unit magnitude inputs (at differentdietcies). The gure
on the right shows this same data in a different way, with the magnitude oEfiponse
plotted as a function of the input frequency. The lled circles correspnthe particular
frequencies shown in the time responses.

2.3 Modeling Methodology

To deal with large, complex systems, it is useful to haveeddiht representations
of the system that capture the essential features and maleviant details. In all
branches of science and engineering it is common practioegsome graphical
description of systems, calletthematic diagramsrhey can range from stylistic
pictures to drastically simpli ed standard symbols. Theseuies make it possi-
ble to get an overall view of the system and to identify thenvitiial components.
Examples of such diagrams are shown in Figr&l Schematic diagrams are
useful because they give an overall picture of a system, islgosfferent subpro-
cesses and their interconnection and indicating varighkgscan be manipulated
and signals that can be measured.

Block Diagrams

A special graphical representation calletlack diagramhas been developed in
control engineering. The purpose of a block diagram is to exsjk the informa-
tion ow and to hide details of the system. In a block diagranffedent process
elements are shown as boxes, and each box has inputs depditezbtwith arrows
pointing toward the box and outputs denoted by lines witbvasrgoing out of the
box. The inputs denote the variables that in uence a procegstlae outputs de-
note the signals that we are interested in or signals thatince other subsystems.
Block diagrams can also be organized in hierarchies, wingligidual blocks may
themselves contain more detailed block diagrams.

Figure2.12shows some of the notation that we use for block diagramsa&ign
are represented as lines, with arrows to indicate inputsoayuts. The rst di-
agram is the representation for a summation of two signatsinfut/output re-
sponse is represented as a rectangle with the system nam®foematical de-
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Figure 2.11: Schematic diagrams for different disciplines. Each diagram is used ttaltas
the dynamics of a feedback system: (a) electrical schematics for arpmystem Kun93,

(b) a biological circuit diagram for a synthetic clock circt§MNO3], (c) a process dia-
gram for a distillation column$EMO04 and (d) a Petri net description of a communication

protocol.
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Figure 2.12: Standard block diagram elements. The arrows indicate the the inputs &nd ou
puts of each element, with the mathematical operation corresponding tiothed labeled
at the output. The system block (f) represents the full input/output nsgpof a dynamical

system.
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Figure 2.13: A block diagram representation of the ight control system for an insgog
against the wind. The mechanical portion of the model consists of thebiaigl dynamics
of the y, the drag due to ying through the air and the forces generatethb wings. The
motion of the body causes the visual environment of the y to changeftais information
is then used to control the motion of the wings (through the sensory mattarsy, closing
the loop.

scription) in the block. Two special cases are a proportigai, which scales the
input by a multiplicative factor, and an integrator, whialtputs the integral of the
input signal.

Figure2.13illustrates the use of a block diagram, in this case for modehe
ight response of a y. The ight dynamics of an insect are incrblji intricate,
involving careful coordination of the muscles within the g maintain stable ight
in response to external stimuli. One known characterigties is their ability to
y upwind by making use of the optical ow in their compound eyas a feedback
mechanism. Roughly speaking, the y controls its orientaiso that the point of
contraction of the visual eld is centered in its visual eld.

To understand this complex behavior, we can decompose tralbdynamics
of the system into a series of interconnected subsystentdddkg. Referring to
Figure2.13 we can model the insect navigation system through an ioneection
of ve blocks. The sensory motor system (a) takes the inforomefrom the visual
system (e) and generates muscle commands that attempetdhstey so that the
point of contraction is centered. These muscle command®akeded into forces
through the apping of the wings (b) and the resulting aerayit forces that are
produced. The forces from the wings are combined with the draifpe y (d) to
produce a net force on the body of the y. The wind velocity eatiémrough the
drag aerodynamics. Finally, the body dynamics (c) describvethe y translates
and rotates as a function of the net forces that are appligdTtbe insect position,
speed and orientation are fed back to the drag aerodynamitsision system
blocks as inputs.

Each of the blocks in the diagram can itself be a complicatbédysiem. For
example, the visual system of a fruit y consists of two compted compound
eyes (with about 700 elements per eye), and the sensory sygtam has about
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200,000 neurons that are used to process information. A detegled block dia-
gram of the insect ight control system would show the intemsections between
these elements, but here we have used one block to represerthé motion of
the vy affects the output of the visual system, and a secondiilo represent how
the visual eld is processed by the y's brain to generate maszdbmmands. The
choice of the level of detail of the blocks and what elememteparate into differ-
ent blocks often depends on experience and the questidrathaants to answer
using the model. One of the powerful features of block diagyrés their ability to
hide information about the details of a system that may natdeded to gain an
understanding of the essential dynamics of the system.

Modeling from Experiments

Since control systems are provided with sensors and act,ditds also possible
to obtain models of system dynamics from experiments on tbegss. The mod-
els are restricted to input/output models since only thegeats are accessible to
experiments, but modeling from experiments can also be owdlwith modeling
from physics through the use of feedback and interconnectio

A simple way to determine a system's dynamics is to obsemedhponse to a
step change in the control signal. Such an experiment begisstiing the control
signal to a constant value; then when steady state is esttedlithe control signal
is changed quickly to a new level and the output is observed. &tperiment
gives the step response of the system, and the shape of tfamsesgives useful
information about the dynamics. It immediately gives arnigation of the response
time, and it tells if the system is oscillatory or if the regge is monotone.

Example 2.5 Spring—mass system
Consider the spring—mass system from Sec@dnwhose dynamics are given by

mg+ cg+ kg= u: (2.19)

We wish to determine the constamis ¢ andk by measuring the response of the
system to a step input of magnituBg

We will show in Chapte6 that wherc? < 4km the step response for this system
from the rest con guration is given by

r__ !
ko 1 k ct . . )
q(t) = M 1 m aexp om sin(wgt+j) ;
!
IO4km c? . 1 IO4km c?
Wyg= ——; j =tan* ——

2m

From the form of the solution, we see that the form of the respas determined
by the parameters of the system. Hence, by measuring céetimres of the step
response we can determine the parameter values.

Figure2.14shows the response of the system to a step of magrifgde20 N,
along with some measurements. We start by noting that tlaelsistate position
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Figure 2.14: Step response for a spring—mass system. The magnitude of the stésinpu
Fo = 20 N. The period of oscillatiofT is determined by looking at the time between two
subsequent local maxima in the response. The period combined wittetity sstate value
g(¥) and the relative decrease between local maxima can be used to estinpaetneters

in a model of the system.

of the mass (after the oscillations die down) is a functiothefspring constark

a6 =7, (2.20)

whereky is the magnitude of the applied forcg (= 1 for a unit step input). The
parameter 3k is called thegain of the system. The period of the oscillation can be
measured between two peaks and must satisfy

Zﬁ_p4km c?
T  2m

Finally, the rate of decay of the oscillations is given by tlkpanential factor in
the solution. Measuring the amount of decay between twogeek have

(2.21)

Fo Fo

og oty ¥ log o) 0 =z b (222)

Using this set of three equations, we can solve for the passand determine

that for the step response in Figl2e4we havem 250 kg,c 60 Ns/m and
k 40 N/m. N

Modeling from experiments can also be done using many otgealks. Sinu-
soidal signals are commonly used (particularly for systevith fast dynamics)
and precise measurements can be obtained by exploitinglabon techniques.
An indication of nonlinearities can be obtained by repepérperiments with in-
put signals having different amplitudes.

Normalization and Scaling

Having obtained a model, it is often useful to scale the e by introducing
dimension-free variables. Such a procedure can often dintpk equations for a
system by reducing the number of parameters and reveatgtileg properties of
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the model. Scaling can also improve the numerical conditgmif the model to
allow faster and more accurate simulations.

The procedure of scaling is straightforward: choose uniteéah independent
variable and introduce new variables by dividing the vddalby the chosen nor-
malization unit. We illustrate the procedure with two exdesp

Example 2.6 Spring—mass system
Consider again the spring—mass system introduced eadtlefecting the damp-
ing, the system is described by

mg+ kg= u:
The model has two parametersandk. To normalize thegnodel we introduce
dimension-free variables= g=l andt = wyt, wherewp = k=m and| is the

chosen length scale. We scale forcerb? and introducer = u=(miwg?). The
scaled equation then becomes

d’x _ d?g=l 1
-5 = = kg+ = +

dez = d(wen? - ming' <ATYS XV
which is the normalized undamped spring—mass system. &lttat the normal-
ized model has no parameters, while the original model hadparametersn
and k. Introducing the scaled, dimension-free state variables x = g=I and
2 = dx=dt = g=(Iwp), tgle rgodegl3 can be written as

8 9
dzz3 _30 Ixzzz 303,

dt’” z’ 10z v
This simple linear equation describes the dynamics of anpgpmass system,
independent of the particular parameters, and hence gs/assight into the fun-
damental dynamics of this oscillatory system. To recoverghysical frequency
of oscillation or its magnitude, we must invert the scaling lvave applied. N

Example 2.7 Balance system
Consider the balance system described in SecidnNeglecting damping by
puttingc= 0 andg= 0 in equation 2.9), the model can be written as

d?p d?q . dg 2_

(M+ m)W mlcosqw+ mlsing v F;
d?p - d%q O
mlcoqu+(J+ mi )W mglsing = O:

P .

Letwp= mgl=(J+ ml?), choose the length scalelaset the time scale be=ly,
choose the force scale @gl + m)l Wg and introduce the scaled variables wpt,
x= p=l andu= F=((M+ m)Iw3). The equations then become

d?x d?q . dg 2_ d’x  d%q

a2 acoqu+ asing at =u; bcosq@+w
wherea = m=(M + m) andb = mI’=(J+ ml?). Notice that the original model has
ve parametersn, M, J, | andg but the normalized model has only two parameters

sing =0;
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Figure 2.15: Characterization of model uncertainty. Uncertainty of a static system is illus-
trated in (a), where the solid line indicates the nominal input/output relatiorsstdpthe
dashed lines indicate the range of possible uncertainty. The uncertairan [ERPD59 in

(b) is one way to capture uncertainty in dynamical systems emphasizirgyrihadel is valid

only in some amplitude and frequency ranges. In (c) a model is repies by a nominal
modelM and another modd) representing the uncertainty analogous to the representation
of parameter uncertainty.

aandb.lfM mandmli? J wegeta Oandb 1 andthe modelcan be
approximated by

d>x d>q . _

a2 - u; a2 sing = ucosq:
The model can be interpreted as a mass combined with an idveetedulum
driven by the same input. N

Model Uncertainty

Reducing uncertainty is one of the main reasons for usingjd@ek, and it is there-
fore important to characterize uncertainty. When makingsneements, there is a
good tradition to assign both a nominal value and a measusaadrtainty. It is
useful to apply the same principle to modeling, but unfoatety it is often dif cult

to express the uncertainty of a model quantitatively.

For a static system whose input/output relation can be cheriaed by a func-
tion, uncertainty can be expressed by an uncertainty barnlilasated in Fig-
ure 2.15a At low signal levels there are uncertainties due to senssolution,
friction and quantization. Some models for queuing systemesetls are based
on averages that exhibit signi cant variations for small plagpions. At large sig-
nal levels there are saturations or even system failuressiginal ranges where a
model is reasonably accurate vary dramatically betweehcapipns, but it is rare
to nd models that are accurate for signal ranges larger ttfdn 1

Characterization of the uncertainty of a dynamic model igimmore dif cult.
We can try to capture uncertainties by assigning uncergind parameters of the
model, but this is often not suf cient. There may be errors dupienomena that
have been neglected, e.g., small time delays. In contralltieate test is how well
a control system based on the model performs, and time de#aybe important.
There is also a frequency aspect. There are slow phenomemeaaswaging, that
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can cause changes or drift in the systems. There are alsdreigrency effects: a
resistor will no longer be a pure resistance at very highdeagies, and a beam
has stiffness and will exhibit additional dynamics whenjsabto high-frequency
excitation. Theuncertainty lemofGPD59 shown in Figure2.15bis one way to
conceptualize the uncertainty of a system. It illustraked & model is valid only
in certain amplitude and frequency ranges.

We will introduce some formal tools for representing unaigrtly in Chaptef 2
using gures such as Figur15c These tools make use of the concept of a trans-
fer function, which describes the frequency response ohaantioutput system.
For now, we simply note that one should always be carefuld¢ogeize the limits
of a model and not to make use of models outside their rangppicability. For
example, one can describe the uncertainty lemon and thek thhenake sure that
signals remain in this region. In early analog computingystesn was simulated
using operational ampli ers, and it was customary to givaralwhen certain
signal levels were exceeded. Similar features can be indlidgigital simulation.

2.4 Modeling Examples

In this section we introduce additional examples thatitlate some of the differ-
ent types of systems for which one can develop differentjab¢ion and difference
equation models. These examples are speci cally chosen fromnge of differ-
ent elds to highlight the broad variety of systems to whicledback and control
concepts can be applied. A more detailed set of applicatlmatsserve as running
examples throughout the text are given in the next chapter.

Motion Control Systems

Motion control systems involve the use of computation ardiback to control the
movement of a mechanical system. Motion control systemga&om nanoposi-
tioning systems (atomic force microscopes, adaptive sptio control systems
for the read/write heads in a disk drive of a CD player, to nfiacturing systems
(transfer machines and industrial robots), to automotomrol systems (antilock
brakes, suspension control, traction control), to air ggage ight control systems
(airplanes, satellites, rockets and planetary rovers).

Example 2.8 Vehicle steering—the bicycle model
A common problem in motion control is to control the trajegtof a vehicle
through an actuator that causes a change in the orientatisteering wheel on an
automobile and the front wheel of a bicycle are two examdessimilar dynam-
ics occur in the steering of ships or control of the pitch dyies of an aircraft.
In many cases, we can understand the basic behavior of th&tsers through the
use of a simple model that captures the basic kinematicedtstem.

Consider a vehicle with two wheels as shown in Fig2rEa For the purpose
of steering we are interested in a model that describes hewsdlocity of the
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Figure 2.16: Vehicle steering dynamics. The left gure shows an overhead viewehicle
with four wheels. The wheel baselisand the center of mass at a distaaderward of the
rear wheels. By approximating the motion of the front and rear pairshefelg by a single
front wheel and a single rear wheel, we obtain an abstraction calldxdyee modeglshown
on the right. The steering angle dsand the velocity at the center of mass has the aagle
relative the length axis of the vehicle. The position of the vehicle is give(xly and the
orientation (heading) by.

vehicle depends on the steering andlelo be speci ¢, consider the velocityat
the center of mass, a distarm&rom the rear wheel, and letbe the wheel base, as
shown in Figure2.16 Let x andy be the coordinates of the center of magshe
heading angle and the angle between the velocity vectoand the centerline of
the vehicle. Sinckd = rytand anda = ratana, it follows that tara = ( a=b) tand
and we get the following relation betweanand the steering angt

atand
b

Assume that the wheels are rolling without slip and that thecity of the rear
wheel isvp. The vehicle speed at its center of mass is vp=cosa, and we nd
that the motion of this point is given by

a(d) = arctan (2.23)

d%(: vcos(a+ q) = VOCOSC((?S; q);

q in( ) (2.24)
y_ . _ _sin(a+ Q).

i vsin(a+ q) = Voicosa :

To see how the angle is in uenced by the steering angle, we observe from Fig-
ure 2.16that the vehicle rotates with the angular veloaigyr, around the point

O. Hence dg Vo
o_ Vo
— = === : 2.2
it o b tand (2.25)
Equations2.23—(2.25 can be used to model an automobile under the assump-
tions that there is no slip between the wheels and the roadhedhe two front
wheels can be approximated by a single wheel at the centéreotdr. The as-
sumption of no slip can be relaxed by adding an extra statablar giving a more
realistic model. Such a model also describes the steeringnigs of ships as well
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(a) Harrier “jump jet” (b) Simpli ed model

Figure 2.17: Vectored thrust aircraft. The Harrier AV-8B military aircraft (a) restits its

engine thrust downward so that it can “hover” above the ground.eSainfrom the engine
is diverted to the wing tips to be used for maneuvering. As shown in (bpeéhéhrust on
the aircraft can be decomposed into a horizontal féicand a vertical forcé acting at a
distancer from the center of mass.

as the pitch dynamics of aircraft and missiles. It is alsosfiids to choose coor-
dinates so that the reference point is at the rear wheelse§monding to setting
a = 0), a model often referred to as tbeibins car[Dub57.

Figure2.16 represents the situation when the vehicle moves forwarchasd
front-wheel steering. The case when the vehicle reversdsténed by changing
the sign of the velocity, which is equivalent to a vehiclehwieéar-wheel steering.

N

Example 2.9 Vectored thrust aircraft

Consider the motion of vectored thrust aircraft, such asHbgier “jump jet”
shown Figure2.17a The Harrier is capable of vertical takeoff by redirecting it
thrust downward and through the use of smaller maneuvehningters located on
its wings. A simpli ed model of the Harrier is shown in Figugel7h where we
focus on the motion of the vehicle in a vertical plane throtigh wings of the
aircraft. We resolve the forces generated by the main dowh#aiuster and the
maneuvering thrusters as a pair of forég®ndF, acting at a distancebelow the
aircraft (determined by the geometry of the thrusters).

Let (x;y;q) denote the position and orientation of the center of massef t
aircraft. Letm be the mass of the vehiclé,the moment of inertiag the gravita-
tional constant andthe damping coef cient. Then the equations of motion for the
vehicle are given by

mX= Fpcosq F»sing c¢x;
my= F;sing+ F,cosq mg cy; (2.26)
Jg = rFy:

It is convenient to rede ne the inputs so that the origin is guikbrium point
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Figure 2.18: Schematic diagram of a queuing system. Messages arrive at ratel are
stored in a queue. Messages are processed and removed froretiecajraten The average
size of the queue is given by2 R.

of the system with zero input. Lettingg = F; andu, = I,  mg, the equations
become . . .
MX= mgsing Cx+ u;cosq Wysing;
my= mg(cosq 1) cy+ uiSing+ UC0sq; (2.27)
Jg = rug:

These equations describe the motion of the vehicle as a deeeftoupled second-
order differential equations. N

Information Systems

Information systems range from communication systemstlikelnternet to soft-
ware systems that manipulate data or manage enterprisesgdarces. Feedback
is presentin all these systems, and designing strategiesfting, ow control and
buffer management is a typical problem. Many results in quetheory emerged
from design of telecommunication systems and later froneldgment of the In-
ternet and computer communication systeBG§7, Kle75, Sch87. Management
of queues to avoid congestion is a central problem and wethélefore start by
discussing the modeling of queuing systems.

Example 2.10 Queuing systems

A schematic picture of a simple queue is shown in FigQilE 8 Requests arrive
and are then queued and processed. There can be large variatiarrival rates
and service rates, and the queue length builds up when tivalasate is larger
than the service rate. When the queue becomes too largé&esedenied using
an admission control policy.

The system can be modeled in many different ways. One way i®teheach
incoming request, which leads to an event-based model vihestate is an integer
that represents the queue length. The queue changes wheunestragives or a
request is serviced. The statistics of arrival and servianagtypically modeled as
random processes. In many cases it is possible to determaingiss of quantities
like queue length and service time, but the computationdeaquite complicated.

A signi cant simpli cation can be obtained by using aw model Instead
of keeping track of each request we instead view service aqdests as ows,
similar to what is done when replacing molecules by a contimwhen analyzing
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uids. Assuming that the average queue lengilk a continuous variable and that
arrivals and services are ows with ratésand m the system can be modeled by
the rst-order differential equation
dx _
dt
where mhax is the maximum service rate arf@dx) is a number between 0 and 1
that describes the effective service rate as a functioneofjtteue length.

It is natural to assume that the effective service rate dépem the queue
length because larger queues require more resources. ddysgtate we have
f(X) = | =mhax and we assume that the queue length goes to zero Wwhepax
goes to zero and that it goes to in nity whdremnax goes to 1. This implies
that f(0) = 0 and thatf(¥) = 1. In addition, if we assume that the effective ser-
vice rate deteriorates monotonically with queue lengtbntthe functionf (x) is
monotone and concave. A simple function that satis es théclragjuirements is
f(xX) = x=(1+ x), which gives the model

I m=1 maf(X); x 0 (2.28)

dx X

i | npnaxx+ 1 (2.29)
This model was proposed by Agnewdn76. It can be shown that if arrival and
service processes are Poisson processes, the averageangthéd given by equa-
tion (2.29 and that equatiorn2(29 is a good approximation even for short queue
lengths; see Tipped[s59Qd.

To explore the properties of the mod2lZ9 we will rst investigate the equi-
librium value of the queue length when the arrival ratés constant. Setting the
derivativedx=dt to zero in equation.29 and solving foix, we nd that the queue
lengthx approaches the steady-state value

I .
Mhax |
Figure 2.19ashows the steady-state queue length as a functidn=of,ax, the
effective service rate excess. Notice that the queue lengtkeases rapidly ak
approachesmax. To have a queue length less than 20 requireghax < 0:95. The
average time to service arequestds ( X+ 1)=mnax, and itincreases dramatically
as/ approachesimax.

Figure2.19billustrates the behavior of the server in a typical overlsitwhtion.
The maximum service rate ighax= 1, and the arrival rate starts At= 0:5. The
arrival rate is increased to = 4 at time 20, and it returns tob = 0:5 at time 25.
The gure shows that the queue builds up quickly and clears stemyly. Since the
response time is proportional to queue length, it meanshieaquality of service
is poor for a long period after an overload. This behavior iedaherush-hour
effectand has been observed in web servers and many other questegisysuch
as automobile traf c.

The dashed line in Figur2.19bshows the behavior of the ow model, which
describes the average queue length. The simple model cajtenavior qualita-

Xe = (2.30)
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Figure 2.19: Queuing dynamics. (a) The steady-state queue length as a functiempfx.
(b) The behavior of the queue length when there is a temporary overidhad system. The
solid line shows a realization of an event-based simulation, and the dasbeshéws the
behavior of the ow model2.29.

tively, but there are variations from sample to sample whendueue length is
short. N

Many complex systems use discrete control actions. Sucaregstan be mod-
eled by characterizing the situations that correspond ¢t eantrol action, as il-
lustrated in the following example.

Example 2.11 Virtual memory paging control

An early example of the use of feedback in computer systenssapglied in the
operating system OS/VS for the IBM 37BE68 Cro79. The system used virtual
memory, which allows programs to address more memory thalmysically avail-
able as fast memory. Data in current fast memory (randonsaaoemory, RAM)
is accessed directly, but data that resides in slower me(disl) is automatically
loaded into fast memory. The system is implemented in suchyahed it appears
to the programmer as a single large section of memory. Thersyserformed very
well in many situations, but very long execution times wemeaintered in over-
load situations, as shown by the open circles in Figu&9a The dif culty was
resolved with a simple discrete feedback system. The loadeoéntral process-

CPU load
@, 150 T T
2 © open loop o Normal
= 1000+ * closed loop ]
c
S
3 500¢ o « A Underload| Overload
& °
1] 0 1 | | |
0 2 3 4 Memory swaps
Number of processes
(a) System performance (b) System state

Figure 2.20: lllustration of feedback in the virtual memory system of the IBM/370. (ag¢ T
effect of feedback on execution times in a simulation, followiBgpg. Results with no
feedback are shown with, and results with feedback with Notice the dramatic decrease
in execution time for the system with feedback. (b) How the three statebtaimed based
on process measurements.
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Figure 2.21: Consensus protocols for sensor networks. (a) A simple sensor metvith
ve nodes. In this network, node 1 communicates with node 2 and nodefnunicates
with nodes 1, 3, 4, 5, etc. (b) A simulation demonstrating the converggitbe consensus
protocol @.31) to the average value of the initial conditions.

ing unit (CPU) was measured together with the number of pagpswetween
fast memory and slow memory. The operating region was cladsa® being in
one of three states: normal, underload or overload. The rigtai is character-
ized by high CPU activity, the underload state is charaaeérizy low CPU activity
and few page replacements, the overload state has modetate CPU load but
many page replacements; see FigRr20h The boundaries between the regions
and the time for measuring the load were determined fromIsitions using typ-
ical loads. The control strategy was to do nothing in the notosd condition,
to exclude a process from memory in the overload conditiahtarallow a new
process or a previously excluded process in the underloaditoan. The crosses
in Figure2.20ashow the effectiveness of the simple feedback system inlateul
loads. Similar principles are used in many other situatieng., in fast, on-chip
cache memory. N

Example 2.12 Consensus protocols in sensor networks

Sensor networks are used in a variety of applications whergvaré to collect
and aggregate information over a region of space using pheilsiensors that are
connected together via a communications network. Examptdsde monitoring
environmental conditions in a geographical area (or inaitailding), monitoring
the movement of animals or vehicles and monitoring the nesoloading across
a group of computers. In many sensor networks the computdtiesources are
distributed along with the sensors, and it can be importarthie set of distributed
agents to reach a consensus about a certain property, stithasrage tempera-
ture in a region or the average computational load amongaf seimputers.

We model the connectivity of the sensor network using a grapthh nodes
corresponding to the sensors and edges corresponding éxigtence of a direct
communications link between two nodes. We use the not&tioto represent the
set of neighbors of a node For example, in the network shown in Figuze2la
N, = f1;3;4;5gandN 3 = f 2;4qg.

To solve the consensus problem Xghbe the state of thigh sensor, correspond-
ing to that sensor's estimate of the average value that wigyang to compute. We
initialize the state to the value of the quantity measuredhieyindividual sensor.
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The consensus protocol (algorithm) can now be realized asahupdate law

x[k+ 1= x[K+g a (K xK): (2.31)
i2Nj
This protocol attempts to compute the average by updatingptiaé state of each
agent based on the value of its neighbors. The combined dgsashiall agents
can be written in the form

xk+ 1= xk gD AXK: (2.32)

whereA is the adjacency matrix and is a diagonal matrix with entries corre-
sponding to the number of neighbors of each node. The cong@escribes the
rate at which the estimate of the average is updated basedfanmation from
neighboring nodes. The matrix:= D Ais called theLaplacianof the graph.
The equilibrium points of equatior2(32) are the set of states such thxgk +

system, corresponding to each sensor having an identitalage a for the av-
erage. Furthermore, we can show thais indeed the average value of the initial
states. Since there can be cycles in the graph, it is poshiétl¢hte state of the sys-
tem could enter into an in nite loop and never converge to tbsitéd consensus
state. A formal analysis requires tools that will be introéld later in the text, but
it can be shown that for any connected graph we can always gdwch that the
states of the individual agents converge to the averagemAlation demonstrating
this property is shown in Figur2.21h N

Biological Systems

Biological systems provide perhaps the richest sourceaaflfack and control ex-
amples. The basic problem of homeostasis, in which a quanidly as temperature
or blood sugar level is regulated to a xed value, is but onehef any types of

complex feedback interactions that can occur in molecukehimes, cells, organ-
isms and ecosystems.

Example 2.13 Transcriptional regulation
Transcription is the process by which messenger RNA (mRNAjenerated from
a segment of DNA. The promoter region of a gene allows trapsen to be con-
trolled by the presence of other proteins, which bind to tfermwter region and
either repress or activate RNA polymerase, the enzyme tiogaiupes an mRNA
transcript from DNA. The mRNA is then translated into a prnotaccording to its
nucleotide sequence. This process is illustrated in FigLg2

A simple model of the transcriptional regulation processhimugh the use
of a Hill function [dJ02 Mur04]. Consider the regulation of a protein A with a
concentration given by, and a corresponding mRNA concentratiog. Let B
be a second protein with concentratipymthat represses the production of protein
A through transcriptional regulation. The resulting dynesrof p, andm, can be
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Figure 2.22:Biological circuitry. The cell on the left is a bovine pulmonary cell, stained s
that the nucleus, actin and chromatin are visible. The gure on the riglelsgan overview
of the process by which proteins in the cell are made. RNA is transcribed DNA by an
RNA polymerase enzyme. The RNA is then translated into a protein by amelig called

a ribosome.

written as

d;th = Is i:;pgab + a0 GhM; d;:a = bama  Chpa; (2.33)
whereag, + aso is the unregulated transcription raig, represents the rate of
degradation of mMRNAagp, Kap and ng, are parameters that describe how B re-
presses Ab, represents the rate of production of the protein from itsexpond-
ing MRNA andd, represents the rate of degradation of the protein A. The pa-
rameterayg describes the “leakiness” of the promoter, and is called the Hill
coef cient and relates to the cooperativity of the promoter.

A similar model can be used when a protein activates the ptamuof another
protein rather than repressing it. In this case, the equaitiave the form

d a ka nab d
it - 1ibka2‘§%ab+ G0 QM "= baMa dapa (2:34)
b

dt

where the variables are the same as described previoudly.thit in the case of
the activator, ifpy is zero, then the production ratedgy (versusasy+ aso for the
repressor). A9y gets large, the rst term in the expression fog approaches 1
and the transcription rate becomag, + ayo (versusag for the repressor). Thus
we see that the activator and repressor act in oppositeofasiuim each other.

As an example of how these models can be used, we consideraditiel of a
“repressilator,” originally due to Elowitz and LeibleE[0Q]. The repressilator is
a synthetic circuit in which three proteins each repressteamon a cycle. This is
shown schematically in Figur223a where the three proteins are TetR¢l and
Lacl. The basic idea of the repressilator is that if TetR is@nésthen it represses
the production of cl. If | clis absent, then Lacl is produced (at the unregulated
transcription rate), which in turn represses TetR. OncR Tetepressed, thancl
is no longer repressed, and so on. If the dynamics of theitaoeidesigned prop-
erly, the resulting protein concentrations will oscillate

We can model this system using three copies of equaBd8y( with A and
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Figure 2.23: The repressilator genetic regulatory network. (a) A schematic diagfahe o
repressilator, showing the layout of the genes in the plasmid that holdg¢hé as well as
the circuit diagram (center). (b) A simulation of a simple model for theaggilator, showing
the oscillation of the individual protein concentrations. (Figure courtesglowitz.)

B replaced by the appropriate combination of TetR, cl and L&ké state of the
system is then given by= ( Mretr; Pretr; Mel; Pei; Miacl; PLact) - Figure2.23bshows
the traces of the three protein concentrations for parasete 2, a = 0.5, k=
6:25 10 4 ag=5 104 g=58 103 b= 0:12andd= 1.2 10 3 with
initial conditionsx(0) = ( 1;0;0;200; 0; 0) (following [ELOQ]). \

Example 2.14 Wave propagation in neuronal networks

The dynamics of the membrane potential in a cell are a fundeharechanism

in understanding signaling in cells, particularly in news@nd muscle cells. The
Hodgkin—Huxley equations give a simple model for studyimgpagation waves
in networks of neurons. The model for a single neuron has titme fo

av_ I I lieak* linput;
dt Na K leak™ linput;

whereV is the membrane potentidl,is the capacitancey, andlk are the current
caused by the transport of sodium and potassium across ltheerabrane Jieax
is a leakage current arlghot is the external stimulation of the cell. Each current

obeys Ohm's law, i.e.,
=gV E);

whereg is the conductance ariglis the equilibrium voltage. The equilibrium volt-
age is given by Nernst's law,
RT Ce
E= —log—;
nF 9 G’
whereR is Boltzmann's constanfl is the absolute temperature,is Faraday's
constantn is the charge (or valence) of the ion andndce are the ion concentra-
tions inside the cell and in the external uid. At 2€ we haveRT=F = 20 mV.
The Hodgkin—Huxley model was originally developed as a mearmedict
the quantitative behavior of the squid giant axéfHb2]. Hodgkin and Huxley
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shared the 1963 Nobel Prize in Physiology (along with J. C. Bydte analysis

of the electrical and chemical events in nerve cell disabsrghe voltage clamp

described in Sectioh.3was a key element in Hodgkin and Huxley's experiments.
N

2.5 Further Reading

Modeling is ubiquitous in engineering and science and hasgthistory in applied
mathematics. For example, the Fourier series was intratogd-ourier when he
modeled heat conduction in solidBqu07. Models of dynamics have been de-
veloped in many different elds, including mechanigsrp78, Gol53, heat con-
duction [CJ59, uids [ BRS6Q, vehicles Pbk69, Bla9l, Ell94], robotics MLS94,
SV89, circuits [Gui63, power systemsun93, acousticsBer54 and microme-
chanical systemsSen01. Control theory requires modeling from many differ-
ent domains, and most control theory texts contain sevérapters on model-
ing using ordinary differential equations and differencpiaions (see, for ex-
ample, FPENOQY). A classic book on the modeling of physical systems, espe-
cially mechanical, electrical and thermo uid systems, isn@en [Can03. The
book by Aris [Ari94] is highly original and has a detailed discussion of the use
of dimension-free variables. Two of the authors' favoritsoks on modeling of
biological systems are J. D. Murrayilir04] and Wilson Wil99].

Exercises

2.1 (Chain of integrators form) Consider the linear ordinarifedéential equa-
tion (2.7). Show that by choosing a state space representationxyithy, the

dynamics can be written as
9 8 9

8
o 1 0 0
. . 0 8 9
A= 0 - 0% g=f &, Cc=!1: 0 0:
0 0o 1 :

8 a1 a’ T
This canonical form is called thehain of integratordorm.

2.2(Inverted pendulum) Use the equations of motion for a baaystem to derive
a dynamic model for the inverted pendulum described in Exa2@and verify
that for smallg the dynamics are approximated by equatipri ().

2.3(Discrete-time dynamics) Consider the following discriéee system

x[k+ 1] = AYK] + BUK]; y[k] = CXK];
where 8 9 8 9 8 9 . .
x=3X3.  p- 381 a3 B=3%. c-i11 0 :

. X2 i) O a221 ; . 11 EH
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In this problem, we will explore some of the properties ottliscrete-time system
as a function of the parameters, the initial conditions dednputs.

(&) For the case whem, = 0 andu= 0, give a closed form expression for the
output of the system.

(b) A discrete system is iaquilibriumwhenx[k+ 1] = x[K] for all k. Letu= r be

a constant input and compute the resulting equilibrium fplointhe system. Show
that if ja;j < 1 for all i, all initial conditions give solutions that converge to the
equilibrium point.

(c) Write a computer program to plot the output of the systenesponse to a unit
step inputulk] = 1,k 0. Plot the response of your system wifld] = 0 andA
given byaj1 = 0:5,a;2 = 1 anday, = 0:25.

2.4 (Keynesian economics) Keynes' simple model for an econangjvien by
Y[Kl = C[K] + I[k] + G[K];

whereY, C, | andG are gross national product (GNP), consumption, investment
and government expenditure for ydaiConsumption and investment are modeled
by difference equations of the form

Clk+ 1= aY[kl;  I[k+ 1] = b(Ck+ 1] CIK]);

wherea and b are parameters. The rst equation implies that consumptien in
creases with GNP but that the effect is delayed. The secoratiequmplies that
investment is proportional to the rate of change of consionpt

Show that the equilibrium value of the GNP is given by

1
1 a

where the parameter=(1 a) is the Keynes multiplier (the gain froinor G to
Y). With a= 0:75 an increase of government expenditure will result in aftdd
increase of GNP. Also show that the model can be written a®tlogving discrete-
time state mgdel. 98 9 8 9

sClkrllz _ 3 a  azzCldy | 3 a3 o

©I[k+ 1] "ab b ab " Ik’ - ab '

Y[K] = CK]+ I[K]+ GIK]:

Ye=

(let Ge);

2.5(Least squares system identi cation) Consider a nonlindéaréintial equatione
that can be written in the form

dx ¥
— = a aifi(x;

dt 2y
where f;(x) are known nonlinear functions ar are unknown, but constant, pa-
rameters. Suppose that we have measurements (or estimiaties)all statex at
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mined by nding the least squares solution to a linear equaticthe form

Ha = b;
wherea 2 RM is the vector of all parameters amti2 RN M andb 2 RN are
appropriately de ned.

2.6(Normalized oscillator dynamics) Consider a damped sp#imgss system with
dynamics
mg+ cq+ kq= F:

Letwp= P k=mbe the natural frequency aad= c=(2p km) be the damping ratio.

(a) Show that by rescaling the equations, we can write therdiazin the form
G+ 22Woq+ WEq= WAL; (2.35)
whereu= F=k. This form of the dynamics is that of a linear oscillator witttural
frequencywy and damping ratia@.
(b) Show that the system can be further normalized and wiiitt&me form
a ~ 2 dt

The essential dynamics of the system are governed by a siagipidg parameter
z. TheQ-valuede ned asQ = 1=2z is sometimes used insteadof

L 222+ V. (2.36)

2.7 (Electric generator) An electric generator connected toamgtpower grid can
be modeled by a momentum balance for the rotor of the generato
5.

J%tjz: Pn Pe= Pn %sin] ;
wherelJ is the effective moment of inertia of the generajorthe angle of rota-
tion, Py, the mechanical power that drives the generdgrs the active electrical
power, E the generator voltagd/ the grid voltage anK the reactance of the
line. Assuming that the line dynamics are much faster thanrd¢tor dynamics,
P.= VI =(EV=X)sinj , wherel is the current component in phase with the volt-
ageE andj is the phase angle between voltagesndV. Show that the dynamics
of the electric generator has a normalized form that is simd the dynamics of a
pendulum with forcing at the pivot.

2.8 (Admission control for a queue) Consider the queuing sysiescribed in
Example2.10 The long delays created by temporary overloads can be rddyce
rejecting requests when the queue gets large. This allowestgjthat are accepted
to be serviced quickly and requests that cannot be accontetwda receive a
rejection quickly so that they can try another server. Gagrsin admission control
system described by

dx

X
at =lu mnaxm; u= saggy(k(r x); (2.37)
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where the controller is a simple proportional control wititusation (sa) is

de ned by equation 3.9)) andr is the desired (reference) queue length. Use a
simulation to show that this controller reduces the rustrheffect and explain
how the choice of affects the system dynamics.

2.9 (Biological switch) A genetic switch can be formed by contiregtwo repres-
sors together in a cycle as shown below.

A
- 7 N\
" —| —w L A7 [ B ]
B

LUZ

Using the models from Examp®13—assuming that the parameters are the same
for both genes and that the mRNA concentrations reach stetaty quickly—
show that the dynamics can be written in normalized cootdmas

dz m dz m

prrale 21 Vi el

dt  1+2z dt 1+ 2
wherez; andz, are scaled versions of the protein concentrations andrtieedcale

has also been changed. Show thiat 200 using the parameters in Examplé3
and use simulations to demonstrate the switch-like beha¥ithe system.

L Vo (2.38)

2.10 (Motor drive) Consider a system consisting of a motor dgvimo masses
that are connected by a torsional spring, as shown in theatiagelow.

J1 )

_— Motor

wy W
J1 N

This system can represent a motor with a exible shaft thaedrivload. Assuming
that the motor delivers a torque that is proportional to tineemt, the dynamics of
the system can be described by the equations
2. . .
i, o 91 9o +k(1 j2)= ki
dt2 dt dt
oy . . (2.39)
@2, 2 da
2 de2 dt dt
Similar equations are obtained for a robot with exible armsl &éor the arms of
DVD and optical disk drives.
Derive a state space model for the system by introducingmﬁﬁ(alized) state

J

+k(j2 j1)= Ta:

variables; = ] 1, X2 = ] 2, X3 = Wi=Wp, andxs = Wo=wp, wherewg = k(Jl + Jz) =(J1J2)
is the undamped natural frequency of the system when theataignal is zero.



Chapter Three
Examples

... Don't apply any model until you understand the simplifying assumgtionwhich it is
based, and you can test their validity. Catch phrase: use only as dirdatett limit yourself
to a single model: More than one model may be useful for understandiiegedif aspects of
the same phenomenon. Catch phrase: legalize polygamy.”

Saul Golomb, “Mathematical Models—Uses and Limitations,” 1930I7Q.

In this chapter we present a collection of examples spanmiagy different
elds of science and engineering. These examples will be Usedighout the text
and in exercises to illustrate different concepts. Firsietireaders may wish to
focus on only a few examples with which they have had the mast pxperience
or insight to understand the concepts of state, input, dwapd dynamics in a
familiar setting.

3.1 Cruise Control

The cruise control system of a car is a common feedback systeougtered in
everyday life. The system attempts to maintain a constantitglin the presence
of disturbances primarily caused by changes in the slope@dd The controller
compensates for these unknowns by measuring the speed @irthed adjusting
the throttle appropriately.

To model the system we start with the block diagram in Figide Let v be
the speed of the car angd the desired (reference) speed. The controller, which
typically is of the proportional-integral (PI) type des@ibbrie y in Chapterl,
receives the signalg andv; and generates a control signathat is sent to an
actuator that controls the throttle position. The throttiéLirn controls the torque
T delivered by the engine, which is transmitted through trergiand the wheels,
generating a forc& that moves the car. There are disturbance fofgedue to
variations in the slope of the road, the rolling resistanue @aerodynamic forces.
The cruise controller also has a human—machine interfadeattoavs the driver
to set and modify the desired speed. There are also functiatglisconnect the
cruise control when the brake is touched.

The system has many individual components—actuator, engaresmission,
wheels and car body—and a detailed model can be very cortgaich spite of
this, the model required to design the cruise controllertEaguite simple.

To develop a mathematical model we start with a force balfordbe car body.
Let v be the speed of the canthe total mass (including passengefs)he force
generated by the contact of the wheels with the road Fgrile disturbance force
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Actuator |- Controller |- #

A l«—— on/off
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Figure 3.1: Block diagram of a cruise control system for an automobile. The throttle-
controlled engine generates a torquéhat is transmitted to the ground through the gearbox
and wheels. Combined with the external forces from the environmestt,asiaerodynamic
drag and gravitational forces on hills, the net force causes the carue.mbe velocity of

the carvis measured by a control system that adjusts the throttle through an actuatbn
anism. A driver interface allows the system to be turned on and off anettbeence speed

vy to be established.

due to gravity, friction and aerodynamic drag. The equatfonation of the car is
simply d
Y,

The forceF is generated by the engine, whose torque is proportiondido t
rate of fuel injection, which is itself proportional to a d¢osl signal0 u 1
that controls the throttle position. The torque also dep@mdengine speed. A
simple representation of the torque at full throttle is' giby the torque curve

W 2

TwW=Tn 1 b — 1 ; (3.2)

Wm
where the maximum torquR, is obtained at engine speeg,. Typical parameters
areTy= 190 Nm,wy, = 420 rad/s (about 4000 RPM) abd= 0:4. Letn be the gear
ratio andr the wheel radius. The engine speed is related to the veldeiygh the
expression n

w= Fv::anv,

and the driving force can be written as
nu
F= TT(W) = apuT(apv):

Typical values ofa, for gears 1 through 5 a@; = 40,a, = 25,a3= 16,a,= 12
andas = 10. The inverse o0&, has a physical interpretation as thigective wheel
radius Figure 3.2 shows the torque as a function of engine speed and vehicle
speed. The gure shows that the effect of the gear is to “ attdre torque curve
so that an almost full torque can be obtained almost over timerspeed range.

The disturbance forc&q has three major components;, the forces due to
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Figure 3.2: Torque curves for typical car engine. The graph on the left showsotigeie
generated by the engine as a function of the angular velocity of the engiile,the curve
on the right shows torque as a function of car speed for differemsgea

gravity; F, the forces due to rolling friction; arfé, the aerodynamic drag. Letting
the slope of the road be, gravity gives the forcéy = mgsing, as illustrated in
Figure3.33 whereg = 9.8 m/$ is the gravitational constant. A simple model of
rolling friction is

F = mgG sgnv);

whereC; is the coef cient of rolling friction and sgfv) is the sign ofv ( 1) or
zero ifv= 0. A typical value for the coef cient of rolling friction i<, = 0:01.
Finally, the aerodynamic drag is proportional to the squatbespeed:

1
Fa= SrCoAV

wherer is the density of airCy is the shape-dependent aerodynamic drag coef-
cient and A is the frontal area of the car. Typical parametersrare 1.3 kg/n?,
Cq= 0:32 andA= 2.4 n?.

Summarizing, we nd that the car can be modeled by

mzllzanuT(anv) mgG sgn(V) %ersz mgsing; (3.3)

where the functiorT is given by equation3.2). The model 8.3) is a dynamical
system of rst order. The state is the car velooitywhich is also the output. The
input is the signal that controls the throttle position, and the disturbanciés
force Ry, which depends on the slope of the road. The system is nonleeause
of the torque curve, the gravity term and the nonlinear attaraf rolling friction
and aerodynamic drag. There can also be variations in theneéess; e.g., the
mass of the car depends on the number of passengers anddlielog carried in
the car.

We add to this model a feedback controller that attemptsgola¢e the speed
of the car in the presence of disturbances. We shall use agiapal-integral



3.1. CRUISE CONTROL 68

Velocityv [m/s]
3

19t | | | ]
e 0 10 20 30
Timet [s]
1 , ‘ ‘
Q |
q = |
= 0 1 I I
0 10 20 30
Timet [s]
(a) Effect of gravitational forces (b) Closed loop response

Figure 3.3: Car with cruise control encountering a sloping road. A schematic diaggam
shown in (a), and (b) shows the response in speed and throttle whereao$l is encoun-
tered. The hill is modeled as a net change ofrthill angle g, with a linear change in the
angle between= 5 andt = 6. The PI controller has proportional gainkis= 0:5, and the
integral gain isk; = 0:1.

controller, which has the form
z

u= e+ ket

This controller can itself be realized as an input/outputashgital system by de n-
ing a controller state and implementing the differential equation
dz _
at
wherey; is the desired (reference) speed. As discussed brie y in @edtb, the
integrator (represented by the stayensures that in steady state the error will be
driven to zero, even when there are disturbances or modetiogs. (The design
of PI controllers is the subject of Chaptid.) Figure3.3bshows the response of
the closed loop system, consisting of equatid®)@nd @.4), when it encounters
a hill. The gure shows that even if the hill is so steep that theottle changes
from 0.17 to almost full throttle, the largest speed errdess than 1 m/s, and the
desired velocity is recovered after 20 s.

Many approximations were made when deriving the mo8«) (It may seem
surprising that such a seemingly complicated system caeberitbed by the sim-
ple model 8.3). It is important to make sure that we restrict our use of tloeleh
to the uncertainty lemon conceptualized in Fig@r&5h The model is not valid
for very rapid changes of the throttle because we have ightbre details of the
engine dynamics, neither is it valid for very slow changesaose the properties
of the engine will change over the years. Nevertheless ttaems very useful for
the design of a cruise control system. As we shall see in tit@pters, the reason
for this is the inherent robustness of feedback systems:iétlee model is not per-
fectly accurate, we can use it to design a controller and makeof the feedback

v, u=kp(vr v+ kiz (3.4)
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resume

Figure 3.4: Finite state machine for cruise control system. The gure on the left show
some typical buttons used to control the system. The controller can be iof éour modes,
corresponding to the nodes in the diagram on the right. Transition betweendtes is
controlled by pressing one of the ve buttons on the cruise control irgerfan, off, set,
resume or cancel.

in the controller to manage the uncertainty in the system.

The cruise control system also has a human—machine intetfatallows the
driver to communicate with the system. There are many diffenays to imple-
ment this system; one version is illustrated in FigBrd The system has four
buttons: on-off, set/decelerate, resume/accelerateamzet The operation of the
system is governed by a nite state machine that controls theées of the Pl con-
troller and the reference generator. Implementation otrotlers and reference
generators will be discussed more fully in Chagtter

The use of control in automotive systems goes well beyondithpls cruise
control system described here. Applications include eomsscontrol, traction
control, power control (especially in hybrid vehicles) adhptive cruise control.
Many automotive applications are discussed in detail irbibak by Kiencke and
Nielsen KNOQ] and in the survey papers by Powers et BPP6 PNOQ.

3.2 Bicycle Dynamics

The bicycle is an interesting dynamical system with the fesatinat one of its key
properties is due to a feedback mechanism that is createtiebgdsign of the
front fork. A detailed model of a bicycle is complex because system has many
degrees of freedom and the geometry is complicated. Howavgreat deal of
insight can be obtained from simple models.

To derive the equations of motion we assume that the bicptiean the hori-
zontalxy plane. Introduce a coordinate system that is xed to the b&ydth the
x-axis through the contact points of the wheels with the gdyune h-axis hor-
izontal and thez-axis vertical, as shown in Figui@5. Let vy be the velocity of
the bicycle at the rear whedd,the wheel basg, the tilt angle andd the steering
angle. The coordinate system rotates around the @wvith the angular veloc-
ity w = vpd=b, and an observer xed to the bicycle experiences forces dtieeto
motion of the coordinate system.

The tilting motion of the bicycle is similar to an inverted gerhum, as shown
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Figure 3.5: Schematic views of a bicycle. The steering angld,ignd the roll angle i$ .
The center of mass has heigh&nd distance from a vertical through the contact poiR
of the rear wheel. The wheel basedjsand the trail is.

in the rear view in Figur&.5b. To model the tilt, consider the rigid body obtained
when the wheels, the rider and the front fork assembly are tethe bicycle
frame. Letm be the total mass of the systednthe moment of inertia of this body
with respect to thex-axis andD the product of inertia with respect to thhg axes.
Furthermore, let th& andz coordinates of the center of mass with respect to the
rear wheel contact poinB;, bea andh, respectively. We havé mhé andD =

mah The torques acting on the system are due to gravity and petdtiaction.
Assuming that the steering angfas small, the equation of motion becomes

2 . myh
iitjz vao((j;z = mghsinj + Tod: (3.5)
The termmghsinj is the torque generated by gravity. The terms containiagd
its derivative are the torques generated by steering, Wwihterm(Dvy=b) dd=dt
due to inertial forces and the terﬁm\%hzb) d due to centripetal forces.

The steering angle is in uenced by the torque the rider appbethe handle
bar. Because of the tilt of the steering axis and the shaphleofront fork, the
contact point of the front wheel with the ro&d is behind the axis of rotation of
the front wheel assembly, as shown in FigBr&c. The distance between the
contact point of the front whed®, and the projection of the axis of rotation of
the front fork assembl¥; is called thetrail. The steering properties of a bicycle
depend critically on the trail. A large trail increases #talbut makes the steering
less agile.

A consequence of the design of the front fork is that the sigeangled is
in uenced both by steering torqu€ and by the tilt of the fram¢ . This means
that a bicycle with a front fork is &edback systemas illustrated by the block
diagram in Figure3.6. The steering angle in uences the tilt anglg , and the
tilt angle in uences the steering angle, giving rise to theeglar causality that is
characteristic of reasoning about feedback. For a frork Wath a positive trail,

J
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Figure 3.6: Block diagram of a bicycle with a front fork. The steering torque applietthéo
handlebars iF, the roll angle i§ and the steering angle & Notice that the front fork
creates a feedback from the roll angléo the steering anglé that under certain conditions
can stabilize the system.

the bicycle will steer into the lean, creating a centrifuffate that attempts to
diminish the lean. Under certain conditions, the feedbarkactually stabilize the
bicycle. A crude empirical model is obtained by assuming tine blockB can be
modeled as the static system

d= kT koj: (3.6)

This model neglects the dynamics of the front fork, the tioaerinteraction and
the fact that the parameters depend on the velocity. A mangrate model, called
theWhipple modelis obtained using the rigid-body dynamics of the front farkl
the frame. Assuirgninég small anglges, this model bec%mes8 9

: . 0
ngd’g + CVo.gjd,B +(Ko+ KZV%)-gjd’B = BT? ; (3.7)

where the elements of the 22 matricedM, C, Ko andK; depend on the geometry
and the mass distribution of the bicycle. Note that this Hasra somewhat similar
to that of the spring—mass system introduced in Chaptard the balance system
in Example2.1 Even this more complex model is inaccurate because theater
tion between the tire and the road is neglected; takingtibddsdccount requires two
additional state variables. Again, the uncertainty lenmoRigure2.15bprovides a
framework for understanding the validity of the model untierse assumptions.

Interesting presentations on the development of the kBcgok given in the
books by D. Wilsonil04] and Herlihy Her04. The model 8.7) was presented
in a paper by Whipple in 1899/4hi99]. More details on bicycle modeling are
given in the paper4dKLO5], which has many references.

3.3 Operational Ampli er Circuits

An operational ampli er (op amp) is a modern implementatioBlack's feedback
ampli er. It is a universal component that is widely used fostrumentation, con-
trol and communication. It is also a key element in analogmating. Schematic
diagrams of the operational ampli er are shown in Fig8r& The ampli er has
one inverting inputy{ ), one noninverting inputv; ) and one outputvoyy). There
are also connections for the supply voltages,ande., and a zero adjustment
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(a) Chip pinout (b) Full schematic (c) Simple view

Figure 3.7: An operational ampli er and two schematic diagrams. (a) The ampli er pin
connections on an integrated circuit chip. (b) A schematic with all conmet{c) Only the
signal connections.

(offset null). A simple model is obtained by assuming that ifput currents
andi, are zero and that the output is given by the static relation

Vout= Sty vma) KV V) (3.8)

where sat denotes the saturation fugction

2a ifx<a
Satap) (X) = X ifa x b (3.9)
b if x> h:

We assume that the galkis large, in the range of £810%, and the voltagesmi,

andvmax satisfy
e Vmin < Vmax €+

and hence are in the range of the supply voltages. More decoradels are ob-
tained by replacing the saturation function with a smooticfion as shown in
Figure3.8. For small input signals the ampli er characterist&:§) is linear:

Vout= K(v+ Vv )=: kv (3.10)
Vout
Vmax
V4 \"
Vmin

Figure 3.8: Input/output characteristics of an operational ampli er. The differéimijaut is
given byv: v . The output voltage is a linear function of the input in a small range around
0, with saturation a¥iin andvmay. In the linear regime the op amp has high gain.
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(a) Ampli er circuit (b) Block diagram

Figure 3.9: Stable ampli er using an op amp. The circuit (a) uses negative feédiracind
an operational ampli er and has a corresponding block diagram {i® r&sistor&; andR,
determine the gain of the ampli er.

Since the open loop gakis very large, the range of input signals where the system
is linear is very small.

A simple ampli er is obtained by arranging feedback aroungl ltlasic opera-
tional ampli er as shown in Figur8.9a To model the feedback ampli er in the
linear range, we assume that the currignt i + i+ is zero and that the gain of
the ampli er is so large that the voltage= v v, is also zero. It follows from
Ohm's law that the currents through resistBisandR, are given by

il ow
R R’
and hence the closed loop gain of the ampli er is
V2 Ry
" Kel where kg R (3.11)

A more accurate model is obtained by continuing to negleetdinrrentio but
assuming that the voltagas small but not negligible. The current balance is then

Vi V_V Vo

R R~

Assuming that the ampli er operates in the linear range amagusquation 8.10,
the gain of the closed loop system becomes

Vo R2 le

= =" = 3.13
kCI V1 Ri Ri+ R+ kR]_ ( )

If the open loop gairk of the operational ampli er is large, the closed loop gain
ke is the same as in the simple model given by equat®tlj. Notice that the
closed loop gain depends only on the passive componenthiandariations irk
have only a marginal effect on the closed loop gain. For exerifigk = 10° and
Ro=R; = 100, a variation ok by 100% gives only a variation of 0.01% in the closed
loop gain. The drastic reduction in sensitivity is a nicesthation of how feedback
can be used to make precise systems from uncertain comgoiretitis particular
case, feedback is used to trade high gain and low robustoeks\f gain and high
robustness. EquatioB.(l3 was the formula that inspired Black when he invented
the feedback ampli erBla34] (see the quote at the beginning of Chafiay.

(3.12)
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Figure 3.10: Circuit diagram of a PI controller obtained by feedback around aratipeal
ampli er. The capacito€ is used to store charge and represents the integral of the input.

It is instructive to develop a block diagram for the feedbaokpli er in Fig-
ure3.9a To do this we will represent the pure ampli er with inpuand output,
as one block. To complete the block diagram, we must deshdtes depends on
vy andvz. Solving equation3.12) for v gives

=R R R R
"RitR R+R - Ri+R Ry 0
and we obtain the block diagram shown in Fig8réh The diagram clearly shows
that the system has feedback and that the gain fromvis Ri=(R; + Ry), which
can also be read from the circuit diagram in Fig8r@a If the loop is stable and
the gain of the ampli er is large, it follows that the ermeis small, and we nd that
Vo = (Rx=Ry)vi. Notice that the resistdR; appears in two blocks in the block
diagram. This situation is typical in electrical circuitsdhait is one reason why
block diagrams are not always well suited for some types g$iglal modeling.
The simple model of the ampli er given by equatidh 10 provides qualitative
insight, but it neglects the fact that the ampli er is a dynaatisystem. A more
realistic model is

Vv

dVout _
dt
The parametdsthat has dimensions of frequency and is calledjgia-bandwidth
productof the ampli er. Whether a more complicated model is used ddpeon
the questions to be answered and the required size of thetaimtg lemon. The
model @.14) is still not valid for very high or very low frequencies sadrift
causes deviations at low frequencies and there are adalitignamics that appear
at frequencies close tm The model is also not valid for large signals—an upper
limitis given by the voltage of the power supply, typicaltythe range of 5-10 V—
neither is it valid for very low signhals because of electriwaise. These effects can
be added, if needed, but increase the complexity of the aisaly
The operational ampli er is very versatile, and many diffareypstems can be
built by combining it with resistors and capacitors. In fay linear system can
be implemented by combining operational ampli ers with s¢sis and capacitors.
Exercise3.5shows how a second-order oscillator is implemented, and&gy0
shows the circuit diagram for an analog proportional-irdégontroller. To de-
velop a simple model for the circuit we assume that the ctirges zero and that
the open loop gaik is so large that the input voltagds negligible. The currerit

aVout bv. (3.14)
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through the capacitor iss Cdw.=dt, where\, is the voltage across the capacitor.
Since the same current goes through the resigtowe get

j= Vo cdv.
Ry dt’
which implies that
Ve(t) = EZ i(t)ydt= iZtvl(t)dt:
C RiC o
The output voltage is thus given by .
t
Vo(t) = Roi V= FRévl(t) RC o vy(t)dt;

which is the input/output relation for a PI controller.

The development of operational ampli ers was pioneered bydeilck [Lun05,
Phi4g, and their usage is described in many textbooks (eG,75]). Good infor-
mation is also available from suppliedujn02 Man03.

3.4 Computing Systems and Networks

The application of feedback to computing systems followsstrae principles as
the control of physical systems, but the types of measuresr@erd control inputs
that can be used are somewhat different. Measurementso(sgrse typically
related to resource utilization in the computing system emvork and can in-
clude quantities such as the processor load, memory usaggveork bandwidth.
Control variables (actuators) typically involve settiimgits on the resources avail-
able to a process. This might be done by controlling the amoumtemory, disk
space or time that a process can consume, turning on or afeégsmng, delaying
availability of a resource or rejecting incoming requests: tserver process. Pro-
cess modeling for networked computing systems is alsoagithg, and empirical
models based on measurements are often used when a rstgtemmodel is not
available.

Web Server Control

Web servers respond to requests from the Internet and gravidrmation in the
form of web pages. Modern web servers start multiple pr@sess respond to
requests, with each process assigned to a single sourtaafiirther requests are
received from that source for a prede ned period of time. Psses that are idle
become part of a pool that can be used to respond to new reqiiesprovide a
fast response to web requests, it is important that the wefersprocesses do not
overload the server's computational capabilities or exhédsimemory. Since other
processes may be running on the server, the amount of aegiledcessing power
and memory is uncertain, and feedback can be used to prowmk gerformance
in the presence of this uncertainty.
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Figure 3.11:Feedback control of a web server. Connection requests arriveiopat queue,
where they are sent to a server process. A nite state machine keegofrtne state of the
individual server processes and responds to requests. A colgasitm can modify the
server's operation by controlling parameters that affect its behastich as the maximum
number of requests that can be serviced at a single i@ Clients ) or the amount of
time that a connection can remain idle before it is droppeebpAlive ).

Figure 3.11 illustrates the use of feedback to modulate the operatioanof
Apache web server. The web server operates by placing ingpoainnection re-
guests on a queue and then starting a subprocess to handéstefpr each ac-
cepted connection. This subprocess responds to requestafgiven connection
as they come in, alternating betweeBuasy state and &Vait state. (Keeping the
subprocess active between requests is known agedtsistencef the connection
and provides a substantial reduction in latency to reqiestsultiple pieces of
information from a single site.) If no requests are receifgrda suf ciently long
period of time, controlled by th&eepAlive parameter, then the connection is
dropped and the subprocess enterkiéan state, where it can be assigned another
connection. A maximum ofaxClients  simultaneous requests will be served,
with the remainder remaining on the incoming request queue.

The parameters that control the server represent a tradeetffeen perfor-
mance (how quickly requests receive a response) and resosage (the amount
of processing power and memaory used by the server). IncrggdstMaxClients
parameter allows connection requests to be pulled off ofjtieue more quickly
but increases the amount of processing power and memorg tisagis required.
Increasing th&eepAlive timeout means that individual connections can remain
idle for a longer period of time, which decreases the prangdsad on the ma-
chine but increases the size of the queue (and hence the aofdime required
for a user to initiate a connection). Successful operatiom lofisy server requires
a proper choice of these parameters, often based on triadramd

To model the dynamics of this system in more detail, we craaliscrete-time
model with states given by the average processor lgg¢land the percentage
memory usag&mnem 1he inputs to the system are taken as the maximum number
of clientsumc and the keep-alive timey,. If we assume a linear model around the
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egumbnum point, the dynamics can be written as
9 8 98 9 8

2 XopdK+ 13 _ 3 Au Az 3 XpdK 3 | 3Bu Blz; ; uka[k]B
" XmenlK+ 1]’ A1 A2 7 XmemlK” 7 Ba1 Bz’ T Umc[K]

where the coef cients of th& andB matrices can be determined based on empiri-
cal measurements or detailed modeling of the web servertsssing and memory
usage. Using system identi cation, Diao et &0GH+02 HDPTO04 identi ed the
linearized dynamics as

9
A= 054 Ollz o g 85 443
0:026 Q63" ° 25 28

where the system was linearized about the equilibrium point
Xepu= 0:58; Uka= 115 Xmem= 0:55 Umc = 600

This model shows the basic characteristics that were destabove. Looking
rst at the B matrix, we see that increasing theepAlive timeout ( rst col-
umn of theB matrix) decreases both the processor usage and the menagg us
since there is more persistence in connections and hensenyer spends a longer
time waiting for a connection to close rather than taking orea active connec-
tion. TheMaxClients  connection increases both the processing and memory
requirements. Note that the largest effect on the procésadiis theKeepAlive
timeout. TheA matrix tells us how the processor and memory usage evolvesin a
gion of the state space near the equilibrium point. The diagenms describe how
the individual resources return to equilibrium after a sient increase or decrease.
The off-diagonal terms show that there is coupling betweertwo resources, so
that a change in one could cause a later change in the other.

Although this model is very simple, we will see in later exdegpthat it can
be used to modify the parameters controlling the serverahtime and provide
robustness with respect to uncertainties in the load on thehine. Similar types
of mechanisms have been used for other types of serversintpigrtant to re-
member the assumptions on the model and their role in daterghiwhen the
model is valid. In particular, since we have chosen to useagequantities over
a given sample time, the model will not provide an accurafgesentation for
high-frequency phenomena.

; (3.15)

10 4

Congestion Control

The Internet was created to obtain a large, highly decen¢m@lief cient and ex-
pandable communication system. The system consists of @ tangber of inter-
connected gateways. A message is split into several packéth are transmitted
over different paths in the network, and the packages aoinesj to recover the
message at the receiver. An acknowledgment (“ack”) messaggnt back to the
sender when a packet is received. The operation of the systgoverned by a
simple but powerful decentralized control structure tre Bvolved over time.
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Figure 3.12: Internet congestion control. (a) Source computers send informati@uters,
which forward the information to other routers that eventually connecietogbeiving com-
puter. When a packet is received, an acknowledgment packetisasknthrough the routers
(not shown). The routers buffer information received from thersesiand send the data
across the outgoing link. (b) The equilibrium buffer skzefor a set ofN identical comput-
ers sending packets through a single router with drop probability

The system has two control mechanisms cafestocols the Transmission
Control Protocol (TCP) for end-to-end network communicatiod ¢he Internet
Protocol (IP) for routing packets and for host-to-gateway ategay-to-gateway
communication. The current protocols evolved after sometapalar congestion
collapses occurred in the mid 1980s, when throughput ureésgly could drop by
a factor of 1000 Jac9%. The control mechanism in TCP is based on conserving
the number of packets in the loop from the sender to the recaivd back to the
sender. The sending rate is increased exponentially whee th@o congestion,
and it is dropped to a low level when there is congestion.

To derive an overall model for congestion control, we motleé¢ separate
elements of the system: the rate at which packets are semdbyidual sources
(computers), the dynamics of the queues in the links (reptmnd the admission
control mechanism for the queues. FigBr&2ais a block diagram of the system.

The current source control mechanism on the Internet is @gpobknown as
TCP/Reno [PDO0Z. This protocol operates by sending packets to a receiver and
waiting to receive an acknowledgment from the receivertti@packet has arrived.
If no acknowledgment is sent within a certain timeout pertbd packet is retrans-
mitted. To avoid waiting for the acknowledgment before segdhe next packet,
Reno transmits multiple packets up to a xathdowaround the latest packet that
has been acknowledged. If the window length is chosen plygpeickets at the be-
ginning of the window will be acknowledged before the soure@smits packets
at the end of the window, allowing the computer to continlpageam packets at
a high rate.

To determine the size of the window to use, TCP/Reno uses adekdbech-
anism in which (roughly speaking) the window size is incezblsy 1 every time a
packet is acknowledged and the window size is cut in half wremrkets are lost.
This mechanism allows a dynamic adjustment of the window isizehich each
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computer acts in a greedy fashion as long as packets are delingred but backs
off quickly when congestion occurs.

A model for the behavior of the source can be developed byrithésg the
dynamics of the window size. Suppose we h&l/eomputers and lety; be the
current window size (measured in number of packets) foritihneomputer. Let
g represent the end-to-end probability that a packet will tipped someplace
between the source and the receiver. We can model the dysaiibe window
size by the differential equation

dwi _ it ti)

at (1 o) W
wheret; is the end-to-end transmission time for a packet to reacbgsmhtion and
the acknowledgment to be sent back ant the resulting rate at which packets
are cleared from the list of packets that have been receisal. rst term in the
dynamics represents the increase in window size when a pe&ckeceived, and
the second term represents the decrease in window size whaokat is lost.
Notice thatr; is evaluated at time t;, representing the time required to receive
additional acknowledgments.

The link dynamics are controlled by the dynamics of the rogtezue and the
admission control mechanism for the queue. Assume that welhlnks in the
network and usé to index the individual links. We model the queue in terms of
the current number of packets in the router's buffeand assume that the router
can contain a maximum df-max packets and transmits packets at a cptequal
to the capacity of the link. The buffer dynamics can then bétanias

+ qi( %ri(t ) ri= - (3.16)

d o
D=5 o s= & o) 317)
fi: 12Lg

wherelL; is the set of links that are being used by soUrcté is the time it takes a
packet from sourceto reach linkl ands is the total rate at which packets arrive
at link .

The admission control mechanism determines whether a gisekep is ac-
cepted by a router. Since our model is based on the averag#topsaim the net-
work and not the individual packets, one simple model is tmase that the proba-
bility that a packet is dropped depends on how full the buffep, = my(by; bmax) .
For simplicity, we will assume for now thatj = r b (see Exercis8.6for a more
detailed model). The probability that a packet is dropped given link can be
used to determine the end-to-end probability that a paskest in transmission:

a=1 O@ p) & nmt t); (3.18)
12L; 2L
wheretP is the backward delay from linkto sourcel and the approximation is
valid as long as the individual drop probabilities are sma# use the backward
delay since this represents the time required for the acletmment packet to be
received by the source.
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Together, equations3(16), (3.17) and @.18 represent a model of congestion
control dynamics. We can obtain substantial insight by wamg1g a special case
in which we haveN identical sources and 1 link. In addition, we assume for the
moment that the forward and backward time delays can beéghan which case
the dynamics can be reduced to the form

dw 1 rc(2+wd) db N w b

1= B S A — o . - - 1

at 1 2 0 at &7 ¢ 17y (319
wherew; 2 R, i = 1;:::;N, are the window sizes for the sources of d&t2, R

is the current buffer size of the router, controls the rate at which packets are
dropped and is the capacity of the link connecting the router to the cotagsu
The variablet represents the amount of time required for a packet to beepsed
by a router, based on the size of the buffer and the capadihedink. Substituting

t into the equations, we write the state space dynamics as

_ N
dﬂ = E rc 1+ % : ﬂ) = ° Cﬂ
dt b 2 dt =y b
More sophisticated models can be founditMTGOO, LPDOZ.

The nominal operating point for the system can be found bingett = b= O:

c W2 N ew

0=- rc 1+ ; 0=a ——

b 2 ap

Exploiting the fact that all of the source dynamics are id=ifiit follows that all

of thew; should be the same, and it can be shown that there is a unigilibggm
satisfying the equations

_ be _ cte. 1

W NT N 2roNe

The solution for the second equation is a bit messy but catydasidetermined

numerically. A plot of its solution as a function of(@@r 2N?) is shown in Fig-

ure3.12h We also note that at equilibrium we have the following aiddil equal-

ities:

c (3.20)

C

(rbe)3+(rbe) 1=0: (3.21)

te= Be _ Nve, Ge= Npe= Nrbe  re= e (3.22)
c c te
Figure3.13shows a simulation of 60 sources communicating across desing
link, with 20 sources dropping out at= 500 ms and the remaining sources in-
creasing their rates (window sizes) to compensate. Notethieabuffer size and
window sizes automatically adjust to match the capacityhefiink.

A comprehensive treatment of computer networks is giveméntéxtbook by
TannenbaumTan9§. A good presentation of the ideas behind the control prin-
ciples for the Internet is given by one of its designers, Vacobson, in Jac95.

F. Kelly [Kel85] presents an early effort on the analysis of the system. Tlo& bo
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Figure 3.13: Internet congestion control faX identical sources across a single link. As
shown on the left, multiple sources attempt to communicate through a rautessz single
link. An “ack” packet sent by the receiver acknowledges that thesaggs was received,;
otherwise the message packet is resent and the sending rate is slowedtdbe source.
The simulation on the right is for 60 sources starting random rates, withi@es dropping
out att = 500 ms. The buffer size is shown at the top, and the individual soates for 6
of the sources are shown at the bottom.

by Hellerstein et al. HDPT04 gives many examples of the use of feedback in
computer systems.

3.5 Atomic Force Microscopy

The 1986 Nobel Prize in Physics was shared by Gerd Binnig andidleiRohrer
for their design of thescanning tunneling microscop&he idea of the instrument
is to bring an atomically sharp tip so close to a conductingase that tunneling
occurs. An image is obtained by traversing the tip acrossahgple and measuring
the tunneling current as a function of tip position. This imien has stimulated
the development of a family of instruments that permit vigagion of surface
structure at the nanometer scale, including db@mic force microscopéAFM),
where a sample is probed by a tip on a cantilever. An AFM canaipen two
modes. Intapping modehe cantilever is vibrated, and the amplitude of vibration
is controlled by feedback. loontact modehe cantilever is in contact with the
sample, and its bending is controlled by feedback. In basesaontrol is actuated
by a piezo element that controls the vertical position ofdhetilever base (or the
sample). The control system has a direct in uence on pictusedityuand scanning
rate.

A schematic picture of an atomic force microscope is shovkiguare3.14a A
microcantilever with a tip having a radius of the order of 10 i3 placed close to
the sample. The tip can be moved vertically and horizontalygia piezoelectric
scanner. It is clamped to the sample surface by attractivelga\Waals forces and
repulsive Pauli forces. The cantilever tilt depends on thedoaphy of the surface
and the position of the cantilever base, which is contraligdhe piezo element.
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Figure 3.14: Atomic force microscope. (a) A schematic diagram of an atomic forceamic
scope, consisting of a piezo drive that scans the sample under the AFMI&iper re ects
off of the cantilever and is used to measure the detection of the tip throwegdadck con-
troller. (b) An AFM image of strands of DNA. (Image courtesy Veecstiaments.)

The tilt is measured by sensing the de ection of the laser besingwa photodiode.
The signal from the photodiode is ampli ed and sent to a colgrahat drives
the ampli er for the vertical position of the cantilever. Bypmtrolling the piezo
element so that the de ection of the cantilever is constdrg,dignal driving the
vertical de ection of the piezo element is a measure of thenitdorces between
the cantilever tip and the atoms of the sample. An image oftiniace is obtained
by scanning the cantilever along the sample. The resolutiakesit possible to
see the structure of the sample on the atomic scale, agalledtin Figure3.14h
which shows an AFM image of DNA.

The horizontal motion of an AFM is typically modeled as a spHAmgss sys-
tem with low damping. The vertical motion is more complicat&éd model the
system, we start with the block diagram shown in FigBr&s Signals that are
easily accessible are the input voltag® the power ampli er that drives the piezo
element, the voltage applied to the piezo element and the output voltagéthe
signal ampli er for the photodiode. The controller is a Pl catigr implemented
by a computer, which is connected to the system by analafigital (A/D) and
digital-to-analog (D/A) converters. The de ection of the tver;j is also shown
in the gure. The desired reference value for the de ection isrgut to the com-
puter.

There are several different con gurations that have diffeidymamics. Here
we will discuss a high-performance system froBA\D+07] where the cantilever
base is positioned vertically using a piezo stack. We bdginniodeling with a
simple experiment on the system. Fig@ré6ashows a step response of a scanner
from the input voltage: to the power ampli er to the output voltageof the signal
ampli er for the photodiode. This experiment captures theaiyits of the chain
of blocks fromutoy in the block diagram in Figurg.15 Figure3.16ashows that
the system responds quickly but that there is a poorly danogeilatory mode
with a period of about 35 ps. A primary task of the modelingoisihderstand the
origin of the oscillatory behavior. To do so we will explofgetsystem in more
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Figure 3.15: Block diagram of the system for vertical positioning of the cantilever for an
atomic force microscope in contact mode. The control system attempisefo tke can-
tilever de ection equal to its reference value. Cantilever de ection is mes ampli ed
and converted to a digital signal, then compared with its reference valaerracting sig-
nal is generated by the computer, converted to analog form, ampli ddant to the piezo
element.

detail.

The natural frequency of the clamped cantilever is typicalyeral hundred
kilohertz, which is much higher than the observed oscdlatdf about 30 kHz.
As a rst approximation we will model it as a static system. Sirthe de ections
are small, we can assume that the bendirgf the cantilever is proportional to the
difference in height between the cantilever tip at the pranethe piezo scanner. A
more accurate model can be obtained by modeling the caettiteva spring—mass
system of the type discussed in Chajier

Figure3.16aalso shows that the response of the power ampli er is fast. The
photodiode and the signal ampli er also have fast responsésan thus be mod-
eled as static systems. The remaining block is a piezo systi#mswspension.
A schematic mechanical representation of the vertical anotif the scanner is
shown in Figure3.16h We will model the system as two masses separated by an
ideal piezo element. The mass is half of the piezo system, and the magsis
the other half of the piezo system plus the mass of the support

A simple model is obtained by assuming that the piezo crgemérates a force
F between the masses and that there is a dangimghe spring. Let the positions
of the center of the masses heandz,. A momentum balance gives the following
model for the system:

d?z d?z dz
Mae - Mg T %g
Let the elongation of the piezo elemdnt zz z be the control variable and
the heightz; of the cantilever base be the output. Eliminating the vaei&bin
eqguations above and substituting | for z, gives the model

k222 F:

d?z dz d?l di
(Myt mp)- o+ G+ kozr = My o+ Co o+ el (3.23)

Summarizing, we nd that a simple model of the system is obtibg mod-
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Figure 3.16: Modeling of an atomic force microscope. (a) A measured step respdhe
top curve shows the voltageapplied to the drive ampli er (50 mV/div), the middle curve
is the outpud/, of the power ampli er (500 mV/div) and the bottom curve is the output
of the signal ampli er (500 mV/div). The time scale is 2&/div. Data have been supplied
by Georg Schitter. (b) A simple mechanical model for the vertical postiamd the piezo
crystal.

eling the piezo by 3.23 and all the other blocks by static models. Introducing
the linear equations= kzu andy = k47, we now have a complete model relat-
ing the outputy to the control signal. A more accurate model can be obtained
by introducing the dynamics of the cantilever and the poweplaer. As in the
previous examples, the concept of the uncertainty lemonguareR.15bprovides

a framework for describing the uncertainty: the model wéldccurate up to the
frequencies of the fastest modeled modes and over a rangetaimin which
linearized stiffness models can be used.

The experimental results in FiguBsl6acan be explained qualitatively as fol-
lows. When a voltage is applied to the piezo, it expandgpthe massm moves
up and the mass, moves down instantaneously. The system settles after aypoorl
damped oscillation.

It is highly desirable to design a control system for the icaftmotion so
that it responds quickly with little oscillation. The instnent designer has sev-
eral choices: to accept the oscillation and have a slow resptime, to design a
control system that can damp the oscillations or to redesigmechanics to give
resonances of higher frequency. The last two alternatiwesagiaster response and
faster imaging.

Since the dynamic behavior of the system changes with theepiep of the
sample, itis necessary to tune the feedback loop. In sinygtems this is currently
done manually by adjusting parameters of a Pl controller. §lage interesting
possibilities for making AFM systems easier to use by intaglg automatic tun-
ing and adaptation.

The book by Sarid$ar9] gives a broad coverage of atomic force microscopes.
The interaction of atoms close to surfaces is fundamentallie state physics, see
Kittel [Kit95]. The model discussed in this section is based on Sch&&r(].
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Figure 3.17: Abstraction used to compartmentalize the body for the purpose of desgrib
drug distribution (based on Teorelldo37). The body is abstracted by a number of com-
partments with perfect mixing, and the complex transport processeapgroximated by
assuming that the ow is proportional to the concentration differencesaicéimpartments.
The constant&; parameterize the rates of ow between different compartments.

3.6 Drug Administration

The phrase “Take two pills three times a day” is a recommeadatith which we
are all familiar. Behind this recommendation is a solutibamopen loop control
problem. The key issue is to make sure that the concentrafiannaoedicine in
a part of the body is suf ciently high to be effective but not lsigh that it will
cause undesirable side effects. The control action is quexhtiake two pills and
sampledgevery 8 hoursThe prescriptions are based on simple models captured in
empirical tables, and the dose is based on the age and wéitiet patient.

Drug administration is a control problem. To solve it we muistlerstand how
a drug spreads in the body after it is administered. This taaitledpharmacoki-
netics is now a discipline of its own, and the models used are caltedpart-
ment modelsThey go back to the 1920s when Widmark modeled the propagatio
of alcohol in the body\\VT24]. Compartment models are now important for the
screening of all drugs used by humans. The schematic diagr&igure3.17il-
lustrates the idea of a compartment model. The body is viewea mumber of
compartments like blood plasma, kidney, liver and tisshes are separated by
membranes. It is assumed that there is perfect mixing sdhbalrug concentra-
tion is constant in each compartment. The complex transpocegses are approx-
imated by assuming that the ow rates between the comparsraatproportional
to the concentration differences in the compartments.

To describe the effect of a drug it is necessary to know batlkdhcentration
and how it in uences the body. The relation between concantratand its effect
eis typically nonlinear. A simple model is

c
: 3.24
Cot Cemax ( )
The effect is linear for low concentrations, and it saturatgsigh concentrations.
The relation can also be dynamic, and it is then catledrmacodynamics
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Compartment Models

The simplest dynamic model for drug administration is olgeiby assuming that
the drug is evenly distributed in a single compartment atteas been adminis-
tered and that the drug is removed at a rate proportionakteohcentration. The
compartments behave like stirred tanks with perfect mixireg ¢ be the concen-
tration,V the volume andj the out ow rate. Converting the description of the
system into differential equations gives the model

dc

i gqc, ¢ O (3.25)
This equation has the solutiaft) = cpe 9V = cpe X, which shows that the con-
centration decays exponentially with the time constartV =q after an injection.
The input is introduced implicitly as an initial conditiontine model 8.25. More
generally, the way the input enters the model depends onewrtig is adminis-
tered. For example, the input can be represented as a massitovthie compart-
ment where the drug is injected. A pill that is dissolved ckso &e interpreted as
an input in terms of a mass ow rate.

The model 8.25 is called a aane-compartment modet asingle-pool model
The parameteg=V is called the elimination rate constant. This simple model
often used to model the concentration in the blood plasman8gsuring the con-
centration at a few times, the initial concentration canlit@imed by extrapolation.
If the total amount of injected substance is known, the vaihtan then be de-
termined a%/ = m~cp; this volume is called thapparent volume of distribution
This volume is larger than the real volume if the concentratiothe plasma is
lower than in other parts of the body. The mod&R#H is very simple, and there
are large individual variations in the parameters. The pataraV andg are often
normalized by dividing by the weight of the person. Typicatameters for aspirin
areV = 0.2 L/kg andq = 0.01(L/h)/kg. These numbers can be compared with a
blood volume of 0.07 L/kg, a plasma volume of 0.05 L/kg, an icethular uid
volume of 0.4 L/kg and an out ow of 0.0015 L/min/kg.

The simple one-compartment model captures the gross betuddoug distri-
bution, but it is based on many simpli cations. Improved migdsan be obtained
by considering the body as composed of several compartrexamples of such
systems are shown in FiguBel8 where the compartments are represented as cir-
cles and the ows by arrows.

Modeling will be illustrated using the two-compartment rabish Figure3.18a
We assume that there is perfect mixing in each compartmehthet the transport
between the compartments is driven by concentration eéiffegs. We further as-
sume that a drug with concentratiogis injected in compartment 1 at a volume
ow rate of uand that the concentration in compartment 2 is the outputcLand
¢, be the concentrations of the drug in the compartments and kendV, be the

is
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Figure 3.18: Schematic diagrams of compartment models. (a) A simple two-compairtme
model. Each compartment is labeled by its volume, and arrows indicat@thef chemical
into, out of and between compartments. (b) A system with six compartmeatsto study
the metabolism of thyroid hormon&pd83. The notationk;; denotes the transport from
compartmeng to compartmeni.

volumes of the compartments. The mass balances for the comerds are

dc

Vld—t1=q(Cz C1) QoCi+ Gl ¢ O

dc

V2T5=Q(C1 ©); © O (3.26)
y= G

Introducing the variableky = gqo=V1, k1 = g=V1, ko = g=V» andbg = ¢p=V; and
using matrix notation, the model can be written as

dt_ =3 1 KLz 3 0oz _ -
ik ko ko C+: o W y 0 1 c (3.27)

Comparing this model with its graphical representation iguFé 3.18a we nd
that the mathematical representati82() can be written by inspection.

It should also be emphasized that simple compartment msdelsas the one
in equation 8.27) have a limited range of validity. Low-frequency limits exime-
cause the human body changes with time, and since the camgrarimodel uses
average concentrations, they will not accurately reprasgid changes. There are
also nonlinear effects that in uence transportation betwthe compartments.

Compartment models are widely used in medicine, engingenimd environ-
mental science. An interesting property of these systeltigats/ariables like con-
centration and mass are always positive. An essential diiycmm compartment
modeling is deciding how to divide a complex system into caripents. Com-
partment models can also be nonlinear, as illustrated inélesection.
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Figure 3.19: Insulin—glucose dynamics. (a) Sketch of body parts involved in the clooitr
glucose. (b) Schematic diagram of the system. (c) Responses of iasdiglucose when
glucose in injected intravenously. FroB84.

Insulin{glucose Dynamics

It is essential that the blood glucose concentration in thaykis kept within a
narrow range (0.7-1.1 g/L). Glucose concentration is in lehby many factors
like food intake, digestion and exercise. A schematic petf the relevant parts
of the body is shown in Figurés19aandb.

There is a sophisticated mechanism that regulates glucosecwation. Glu-
cose concentration is maintained by the pancreas, whiatetescthe hormones
insulin and glucagon. Glucagon is released into the bloedst when the glucose
level is low. It acts on cells in the liver that release glueolsisulin is secreted
when the glucose level is high, and the glucose level is lediday causing the
liver and other cells to take up more glucose. In diseaseguikenile diabetes the
pancreas is unable to produce insulin and the patient mjesitimsulin into the
body to maintain a proper glucose level.

The mechanisms that regulate glucose and insulin are caagdicdynamics
with time scales that range from seconds to hours have besamadnl. Models of
different complexity have been developed. The models ariedilp tested with
data from experiments where glucose is injected intravelyoand insulin and
glucose concentrations are measured at regular time atserv

A relatively simple model called thminimal modeivas developed by Bergman
and coworkersBer89. This models uses two compartments, one representing the
concentration of glucose in the bloodstream and the otlpeesenting the concen-
tration of insulin in the interstitial uid. Insulin in the blodstream is considered
an input. The reaction of glucose to insulin can be modeledhewtiuations

dX]_ _

d )
i (P1+ X2)X1+ P1Qe; (T? = p2x2t p3(Uu e); (3.28)
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wherege andie represent the equilibrium values of glucose and insudinis the
concentration of glucose and is proportional to the concentration of interstitial
insulin. Notice the presence of the tepgx; in the rst equation. Also notice
that the model does not capture the complete feedback locgube it does not
describe how the pancreas reacts to the glucose. FRjtiBeshows a t of the
model to a test on a normal person where glucose was injecteyénously at
timet = 0. The glucose concentration rises rapidly, and the pancespsnds with
a rapid spikelike injection of insulin. The glucose and imsidvels then gradually
approach the equilibrium values.

Models of the type in equatior8(28 and more complicated models having
many compartments have been developed and tted to expetaindsta. A dif -
culty in modeling is that there are signi cant variations irodel parameters over
time and for different patients. For example, the parampien equation 8.28
has been reported to vary with an order of magnitude for heatidividuals. The
models have been used for diagnosis and to develop schem#weftreatment
of persons with diseases. Attempts to develop a fully autimnaati cial pancreas
have been hampered by the lack of reliable sensors.

The papers by Widmark and TandbewyT24] and Teorell feo37 are classics
in pharmacokinetics, which is now an established disaoipliith many textbooks
[Dos68 Jac72 GP83. Because of its medical importance, pharmacokinetics is
now an essential component of drug development. The bookdpysHRig63 is a
good source for the modeling of physiological systems, ambee mathematical
treatment is given inKS01]. Compartment models are discussed@ofi83. The
problem of determining rate coef cients from experimentatalis discussed in
[BA70] and [God83. There are many publications on the insulin—glucose model.
The minimal model is discussed i€T84, Ber89 and more recent references are
[MLKO6, FCF+04.

3.7 Population Dynamics

Population growth is a complex dynamic process that involliesnteraction of
one or more species with their environment and the largesystem. The dynam-
ics of population groups are interesting and important imyndifferent areas of
social and environmental policy. There are examples whewespecies have been
introduced into new habitats, sometimes with disastroaslt® There have also
been attempts to control population growth both througlertiees and through
legislation. In this section we describe some of the modesdan be used to un-
derstand how populations evolve with time and as a functidiner environments.

Logistic Growth Model

Let x be the population of a species at timé simple model is to assume that the
birth rates and mortality rates are proportional to theltotgulation. This gives
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the linear model
dx

dt

where birth rateb and mortality rated are parameters. The model gives an ex-
ponential increase i > d or an exponential decreasehik d. A more realistic
model is to assume that the birth rate decreases when théggiopus large. The
following modi cation of the model 8.29 has this property:

dx X

wherek is the carrying capacityof the environment. The modeB.30 is called
thelogistic growth model

= bx dx=(b d)x=rx x O (3.29)

Predator{Prey Models

A more sophisticated model of population dynamics incluttheseffects of com-
peting populations, where one species may feed on anothsisitiumtion, referred
to as thepredator—prey problemwas introduced in Exampl2 3, where we devel-
oped a discrete-time model that captured some of the featditg@storical records
of lynx and hare populations.

In this section, we replace the difference equation modsd tisere with a more
sophisticated differential equation model. lkéft) represent the number of hares
(prey) and let(t) represent the number of lynxes (predator). The dynamicseof th
system are modeled as

O(Ij': “H 1 % af.i; H o
dL  aHL ’ (3.31)
dt = bc+ v dL; L O

In the rst equation,r represents the growth rate of the haresepresents the
maximum population of the hares (in the absence of lynxespresents the in-
teraction term that describes how the hares are diminishadunction of the lynx
population ana controls the prey consumption rate for low hare populatioithe
second equatiofi represents the growth coef cient of the lynxes ahkpresents
the mortality rate of the lynxes. Note that the hare dynarimichide a term that
resembles the logistic growth modé&l.80).

Of particular interest are the values at which the poputateiues remain con-
stant, callecequilibrium points The equilibrium points for this system can be de-
termined by setting the right-hand side of the above equstio zero. LettingHe
andL. represent the equilibrium state, from the second equatmhave

Le=0 or Hg= at;:dd:

Substituting this into the rst equation, we have that far= 0 eitherHe = 0 or

(3.32)
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Figure 3.20: Simulation of the predator—prey system. The gure on the left shows a-sim
lation of the two populations as a function of time. The gure on the right shtive pop-
ulations plotted against each other, starting from different values of apelation. The
oscillation seen in both gures is an example dfrait cycle The parameter values used for
the simulations ara= 3:2,b= 0:6,c= 50,d = 0:56,k= 125 and = 1:6.

He = k. ForLe 6 0, we obtain
rHe(c+ He) | He _ ber(abk cd dk).
aHe k (ab d)2k

Thus, we have threeé)ossible equilibrium poixds ( Le; He):
O9 8 k9 8 H 9
Xez'BOvB' Xe:'govg' Xe:-B e’B;

L, = (3.33)

e

whereH, andL, are given in equations3(32 and 3.33. Note that the equilib-
rium populations may be negative for some parameter vatogsgsponding to a
nonachievable equilibrium point.

Figure3.20shows a simulation of the dynamics starting from a set of f@mpu
tion values near the nonzero equilibrium values. We seddalis choice of pa-
rameters, the simulation predicts an oscillatory popotatiount for each species,
reminiscent of the data shown in Figuze.

Volume | of the two-volume set by J. D. Murraur04] give a broad coverage
of population dynamics.

Exercises

3.1(Cruise control) Consider the cruise control example deedrin Sectior8.1
Build a simulation that re-creates the response to a hillvehio Figure3.3band
show the effects of increasing and decreasing the mass oathmy 25%. Redesign
the controller (using trial and error is ne) so that it retario within 1% of the
desired speed within 3 s of encountering the beginning ofilhe
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3.2 (Bicycle dynamics) Show that the dynamics of a bicycle frarwergby equa-
tion (3.5 can be8ap%roxirgated in stagteSSpace form as

9
dzxz _3 0 Iyzxz 3 DwAb)sz
dt” xp'  omghg 0 7ot m3h=(bJ)’ ™

y=:-1 0 x
where the inputi is the steering anglé and the outpuy is the tilt anglej . What
do the statex; andx, represent?

3.3 (Bicycle steering) Combine the bicycle model given by emue(3.5) and the
model for steering kinematics in Exam@@e3to obtain a model that describes the
path of the center of mass of the bicycle.

3.4 (Operational ampli er circuit) Consider the op amp circuiosvn below.

V2
O—WA—T—WA AWV
Ry Ra Ro

vi CGi—

Ro
T
C V3
o —|_ 0

Show that the dynamics can be written in state space form as

1 1 0 9 8 19 s
dx _ RICi RC % % R1C1§ . _ - .
thRbl 1X+_o,u’y_01’x’
Ra RCo RoCo

whereu = vy andy = vs. (Hint: Usev, andvs as your state variables.)
3.5(Operational ampli er oscillator) The op amp circuit showridse is an imple-
mentation of an oscillator.

G R4 @]
i w i

RZ . R3 . Rl .
MN ANV
+ V2 + V3 + Vi

Show that the dynamics can be written in state space form as
8 9

0o R
dx _ § R1R301§ .
I 1 X,

dt

RCo

where the state variables represent the voltages acrossplaeitors; = vi and
X2 = Vo.
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3.6 (Congestion control using RED.PW+02) A number of improvements can
be made to the model for Internet congestion control preseimt Section3.4.
To ensure that the router's buffer size remains positivecare modify the buffer
dynamics to satisfy

db _ s ¢ b >0
dt satoy)(s ¢c) b=0:

In addition, we can model the drop probability of a packekllasn how close we
are to the buffer limits, a mechanism known as random eatigotien (RED):

8
0 a.(t) blower

o= m@)= (O N b < a(h) < b

! 3hri(t) (1 20" PP a(t) < 20"
"1 a(t) 2pPP

da _ .
ot aic(a by);

whereay, bPP®, blower and p'PP®" are parameters for the RED protocol.

Using the model above, write a simulation for the system andl anset of
parameter values for which there is a stable equilibriunmipand a set for which
the system exhibits oscillatory solutions. The followingssef parameters should
be explored:

N = 20,30;:::;60; blower = 40 pkts r =01

c= 8,9;:::;15 pktsms b'PPe" = 540 pkts a =10 4

t = 55;60;:::;100 ms
3.7 (Atomic force microscope with piezo tube) A schematic déagrof an AFM
where the vertical scanner is a piezo tube with preloadis@dsvn below.

pem

L

1 kl% L &

C2

Show that the dynamics can be written as

d?z dz d?l dl
(my+ mp) g+ (ot €)oo+ (Kt o)z = My g+ G o+ ol

Are there parameter values that make the dynamics pantigsianple?
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3.8 (Drug administration) The metabolism of alcohol in the body e modeled
by the nonlinear compartment model

C

d dg
VboT(i0 =q(a o)+ Gy, Vige = 9 @) Gmacg oot ot

whereV, = 48 L andV, = 0.6 L are the apparent volumes of distribution of body
water and liver water, andc are the concentrations of alcohol in the compart-
ments, gy anddg are the injection rates for intravenous and gastrointaistin
take,q = 1.5 L/min is the total hepatic blood owgmax = 2.75 mmol/min and
co = 0.1 mmol/L. Simulate the system and compute the concentritithre blood
for oral and intravenous doses of 12 g and 40 g of alcohol.

3.9 (Population dynamics) Consider the model for logistic giogiven by equa-
tion (3.30. Show that the maximum growth rate occurs when the size gbolpe
ulation is half of the steady-state value.

3.10 (Fisheries management) The dynamics of a commercial sherybeade-
scribed by the following simple model:

fjlf[(: f(x) h(xu); y= bh(x;u) cu

wherexis the total biomasd,(X) = rx(1 x=K) is the growth rate anki(x; u) = axu
is the harvesting rate. The outpyis the rate of revenue, and the parametells
andc are constants representing the price of sh and the cost ohghthow that
there is an equilibrium where the steady-state biomags s c=(ab). Compare
with the situation when the biomass is regulated to a cohstdne and nd the
maximum sustainable return in that case.



Chapter Four
Dynamic Behavior

It Don't Mean a Thing If It Ain't Got That Swing.
Duke Ellington (1899-1974)

In this chapter we present a broad discussion of the behakgymamical sys-
tems focused on systems modeled by nonlinear differergizdtons. This allows
us to consider equilibrium points, stability, limit cyclead other key concepts in
understanding dynamic behavior. We also introduce sombadstfor analyzing
the global behavior of solutions.

4.1 Solving Di erential Equations

In the last two chapters we saw that one of the methods of rimapdi/namical
systems is through the use of ordinary differential equati®@DES). A state space,
input/output system has the form

dx _ oo e
P f(x;u); y= h(x;u); 4.1)

The smoothmapé: R" RP! R"andh:R" RP! RYrepresentthe dynamics
and measurements for the system. In general, they can bmeanfunctions of
their arguments. We will sometimes focus on single-inpimgle-output (SISO)
systems, for whictp= gq= 1.

We begin by investigating systems in which the input has Ise¢to a function
of the statepy = a(x). This is one of the simplest types of feedback, in which the
system regulates its own behavior. The differential equatin this case become

dx _ . . B
pr f(x;a(x) =:F(x): (4.2)

To understand the dynamic behavior of this system, we neeshatyze the
features of the solutions of equatioh2). While in some simple situations we can
write down the solutions in analytical form, often we mugdy ren computational
approaches. We begin by describing the class of solutiantbifproblem.

We say thatx(t) is a solution of the differential equation4(2) on the time
intervalts 2 Rtots 2 R if

dx(t) _

T F(x(t)) foralltp<t< ts.
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A given differential equation may have many solutions. W# wmiost often be
interested in thenitial value problem wherex(t) is prescribed at a given time
to 2 R and we wish to nd a solution valid for afuturetimet > tg.

We say thak(t) is a solution of the differential equatiod.@) with initial value
Xo2 RMattg 2 R if

dx(t)
dt

For most differential equations we will encounter, theraismiquesolution that is
de ned fortg < t < t;. The solution may be de ned for all time> tg, in which
case we takeé; = ¥. Because we will primarily be interested in solutions of the
initial value problem for ODEs, we will usually refer to thisrgply as the solution
of an ODE.

We will typically assume thay is equal to 0. In the case whénis independent
of time (as in equatiord(2)), we can do so without loss of generality by choosing
a new independent (time) variabtez t tg (Exercised.l).

X(to) = Xo and = F(x(t)) foralltg<t< ts.

Example 4.1 Damped oscillator
Consider a damped linear oscillator with dynamics of thenfor

G+ 2zwoq+ wiq= 0;

whereq is the displacement of the oscillator from its rest positibmese dynamics
are equivalent to those of a spring—mass system, as showneirtigs?.6. We
assume that < 1, corresponding to a lightly damped system (the reasorhfer t
particular choice will become clear later). We can rewititis in state space form
by settingx; = q andxz = g=wp, giving

dxg _ . dxo )

v WoXo; v WoX1  2ZWpXo:
In vector form, the right-hand sfisde can be Writtengas
F=2 | 02 3

WoX1  2ZWoXo'

The solution to the initial value problem can be written in antuer of different
ways and will be explored in more detail in ChapfeHere we simply assert that
the solution can be written as

1 .
xi(t)= e Zwpt X10COSWgyt + Wd(WoZX]_o‘i' X20) Sinwgt

1 :
Xo(t)= e Zvpt X0 COSWyt W(W3X10+ WoZ X20) Sinwgt
d
wherexg = ( X10; X20) is the initial condition andvgy = wg 1 z2. This solution
can be veri ed by substituting it into the differential eqioat. We see that the so-
lution is explicitly dependent on the initial condition,dhit can be shown that this
solution is unique. A plot of the initial condition resporiseshown in Figuret.1
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Figure 4.1: Response of the damped oscillator to the initial condikigr ( 1;0). The solu-
tion is unique for the given initial conditions and consists of an oscillatorytieoidor each
state, with an exponentially decaying magnitude.

We note that this form of the solution holds only fox0z < 1, corresponding to
an “underdamped” oscillator. N

Without imposing some mathematical conditions on the fiondt, the differ-
ential equation4.2) may not have a solution for &l and there is no guarantee
that the solution is unique. We illustrate these possieditvith two examples.

Example 4.2 Finite escape time
Letx 2 R and consider the differential equation

dx_ >
dt
with the initial conditionx(0) = 1. By differentiation we can verify that the func-
tion
1

X(t) = 11

satis es the differential equation and that it also satis bBe tnitial condition. A
graph of the solution is given in Figude2g notice that the solution goes to in nity
ast goes to 1. We say that this system haise escape time Thus the solution
exists only in the time interval 0 t < 1. N

(4.3)

Example 4.3 Nonunique solution
Letx 2 R and consider the differential equation
dx p_
— =2 X
dt
with initial conditionx(0) = 0. We can show that the function

4.4)

0 ifO t a

XO= ¢ 22 ift>a

satis es the differential equation for all values of the pasdera 0. To see this,
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Figure 4.2: Existence and uniqueness of solutions. EquatiB) (has a solution only for
timet < 1, at which point the solution goes ¥, as shown in (a). Equatio®{) is an

example of a system with many solutions, as shown in (b). For each vilalene get a
different solution starting from the same initial condition.

we differentiatex(t) to obtain

dx_ 0 if0 t a
dt = 2t a) ift>a

and hence = 2IO x forallt 0 with x(0) = 0. A graph of some of the possible
solutions is given in Figurd.2h Notice that in this case there are many solutions
to the differential equation. N

These simple examples show that there may be dif culties evigm simple
differential equations. Existence and uniqueness can beagieed by requiring
that the functior have the property that for some xex R,

kF(x) F(y)k< ckx yk forallx;y;

which is calledLipschitz continuity A suf cient condition for a function to be
Lipschitz is that the JacobiagfF=1x is uniformly bounded for alk. The dif culty
in Example4.2 is that the derivative][F=7x becomes large for large and the
dif culty in Example 4.3is that the derivativ(]F=fx is in nite at the origin.

4.2 Qualitative Analysis

The qualitative behavior of nonlinear systems is importantriderstanding some
of the key concepts of stability in nonlinear dynamics. W feicus on an im-
portant class of systems known as planar dynamical systEmese systems have
two state variablex 2 R?, allowing their solutions to be plotted in thgz; xo)
plane. The basic concepts that we describe hold more ggnaralican be used to
understand dynamical behavior in higher dimensions.

Phase Portraits

A convenient way to understand the behavior of dynamicalesys with state
x 2 R? is to plot the phase portrait of the system, brie y introdudedhapter2.
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(a) Vector eld (b) Phase portrait

Figure 4.3: Phase portraits. (a) This plot shows the vector eld for a planar dyremics-
tem. Each arrow shows the velocity at that point in the state space. (bpl®hiacludes the
solutions (sometimes called streamlines) from different initial conditiorith the vector
eld superimposed.

We start by introducing the concept ofvactor eld. For a system of ordinary

differential equations

dx
at F(x);

the right-hand side of the differential equation de nes agrgw 2 R" a velocity
F(x) 2 R". This velocity tells us how changes and can be represented as a vector
F(x) 2 R".

For planar dynamical systems, each state corresponds totarpihe plane and
F(X) is a vector representing the velocity of that state. We cahthese vectors
on a grid of points in the plane and obtain a visual image ofdyramics of the
system, as shown in Figu#ke3a The points where the velocities are zero are of
particular interest since they de ne stationary points ef thw: if we start at such
a state, we stay at that state.

A phase portraitis constructed by plotting the ow of the vector eld corre-
sponding to the planar dynamical system. That is, for a selitidli conditions, we
plot the solution of the differential equation in the plaR& This corresponds to
following the arrows at each point in the phase plane andidgthe resulting tra-
jectory. By plotting the solutions for several differenitial conditions, we obtain
a phase portrait, as show in Figute8h Phase portraits are also sometimes called
phase plane diagrams

Phase portraits give insight into the dynamics of the systgshbwing the so-
lutions plotted in the (two-dimensional) state space oftstem. For example, we
can see whether all trajectories tend to a single point as iticreases or whether
there are more complicated behaviors. In the example in €48y corresponding
to a damped oscillator, the solutions approach the origimlianitial conditions.
This is consistent with our simulation in Figudel, but it allows us to infer the
behavior for all initial conditions rather than a singletiai condition. However,
the phase portrait does not readily tell us the rate of chahtjee states (although
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Figure 4.4: Equilibrium points for an inverted pendulum. An inverted pendulum is a node
for a class of balance systems in which we wish to keep a system uprightasa rocket (a).
Using a simpli ed model of an inverted pendulum (b), we can developaselportrait that
shows the dynamics of the system (c). The system has multiple equilibriints pmarked

by the solid dots along the = 0 line.

this can be inferred from the lengths of the arrows in theareetid plot).

Equilibrium Points and Limit Cycles

An equilibrium pointof a dynamical system represents a stationary condition for
the dynamics. We say that a stages an equilibrium point for a dynamical system

dx

gt - F®

if F(xe) = 0. If a dynamical system has an initial conditig{®) = X, then it will

stay at the equilibrium poink(t) = xe for allt 0, where we have takdp= 0.
Equilibrium points are one of the most important features dfiaamical sys-

tem since they de ne the states corresponding to constamatipg conditions. A

dynamical system can have zero, one or more equilibriumtgoin

Example 4.4 Inverted pendulum
Consider the inverted pendulum in Figrd, which is a part of the balance system
we considered in Chapt@ The inverted pendulum is a simpli ed version of the
problem of stabilizing a rocket: by applying forces at thedaf the rocket, we
seek to keep the rocket stabilized in the upright positiore $tate variables are
the angleqg = x; and the angular velocitgg=dt = xp, the control variable is the
accelerationu of the pivot and the output is the angfe

For simplicity we assume thangl=) = 1 andl=} = 1, so that the dynamics

(equation 2.10) become 9

dx _ 3 X2 g:

dt ~ ° sinxg CX+ UCOSXy’ (4-5)

This is a nonlinear time-invariant system of second orders $hme set of equa-
tions can also be obtained by appropriate normalizatiohe@system dynamics as
illustrated in Example.7.
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Figure 4.5: Phase portrait and time domain simulation for a system with a limit cycle. The
phase portrait (a) shows the states of the solution plotted for different irithlitions. The
limit cycle corresponds to a closed loop trajectory. The simulation (b) slacsingle solution
plotted as a function of time, with the limit cycle corresponding to a steady dswillaf

xed amplitude.

We consider the open loop dynamics by setting 0. The equilibrium points
for the system are given by 8 9

wheren= 0;1;2;:::. The equilibrium points fon even correspond to the pendu-
lum pointing up and those farodd correspond to the pendulum hanging down. A
phase portrait for this system (without corrective inpuigsghown in Figuret.4c.
The phase portrait shows2p X1 2p, so ve of the equilibrium points are
shown. N

Nonlinear systems can exhibit rich behavior. Apart fromikdopia they can
also exhibit stationary periodic solutions. This is of grpedctical value in gen-
erating sinusoidally varying voltages in power systemsnogénerating periodic
signals for animal locomotion. A simple example is given ireExse4.12 which
shows the circuit diagram for an electronic oscillator. Amalized model of the
oscillator is given by the equation

dx

dx
d—tlzxz+ xi(1 X2 X3); G- el X x3): (4.6)

The phase portrait and time domain solutions are given in Eiguls The gure
shows that the solutions in the phase plane converge to@anirttajectory. In the
time domain this corresponds to an oscillatory solutiontiidenatically the circle
is called dimit cycle. More formally, we call an isolated solutiot) a limit cycle
of periodT > Oif x(t+ T) = x(t) forallt 2 R.

There are methods for determining limit cycles for secordkosystems, but
for general higher-order systems we have to resort to coatipnal analysis. Com-
puter algorithms nd limit cycles by searching for periodi@jectories in state
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Figure 4.6: lllustration of Lyapunov's concept of a stable solution. The solutiones@nted
by the solid line is stable if we can guarantee that all solutions remain within adfube
diametere by choosing initial conditions suf ciently close the solution.

space that satisfy the dynamics of the system. In many ginststable limit cy-
cles can be found by simulating the system with differerttahconditions.

4.3 Stability

The stability of a solution determines whether or not sohgiaearby the solution
remain close, get closer or move further away. We now giveradbde nition of
stability and describe tests for determining whether atgwius stable.

De nitions

Let x(t;a) be a solution to the differential equation with initial catmoh a. A
solution isstableif other solutions that start nearstay close to(t; a). Formally,
we say that the solutior(t;a) is stable if for alle > 0, there exists & > 0 such

that
kb ak<d =) k xt;b) x(t;a)k< e forallt> 0:

Note that this de nition does not imply tha(t;b) approachesg(t;a) as time in-
creases but just that it stays nearby. Furthermore, the wildemay depend on
e, so that if we wish to stay very close to the solution, we mayeha start very,
very close @ e). This type of stability, which is illustrated in Figue6, is also
calledstability in the sense of Lyapund¥a solution is stable in this sense and the
trajectories do not converge, we say that the solutioreigrally stable

An important special case is when the solutiftya) = Xe is an equilibrium
solution. Instead of saying that the solution is stable, weply say that the equi-
librium point is stable. An example of a neutrally stableigqrium point is shown
in Figure4.7. From the phase portrait, we see that if we start near theileduih
point, then we stay near the equilibrium point. Indeed, iig example, given any
ethat de nes the range of possible initial conditions, we campdy choosed = e
to satisfy the de nition of stability since the trajectoriage perfect circles.

A solutionx(t; a) is asymptotically stablé it is stable in the sense of Lyapunov
and alsox(t;b) ! x(t;a) ast! ¥ for b suf ciently close toa. This corresponds
to the case where all nearby trajectories converge to thdessalution for large
time. Figure4.8 shows an example of an asymptotically stable equilibriuintpo
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Figure 4.7: Phase portrait and time domain simulation for a system with a single stable
equilibrium point. The equilibrium pointe at the origin is stable since all trajectories that
start neaxe stay neake.

Note from the phase portraits that not only do all trajeet®itay near the equi-
librium point at the origin, but that they also all approabh brigin ad gets large
(the directions of the arrows on the phase portrait show itteetibn in which the
trajectories move).

A solutionx(t; a) is unstablef it is not stable. More speci cally, we say that a
solutionx(t; a) is unstable if given some > 0, there doesot exist ad > 0 such
thatifkb ak< d, thenkx(t;b) x(t;a)k < efor all t. An example of an unstable
equilibrium point is shown in Figuré.9,

The de nitions above are given without careful descriptiorttedir domain of
applicability. More formally, we de ne a solution to Hecally stable(or locally
asymptotically stablef it is stable for all initial conditionsx 2 B;(a), where

Bi(a)= fx:kx ak<rg

is a ball of radius arounda andr > 0. A system isglobally stableif it is sta-
ble for all r > 0. Systems whose equilibrium points are only locally stalale c

@
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Figure 4.8: Phase portrait and time domain simulation for a system with a single asymptoti-
cally stable equilibrium point. The equilibrium poixy at the origin is asymptotically stable
since the trajectories converge to this point &s ¥.
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Figure 4.9: Phase portrait and time domain simulation for a system with a single unstable
equilibrium point. The equilibrium pointe at the origin is unstable since not all trajectories
that start neare stay neawe. The sample trajectory on the right shows that the trajectories
very quickly depart from zero.

have interesting behavior away from equilibrium pointswasexplore in the next
section.

For planar dynamical systems, equilibrium points have lessigned names
based on their stability type. An asymptotically stableil#oium point is called
a sink or sometimes a®ttractor. An unstable equilibrium point can be either a
source if all trajectories lead away from the equilibrium point, @ saddle if
some trajectories lead to the equilibrium point and othesseraway (this is the
situation pictured in Figurd.9). Finally, an equilibrium point that is stable but not
asymptotically stable (i.e., neutrally stable, such aotiein Figured.?7) is called
acenter

Example 4.5 Congestion control
The model for congestion control in a network consistiniladlentical computers
connected to a single router, introduced in Sec8ahis given by

dw ¢ w2 db __.wc

b 'Ct7 0 g Ny @
wherew is the window size anldis the buffer size of the router. Phase portraits are
shown in Figuret.10for two different sets of parameter values. In each case we se
that the system converges to an equilibrium point in whighlbffer is below its
full capacity of 500 packets. The equilibrium size of the bufepresents a balance
between the transmission rates for the sources and theityapithe link. We see
from the phase portraits that the equilibrium points arergsgtically stable since
all initial conditions result in trajectories that conver these points. N

Stability of Linear Systems
A linear dynamical system has the form

dx

g - A% X0 =X (4.7)



4.3. STABILITY 105

ul
o
o
al
o
o

o 4007 > @' 400,
< =
= =
o 300 b o 300
() ()
N N
2 200 2 200
() ()
b5 £
> >
o 1004 ® 100
0 0
0 2 4 6 8 10 0 2 4 6 8 10
Window sizew [pkts] Window sizew [pkts]
(@r =2 10 4 c= 10 pkts/ms (b)r =4 10 4, c= 20 pkts/ms

Figure 4.10: Phase portraits for a congestion control protocol running iith 60 identical
source computers. The equilibrium values correspond to a xed wiratdie source, which
results in a steady-state buffer size and corresponding transmist&oA faster link (b) uses
a smaller buffer size since it can handle packets at a higher rate.

whereA2 R" " is a square matrix, corresponding to the dynamics matrix of a
linear control system2(6). For a linear system, the stability of the equilibrium at
the origin can be determined from the eigenvalues of theixnAtr

I (A)= fs2 C:def(sl A)= 0g:

The polynomial ddsl A) is the characteristic polynomiahnd the eigenvalues
are its roots. We use the notatibpfor the jth eigenvalue oA, so that/ ; 2 | (A).
In generall can be complex-valued, althoughAfis real-valued, then for any
eigenvalud , its complex conjugaté will also be an eigenvalue. The origin is
always an equilibrium for a linear system. Since the stabiita linear system
depends only on the matri, we nd that stability is a property of the system. For
a linear system we can therefore talk about the stabilithefdystem rather than
the stability of a particular solution or equilibrium paint
The easiest class of linear systems to analyze are those sy&teen matrices
are in diagonal form. In this case, the dynamics have the form
1 0
dx I'2
qt ' X: (4.8)
-0 Iy
It is easy to see that the state trajectories for this systenmdependent of each
other, so that we can write the solution in termsafidividual systems; = | jx;.
Each of these scalar solutions is of the form

xj(t) = €1'x;(0):

We see that the equilibrium point = O is stable if/ ; 0 and asymptotically
stable if/ j < 0.
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Another simple case is when the dynamics are in the bloclodiaigform
8

S Wh 0 0

wy s 0 0
x_g T
dt ~ 0 o . : : .

0 0 Sm W

0 0 Wm Sm’

In this case, the eigenvalues can be shown tbjlze s;  iw;. We once again can
separate the state trajectories into independent sotufiiwreach pair of states, and
the solutions are of the form

Xoj 1(t) = €' xpj 1(0) cosw;jt + x2;(0) sinwjt ;
%j(t) = €' Xpj 1(0) sinwjt + x2;(0) coswjt ;

wherej = 1;2;:::;m. We see that this system is asymptotically stable if and only
if sj = Rel j < 0. Itis also possible to combine real and complex eigensgailue
(block) diagonal form, resulting in a mixture of solutioristioe two types.

Very few systems are in one of the diagonal forms above, buessystems can
be transformed into these forms via coordinate transfaomst One such class of
systems is those for which the dynamics matrix has distmat(epeating) eigen-
values. In this case there is a matiix2 R" " such that the matrix AT ! is
in (block) diagonal form, with the block diagonal elementsresponding to the
eigenvalues of the original matriX (see Exercisd.14). If we choose new coordi-

natesz= T, then dz
G- Tx= TAx= TAT 1z

and the linear system has a (block) diagonal dynamics mattikhermore, the
eigenvalues of the transformed system are the same as ¢feabsystem since if
vis an eigenvector ok, thenw = Tvcan be shown to be an eigenvecto@T 1.
We can reason about the stability of the original system kyngahat x(t) =
T 1Z(t), and so if the transformed system is stable (or asymptotistdble), then
the original system has the same type of stability.

This analysis shows that for linear systems with distincemiglues, the sta-
bility of the system can be completely determined by exangjrihe real part of
the eigenvalues of the dynamics matrix. For more generaésys we make use
of the following theorem, proved in the next chapter:

Theorem 4.1(Stability of a linear system)The system

dx
7:A
gt = ™

is asymptotically stable if and only if all eigenvalues of IAieve a strictly neg-
ative real part and is unstable if any eigenvalue of A has &#yrpositive real
part.
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Example 4.6 Compartment model
Consider the two-compartment module for drug deliveryodtrced in SectioB.6.
Using concentrations as state variables and denotingdke\stctor by, the sys-
tem dynamics are given by
09k ki kS o bos & 9
ik ko Ky X+ - o U y=-0 1 x
where the input is the rate of injection of a drug into compartment 1 and the
concentration of the drug in compartment 2 is the measurgzlibyy We wish to
design a feedback control law that maintains a constanubgipen byy = vy.
We choose an output feedback control law of the form

u= k(y ya)* Ug;
whereuy is the rate of injection required to maintain the desiredceorration

andk is a feedback gain that should be chosen such that the clospdystem is
stable. Substituting the control law into the system, weiaobta

8 9
dX_ 3 ko ki kg bokg
dt k. ko
dt 3 3 2

y=-0 1 x=:Cx

x+ 3 %)? (Ug + Kyg) = : AX+ Ble;

The equilibrium concentratior, 2 R? is given byxe= A 1Bus and

bok
koko + bgkok
Choosingug such thatye = yq provides the constant rate of injection required to
maintain the desired output. We can now shift coordinatgdace the equilibrium
point at the origin, which yielgs (after some alge%ra)

dz_3 ko ki ki boks
dt = ke ko 7

wherez= X X.. We can now apply the results of Theordni to determine the
stability of the system. The eigenvalues of the system aenddy the roots of the
characteristic polynomial

I (9= 2+ (ko+ ki + kp)s+ (koka+ bokok):

While the speci ¢ form of the roots is messy, it can be showrt tha roots have
negative real part as long as the linear term and the cortstantare both positive
(Exercise4.16). Hence the system is stable for any 0. N

Ye= CA Bu= (Ug + Kyq):

Stability Analysis via Linear Approximation

An important feature of differential equations is that ibigen possible to deter-
mine the local stability of an equilibrium point by approxting the system by a
linear system. The following example illustrates the badéai
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Example 4.7 Inverted pendulum
Consider again an inverted pendglum Whosegopen loop dyiseamecgiven by

dx_3 x 3.
dt =~ sinxg gxo’ '

where we have de ned the state as ( g;q). We rst consider the equilibrium
point atx = ( 0;0), corresponding to the straight-up position. If we assuragttie
angleq = x; remains small, then we can replacesginvith x; and cox; with 1,
which gives the approximat8e system

8 9
dXx_3 x 3_30 13
Gt x oo 1 g X: (4.9)

Intuitively, this system should behave similarly to the m@omplicated model
as long as¢; is small. In particular, it can be veri ed that the equilibmupoint
(0;0) is unstable by plotting the phase portrait or computing iberevalues of the
dynamics matrix in equatior#(9)

We can also approximate the system around the stable eguititpoint at
x=( p;0). Inthis case we have to expand sjrand cox; aroundx; = p, according
to the expansions

sin(p+q)= sing g  cogp+q)= cogq) L
Ifwedenez = x; pandz = Xy, the resulting approximate dynamics are given
by 8 9 8

9
dz_3 =z 3_30 13
=7 g St 1 gz (4.10)

Note thatz=( 0;0) is the equilibrium point for this system and that it has thesa
basic form as the dynamics shown in Figdt8. Figure4.11shows the phase por-
traits for the original system and the approximate systearad the corresponding
equilibrium points. Note that they are very similar, altgbunot exactly the same.
It can be shown that if a linear approximation has either gugtically stable or

unstable equilibrium points, then the local stability of triginal system must be

the same (Theored.3). N
More generally, suppose that we have a nonlinear system
dx
— = F(x
g - F™

that has an equilibrium point a&. Computing the Taylor series expansion of the

vector eld, we can write
F . .
%z F(xe) + IF (X Xe)+ higher-order terms iix  Xg):
dt x Yo

SinceF (%) = 0, we can approximate the system by choosing a new statéleria
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Figure 4.11: Comparison between the phase portraits for the full nonlinear systg¢rasda
its linear approximation around the origin (b). Notice that near the equilibgaimt at the
center of the plots, the phase portraits (and hence the dynamics) ars alerdical.

Z= X Xeand writing

d—zz Az where A= TF : (4.11)
dt % Ye
We call the system4(11) thelinear approximatiorof the original nonlinear system
or thelinearizationat Xe.

The fact that a linear model can be used to study the behaviarmafnlin-
ear system near an equilibrium point is a powerful one. Iddee can take this
even further and use a local linear approximation of a nealirsystem to design
a feedback law that keeps the system near its equilibriumtdesign of dy-
namics). Thus, feedback can be used to make sure that sslugorain close to
the equilibrium point, which in turn ensures that the linepproximation used to
stabilize it is valid.

Linear approximations can also be used to understand théitgtabnonequi-
librium solutions, as illustrated by the following example

Example 4.8 Stable limit cycle
Consider the system given by equatidng,

dx d

Lot x(l 8 ), Do+ Xl X2 X3);

dt dt

whose phase portrait is shown in Figuté. The differential equation has a peri-
odic solution

x1(t) = x1(0) cost + X(0) sint; (4.12)
with x2(0) + x5(0) = 1.
To explore the stability of this solution, we introduce potaordinates and
j , which are related to the state variabkgsndx, by

X1 = rcoy ; Xo = rsinj :
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Differentiation gives the following linear equations foand; :
Xy =rcos rj sinj; X2 = rsinj +rj cog :
Solving this linear system farandj gives, after some calculation,
dr _ 2y. dj _
i~ ') dt
Notice that the equations are decoupled; hence we can athakystability of each
state separately.

The equation for has three equilibriar = 0,r = 1 andr = 1 (not realiz-
able sinca must be positive). We can analyze the stability of theselibgiai by
linearizing the radial dynamics witf(r) = r(1 r2). The corresponding linear
dynamics are given by

dar _ F  _ 2y, - 01

at- o rer =(1 3rgr, re=0;1;
where we have abused notation and usdd represent the deviation from the
equilibrium point. It follows from the sign ofl  3r2) that the equilibriunt = 0
is unstable and the equilibrium= 1 is asymptotically stable. Thus for any initial
conditionr > 0 the solution goes to= 1 as time goes to in nity, but if the system
starts withr = 0, it will remain at the equilibrium for all times. This impBehat
all solutions to the original system that do not stark@at x> = 0 will approach
the circlex? + x3 = 1 as time increases.

To show the stability of the full solution4(12), we must investigate the be-
havior of neighboring solutions with different initial cditions. We have already
shown that the radiuswill approach that of the solutio®(12) as long as(0) > 0.
The equation for the angle can be integrated analytically to giygt) = t+
J (0), which shows that solutions starting at different anglewill neither con-
verge nor diverge. Thus, the unit circleatracting, but the solution4.12) is only
stable, not asymptotically stable. The behavior of the systeillustrated by the
simulation in Figuret.12 Notice that the solutions approach the circle rapidly, but
that there is a constant phase shift between the solutions. N

1:

4.4 Lyapunov Stability Analysis

We now return to the study of the full nonlinear system

((jji(z F(x); x2R™ (4.13)

Having de ned when a solution for a nonlinear dynamical sysie stable, we
can now ask how to prove that a given solution is stable, asyticplly stable
or unstable. For physical systems, one can often argue atalitity based on
dissipation of energy. The generalization of that techniguarbitrary dynamical
systems is based on the use of Lyapunov functions in placesstjg.



4.4. LYAPUNOV STABILITY ANALYSIS 111

2
2 ®
\
1.5 \
\
1 \
X;
0
-0.5 \J
-1 )
-1 0 1 2 0 5 10 15 20

X1 Timet

Figure 4.12:Solution curves for a stable limit cycle. The phase portrait on the left slioat

the trajectory for the system rapidly converges to the stable limit cycle. fEnng points

for the trajectories are marked by circles in the phase portrait. The timaidgpiots on

the right show that the states do not converge to the solution but insteathinaconstant
phase error.

In this section we will describe techniques for determiniimg stability of so-
lutions for a nonlinear systend (13. We will generally be interested in stability
of equilibrium points, and it will be convenient to assumattk, = 0 is the equi-
librium point of interest. (If not, rewrite the equationsamew set of coordinates

Z= X Xe.)

Lyapunov Functions

A Lyapunov function V R"! R is an energy-like function that can be used to
determine the stability of a system. Roughly speaking, itae nd a nonnegative
function that always decreases along trajectories of teeery, we can conclude
that the minimum of the function is a stable equilibrium gdiocally).

To describe this more formally, we start with a few de nitioWse say that a
continuous functiofV is positive de niteif V(x) > O for allx6 0 andV(0) = 0.
Similarly, a function isnegative de nitdf V(x) < 0 for allx6 0 andV(0) = 0. We
say that a functioW is positive semide nitef V(x) 0 for all x, butV(x) can be
zero at points other than just= 0.

To illustrate the difference between a positive de nite ftioc and a positive
semide nite function, suppose tha2 R? and let

Vi(X) = X3, Vo(X)= X2+ X3
Both V; andV, are always nonnegative. However, it is possibleMpto be zero
even ifx& 0. Speci cally, if we setx=( 0;c), wherec 2 R is any nonzero number,
thenVi(x) = 0. On the other hand/(x) = 0 if and only if x = ( 0;0). ThusV; is
positive semide nite andl, is positive de nite.

We can now characterize the stability of an equilibrium poin= 0 for the
system 4.13.

Theorem 4.2(Lyapunov stability theorem)Let V be a nonnegative function on
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V(X)=c1< ¢

Figure 4.13: Geometric illustration of Lyapunov's stability theorem. The closed contours
represent the level sets of the Lyapunov funcgx) = c. If dx=dt points inward to these
sets at all points along the contour, then the trajectories of the system valyslvaus# (x)

to decrease along the trajectory.

R" and letV represent the time derivative of V along trajectories @& #ystem

dynamicg4.13: . dx IV .

T ofxdt X ():
Let B = B;(0) be a ball of radius r around the origin. If there existsr0 such
that V is positive de nite an/ is negative semide nite for all By, then x= 0
is locally stable in the sense of Lyapunov. If V is positivaiteeand V is negative
de nite in By, then x= 0is locally asymptotically stable.

If V satis es one of the conditions above, we say tids a (local)Lyapunov
functionfor the system. These results have a nice geometric intatjmet The
level curves for a positive de nite function are the curvesnee by V(x) = c,
c> 0, and for eaclt this gives a closed contour, as shown in Figdr&3 The
condition thatV(x) is negative simply means that the vector eld points toward
lower-level contours. This means that the trajectories ntowenaller and smaller
values ofV and ifV is negative de nite thex must approach O.

Example 4.9 Scalar nonlinear system
Consider the scalar nonlinear system
dx 2
dt  1+x
This system has equilibrium points)@at 1 andx= 2. We consider the equilib-
rium point atx= 1 and rewrite the dynamics usiag: x 1:

dz_ 2 z 1

dt = 2+z ’
which has an equilibrium point &= 0. Now consider the candidate Lyapunov
function

V(2) = %22;
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which is globally positive de nite. The derivative &f along trajectories of the
system is given by
V(2= zz= E v
2+ 7z

If we restrict our analysis to an interv8}, wherer < 2, then 2+ z> 0 and we can
multiply through by 2+ zto obtain

2z (Z+2(2+2= 72 37P= ZA(z+3)<0,  z2B;r<2

It follows thatV(z) < O forallz2 By, z& 0, and hence the equilibrium poixd= 1
is locally asymptotically stable. N

A slightly more complicated situation occurs\fis negative semide nite. In
this case it is possible th¥{(x) = 0 whenx & 0, and hence could stop decreasing
in value. The following example illustrates this case.

Example 4.10 Hanging pendulum
A normalized model for a hanging pendulum is

O(I;f[l = X2 d—)iz = sinxy;

wherex; is the angle between the pendulum and the vertical, withtigest;
corresponding to counterclockwise rotation. The equatamdn equilibrium; =
X2 = 0, which corresponds to the pendulum hanging straight ddaexplore the
stability of this equilibrium we choose the total energy dyapunov function:
1., 15

Zxc+ Zxs:
1t 5%

The Taylor series approximation shows that the function sitpe de nite for
smallx. The time derivative o¥/(Xx) is

1
V(X)= 1 cosx+ éxg

V = X1SinX; + XoXo = XoSiNXy  XpSinxg = O:

Since this function is negative semide nite, it follows fronydpunov's theorem

that the equilibrium is stable but not necessarily asynigaby stable. When per-

turbed, the pendulum actually moves in a trajectory thatesponds to constant
energy. N

Lyapunov functions are not always easy to nd, and they areumique. In
many cases energy functions can be used as a starting poiwgsadone in Ex-
ample4.10 It turns out that Lyapunov functions can always be foundédny
stable system (under certain conditions), and hence onekiitat if a system
is stable, a Lyapunov function exists (and vice versa). Rie@sults using sum-
of-squares methods have provided systematic approachesdiog Lyapunov
systemsPPP02 Sum-of-squares techniques can be applied to a broad yafiet
systems, including systems whose dynamics are describgolpgomial equa-
tions, as well as hybrid systems, which can have differendetsofor different
regions of state space.



4.4. LYAPUNOV STABILITY ANALYSIS 114

For a linear dynamical system of the form

dx
at - M

it is possible to construct Lyapunov functions in a systécmaganner. To do so, we
consider quadratic functions of the form

V(X) = X" Px

whereP 2 R" "is a symmetric matrix® = P"). The condition thaV be positive
de nite is equivalent to the condition th&be apositive de nite matrix

x"Px> 0; forallx6 O,

which we write ad® > 0. It can be shown that P is symmetric, ther® is positive
de nite if and only if all of its eigenvalues are real and post

Given a candidate Lyapunov functidf(x) = x' Px, we can now compute its
derivative along ows of the system:

TV dx

V= _——

x dt

The requirement that be negative de nite (for asymptotic stability) becomes a
condition that the matrixQ be positive de nite. Thus, to nd a Lyapunov func-

tion for a linear system it is suf cient to choose@> 0 and solve thé.yapunov
equation

= x"(ATP+ PA)x=: x Qx

ATP+ PA= Q (4.14)

This is a linear equation in the entries Bf and hence it can be solved using
linear algebra. It can be shown that the equation always hadugion if all of
the eigenvalues of the matrix are in the left half-plane. Moreover, the solution
P is positive de nite if Q is positive de nite. It is thus always possible to nd
a quadratic Lyapunov function for a stable linear system.wWhkedefer a proof

of this until Chapter5, where more tools for analysis of linear systems will be
developed.

Knowing that we have a direct method to nd Lyapunov functidaslinear
systems, we can now investigate the stability of nonlingatesns. Consider the
system

dx ~
at = F(X)=: Ax+ F(X); (4.15)
whereF (0) = 0 andF(x) contains terms that are second order and higher in the
elements ofk. The functionAx is an approximation oF (x) near the origin, and
we can determine the Lyapunov function for the linear apjpnation and investi-
gate if it is also a Lyapunov function for the full nonlineasgem. The following
example illustrates the approach.

Example 4.11 Genetic switch
Consider the dynamics of a set of repressors connectedhtrgiet a cycle, as
shown in Figured.14a The normalized dynamics for this system were given in
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(a) Circuit diagram (b) Equilibrium points
Figure 4.14: Stability of a genetic switch. The circuit diagram in (a) represents two ptein
that are each repressing the production of the other. The inp@sdu, interfere with this

repression, allowing the circuit dynamics to be modi ed. The equilibriurmigofor this
circuit can be determined by the intersection of the two curves shown.in (b)

Exercise2.9: dz_ m | dz  m

= Z ; - =

d ~1+2 " dt 1+ 2
wherez; and z, are scaled versions of the protein concentrationand mare
parameters that describe the interconnection betweeneihesgand we have set
the external inputs; andu, to zero.

The equilibrium points for the system are found by equatireggtitme deriva-
tives to zero. We de ne

; (4.16)

m df mu" 1
and the equilibrium points are de ned as the solutions of tiga¢ions
z = f(2); 2= f(z):

If we plot the curveqz; f(z1)) and(f(z);z) on a graph, then these equations
will have a solution when the curves intersect, as shown inréig.14h Because
of the shape of the curves, it can be shown that there willydva three solutions:
one atzie = Zpe, ONE Withze < Zpe and one withzge > 70, If m 1, then we can
show that the solutions are given approximately by

1
Zie M Ze Ze= Zo;  Ze oq Ze Mo (417)

L
To check the stability of the system, we writéu) in terms of its Taylor series
expansion aboule:

f(u)= f(ue)+ fYue)-(u ue)+ %fo?ue)-(u Ue)® + higher-order terms

where fOrepresents the rst derivative of the function, antPthe second. Using
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these approximations, the dynamics can then be written as

9
dw_3z 1 fQze)3
dt ) f({Z]_e) 1 !

wherew= z zis the shifted state arfé(w) represents quadratic and higher-order
terms.
We now use equatiort(14) to search for a Lyapunov function. ChoosiQg |

and lettingP 2 R? 2 have elementsgj, we search for a solution of the equation
98 9 8 98

8 0 0 8 9
> 1 fiyzpu pz 3P P33 1 fHx_3 1 03,

fQ 1 " pw p2 P2 P2 Y 1T 0 1

wheref{= fqz¢) andf9= f{ze). Note that we have seb; = p12 to forceP to
be symgnetric. Multiplying out the matrices, we obtgin g 9
2 2pu+2fPpz puf) 2p+ pafiy _3 1 03,
©pafd  2pio+ paof? 2P+ 2fdp T 0 r>
which is a set ofinear equations for the unknowrs;. We can solve these linear
eguations to obtain
P 910+ 2 o+ P 99+ 2.
Af0f0 1 0 Pt oggoe PR oTymo oy
To check tha¥/ (w) = w'Pwis a Lyapunov function, we must verify the(w) is
positive de nite function or equivalently thd& > 0. SincePisa2 2 symmetric
matrix, it has two real eigenvaluég and/ , that satisfy
|1+ 1= tracdP); I1-15= de(P):

In order forP to be positive de nite we must have thet and/ , are positive, and
we thus require that
P 219104+ {2+ 4 1P 219104+ P+ 4

4 4f9f9 16 16ff9
We see that tra¢®) = 4de(P) and the numerator of the expressions is [uUst
f2)2+ 4> 0, so it suf ces to check the sign of 1 f2f9. In particular, forP to be
positive de nite, we require that

fckzle) fO(ZZe) <l

We can now make use of the expressionsffode ned earlier and evaluate at
the approximate locations of the equilibrium points detiveequation4.17). For
the equilibrium points wheree 6 2, we can show that

w+ F(w);

p11=

tracéP) = >0; dei(P)= > 0

1 mm' ! mm©v»
fo(zle)fO(ZZE) fo(n‘)fo(rﬁ] 1)_ (1+ rn’])Z ' 1+ m n(n 1 nm )

Usingn= 2 andm 200 from Exercise.9, we see thafY{z) f4ze) 1 and
henceP is a positive de nite. This implies that is a positive de nite function and
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Figure 4.15: Dynamics of a genetic switch. The phase portrait on the left shows that the
switch has three equilibrium points, corresponding to protein A having aecdration
greater than, equal to or less than protein B. The equilibrium point withl guagein con-
centrations is unstable, but the other equilibrium points are stable. The sonute the

right shows the time response of the system starting from two differentlindraditions.

The initial portion of the curve corresponds to initial concentratiz{® = ( 1;5) and con-
verges to the equilibrium wheme < zpe. At timet = 10, the concentrations are perturbed
by+2inz and 2inz), moving the state into the region of the state space whose solutions
converge to the equilibrium point whezg, < 7.

hence a potential Lyapunov function for the system.
To determine if the systend(16) is stable, we now compuié at the equilib-
rium point. By construction,

V = w'(PA+ ATP)w+ FT(w)Pw+ w'PF (w)
= w'w+ FT(w)Pw+ w'PF(w):

Since all terms irF are quadratic or higher order i, it follows that F T(w)Pw
andw'PF (w) consist of terms that are at least third ordeminTherefore ifw is
suf ciently close to zero, then the cubic and higher-ordemte will be smaller
than the quadratic terms. Hence, suf ciently closevts 0,V is negative de nite,
allowing us to conclude that these equilibrium points aréhlstable.
Figure4.15shows the phase portrait and time traces for a systemmwvith4,
illustrating the bistable nature of the system. When thigintondition starts with
a concentration of protein B greater than that of A, the smtutonverges to the
equilibrium point at (approximately)l=nf' ;m. If A is greater than B, then it
goes to(m 1=m' 1). The equilibrium point withzie = 2z, iS unstable. N

More generally, we can investigate what the linear appraion tells about
the stability of a solution to a nonlinear equation. The fweilog theorem gives a
partial answer for the case of stability of an equilibriuniro

Theorem 4.3. Consider the dynamical syste@.15 with F(0) = 0 andF such
thatlimkF (x)k=kxk ! Oaskxk! O. If the real parts of all eigenvalues of A are
strictly less than zero, then.x 0 is a locally asymptotically stable equilibrium
point of equation(4.15).
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This theorem implies that asymptotic stability of the linapproximation im-
plies local asymptotic stability of the original nonlinear system. Thedrem is
very important for control because it implies that stalailian of a linear approxi-
mation of a nonlinear system results in a stable equilibrfionthe nonlinear sys-
tem. The proof of this theorem follows the technique used innipla 4.11 A
formal proof can be found ingha01].

Krasovski{Lasalle Invariance Principle

For general nonlinear systems, especially those in symfmiin, it can be dif cult
to nd a positive de nite functionvV whose derivative is strictly negative de nite.
The Krasovski—Lasalle theorem enables us to conclude thepstimstability of
an equilibrium point under less restrictive conditionsnedy, in the case wheié
is negative semide nite, which is often easier to constrbciwever, it applies only
to time-invariant or periodic systems. This section makesafssome additional
concepts from dynamical systems; see Hath@67 or Khalil [ Kha0]] for a more
detailed description.

We will deal with the time-invariant case and begin by introithg a few more
de nitions. We denote the solution trajectories of the timeariant system

dx _
pri F(x) (4.18)

asx(t;a), which is the solution of equatiod (18 at timet starting froma attp = 0.
The w limit setof a trajectoryx(t; a) is the set of all pointz 2 R" such that there
exists a strictly increasing sequence of timesuch thatx(ty;a) ! zasn! ¥.
AsetM R"is said to be arnnvariant setif for all b2 M, we havex(t;b) 2 M
forallt 0. It can be proved that the limit set of every trajectory is closed and
invariant. We may now state the Krasovski—Lasalle principle

Theorem 4.4(Krasovski—Lasalle principle)Let V: R"! R be a locally positive
de nite function such that on the compact $dt= fx2 R":V(x) rgwe have
V(xX) 0.Dene

S=fx2W:V(X)= 0g:
Ast! ¥ the trajectory tends to the largest invariant set insidé.&; itsw limit
set is contained inside the largest invariant set in S. Irtipatar, if S contains no
invariant sets other thanx 0, then 0 is asymptotically stable.

Proofs are given in{ra63 and [LaS6Q.

Lyapunov functions can often be used to design stabilizimgfrollers, as is
illustrated by the following example, which also illusgathow the Krasovski—
Lasalle principle can be applied.

Example 4.12 Inverted pendulum
Following the analysis in Examp7, an inverted pendulum can be described by
the following normalized model:

dX]_ _

dx .
-y = + : 4.19
50 g = Sinxa+ ucosy; (4.19)
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(a) Physical system (b) Phase portrait (c) Manifold view

Figure 4.16: Stabilized inverted pendulum. A control law applies a foucat the bottom
of the pendulum to stabilize the inverted position (a). The phase portragh@ys that
the equilibrium point corresponding to the vertical position is stabilized. Tladed region
indicates the set of initial conditions that converge to the origin. The ellipsesgmonds to a
level set of a Lyapunov functiovi(x) for whichV(x) > 0 andV(x) < 0 for all points inside
the ellipse. This can be used as an estimate of the region of attraction ofiuthieragn
point. The actual dynamics of the system evolve on a manifold (c).

wherex; is the angular deviation from the upright position ang the (scaled)
acceleration of the pivot, as shown in Figutd6a The system has an equilib-
rium atx; = X = 0, which corresponds to the pendulum standing upright. This
equilibrium is unstable.

To nd a stabilizing controller we consider the following dadidate for a Lya-
punov function:

1 1 1
V(x)=(cosxy 1)+ a(l coSxg)+ EX% a 3 X+ EX%:

The Taylor series expansion shows that the function is pesite nite near the
origin if a> 0:5. The time derivative o¥ (x) is

V = X1SinXp+ 2ax; SinXg COSXy + XoXo = Xo(U+ 2aSinx;) COSXy:
Choosing the feedback law
U= 2asinX; X»C0SXp

gives 5
V= x5c08x:

It follows from Lyapunov's theorem that the equilibrium eclally stable. However,
since the function is only negative semide nite, we cannatatode asymptotic
stability using Theorem.2 However, note tha¥ = 0 implies thatx, = 0 orx; =
p=2 np.
If we restrict our analysis to a small neighborhood of thgiori\, r - p=2,
then we can de ne
S=f(X1;%) 2 W : X2 = Og
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and we can compute the largest invariant set inSideor a trajectory to remain
in this set we must have, = 0 for all t and hence(t) = 0 as well. Using the
dynamics of the systerd (19, we see thaty(t) = 0 andxy(t) = 0 impliesxy(t)= 0
as well. Hence the largest invariant set ins&is (x1;%2) = 0, and we can use the
Krasovski—Lasalle principle to conclude that the origindsdlly asymptotically
stable. A phase portrait of the closed loop system is shoviaiguare4.16h

In the analysis and the phase portrait, we have treated the afthe pendulum
g = X1 as a real number. In fact} is an angle withg = 2p equivalent tog = 0.
Hence the dynamics of the system actually evolves maaifold(smooth surface)
as shown in Figurd.16c Analysis of nonlinear dynamical systems on manifolds
is more complicated, but uses many of the same basic idessrtea here. N

4.5 Parametric and Nonlocal Behavior

Most of the tools that we have explored are focused on thd lmslaavior of a
xed system near an equilibrium point. In this section we lyrimtroduce some
concepts regarding the global behavior of nonlinear systend the dependence
of a system'’s behavior on parameters in the system model.

Regions of Attraction

To get some insight into the behavior of a nonlinear systersamestart by nding

the equilibrium points. We can then proceed to analyze tbal loehavior around
the equilibria. The behavior of a system near an equilibriwwimipis called the
local behavior of the system.

The solutions of the system can be very different far away faornequilibrium
point. This is seen, for example, in the stabilized pendulaxample4.12 The
inverted equilibrium point is stable, with small oscillatis that eventually con-
verge to the origin. But far away from this equilibrium pothere are trajectories
that converge to other equilibrium points or even cases iithwthe pendulum
swings around the top multiple times, giving very long datibns that are topo-
logically different from those near the origin.

To better understand the dynamics of the system, we can arahe set of all
initial conditions that converge to a given asymptoticaligble equilibrium point.
This set is called theegion of attractionfor the equilibrium point. An example
is shown by the shaded region of the phase portrait in Figutéh In general,
computing regions of attraction is dif cult. However, evdmie cannot determine
the region of attraction, we can often obtain patches ardbedtable equilibria
that are attracting. This gives partial information aboetliehavior of the system.

One method for approximating the region of attraction i®tigh the use of
Lyapunov functions. Suppose thdtis a local Lyapunov function for a system
around an equilibrium pointy. Let W be a set on whicW(x) has a value less

thanr,
W=fx2R":V(X) rg;
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and suppose that(x) 0 for all x 2 W, with equality only at the equilibrium
pointxo. ThenW is inside the region of attraction of the equilibrium poi&ince
this approximation depends on the Lyapunov function andhivéce of Lyapunov
function is not unique, it can sometimes be a very consemvastimate.

It is sometimes the case that we can nd a Lyapunov functiasuch that/ is
positive de nite and/ is negative (semi-) de nite for a2 R". In many instances
it can then be shown that the region of attraction for the légjiim point is the
entire state space, and the equilibrium point is said tglbeally stable.

Example 4.13 Stabilized inverted pendulum
Consider again the stabilized inverted pendulum from ExamM@d?2 The Lya-
punov function for the system was

V(X)=(cosxy 1)+ a(l cosxg)+ %x%;

andV was negative semide nite for ak and nonzero wher; 8 p=2. Hence
anyx such thajx;j < p=2 andV(x) > 0 will be inside the invariant set de ned by
the level curves o¥ (x). One of these level sets is shown in Figdt&6h N

Bifurcations

Another important property of nonlinear systems is howrthehavior changes as
the parameters governing the dynamics change. We can stigdin tthe context
of models by exploring how the location of equilibrium paintheir stability, their
regions of attraction and other dynamic phenomena, suchmatsdycles, vary
based on the values of the parameters in the model.

Consider a differential equation of the form

(;f[(z Fxm; x2R", m2RX (4.20)
wherex is the state andnis a set of parameters that describe the family of equa-
tions. The equilibrium solutions satisfy

F(x;m= 0;
and asmis varied, the corresponding solutiorg m) can also vary. We say that
the system4.20 has abifurcationat m= m if the behavior of the system changes

qualitatively atm . This can occur either because of a change in stability tyje or
change in the number of solutions at a given valueof

Example 4.14 Predator—prey
Consider the predator—prey system described in Se8tibThe dynamics of the
system are given by

dH _ H aHL dL | aHL

™Y aw @ Pcrh

dL; (4.21)
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Figure 4.17: Bifurcation analysis of the predator—prey system. (a) Parametric stadtidity
gram showing the regions in parameter space for which the system is. §tgB&urcation
diagram showing the location and stability of the equilibrium point as a functi@an ©he
solid line represents a stable equilibrium point, and the dashed line refgesennstable
equilibrium point. The dashed-dotted lines indicate the upper and lowedsdanthe limit
cycle at that parameter value (computed via simulation). The nominawalithe parame-
ters in the model ara= 3:2,b= 0:6,c= 50,d = 0:56,k= 125 and = 1:6.

whereH andL are the numbers of hares (prey) and lynxes (predatorspand
¢, d, k andr are parameters that model a given predator—prey systeroriuoes
in more detail in SectioB.7). The system has an equilibrium pointHg > 0 and
Le > 0 that can be found numerically.

To explore how the parameters of the model affect the behavithe system,
we choose to focus on two speci ¢ parameters of inter@dhe interaction coef-
cient between the populations ammja parameter affecting the prey consumption
rate. Figure4.17ais a numerically computegarametric stability diagranshow-
ing the regions in the chosen parameter space for which thiditequm point is
stable (leaving the other parameters at their nominal galWge see from this g-
ure that for certain combinations afindc we get a stable equilibrium point, while
at other values this equilibrium point is unstable.

Figure4.17bis a numerically computeblifurcation diagranfor the system. In
this plot, we choose one parameter to vaydnd then plot the equilibrium value
of one of the statesH) on the vertical axis. The remaining parameters are set to
their nominal values. A solid line indicates that the eduilim point is stable; a
dashed line indicates that the equilibrium point is ungahllote that the stability
in the bifurcation diagram matches that in the parametabibty diagram for
¢ = 50 (the nominal value) and varying from 1.35 to 4. For the predator—prey
system, when the equilibrium point is unstable, the solutionverges to a stable
limit cycle. The amplitude of this limit cycle is shown by thaghed-dotted line in
Figure4.17h N

A particular form of bifurcation that is very common when tafiing linear
systems is that the equilibrium remains xed but the stapitit the equilibrium
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Figure 4.18: Stability plots for a bicycle moving at constant velocity. The plot in (a) shows
the real part of the system eigenvalues as a function of the bicycle velocitye system

is stable when all eigenvalues have negative real part (shaded yefenplot in (b) shows
the locus of eigenvalues on the complex plane as the velogtyaried and gives a different
view of the stability of the system. This type of plot is calletbat locus diagram

changes as the parameters are varied. In such a case it &imgvi® plot the
eigenvalues of the system as a function of the parameters. Bats are called
root locus diagramdecause they give the locus of the eigenvalues when param-
eters change. Bifurcations occur when parameter valuesuaie that there are
eigenvalues with zero real part. Computing environments $tabVIEW, MAT-

LAB and Mathematica have tools for plotting root loci.

Example 4.15 Root locus diagram for a bicycle model

Consider the linear bicycle model given by equatidry)in Section3.2 Introduc-
ing the state variableg = j , x> = d, X3 = j andxs = d and setting the steering
torqueT = 0, the eqtéations can be written as

g 0 '
dt = M YKo+ Kv3) M Cw

wherel isa2 2 identity matrix andy is the velocity of the bicycle. Figuré.18a
shows the real parts of the eigenvalues as a function of ¥gldeigure 4.18b
shows the dependence of the eigenvalues arfi the velocityg. The gures show
that the bicycle is unstable for low velocities because twemvalues are in the
right half-plane. As the velocity increases, these eigemsgamove into the left
half-plane, indicating that the bicycle becomes selfiitalg. As the velocity is
increased further, there is an eigenvalue close to themattigit moves into the right
half-plane, making the bicycle unstable again. Howeves, ¢igenvalue is small
and so it can easily be stabilized by a rider. FigdirB8ashows that the bicycle is
self-stabilizing for velocities between 6 and 10 m/s. N

9
X=:AX

Parametric stability diagrams and bifurcation diagrams geovide valuable
insights into the dynamics of a nonlinear system. It is Ugusdcessary to carefully
choose the parameters that one plots, including combihi@gatural parameters
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Figure 4.19: Headphones with noise cancellation. Noise is sensed by the exterior micro-
phone (a) and sent to a lter in such a way that it cancels the noise thatrpéss the head
phone (b). The Iter parametesandb are adjusted by the controll&@represents the input
signal to the headphones.

of the system to eliminate extra parameters when possildmpQter programs
such aAUTQ LOCBIF andXPPAUTprovide numerical algorithms for producing
stability and bifurcation diagrams.

Design of Nonlinear Dynamics Using Feedback

In most of the text we will rely on linear approximations tosag feedback laws
that stabilize an equilibrium point and provide a desireceleof performance.
However, for some classes of problems the feedback coetrollst be nonlinear
to accomplish its function. By making use of Lyapunov fuon8 we can often
design a nonlinear control law that provides stable bemaa®we saw in Exam-
ple4.12

One way to systematically design a nonlinear controlleo isegin with a can-
didate Lyapunov functiol (x) and a control system= f(x;u). We say that/(Xx)
is a control Lyapunov functiorif for every x there exists ai such thatv(x) =
ﬂxf(x; u) < 0. In this case, it may be possible to nd a functiarfx) such that
u= a(x) stabilizes the system. The following example illustratesapproach.

Example 4.16 Noise cancellation

Noise cancellation is used in consumer electronics andduasitmial systems to re-
duce the effects of noise and vibrations. The idea is to lpaaltiluce the effect
of noise by generating opposing signals. A pair of headphavith noise can-
cellation such as those shown in Fig4rd 9ais a typical example. A schematic
diagram of the system is shown in Figytd 9h The system has two microphones,
one outside the headphones that picks up exterior mo@®d another inside the
headphones that picks up the sigaalvhich is a combination of the desired signal
and the external noise that penetrates the headphone. Tia mm the exterior
microphone is ltered and sent to the headphones in such a leyttcancels the
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external noise that penetrates into the headphones. Thegtna of the lter are
adjusted by a feedback mechanism to make the noise sigrta internal micro-
phone as small as possible. The feedback is inherently reamlivecause it acts by
changing the parameters of the lter.

To analyze the system we assume for simplicity that the gaipen of external
noise into the headphones is modeled by a rst-order dyndrejctem described
by

dz
g = ozt bon; (4.22)

wherezis the sound level and the parametgys 0 andbg are not known. Assume
that the lter is a dynamical system of the same type:

dd\f[v = aw+ bn:

We wish to nd a controller that updates and b so that they converge to the

(unknown) parameter® andbg. Introducex; = e= w z xo=a apandxz=
b bg; then

dx
dt
We will achieve noise cancellation if we can nd a feedback fawchanging the

parameterga andb so that the erroe goes to zero. To do this we choose

= a(w 2+(a agw+(b bg)n= agxs+ xow+ x3n: (4.23)

1
V0uixixe) = 3 axs+ x5+ x5
as a candidate Lyapunov function fer.23. The derivative oV is
V= axixg+ XoXo+ XaXa = aagxs + Xo(X + awx) + Xa(Xz+ anxy):

Choosing
Xo= awxg= awe X3= anx= ane (4.24)

we ndthatV = aapx? < 0, and it follows that the quadratic function will decrease
as long az= x3 = w z6 0. The nonlinear feedbaclkd 24 thus attempts to
change the parameters so that the error between the sighth@mnoise is small.
Notice that feedback lawd(24) does not use the modet.2) explicitly.

A simulation of the system is shown in Figu4e2Q In the simulation we have
represented the signal as a pure sinusoid and the noiseaabt@and noise. The g-
ure shows the dramatic improvement with noise cancellaliba sinusoidal signal
is not visible without noise cancellation. The lter paranrstehange quickly from
their initial valuesa= b= 0. Filters of higher order with more coef cients are used
in practice. N



4.6. FURTHER READING 126

c
k) 0
5 5
Q
g o 05
o
S5
-1
0 50 100 150 200 0 50 100 150 200
1
S5
s
g0 0.5
C
IS
0.5
0
0 50 100 150 200 0 50 100 150 200
Timet [s] Timet [s]

Figure 4.20: Simulation of noise cancellation. The top left gure shows the headphigre s
nal without noise cancellation, and the bottom left gure shows the sigithliveise cancel-
lation. The right gures show the parameterandb of the lter.

4.6 Further Reading

The eld of dynamical systems has a rich literature that chiarézes the possi-
ble features of dynamical systems and describes how patiarobanges in the
dynamics can lead to topological changes in behavior. Réadiatroductions to
dynamical systems are given by Stroga®trf4 and the highly illustrated text
by Abraham and ShawAlS82]. More technical treatments include Andronov, Vitt
and Khaikin RVK87], Guckenheimer and Holme&HB83 and Wiggins Wig9q.
For students with a strong interest in mechanics, the tex#rbold [Arn87] and
Marsden and RatiuMR94] provide an elegant approach using tools from differ-
ential geometry. Finally, good treatments of dynamical eyst methods in biol-
ogy are given by WilsonWil99] and Ellner and GuckenheimeE{G05. There
is a large literature on Lyapunov stability theory, inchuglithe classic texts by
Malkin [Mal59], Hahn Hah67 and Krasovski Kra63. We highly recommend
the comprehensive treatment by KhaKlHaO01].

Exercises

4.1 (Time-invariant systems) Show that if we have a solution ef differential
equation 4.1) given byx(t) with initial conditionx(tg) = Xo, thenx{t) = x(t to)
is a solution of the differential equation

dx

= F®
with initial conditionX{0) = Xg, wheret =t f{o.

4.2 (Flow in a tank) A cylindrical tank has cross sectinm?, effective outlet
areaam? and in ow gy, m3=s. An energy balance shows that the outlet velocity
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isv= P 2ghms=s, whereg m=s’ is the acceleration of gravity arids the distance
between the outlet and the water level in the tank (in met8ig)w that the system
can be modeled by

3?: Zp 2gh+ %qm; Qout = ap 2gh:
Use the parametess= 0:2,a= 0:01. Simulate the system when the in ow is zero
and the initial level id1= 0:2. Do you expect any dif culties in the simulation?

4.3 (Cruise control) Consider the cruise control system dbsedrin Sectior8.1
Generate a phase portrait for the closed loop system on atrgt¢g = 0), in third
gear, using a PI controller (witky, = 0:5 andk; = 0:1), m= 1000 kg and desired
speed 20 m/s. Your system model should include the effedatafating the input
between 0 and 1.

4.4 (Lyapunov functions) Consider the second-order system

dxq dx
- = . _ & = b N
dt axy; at X1 CXo;
wherea; b;c> 0. Investigate whether the functions
1, 1, 1, 1 b 2
= X5+ SX5; = X5+ S (ot ——
Vi(X) 2xl 2x2, V>(X) 2x1 2(x2 c axl)

are Lyapunov functions for the system and give any condittbat must hold.

4.5 (Damped spring—mass system) Consider a damped spring-systes with «
dynamics
mg+ cq+ kq= 0:
A natural candidate for a Lyapunov function is the total ggerf the system, given
by
1 1
V= Zmg?+ =kof:
o+ ket
Use the Krasovski—Lasalle theorem to show that the systesymjgtotically sta-
ble.

4.6 (Electric generator) The following simple model for an el@cgrenerator con-
nected to a strong power grid was given in Exer@sé

d?j EV . .
Jd—tjzz Pn Pe= By 7smj :
The parameter b EV
max
= = —— 4.25
&= B, T Xmn (4.25)

is the ratio between the maximum deliverable poRgsx = EV=X and the me-
chanical poweRy.

(a) Considera as a bifurcation parameter and discuss how the equilibie ok
ona.
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(b) Fora> 1, show that there is a center jay = arcsir(1=a) and a saddle at
J=p Jo
(c) Show that ifP,,=J = 1 there is a solution through the saddle that satis es
1 dj 2
2 dt
Use simulation to show that the stability region is the iimteof the area enclosed
by this solution. Investigate what happens if the systenm isquilibrium with a

value ofathat is slightly larger than 1 arelsuddenly decreases, corresponding to
the reactance of the line suddenly increasing.

p
j +jo acos a2 1=0: (4.26)

4.7 (Lyapunov equation) Show that Lyapunov equatidrif) always has a solu-
tion if all of the eigenvalues oA are in the left half-plane. (Hint: Use the fact that
the Lyapunov equation is linear i and start with the case whefehas distinct
eigenvalues.)

4.8 (Congestion control) Consider the congestion control j@mbdescribed in
Section3.4. Con rm that the equilibrium point for the system is given bgua-
tion (3.21) and compute the stability of this equilibrium point usindjreear ap-
proximation.

4.9 (Swinging up a pendulum) Consider the inverted penduluntudised in Ex-
ample4.4, that is described by

g = sing + ucosq;
whereq is the angle between the pendulum and the vertical and theotsignal
uis the acceleration of the pivot. Using the energy function

1
V(g:q)= cosq 1+ 5q%
show that the state feedback k(Vy V)gcosqg causes the pendulum to “swing
up” to the upright position.
4.10(Root locus diagram) Consider the linear system
dx_ S0 13 9 13 &8 9
urx_=3 3 32 3. - oy
dgi- 0 3,x+.4,u, y 1 0 x

with the feedbacki= ky. Plot the location of the eigenvalues as a function the
parametek.

4.11(Discrete-time Lyapunov function) Consider a nonlineacdete-time sys-
tem with dynamicx(k+ 1] = f(x[k]) and equilibrium poinks = 0. Suppose there
exists a smooth, positive de nite functiéh: R"! R suchthaV(f(x)) V(x)< 0
for x6 0 and V(0) = 0. Show thate = 0 is (locally) asymptotically stable.

4.12 (Operational ampli er oscillator) An op amp circuit for an @ator was
shown in Exercisé.5. The oscillatory solution for that linear circuit was stable
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but not asymptotically stable. A schematic of a modi ed cit¢hat has nonlinear
elements is shown in the gure below.

2 g
C
Rz | |2 Ry Ri1 |C|1
% 11 AW v B
R, Vo Rs : V3 Ry + V1
R ae

The modi cation is obtained by making a feedback around eadraipnal am-
pli er that has capacitors using multipliers. The sigral= vi+ v3 V3 is the
amplitude error. Show that the system is modeled by

dV1 R4 1

dw_ ; 3 ¢ W
dt - RRG 2T Ry i Vi V)i
de_ 1

1
—<= v+ (V)

dt R.Co 1 R>-.Co 20 Vi Vo)

Show that, under suitable conditions on parameter valuegitbuit gives an os-
cillation with a stable limit cycle with amplitude. (Hint: Use the results of Ex-
ample4.8)

4.13(Self-activating genetic circuit) Consider the dynamica genetic circuit that
implementsself-activationthe protein produced by the gene is an activator for the
protein, thus stimulating its own production through pegsifeedback. Using the
models presented in Exam@®el3 the dynamics for the system can be written as

dm_  ap? dp

— = — 4+ ' == : 4.27

dt = 1+ kp G0 I gt - bm d: (4-27)
for p;m 0. Find the equilibrium points for the system and analyze twall
stability of each using Lyapunov analysis.

4.14 (Diagonal systems) LeA 2 R" " be a square matrix with real eigenvalues

(@) Show that if the eigenvalues are distinct§ / ; for i & j), thenv; & v; for
i6 j.

(b) Show that the eigenvectors form a basis R3rso that any vectok can be
written asx= § ajv; for a; 2 R.



EXERCISES 130

8 9

(c) LetT=" vy Vo ::: vy andshowthal AT is adiagonal matrix of the
form (4.8).
(d) Show that if some of the; are complex numbers, thécan be written as

L1 0 8 9

A:E g where Li=/ 2R or Li:.BS W,g:
: w s
0 Ly’

in an appropriate set of coordinates.
This form of the dynamics of a linear system is often refermeddmodal form

4.15(Furuta pendulum) The Furuta pendulum, an inverted penduluarotating
arm, is shown to the left in the gure below.

o
3]

Pendulum anglg=p
o

o
[l [4;]
H
I
I
|
I
I
|
I
I

0 5 10 15 20
Angular velocityw

Consider the situation when the pendulum arm is spinning egnstant rate. The
system has multiple equilibrium points that depend on trgukar velocityw, as
shown in the bifurcation diagram on the right.

The equations of motion for the system are given by

Jog Jpwgsingcosq mpglsing = O
whereJ, is the moment of inertia of the pendulum with respect to it®pim, is
the pendulum mass,is the distance between the pivot and the center of mass of
the pendulum andy is the the rate of rotation of the arm.
(a) Determine the equilibria for the system and the conulfip for stability of
each equilibrium point (in terms ofp).
(b) Consider the angular velocity as a bifurcation paramete verify the bifur-
cation diagram given above. This is an example pitehfork bifurcation
4.16 (Routh-Hurwitz criterion) Consider a linear differentiefjuation with the
characteristic polynomial

I (5)= &+ aws+ ap; I (5)= S+ a15° + aps+ ag:
Show that the system is asymptotically stable if and onlylifted coef cientsa;

are positive and ifyap > as. This is a special case of a more general set of criteria
known as the Routh-Hurwitz criterion.



Chapter Five
Linear Systems

Few physical elements display truly linear characteristics. For examplestaéon between
force on a spring and displacement of the spring is always nonlinear t@ stegree. The
relation between current through a resistor and voltage drop acrosksd deviates from a
straight-line relation. However, if in each case the relatioméasonablylinear, then it will
be found that the system behavior will be very close to that obtained bynaggan ideal,
linear physical element, and the analytical simpli cation is so enormouswuteatake linear
assumptions wherever we can possibly do so in good conscience.

Robert H. CannorDynamics of Physical Systendi967 [Can03.

In Chapters2—4 we considered the construction and analysis of differentia
equation models for dynamical systems. In this chapter weeiafize our results
to the case of linear, time-invariant input/output systefivgo central concepts
are the matrix exponential and the convolution equatiorguth which we can
completely characterize the behavior of a linear systemalde describe some
properties of the input/output response and show how tocappate a nonlinear
system by a linear one.

5.1 Basic De nitions

We have seen several instances of linear differential @qsain the examples in
the previous chapters, including the spring—mass systamgdd oscillator) and
the operational ampli er in the presence of small (nonsdingd input signals.
More generally, many dynamical systems can be modeled aetyiby linear dif-
ferential equations. Electrical circuits are one example bfoad class of systems
for which linear models can be used effectively. Linear medek also broadly
applicable in mechanical engineering, for example, as fsarfesmall deviations
from equilibria in solid and uid mechanics. Signal-procegssystems, including
digital lters of the sort used in CD and MP3 players, are anoswurce of good
examples, although these are often best modeled in didoretgas described in
more detail in the exercises).

In many cases, wereatesystems with a linear input/output response through
the use of feedback. Indeed, it was the desire for linearbehthat led Harold
S. Black to the invention of the negative feedback ampli emméskt all modern
signal processing systems, whether analog or digital,essabfack to produce lin-
ear or near-linear input/output characteristics. Fordlsstems, it is often useful
to represent the input/output characteristics as lingagring the internal details
required to get that linear response.
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For other systems, nonlinearities cannot be ignored, &ped one cares
about the global behavior of the system. The predator—pi@yigm is one exam-
ple of this: to capture the oscillatory behavior of the idegendent populations
we must include the nonlinear coupling terms. Other exampielude switch-
ing behavior and generating periodic motion for locomatidowever, if we care
about what happens near an equilibrium point, it often suef ¢@ approximate
the nonlinear dynamics by their local linearization, as Weaaly explored brie y
in Section4.3. The linearization is essentially an approximation of thalimear
dynamics around the desired operating point.

Linearity

We now proceed to de ne linearity of input/output systems enfarmally. Con-
sider a state space system of the form

dx _ oo — vt
rri f(x;u); y= h(x;u); (5.1)

wherex 2 R", u2 RP andy 2 RY. As in the previous chapters, we will usually
restrict ourselves to the single-input, single-outpukedag takingp= q= 1. We
also assume that all functions are smooth and that for ameasoclass of inputs
(e.g., piecewise continuous functions of time) the sohgiof equationg.1) exist
for all time.

It will be convenient to assume that the origie 0, u= 0 is an equilibrium
point for this systemxX = 0) and thath(0;0) = 0. Indeed, we can do so without
loss of generality. To see this, suppose {xatue) 6 ( 0;0) is an equilibrium point
of the system with outpue = h(Xe; Ue). Then we can de ne a new set of states,
inputs and outputs,

X=X Xe; U=U U; Y=Y Ve

and rewrite the equations of motion in terms of these vaggbl

d ~

gii = fRF e O+ ue) =2 (X 0);

§= h(X+ Xe; 0+ Ug) Ve =: N(X;0):

In the new set of variables, the origin is an equilibrium peifth output 0, and
hence we can carry out our analysis in this set of variablese@e have obtained
our answers in this new set of variables, we simply “tramsl#tem back to the
original coordinates using= X+ X, U= U+ Ug andy = ¥+ Ve.

Returning to the original equationS.0), now assuming without loss of gen-
erality that the origin is the equilibrium point of intergste write the outpu/(t)
corresponding to the initial conditiox{0) = xg and inputu(t) asy(t; Xo; u). Using
this notation, a system is said to bdirmear input/output systenti the following
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Figure 5.1: Superposition of homogeneous and particular solutions. The rst hmws the

input, state and output corresponding to the initial condition responsese€tioad row shows

the same variables corresponding to zero initial condition but nonzeub. impe third row

is the complete solution, which is the sum of the two individual solutions.

conditions are satis ed:
() y(t;axi+ bxo;0) = ay(t;x1;0)+ by(t;xz;0);

(i) y(t;axp;du) = ay(t;xo;0)+ dy(t;0;u); (5.2)

(i) y(t;0;dus + gup) = dy(t; 0;u) + gy(t; 0y uz):
Thus, we de ne a system to be linear if the outputs are jointigdir in the initial
condition responséu = 0) and the forced respongg(0) = 0). Property (iii) is a
statement of th@rinciple of superpositionthe response of a linear system to the
sum of two inputsu; anduy is the sum of the outputg andy. corresponding to

the individual inputs.
The general form of a linear state space system is

gli( = Ax+ Bu; y= Cx+ Du; (5.3)

whereA2 R" " B2 R" P, C2 RY "andD 2 RY P. In the special case of a
single-input, single-output syster,is a column vectorC is a row vector and

is scalar. Equatiory(3) is a system of linear rst-order differential equations hwvit
inputu, statex and outputy. It is easy to show that given solutiorg(t) andxx(t)
for this set of equations, they satisfy the linearity coiodis.

We de nexu(t) to be the solution with zero input (theomogeneous solutipn
and the solutiorxy(t) to be the solution with zero initial condition (@articular
solution). Figure5.1illustrates how these two individual solutions can be super
imposed to form the complete solution.
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It is also possible to show that if a nite-dimensional dynaalisystem is in-
put/output linear in the sense we have described, it carnyalya represented by a
state space equation of the fortn3) through an appropriate choice of state vari-
ables. In Sectiorb.2 we will give an explicit solution of equatiorb(3), but we
illustrate the basic form through a simple example.

Example 5.1 Scalar system
Consider the rst-order differential equation

dx
i ax+ u; y= X
with x(0) = Xp. Letu; = Asinwit andu, = Bcosust. The homogeneous solution
is xp(t) = €*xo, and two particular solutions witk(0) = 0 are
wief+ wy coswit + asinwat
a2+ w? ’
ae  acoswst + wosinuast
a2+ ws '

Xpr(t)= A

sz(t) =B

Suppose that we now choos@®) = axg andu= u;+ Up. Then the resulting solu-
tion is the weighted sum of the individual solutions:
Awq Ba

x(t)= e axo+ +
® a2+ w?  aZ+ w2

(5.4)

wi coswit + asinwat +B acoswst + wasinwat
a2+ w? a2+ w2 '

To see this, substitute equatida) into the differential equation. Thus, the prop-
erties of a linear system are satis ed. N

Time Invariance

Time invariancds an important concept that is used to describe a systemevhos
properties do not change with time. More precisely, for aetimvariant system
if the input u(t) gives outputy(t), then if we shift the time at which the input
is applied by a constant amouat u(t + a) gives the outpuy(t + a). Systems
that are linear and time-invariant, often calle@l systemshave the interesting
property that their response to an arbitrary input is coteptecharacterized by
their response to step inputs or their response to shortlises.”

To explore the consequences of time invariance, we rst camphe response
to a piecewise constant input. Assume that the system ialipiat rest and con-
sider the piecewise constant input shown in Figbi2a The input has jumps at
timesty, and its values after the jumps anéy). The input can be viewed as a
combination of steps: the rst step at timghas amplitudeu(ty), the second step
at timety has amplitudeu(ty) u(tp), etc.

Assuming that the system is initially at an equilibrium pgqiso that the initial
condition response is zero), the response to the input cabtiaéed by superim-
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Figure 5.2: Response to piecewise constant inputs. A piecewise constant sigriz cap-

resented as a sum of step signals (a), and the resulting output is the sboenindividual
outputs (b).

posing the responses to a combination of step inputsHI(Bt be the response to
a unit step applied at time 0. The response to the rst step iskhe to)u(to),

the response to the second stepdi@ t1) u(ty) u(to) , and we nd that the
complete response is given by

y(t) = H(t tou(to)+ H(t t1) u(ts) u(to) +
= H{t to) H(t t) u(to)+ H(t t)) H(t t) u(ty)+
= tgt H(t th) H(t the1) u(tn)
n=0
th<t
= é H(t tl;) Hit tn+ 1) u(tn) tn+]_ tn .
n=0 nt1l n

An example of this computation is shown in Fig&.2h
The response to a continuous input signal is obtained by datkia limit as
ti+1 th! 0, which gives
z

y(t) = OtHO(t t)u(t)dt; (5.5)

whereH?is the derivative of the step response, also calledrtipilse response
The response of a linear time-invariant system to any inpoticas be computed
from the step response. Notice that the output depends ortlyeoinput since we
assumed the system was initially at re$0) = 0. We will derive equationg.5) in

a slightly different way in the Sectioh.3.
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5.2 The Matrix Exponential

Equation b.5) shows that the output of a linear system can be written astagral
over the inputsi(t). In this section and the next we derive a more general version
of this formula, which includes nonzero initial conditiose begin by exploring

the initial condition response using the matrix exponéntia

Initial Condition Response

Although we have shown that the solution of a linear set dedéntial equations
de nes a linear input/output system, we have not fully congputhe solution of
the system. We begin by considering the homogeneous respongsponding to

the system
dx _

ai
For thescalardifferential equation
dx _
dt
the solution is given by the exponential
x(t) = €®x(0):

We wish to generalize this to the vector case, whgbecomes a matrix. We de ne
the matrix exponentiaés the in nite series

Ax (5.6)

ax X2 R;a2R;

&= 1+ X+ X%+ 1x3+ = gixk- (5.7)
2 3! okl '
whereX 2 R" "is a square matrix anidis then nidentity matrix. We make use
of the notation

X0=1;  X2=xX; XxX"=x"1;
which de nes what we mean by the “power” of a matrix. Equatién/) is easy
to remember since it is just the Taylor series for the scadporential, applied to
the matrixX. It can be shown that the series in equatibr¥) converges for any
matrix X 2 R" " in the same way that the normal exponential is de ned for any
scalara2 R.

ReplacingX in equation §.7) by At, wheret 2 R, we nd that

U=+ Ate AR SN = 5 Lk
2 3! o K! ’
and differentiating this expression with respect tpves
d 1 g 1
g€ = AT AL SR = A AT Al (5.8)

k=0""
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Multiplying by x(0) from the right, we nd thai(t) = €*x(0) is the solution to the
differential equation3.6) with initial conditionx(0). We summarize this important
result as a proposition.

Proposition 5.1. The solution to the homogeneous system of differential equa-
tions(5.6) is given by
x(t) = e*x(0):

Notice that the form of the solution is exactly the same aséatar equations,
but we must put the vecto(0) on the right of the matrix!.

The form of the solution immediately allows us to see that thet®n is linear
in the initial condition. In particular, ikn1(t) is the solution to equatiorb(6) with
initial condition x(0) = xg1 andxnz(t) with initial condition x(0) = Xg2, then the
solution with initial conditionx(0) = aXp1+ bXp2 is given by

x(t)= & axoi+ bxoz = a€ o1+ belxgr) = axm(t)+ bxno(t):
Similarly, we see that the corresponding output is given by
y(t) = Cx(t) = ayni(t) + byna(t);

whereynh (t) andypo(t) are the outputs correspondingx (t) andxpo(t).
We illustrate computation of the matrix exponential by twamples.

Example 5.2 Double integrator
A very simple linear system that is useful in understandiagi®concepts is the
second-order system given by

a=u y=q
This system is called double integratobecause the inputis integrated twice to

determine the output
In state space form, we wribg: (q; g) and8

dx_30 1z 303
a—.o o X+ 7 1 u:

The dynamics matrix of a double inéegrat%r is

_30 1z
A—.O o

and we nd by direct calculation thaﬁé =0 %nd hence

t-31 tx .
p=3l 3

Thus the homogeneogs soILgi%nz( 0) fé)r théa double integrgtor is given by

X(t) = 21 tz3x(0)3 _ 3x(0)+ tx(0)3 .
"0 1 x(0 X(0)

y(t) = x1(0) + tx2(0): -
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Example 5.3 Undamped oscillator
A simple model for an oscillator, such as the spring—mas®syswith zero damp-
ing, is

G+ wga= u:
Putting the system into state space form, the dynamics nfatrthis system can
be written as 8 . 9 8 | 9
A= g wo’g and At = g coswot smwot’g )
w O sinwpt  coswpt

This expression foe® can be veri ed by diﬁerengation:
d A3 Wosinwgt  Wocoswpet 3

T wpcoswpt . wpsinwpt’

dt 3 (o 9's 0 (o . 9

_3%2 0 w3 coswgt sinwptz _ At

T wg 0 sinupt coswpt’ '

The solution is then given by

98 9
At _ 3 coswpt sinwptz 2 x1(0)3 |
X(t)= &X(0)= 2 sinwpt  coswpt’ * Xo(0)'

If the system has damping,
G+ 2zwog+ wWhq = u;

the solution is more complicated, but the matrix exponéntia be shown to be
9

Zeint ze iwgt eint + e ingt eint e ingt
r.l
2 z2 1 2 2 z2 1
e Wozt
e iwgt eint ze ingt zeint eint+ e iwgt
P +
g ,
2 z2 1 2 z2 1 2

p p :
wherewy = wp z2 1. Notethawyand z2 1 can be either real or complex,
but the combinations of terms will always yield a real valaethe entries in the
matrix exponential. N

An important class of linear systems are those that can beeceal into diag-
onal form. Suppose that we are given a system

dx
a—Ax

such that all the eigenvalues Afare distinct. It can be shown (Exerci4d 4) that
we can nd an invertible matri such thaff AT 1 is diagonal. If we choose a set
of coordinatez = Tx, then in the new coordinates the dynamics become

dz_ 19X _ ax= TAT 2
dt dt
By construction ofT, this system will be diagonal.
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Now consider a diagonal matri& and the correspondingth power of At,
which is also diagonal:

8 9 8 9
I1 0 | Ktk 0
I | itk
A=§ ° ? (At)k=§ 2 ?
~ 0 In 0 | Ktk
It follows from the series expansion that the matrix expaia¢is given by
8
et 0
t
M= § ¢ § :
"0 ent’

A similar expansion can be done in the case where the eigewalre complex,
using a block diagonal matrix, similar to what was done in i8ect.3.

Jordan Form

Some matrices with equal eigenvalues cannot be transforsmddgional form.
They can, however, be transformed to a closely related foaited theJordan
form, in which the dynamics matrix has the eigenvalues along idgothal. When
there are equal eigenvalues, there may be 1's appearing sutberdiagonal indi-
cating that there is coupling between the states.

More speci cally, we de ne a matrix to be in Jordan form if it céoe written

as
8 9 8 9
Ji 0 ::: 0 0 li 1 0 ::: O
0 » O 0 0 0o I 1 0
=5 : . .. :3; where J=5: . .. 18:(5.9
0 0 J1 O 0 O i 1
0O 0 ::: 0 J "0 0 ;0 Iy

Each matrixJ; is called aJordan block and/; for that block corresponds to an
eigenvalue of). A rst-order Jordan block can be represented as a system con-
sisting of an integrator with feedbadk A Jordan block of higher order can be
represented as series connections of such systems, aathalsin Figures.3.

Theorem 5.2(Jordan decompositionAny matrix A2 R" " can be transformed
into Jordan form with the eigenvalues of A determiningn the Jordan form.

Proof. See any standard text on linear algebra, such as St&ir&f]. The special
case where the eigenvalues are distinct is examined in Eedrdi4 Ol

Converting a matrix into Jordan form can be complicatedicalgh MATLAB
can do this conversion for numerical matrices usingjtdrdan function. The
structure of the resulting Jordan form is particularly resging since there is no



5.2. THE MATRIX EXPONENTIAL 140
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Figure 5.3: Representations of linear systems where the dynamics matrices asn Jord
blocks. A rst-order Jordan block can be represented as an integnétio feedbackl , as
shown on the left. Second- and third-order Jordan blocks can besemted as series con-
nections of integrators with feedback, as shown on the right.

requirement that the individudl's be unique, and hence for a given eigenvalue
we can have one or more Jordan blocks of different sizes.

Once a matrix is in Jordan form, the exponential of the maaix be computed
in terms of the Jordan blocks:

el 0 O9

=50 e £ (5.10)
: .0
0 ::: 0 ek’

This follows from the block diagonal form af. The exponentials of the Jordan
blocks can in turn be Writtgn as

9

t2 tnl

1t 2! (n D!

tn2

O 1 t - W

elt=%. 1 eit; (5.11)

. t

"0 0 1’

When there are multiple eigenvalues, the invariant sulespassociated with
each eigenvalue correspond to the Jordan blocks of thexwatNote thatl may
be complex, in which case the transformatibrihat converts a matrix into Jor-
dan form will also be complex. Whehn has a nonzero imaginary component, the
solutions will have oscillatory components since

STt = eSt(cosut + i sinwt):
We can now use these results to prove Theofelnwhich states that the equilib-
rium pointxe = 0 of a linear system is asymptotically stable if and only ifiRe 0.

Proof of Theorend.1 LetT 2 C" " be an invertible matrix that transforndsinto
Jordan form,) = TAT 1. Using coordinateg= T x, we can write the solutior(t)

as
z(t) = e’'Z(0):
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Since any solutiom(t) can be written in terms of a solutiat) with z(0) = Tx(0),

it follows that it is suf cient to prove the theorem in the tisformed coordinates.
The solutionz(t) can be written in terms of the elements of the matrix expo-

nential. From equatiorb(11) these elements all decay to zero for arbitrz1§) if

and only if Rd ; < 0. Furthermore, if any; has positive real part, then there ex-

ists an initial conditiorz(0) such that the corresponding solution increases without

bound. Since we can scale this initial condition to be arbiyramall, it follows

that the equilibrium point is unstable if any eigenvalue pasitive real part. [

The existence of a canonical form allows us to prove many ptigseof linear
systems by changing to a set of coordinates in whichAhmeatrix is in Jordan
form. We illustrate this in the following proposition, wiiidollows along the same
lines as the proof of Theoreml

Proposition 5.3. Suppose that the system

dx
a—Ax

has no eigenvalues with strictly positive real part and onenore eigenvalues
with zero real part. Then the system is stable if and only ifJdrelan blocks cor-
responding to each eigenvalue with zero real part are scélar 1) blocks.

Proof. See Exercisé.6b. O
The following example illustrates the use of the Jordan form.

Example 5.4 Linear model of a vectored thrust aircraft
Consider the dynamics of a vectored thrust aircraft suclhaisdescribed in Ex-
ample2.9. Suppose that we choogge= u, = 0 so that the dynamics of the system

become 8 9
Z4
q Z5
z Z5
dt gsinzz £z B (5.12)
glcoszs 1) £z5
. O b

wherez=(x;y;q;X;y;q). The equilibrium points for the system are given by set-
ting the velocitiex, y andq to zero and choosing the remaining variables to satisfy
gsinzze= 0

g(coszze 1)=0

This corresponds to the upright orientation for the aircridfite thatxe andye

are not speci ed. This is because we can translate the systemméov (upright)
position and still obtain an equilibrium point.

=) Zze= Qe = 0
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(a) Mode 1 (b) Mode 2

Figure 5.4: Modes of vibration for a system consisting of two masses connectedimgsp
In (a) the masses move left and right in synchronization in (b) they rteward or against
each other.

To compute the stability of the equilibrium point, we compthe linearization
using equation4.11):

8 9
00 O 1 0
00 O 0 1
A—E .30 0 O 0 0
Mz 00 g cc=m O
00 O 0 cem O
"0 0 O 0 0 0

The eigenvalues of the system can be computed as
I (A)= f0;0;0;,0; c=m; c=mg:

We see that the linearized system is not asymptoticallylestsibce not all of the
eigenvalues have strictly negative real part.

To determine whether the system is stable in the sense ofulgapwe must
make use of the Jordan form. It can be shown that the JordandbA is given by

8 0|0 0 Of O 0 ?

0{|0 1 0| O 0 =

j=20/0 0 1] 0 o %

0|0 0 Of O 0 %

00 O O] c=m 0 =

0/0 0 0f O c=m’
Since the second Jordan block has eigenvalue 0 and is not esigpnvalue, the
linearization is unstable. N

Eigenvalues and Modes

The eigenvalues and eigenvectors of a system provide a pigsarof the types of
behavior the system can exhibit. For oscillatory systeims t¢rmmodeis often
used to describe the vibration patterns that can occur. &igurillustrates the
modes for a system consisting of two masses connected mgspfOne pattern is
when both masses oscillate left and right in unison, andremag when the masses
move toward and away from each other.

The initial condition response of a linear system can be &mrith terms of a
matrix exponential involving the dynamics matAxThe properties of the matri
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Figure 5.5: The notion of modes for a second-order system with real eigenvalhedeft
gure shows the phase portrait and the modes corresponding to sduthanstart on the
eigenvectors (bold lines). The corresponding time functions are sbawvime right.

therefore determine the resulting behavior of the systeimerG matrixXA2 R" ",
recall thatv is an eigenvector oA with eigenvalud if

Av= | v,

In generall andv may be complex-valued, althoughAfis real-valued, then for
any eigenvalue its complex conjugaté will also be an eigenvalue (with as
the corresponding eigenvector).

Suppose rst that andv are a real-valued eigenvalue/eigenvector pairXor
If we look at the solution of the differential equation &{(i0) = v, it follows from
the de nition of the matrix exponential that

1 242
ey = |+At+§A2t2+ v=v+ltv+7v+ =€l

The solution thus lies in the subspace spanned by the eigenv€be eigenvalue
I describes how the solution varies in time, and this solusaften called anode
of the system. (In the literature, the term “mode” is als@pftised to refer to the
eigenvalue rather than the solution.)
If we look at the individual elements of the vectorandy, it follows that

xi(t) e“vi Vi

X;j(t) e th Vj '
and hence the ratios of the components of the statee constants for a (real)
mode. The eigenvector thus gives the “shape” of the soluti@his also called
a mode shap®ef the system. Figuré.5illustrates the modes for a second-order
system consisting of a fast mode and a slow mode. Notice hieadthte variables
have the same sign for the slow mode and different signs &fabt mode.

The situation is more complicated when the eigenvalueé afe complex.
SinceA has real elements, the eigenvalues and the eigenvectorerapex con-
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jugatesl = s iwandv= u iw, which implies that
v+ Vv vV VvV

2 S 2
Making use of the matrix exponential, we have

v= & Y(u+iw) = €' (ucoswt wsinwt)+ i(usinwt + wcoswt) ;

from which it follows that
1 .
Mu= 5 v+ v = ueflcosmt  welsinut;
1 .
M = > v My = uetsinut + webt cosut:

A solution with initial conditions in the subspace spanngdhe real paru and
imaginary partv of the eigenvector will thus remain in that subspace. Thetismiu
will be a logarithmic spiral characterized Byandw. We again call the solution
corresponding té a mode of the system, anmdhe mode shape.

sponse can be written as a linear combination of the modeseddhis, suppose
for simplicity that we have all real eigenvalues with copesding unit eigenvec-

and we can write the initial conditiox(0) as
X(0)= aivi+ ava+  + apvp:
Using linearity, the initial condition response can be teritas
X(t) = a1€ v+ ard 2o+ + ane vy

Thus, the response is a linear combination of the modes ofyters, with the

amplitude of the individual modes growing or decayingeds The case for dis-
tinct complex eigenvalues follows similarly (the case fondistinct eigenvalues is
more subtle and requires making use of the Jordan form disdua the previous
section).

Example 5.5 Coupled spring—mass system
Consider the spring—mass system shown in Fidude but with the addition of
dampers on each mass. The equations of motion of the system are

mgp = 2koqn cgp+ kop; mdp = kg 2kop  cgp:

In state space form, we de ne the state tadse( q1; g2; g1; 02), and we can rewrite
the equations as

8 0 0 1 0 J
0 0 0 1
dx 2k k c
= - _ — X
dt m m m 0
> kx4, c
m m m
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We now de ne a transformation= T x that puts this system into a simpler form.
Letzy = J(oh+ Gp), 2= z1,23= 3(ch  Op) andz = z3, so that

81 1 0 09
z=Tx= 1?) 0 1 1%x:
1
0 1 1

2 10 0
' 0
In the new coordinates, the dynamics become
0 1 0 0 N
k c
iz §m m ¢ °
dt 0 0 0 1
0 0 ﬂ( E,
m m

and we see that the system is in block diagonahgoda) form.

In thez coordinatgs, the stateg andz, parameterize one mode with eigenval-
ues/ c=(2m) i k=m (for c small), and the statel andz; another mode
with | c=(2m) i 3k=m. From the form of the transformatiof we see
that these modes correspond exactly to the modes in Figdren which g; and
g2 move either toward or against each other. The real and imagpaats of the
eigenvalues give the decay ratesind frequencies for each mode. N

5.3 Input/Output Response

In the previous section we saw how to compute the initial d@mdresponse using
the matrix exponential. In this section we derive the couatroh equation, which
includes the inputs and outputs as well.

The Convolution Equation

We return to the general input/output case in equatiod) ,(repeated here:

d
d—f[(: Ax+ Bu; y= Cx+ Du: (5.13)

Using the matrix exponential, the solution to equatidrl8 can be written as
follows.

Theorem 5.4. The solution to the linear differential equati¢.13 is given by
Z

x(t) = eMx(0) + Ote‘\“ DBu(t)dt: (5.14)

Proof. To prove this, we differentiate both sides and use the ptp§&r8) of the
matrix exponential. This gives
z
dx

t
g Ax(0)+ ALt DBy(t)dt + But) = Ax+ Bu;
0
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(a) Pulse and impulse functions (b) Pulse and impulse responses

Figure 5.6: Pulse response and impulse response. (a) The rectangles shos/gfulgdth

5, 25 and 08, each with total area equal to 1. The arrow denotes an implft3ede ned

by equation.17). The corresponding pulse responses for a linear system with elgeava

I =f 0:08 0:629 are shown in (b) as dashed lines. The solid line is the true impulse
response, which is well approximated by a pulse of duratin 0

which proves the result. Notice that the calculation is etaly the same as for
proving the result for a rst-order equation. Ol

It follows from equationsg.13 and 6.14) that the input/output relation for a

linear system is given by
z

y(t) = CeMx(0) + OtCeA(t DBu(t)dt + Du(t): (5.15)

It is easy to see from this equation that the output is joititigar in both the
initial conditions and the input, which follows from the darity of matrix/vector
multiplication and integration.

Equation 6.15 is called theconvolution equatiopand it represents the general
form of the solution of a system of coupled linear differahgquations. We see
immediately that the dynamics of the system, as charaetbfiy the matrixA,
play a critical role in both the stability and performancetioé system. Indeed,
the matrix exponential describé&®th what happens when we perturb the initial
condition and how the system responds to inputs.

Another interpretation of the convolution equation can veryusing the concept
of the impulse responsef a system. Consider the application of an input signal
u(t) given by the following equation: 8

20 t<0
u(t) = pe(t) = S l=e 0 t<e (5.16)
"0 t e

This signal is gulseof duratione and amplitude Ze, as illustrated in Figuré.6a
We de ne animpulsed(t) to be the limit of this signal as! 0:

d(t)= lim pe(t): (5.17)
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This signal, sometimes calleddelta function,is not physically achievable but
provides a convenient abstraction in understanding theorese of a system. Note
that the integral of an impulse is 1:
VA t Z t z t
d(t)dt lim pe(t)dt = lim  pe(t) dt
0 0 e'ZO e 0o

e
im l1l=edt=1 t>0:
el 0o
In particular, the integral of an impulse over an arbitgashort period of time is
identically 1.

We de ne theimpulse responsef a systenh(t) to be the output corresponding
to having an impulse as its input:

h(t) = Otce‘\<t DBd(t)dt = C'B; (5.18)

where the second equality follows from the fact tbiét) is zero everywhere ex-
cept the origin and its integral is identically 1. We can novitevthe convolution

equation in terms of the initial condition response, thevotution of the impulse

response and the input signal, and the direct term:

y(t) = CeMx(0)+ Ot h(t t)u(t)dt + Du(t): (5.19)

One interpretation of this equation, explored in Exer&s2 is that the response
of the linear system is the superposition of the response o aite set of shifted
impulses whose magnitudes are given by the iyt This is essentially the ar-
gument used in analyzing FiguBe2 and deriving equation5(5). Note that the
second term in equatiob.(19 is identical to equationy(5), and it can be shown
that the impulse response is formally equivalent to thevdévie of the step re-
sponse.

The use of pulses as approximations of the impulse functiso ptovides a
mechanism for identifying the dynamics of a system from deigure5.6bshows
the pulse responses of a system for different pulse widthticél that the pulse
responses approach the impulse response as the pulse wigkhazero. As a
general rule, if the fastest eigenvalue of a stable systemndsd part smax, then a
pulse of lengthe will provide a good estimate of the impulse responsesif,ax
1. Note that for Figuré.6, a pulse width ofe= 1 s givesesmax= 0:62 and the
pulse response is already close to the impulse response.

Coordinate Invariance

The components of the input vectarand the output vectoy are given by the
chosen inputs and outputs of a model, but the state varidelesnd on the coor-
dinate frame chosen to represent the state. This choice ofioates affects the
values of the matrice8, B andC that are used in the model. (The direct tebm
is not affected since it maps inputs to outputs.) We now itigate some of the
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Figure 5.7: Coupled spring mass system. Each mass is connected to two springs With stif
nessk and a viscous damper with damping coef cientThe mass on the right is driven
through a spring connected to a sinusoidally varying attachment.

consequences of changing coordinate systems.
Introduce new coordinatesby the transformatioz = Tx, whereT is an in-
vertible matrix. It follows from equations(3) that

gltzz T(Ax+ Bu)= TAT 'z+ TBu=:Az+ By,

y= Cx+ Du= CT !z+ Du=:Cz+ Du;

The transformed system has the same form as equé&tidn fut the matrices, B
andC are different:

A= TAT % B=TB, C=cCT % (5.20)
There are often special choices of coordinate systems tbat a$ to see a partic-
ular property of the system, hence coordinate transfoomattan be used to gain
new insight into the dynamics.

We can also compare the solution of the system in transfocoeddinates to
that in the original state coordinates. We make use of aniitapbproperty of the

exponential map, )
&S =TT 1

which can be veri ed by substitution in the de nition of the miatexponential.

Using this property, it is easy to show that
Z

xt)= T Zt)= T WATx0)+ T L Ote&“ DBu(t)dt:

From this form of the equation, we see that if it is possiblerems$formA into

a form A for which the matrix exponential is easy to compute, we can that
computation to solve the general convolution equationHeruntransformed state
x by simple matrix multiplications. This technique is illustied in the following
example.

Example 5.6 Coupled spring—mass system
Consider the coupled spring—mass system shown in Figdrel'he input to this
system is the sinusoidal motion of the end of the rightmoshgpand the output
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is the position of each masg, andg. The equations of motion are given by
mii= 2kan cop+t Kap; mip = koh  2kgp  co2+ ku:

In state space form, we de ne the state todse( q1; 02; 01; 02), and we can rewrite
the equations as

8 o 0 1 09 809
0 0 0o 1 0
dx _ 2k k c :
2= = = — 0 =2Xx+z 03U
dt m m m
2 k% cE K
m m m m

This is a coupled set of four differential equations and iseqcdmplicated to solve
in analytical form.

The dynamics matrix is the same as in Exantplg and we can use the coor-
dinate transformation de ned there to put the system in méatah:

0 1 0 O9 8 O9
k
dz _ m m N 2m 3
gt 50 o o 18° o §Y
0 O ik 21 - k!
m m 2m

Note that the resulting matrix equations are block diaganal hence decoupled.
We can solve for the solutions by computing the solutionsvaf $ets of second-
order systems represented by the stétesz,) and(zs; z). Indeed, the functional
form of each set of equations is identical to that of a singleng—mass system.
(The explicit solution is derived in Sectidh3)

Once we have solved the two sets of independent second-egdations, we
can recover the dynamics in the original coordinates byrting the state trans-
formation and writingk= T 1z We can also determine the stability of the system
by looking at the stability of the independent second-osystems. N

Steady-State Response

Given a linear input/output system

ZII?[( = Ax+ Bu; y= Cx+ Du; (5.21)
the general form of the solution to equatidhql) is given by the convolution
equation: 7

y(t) = Cx(0) + Otce‘“t DBu(t)dt + Du(t):

We see from the form of this equation that the solution cassian initial condi-
tion response and an input response.
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Figure 5.8: Transient versus steady-state response. The input to a linear systeowis in
(a), and the corresponding output wi0) = 0 is shown in (b). The output signal initially
undergoes a transient before settling into its steady-state behavior.

The input response, corresponding to the last two terms iedhation above,
itself consists of two components—thransient responsand thesteady-state re-
sponse The transient response occurs in the rst period of time afterinput
is applied and re ects the mismatch between the initial chodiand the steady-
state solution. The steady-state response is the portidreadutput response that
re ects the long-term behavior of the system under the givgruis. For inputs
that are periodic the steady-state response will often hegie, and for constant
inputs the response will often be constant. An example oftitwesient and the
steady-state response for a periodic input is shown in Figu@&e

A particularly common form of input is step inputwhich represents an abrupt
change in input from one value to anothemAit step(sometimes called the Heav-
iside step function) is de ned as

0 t=0

u=s= | a0

The step responsef the system§.21) is de ned as the outpuy(t) starting from
zero initial condition (or the appropriate equilibrium pgiand given a step input.
We note that the step input is discontinuous and hence is nagatipally imple-
mentable. However, it is a convenient abstraction that delyiused in studying
input/output systems.

We can compute the step response to a linear system usingthelgtion
equation. Settingy(0) = 0 and using the de nition of the step input above, we
have Z, Z,

y(t) ceé® DBy(t)dt + Dut)y= ¢ Xt DBdt + D

t
C e&“Bds+D=C A B
0

= CA '¢'B CA 'B+D:
If A has eigenvalues with negative real part (implying that thgim is a stable
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Figure 5.9: Sample step response. The rise time, overshoot, settling time and stasaly-s
value give the key performance properties of the signal.

equilibrium point in the absence of any input), then we cavrite the solution as

y(t) = Fi{lzeﬁl§+ p_ _1§ t> 0; (5.22)
transient steady-state
The rst term is the transient response and decays to zetd a¥. The second
term is the steady-state response and represents the V¥ahee @utput for large
time.

A sample step response is shown in Figbrg@ Several terms are used when
referring to a step response. Thteady-state valuesyof a step response is the
nal level of the output, assuming it converges. Titige time T is the amount of
time required for the signal to go from 10% of its nal value t6% of its nal
value. Itis possible to de ne other limits as well, but in tbisok we shall use these
percentages unless otherwise indicated. dvexshoot M is the percentage of the
nal value by which the signal initially rises above the nal . This usually
assumes that future values of the signal do not overshooh#h@alue by more
than this initial transient, otherwise the term can be amnig. Finally, thesettling
time T is the amount of time required for the signal to stay within @2ts nal
value for all future times. The settling time is also somesrde ned as reaching
1% or 5% of the nal value (see Exerci&er). In general these performance mea-
sures can depend on the amplitude of the input step, butiealisystems the last
three quantities de ned above are independent of the siZeeodtep.

Example 5.7 Compartment model

Consider the compartment model illustrated in FigbwE)and described in more
detail in Sectior8.6. Assume that a drug is administered by constant infusion in
compartmenY; and that the drug has its effect in compartméntTo assess how
quickly the concentration in the compartment reaches gtetate we compute
the step response, which is shown in Figbire. The step response is quite slow,
with a settling time of 39 min. It is possible to obtain thesgte-state concentration
much faster by having a faster injection rate initially, @aswn in Figure5.1Cc.
The response of the system in this case can be computed byrmombivo step
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Figure 5.10: Response of a compartment model to a constant drug infusion. A sdigle
gram of the system is shown in (a). The step response (b) shows thef @acentration
buildup in compartment 2. In (c) a pulse of initial concentration is used éedpp the
response.

responses (Exercige3). N

Another common input signal to a linear system is a sinuswid combination
of sinusoids). Thérequency responsa an input/output system measures the way
in which the system responds to a sinusoidal excitation @diits inputs. As we
have already seen for scalar systems, the particular snlaisociated with a sinu-
soidal excitation is itself a sinusoid at the same frequeHeyce we can compare
the magnitude and phase of the output sinusoid to the inpateldenerally, if a
system has a sinusoidal output response at the same frgtpetie input forcing,
we can speak of the frequency response of the system.

To see this in more detail, we must evaluate the convolutipragon 6.15) for
u= coswt. This turns out to be a very messy calculation, but we can ma&efi
the fact that the system is linear to simplify the derivationparticular, we note
that 1. _

coswt = 2 Mt e M .

Since the system is linear, it suf ces to compute the respoh#igesystem to the
complex inputu(t) = €™ and we can then reconstruct the input to a sinusoid by

averaging the responses corresponding#aw ands= iw.
Applying the convolution equation to the input €™ we have

z t
y(t) = CeMx(0)+ CceMt DBt dt + De
0
V4 t
= C'x(0)+ ce™ &8 Alpdt + De™:
0

If we assume that none of the eigenvaluesAddire equal tes= iw, then the
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matrixsl Ais invertible, and we can write

y(t)

t
Cex(0)+ C& (sl A) e8! Atp .t De™

Cex(0)+ C(sl A) * &S At | B+ Det
= C&'%(0)+ C(sl A) B CeV(sl A) B+ De™:
and we obtain

y(t)= CE"N x(0) (sl A) B + C(sl A) B+D €&v: (5.23)
l t {Z' t } | i {;iz tat }
ransien steady-state

Notice that once again the solution consists of both a tesmisiomponent and a
steady-state component. The transient component decagsdadf zhe system is
asymptotically stable and the steady-state componenbgoptional to the (com-
plex) inputu= €.

We can simplify the form of the solution slightly further bgwriting the steady-

state response as _ _
ys(t) = Me9e% = Melstia);

where .
M9 = C(sl A) B+D (5.24)

andM and g represent the magnitude and phase of the complex nu@sér

A) B+ D. Whens= iw, we say thaM is thegain and g is the phaseof the
system at a given forcing frequenay Using linearity and combining the solutions
fors=+ iwands= iw, we can show that if we have an input A, sin(wt+ y)
and an outpuy = Aysin(wt + j ), then

A -
A

The steady-state solution for a sinusaid coswt is now given by

Yss(t) = Mcogwut + q):

If the phase is positive, we say that the outpleadsthe input, otherwise we say
it lagsthe input.

A sample sinusoidal response is illustrated in Figbirkla The dashed line
shows the input sinusoid, which has amplitude 1. The outputssid is shown
as a solid line and has a different amplitude plus a shifteab@hThe gain is the
ratio of the amplitudes of the sinusoids, which can be deatethby measuring
the height of the peaks. The phase is determined by compdrengatio of the
time between zero crossings of the input and output to theatiyeeriod of the
sinusoid: DT

q= 2p-—

gain(w) = M; phas¢w)=j vy =q:
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Figure 5.11:Response of a linear system to a sinusoid. (a) A sinusoidal input ofitndgn
Ay (dashed) gives a sinusoidal output of magnitégesolid), delayed byDT seconds. (b)
Frequency response, showing gain and phase. The gain is giver logtit of the output
amplitude to the input amplitud®) = Ay=A,. The phase lag is given y=  2pDT=T; it
is negative for the case shown because the output lags the input.

A convenient way to view the frequency response is to plot Hmvgain and
phase in equatiorb(24) depend orw (throughs= iw). Figure5.11bshows an
example of this type of representation.

Example 5.8 Active band-pass Iter

Consider the op amp circuit shown in Figlird.2a We can derive the dynamics of
the system by writing theodal equationswhich state that the sum of the currents
at any node must be zero. Assuming that= v, = 0, as we did in Sectio3.3,
we have

Vi V2 dvo dv, v dws
0= Ci—-; 0=C——+ —+Co——:
Ry Lt Ydt "Ry 2t
Choosingv, andvs as our states and using these equations, we obtain
dv _vi v, dn_ vz ViV
dt RiCy ' dt R.Co RiC,
Rewriting these in linear state space form, we obtain
8 9 8 9
1 1
dx_ % RiCy ’ § x+§ R1C1§ u; = ?0 1'9 X; (5.25)
at 8 1 1 18Y y= % '
RC, RCo RiCo’

wherex = (Vp;Vv3), u= vy andy = vs.

The frequency response for the system can be computed usiatj@yb.24):
& RiCis .
Ry (1+ RiC19)(1+ RoCps)’
The magnitude and phase are plotted in Figudbfor R; = 100W, R, = 5 kW
andC; = C, = 100 pF. We see that the circuit passes through signals wigdre

Mel9=C(sl A) B+D= s=iw:
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Figure 5.12: Active band-pass Iter. The circuit diagram (a) shows an op amp withR@o
Iters arranged to provide a band-pass Iter. The plot in (b) shows thi@a @nd phase of the
Iter as a function of frequency. Note that the phase starts at €@ to the negative gain of
the operational ampli er.

cies at about 10 rad/s, but attenuates frequencies belod/$aad above 50 rad/s.

At 0.1 rad/s the input signal is attenuated by 2(.05). This type of circuit is
called aband-pass ltersince it passes through signals in the band of frequencies
between 5 and 50 rad/s. N

As in the case of the step response, a number of standardpes@ee de ned
for frequency responses. The gain of a system at0 is called thezero frequency
gainand corresponds to the ratio between a constant input arsieady output:

Mop= CA B+ D:

The zero frequency gain is well de ned onlyAfis invertible (and, in particular, if

it does not have eigenvalues at 0). It is also important te tiwt the zero frequency
gain is a relevant quantity only when a system is stable ath@utorresponding
equilibrium point. So, if we apply a constant input= r, then the correspond-
ing equilibrium pointxe = A 1Br must be stable in order to talk about the zero
frequency gain. (In electrical engineering, the zero fesgly gain is often called
the DC gain DC stands for direct current and re ects the common separaif
signals in electrical engineering into a direct currentdZfeequency) term and an
alternating current (AC) term.)

The bandwidthw, of a system is thB frequency range over which the gain has
decreased by no more than a factor of 2 from its reference value. For systems
with nonzero, nite zero fre&gency gain, the bandwidth is frequency where
the gain has decreased by 12 from the zero frequency gain. For systems that
attenuate low frequencies but pass through high frequenttie reference gain
is taken as the high-frequency gain. For a system such asatiedfass lter in
Example5.8, Fl,)gndwidth is de ned as the range of frequencies where the igai
largerthan £ 2 of the gain at the center of the band. (For Exanfp&this would
give a bandwidth of approximately 50 rad/s.)
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Figure 5.13: AFM frequency response. (a) A block diagram for the vertical dyioarof an
atomic force microscope in contact mode. The plot in (b) shows the gaiphase for the
piezo stack. The response contains two frequency peaks at ressnafithe system, along
with an antiresonance at = 268 krad/s. The combination of a resonant peak followed by
an antiresonance is common for systems with multiple lightly damped modes.

Another important property of the frequency response isghenant peak M
the largest value of the frequency response, ang#ak frequencyy,, the fre-
guency where the maximum occurs. These two properties testre frequency
of the sinusoidal input that produces the largest possilieut and the gain at the
frequency.

Example 5.9 Atomic force microscope in contact mode

Consider the model for the vertical dynamics of the atomicdamicroscope in
contact mode, discussed in Secti®®. The basic dynamics are given by equa-
tion (3.23. The piezo stack can be modeled by a second-order systerumdth
damped natural frequenays and damping rati@s. The dynamics are then de-
scribed by the linear system

9 8 9
0 1 0 0 0
dx _ % ke=(m+ mp)  ce=(m+mp) 1=m, O % X*% o% U
dt 0 0 0 ws 0 ’
. g 0 9 W3 223W3’ ' W3’
y= m > mkp e 1 @ x

M+ My Mg+ M+ oy

where the input signal is the drive signal to the ampli er anel dbutput is the elon-
gation of the piezo. The frequency response of the systenoversim Figure5.13h
The zero frequency gain of the systenMig= 1. There are two resonant poles with
peakdVl;1 = 2:12 atwin1 = 238 krads andM;» = 4:29 atwinp = 746 kragks. The
bandwidth of the system, de ned as the lowest frequency winergain is 2 less
than the zero frequency gain, g, = 292 krads. There is also a dip in the gain
Mg = 0:556 forwmg = 268 krads. This dip, called aantiresonancgis associated
with a dip in the phase and limits the performance when th&esyss controlled
by simple controllers, as we will see in Chapi€x N



5.3. INPUT/OUTPUT RESPONSE 157

Sampling

It is often convenient to use both differential and differerequations in modeling
and control. For linear systems it is straightforward to$&farm from one to the
other. Consider the general linear system described bytiequ.13 and assume
that the control signal is constant over a sampling inteo¥@onstant lengti. It
follows from equation%.14) of Theoremb.4 that
Z t+h
x(t+ h)= eAx(t) + t AN DByt dt = Fx(t)+ Gu(t); (5.26)

where we have assumed that the discontinuous control sgyeahtinuous from
the right. The behavior of the system at the sampling titmekh is described by
the difference equation

x[k+ 1] = FxK]+ Gu[K]; y[k] = CXK]+ DulK]: (5.27)

Notice that the difference equatiob.27) is an exact representation of the behavior
of the system at the sampling instants. Similar expressiansalso be obtained if
the control signal is linear over the sampling interval.

The transformation from5(26) to (5.27) is calledsampling The relations be-
tween the system matrices in the continuous and sampledsemiations are as

follows:
Z

z

h

F=e&" G= *sds B: A=
0

1 h 1
plogF; B= €'Sds G (5.28)
0

Notice that ifA is invertible, we have
G=AleM | B

All continuous-time systems can be sampled to obtain a&liedime version,
but there are discrete-time systems that do not have a cont&time equivalent.
The precise conditions depend on the properties of the n&tpgnential expAh)
in equation 5.26).

Example 5.10 IBM Lotus server
In Example2.4 we described how the dynamics of an IBM Lotus server were
obtained as the discrete-time system

y[k+ 1] = ayk] + bulK];

wherea = 0:43, b = 0:47 and the sampling period ls= 60s. A differential
equation model is needed if we would like to design contratems based on
continuous-time theory. Such a model is obtained by applgiggation 5.28);
hence loaa Zy 1

A= % = oowr  B= Mdt b= 0011

and we nd that the difference equation can be interpretedsasygpled version of



5.4. LINEARIZATION 158

the ordinary differential equation

% = 0:0141x+ 0:0116u:

. . . N
5.4 Linearization

As described at the beginning of the chapter, a common sairiieear system
models is through the approximation of a nonlinear systera layear one. These
approximations are aimed at studying the local behavior ®fsdem, where the
nonlinear effects are expected to be small. In this sectierdiscuss how to lo-
cally approximate a system by its linearization and what learsaid about the
approximation in terms of stability. We begin with an illcegion of the basic con-
cept using the cruise control example from Chagter

Example 5.11 Cruise control
The dynamics for the cruise control system were derived ini@e8t1 and have
the form

m(;/:anuT(anv) mgG sgn(V) %rCVA\/2 mgsing; (5.29)

where the rst term on the right-hand side of the equation &ftirce generated
by the engine and the remaining three terms are the rollinggdn, aerodynamic
drag and gravitational disturbance force. There is an dxiuln (ve; ug) when the
force applied by the engine balances the disturbance forces

To explore the behavior of the system near the equilibriumwildinearize the
system. A Taylor series expansion of equatis29 around the equilibrium gives

d(vdtve) =a(v Vo) by(g ge)+ b(u ue)+ higherorderterms, (5.30)
where
2

Notice that the term corresponding to rolling friction dipaars ifv= 0. For a
car in fourth gear withie = 25 m/s,ge = 0 and the numerical values for the car
from Section3.1, the equilibrium value for the throttle ige = 0:1687 and the
parameters ara= 0:0101,b= 1:32 andc = 9:8. This linear model describes
how small perturbations in the velocity about the nomin&espevolve in time.
Figure5.14shows a simulation of a cruise controller with linear andlmaar
models; the differences between the linear and nonlineatetscare small, and
hence the linearized model provides a reasonable approgma N
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Figure 5.14: Simulated response of a vehicle with PI cruise control as it climbs a hill with a
slope of 4. The solid line is the simulation based on a nonlinear model, and the dashed line
shows the corresponding simulation using a linear model. The controltes geekp = 0:5

andk; = 0:1.

Jacobian Linearization Around an Equilibrium Point

To proceed more formally, consider a single-input, sirgiéput nonlinear system

31(= f(x;u); x2RMUu2R;

y=h(xu); Yy2R;

with an equilibrium point alk = Xe, U= Ue. Without loss of generality we can
assume thate = 0 andue = 0, although initially we will consider the general case
to make the shift of coordinates explicit.

To study thdocal behavior of the system around the equilibrium pdiat ue),
we suppose that x. andu ue are both small, so that nonlinear perturbations
around this equilibrium point can be ignored compared with(tower-order) lin-
ear terms. This is roughly the same type of argument that id wéen we do
small-angle approximations, replacing ginvith g and cogy with 1 for g near
zero.

As we did in Chapted, we de ne a new set of state variablgsas well as
inputsv and outputsv:

(5.32)

Z= X Xe V=U Ug W=y h(Xe Ue):

These variables are all close to zero when we are near théegum point, and so
in these variables the nonlinear terms can be thought ofeakitjiher-order terms
in a Taylor series expansion of the relevant vector elds agsg for now that
these exist).
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Formally, theJacobian linearizatiorof the nonlinear systenb(32) is
dz

Frin = Az+ By, w= Cz+ Dv, (5.33)
where
A= ki , B= rt ; C= h ; D= Th : (5.34)
fix (Xe:Ue) fu (XeiUe) 7 (Xe;Ue) fu (XeiUe)

The system&g.33 approximates the original systers.82 when we are near the
equilibrium point about which the system was linearizedingsrheorem4.3, if
the linearization is asymptotically stable, then the eguiim pointxe is locally
asymptotically stable for the full nonlinear system.

Itis important to note that we can de ne the linearization slyatem only near
an equilibrium point. To see this, consider a polynomiatesys

dx _ 5 Bt
a— apt+ X+ axX™+ agx” + U,

whereag 6 0. A set of equilibrium points for this system is given p; Ue) =

(Xe; a0 aXe axx3 agxd), and we can linearize around any of them. Suppose
that we try to linearize around the origin of the system 0, u= 0. If we drop the
higher-order terms iw, then we get

9(_ + ayX+ U,
dt—aO 1 1

which isnotthe Jacobian linearization # 6 0. The constant term must be kept,
and itis not present irb(33. Furthermore, even if we kept the constant term in the
approximate model, the system would quickly move away froispoint (since it
is “driven” by the constant terrag), and hence the approximation could soon fail
to hold.

Software for modeling and simulation frequently has faetitfor performing
linearization symbolically or numerically. The MATLAB commaurim  nds
the equilibrium, andinmod extracts linear state space models from a SIMULINK
system around an operating point.

Example 5.12 Vehicle steering

Consider the vehicle steering system introduced in ExarB@eThe nonlinear
equations of motion for the system are given by equati@®3—(2.25 and can
be written as

9
X vecos(a(d)+ q)
SE y% g VSIn(a(d)+ q)% a(d) = arctan atak')nd :
Htand '

wherex, y and g are the position and orientation of the center of mass of the
vehicle,vy is the velocity of the rear whed,is the distance between the front and
rear wheels and is the angle of the front wheel. The functiar{d) is the angle
between the velocity vector and the vehicle's length axis.
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We are interested in the motion of the vehicle about a sttdigé path ¢ = qo)
with xed velocity vp 6 0. To nd the relevant equilibrium point, we rstset= 0
and we see that we must hawle= 0, corresponding to the steering wheel being
straight. This also yielda = 0. Looking at the rst two equations in the dynamics,
we see that the motion in the direction is by de nitionnot at equilibrium since
X2+ y? = v? 6 0. Therefore we cannot formally linearize the full model.

Suppose instead that we are concerned with the lateral aeviatthe vehicle
from a straight line. For simplicity, we lege = 0, which corresponds to driving
along thex axis. We can then focus on the equations of motion inytlaed g
directions. With some abuse of notation we introduce the sta(y; q) andu= d.
The system is then in standard form with

_ 9
vsin(a(u) + x2)

f(xu) = § Vo ; a(u) = arctan atanu
- Ltanu b

The equilibrium point of interest is given by=(0;0) andu = 0. To compute
the linearized model around this equilibrium point, we malke of the formu-
las 6.34). A straightforW%rd calcglation yields

X h(x;u) = xq:

8 9
ac 0 30w g T _sawhy
x x=0 0 0 fu = BV R
u= u=
8 9
fh . . fh
C: i = . 1 O, . D= - -0
X x=0 ' Tu x=0 O
u=0 u=0
and the linearized system
9(: Ax+ By, y= Cx+ Du (5.35)

dt
thus provides an approximation to the original nonlinearadyics.

The linearized model can be simpli ed further by introduciraymalized vari-
ables, as discussed in Sect@3. For this system, we choose the wheel bass
the length unit and the unit as the time required to travel aekbase. The nor-
malized state is thus= ( x1=b; x»), and the new time variable is= vpot=h. The
model 6.338then becgomeBS

0z _xz2+guz _ 3 202 — -

ar U ST o Ty y=-1 0 z (5.36)
whereg= a=b. The normalized linear model for vehicle steering with ngoshg
wheels is thus a linear system with only one parameter. N

Feedback Linearization

Another type of linearization is the use of feedback to contree dynamics of a
nonlinear system into those of a linear one. We illustratelisic idea with an
example.
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Figure 5.15: Feedback linearization. A nonlinear feedback of the form a(x;v) is used
to modify the dynamics of a nonlinear process so that the responsetimputv to the
outputy is linear. A linear controller can then be used to regulate the system's dgsiam

Example 5.13 Cruise control
Consider again the cruise control system from Exarbpld, whose dynamics are
given in equationg.29:

m%zanuT(anv) mgG sgn(v) %ersz mgsing:

If we chooseau as a feedback law of the form

_ 1 0 1 .
us= AT (aw) uw+ mgG sgn(v) + 5 CAV ; (5.37)
then the resulting dynamics become
m(;l/ = u’+ d; (5.38)

whered = mgsing is the disturbance force due the slope of the road. If we
now de ne a feedback law fau® (such as a proportional-integral-derivative [PID]
controller), we can use equatios.87) to compute the nal input that should be
commanded.

Equation 6.38 is a linear differential equation. We have essentiallyéiried”
the nonlinearity through the use of the feedback |1&87). This requires that we
have an accurate measurement of the vehicle velacég well as an accurate
model of the torque characteristics of the engine, geangatirag and friction
characteristics and mass of the car. While such a model igararally available
(remembering that the parameter values can change), if sigrda good feedback
law for u® then we can achieve robustness to these uncertainties. \

More generally, we say that a system of the form

dx _
dt ~

is feedback linearizabléf we can nd a control lawu = a(x;v) such that the
resulting closed loop system is input/output linear witputiv and outputy, as
shown in Figureb.15 To fully characterize such systems is beyond the scope of
this text, but we note that in addition to changes in the intnét general theory also
allows for (nonlinear) changes in the states that are useégoribe the system,

= f(xu); y= h(x);
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keeping only the input and output variables xed. More destafl this process can
be found in the textbooks by Isidofisj95] and Khalil [KhaO01].

One case that comes up relatively frequently, and is hencthwpecial mention,e
is the set of mechanical systems of the form

M(a)d+ C(g;0) = B(g)u:

Hereq 2 R" is the con guration of the mechanical systemM(q) 2 R" " is the
con guration-dependent inertia matri€(q; q) 2 R" represents the Coriolis forces
and additional nonlinear forces (such as stiffness antidrigandB(q) 2 R" Pis

the input matrix. Ifp = n, then we have the same number of inputs and con g-
uration variables, and if we further have th(ig) is an invertible matrix for all
con gurationsq, then we can choose

u=B ‘(o) M(a)v+ C(q;q) : (5.39)
The resulting dynamics become
M(a)d= M(aq)v =) 4=V,

which is a linear system. We can now use the tools of linearesygheory to
analyze and design control laws for the linearized systemembering to apply
equation .39 to obtain the actual input that will be applied to the system

This type of control is common in robotics, where it goes byrthme ofcom-
puted torqueand in aircraft ight control, where it is calledynamic inversion
Some modeling tools like Modelica can generate the code inverse model
automatically. One caution is that feedback linearizatian often cancel out ben-
e cial terms in the natural dynamics, and hence it must be ugdudcare. Exten-
sions that do not require complete cancellation of nontitiea are discussed in
Khalil [KhaO] and Krstt et al. KKK95].

5.5 Further Reading

The majority of the material in this chapter is classical aad be found in most
books on dynamics and control theory, including early warkscontrol such as
James, Nichols and PhillipdINP47 and more recent textbooks such as Dorf and
Bishop PB04], Franklin, Powell and Emami-NaeiffrPEN0J and Ogata@ga01.

An excellent presentation of linear systems based on theixm&tponential is
given in the book by Brocket8ro7(, a more comprehensive treatment is given by
Rugh [Rug93 and an elegant mathematical treatment is given in Sor8ag98.
Material on feedback linearization can be found in booksaminear control the-
ory such as Isidorilgi95] and Khalil [Kha01]]. The idea of characterizing dynamics
by considering the responses to step inputs is due to Hdayisé also introduced
an operator calculus to analyze linear systems. The unitsthprefore also called
theHeaviside step functiornalysis of linear systems was simpli ed signi cantly,
but Heaviside's work was heavily criticized because of latknathematical rigor,
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as described in the biography by Nahiah8§. The dif culties were cleared up
later by the mathematician Laurent Schwartz who develajgdbution theoryin
the late 1940s. In engineering, linear systems have toaditly been analyzed us-
ing Laplace transforms as described in Gardner and Ba@G®474. Use of the ma-
trix exponential started with developments of control tlygn the 1960s, strongly
stimulated by a textbook by Zadeh and Desa#§3]. Use of matrix techniques
expanded rapidly when the powerful methods of numeric liaégebra were pack-
aged in programs like LabVIEW, MATLAB and Mathematica.

Exercises

5.1(Response to the derivative of a signal) Show thgtif is the output of a linear
system corresponding to inpuft), then the output corresponding to an inp(if)
is given byy(t). (Hint: Use the de nition of the derivativey(t) = limg o y(t+

e) y(t) =e)

5.2(Impulse response and convolution) Show that a sigfialcan be decomposee
in terms of the impulse functiod(t) as
VA t
u(t)y= d(t t)u(t)dt
0

and use this decomposition plus the principle of superoosib show that the
response of a linear system to an inp(t (assuming a zero initial condition) can
be written as Z,

y(t) = Oh(t tyu(t)dt;

whereh(t) is the impulse response of the system.

5.3 (Pulse response for a compartment model) Consider the ctmmgyair model
given in Example5.7. Compute the step response for the system and compare
it with Figure 5.10h Use the principle of superposition to compute the response
to the 5 s pulse input shown in FigubelOc Use the parameter valugs= 0:1,

ki = 0:1, ko = 0:5 andbg = 1:5.

5.Ab(Matrix exponential for second-order system) Assume thatl and letwy =

wo 1 z2. Show that

8 9
expE ZWo Waz,_3 € Zwltcosyt e 2"t sinugts

Wy ZWp' T e PMlginwgt e Z"Wtcoswyt®

5.5 (Lyapunov function for a linear system) Consider a lineategmx = Axwith

Rel j < 0O for all eigenvalues j of the matrixA. Show that the matrix
z

p= Ao dt

0
de nes a Lyapunov function of the forv(x) = x"Px.
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5.6 (Nondiagonal Jordan form) Consider a linear system withrdaloform that
is non-diagonal.

(a) Prove PropositioB.3by showing that if the system contains a real eigenvalue
| = 0 with a nontrivial Jordan block, then there exists an ihitandition with a
solution that grows in time.

(b) Extend this argument to the case of complex eigenvaludsRe/ = 0 by -

using the block Jordan form
8 9

O w 1 O
3= % w 0 O 1§ .
! 0O 0 0 ws’
0O 0 w 0
5.7 (Rise time for a rst-order system) Consider a rst-order gystof the form
t dx_ X+ u; =X
dt ’ y=x

We say that the parameteis thetime constantor the system since the zero input
system approaches the origines™ . For a rst-order system of this form, show
that the rise time for a step response of the system is appat&ly 2, and that
1%, 2%, and 5% settling times approximately correspondsai, 4t and 3.

5.8 (Discrete-time systems) Consider a linear discrete-tiypséesn of the form
x[k+ 1] = AXK] + BUK]; y[k] = Cxk] + Du[K]:

(a) Show that the general form of the output of a discrete-limear system is
given by the discrete-time convolution equation:

k 1 _
y[k] = CAX[0]+ § CAS 1 Bu[j]+ Du[K]:
j=0

(b) Show that a discrete-time linear system is asymptoticaéible if and only if
all the eigenvalues A have a magnitude strictly less than 1.

(c) Letulk] = sin(wk) represent an oscillatory input with frequenay< p (to
avoid “aliasing”). Show that the steady-state componenhefresponse has gain
M and phasey, where

Me9=c(e¥l A) B+ D:
(d) Show that if we have a nonlinear discrete-time system
x[k+ 1] = f(X[K]; u[K]D; x[K|2 R u2 R;
ylkI = h(xKJ;ulkl); Y2 R;

then we can linearize the system around an equilibrium feinte) by de ning
the matriced\, B, C andD as in equation{.34).
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5.9 (Keynesian economics) Consider the following simple Kejawe macroeco-
nomic model in the forrg of %Iinear discrst%-timegsysgem%ﬁsed in Exercisg.8

3Clt+ 13 _3 a  ax3Clily | 3 a3 5,
e+ 1) “ab b ab " It]’ - ab ’

Y[t] = C[t]+ I[t]+ G[t]:

Determine the eigenvalues of the dynamics matrix. Wherharenagnitudes of the
eigenvalues less than 1? Assume that the system is in equitilwith constant
values capital spendin@, investment and government expenditufe Explore
what happens when government expenditure increases by W6&othe values
a= 0:25andb= 0:5.

5.10 Consider a scalar system

dx

=1 x+u

dt
Compute the equilibrium points for the unforced systers (0) and use a Taylor
series expansion around the equilibrium point to compeditiearization. Verify

that this agrees with the linearization in equatiér8@.

5.11 (Transcriptional regulation) Consider the dynamics of aajie circuit that
implementsself-repressionthe protein produced by a gene is a repressor for that
gene, thus restricting its own production. Using the mogeésented in Exam-
ple 2.13 the dynamics for the system can be written as

dm a dp

—=———+a u; — = bm dp; 5.40

dt - 1+ kp 0 9m dt P (5.40)
whereu is a disturbance term that affects RNA transcription emgp 0. Find
the equilibrium points for the system and use the lineargggthmics around each
equilibrium point to determine the local stability of theuddprium point and the
step response of the system to a disturbance.



Chapter Six
State Feedback

Intuitively, the state may be regarded as a kind of information storage orameor ac-
cumulation of past causes. We must, of course, demand that theistdrofl statesS be
suf ciently rich to carry all information about the past history fto predict the effect of the
past upon the future. We do not insist, however, that the state iedisésuch information
although this is often a convenient assumption.

R. E. Kalman, P. L. Falb and M. A. Arbiippics in Mathematical System Theat969 KFAG9].

This chapter describes how the feedback of a system's statbeaised to
shape the local behavior of a system. The concept of readigabihtroduced and
used to investigate how to design the dynamics of a systeoughrassignment
of its eigenvalues. In particular, it will be shown that undertain conditions it
is possible to assign the system eigenvalues arbitrarilgamyopriate feedback of
the system state.

6.1 Reachability

One of the fundamental properties of a control system is wogbf points in the
state space can be reached through the choice of a contul infurns out that the
property of reachability is also fundamental in understagdhe extent to which
feedback can be used to design the dynamics of a system.

De nition of Reachability

We begin by disregarding the output measurements of thersyaihd focusing on
the evolution of the state, given by
dx

- = + i .
i Ax+ BU; (6.1)

wherex2 R", u2 R, Ais ann n matrix andB a column vector. A fundamental
guestion is whether it is possible to nd control signals satiny pointin the state
space can be reached through some choice of input. To stigjywth de ne the
reachable seR (xo; T) as the set of all pointg; such that there exists an input
ut),0 t T that steers the system frax(0) = xo tox(T) = X¢, as illustrated in
Figure6.1la

De nition 6.1 (Reachability) A linear system iseachableif for any xg; xs 2 R"
there existsd@ > Oandu: [0; T]! R suchthatthe corresponding solution satis es
X(0) = xp andx(T) = X;.
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(a) Reachable set (b) Reachability through control

Figure 6.1: The reachable set for a control system. Thésgty; T) shownin (a) is the set
of points reachable fromy in time less tha. The phase portrait in (b) shows the dynamics
for a double integrator, with the natural dynamics drawn as horizomalarand the control
inputs drawn as vertical arrows. The set of achievable equilibrium p@nte x axis. By
setting the control inputs as a function of the state, it is possible to steer tleensisthe
origin, as shown on the sample path.

The de nition of reachability addresses whether it is pogsiblreach all points
in the state space inteansientfashion. In many applications, the set of points that
we are most interested in reaching is the set of equilibriwintp of the system
(since we can remain at those points once we get there). The aéitpossible
equilibria for constant controls is given by

E = fXe: A%+ Bu. = 0 for someue 2 Rg:

This means that possible equilibria lie in a one- (or posditigher) dimensional
subspace. If the matrik is invertible, this subspace is spannedy B.
The following example provides some insight into the positids.

Example 6.1 Double integrator

Consider a linear system consisting of a double integratuwse dynamics are
given by
dxq . dx _

at @ at

Figure6.1bshows a phase portrait of the system. The open loop dynamic®}
are shown as horizontal arrows pointed to the rightéor O and to the left for
x2 < 0. The control input is represented by a double-headed arrdiei vertical
direction, corresponding to our ability to set the valuenfThe set of equilibrium
pointsE corresponds to the axis, withue = 0.

Suppose rst that we wish to reach the origin from an initial dibion (g;0).
We can directly move the state up and down in the phase plahedmust rely
on the natural dynamics to control the motion to the left agtitr If a> 0, we
can move the origin by rst setting < 0, which will causex; to become negative.
Oncex, < 0, the value ofky will begin to decrease and we will move to the left.
After a while, we can sat, to be positive, moving, back toward zero and slowing
the motion in the direction. If we bringx, > 0, we can move the system state in
the opposite direction.
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Figure6.1bshows a sample trajectory bringing the system to the oridote
that if we steer the system to an equilibrium point, it is flolgsto remain there
inde nitely (sincex; = 0 whenxz = 0), but if we go to any other point in the state
space, we can pass through the point only in a transientdfashi N

To nd general conditions under which a linear system is raétd, we will
rst give a heuristic argument based on formal calculatioithwmpulse functions.
We note that if we can reach all points in the state space g¢ftreaome choice of
input, then we can also reach all equilibrium points.

Testing for Reachability

When the initial state is zero, the response of the system toputu(t) is given
by z,
x(ty= At DByt)dt: (6.2)
0

If we choose the input to be a impulse functidft) as de ned in Sectiors.3, the
state becomes z dxe

t
xg= U OBd(t)dt = === Bt
0 dt

(Note that the state changes instantaneously in resporike impulse.) We can
nd the response to the derivative of an impulse function tiirtg the derivative
of the impulse response (Exerc4):

dxg :
Xg= g = A'B:

Continuing this process and using the linearity of the systae input
u(t) = ad(t)+ axd(t)+ asd(t)+ + and™ V()
gives the state
X(t) = a16"B+ a,A'B+ azA% B+ + apA” teMB:
Taking the limit ag goes to zero through positive values, we get

t.”%l X(t) = a;B+ a,AB+ azA’B+  + a,A" 1B:
On theright is a linear combgnation of the columng of the matr
W=:-B AB AN 1B; (6.3)

To reach an arbitrary point in the state space, we thus rethat there ara linear
independent columns of the mati. The matrixW; is called thereachability
matrix.

An input consisting of a sum of impulse functions and themdsives is a very
violent signal. To see that an arbitrary point can be reaghidfdsmoother signals
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we can make use of the convolution equation. Assuming tleainitial condition

is zero, the state of a linear system is given by
Z

X(t) = Ote““ DBu(t)dt = OteNBu(t t)dt:

It follows from the theory of matrix functions, speci calljhe Cayley—Hamilton
theorem (see Exercig10), that

A= lag(t)+ Aay(t)+ + A" tay a(t);
wherea;j(t) are scalar functions, and we nd that
Zt Zt
X(t)= B ap(t)u(t t)dt+ AB ai(t)u(t t)dt
0 0
Zt
+ +A" 1B a, ((t)ut t)dt:
0

Again we observe that the right-hand side is a linear contioinaf the columns
of the reachability matri¥\; given by equation@.3). This basic approach leads to
the following theorem.

Theorem 6.1(Reachability rank condition)A linear system is reachable if and
only if the reachability matrix \Wis invertible.

The formal proof of this theorem is beyond the scope of this e follows
along the lines of the sketch above and can be found in modtsbon linear
control theory, such as Callier and DesdebP]] or Lewis [Lew03. We illustrate
the concept of reachability with the following example.

Example 6.2 Balance system
Consider the balance system introduced in Exar2dleand shown in Figuré.2
Recall that this system is a model for a class of examples iichwtine center
of mass is balanced above a pivot point. One example is the &eBersonal
Transporter shown in Figu&2g about which a natural question to ask is whether
we can move from one stationary point to another by apprtaaaplication of
forces through the wheels.

The nonlinear equations of motion for the system are givergiragon .9
and repeated here:

(M+mp mlcosgg= cp misingg?+ F;
(J+ ml®)qg mlcosgp= gq+ mglsing:
For simplicity, we takec = g= 0. Linearizing around the equilibrium poirg =

(p; 0;0;0), the dynamics matrix and the control matrix are
8 8 9

(6.4)
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(a) Segway (b) Cart-pendulum system

Figure 6.2: Balance system. The Segway Personal Transporter shown in (asuarple of
a balance system that uses torque applied to the wheels to keep the riget. dpsimpli ed
diagram for a balance system is shown in (b). The system consists c§samuen a rod of
lengthl connected by a pivot to a cart with mags

wherem= Mg nél2, M; = M+ mandJ, = J+ ml2. The reachability matrix is

8 0 a=m 0 gPnp=? 2
0 Im=m 0 gl’m?(m+ M)=n?
W = 6.5
' J=m 0 gl3mi=n? 0 (6:5)
“Im=m 0 glPm?(m+ M)=n7 0 ’
The determinant of this matrix is
_Ptmt
de(\W) = mt 6 0;

and we can conclude that the system is reachable. This inthié¢sve can move
the system from any initial state to any nal state and, in ipgatér, that we can
always nd an input to bring the system from an initial stateato equilibrium
point. N

It is useful to have an intuitive understanding of the me@rans that make a
system unreachable. An example of such a system is given ird=633. The
system consists of two identical systems with the same iretrly, we cannot
separately cause the rst and the second systems to do somaediffierent since
they have the same input. Hence we cannot reach arbitraegstand so the system
is not reachable (Exerci€e3).

More subtle mechanisms for nonreachability can also odeurexample, if
there is a linear combination of states that always remainstant, then the system
is not reachable. To see this, suppose that there exists @weaarH such that

0= ddtsz H(Ax+ Bu); forall u:
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Figure 6.3: An unreachable system. The cart—-pendulum system shown on the $eé ha
single input that affects two pendula of equal length and mass. Sincertlesfaffecting the
two pendula are the same and their dynamics are identical, it is not possiuiti@rily
control the state of the system. The gure on the right is a block diagramesentation of
this situation.

ThenH is in the left null spacSe of botA andB and itgollows that
HW,=H:- B AB A" 1B =0

Hence the reachability matrix is not full rank. In this cageye have an initial
conditionxg and we wish to reach a stake for which Hxg 6 Hx¢, then since
Hx(t) is constant, no input can move fronxg to Xs.

Reachable Canonical Form

As we have already seen in previous chapters, it is oftenezoant to change
coordinates and write the dynamics of the system in the fbtamgd coordinates
z= Tx One application of a change of coordinates is to convertséeay into a
canonical form in which it is easy to perform certain typesoélysis.

A linear state space system isreachable canonical fornf its dynamics are

given by 8 9 8.9
a ao az il an 1
1 0 0O :@::x O 0
az_% o 1 0 1 0EBz+E08
dt : e : (6.6)
8 0 l9 0 0
y=: by by bz ::: by z+du

A block diagram for a system in reachable canonical form @sshin Figure6.4.
We see that the coef cients that appear in fhandB matrices show up directly
in the block diagram. Furthermore, the output of the system &mple linear
combination of the outputs of the integration blocks.

The characteristic polynomial for a system in reachable w@abform is given
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Figure 6.4: Block diagram for a system in reachable canonical form. The indiVistates
of the system are represented by a chain of integrators whose inridiepn the weighted
values of the states. The output is given by an appropriate combinatitwe sf/stem input
and other states.

by
[(5)= '+ a1 '+  +ay 1S+ an: (6.7)

The reachability matrix also has a relatively simple strretu
8 1 & & &
8 9 0 1 a
W=:'B AB ::: A"IB =%: DI
0 O 0 1
"0 0 0 1

where indicates a possibly nonzero term. This matrix is full rarmcsi no col-
umn can be written as a linear combination of the others lsecatithe triangular
structure of the matrix.

We now consider the problem of changing coordinates sudhhibadynamics
of a system can be written in reachable canonical form.A;& represent the
dynamics of a given system aAgB be the dynamics in reachable canonical form.
Suppose that we wish to transform the original system intoha&lale canonical
form using a coordinate transformatiarr T x. As shown in the last chapter, the
dynamics matrix and the control matrix for the transformgstesm are

A=TAT 1, B=TB
The reachability matrix for th8e transformed systerg then beo

AB A" 1B;

=
1
0
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Transforming each element individually, we have
AB= TAT TB= TAB
A’B=(TAT Y)2TB= TAT TAT TB= TA’B;

A'B= TA"B;
and hence the reachabilityz/3 matrix for the transfgrmed sy sse
W =T: B AB A" 1B = TW: (6.8)
SinceW; is invertible, we can thus solve for the transformatibrthat takes the
system into reachable canonical form:
T=wWw L
The following example illustrates the approach.

Example 6.3 Transformation to reachable form
Consider a simple two—dimenéc,ional sysgtem 08f thge form

d
dx_3a ws 305,
dt w a 1
We wish to nd the transformation that converts the systera nelachable canon-
ical form: 8 9 8 19
o3 A a3, 5_ 31z
A= 1 0 B=": o -
The coef cientsa; anda, can be determined from the characteristic polynomial
for the original system:

a;= 2a;
[ ()= de(sl A= & 2as+(a?+w?) =
© ( ) ( ) 9 a= a’+ w
The reachability matrix for each system is
8 0 9 8 L 9
-30 wx o 3 az
W="1 amr W= o

The transformatio becomes 9 8 9
2 (m+ta)=w 1z _za=w 1y

- \i 1_
T= W == 1=w 0 " 1=w 0 '
and hence the coordlnastes9 8 i 9
373 | ryc 3 AW X3
Z2 X1=w
put the system in reachable canonical form. N

We summarize the results of this section in the followingtieen.
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Controller Process

x= Ax+ Bu
y= Cx+ Du

Figure 6.5: A feedback control system with state feedback. The controller useystens
statex and the reference inputto command the process through its inputWe model
disturbances via the additive inpait

Theorem 6.2(Reachable canonical form).et A and B be the dynamics and con-
trol matrices for a reachable system. Then there exists asfmmation z= Tx
such that in the transformed coordinates the dynamics antt@anatrices are in
reachable canonical forr(6.6) and the characteristic polynomial for A is given by

de(sl A)= '+ as" '+ +a, 15+ an

One important implication of this theorem is that for anyategble system, we
can assume without loss of generality that the coordinatestesen such that the
system is in reachable canonical form. This is particulaskgful for proofs, as we
shall see later in this chapter. However, for high-ordetesys, small changes in
the coef cientsg; can give large changes in the eigenvalues. Hence, the fgacha
canonical form is not always well conditioned and must belwgigh some care.

6.2 Stabilization by State Feedback

The state of a dynamical system is a collection of variablasglrmits prediction
of the future development of a system. We now explore the adekesigning the
dynamics of a system through feedback of the state. We vgillrag that the system
to be controlled is described by a linear state model and reasghe input (for
simplicity). The feedback control law will be developed shgystep using a single
idea: the positioning of closed loop eigenvalues in dedmedtions.

State Space Controller Structure

Figure6.5is a diagram of a typical control system using state feedb&le& full
system consists of the process dynamics, which we take fodur] the controller
elementsK andk;, the reference input (or command signaland process dis-
turbancedsd. The goal of the feedback controller is to regulate the ouguhe
systemy such that it tracks the reference input in the presence tafrthances and
also uncertainty in the process dynamics.

An important element of the control design is the perforneasigeci cation.
The simplest performance speci cation is that of stabilitytihe absence of any
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disturbances, we would like the equilibrium point of theteys to be asymptoti-
cally stable. More sophisticated performance speci caitypically involve giv-
ing desired properties of the step or frequency responsheogystem, such as
specifying the desired rise time, overshoot and settlimg tof the step response.
Finally, we are often concerned with the disturbance attéogroperties of the
system: to what extent can we experience disturbance impaigl still hold the
outputy near the desired value?

Consider a system described by the linear differential egma

31( = Ax+ Bu; y= Cx+ Du; (6.9)

where we have ignored the disturbance sigh&r now. Our goal is to drive the
outputy to a given reference valueand hold it there. Notice that it may not be
possible to maintain all equilibria; see Exercé8.

We begin by assuming that all components of the state vectomaasured.
Since the state at tintecontains all the information necessary to predict the fitur
behavior of the system, the most general time-invariantrobtaw is a function
of the state and the reference input:

u=a(xr):
If the feedback is restricted to be linear, it can be written a
u= Kx+kr; (6.10)

wherer is the reference value, assumed for now to be a constant.

This control law corresponds to the structure shown in Figuse The nega-
tive sign is a convention to indicate that negative feedbsitike normal situation.
The closed loop system obtained when the feedb&d{) is applied to the sys-
tem 6.9 is given by dx

gr = (A BK)x+ Bkr: (6.11)

We attempt to determine the feedback giiso that the closed loop system has
the characteristic polynomial

p(g9 = '+ pis" '+ + py 1S+ pu (6.12)

This control problem is called theigenvalue assignment problampole place-
ment problenfwe will de ne poles more formally in Chapte).

Note thatk, does not affect the stability of the system (which is deteadiby
the eigenvalues oA BK) but does affect the steady-state solution. In particular,
the equilibrium point and steady-state output for the adsep system are given
by

Xe= (A BK) Bkr,  ye= Cxe+ Dug;

hencek: should be chosen such that= r (the desired output value). Sinkeis a
scalar, we can easily solve to show thaDif 0 (the most common case),

k= 1=C(A BK) B: (6.13)
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Notice thatk, is exactly the inverse of the zero frequency gain of the cldsep
system. The solution fdD 6 O is left as an exercise.

Using the gainK andk,, we are thus able to design the dynamics of the closed
loop system to satisfy our goal. To illustrate how to condtauch a state feedback
control law, we begin with a few examples that provide sorm&ddimtuition and
insights.

Example 6.4 Vehicle steering
In Example5.12we derived a normalized linear model for vehicle steeringe Th
dynamics describing the Iaéeral dgeviation were giv%n by

_30 13 _303.

A_'OO” B—.l,,
8 9

C="10 ; D=0:

The reachability matrix for the system is théjs
8 9
- - _30 1z,
W=:B AB =77 ~:
The system is reachable since\et= 16 0.

We now want to design a controller that stabilizes the dycarand tracks a
given reference valueof the lateral position of the vehicle. To do this we introduc
the feedback

u= Kx+kr= kixg kot Kkr,

and the closed loop system bec%mes 9 8 o
31(:(A BR)x+ Bkr=3 da T ge3,, 3 Qik:'? r
8 9 ! 2 (6.14)

y=Cx+Du=-1 0 x
The closed loop system hassthe characteristig polynomial

_ L3Stk gk 1z _ .
det(sl A+ BK)= det K stk - S+ (gky + ko)s+ ki

Suppose that we would like to use feedback to design the dysashthe system
to have the characteristic polynomial

p(s) = S+ 2ZWeS+ W2

Comparing this polynomial with the characteristic polyrniahof the closed loop
system, we see that the feedback gains should be chosen as

ky = Wg: ko= 2ZWe QV@'S
Equation 6.13 givesk: = k; = w2, and the control law can be written as
u=ki(r xi) koe=wi(r xi) (2zw gw)x:
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Figure 6.6: State feedback control of a steering system. Step responses obtéihnedmy
trollers designed witlz; = 0:7 andw; = 0:5, 1 and 2 [rad/s] are shown in (a). Notice that
response speed increases with increasigdout that largen. also give large initial control
actions. Step responses obtained with a controller designedmyithl1 andz; = 0:5, 0.7
and 1 are shown in (b).

The step responses for the closed loop system for differdnesaf the de-
sign parameters are shown in Figxé. The effect ofi; is shown in Figures.6a
which shows that the response speed increases with incgaasi The responses
for we = 0:5 and 1 have reasonable overshoot. The settling time is atsocarl
lengths forw, = 0:5 (beyond the end of the plot) and decreases to about 6 car
lengths forue = 1. The control signatl is large initially and goes to zero as time
increases because the closed loop dynamics have an imedrae initial value
of the control signal isi(0) = k; = w2r, and thus the achievable response time is
limited by the available actuator signal. Notice in par&uhe dramatic increase
in control signal whem, changes from 1 to 2. The effect gf is shown in Fig-
ure6.6h The response speed and the overshoot increase with degrdasinping.
Using these plots, we conclude that reasonable values diitign parameters are
to havew; in the range of 0.5to 1 anzk  0:7. N

The example of the vehicle steering system illustrates hate $eedback can
be used to set the eigenvalues of a closed loop system toeaybialues.

State Feedback for Systems in Reachable Canonical Form

The reachable canonical form has the property that the paessnef the system
are the coef cients of the characteristic polynomial. Ithetefore natural to con-
sider systems in this form when solving the eigenvalue assémt problem.



6.2. STABILIZATION BY STATE FEEDBACK 179

Consider a system in reachable canonical form, i.e,

8 9 8 9
a1 a az ... an 1
q 1 0 o = 0 0
92 _ Az+ Bu= 0 1 0 i 08,4 2 u
dt ; SRR 0 (6.15)
0 1 0’ o
8 9
y=Cz=": b b by z

It follows from(6.7) that the open loop system has the characteristic polyriomia
de(sl A)= '+ as" '+ +a, 15+ an

Before making a formal analysis we can gain some insight bgstigating the
block diagram of the system shown in Fig&. The characteristic polynomial
is given by the parameteek in the gure. Notice that the parameteg can be
changed by feedback from statg to the inputu. It is thus straightforward to
change the coef cients of the characteristic polynomial tajesfeedback.

Returning to equations, introducing the control law

u= Kz+kr= kz k2 Knzn+ KT (6.16)

the closed loop system becomes
8

- - - ~ 9 8 9
ap ki a ke a3 ks it an ki Kr
1 0 0 D 0 0
dz_ 0 1 0 i 0 E,4+505.
: S (6.17)
1 0o ’ -0’

a ) . .
' 0 0
8 9
y=:by by by z
The feedback changes the elements of the rst row ofAheatrix, which corre-
sponds to the parameters of the characteristic polynoift&.closed loop system
thus has the characteristic polynomial

S+(a+ ks +(apt k)" 2+ +(an 1+ kn 1)t ant ke
Requiring this polynomial to be equal to the desired closeq lpolynomial
p(e)= "+ pis” T+ + py s+ py;
we nd that the controller gains should be chosen as
ki=p1 a;  ke=p oay i ke=py aw

This feedback simply replaces the parameggris the system@.15 by p;. The
feedback gain for a sythem in reachable canonical forrg 5 thu

K='p & p @& Pn @ (6.18)
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To have zero frequency gain equal to unity, the paranietehould be chosen
as -
|(r = an+ kn = &:

bn bn
Notice that it is essential to know the precise values of ipatarsa, andby in
order to obtain the correct zero frequency gain. The zeraufBgy gain is thus
obtained by precise calibration. This is very different frobitaining the correct
steady-state value by integral action, which we shall ségtén sections.

(6.19)

Eigenvalue Assignment

We have seen through the examples how feedback can be usedign the dy-

namics of a system through assignment of its eigenvaluesolVe the problem in
the general case, we simply change coordinates so that $hensys in reachable
canonical form. Consider the system

d

d%(: Ax+ Bu; y= Cx+ Du: (6.20)
We can change the coordinates by a linear transformatienT x so that the
transformed system is in reachable canonical foBmi5). For such a system the
feedback is given by equatio®.06), where the coef cients are given by equa-

tion (6.18. Transforming back to the original coordinates gives teback
u= Kz+kr= KTx+kr
The results obtained can be summarized as follows.

Theorem 6.3 (Eigenvalue assignment by state feedbadkpnsider the system
given by equatioii6.20), with one input and one output. Le{s) = "+ a;s" 1+
+ a, 1S+ a, be the characteristic polynomial of A. If the system is rehtha

then there exists a feedback
u=  Kx+ kr

that gives a closed loop system with the characteristicrmtyial
p(s)= '+ pis” T+ + py 1S+ py
and unity zero frquency gain betweenr andy. Théa feedbaadkigigiven by
K=KT="p1 a1 p2 & Pn A WW % (6.21)

where q are the coef cients of the characteristic polynomial of thatrix A and
the matrices \WandW; are given by
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8 9 ,
1l a1 & an 1
8 9 0 1 & an 2
W ="' B AB A" B W= :
0 O 1 a1
0O 0 O 1’

The reference gain is given by
k= 1=C(A BK) !B:

For simple problems, the eigenvalue assignment problenbeaolved by in-
troducing the elementg of K as unknown variables. We then compute the char-

acteristic polynomial
I (s)= def(sl A+ BK)

and equate coef cients of equal powerssib the coef cients of the desired char-
acteristic polynomial

p(9 = '+ pis” T+ + py 1S+ pu

This gives a system of linear equations to deternkin@he equations can always
be solved if the system is reachable, exactly as we did in Elaéih

Equation 6.21), which is called Ackermann's formulaAtk72, Ack85], can
be used for numeric computations. It is implemented in theTM&B function
acker . The MATLAB function place is preferable for systems of high order
because it is better conditioned numerically.

Example 6.5 Predator—prey

Consider the problem of regulating the population of an gst@sn by modulating
the food supply. We use the predator—prey model introdusegerction3.7. The
dynamics for the system are given by

dH H aHL

at (r+uH 1 ” ey H O
dL aHL

—=Db L O

dt c+H

We choose the following nominal parameters for the systemciwcorrespond to
the values used in previous simulations:

a= 3.2 b= 0:6; c= 50
d = 0:56; k= 125 r= 1.6

We take the parameteycorresponding to the growth rate for hares, as the input to
the system, which we might modulate by controlling a foodreedor the hares.
This is re ected in our model by the terfm + u) in the rst equation. We choose
the number of lynxes as the output of our system.

To control this system, we rst linearize the system arounel dquilibrium
point of the systen{He;L¢), which can be determined numerically to ke
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(20:6;29.5). This yields a Ilnear dynamlcal system
8 9 98 8 8 98 9

dzzz _ 3013 0933323 31723 W= 0 1, 323

dt” z’ " 057 0 ' (O z’
wherezz= H He, z2=L Leandv= u. ltis easy to check that the system
is reachable around the equilibriu¢g v) = ( 0;0), and hence we can assign the
eigenvalues of the system using state feedback.

Determining the eigenvalues of the closed loop system regjtialancing the
ability to modulate the input against the natural dynamiahe system. This can
be done by the process of trial and error or by using some aftbre systematic
techniques discussed in the remainder of the text. For nevwgimiply choose the
desired closed loop eigenvalues to bé at f 0:1; 0:2g. We can then solve for
the feedback gains using the tgchniques descrébed earhiah results in

K=" 0025 0:052

Finally, we solve for the reference galip, using equationg.13 to obtaink, =
0:002.
Putting these steps together, our control law becomes

v= Kz+ kLg;

wherelg is the desired number of lynxes. In order to implement thearobfaw,
we must rewrite it using the original coordinates for thetegs yielding

Uu=ue K(X Xo)+ k(Lq. Ye)
8 8

9
= 0:025 0:052 - L 295

This rule tells us how much we should modulat@s a function of the current
number of lynxes and hares in the ecosystem. Fi§urashows a simulation of
the resulting closed loop system using the parameters deabede and starting
with an initial population of 15 hares and 20 lynxes. Note tha system quickly
stabilizes the population of lynxes at the reference valie=(30). A phase por-
trait of the system is given in Figu®7b showing how other initial conditions
converge to the stabilized equilibrium population. Notibat the dynamics are
very different from the natural dynamics (shown in Fig8r20). \

+0:002(Lg  295):

The results of this section show that we can use state feedbatdsign the
dynamics of a system, under the strong assumption that wemeasure all of the
states. We shall address the availability of the statesam#éxt chapter, when we
consider output feedback and state estimation. In addifibeorem6.3, which
states that the eigenvalues can be assigned to arbitratydos, is also highly ide-
alized and assumes that the dynamics of the process are kodvigh precision.
The robustness of state feedback combined with state estisnatconsidered in
Chapterl2 after we have developed the requisite tools.
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Figure 6.7: Simulation results for the controlled predator—prey system. The population
lynxes and hares as a function of time is shown in (a), and a phaseipfrtthe controlled
system is shown in (b). Feedback is used to make the population staile=aP0:6 and
Le= 30.

6.3 State Feedback Design

The location of the eigenvalues determines the behaviomreofldsed loop dynam-
ics, and hence where we place the eigenvalues is the maignddscision to be
made. As with all other feedback design problems, thereradetoffs among the
magnitude of the control inputs, the robustness of the syseperturbations and
the closed loop performance of the system. In this sectiorexanine some of
these trade-offs starting with the special case of secodédraystems.

Second-Order Systems

One class of systems that occurs frequently in the analpsisiasign of feedback
systems is second-order linear differential equationsaBse of their ubiquitous
nature, it is useful to apply the concepts of this chapteh&d speci c class of
systems and build more intuition about the relationshipveen stability and per-
formance.

The canonical second-order system is a differential equatiohe form

G+ 2zwoq+ wgq = kwgu; y= ¢ (6.22)
In state space form, this S)éstemSCan b9e represented as
8 9
dx_3 0 Wo = 2 03 | _ - .
T w 2zwe X+ : ko' u; y=-1 0 x (6.23)
The eigenvalues of this system are given by
q_—
I = zw wi(z2 1);

and we see that the origin is a stable equilibrium poinigt> 0 andz > 0. Note
that the eigenvalues are complexzif< 1 and real otherwise. Equation8.22
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and 6.23 can be used to describe many second-order systems, inglddmped
oscillators, active lters and exible structures, as showrttie examples below.

The form of the solution depends on the valueotvhich is referred to as the
damping ratiofor the system. Iz > 1, we say that the systemaserdampegand
the natural response € 0) of the system is given by

y(t) = bxio+ X0 5 axiot X20, bt.
b a b a '

p p
wherea = wo(z+ z2 1)andb= wy(z z2 1). We see that the response
consists of the sum of two exponentially decaying signals4 1, then the system
is critically dampedand solution becomes

y(t) = e Z" xy0+( X0+ ZWoX0)t

Note that this is still asymptotically stable as longras> 0, although the second
term in the solution is increasing with time (but more slowlan the decaying
exponential that is multiplying it).

Finally, if 0< z < 1, then the solution is oscillatory and equatiér2@) is said
to beunderdampedThe parameteny is referred to as theatural frequencyf the
system, stemmiBg from the fact that for smmlithe eigenvalues of the system are
I = zwp iwp 1 2z2 The natural response of the system is given by

ZW 1 .
y(t) = e 2"t x;qcoswyt + 0+ —%o0 SNVt
Wd Wd

P—— .
wherewg= wo 1 zZ2is called thedamped frequencyorz 1,wy W de-
nes the oscillation frequency of the solution aadjives the damping rate relative
to wp.
Because of the simple form of a second-order system, it isiplesto solve
for the step and frequency responses in analytical form. dheisn for the step

response depends on the magnitude:of |

z .
yit)= k 1 e ?™'coswyt pﬁe ot sinngt ; z< 1;
z

yt)= k 1 e "1+ wet) ; z=1;

M=k 1 } pZ_+1 e Wiz pm) (6.24)
V= 2 z21

Loz @7y _

+§ pﬁ 16W0(Z z ) : z> 1’

where we have takex(0) = 0. Note that for the lightly damped case < 1) we
have an oscillatory solution at frequenay.

Step responses of systems witke 1 and different values af are shown in
Figure 6.8 The shape of the response is determinedzbgnd the speed of the
response is determined g (included in the time axis scaling): the response is
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Figure 6.8: Step response for a second-order system. Normalized step respdos the
system 6.23 for z = 0, 0.4, 0.7, 1 and 1.2. As the damping ratio is increased, the rise time
of the system gets longer, but there is less overshoot. The horizoigdasan scaled units
Wot; higher values ofyg result in a faster response (rise time and settling time).

faster ifwy is larger.

In addition to the explicit form of the solution, we can alsmute the proper-
ties of the step response that were de ned in Sedii@For example, to compute
the maximum overshoot for an underdamped system, W? retivateutput as

1 . :
yit)=k 1 Pt 2ol sin(wgt +j ) (6.25)
z
wherej = arccosz. The maximum overshoot will occur at the rst time in which
the derivative ofy is zero, which can be shown to be
Mp=e pz:p 1z

Similar computations can be done for the other charactesisfia step response.
Table6.1 summarizes the calculations.
The frequency response for a second-order system can alsanimuted ex-

Table 6.1: Properties of the step response for a second-order system with<9 1.

Property Value z=05 z= 1:p 2 z=1
Steady-state value k k k k
Rise time T l=wp -& =@V 1:8=wp  2:2=wp 2:7=wp
Overshoot Mp= e L TE ey aw 0%

Settling time (2%) Ts 4=zwp 80=wy 59=wp 5:8=wy
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Figure 6.9: Frequency response of a second-order sys@28) (a) Eigenvalues as a func-
tion of z. (b) Frequency response as a functiorzofThe upper curve shows the gain ratio
M, and the lower curve shows the phase sgiftor smallz there is a large peak in the
magnitude of the frequency response and a rapid change in phaseedestw = wp. As z

is increased, the magnitude of the peak drops and the phase chamgesmothly between
0 and -180.

plicitly and is given by
Meid = kwg _ kwg .
(iw)2+ 2zwp(iw) + W3 wg w2+ 2izwow
A graphical illustration of the frequency response is giveRigure6.9. Notice the
resonant peak that increases with decreasinthe peak is often characterized by

its Q-value de ned asQ = 1=2z. The properties of the frequency response for a
second-order system are summarized in Télki?e

Example 6.6 Drug administration
To illustrate the use of these formulas, consider the twogartment model for
drug administration, described in Se80ti®196. The dynamics of the system are

8 9
dC_ 3 ko kl k]_ 2 2 bog . _ . .
dt - ko ko' Cropr U y=-0 1 ¢

wherec; andc; are the concentrations of the drug in each compartments

Table 6.2: Properties of the frequency response for a second-order systardw z < 1.

Property Value z=01 z=05 =z=1= 2
Zero frequency gain Mg k k k
Bandwidth Wh 154wy 127wy Wo

Resonant peak gain M, 1:54k 1:27k k

Resonant frequency W Wo 0:70my O
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Figure 6.10: Open loop versus closed loop drug administration. Comparison betwagn d
administration using a sequence of doses versus continuously monttegingncentrations
and adjusting the dosage continuously. In each case, the concentratampisximately)
maintained at the desired level, but the closed loop system has substanssat@bility

in drug concentration.

compartment 1 anglis the concentration of the drug in compartment 2. We assume
that we can measure the concentrations of the drug in eachartment, and we
would like to design a feedback law to maintain the output givan reference
valuer.

We choosez = 0:9 to minimize the overshoot and choose the rise time to be
T, = 10 min. Using the formulas in Tablg.1, this gives a value fony = 0:22.
We can now compute the gain to place the eigenvalues at tbagidm. Setting
u= Kx+ kr, the closed loop eigenvalues for the system satisfy

(9= 0:198 0:0959:

Choosingk; = 0:2027 andk, = 0:2005 gives the desired closed loop behavior.
Equation 6.13 gives the reference gaig = 0:0645. The response of the con-

troller is shown in Figuré&.10and compared with an open loop strategy involving
administering periodic doses of the drug. N

Higher-Order Systems

Our emphasis so far has considered only second-order syskemhigher-order
systems, eigenvalue assignment is considerably more diif especially when
trying to account for the many trade-offs that are preseatfeedback design.
One of the other reasons why second-order systems play suchpmrtant
role in feedback systems is that even for more complicatstgys the response is
often characterized by thdgominant eigenvalue§o de ne these more precisely,
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for a complex eigenvaluk to be

Rel

il

We say that a complex conjugate pair of eigenvalugk is adominant pairif it

has the lowest damping ratio compared with all other eigeregof the system.
Assuming that a system is stable, the dominant pair of egjans tends to be

the most important element of the response. To see thisinesthat we have a

system in Jordan form with a simple Jordan block correspuntt the dominant
pair of eigenvalueg:

/

9

dz _ J . _
T 2 z+ Buy; y=Cz

J¢

(Note that the state may be complex because of the Jordan transformation.) The
response of the system will be a linear combination of thearses from each

of the individual Jordan subsystems. As we see from FiguBefor z < 1 the
subsystem with the slowest response is precisely the ohdhégtsmallest damping
ratio. Hence, when we add the responses from each of thedodivsubsystems,

it is the dominant pair of eigenvalues that will be the priynfactor after the initial
transients due to the other terms in the solution die outl&\this simple analysis
does not always hold (e.g., if some nondominant terms hagedaoef cients
because of the particular form of the system), it is oftencémee that the dominant
eigenvalues determine the (step) response of the system.

The only formal requirement for eigenvalue assignment i tthe system be
reachable. In practice there are many other constraintsusecthe selection of
eigenvalues has a strong effect on the magnitude and rateafje of the control
signal. Large eigenvalues will in general require large argignals as well as
fast changes of the signals. The capability of the actuatdrsherefore impose
constraints on the possible location of closed loop eigega These issues will
be discussed in depth in Chaptédsand12.

We illustrate some of the main ideas using the balance syssean example.

Example 6.7 Balance system
Consider the problem of stabilizing a balance system, whgeamics were given
in Example6.2 The dynamics are given by

9

0 0 1 0 8 0
20 o0 0 1 § 5 0%
A=%9 mfl’g=m  ck=m g}Im=nB "’ B= J=m3"’

"0 MimgEm  clmEm gMi=m’ CIm=m
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whereM; = M+ m, = J+ ml2, m= Mg @12 and we have left andgnonzero.
We use the following parameters for the system (correspgnaiughly to a human
being balanced on a stabilizing cart):

M= 10 kg m= 80 kg c=0.1Ns/m
J = 100 kg nt/s; l=1m; g= 0.01Nms

The eigenvalues of the open loop dynamics are giveh by0;4:7; 1.9 2:7i.

We have veri ed already in Exampl@.2 that the system is reachable, and hence
we can use state feedback to stabilize the system and prauvi@ésired level of
performance.

To decide where to place the closed loop eigenvalues, wethat¢he closed
loop dynamics will roughly consist of two components: a sefast dynamics
that stabilize the pendulum in the inverted position andtaotslower dynamics
that control the position of the cart. For the fast dynamigs Jook to the natural

eriod of the pendulum (in the hanging-down position), WhiE given bywp =
mgl=(J+ ml2) 2.1 rad/s. To provide a fast response we choose a damping rati
of z = 0:5 and try to place the rst pair of eigenvglues/at, ZWo  iwg
1 2i, where we have used the approximation that z2 1. For the slow
dynamics, we choose the damping ratio to b&td provide a small overshoot and
choose the natural frequency to b® @o give a rise time of approximately 5 s.
This gives eigenvaluglsss = 0:35 0:35.

The controller consists of a feedback on the state and a ferealfd gain for

the reference input. Theéeedback gain is given by

g= 9.8 m/$:

K=- 156 1730 501 443 ;

which can be computed using Theorém3 or using the MATLABplace com-
mand. The feedforward gainkg = 1=(C(A BK) B)= 155. The step re-
sponse for the resulting controller (applied to the lineadi system) is given in
Figure6.11a While the step response gives the desired characterifitiesnput
required (bottom left) is excessively large, almost thieees the force of gravity
at its peak.

To provide a more realistic response, we can redesign thiadlen to have
slower dynamics. We see that the peak of the input force samuithe fast time
scale, and hence we choose to slow this down by a factor o&@ing the damp-
ing ratio unchanged. We also slow down the second set of wadjezs, with the
intuition that we should move the position of the cart mo@vy than we sta-
bilize the pendulum dynamics. Leaving the damping ratio fier $low dynamics
unchanged at:@ and changing the frequency to 1 (corresponding to a rise ¢im
approximately 10 s), the desired eigenvalues become

I =f 033 0:66; 018 0:18g:
The performance of the resulting controller is shown in Figude h N

As we see from this example, it can be dif cult to determine vehto place



6.3. STATE FEEDBACK DESIGN 190

2 2
E E
[oR o
! st
o o
& 0 Il Il Il ] D- 0 Il Il Il ]
0 5 10 15 0 10 20 30 40
. 30 ., 30
Z Z
w201 b u 20r b
8 8
s 10f, b 3 10f B
E 2
c c
- _10 I I I - _10 I I L
0 5 10 15 0 10 20 30 40
Timet [s] Timet [s]
@/l12= 1 2 (b)12= 0:33 0:66i

Figure 6.11: State feedback control of a balance system. The step response rfalleo
designed to give fast performance is shown in (a). Although the nsspoharacteristics
(top left) look very good, the input magnitude (bottom left) is very large. #s laggressive
controller is shown in (b). Here the response time is slowed down, but plug magnitude
is much more reasonable. Both step responses are applied to the lidebmizanics.

the eigenvalues using state feedback. This is one of theipaiionitations of this
approach, especially for systems of higher dimension.agdtcontrol techniques,
such as the linear quadratic regulator problem discusset] aie one approach
that is available. One can also focus on the frequency regpin performing the
design, which is the subject of Chapt&rl2.

Linear Quadratic Regulators

As an alternative to selecting the closed loop eigenvaloations to accomplish a
certain objective, the gains for a state feedback controdla instead be chosen is
by attempting to optimize a cost function. This can be paldityuseful in helping
balance the performance of the system with the magnitudieeoiinputs required
to achieve that level of performance.

The in nite horizon, linear quadratic regulator (LQR) problésone of the

most common optimal control problems. Given a multi-inpogar system
dx
ri Ax+ Bu; x2 R"; u2 RP;

we attempt to minimize the quadratic cost function
. ¥
J= X" Qux+ u'Quu dt; (6.26)
0

whereQx 0 andQ, > 0 are symmetric, positive (semi-) de nite matrices of
the appropriate dimensions. This cost function represetreda-off between the
distance of the state from the origin and the cost of the obimtput. By choosing
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the matriceQx andQ, we can balance the rate of convergence of the solutions
with the cost of the control.
The solution to the LQR problem is given by a linear control |dwhe form

u= Q,'B"Px
whereP 2 R" "is a positive de nite, symmetric matrix that satis es the etioa
PA+ ATP  PBQ,'B"P+ Q= O: (6.27)

Equation 6.27) is called thealgebraic Riccati equatioand can be solved numer-
ically (e.g., using thégr command in MATLAB).

One of the key questions in LQR design is how to choose the wsei@hand
Qu- To guarantee that a solution exists, we must l@we 0 andQ > 0. In addi-
tion, there are certain “observability” conditions Qg that limit its choice. Here
we assume&)y > 0 to ensure that solutions to the algebraic Riccati equatioays
exist.

To choose speci ¢ values for the cost function weigQisandQ,, we must use
our knowledge of the system we are trying to control. A patédy simple choice

is to use diagonal weights
9 8 9

0 On’ "0 re

For this choice o)y andQ,, the individual diagonal elements describe how much
each state and input (squared) should contribute to thelbeest. Hence, we can
take states that should remain small and attach higher wvegdjines to them. Sim-
ilarly, we can penalize an input versus the states and otipeits through choice
of the corresponding input weight

Example 6.8 Vectored thrust aircraft
Consider the original dynamics of the syste2r2@), written in state space form as
9

8 9
7 0
% 0
dizz % + 1 F 1o

at %24 mCosqgFL  singR
g =z LsingFi+ LcosgF
O ! . r )

ik

(see also ExamplB.4). The system parameters are= 4 kg, J = 0.0475 kg,
r=0.25m,g= 9.8 m/£, c= 0.05 Ns/m, which corresponds to a scaled model of
the system. The equilibrium point for the system is giverFby 0, / = mgand

Ze = ( X, Ye, 0;0; 0; 0). To derive the linearized model near an equilibrium poirg, w
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compute the linearization according to equati5r3(9

8 8 9
0 0 O 1 0 0 0
0 0 O 0 1 0 0
A= 0 0 O 0 0 0 0%
0 0 g c=m 0 1-m 0%’
0 0 O 0 c=m 0 1=
0 0 O 0 0 0’
8 9
C= 1 0000 &, D= g 0 Og
"0 1 00 O0 0" "0 O
Lettingx = z z.andv= F F, the linearized system is given by
dx
gt = Ax+ By, y= Cx:

It can be veri ed that the system is reachable.
To compute a linear quadratic regulator for the system, wee\thre cost func-
tion as Zy
J= . (xTQ,x + v Qu)dt;

wherex = z Z andv= F . again represent the local coordinates around the
desired equilibrium poinz; Fs). We begin with diagonal matrices for the state

and input costs:
8
' 0 0 1

This gives a control law of the form= Kx, which can then be used to derive
the control law in terms of the original variables:

F=v+FR= K(z z)+F:

I

"W 0o
o
o
W ©

(e NeNeloNoly ]

[cNoNoN Ne

cNoNol NeNe)

cNel e NeNe)

ROOOOo
=

As computed in ExamplB.4, the equilibrium points havEe. = (0;mg andz =
(%e;Ye; 0;0;0;0). The response of the controller to a step change in the desired
position is shown in Figuré.12afor r = 1. The response can be tuned by adjusting
the weights in the LQR cost. Figu&12bshows the response in tixedirection

for different choices of the weiglt. N

Linear quadratic regulators can also be designed for des¢iee systems, as
illustrated by the following example.

Example 6.9 Web server control
Consider the web server example given in SecBignwhere a discrete-time model
for the system was given. We wish to design a control law te& the server
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Figure 6.12: Step response for a vectored thrust aircraft. The plot in (a) showsahdy
positions of the aircraft when it is commanded to move 1 m in each diredtigip) the x
motion is shown for control weights = 1, 1%, 10*. A higher weight of the input term in
the cost function causes a more sluggish response.

parameters so that the average server processor load isaimaah at a desired
level. Since other processes may be running on the servewedheserver must
adjust its parameters in response to changes in the load.

A block diagram for the control system is shown in Fig&43 We focus
on the special case where we wish to control only the procdsad using both
theKeepAlive andMaxClients parameters. We also include a “disturbance”
on the measured load that represents the use of the progesgiles by other
processes running on the server. The system has the samestvasiare as the
generic control system in Figue5, with the variation that the disturbance enters
after the process dynamics.

The dynamics of the system are given by a set of differencetiemsaof the
form

X[k+ 1] = AXK]+ BuU[K]; YepulKl = CepuX[K] + depulK];

wherex = ( Xcpu; Xmem) IS the statey = ( Uka; Umc) is the inputdcpy is the processing
load from other processes on the computeryaggdis the total processor load.

Feedback d
Precompensation Controller Server
I'cpu e u h y
— k C = P —
1 -

Figure 6.13: Feedback control of a web server. The controller sets the values efehe
server parameters based on the difference between the nominalgtera (determined by
krr) and the current loagkpy. The disturbance represents the load due to other processes
running on the server. Note that the measurement is taken after thebdisterso that we
measure the total load on the server.
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We choose our controller to b%a stabe feedback controlldreoform
K B Yepu=

Xmem

u= + Kl epu,
wherercpy is the desired processor load. Note that we have used theineegsro-
cessor loadcpy instead of the state to ensure that we adjust the systemtmpera
based on the actual load. (This modi cation is necessary Isecafithe nonstan-
dard way in which the disturbance enters the process dysamic

The feedback gain matriX can be chosen by any of the methods described in
this chapter. Here we use a linear quadratic regulator, thitcost function given
by 8 9 8 9

_35 03, _31500 0 3.

x>0 1 Qu=" 0 1=1006"
The cost function for the sta®y is chosen so that we place more emphasis on
the processor load versus the memory use. The cost functidghdanputsQy is
chosen so as to normalize the two inputs, witkeepAlive  timeout of 50 s hav-
ing the same weight asMaxClients  value of 1000. These values are squared
since the cost associated with the inputs is given's®,u. Using the dynamics in
Section3.4and thedlqr commaéld in MATLABg, the resulting gains become

ko3 223 1013
T 3827 77T

As in the case of a continuous-time control system, the eefex gaink; is
chosen to yield the desired equilibrium point for the syst&mittingx[k+ 1] =
X[K] = Xe, the steady-state equilibrium point and output for a givefenence input

r are given by
Xe= (A BK)Xe+ Bkr; Ve = CXe:

This is a matrix differential equation in whidh is a column vector that sets the
two inputs values based on the desired reference. If we hekddsired output to
be of the formye = (1;0), éheg we must solve

.3(1)? =C(A BK 1) !Bk:

Solving this equation fok,, we obtain

8 9 8 9
1313 _ 3 4933

0 5395

The dynamics of the closed loop system are illustrated in Ei§gu4 We apply

a change in load adcp, = 0:3 at timet = 10 s, forcing the controller to adjust the
operation of the server to attempt to maintain the desirad bt 057. Note that
both theKeepAlive andMaxClients parameters are adjusted. Although the
load is decreased, it remains approximately 0.2 above tbgedesteady state.
(Better results can be obtained using the techniques ofakiesection.) \

k= C(A BK 1) 1B
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(a) System state (b) System inputs

Figure 6.14:Web server with LQR control. The plot in (2) shows the state of the system un
der a change in external load appliedat 10 ms. The corresponding web server parameters
(system inputs) are shown in (b). The controller is able to reduce tha effthe disturbance

by approximately 40%.

6.4 Integral Action

Controllers based on state feedback achieve the corredysttate response to
command signals by careful calibration of the gairHowever, one of the primary
uses of feedback is to allow good performance in the presaeineecertainty, and
hence requiring that we have axactmodel of the process is undesirable. An
alternative to calibration is to make use of integral feettha which the controller
uses an integrator to provide zero steady-state error. T$ie bancept of integral
feedback was given in Sectidn5 and in Sectior3.1; here we provide a more
complete description and analysis.

The basic approach in integral feedback is to create a stighe controller
that computes the integral of the error signal, which is theed as a feedback
term. We do this by ausgr%entirég the de%criptéon of thegsystéﬂm anew state:

Az _zAx B _ 3 A B (6.28)
dt’” z y r Cx r
The statezis seen to be the integral of the difference between the tlualboutput
y and desired outpuit Note that if we nd a compensator that stabilizes the system,
then we will necessarily have= 0 in steady state and henge r in steady state.
Given the augmented system, we design a state space centrothe usual
fashion, with a control law of the form

u= Kx kz+kr; (6.29)

whereK is the usual state feedback terknjs the integral term ang; is used to
set the nominal input for the desired steady state. The negudquilibrium point
for the system is given as

Xe= (A BK) 'B(kr kiz):

Note that the value df; is not speci ed but rather will automatically settle to the
value that makeg=y r = 0, which implies that at equilibrium the output will
equal the reference value. This holds independently of tleeigpvalues of A,
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B andK as long as the system is stable (which can be done througlo@pgie
choice ofK andk;).

The nal compensator is given by
dz _
at y
where we have now included the dynamics of the integratoaasgp the speci -
cation of the controller. This type of compensator is knowa dgnamic compen-

satorsince it has its own internal dynamics. The following examililistrates the
basic approach.

u= Kx kz+ kr; r

Example 6.10 Cruise control

Consider the cruise control example introduced in Se@idmand considered fur-
ther in Examples.11 The linearized dynamics of the process around an equilib-
rium pointve, Ue are given by

gi(zax bgq + bw, Y= VE X+ Vg,

wherex=Vv Vg, W= U U, Misthe mass of the car amgis the angle of the road.
The constan& depends on the throttle characteristic and is given in ExampllL
If we augment the system with an integrator, the processrdigsgabecome

dx _ dz _ a )
pri ax bgg+ bw i Y Vi = Vet X Vi
or, in state space form,
d8 9 8 O98 9 8b9 8 b9 8 0 9
Uxxz _za Uzxxz 303 3 Dg3 3 3.
Gtz ST10 2 TTg W 0’q+'ve v

Note that when the system is at equilibrium, we have ka0, which implies that
the vehicle speed= v+ x should be equal to the desired reference speedur
controller will be of the form

dz
G-y W w= kpx kiz+ kv,

and the gaing,, ki andk; will be chosen to stabilize the system and provide the
correct input for the reference speed.
Assume that we wish to design the closed loop system to havehtracteristic
polynomial
I (s)= &+ ajs+ ay:
Setting the disturbancg = 0, the characteristic polynomial of the closed loop
system is given by

detsl (A BK) = &+(bk, a)s+ bk;

and hence we set
a+a
Kp = SRl
b

k=22 k= 1=C(A BK) 15:%‘;
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Figure 6.15: Velocity and throttle for a car with cruise control based on proportional
(dashed) and PI control (solid). The PI controller is able to adjust tutito compen-
sate for the effect of the hill and maintain the speed at the reference @&lu= 20 m/s.

The resulting controller stabilizes the system and henagbr=y V; to zero,
resulting in perfect tracking. Notice that even if we haverah error in the values
of the parameters de ning the system, as long as the closgddmznvalues are
still stable, then the tracking error will approach zero. Flite exact calibration
required in our previous approach (usikg is not needed here. Indeed, we can
even choos& = 0 and let the feedback controller do all of the work.

Integral feedback can also be used to compensate for cormssinrbances.
Figure 6.15 shows the results of a simulation in which the car encouraers|
with angleq = 4 att = 8s. The stability of the system is not affected by this
external disturbance, and so we once again see that thevetosity converges
to the reference speed. This ability to handle constant thahces is a general
property of controllers with integral feedback (see Exex6igl). N

6.5 Further Reading

The importance of state models and state feedback was distiursthe seminal
paper by KalmanKal60], where the state feedback gain was obtained by solving
an optimization problem that minimized a quadratic losscfiom. The notions
of reachability and observability (Chapt@y are also due to KalmarKgl61h
(see alsoGil63, KHN63]). Kalman de nes controllability and reachability as the
ability to reach the origin and an arbitrary state, respettiiKFA69]. We note that
in most textbooks the term “controllability” is used ingteaf “reachability,” but
we prefer the latter term because it is more descriptivefuhdamental property
of being able to reach arbitrary states. Most undergradieatbooks on control
contain material on state space systems, including, fampie Franklin, Powell
and Emami-NaeiniFPENQ0Y and Ogata ©ga0]. Friedland's textbook Fri04]
covers the material in the previous, current and next chapt®onsiderable detail,
including the topic of optimal control.
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Exercises

6.1 (Double integrator) Consider the double integrator. Findeagwise constant
control strategy that drives the system from the origin todtatex = ( 1;1).

6.2 (Reachability from nonzero initial state) Extend the argohie Section6.1to
show that if a system is reachable from an initial state aob zieis reachable from
a nonzero initial state.

6.3 (Unreachable systems) Consider the system shown in F@g@réVrite the
dynamics of the two systems as

dx dz

_ = + B = + .

at Ax+ Bu; at Az+ Bu:

If x andz have the same initial condition, they will always have thmeastate
regardless of the input that is applied. Show that this visladhe de nition of

reachability and further show that the reachability matvixs not full rank.

6.4 (Integral feedback for rejecting constant disturbances)sitier a linear system
of the form dx

at = Ax+ Bu+ Fd; y= Cx

whereu is a scalar and is a disturbance that enters the system through a distur-
bance vectoF 2 R". Assume that the matriX is invertible and the zero frequency
gainCA 1Bis nonzero. Show that integral feedback can be used to cormecios

a constant disturbance by giving zero steady-state outputeven wherd 6 O.

6.5(Rear-steered bicycle) A simple model for a bicycle wasmgigequation3.5)
in Section3.2 A model for a bicycle with rear-wheel steering is obtaingddyvers-
ing the sign of the velocity in the model. Determine the ctinds under which
this systems is reachable and explain any situations intwtiie system is not
reachable.

6.6 (Characteristic polynomial for reachable canonical fo8hpw that the char-
acteristic polynomial for a system in reachable canonicahfis given by equa-
tion (6.7) and that

n n 1 n k
Ciitik”ald e ra 1dj<+anzk=d 2

den 1 dt den k’
wherez, is thekth state.

6.7 (Reachability matrix for reachable canonical form) Comsi@system in reach-

able canonical form. Show that the inverse of the reachglilétrix is given by

1 ag & ang

0 1 4 an 1
Wil=30 0 1 :
: az
"0 0 O 1
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6.8 (Non-maintainable equilibria) Consider the normalizeddedf a pendulum
on a cart
> d%q
az = dt2
wherex is cart position andy is pendulum angle. Can the angjes gofor go6 0
be maintained?

= gty

6.9 (Eigenvalue asségnment for gnrgachable system) Considaytem

8 9
dx_ 30 13 21z . T
a—. 0 0O X+ : 0} u; y= 10 X

with the control law
u= kx; koxot+ kr:

Show that eigenvalues of the system cannot be assigned taayhialues.

6.10 (Cayley—Hamilton theorem) LeA 2 R" " be a matrix with characteristic
polynomiall (s) = defsl A)= "+ a;s” 1+ + a, 1S+ a,. Assume that the
matrix A can be diagonalized and show that it satis es

[ (A)= A"+ atA" 1+ +a, 1A+ ayl = 0;

Use the result to show thaK, k  n, can be rewritten in terms of powers Afof
order less than.

6.11 (Motor drive) Consider the normalized model of the motowverin Exer-
cise2.10 Using the following normalized parameters,

Ji = 10=9; J, = 10; c=0:1; k= 1; k= 1;

verify that the eigenvalues of the open loop system a@g 00:05 i. Design a
state feedback that gives a closed loop system with eigeeval, land 1 i.
This choice implies that the oscillatory eigenvalues willvibell damped and that
the eigenvalues at the origin are replaced by eigenvaluéiseomegative real axis.
Simulate the responses of the closed loop system to stepehanthe command
signal forg, and a step change in a disturbance torque on the second rotor.

6.12(Whipple bicycle model) Consider the Whipple bicycle mogigkn by equa-
tion (3.7) in Section3.2 Using the parameters from the companion web site, the
model is unstable at the velocity= 5 m=s and the open loop eigenvalues are -1.84,
-14.29 and 30 4:60i. Find the gains of a controller that stabilizes the bicycle
and gives closed loop eigenvalues at -2, -10 add i. Simulate the response of
the system to a step change in the steering reference of tad02
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6.13 (Atomic force microscope) Consider the model of an AFM in eahimode

given in Example.9:
8 9

(oNeoNe)

9 8
0 1 0 0
dx_ § k=M + M) = (mu+mp) 1=mp O % XJE
dt 0 0 0 W3

8 0 W3 223W3’ ' W3

M > Miky me 1 o x

Mm+NMp mMm+nNMp mMm+np
Use the MATLAB scriptafm_data.m from the companion web site to generate the
system matrices.

y:

(&) Compute the reachability matrix of the system and nura#lyi determine its
rank. Scale the model by using milliseconds instead of secaadime units. Re-
peat the calculation of the reachability matrix and its rank

(b) Find a state feedback controller that gives a closed lgsfem with complex
poles having damping ratio 0.707. Use the scaled model éocdmputations.

(c) Compute state feedback gains using linear quadratitraoExperiment by
using different weights. Compute the gainsfpr= qo = 0,03 = g4 = 1l andr; =
0:1 and explain the result. Chooge= g> = g3 = g4 = 1 and explore what happens
to the feedback gains and closed loop eigenvalues when yempgeh ;. Use the
scaled system for this computation.

6.14 Consider the second-order system

d?y dy du
24+ 052+y=a—+u
g P oSG Y=gt

Let the initial conditions be zero.

(a) Show that the initial slope of the unit step responsge Biscuss what it means
whena< 0.

(b) Show that there are points on the unit step response thatariant witha.
Discuss qualitatively the effect of the parametam the solution.

(c) Simulate the system and explore the effec of the rise time and overshoot.

6.15(Bryson’'s rule) Bryson and HABH75] have suggested the following method
for choosing the matriceQy and Q, in equation 6.26. Start by choosing)x
and Q, as diagonal matrices whose elements are the inverses ofjtiages of
the maxima of the corresponding variables. Then modify teeehts to obtain a
compromise among response time, damping and control efpgly this method
to the motor drive in Exercisé.11 Assume that the largest values of fheand

j o are 1, the largest values pf andj » are 2 and the largest control signal is 10.
Simulate the closed loop system jo#(0) = 1 and all other states are initialized to
0. Explore the effects of different values of the diagonatredats forQ, andQ.



Chapter Seven
Output Feedback

One may separate the problem of physical realization into two stages:utatign of the
“best approximation”X(t;) of the state from knowledge dftyfort t; and computation of
u(ty) givenx(ty).

R. E. Kalman, “Contributions to the Theory of Optimal Control,” 198@&I[60].

In this chapter we show how to use output feedback to modiéydynamics
of the system through the use of observers. We introducedheept of observ-
ability and show that if a system is observable, it is possiblrecover the state
from measurements of the inputs and outputs to the systenth&eshow how to
design a controller with feedback from the observer stateindportant concept is
the separation principle quoted above, which is also proveé structure of the
controllers derived in this chapter is quite general andbisioed by many other
design methods.

7.1 Observability

In Section6.2 of the previous chapter it was shown that it is possible to nd a
state feedback law that gives desired closed loop eigeesghuovided that the
system is reachable and that all the states are measurechdryr situations, it

is highly unrealistic to assume that all the states are mmedsin this section we
investigate how the state can be estimated by using a maticainaodel and a
few measurements. It will be shown that computation of théestcan be carried
out by a dynamical system called abserver

De nition of Observability

Consider a system described by a set of differential equsitio

:?z Ax+ Bu; y= Cx+ Du; (7.1)

wherex 2 R" is the statey 2 RP the input andy 2 RY the measured output. We
wish to estimate the state of the system from its inputs atputs, as illustrated

in Figure7.1 In some situations we will assume that there is only one oreds
signal, i.e., that the signglis a scalar and th&t is a (row) vector. This signal may
be corrupted by noise, although we shall start by considering the noise-free.case
We write X for the state estimate given by the observer.
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n

Process
u x= Ax+Bu | Y
> Observer —

y= Cx+ Du

x>

A

Figure 7.1: Block diagram for an observer. The observer uses the processureezent
(possibly corrupted by nois®) and the inputl to estimate the current state of the process,
denotedk”

De nition 7.1 (Observability) A linear system iobservablef forany T > Qitis
possible to determine the state of the sysi€in) through measurements pft)
andu(t) on the interva[0; T].

The de nition above holds for nonlinear systems as well, aredrdsults dis-
cussed here have extensions to the nonlinear case.

The problem of observability is one that has many importaptiegtions, even
outside feedback systems. If a system is observable, tlega Hre no “hidden”
dynamics inside it; we can understand everything that isgg@n through ob-
servation (over time) of the inputs and outputs. As we sledl|, she problem of
observability is of signi cant practical interest becauswill determine if a set of
sensors is suf cient for controlling a system. Sensors coedbiith a mathemat-
ical model can also be viewed as a “virtual sensor” that gimésmation about
variables that are not measured directly. The process ohodow signals from
many sensors with mathematical models is also caldatsor fusion

Testing for Observability

When discussing reachability in the last chapter, we négtethe output and fo-
cused on the state. Similarly, it is convenient here to iiytiseglect the input and
focus on the autonomous system

dx

at = AX y=Cx (7.2)

We wish to understand when it is possible to determine thie &tam observations
of the output.

The output itself gives the projection of the state on vediwasare rows of the
matrix C. The observability problem can immediately be solved if trenm C is
invertible. If the matrix is not invertible, we can take dettives of the output to
obtain

dy _dx

a—Ca=CAX

From the derivative of the output we thus get the projectiothefstate on vectors



7.1. OBSERVABILITY 203

that are rows of the matri€A. Proceeding in this way, we get

8 9
y 8 C
y CA
y -3 CA £y (7.3)
Tyt can v
We thus nd that the state can be determined if tservability matrix
8 9
C
CA
Wo=3 CA° (7.4)
“omn v

hasn independent rows. It turns out that we need not consider anyalives
higher thann 1 (this is an application of the Cayley—Hamilton theorem [Exe
cise6.10).

The calculation can easily be extended to systems with inphesstate is then
given by a linear combination of inputs and outputs and thigiher derivatives.
The observability criterion is unchanged. We leave this essen exercise for the
reader.

In practice, differentiation of the output can give largeoes when there is
measurement noise, and therefore the method sketched mbowte particularly
practical. We will address this issue in more detail in thetisection, but for now
we have the following basic result.

Theorem 7.1(Observability rank condition)A linear system of the forify.1) is
observable if and only if the observability matrix V¥ full rank.

Proof. The suf ciency of the observability rank condition followsofin the analy- e
sis above. To prove necessity, suppose that the systemasvabte but/\, is not
full rank. Letv2 R", v6 0, be a vector in the null space 8§, so thatW,v = 0.

If we let x(0) = v be the initial condition for the system and choase 0, then
the output is given by(t) = Ce*v. Sincee™ can be written as a power seriesiin
and sinceA" and higher powers can be rewritten in terms of lower powers (bfy
the Cayley—Hamilton theorem), it follows that the outputl e identically zero
(the reader should Il in the missing steps if this is not cle&towever, if both the
input and output of the system are 0, then a valid estimateen$tate ix= O for
all time, which is clearly incorrect sinoc€0) = v6& 0. Hence by contradiction we
must have that\,, is full rank if the system is observable. Ol

Example 7.1 Compartment model
Consider the two-compartment model in FigBr&8a but assume that the concen-
tration in the rst compartment can be measured. The systemadgsribed by the
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Figure 7.2: An unobservable system. Two identical subsystems have outputs thab-ad
gether to form the overall system output. The individual states of theystdms cannot be
determined since the contributions of each to the output are not distinglésfi&e circuit
diagram on the right is an example of such a system.

linear system

de 3 ke ki kiy .3 bos 8 9

C_=x 1 K1z 2 Doz . _ - -

— = C+: u; =-1 0 c

dt ko 2’ 0’ 4
The rst compartment represents the drug concentration irbtbed plasma, and
the second compartment the drug concentration in the tisheee it is active. To
determine if it is possible to nd the concentration in thestis compartment from
a measurement of blood plasma, we investigate the obsétyalbithe system by
forming the observability m{;;\trix9

9
_3Cx_3 1 03 .
" CA " ko ki Ky’
The rows are linearly independentkf 6 0, and under this condition it is thus

possible to determine the concentration of the drug in thigeacompartment from
measurements of the drug concentration in the blood. N

Wo

It is useful to have an understanding of the mechanisms tlakera system
unobservable. Such a system is shown in Figug The system is composed
of two identical systems whose outputs are added. It seetuisively clear that
it is not possible to deduce the states from the output sineeannot deduce
the individual output contributions from the sum. This casodbe seen formally
(Exercise?.2).

Observable Canonical Form

As in the case of reachability, certain canonical forms Wéluseful in studying
observability. A linear single-input, single-output st@pace system is wbserv-
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an an 1 a a ﬂ

Figure 7.3: Block diagram of a system in observable canonical form. The stateseof th
system are represented by individual integrators whose inputs areghtag combination

of the next integrator in the chain, the rst state (rightmost integrator)taacgystem input.
The output is a combination of the rst state and the input.

able canonical fornif its dynamics are given by

8 9 8 9
a 1 0 0 b]_
a; 0 1 b
dz . ) .2
a = : Z+ : u,
a1 0O iE bn 1
) 00 (0} " b
g & 9 "
y=-1 0 0 0 z+ Du:

The de nition can be extended to systems with many inputs; thg difference is
that the vector multiplyingi is replaced by a matrix.

Figure7.3is a block diagram for a system in observable canonical féxa.
in the case of reachable canonical form, we see that the deefsin the system
description appear directly in the block diagram. The charétic polynomial for
a system in observable canonical form is

[ ()= '+ a1 '+  +ay 1S+ an: (7.5)

It is possible to reason about the observability of a systeabservable canonical
form by studying the block diagram. If the inputand the outpuy are available,
the statez; can clearly be computed. Differentiatiag we obtain the input to the
integrator that generates, and we can now obtain = z+ a3z bju. Proceed-
ing in this way, we can compute all states. The computatioh molwever, require
that the signals be differentiated.

To check observability more formally, we compute the obability matrix for
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a system in observable canonical form, which is given by

8 9
1 0O O ::: O
a1 1 0 ::: O
W, = a2 a a 1 :
11

where * represents an entry whose exact value is not imptorfée rows of this
matrix are linearly independent (since it is lower triaragll and henc®\, is full

rank. A straightforward but tedious calculation shows tihatinverse of the ob-
servability matrix has a sirgple form given by

9

1 0 0 0

ag 1 0 0

Wol= a a1 1 0
"8 1 @ 2 @3 1

As in the case of reachability, it turns out that if a systermhiservable then
there always exists a transformatidnthat converts the system into observable
canonical form. This is useful for proofs since it lets us assuhat a system
is in observable canonical form without any loss of gengralihe observable
canonical form may be poorly conditioned numerically.

7.2 State Estimation

Having de ned the concept of observability, we now returnhe guestion of how
to construct an observer for a system. We will look for obsesthat can be repre-
sented as a linear dynamical system that takes the inputsuapdts of the system
we are observing and produces an estimate of the systertes stat is, we wish
to construct a dynamical system of the form

dx

— = FX+ Gu+ H
gt R

whereu andy are the input and output of the original system artl R" is an
estimate of the state with the property tRé) T x(t) ast! ¥.

The Observer

We consider the system in equaticghl) with D set to zero to simplify the expo-
sition: dx

at = Ax+ Bu; y=Cx (7.6)



7.2. STATE ESTIMATION 207

We can attempt to determine the state simply by simulatiegetiuations with the
correct input. An estimate of the state is then given by
dx

— = AX+ Bu :
4 = A%+ Bu (7.7)

To nd the properties of this estimate, introduce the estioraerrorX= x X. It
follows from equationsq.6) and (7.7) that
dxX _
dt
If matrix A has all its eigenvalues in the left half-plane, the exaiill'go to zero,
and hence equatiorY (7) is a dynamical system whose output converges to the
state of the systen¥(6).
The observer given by equatior.7) uses only the process inputthe mea-
sured signal does not appear in the equation. We must alaoedhat the system
be stable, and essentially our estimator converges betiaeistate of both the ob-
server and estimator are going to zero. This is not very usefalcontrol design
context since we want to have our estimate converge quiokdyrtonzero state so
that we can make use of it in our controller. We will therefateempt to modify
the observer so that the output is used and its convergeogenies can be de-
signed to be fast relative to the system's dynamics. Thismesill also work for
unstable systems.
Consider the observer
dx

at = AX+ Bu+ L(y CX): (7.8)

This can be considered as a generalization of equafiof. (Feedback from the
measured output is provided by adding the téify CX), which is proportional
to the difference between the observed output and the optpdicted by the ob-
server. It follows from equationg (6) and (7.8) that

dX o

i (A LOX
If the matrixL can be chosen in such a way that the ma#ix LC has eigenval-
ues with negative real parts, the ersowill go to zero. The convergence rate is
determined by an appropriate selection of the eigenvalues.

Notice the similarity between the problems of nding a statedback and

nding the observer. State feedback design by eigenvalugasgnt is equivalent
to nding a matrixK so thatA BK has given eigenvalues. Designing an observer
with prescribed eigenvalues is equivalent to nding a matriso thatA LC has
given eigenvalues. Since the eigenvalues of a matrix andhitspose are the same
we can establish the following equivalences:

A$ AT;  B$C; K$ LT, WS W:

The observer design problem is tdeal of the state feedback design problem.
Using the results of Theoref3, we get the following theorem on observer design.

AX:
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Theorem 7.2(Observer design by eigenvalue assignme@pnsider the system
given by

dx

at = Ax+ Bu; y= Cx (7.9)
with one input and one output. Léf(s) = "+ a;s" '+  + a, 1S+ a, be the
characteristic polynomial for A. If the system is observatien the dynamical
system

g
dit( = A%+ Bu+ L(y CX) (7.10)
is an observer for the system, with L cgosen as9
P a
P2 @
L=W, 1\%% , % (7.11)
" pn an
and the matrices Yand\&,, given by
8 9 1
8 9 1 0 0 0
C a1 1 0 0
CA ao a 1 0
W, = . ; &) = . .
“CcA b 282 a3 a4 1 ¢
A 1 @ 2 a3 i a1

The resulting observer erréf= x X is governed by a differential equation having
the characteristic polynomial

p(9 =+ pis” T+ + py

The dynamical systen¥ (10 is called anobserverfor (the states of) the sys-
tem (7.9 because it will generate an approximation of the statefhi@fsystem
from its inputs and outputs. This form of an observer is a muohenuseful form
than the one given by pure differentiation in equatidrs).

Example 7.2 Compartment model
Consider the compartment model in Exampl&, which is characterized by the

matrices 8 9 8 9

9
_3 k ki kixz. _ 3 box . _ C
A=: ko ko' B—.O,, C=-10 :
The observability matrix was computed in Examplé, where we concluded that
the system was observablekif 6 0. The dynamics matrix has the characteristic
polynomial

9
s+ ko+ kg ki

8
- defd 3 _ .
I (s) = det K stk T %+ (ko + ky+ ko)s+ koko:
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Figure 7.4: Observer for a two compartment system. A two compartment modebisrsh
on the left. The observer measures the input concentratoa output concentration= c;
to determine the compartment concentrations, shown on the right. Thedngentrations
are shown by solid lines and the estimates generated by the observestiegldiaes.

Let the desired characteristic polynomial of the observes®e p;s+ p», and
equation {.11) gives the observer gain

8 9 ,8 9 ,8 9

=3 1 0z "3 1 O P ko ki kez
é Ko ki ki’ " kot k19+ ke 10 P2 koko
3 pr ko ki ko 2.

" (P2 prke+ kiko+ K3)=kq’

Notice that the observability conditioky 6 0 is essential. The behavior of the
observer is illustrated by the simulation in Figutglh Notice how the observed
concentrations approach the true concentrations. N

The observer is a dynamical system whose inputs are the griogegu and the
process output. The rate of change of the estimate is composed of two ternes. On
term, AX+ Bu, is the rate of change computed from the model witubstituted
for x. The other terml.(y V), is proportional to the difference=y y between
measured outpytand its estimatg= CX. The observer gaihis a matrix that tells
how the errore is weighted and distributed among the states. The obserusr th
combines measurements with a dynamical model of the sy#tdstack diagram
of the observer is shown in Figuieb.

Computing the Observer Gain

For simple low-order problems it is convenient to introddice elements of the
observer gairL as unknown parameters and solve for the values required/i¢o gi
the desired characteristic polynomial, as illustratedhafbllowing example.

Example 7.3 Vehicle steering
The normalized linear model for vehicle steering derived iarfipless.12and6.4
gives the following state space model dynamics relatirgyéipath deviationy to
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Figure 7.5: Block diagram of the observer. The observer takes the sigraatslu as inputs
and produces an estimateNotice that the observer contains a copy of the process model
that is driven byy y through the observer galn

steering angle!:
gang 8 9 o o

9
dx_ 30 13 20R . o
G0 0 X+ 7 17 W y=-1 0 x (7.12)
Recall that the state; represents the lateral path deviation and thaepresents
the turning rate. We will now derive an observer that usessifggeem model to
determine the turning rate from the measured path deviation
The observability matrix is 8 9
-31 0z,

WO_ . 0 11 ’
i.e., the identity matrix. The system is thus observable,thadigenvalue assign-
ment problem can be solved. We ha\ée

9
|1 13 i
I, O °

which has the characteristic polyngmial

A LC=3

det(sl A+ LC)= det® 5':'2|1 Sl? = 2+ 15+ Iy

Assuming that we want to have an observer with the charatitepolynomial
S+ piS+ P2 = S+ 2ZWeS+ W
the observer gains should be chosen as
l1= p1= 2ZoWo; o= pp= W
The observer is then
dx
dt

8, 9 89 809
= AR+ Bu+ L(y cf():_?g (])?ﬂ;gsw;l;g(y

x>

1)
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Figure 7.6: Simulation of an observer for a vehicle driving on a curvy road (leftle Bb-
server has an initial velocity error. The plots on the middle show the latevéitibnx;, the
lateral velocityx, by solid lines and their estimateg andx, by dashed lines. The plots on
the right show the estimation errors.

A simulation of the observer for a vehicle driving on a curerd is simulated
in Figure7.6. The vehicle length is the time unit in the normalized modele Th
gure shows that the observer error settles in about 3 velécigths. N

For systems of high order we have to use numerical calculatidhe duality
between the design of a state feedback and the design of arvebmeans that the
computer algorithms for state feedback can also be useddootiserver design;
we simply use the transpose of the dynamics matrix and theubutatrix. The
MATLAB commandacker , which essentially is a direct implementation of the
calculations given in Theorem2, can be used for systems with one output. The
MATLAB commandplace can be used for systems with many outputs. It is also
better conditioned numerically.

7.3 Control Using Estimated State

In this section we will consider a state space system of tira fo

dx
— = Ax+ Bu;
dt

Notice that we have assumed that there is no direct term isytsem D = 0).
This is often a realistic assumption. The presence of a diegct in combination
with a controller having proportional action creates arehfgic loop, which will
be discussed in Sectidh3. The problem can be solved even if there is a direct
term, but the calculations are more complicated.

We wish to design a feedback controller for the system whehg the output
is measured. As before, we will assume thandy are scalars. We also assume
that the system is reachable and observable. In Chépterfound a feedback of
the form

y=Cx (7.13)

u= Kx+ kr
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for the case that all states could be measured, and in SetRome developed
an observer that can generate estimates of thestaised on inputs and outputs.
In this section we will combine the ideas of these sectionadaa feedback that
gives desired closed loop eigenvalues for systems wheyeooitpputs are available
for feedback.

If all states are not measurable, it seems reasonable toefgedback

u= Kx+kr, (7.14)
wherexis the output of an observer of the state, i.e.,
3): = AX+ Bu+ L(y CX): (7.15)

Since the systeni7(13 and the observef7(15 are both of state dimension the
closed loop system has state dimension&h state k, X). The evolution of the
states is described by equatiofs1®—(7.19. To analyze the closed loop system,
the state variablg is replaced by

X=x X (7.16)
Subtraction of equatiorv(15 from equation 7.13 gives
(0)'¢
dt
Returning to the process dynamics, introducinfrom equation 7.14) into
equation {.13 and using equatiorv(16) to eliminatex'gives
dx

at = Ax+ Bu= Ax BKX+ Bkr= Ax BK(x X)+ Blkr

=(A BK)x+ BKX+ Bkr:
The closed loop system is thus governed b
P 8y 9 8 g 3/8 9

= Ax AX L(Cx CR=AX LCX=(A LO)X

8 9
dzxz _3A BK BK X Bks
e 0 A R or (7.17)

Notice that the statg, fepresenting the observer error, is not affected by the ref
erence signaf. This is desirable since we do not want the reference signal to
generate observer errors.

Since the dynamics matrix is block diagonal, we nd that therahteristic
polynomial of the closed loop system is

I (s) = det(sl A+ BK)det(sl A+ LC):

This polynomial is a product of two terms: the characteriptitynomial of the
closed loop system obtained with state feedback and thectesistic polynomial
of the observer error. The feedback 4 that was motivated heuristically thus
provides a neat solution to the eigenvalue assignmentg@mblhe result is sum-
marized as follows.
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Figure 7.7: Block diagram of an observer-based control system. The obsesesrthe mea-
sured outpuy and the inputu to construct an estimate of the state. This estimate is used
by a state feedback controller to generate the corrective input. Thettentonsists of the
observer and the state feedback; the observer is identical to that ireFigur

Theorem 7.3(Eigenvalue assignment by output feedbaddnsider the system

%z Ax+ Bu; y=Cx

dt
The controller described by
((ji)t( = AX+ Bu+ L(y CX)=(A BK LC)X+ Bkr+ Ly,

u= KX+ kr
gives a closed loop system with the characteristic polyabmi
[ ()= det(sl A+ BK)det(sl A+ LC):

This polynomial can be assigned arbitrary roots if the sysiemeachable and
observable.

The controller has a strong intuitive appeal: it can be thoofjas being com-
posed of two parts, one state feedback and one observer. Tiaenihs of the
controller are generated by the observer. The feedbackkyaian be computed
as if all state variables can be measured, and it depends lgnAcand B. The
observer gairL depends on only andC. The property that the eigenvalue as-
signment for output feedback can be separated into an efienassignment for
a state feedback and an observer is callecds#paration principle

A block diagram of the controller is shown in Figurer. Notice that the con-
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Figure 7.8: Simulation of a vehicle driving on a curvy road with a controller based on
state feedback and an observer. The left plot shows the lane b@m(tiotted), the vehicle
position (solid) and its estimate (dashed), the upper right plot shows kb&tygsolid) and

its estimate (dashed), and the lower right plot shows the control sigimg state feedback
(solid) and the control signal using the estimated state (dashed).

troller contains a dynamical model of the plant. This is ahlieeinternal model
principle: the controller contains a model of the process being ctetto

Example 7.4 Vehicle steering

Consider again the normalized linear model for vehiclergigen Example6.4.
The dynamics relating the steering angke the lateral path deviatiopis given by
the state space modé&l.(2. Combining the state feedback derived in Exantofe
with the observer determined in Example3, we nd that the controller is given

b
Y . 8 9 89 8 9
dx _

OX_ ag an-30 13, 302  3h3 oy
u= KR+ kr=Kky(r Xi) kX

Elimination of the variablel gives

9X_(A BK LO)R+ Ly+ Bkr

dt g " g 1 gkg 89 809
.2 I 1 2% o, 2113 203, .
= Kk 1 Ky X+ : I, y+ - 1 Kqr:

The controller is a dynamical system of second order, with iwputsy andr
and one outputl. Figure7.8 shows a simulation of the system when the vehicle
is driven along a curvy road. Since we are using a normalizedeme¢he length
unit is the vehicle length and the time unit is the time it ®k&travel one vehicle
length. The estimator is initialized with all states equatéoo but the real system
has an initial velocity of 0.5. The gures show that the estiesatonverge quickly
to their true values. The vehicle tracks the desired pathghwisi in the middle of
the road, but there are errors because the road is irregllartracking error can
be improved by introducing feedforward (Sectit:). N
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7.4 Kalman Filtering

One of the principal uses of observers in practice is to edérthe state of a sys-
tem in the presence ofoisymeasurements. We have not yet treated noise in our
analysis, and a full treatment of stochastic dynamicalesyistis beyond the scope
of this text. In this section, we present a brief introductio the use of stochastic
systems analysis for constructing observers. We work pifiynia discrete time
to avoid some of the complications associated with contisttome random pro-
cesses and to keep the mathematical prerequisites to a ummiifhis section as-
sumes basic knowledge of random variables and stochastegses; see Kumar
and Varaiya KV86] or Astrom [Ast0g] for the required material.

Consider a discrete-time linear system with dynamics

x[k+ 1] = AQK]+ Buk]+ FV[K]; y[K] = CXK] + WK]; (7.18)
wherevlk] andwk] are Gaussian white noise processes satisfying
Efviklg= ?; Efwiklg = (();
Tra._ 0 k6 j Triq. 6 ]
Efviklv' [jlg= R, k= j Efwlklw' [jlg= Ry k= | (7.19)

Efvikw'[jlg= O:

Ef vik]g represents the expected valuevfi] andEf v[k]v' [j]g the correlation ma-
trix. The matricesR, andR,, are the covariance matrices for the process distur-
bancev and measurement noise We assume that the initial condition is also
modeled as a Gaussian random variable with

Ef x[0]g = Xo; Ef x[0]x" [O]g = Py: (7.20)
We would like to nd an estimate(K] that minimizes the mean square error
Ef (x[K] RKD(X[K] K[K])"ggiven the measuremeritg(t) :0 t tg. We con-
sider an observer in the same basic form as derived preyiousl|
K[k+ 1] = AX[K]+ Bulk]+ L[K](y[k] CX[K]): (7.21)
The following theorem summarizes the main result.

Theorem 7.4 (Kalman, 1961) Consider a random procesgkk with dynamics
given by equatior{7.18 and noise processes and initial conditions described by
equationg7.19 and (7.20. The observer gain L that minimizes the mean square
error is given by

LK = APKICT (Ry+ CPIKICT) *;

where
Plk+ 1]=(A LC)PK](A LC)"+ FRFT+ LR,LT

P = Efx[0]x" [0]g: (722)

Before we prove this result, we re ect on its form and functiéiirst, note
that the Kalman lIter has the form of eecursive lter: given mean square error



7.4. KALMAN FILTERING 216

Pkl = Ef (x[k] RK)(X[K] %[K])"g at timek, we can compute how the estimate
and errorchange Thus we do not need to keep track of old values of the output.
Furthermore, the Kalman lIter gives the estima{&] "and the error covariance
P[k], so we can see how reliable the estimate is. It can also berskwat the
Kalman lter extracts the maximum possible information aboutput data. If we
form the residual between the measured output and the éstroatput,

e[kl = y[k] CXx[K];
we can show that for the Kalman lter the correlation rPatrix is
Re(j;K) = Efe[']eT[k] = W[K]dik; dix = L=k
B J g ko jk 0 J 6 k

In other words, the error is a white noise process, so themeismaining dynamic
information content in the error.

The Kalman lter is extremely versatile and can be used evehafgrocess,
noise or disturbances are nonstationary. When the systetatisnary andf P[K]
converges, then the observer gain is constant:

L= APC'(Ry+ CPC");
whereP satis es
P= APA + FRFT APCT R,+CPC" ‘CPAT:

We see that the optimal gain depends on both the processaruisine measure-
ment noise, but in a nontrivial way. Like the use of LQR to chostsge feedback
gains, the Kalman Iter permits a systematic derivation & tibserver gains given
a description of the noise processes. The solution for thetaohgain case is
solved by thedlge command in MATLAB.

Proof of theorem.We wish to minimize the mean square of the erf&bi(x[Kk]
KIKD(XK]  KK])Tg. We will de ne this quantity ad®[k] and then show that it sat-
is es the recursion given in equatioid.22. By de nition,

Plk+ 1] = Ef (xk+ 1] K[k+ 1])(x[k+ 1] Rk+ 1])Tg
=(A LOPK|(A LC)"+FRFT+LR,L"
= APKIAT + FR,FT  APKIC'LT LCP[KAT
+ L(Ry+ CPKICT)LT:
Letting Re = ( Ry + CPIKICT), we have
Plk+ 1] = APKKIAT + FRFT APKIC'LT LCPKAT + LReLT
= APKAT+ FRFT+ L APKC'R,! R. L APKCTR,: '
APKICTR,ICPT[KIAT:
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To minimize this expression, we chooke= APKICTR,?!, and the theorem is
proved. O]

The Kalman lIter can also be applied to continuous-time staticgrocesses.
The mathematical derivation of this result requires morehstigated tools, but
the nal form of the estimator is relatively straightforward

Consider a continuous stochastic system

‘;i‘z Ax+ Bu+ Fy; Efv(s)v' (1) g= R(t)d(t 9);
y= Cx+ W, Efw(sw' ()g= Ru(t)d(t s);

whered(t) is the unit impulse function. Assume that the disturbanaad noise
w are zero mean and Gaussian (but not necessarily stationary)

1 1,TR 1 1 1,TR 1
df(v) = p—p——e 2V RV: pdfiw) = p—p——e 2V R W
pdf(v) "2p detR, pdf(w) "2p detRy
We wish to nd the estimate(f) that minimizes the mean square eridr(x(t)
R())(x(t) RK(t)Tggivenfy(t):0 t tg.
Theorem 7.5(Kalman—Bucy, 1961) The optimal estimator has the form of a lin-
ear observer

z)f = AX+ Bu+ L(y CX);
where I(t) = P(t)CTR,* and Rt) = Ef (x(t) X(1))(x(t) X(t))Tgand satis es
ZT = AP+ PAT PC'R, (t)CP+ FR,(t)FT; P[0] = Efx[0]x' [O]g:

As in the discrete case, when the system is stationary atl)itonverges, the
observer gain is constant:

L=PC'R,! where AP+PA" PC'R,'CP+FRF'=0:
The second equation is tlagebraic Riccati equation

Example 7.5 Vectored thrust aircraft

We consider the lateral dynamics of the system, consistinthe subsystems
whose states are given by ( X; g;X; q). To design a Kalman Iter for the system,
we must include a description of the process disturbanadth@rsensor noise. We
thus augment the system to have the form

thz Az+ Bu+ Fyv, y=Cz+w,
whereF represents the structure of the disturbances (includiegtiects of non-
linearities that we have ignored in the linearizationjepresents the disturbance
source (modeled as zero mean, Gaussian white noise) aegdresents that mea-
surement noise (also zero mean, Gaussian and white).
For this example, we choos$eas the identity matrix and choose disturbances



7.4. KALMAN FILTERING 218

o
=

o

©

[N
T
~
1

©
[N
-~
<
1

Statesz [mixed units]
States [mixed units]

o
w
— ==
|
|
&
!

o
N
'
o
S

1 . .
Timet [s] Timet [s]
(a) Position measurement only (b) Position and orientation

Figure 7.9: Kalman lter design for a vectored thrust aircraft. In the rst design ¢aly
the lateral position of the aircraft is measured. Adding a direct meamumeof the roll
angle produces a much better observer (b). The initial condition for siathilations is
(0:1,0:01750:01; 0).

Rj= 0,16 j. The sensor noise is a single random variable which we model as
having covarianc®, = 10 “. Using the same parameters as before, the resulting

Kalman gain is given by 8
37.0
46:9
L= § 185 %

316

The performance of the estimator is shown in Figtu@a We see that while the
estimator converges to the system state, it contains signt overshoot in the
state estimate, which can lead to poor performance in aclosg setting.

To improve the performance of the estimator, we explorertigact of adding
a new output measurement. Suppose that instead of measusirtgg output po-
sition X, we also measure tge orientatioréof thg airgcpﬂl’he output becomes

=310003 Wi |
Y="0 100 T w

and if we assume that; andw, are independent noise sources each with covari-
anceRy, = 10 4 then the optimal estimator gain matrix becomes

8 32:6 0:159
% 0:150 326% .
327 9:79
0:0033 316’

These gains provide good immunity to noise and high perfoomaas illustrated
in Figure7.9h N

L=
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Figure 7.10:Block diagram of a controller based on a structure with two degreesexidra
which combines feedback and feedforward. The controller condiattrajectory generator,
state feedback and an observer. The trajectory generation subsysterutes a feedforward
commandy; along with the desired statg. The state feedback controller uses the estimated
state and desired state to compute a corrective ingut

7.5 A General Controller Structure

State estimators and state feedback are important compookatcontroller. In
this section, we will add feedforward to arrive at a geneositwller structure that
appears in many places in control theory and is the heart st modern control
systems. We will also brie y sketch how computers can be useithplement a
controller based on output feedback.

Feedforward

In this chapter and the previous one we have emphasizeddekdls a mechanism
for minimizing tracking error; reference values were idoed simply by adding
them to the state feedback through a dgginA more sophisticated way of doing
this is shown by the block diagram in FigufelQ where the controller consists of
three parts: an observer that computes estimates of tles $tased on a model and
measured process inputs and outputs, a state feedback taajelctory generator
that generates the desired behavior of all stageand a feedforward signak.
Under the ideal conditions of no disturbances and no moglelirors the signalk;
generates the desired behavigivhen applied to the process. The signatan be
generated by a system that gives the desired response datbe™ generate the
the signalu;, we must also have a model of the inverse of the process dgsami

To get some insight into the behavior of the system, we assoaiéhere are no
disturbances and that the system is in equilibrium with asstamt reference signal
and with the observer stateequal to the process state When the reference
signal is changed, the signalg andxq will change. The observer tracks the state
perfectly because the initial state was correct. The estidsthte is thus equal to
the desired statey, and the feedback signa, = K(xg X) will also be zero. All
action is thus created by the signals from the trajectorggaor. If there are some
disturbances or some modeling errors, the feedback sighalttempt to correct
the situation.

This controller is said to havievo degrees of freedolmecause the responses
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to command signals and disturbances are decoupled. Dastcebresponses are
governed by the observer and the state feedback, while spemse to command
signals is governed by the trajectory generator (feedfaijva

For an analytic description we start with the full nonlinemamics of the

process d
X
at = f(xu); y= h(x;u): (7.23)
Assume that the trajectory generator is able to computeieeddsajectory(Xq; Us)
that satis es the dynamics/(23 and satis esr = h(Xq; Ug). To design the con-
troller, we construct the error system. Izt X x4 andv= u ug and compute

the dynamics for the error:

z=x xg= f(xu) f(xq;ur)
= f(z+ xg;v+ ) F(xasur) = F(ZVixa(t); ugr (1)) :
In general, this system is time-varying. Note that ein Figure7.10due to the
convention of using negative feedback in the block diagram.

For trajectory tracking, we can assume taat small (if our controller is doing

a good job), and so we can linearize arourd O:
d F F
df A()z+ BOv, Af)= . B= IF :
t T2 oy LACAGRTIO)
It is often the case tha(t) andB(t) depend only orxg, in which case it is conve-
nient to writeA(t) = A(xq) andB(t) = B(Xg).

Assume now thaty andug are either constant or slowly varying (with respect
to the performance criterion). This allows us to considet flas (constant) linear
system given byA(xq); B(Xq)) . If we design a state feedback controlik(xy) for
eachxy, then we can regulate the system using the feedback

v= K(Xq)z
Substituting back the de nitions afandv, our controller becomes

u= KX xa)+ ug:

This form of controller is called gain scheduledinear controller withfeedfor-
ward Uy.

Finally, we consider the observer. The full nonlinear dynanaian be used for
the prediction portion of the observer and the linearizextesy for the correction
term: g

s f(Ru)+ LRy hxu);

whereL(X) is the observer gain obtained by linearizing the systemratdlie cur-

rently estimated state. This form of the observer is knowmasxtended Kalman
Iter and has proved to be a very effective means of estimatingde af a non-
linear system.
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Figure 7.11: Trajectory generation for changing lanes. We wish to change from thieutef
to the right lane over a distance of 30 min 4 s. The planned trajectory ythlane is shown
in (@) and the lateral positiopand the steering angkover the maneuver time interval are
shown in (b).

There are many ways to generate the feedforward signal, amd #re also
many different ways to compute the feedback gdimnd the observer gaih.
Note that once again the internal model principle applies:controller contains a
model of the system to be controlled through the observer.

Example 7.6 Vehicle steering
To illustrate how we can use a two degree-of-freedom desigmprove the per-
formance of the system, consider the problem of steering teoa@nange lanes on
aroad, as illustrated in Figuiglla

We use the non-normalized form of the dynamics, which wereeéin Exam-
ple 2.8 Using the center of the rear wheels as the refereace ), the dynamics
can be written as

dx _ dy dg _ v _
pri cosqgy, Fri singV, G b tand;

wherev is the forward velocity of the vehicle artlis the steering angle. To gener-
ate a trajectory for the system, we note that we can solvehtostates and inputs
of the system giveR, y by solving the following sets of equations:

X= VC0Ssq; X=vcosq vgsing;
y = vsing; y = vsing + vg cosq; (7.24)
q = (v=b) tand:

This set of ve equations has ve unknowng,(q, v, vandd) that can be solved
using trigonometry and linear algebra. It follows that wa campute a feasible
trajectory for the system given any padft), y(t). (This special property of a sys-
tem is known aglifferential atnesgFLMR92, FLMR95].)

To nd a trajectory from an initial statéxo; yo; Qo) to a nal state(xs;ys; gs) at
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atimeT, we look for a pathx(t);y(t) that satis es

X(0) = Xo; X(T) = xt;

¥(0) = Yo; y(T) =y, (7.25)
X(0)singo  y(0) cosgo = 0; X(T)sings  y(T)cosqgs = O;

y(0) singo + x(0) cosqgo = Vo; Y(T)sings + x(T) cosqs = V¢!

One such trajectory can be found by choosi(tg andy(t) to have the form
Xq(t) = apg+ ast+ a2t2+ a3t3; Ya(t) = bo+ bit + b2t2+ b3'[3:

Substituting these equations into equati@r2f, we are left with a set of linear
equations that can be solved &y, by, i = 0;1;2;3. This gives a feasible trajectory
for the system by using equation.24) to solve forqy, vg anddy.
Figure7.11bshows a sample trajectory generated by a set of higher-ecaer-
tions that also set the initial and nal steering angle to z&tatice that the feedfor-
ward input is quite different from 0, allowing the contralte command a steering
angle that executes the turn in the absence of errors. N

Kalman's Decomposition of a Linear System

In this chapter and the previous one we have seen that twafoedtal properties
of a linear input/output system are reachability and olzgaliy. It turns out that
these two properties can be used to classify the dynamicssgétem. The key
result is Kalman's decomposition theorem, which says tHettesar system can be
divided into four subsystems;, which is reachable and observalfigs which is
reachable but not observabfgy; which is not reachable but is observable &qgl
which is neither reachable nor observable.

We will rst consider this in the special case of systems whbeematrixA has
distinct eigenvalues. In this case we can nd a set of cootdmauch that thé
matrix is diagonal and, with some additional reorderingh# states, the system
can be written as

8 9 8 9
0 Bro

0 Ao O 0 (7.26)
8 0 0 p5 O

y - Cro O Cro 0’ X + DU

All statesx, such thatBy 6 0 are reachable, and all states such ©aé 0 are

observable. If we set the initial state to zero (or equivilyelook at the steady-

state response # is stable), the states given By andxqs will be zero andxg

does not affect the output. Hence the outpaan be determined from the system
dXo

at = AroXo * Brol; y= CroXpo + DU
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Figure 7.12: Kalman's decomposition of a linear system. The decomposition in (a) ia for
system with distinct eigenvalues and the one in (b) is the general cassy3tee is bro-
ken into four subsystems, representing the various combinationsabiaiele and observable
states. The input/output relationship only depends on the subset of stttassthoth reach-
able and observable.

Thus from the input/output point of view, it is only the reableaand observable
dynamics that matter. A block diagram of the system illustgathis property is
given in Figure7.12a

The general case of the Kalman decomposition is more congticand re-
quires some additional linear algebra; see the originatphp Kalman, Ho and
Narendra KHNG3]. The key result is that the state space can still be decordpose
into four parts, but there will be additional coupling sotttiee equations have the

form 8 9 8 9
% Aro 0 0 Bro
dt 0 0 Ay 038 o8Y 7.27)
'8 0 0 gAm’ 0’ '

y:: Cro O Cr_o 0’ X;

where denotes block matrices of appropriate dimensions. The fopigtut re-
sponse of the system is given by

d
% = AroXro * Brol; y = CroXo+ DU; (7.28)

which are the dynamics of the reachable and observable st@ns$,,. A block
diagram of the system is shown in Figutd 2h
The following example illustrates Kalman's decomposition.

Example 7.7 System and controller with feedback from observer state
Consider the system

X
= Ax+Bu  y=Cx
It X+ Bu; y=Cx

The following controller, based on feedback from the obsestate, was given in
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Theorem?.3:
th( = AX+ Bu+ L(y CX); u= KX+ kr:
Introducing the statesandxX= x X, the closed loop system can be written as
8 9 8 9 ) 98 9

98
d3xz _3A BK BK 33x3 , 3Bkxz . DX

% -7 0 Al g fTorh ¥EICOTE
which is a Kalman decomposition like the one shown in Figud2bwith only
two subsystems,, and Srp. The subsysten$,,, with statex, is reachable and
observable, and the subsyst&g, with statex] is not reachable but observable.
It is natural that the stateiS not reachable from the reference signakecause it
would not make sense to design a system where changes inrimara signal
could generate observer errors. The relationship betweereference and the
outputy is given by

dx

at =(A BK)x+ Bkr; y= Cx

which is the same relationship as for a system with full skeg¢elback. N

Computer Implementation

The controllers obtained so far have been described by aydiitierential equa-
tions. They can be implemented directly using analog commisnghether elec-
tronic circuits, hydraulic valves or other physical dewc8ince in modern engi-
neering applications most controllers are implementedgusbmputers, we will
brie y discuss how this can be done.

A computer-controlled system typically operates perialijc every cycle, sig-
nals from the sensors are sampled and converted to digital by the A/D con-
verter, the control signal is computed and the resultinguiLis converted to ana-
log form for the actuators, as shown in Figurd3 To illustrate the main princi-
ples of how to implement feedback in this environment, wesaber the controller
described by equation3.(l4 and /.15, i.e.,

dx

at = AX+ Bu+ L(y CX); u= KX+ kr:

The second equation consists only of additions and muléipias and can thus
be implemented directly on a computer. The rst equation campemented by
approximating the derivative by a difference

(3);( w = AX(t) + Bu(t) + L y(t) CR(k) ;

wherety are the sampling instants ahd ty+;1 tx is the sampling period. Rewrit-
ing the equation to isolatgtk 1), we get the difference equation

Kt 1) = K(t) + h AX(te) + Bu(t) + L y(t) CX(t) (7.29)
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Figure 7.13: Components of a computer-controlled system. The controller consists of
analog-to-digital (A/D) and digital-to-analog (D/A) converters, as welaaomputer that
implements the control algorithm. A system clock controls the operation ofdh#oller,
synchronizing the A/D, D/A and computing processes. The operatot isjalso fed to the
computer as an external input.

The calculation of the estimated state at tiag requires only addition and mul-
tiplication and can easily be done by a computer. A sectigmsefidocode for the
program that performs this calculation is

% Control algorithm - main loop

r = adin(chl) % read reference

y = adin(ch2) % get process output

u = Kx(xd - xhat) + uff % compute control variable
daout(chl, u) % set analog output

xhat = xhat + h *(A*x+Bxu+L*(y-C *X)) % update state estimate

The program runs periodically at a xed rateNotice that the number of com-
putations between reading the analog input and settingnéieg output has been
minimized by updating the state after the analog output lees tset. The pro-
gram has an array of stateat that represents the state estimate. The choice of
sampling period requires some care.

There are more sophisticated ways of approximating a diffexleequation
by a difference equation. If the control signal is constagtineen the sampling
instants, it is possible to obtain exact equations; 8&¥97].

There are several practical issues that also must be dehltkadt example, it
is necessary to Iter measured signals before they are sahgole¢hat the Itered
signal has little frequency content abofge2, wherefs is the sampling frequency.
This avoids a phenomena known asasing If controllers with integral action
are used, it is also necessary to provide protection so lieaintegral does not
become too large when the actuator saturates. This issled] icaiegrator windup
is studied in more detail in Chapt&0. Care must also be taken so that parameter
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changes do not cause disturbances.

7.6 Further Reading

The notion of observability is due to Kalmakidl61b and, combined with the dual
notion of reachability, it was a major stepping stone towest@blishing state space
control theory beginning in the 1960s. The observer rst appeéas the Kalman
Iter, in the paper by KalmanKal614 on the discrete-time case and Kalman and
Bucy [KB61] on the continuous-time case. Kalman also conjecturedtiigaton-
troller for output feedback could be obtained by combinirgjae feedback with
an observer; see the quote in the beginning of this chapterrésult was formally
proved by Josep and TodT61 and Gunckel and FranklirGdF71. The combined
result is known as the linear quadratic Gaussian contrarthea compact treat-
ment is given in the books by Anderson and Moodd®P0] and Astrom [Ast06].
Much later it was shown that solutions to robust control peois also had a sim-
ilar structure but with different ways of computing obseread state feedback
gains PGKF89. The general controller structure discussed in Secti&nwhich
combines feedback and feedforward, was described by Hani963 Hor63.
The particular form in Figur@.10appeared inAW97], which also treats digital
implementation of the controller. The hypothesis that motontrol in humans
is based on a combination of feedback and feedforward wasopeal by Ito in
1970 [to70Q].

Exercises

7.1 (Coordinate transformations) Consider a system under edtwe transfor-
mationz= Tx, whereT 2 R" "is an invertible matrix. Show that the observability
matrix for the transformed system is given\y= W, T *and hence observability
is independent of the choice of coordinates.

7.2 Show that the system depicted in Figt@is not observable.

7.3 (Observable canonical form) Show that if a system is obségydiben there
exists a change of coordinates T x that puts the transformed system into ob-
servable canonical form.

7.4(Bicycle dynamics) The linearized model for a bicycle is giiteequation 3.5),
which has the form
d’% Dvodd _ . mgh
Yig ba "t p @
wherej is the tilt of the bicycle and is the steering angle. Give conditions under

which the system is observable and explain any specialtgihsawhere it loses
observability.
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7.5 (Integral action) The model7(1) assumes that the input= 0 corresponds
to x = 0. In practice, it is very dif cult to know the value of the cont signal
that gives a precise value of the state or the output bechiseould require a
perfectly calibrated system. One way to avoid this asswnpsito assume that the
model is given by

d
d—f[(: Ax+ B(u+ up); y= Cx+ Du;

whereug is an unknown constant that can be modeledlas-dt = 0. Consider
Ug as an additional state variable and derive a controllercdbasgeedback from
the observed state. Show that the controller has integriaineand that it does not
require a perfectly calibrated system.

7.6 (Vectored thrust aircraft) The lateral dynamics of the vesdiathrust aircrafte
example described in Examp&8 can be obtained by considering the motion
described by the states= ( x;g;X; q). Construct an estimator for these dynam-
ics by setting the eigenvalues of the observer intBudterworth patternwith
lpw= 3:83 9:24i, 9:24 3:83. Using this estimator combined with the state
space controller computed in Examg@e3, plot the step response of the closed
loop system.

7.7 (Uniqueness of observers) Show that the design of an obseyveigenvalue
assignment is unique for single-output systems. Constsanples that show that
the problem is not necessarily unique for systems with manguds.

7.8 (Observers using differentiation) Consider the lineatays(7.2), and assume
that the observability matri¥y, is invertible. Show that
91
=W, Yy y ¥ yon

is an observer. Show that it has the advantage of giving the ststantaneously
but that it also has some severe practical drawbacks.

7.9 (Observer for Teorell's compartment model) Teorell's cariment model,«
shown in Figure8.17, has the following state space representation:

Ky 0 0 0 D 819
dx Ky ko ks O k3 (% 0
— = 0 kg 0 0 X+ 3202 u;
dt 0 kk O ks ks O 0

0 0 0 ks 0} o

where representative parameters lyes 0.02, ko = 0:1, k3 = 0:.05, ks = ks =
0:005. The concentration of a drug that is active in compartriesaimeasured in
the bloodstream (compartment 2). Determine the compatsleat are observable
from measurement of concentration in the bloodstream asijnle@n estimator
for these concentrations base on eigenvalue assignmenbs€hhe closed loop
eigenvalues 0:03, 0:05and O0:1. Simulate the system when the input is a pulse
injection.
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7.10 (Observer design for motor drive) Consider the normalizextieh of the
motor drive in Exercis€2.10 where the open loop system has the eigenvalues
0;0; 0:05 i. A state feedback that gave a closed loop system with eiglenva
uesin 2, land 1 iwas designed in Exercig 1l Design an observer for
the system that has eigenvalued, 2 and 2 2i. Combine the observer with
the state feedback from Exerci6el1to obtain an output feedback and simulate
the complete system.

7.11(Feedforward design for motor drive) Consider the normdlimedel of the
motor drive in Exercis€.10 Design the dynamics of the block labeled “trajec-
tory generation” in Figur&.10so that the dynamics relating the outguto the
reference signal has the dynamics

d3ym d?ym dym

+ + — 4+ = : 7.

with parameteray = 2:5Wm, amp = 2:5W73 andang = Wy, Discuss how the largest
value of the feedforward signal for a unit step in the commsigdal depends on
W,

7.12(Whipple bicycle model) Consider the Whipple bicycle mogigken by equa-
tion (3.7) in Section3.2 A state feedback for the system was designed in Exer-
cise6.12 Design an observer and an output feedback for the system.

7.13(Discrete-time random walk) Suppose that we wish to estiregoosition «
of a particle that is undergoing a random walk in one dimeméie., along a line).
We model the position of the particle as

x[k+ 1] = x[k] + u[K];

wherexis the position of the particle ands a white noise processes wf u[i]g =
0 andEfu[iJu[jlg= Ryd(i j). We assume that we can measki®ubject to ad-
ditive, zero-mean, Gaussian white noise with covariance 1.

(a) Compute the expected value and covariance of the paatich function ok.

(b) Construct a Kalman lter to estimate the position of thetée given the
noisy measurements of its position. Compute the steadg-stgpected value and
covariance of the error of your estimate.

(c) Suppose thdEfu[0]g= mé 0 but is otherwise unchanged. How would your
answers to parts (a) and (b) change?

7.14 (Kalman decomposition) Consider a linear system chariaetgiby the ma-
trices g 8 g

2 1 1 2 2 o o
51 3 0 2§, ,_ 525 __! o
A_§1 Do 2? B_§§ C=01 10 :; D=0

0 1 1 1 T
Construct a Kalman decomposition for the system. (Hint:tdrgiagonalize.)



Chapter Eight

Transfer Functions

The typical regulator system can frequently be described, in essentadférential equa-
tions of no more than perhaps the second, third or fourth order. . .ohtrast, the order of
the set of differential equations describing the typical negative feedbagii ar used in
telephony is likely to be very much greater. As a matter of idle curiosity, ¢ aocnted to
nd out what the order of the set of equations in an ampli er | had jussigaed would have
been, if | had worked with the differential equations directly. It turnedtodtte 55.

Hendrik Bode, 19608B0d6Q.

This chapter introduces the concept of ttamsfer functionwhich is a compact
description of the input/output relation for a linear systeCombining transfer
functions with block diagrams gives a powerful method foaldey with complex
linear systems. The relationship between transfer funstiom other descriptions
of system dynamics is also discussed.

8.1 Frequency Domain Modeling

Figure8.1is a block diagram for a typical control system, consistifig process
to be controlled and a controller that combines feedbackfaadforward. We
saw in the previous two chapters how to analyze and desigm sygtems using
state space descriptions of the blocks. As mentioned in t€hadpan alternative
approach is to focus on the input/output characteristitise$ystem. Since it is the
inputs and outputs that are used to connect the systemspattbexpect that this
point of view would allow an understanding of the overall &ebr of the system.

i Reference Feedback d Process n
' shaping controller, dynamics
ro e ru n h y
— F C P -
: 1 |t
! Controller |

Figure 8.1: A block diagram for a feedback control system. The reference lsigisafed
through a reference shaping block, which produces the signal thdievitbcked. The error
between this signal and the output is fed to a controller, which producédspheto the
process. Disturbances and noise are included as external signadsi@bulb and output of
the process dynamics.
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Transfer functions are the main tool in implementing thignpof view for linear
systems.

The basic idea of the transfer function comes from lookinghatftequency
response of a system. Suppose that we have an input sign#é thexfodic. Then
we can decompose this signal into the sum of a set of sinesaaEes,

¥
ut) = g acsin(kwt) + b cogkwt);
k=0
wherew is the fundamental frequency of the periodic input. Each eftdrms
in this input generates a corresponding sinusoidal outpustéady state), with
possibly shifted magnitude and phase. The gain and phaselafreguency are
determined by the frequency response given in equabi@)

G(s)= C(sl A) B+ D; (8.1)

where we ses= i(kw) for eachk= 1;:::;¥ andi = P 1. If we know the steady-
state frequency respon&g€s), we can thus compute the response to any (periodic)
signal using superposition.

The transfer function generalizes this notion to allow a bevaclass of input
signals besides periodic ones. As we shall see in the nebsethe transfer func-
tion represents the response of the system tex@onential inpytu = €. It turns
out that the form of the transfer function is precisely theneaas that of equa-
tion (8.1). This should not be surprising since we derived equaBod) py writing
sinusoids as sums of complex exponentials. Formally, tinesfer function is the
ratio of the Laplace transforms of output and input, althoaogk does not have
to understand the details of Laplace transforms in order tkenuse of transfer
functions.

Modeling a system through its response to sinusoidal andrexgial signals
is known adrequency domain modelinghis terminology stems from the fact that
we represent the dynamics of the system in terms of the giereatdrequencys
rather than the time domain variatileThe transfer function provides a complete
representation of a linear system in the frequency domain.

The power of transfer functions is that they provide a paldidy convenient
representation in manipulating and analyzing complexalifeedback systems.
As we shall see, there are many graphical representatidrensffer functions that
capture interesting properties of the underlying dynamicansfer functions also
make it possible to express the changes in a system becausedeling error,
which is essential when considering sensitivity to prooessations of the sort
discussed in Chapt&®. More speci cally, using transfer functions, itis possilbde
analyze what happens when dynamic models are approximatddtc models or
when high-order models are approximated by low-order nsodahe consequence
is that we can introduce concepts that express the degréahilfty of a system.

While many of the concepts for state space modeling and sisadypply di-
rectly to nonlinear systems, frequency domain analysisepprimarily to linear
systems. The notions of gain and phase can be generalizedliogar systems
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and, in particular, propagation of sinusoidal signals tigio a nonlinear system
can approximately be captured by an analog of the frequersponse called the
describing function. These extensions of frequency respuiils be discussed in
Section9.5.

8.2 Derivation of the Transfer Function

As we have seen in previous chapters, the input/output digsaof a linear sys-
tem have two components: the initial condition responsethadorced response.
In addition, we can speak of the transient properties of yiséesn and its steady-
state response to an input. The transfer function focuseseosti¢ady-state forced
response to a given input and provides a mapping betweetsiapd their corre-
sponding outputs. In this section, we will derive the trangtinction in terms of
the exponential response of a linear system.

Transmission of Exponential Signals

To formally compute the transfer function of a system, wel wibke use of a
special type of signal, called axponential signalpf the forme®, wheres =

s + iwis a complex number. Exponential signals play an importaetirolinear
systems. They appear in the solution of differential equatiand in the impulse
response of linear systems, and many signals can be refrdssenexponentials
or sums of exponentials. For example, a constant signahiglgie?' with a = 0.
Damped sine and cosine signals can be represented by

s+t = st — eStcogut + i sinut);

wheres < 0 determines the decay rate. Fig@.@ gives examples of signals that
can be represented by complex exponentials; many othealsigan be repre-
sented by linear combinations of these signals. As in the eisinusoidal signals,
we will allow complex-valued signals in the derivation tHialows, although in
practice we always add together combinations of signatsrésalt in real-valued
functions.

To investigate how a linear system responds to an expohéngiat u(t) = e
we consider the state space system

dx

at = Ax+ Bu; y= Cx+ Du: (8.2)

I'j(A) is the jth eigenvalue of. The state is then given by
z

t z t
X(t) - eAtX(0)+ eA(t t)BeSt dt = eAtx(O)+ eAt e(SI A)tht:
0 0
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Figure 8.2: Examples of exponential signals. The top row corresponds to expalsgnals

with a real exponent, and the bottom row corresponds to those with comgexents. The
dashed line in the last two cases denotes the bounding envelope for iletaycsignals.

In each case, if the real part of the exponent is negative then thd diggays, while if the
real part is positive then it grows.

As we saw in Sectiob.3, if s6 | (A), the integral can be evaluated and we get

x(t) = '%(0)+ (sl A) 1 A | B

=" x0) (sl A B +(sl A Bet:
The output of equatiorB(2) is thus
y(t) = Cx(t) + Du(t)

=Ceé' x(0) (sl A B + C(sl A B+D e (8.3)
a linear combination of the exponential functiog® and €. The rst term in
equation 8.3) is the transient response of the system. RecalldMatan be written
in terms of the eigenvalues @f (using the Jordan form in the case of repeated
eigenvalues), and hence the transient response is a liagdication of terms of
the formé it, wherel ; are eigenvalues d&. If the system is stable, thesi' ! 0
ast! ¥ and this term dies away.

The second term of the outp.8) is proportional to the input(t) = €. This
term is called theure exponential responsk the initial state is chosen as

x(0)=(sl A !B;

then the output consists of only the pure exponential respamd both the state



8.2. DERIVATION OF THE TRANSFER FUNCTION 233

and the output are proportional to the input:
x(t)=(sl A) Betl=(sl A) But);
y(t)= C(sl A) B+D e'= C(sl A) B+ D u(t):

This is also the output we see in steady state, when the trassiepresented by
the rstterm in equation§.3) have died out. The map from the input to the output,

Gyu(9) = C(sl A) B+ D; (8.4)

is thetransfer functionfrom u to y for the system§.2), and we can write/(t) =
Gyu(s)u(t) for the case thati(t) = €. Compare with the de nition of frequency
response given by equatioB.24).

An important point in the derivation of the transfer functis the fact that
we have restricted so thats 6 |/ j(A), the eigenvalues oA. At those values of
s, we see that the response of the system is singular (sinceé\ will fail to be
invertible). Ifs= I ;(A), the response of the system to the exponential inpué it
isy= p(t)¢it, wherep(t) is a polynomial of degree less than or equal to the
multiplicity of the eigenvalué j (see Exercis@.2).

Example 8.1 Damped oscillator
Consider the response of a damped linear oscillator, whase space dynamics
were studieéi in SectioB.3

d 0 S S0 8 9

aX_ 3 W z2,.3 Uz | — -

T W 2zwe X+ - ko' u; y=-1 0 x (8.5)
This system is stable # > 0, and so we can look at the steady-state response to
an inputu= e,

8 98 9 ,8 0 9
_ lp— : 2 S Wo 32 3 2
Gu(s)=C(sl A B=-1 0 : W S+ 22w ” g
8 9 8 9 8 9
-1 0 1 2s+t2Zzwp Wz 3 03 (8.6)
S+ 2Zwps+ Wi Wo s ' kwy '
kw3

5
S+ 2ZWps+ W

To compute the steady-state response to a step functioretse=0 and we see

that

u=1 =) y= Gyu(O)u= k:
If we wish to compute the steady-state response to a sinugeidrite
iwt o iwt

. 1.
u=3|nvvt=§|e ie™"

y:% iGyu( iw)e ™ Gy (iw)e™ :
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We can now writeG(iw) in terms of its magnitude and phase,
kwg
S+ 2ZWps+ W3

G(iw) = = M€Y,

where the magnitude (or gaiiv) and phase are given by
kw3 _ sing _ 2zwow

M= g , 210W.
(W3 w2)2+(2zwow)2 cosq wp w

We can also make use of the fact ti&(t iw) is given by its complex conjugate
G (iw), and it follows thatG( iw) = Me '9. Substituting these expressions into
our output equation, we obtain

y= % i(Me '9)e M j(M9)e™
= M-% ie 1M*a) jelM+a) = Msin(wt+ q):

The responses to other signals can be computed by writingifhe &s an appro-
priate combination of exponential responses and usingiitye N

Coordinate Changes

The matricesA, B andC in equation 8.2) depend on the choice of coordinate
system for the states. Since the transfer function relafmsg o outputs, it should
be invariant to coordinate changes in the state space. W #tis, consider the
model 8.2) and introduce new coordinatedy the transformatioz= T x, where

T is a nonsingular matrix. The system is then described by

(;tzz T(Ax+ Bu) = TAT z+ TBu=:Az+ By

y= Cx+ Du= CT z+ Du=:Cz+ Du:
This system has the same form as equat®8)( but the matriced\, B andC are
different: . .

A= TAT % B=TB, C=cCcT & (8.7)
Computing the transfer function of the transformed model get

G(s= C(sl A) B+D=CT ¥sI TAT 1) ITB+D
=CT sl TAT YT 'B+D=C(sl A) B+D= G(9);

which is identical to the transfer functioB.d) computed from the system descrip-

tion (8.2). The transfer function is thus invariant to changes of therdimates in
the state space.

Another property of the transfer function is that it corresg@s to the portion ofe
the state space dynamics that is both reachable and obkerilparticular, if
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we make use of the Kalman decomposition (Seclid), then the transfer func-
tion depends only on the dynamics in the reachable and ddislersubspacg;,
(ExerciseB.7).

Transfer Functions for Linear Systems

Consider a linear input/output system described by therotbed differential equa-

tion n n 1l m m 1
vy ray=bogi bt tbw  (88)

whereu is the input andy is the output. This type of description arises in many
applications, as described brie y in Secti@r®; bicycle dynamics and AFM mod-
eling are two speci ¢ examples. Note that here we have geimerhbur previous
system description to allow both the input and its derivegtito appear.

To determine the transfer function of the systé8), let the input beu(t) =
e, Since the system is linear, there is an output of the systamishalso an
exponential functiory(t) = yoe. Inserting the signals into equatiod.8), we nd

("+as T+ +an)yoe™ = (bos"+ bis" T+ by)e;
and the response of the system can be completely descri@mlpolynomials
a(s)= '+ a8 T+ +ay b(s) = bps"+ bys™ '+  + by (8.9)

The polynomiak(s) is the characteristic polynomial of the ordinary diffeliaht
equation. Ifa(s) 6 O, it follows that

b(s)
t) = yoest= — e 8.10
YO = yoe™ = (8.10)
The transfer function of the systei®.9) is thus the rational function
b(s)
G(s)= —; 8.11
9= o (8.11)

where the polynomiala(s) andb(s) are given by equatior8(9). Notice that the
transfer function for the systen8.§) can be obtained by inspection since the co-
ef cients of a(s) andb(s) are precisely the coef cients of the derivativeswoand

y. The order of the transfer function is de ned as the order of the denomaina
polynomial.

Equations 8.8—(8.11) can be used to compute the transfer functions of many
simple ordinary differential equations. TalBel gives some of the more com-
mon forms. The rst ve of these follow directly from the analgsabove. For the
proportional-integral-derivative (PID) controller, we keause of the fact that the
integral of an exponential input is given y=s)e®.

The last entry in Tabl8.1is for a pure time delay, in which the output is iden-
tical to the input at an earlier time. Time delays appear imyrgystems: typical
examples are delays in nerve propagation, communicatidmeass transport. A
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Table 8.1: Transfer functions for some common ordinary differential equations

Type ODE Transfer Function
1
Integrator y=u S
Differentiator y=u S
1
First-order system y+ ay=u —
Y y+ay sta
. . 1
Double integrator y=u 2
Damped oscillator y+ 2zwgy+ wgy= u .
oo 2+ 2Zwps+ We

ki

R A
PID controller y= kpu+ kgu+ ki u  kp+ kgs+ S

Time delay yit)= u(t t) e s

system with a time delay has the input/output relation

y(t)= u(t t): (8.12)

As before, let the input be(t) = €. Assuming that there is an output of the form
y(t) = yoe™ and inserting into equatioB (12, we get

y(t) = yoet= &X' D= ¢ Set= e Sy(t):

The transfer function of a time delay is thG§s) = e ', which is not a rational
function but is analytic except at in nity. (A complex funot is analyticin a
region if it has no singularities in the region.)

Example 8.2 Electrical circuit elements
Modeling of electrical circuits is a common use of transtardtions. Consider, for
example, a resistor modeled by Ohm's &%= IR, whereV is the voltage across
the resisten is the current through the resistor aRds the resistance value. If we
consider current to be the input and voltage to be the outpatresistor has the
transfer functiorZ(s) = R. Z(9) is also called thampedancef the circuit element.
Next we consider an inductor whose input/output charagtteris given by
dl
i V:
Letting the current bé(t) = €%, we nd that the voltage i%/(t) = Lse and the
transfer function of an inductor is thZgs) = Ls. A capacitor is characterized by
av

ri
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Figure 8.3: Stable ampli er based on negative feedback around an operatiornal @m

The block diagram on the left shows a typical ampli er with low-frequegeyn Ry=R;. If

we model the dynamic response of the op am@@$ = ak=(s+ a), then the gain falls off at
frequencyw = aR;k=Ry, as shown in the gain curves on the right. The frequency response
is computed fok = 107, a= 10rad/sR, =10° W, andR; = 1, 1(%, 10* and 16 W.

and a similar analysis gives a transfer function from curtervoltage ofZ(s) =
1=(Cy9). Using transfer functions, complex electrical circuite e analyzed alge-
braically by using the complex impedangés) just as one would use the resistance
value in a resistor network. N

Example 8.3 Operational ampli er circuit
To further illustrate the use of exponential signals, wesider the operational am-
pli er circuit introduced in Sectior8.3and reproduced in Figui&3a The model
introduced in SectioB.3is a simpli cation because the linear behavior of the am-
pli er was modeled as a constant gain. In reality there araisignt dynamics in
the ampli er, and the static mode},:= kv (equation 8.10) should therefore be
replaced by a dynamic model. In the linear range of the amplixee can model
the operational ampli er as having a steady-state frequeesponse

Vout _ ak .

v  s+a

This response corresponds to a rst-order system with timesteont Fa. The
parametek is called theopen loop gainand the producék is called thegain-
bandwidth producttypical values for these parameters kre 10’ andak= 10'—
10° rad/s.

Since all of the elements of the circuit are modeled as beiregl if we drive
the inputv; with an exponential signa®, then in steady state all signals will be
exponentials of the same form. This allows us to manipulaetuations describ-
ing the system in an algebraic fashion. Hence we can write

Vi V_V VW
R R
using the fact that the current into the ampli er is very smal we did in Sec-

tion 3.3. Eliminatingv between these equations gives the following transfer func-
tion of the system

V2 _ RG(s)  _ Roak

Vi Ri+ R+ RiG(S)  Riak+(Ri+ Rp)(s+ a):

G(3): (8.13)

and w= G(9)Vv, (8.14)
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The low-frequency gain is obtained by settgg 0, hence

kR, Ro.
(k+ DRi+ Ry Ry’

which is the result given by3(11) in Section3.3. The bandwidth of the ampli er

circuit is
Ri(k+ 1)+ Ry ale'
Ri+ R Ry’

where the approximation holds fBs=R; 1. The gain of the closed loop system
drops off at high frequencies &k=(w(R; + R2)). The frequency response of the
transfer function is shown in FiguBe3bfor k= 107, a= 10 rad/sR, = 10° Wand
Ry = 1, 1¢, 10* and 16 W.

Note that in solving this example, we bypassed explicitlitimg the signals as
v= voe™ and instead worked directly with assuming it was an exponential. This
shortcut is handy in solving problems of this sort and whemipwdating block
diagrams. A comparison with Secti@3, where we made the same calculation
whenG(s) was a constant, shows analysis of systems using transfetidas is
as easy as using static systems. The calculations are thafdhmeesistanceR;
andR; are replaced by impedances, as discussed in Exa8rple N

Gy, (0)=

W= a

Although we have focused thus far on ordinary differentiqQuaions, transfere
functions can also be used for other types of linear syst&¥esillustrate this
via an example of a transfer function for a partial differeinéquation.

Example 8.4 Heat propagation

Consider the problem of one-dimensional heat propagatiarsemi-in nite metal

rod. Assume that the input is the temperature at one end anthid output is the
temperature at a point along the rod. lggix;t) be the temperature at position
and timet. With a proper choice of length scales and units, heat praipayis

described by the partial differential equation

19 _ T%q.

Tt 1
and the point of interest can be assumed to ixavel. The boundary condition for
the partial differential equation is

q(0;t) = u(t):

To determine the transfer function we choose the inpui(gs= €. Assume that
there is a solution to the partial differential equationtu formg(x;t) = y (x)e™
and insert this into equatio®(15 to obtain

d2
sy (X) = d—)f;;

(8.15)

with boundary conditiory (0) = 1. This ordinary differential equation (with inde-
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pendent variable) has the solution
y(x) = Aé‘p§+ Be Xp§:
Matching the boundary conditions givAs= 0 andB = 1, so the solution is
Y= gL = y(Met=e = e U

p_
The system thus has the transfer funct®s) = e °. As in the case of a time
delay, the transfer function is not a rational function ®iah analytic function.
N

Gains, Poles and Zeros

The transfer function has many useful interpretations aadeatures of a transfer
function are often associated with important system prggserThree of the most
important features are the gain and the locations of thesganid zeros.

The zero frequency gaiof a system is given by the magnitude of the transfer
function ats= 0. It represents the ratio of the steady-state value of thgubwith
respect to a step input (which can be represented=as™ with s= 0). For a state
space system, we computed the zero frequency gain in equati):

G(0)= D CA !B:
For a system written as a linear differential equation

dy d" ly dMu dm 1y
—tay——+ o+ =byp——+bj— +
TGl T 8y = Do * P11

if we assume that the input and output of the system are ausstaandug, then

we nd thatan,yp = bmup. Hence the zero frequency gain is

Yo _ bm
G(0o)= == —: 8.16
== (8.16)
Next consider a linear system with the rational transfectiom
b(s) .

G(9) = @.

+ byu;

The roots of the polynomial(s) are called theolesof the system, and the roots
of b(s) are called theerosof the system. Ifp is a pole, it follows thay(t) = et

is a solution of equation8(8) with u= 0 (the homogeneous solution). A pgte
corresponds to enodeof the system with corresponding modal solut&t The
unforced motion of the system after an arbitrary excitat®oa weighted sum of
modes.

Zeros have a different interpretation. Since the pure expaleutput corre-
sponding to the inputi(t) = €3 with a(s) 6 0 is G(s)€%, it follows that the pure
exponential output is zero (s) = 0. Zeros of the transfer function thus block
transmission of the corresponding exponential signals.
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For a state space system with transfer func@®gs) = C(sl A) B+ D, the
poles of the transfer function are the eigenvalues of theixnatin the state space
model. One easy way to see this is to notice that the vali&gf is unbounded
whensis an eigenvalue of a system since this is precisely the ggbiots where
the characteristic polynomidl(s) = def(sl A)= 0 (and hencesl A is non-
invertible). It follows that the poles of a state space gystiepend only on the
matrix A, which represents the intrinsic dynamics of the system. &yetkat a
transfer function is stable if all of its poles have negatial part.

To nd the zeros of a state space system, we observe that the aex complex
numberss such that the inputi(t) = upe™ gives zero output. Inserting the pure
exponential responsét) = xpe™ andy(t) = 0 in equation §.2) gives

s€xp = Axpe™ + Buge™ 0= Ce'%y+ Delup;

which can be written as 98 9

2A sl Bz X3 st_ q

T c D © Uy e'=0:
This equation has a solution with nonzeg) ug only if the matrix on the left does
not have full rank. The zeros arg thus the v&lﬂssch that the matrix

2A sl Bz

c (8.17)

loses rank.

Since the zeros depend @y B, C andD, they therefore depend on how the
inputs and outputs are coupled to the states. Notice inqodatti that if the matrix
B has full row rank, then the matrix in equatio®.17) hasn linearly independent
rows for all values of. Similarly there are linearly independent columns if the
matrix C has full column rank. This implies that systems where the im&or C
is square and full rank do not have zeros. In particular itmsehat a system has
no zeros if it is fully actuated (each state can be contrafiddpendently) or if the
full state is measured.

A convenient way to view the poles and zeros of a transfertfands through
apole zero diagramas shown in Figur8.4. In this diagram, each pole is marked
with a cross, and each zero with a circle. If there are matjpbles or zeros at
a xed location, these are often indicated with overlappingsses or circles (or
other annotations). Poles in the left half-plane correspgoratable modes of the
system, and poles in the right half-plane correspond toabfstmodes. We thus
call a pole in the left-half plane stable poleand a pole in the right-half plane an
unstable poleA similar terminology is used for zeros, even though thegeto
not directly relate to stability or instability of the systeNotice that the gain must
also be given to have a complete description of the tranafestion.

Example 8.5 Balance system
Consider the dynamics for a balance system, shown in FigEeThe transfer
function for a balance system can be derived directly froensthcond-order equa-
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Figure 8.4: A pole zero diagram for a transfer function with zeros &tand 1 and poles at
3and 2 2j.Thecirclesrepresentthe locations of the zeros, and the crossesdtiers
of the poles. A complete characterization requires we also specify thefjia system.

tions, given in Exampl@.1

d’p d’q dp o dg 2 _
Mtﬁ mlﬁcosq+ CE+ mlsing v F;
d’p . d%q : .

mIcoqu+ JIW mglsing+ gq = 0:

If we assume thag) andq are small, we can approximate this nonlinear system by
a set of linear second-order differential equations,

d¢p d’q  dp_

Mtdtz mldt2+cd =F

d’p, .d’q  dg _ 0
e " rae t g MII=0

If we let F be an exponential signal, the resulting response satis es
Mp mis?qg+ csp= F;
kg mis’p+ gsq mglg=0;
where all signals are exponential signals. The resultingsfea functions for the
position of the cart and the orientation of the pendulum arergby solving forp
andq in terms ofF to obtain
oo = mls )
T (ME DS+ (gM+ ch)P+(cg Mimgs mgic
oo = 3s’+ gs _mgl .
PPT (M nPI2)st+ (M + cd)sP+(cg Mimg)s?  mgics
where each of the coef cients is positive. The pole zero diagrdor these two
transfer functions are shown in FiguBeb using the parameters from Examplg.
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(a) Cart—pendulum system (c) Pole zero diagram fdtlpr

Figure 8.5: Poles and zeros for a balance system. The balance system (a) caékedn
around its vertical equilibrium point by a fourth order linear system. Tdlegand zeros for
the transfer functionblgr andHpr are shown in (b) and (c), respectively.

If we assume the damping is small andset 0 andg= 0, we obtain

ml
H”’F‘(Mtat M2z Mimgl’
Hor ks> mgl

T2 (M mi)®  Mamgl
This gives nonzero poles and zeros at
r
mg

_ mglM o _ "o
P= W3 nmz 268 z= 3 2:09:

We see that these are quite close to the pole and zero losatidiigure8.5. N

r_—

8.3 Block Diagrams and Transfer Functions

The combination of block diagrams and transfer functions p@waerful way to
represent control systems. Transfer functions relatiffgréint signals in the sys-
tem can be derived by purely algebraic manipulations of ridwesfer functions of
the blocks usindlock diagram algebraTo show how this can be done, we will
begin with simple combinations of systems.

Consider a system that is a cascade combination of systetinghei transfer
functionsG1(s) andGx(s), as shown in Figur&.6a Let the input of the system
beu= €. The pure exponential output of the rst block is the exporargignal
G1u, which is also the input to the second system. The pure expi@hentput of

the second system is
y= Go(Gau) = ( G2G1)u:
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G1
u y u y u € Y
Gy Gy — }‘ ©, G1
G, T
G2
(@) Gyu= G361 (b) Gyu= G1+ Gy -G
(€) Gyu 1+ GG,

Figure 8.6: Interconnections of linear systems. Series (a), parallel (b) antbéekdc) con-
nections are shown. The transfer functions for the composite systembecderived by
algebraic manipulations assuming exponential functions for all signals.

The transfer function of the series connection is tBus G,Gy, i.e., the product
of the transfer functions. The order of the individual tramdfinctions is due to
the fact that we place the input signal on the right-hand eidhis expression,
hence we rst multiply byG; and then byG,. Unfortunately, this has the opposite
ordering from the diagrams that we use, where we typicallyetibe signal ow
from left to right, so one needs to be careful. The orderingjzdrtant if eitheiGy
or Gy is a vector-valued transfer function, as we shall see in ssxaeples.
Consider next a parallel connection of systems with thesfearfunctionsG;
andG,, as shown in Figur®.6h Lettingu= € be the input to the system, the
pure exponential output of the rst system is ther= Giu and the output of the
second system g = Gou. The pure exponential output of the parallel connection

is thus
y= Giu+ Gou=(G1+ Gy)u;

and the transfer function for a parallel connectiofsis G1+ G».

Finally, consider a feedback connection of systems withridwesfer functions
G; andGy, as shown in Figur8.6¢ Letu= €™ be the input to the systembe the
pure exponential output, arbe the pure exponential part of the intermediate sig-
nal given by the sum af and the output of the second block. Writing the relations
for the different blocks and the summation unit, we nd

y= G1€ e=u Gy
Elimination ofe gives
G
= = 1+ = = - — u
y=Gi(u Gzy) =) (L+GGy=Guu =) vy 17 6,G,"
The transfer function of the feedback connection is thus
- G
1+ Glel
These three basic interconnections can be used as the basisrfputing transfer
functions for more complicated systems.
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Figure 8.7: Block diagram of a feedback system. The inputs to the system are therrede
signalr, the process disturbanceand the measurement noiseThe remaining signals in
the system can all be chosen as possible outputs, and transfer furtetiobs used to relate
the system inputs to the other labeled signals.

Control System Transfer Functions

Consider the system in Figu8e7, which was given at the beginning of the chapter.
The system has three blocks representing a prdtesteedback controll€ and a
feedforward controlleF. TogetherC andF de ne thecontrol lawfor the system.
There are three external signals: the reference (or commigndlsr, the load
disturbanced and the measurement noiseA typical problem is to nd out how
the errore s related to the signals d andn.

To derive the relevant transfer functions we assume thatigilals are expo-
nential signals, drop the arguments of signals and trafisfetions and trace the
signals around the loop. We begin with the signal in which weiaterested, in
this case the control erref given by

e=Fr v
The signaly is the sum oh andh, whereh is the output of the process:
y=n+ h; h = P(d+ u); u=Ce
Combining these equations gives
e=Fr y=Fr (n+h)=Fr n+P(d+u)
=Fr n+P(d+Ce ;

and hence
e=Fr n Pd PCe

Finally, solving this equation fog gives
__F 1 P

1+PC 1+PC 1+PC
and the error is thus the sum of three terms, depending onefbeencer, the
measurement noiseand the load disturbanek The functions
—_ F . —_ 1 . —_
~ 1+ PC’ N1+ PC ~ 1+ PC
are transfer functions from referencenoisen and disturbancd to the errore.

e

d = Gerr + Genn+ Gedd, (818)

(8.19)

er ed
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Figure 8.8: Example of block diagram algebra. The results from multiplying the psoaed
controller transfer functions (from FiguBe7) are shown in (a). Replacing the feedback loop
with its transfer function equivalent yields (b), and nally multiplying the twemaining
blocks gives the reference to output representation in (c).

We can also derive transfer functions by manipulating tleelbdiagrams di-
rectly, as illustrated in Figur®.8. Suppose we wish to compute the transfer func-
tion between the referenceand the outpuy. We begin by combining the process
and controller blocks in Figur8.7 to obtain the diagram in Figur®.8a. We can
now eliminate the feedback loop using the algebra for a faeklmterconnection
(Figure8.8b) and then use the series interconnection rule to obtain

_ PCF
"= 14 PC
Similar manipulations can be used to obtain the other trarfafections (Exer-
cise8.8).

The derivation illustrates an effective way to manipulage¢quations to obtain
the relations between inputs and outputs in a feedbackmy3tee general idea is
to start with the signal of interest and to trace signalsaddbe feedback loop until
coming back to the signal we started with. With some practcgiations §.18
and 8.19 can be written directly by inspection of the block diagravotice, for
example, that all terms in equatiod.{9 have the same denominators and that the
numerators are the blocks that one passes through when djoaagly from input
to output (ignoring the feedback). This type of rule can beldise&eompute transfer
functions by inspection, although for systems with muétifédedback loops it can
be tricky to compute them without writing down the algebral@itly.

(8.20)

Example 8.6 Vehicle steering

Consider the linearized model for vehicle steering inticetlin Examplés.12 In
Examples6.4 and 7.3 we designed a state feedback compensator and state esti-
mator for the system. A block diagram for the resulting colnglystem is given in
Figure8.9. Note that we have split the estimator into two componeBgg(s) and
Gzy(s), corresponding to its inputsandy. The controller can be described as the
sum of two (open loop) transfer functions

u= Guy(s)y+ Gur(9)r:

The rst transfer functionGy(s), describes the feedback term and the second,
Gur(9), describes the feedforward term. We call thepen looptransfer functions
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Figure 8.9: Block diagram for a steering control system. The control system is wesitp
maintain the lateral position of the vehicle along a reference curve (léfe) sfructure of the
control system is shown on the right as a block diagram of transfetifunsc The estimator
consists of two components that compute the estimated>steden the combination of the
input u and outputy of the process. The estimated state is fed through a state feedback
controller and combined with a reference gain to obtain the commandeihgtaagleu.

because they represent the relationships between thdssigitlout considering
the dynamics of the process (e.g., removi{g) from the system description). To
derive these functions, we compute the transfer functiongdch block and then
use block diagram algebra.

We begin with the estimator, which takesandy as its inputs and produces
an estimatex."The dynamics for this process were derived in Exanfpdand are
given by

((jj)t( =(A LC)X+ Ly+ By;
- 1 1
X= sl (A _LC) Bu+ sl (A _LC) "Ly
I {z Fo {z }
Gsu G)“(y
Using the expressions féy, B, C andL from Example7.3, we obtain
gst+ 1 9 8 l1s+ 1o
S+ 11s+ 1 S+ Iis+ |
Gau(s) = ; Ggy() = ;
S+ |1 912 |23
Sz+|1S+ P . Sz+|1S+ |21

wherel; andl, are the observer gains amgds the scaled position of the center
of mass from the rear wheels. The controller was a state fekdtampensator,
which can be viewed as a constant, multi-input, single-auti@ansfer function of
the formu= KX

We can now proceed to compute the transfer function for tlegadlvcontrol
system. Using block diagram algebra, we have

KGsy(s) _ S(kel1+ kol2) + kal2
1+ KGgy(9) S+ s(gkyi+ ko+ 1)+ kp+ o+ kol gkol

Guy(s) =
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and

ke B k (S+ I35+ 1)) .
1+ KGgy(s) P+ S(gka+ ko+ 17)+ ka+ I+ kalp  gkoly’

wherek; andk; are the state feedback gains dnds the reference gain.

Finally, we compute the full closed loop dynamics. We begirdbyiving the
transfer function for the proce$¥s). We can compute this directly from the state
space description of the dynamics, which was given in Exadd2 Using that
description, we have

Gur(s) =

8 98 19 18 9 o+ 1
= = 1 = . 35 3 303 _ :
P(s)= Gyu(s)=C(sl A) B+D=-1 0 = 0 s’ Tt a2
The transfer function for the full closed loop system betwdeninputr and the
outputy is then given by

_ P(s)Gur _ ki(gs+ 1) .
"1 P(9Gu(s) P+ (kig+ ko)s+ ki

Note that the observer gaihsandl, do not appear in this equation. This is because
we are considering steady-state analysis and, in steatdy gte estimated state
exactly tracks the state of the system assuming perfect Isode will return to
this example in Chaptdr2 to study the robustness of this particular approacil

Gyr

Pole/Zero Cancellations

Because transfer functions are often polynomials,iit can sometimes happen
that the numerator and denominator have a common factoghwdan be can-
celed. Sometimes these cancellations are simply algelrai €ations, but in
other situations they can mask potential fragilities inin@del. In particular, if a
pole/zero cancellation occurs because terms in separatkdihat just happen to
coincide, the cancellation may not occur if one of the systerslightly perturbed.
In some situations this can result in severe differencesdsat the expected be-
havior and the actual behavior.

To illustrate when we can have pole/zero cancellationssiden the block dia-
gram in FigureB.7with F = 1 (no feedforward compensation) a@a&ndP given

by

ne(s) Np(s)
C(s) = ; P(s) = :
9% a9 "97 46
The transfer function fromto eis then given by
1 dc(s)dp(s
Ger(s) = = o(9) (9

1+ PC  de(9)dp(9)+ ne(9np(s)”

If there are common factors in the numerator and denominpatiynomials, then
these terms can be factored out and eliminated from bothuheerator and de-
nominator. For example, if the controller has a zersaat aand the process has
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apole as= a, then we will have
(s+ a)de(9)dY(9) ) de(8)d(9)
(s+ 8)de(9d3(9) + ( s+ ANAHNp(s) ~ de(9d3() + nY(Inp(9)’

wheren(s) anddg(s) represent the relevant polynomials with the terma fac-
tored out. In the case wherx 0 (so that the zero or pole is in the right half-plane),
we see that there is no impact on the transfer fundBgn

Suppose instead that we compute the transfer functiondrtme, which repre-
sents the effect of a disturbance on the error between thesrefe and the output.
This transfer function is given by

Ger(9) =

de(s)np(s)

Ged(s) = (s+ a)de(9dY(s) + s+ a)ng(S)np(S):

Notice thatifa< 0, then the pole is in the right half-plane and the transfecfion
Geq is unstable Hence, even though the transfer function froto e appears to be
okay (assuming a perfect pole/zero cancellation), thesteairiunction fromd to e
can exhibit unbounded behavior. This unwanted behaviopis&y of anunstable
pole/zero cancellation

It turns out that the cancellation of a pole with a zero can B understood in
terms of the state space representation of the systemsh&tshity or observability
is lost when there are cancellations of poles and zeros (Ees8cl]). A conse-
guence is that the transfer function represents the dyrsaonily in the reachable
and observable subspace of a system (see Setthn

Example 8.7 Cruise control

The input/output response from throttle to velocity for tmearized model for a
car has the transfer functi@e(s) = b=(s a), a< 0. A simple (but not necessarily
good) way to design a PI controller is to choose the parameteing Pl controller
so that the controller zero at=  ki=kp cancels the process polest a. The
transfer function from reference to velocity@,(s) = bk,=(s+ bk), and control
design is simply a matter of choosing the giinThe closed loop system dynamics
are of rst order with the time constantikp.

Figure8.10shows the velocity error when the car encounters an incindke
road slope. A comparison with the controller used in Figdu&b (reproduced in
dashed curves) shows that the controller based on poletae®llation has very
poor performance. The velocity error is larger, and it takkesg time to settle.

Notice that the control signal remains practically constitert = 15 even
if the error is large after that time. To understand what leagpwe will analyze
the system. The parameters of the systemaare 0:0101 andb= 1:32, and the
controller parameters akg = 0:5 andk; = 0:0051. The closed loop time constant
is 1=(bkp) = 2.5's, and we would expect that the error would settle in athOust
(4 time constants). The transfer functions from road slopestocity and control
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Figure 8.10: Car with PI cruise control encountering a sloping road. The velocity ésro
shown on the left and the throttle is shown on the right. Results with a Pl contvatle
kp = 0:5 andk; = 0:0051, where the process pale 0:0101, is shown by solid lines, and
a controller withkp = 0:5 andk; = 0:5 is shown by dashed lines. Compare with Fig8ugh

signals are

b ; Gug(9) = ok :

(s a)(s+ bkp) s+ bk,

Notice that the canceled mode= a= 0:0101 appears iG,q but not inGq.
The reason why the control signal remains constant is thatathioller has a zero
ats= 0:0101, which cancels the slowly decaying process mode. dlthiat the
error would diverge if the canceled pole was unstable. N

Gyg(9) =

The lesson we can learn from this example is that it is a bad tiolégy to
cancel unstable or slow process poles. A more detailed sksmu of pole/zero
cancellations is given in Sectidi2.4

Algebraic Loops

When analyzing or simulating a system described by a bloaggrdim, it is neces-
sary to form the differential equations that describe theglete system. In many
cases the equations can be obtained by combining the diffakrequations that
describe each subsystem and substituting variables. Thjesprocedure cannot
be used when there are closed loops of subsystems that alatdikect connection
between inputs and outputs, known asadgebraic loop

To see what can happen, consider a system with two blockst-arder non-

linear system, q
o= 6w y= hi; (8.21)

and a proportional controller described by ky. There is no direct term since
the functionh does not depend am In that case we can obtain the equation for
the closed loop system simply by replacimgy kyin (8.21) to give

dx
pr f(x; ky); y= h(x):
Such a procedure can easily be automated using simple formangulation.
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The situation is more complicated if there is a direct terny.=f h(x; u), then
replacingu by Kkygives

dx

gt 06 ki y=hig ky):

To obtain a differential equation fot, the algebraic equation= h(x; ky) must
be solved to givey = a(x), which in general is a complicated task.

When algebraic loops are present, it is necessary to sajebilic equations
to obtain the differential equations for the complete systResolving algebraic
loops is a nontrivial problem because it requires the symtsmlution of alge-
braic equations. Most block diagram-oriented modelingyleages cannot handle
algebraic loops, and they simply give a diagnosis that sachd are present. In
the era of analog computing, algebraic loops were elimthateintroducing fast
dynamics between the loops. This created differential eégpmtvith fast and slow
modes that are dif cult to solve numerically. Advanced madgllanguages like
Modelica use several sophisticated methods to resolvé=geoops.

8.4 The Bode Plot

The frequency response of a linear system can be computedtfdaransfer func-
tion by settings= iw, corresponding to a complex exponential

u(t) = €" = cogqwt)+ isin(wt):
The resulting output has the form
y(t) = Giw)e™ = M) = Mcogwt + j )+ iMsin(wt + j );

whereM andj are the gain and phase Gf

ImG(iw)

ReG(iw)
The phase o is also called thargumenibf G, a term that comes from the theory
of complex variables.

It follows from linearity that the response to a single smids(sin or cos) is
ampli ed by M and phase-shifted bjy. Note that p<j p, so the arctangent
must be taken respecting the signs of the numerator and deatum It will often
be convenient to represent the phase in degrees rathetians. We will use the
notation\ G(iw) for the phase in degrees and &(@w) for the phase in radians.
In addition, while we always take a@(iw) to be in the rangé p;p], we will
take\ G(iw) to be continuous, so that it can take on values outside thgerah

180 to 180.
The frequency respons&(iw) can thus be represented by two curves: the gain

curve and the phase curve. Tdein curvegivesjG(iw)j as a function of frequency
w, and thephase curvegives\ G(iw). One particularly useful way of drawing

M = jG(iw)j; j = arcta
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Figure 8.11:Bode plot of the transfer functiof(s) = 20+ 10=s+ 10s corresponding to an
ideal PID controller. The top plot is the gain curve and the bottom plot is thsehurve.
The dashed lines show straight-line approximations of the gain curve amttiesponding

phase curve.

these curves is to use a log/log scale for the gain plot angd/Brlear scale for the
phase plot. This type of plot is calledBde plotand is shown in Figur8.11

Sketching and Interpreting Bode Plots

Part of the popularity of Bode plots is that they are easy &ickand interpret.
Since the frequency scale is logarithmic, they cover thedehaf a linear system

over a wide frequency range.
Consider a transfer function that is a rational functionhaf form

_ bi(g)ba(s) .
9= a®a

We have
logjG(s)j = logjbi(s)j + logjbz(s)j logjai(s)j logjax(s)j;

and hence we can compute the gain curve by simply adding drchsting gains
corresponding to terms in the numerator and denominatoile®iyn

\ G(g) =\ by(9)+ \ ba(s) \au(s) \ ax(s);

and so the phase curve can be determined in an analogousrfaSimce a poly-
nomial can be written as a product of terms of the type

ki s st+a S+ 2zws+ ug;

it suf ces to be able to sketch Bode diagrams for these termes.Bdde plot of a
complex system is then obtained by adding the gains and plof$lee terms.
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Figure 8.12:Bode plots of the transfer functio®(s) = < fork= 2, 1;0;1;2. On alog-
log scale, the gain curve is a straight line with sldpéJsing a log-linear scale, the phase
curves for the transfer functions are constants, with phase equal tol90

The simplest term in a transfer function is one of the fatiwherek > 0 if
the term appears in the numerator & O if the term is in the denominator. The
gain and phase of the term are given by
logjG(iw)j = klogw; \ G(iw) = 90k:
The gain curve is thus a straight line with sldpeand the phase curve is a constant
at90 k. The case whek= 1 corresponds to a differentiator and has slope 1 with
phase 90. The case whek= 1 corresponds to an integrator and has slofe

with phase 90 . Bode plots of the various powerslofre shown in Figur8.12
Consider next the transfer function of a rst-order systeiveg by

a
G(9) = st a
We have ial
jG(s)j = st ap \G(s)=\ (a) \(st+a);
and hence
logjG(iw)j = loga %Iog(w2+ a%);  \ G(iw)= ?arctar%/:

The Bode plot is shown in Figur@.13a with the magnitude normalized by the
zero frequency gain. Both the gain curve and the phase carvbe approximated
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Figure 8.13: Bode plots for rst- and second-order systems. (a) The rst-orggstem
G(s) = a=(s+ a) can be approximated by asymptotic curves (dashed) in both the gain and
the frequency, with the breakpoint in the gain curvevat a and the phase decreasing by 90
over a factor of 100 in frequency. (b) The second-order sy@e)F wa=(s>+ 2zwps+ W)

has a peak at frequeneyand then a slope of 2 beyond the peak; the phase decreases from
0 to 180 . The height of the peak and the rate of change of phase depending dartip-

ing ratioz (z = 0:02, 0.1, 0.2, 0.5 and 1.0 shown).

by the following straigh% lines

logjG(iw)j

\ G(iw)

ifw<a
8 loga logw if w> g
20 if w< a=10
45 4Ylogw loga) a=10< w< 10a
90 if w> 10a.

The approximate gain curve consists of a horizontal line ufpeguencyw = a,

called thebreakpointor corner frequencyafter which the curve is a line of slope

1 (on a log-log scale). The phase curve is zero up to frequant® and then
decreases linearly by 4slecade up to frequency a0at which point it remains

constant at 90 Notice that a rst-order system behaves like a constantdor |

frequencies and like an integrator for high frequenciespgare with the Bode

plot in Figure8.12

Finally, consider the transfer function for a second-orgstem,

G(s) =

2
o

2 2
S+ 2WpzZs+ W
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for which we have
logjG(iw)j = 2logwo %Iog wh+ 2wiwA(2z2 1)+ wf ;

\ G(iw) = l—80arcta 2§W0W2:

p wsg w
The gain curve has an asymptote with zero slopewor wp. For large val-
ues ofw the gain curve has an asymptote with slop2. The largest gaiQ =
maxyjG(iw)] 1=(2z), called theQ-value is obtained fow  wp. The phase is
zero for low frequencies and approaches 180 large frequencies. The curves
can be approximated with the( following piecewise linearrespions

logj G(iw)] ifw W
9l J 2logwy 2logw ifw  wp;
\ G(iw) 0 ifw W

180 ifw  wp:

The Bode plot is shown in Figu&13h Note that the asymptotic approximation is
poor neaw = wy and that the Bode plot depends stronglyzomear this frequency.

Given the Bode plots of the basic functions, we can now skiktetirequency
response for a more general system. The following exampistifites the basic
idea.

Example 8.8 Asymptotic approximation for a transfer function
Consider the transfer function given by
G(9)= T T
(s+ a)(P+ 2zwps+ W)

a b w

The Bode plot for this transfer function appears in Fig8uk4, with the complete
transfer function shown as a solid line and the asymptotic@pmation shown as
a dashed line.
We begin with the gain curve. At low frequency, the magnitisdgiven by
G(0) = k—bz:
awg

When we reaclw = a, the effect of the pole begins and the gain decreases with
slope 1. At w= b, the zero comes into play and we increase the slope by 1,
leaving the asymptote with net slope 0. This slope is used tnatieffect of the
second-order pole is seenat wp, at which point the asymptote changes to slope

2. We see that the gain curve is fairly accurate except ingg®n of the peak
due to the second-order pole (since for this casereasonably small).

The phase curve is more complicated since the effect of theepbisetches
out much further. The effect of the pole beginsvat a=10, at which point we
change from phase O to a slope o#i5 /decade. The zero begins to affect the
phase aw = b=10, producing a at section in the phase. At= 10a the phase
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Figure 8.14: Asymptotic approximation to a Bode plot. The thin line is the Bode plot for
the transfer functiois(s) = k(s+ b)=(s+ a)(2+ 2zwps+ Wg), wherea b wp. Each
segment in the gain and phase curves represents a separate pottienapproximation,
where either a pole or a zero begins to have effect. Each segmentagpheximation is a
straight line between these points at a slope given by the rules for comphéreffects of
poles and zeros.

contributions from the pole end, and we are left with a sloped® /decade (from

the zero). At the location of the second-order psle,iwg, we get a jump in phase

of 180 . Finally, atw = 10b the phase contributions of the zero end, and we are
left with a phase of 180 degrees. We see that the straight-line approximation fo
the phase is not as accurate as it was for the gain curve, doe# capture the
basic features of the phase changes as a function of freguenc N

The Bode plot gives a quick overview of a system. Since any bicgna be
decomposed into a sum of sinusoids, it is possible to viseidlie behavior of a
system for different frequency ranges. The system can beedew a Iter that can
change the amplitude (and phase) of the input signals aicgptad the frequency
response. For example, if there are frequency ranges whergain curve has
constant slope and the phase is close to zero, the actior afygiem for signals
with these frequencies can be interpreted as a pure gainla8imfor frequencies
where the slope is +1 and the phase close tq 8 action of the system can be
interpreted as a differentiator, as shown in FigBuE2

Three common types of frequency responses are shown in FegliseThe
system in Figure8.15ais called alow-pass lter because the gain is constant for
low frequencies and drops for high frequencies. Notice tihatphase is zero for
low frequencies and 180 for high frequencies. The systems in Fig8té5band
c are called @and-pass Iterandhigh-pass lterfor similar reasons.

To illustrate how different system behaviors can be reachftibe Bode plots
we consider the band-pass lter in FiguBelD. For frequencies arouna = wy,
the signal is passed through with no change in gain. Howéseirequencies well
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Figure 8.15:Bode plots for low-pass, band-pass and high-pass lters. The top gletthe
gain curves and the bottom plots are the phase curves. Each systes foagaencies in a
different range and attenuates frequencies outside of that range.

below or well aboveny, the signal is attenuated. The phase of the signal is also
affected by the lter, as shown in the phase curve. For fregigsnbelowy=100
there is a phase lead of 9@&nd for frequencies above 1@@there is a phase lag

of 90 . These actions correspond to differentiation and integmatf the signal in

these frequency ranges.

Example 8.9 Transcriptional regulation
Consider a genetic circuit consisting of a single gene. Wehwo study the re-

sponse of the protein concentration to uctuations in the MRiNnamics. We
consider two cases: eonstitutive promotefno regulation) and self-repression
(negative feedback), illustrated in Figu8el6 The dynamics of the system are

given by
d—mza(p) gn v, d—pzbm ap;
dt ' dt ’
wherev is a disturbance term that affects mRNA transcription.

For the case of no feedback we hawvép) = ag, and the system has an equi-

librium point atme = ag=g, pe = bapo=(dg). The transfer function fromr to p is
given by b
ol — .
o= (s g+ @)
For the case of negative regulation, we have

_ a .
a(p) = 1+ k + ao;

and the equilibrium points satisfy

gd
+ap= gne = Fpei

_d_. a
%_bpel 1+kﬁe1
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Figure 8.16: Noise attenuation in a genetic circuit. The open loop system (a) consists of a
constitutive promoter, while the closed loop circuit (b) is self-regulated nétpative feed-
back (repressor). The frequency response for each circuibigrsim (c).

The resulting transfer function is given by
b _ o= natkpd
(s+ g)(s+ d)+ bs’ (1+ kpg)?’
Figure8.16cshows the frequency response for the two circuits. We se¢htba
feedback circuit attenuates the response of the systenstorliinces with low-
frequency content but slightly ampli es disturbances atHiggquency (compared

to the open loop system). Notice that these curves are veasito the frequency
response curves for the op amp shown in Figli&h N

Go9) =

Transfer Functions from Experiments

The transfer function of a system provides a summary of thetioptput response
and is very useful for analysis and design. However, modeiiom rst prin-
ciples can be dif cult and time-consuming. Fortunately, wan @ften build an
input/output model for a given application by directly maidsg the frequency
response and tting a transfer function to it. To do so, we pdrthe input to the
system using a sinusoidal signal at a xed frequency. Wheaidststate is reached,
the amplitude ratio and the phase lag give the frequencynsspfor the excitation
frequency. The complete frequency response is obtained bgEng over a range
of frequencies.

By using correlation techniques it is possible to deterntireefrequency re-
sponse very accurately, and an analytic transfer functionbe obtained from the
frequency response by curve tting. The success of this ambrdes led to in-
struments and software that automate this process, cglectrum analyzerdVe
illustrate the basic concept through two examples.

Example 8.10 Atomic force microscope
To illustrate the utility of spectrum analysis, we considee dynamics of the
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Figure 8.17: Frequency response of a preloaded piezoelectric drive for an afora&mi-
croscope. The Bode plot shows the response of the measurecetramgftion (solid) and
the tted transfer function (dashed).

atomic force microscope, introduced in Secti®b. Experimental determination
of the frequency response is particularly attractive fag #ystem because its dy-
namics are very fast and hence experiments can be doneyidibical example

is given in FigureB.17, which shows an experimentally determined frequency re-
sponse (solid line). In this case the frequency responsebtamed in less than a
second. The transfer function

KW2Waw2(s?+ 2ziwis+ W2)(S2+ 2zawas+ wi)e o .
W2WZ(S?+ 2ZoWhs+ W3)(SP+ 2Z3Was+ W3)(SP+ 2ZsWesS+ W)

with w = 2pfg and f1 = 2.42 kHz,z; = 0:03, f, = 2.55kHz,z, = 0.03, f3 =
6.45 kHz,z3= 0:042,f4= 8.25 kHz,z4 = 0:025,f5= 9.3 kHz,z5= 0:032,t = 10 *s
andk= 5, was tto the data (dashed line). The frequencies associwtbdhe ze-
ros are located where the gain curve has minima, and thedneigs associated
with the poles are located where the gain curve has localmexiThe relative
damping ratios are adjusted to give a good t to maxima and méniWhen a
good t to the gain curve is obtained, the time delay is adjdstegive a good t

to the phase curve. The piezo drive is preloaded, and a simgdelrof its dynam-
ics is derived in Exercis8.7. The pole at 2.42 kHz corresponds to the trampoline
mode derived in the exercise; the other resonances arerhgiues.

G(s) =

N
Example 8.11 Pupillary light re ex dynamics
The human eye is an organ that is easily accessible for expetarit has a control
system that adjusts the pupil opening to regulate the liglenisity at the retina.
This control system was explored extensively by Stark in the039Sta68.
To determine the dynamics, light intensity on the eye wamdasinusoidally and
the pupil opening was measured. A fundamental dif culty iattthe closed loop
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Figure 8.18: Light stimulation of the eye. In (a) the light beam is so large that it always
covers the whole pupil, giving closed loop dynamics. In (b) the light isi$ed into a beam
which is so narrow that it is not in uenced by the pupil opening, givingiojpop dynamics.

In (c) the light beam is focused on the edge of the pupil opening, whishtheeffect of
increasing the gain of the system since small changes in the pupil openiegtarge effect

on the amount of light entering the eye. From St&8tab§.

system is insensitive to internal system parameters, slysasiaf a closed loop
system thus gives little information about the internalgenies of the system.
Stark used a clever experimental technique that allowed bimviestigate both
open and closed loop dynamics. He excited the system byngiyie intensity
of a light beam focused on the eye and measured pupil areldysisated in Fig-
ure8.18 By using a wide light beam that covers the whole pupil, thasoeement
gives the closed loop dynamics. The open loop dynamics wegeeng by using
a narrow beam, which is small enough that it is not in uencedh®sypupil open-
ing. The result of one experiment for determining open loopagiyics is given
in Figure 8.19 Fitting a transfer function to the gain curve gives a good it fo
G(s) = 0:17=(1+ 0:08s). This curve gives a poor t to the phase curve as shown
by the dashed curve in Figu&19 The t to the phase curve is improved by
adding a time delay, which leaves the gain curve unchangel@ whbstantially
modifying the phase curve. The nal t gives the model

— 0:17 0:2s.
C(9= G5 0.089°
The Bode plot of this is shown with solid curves in Fig&&9 Modeling of the
pupillary re ex from rst principles is discussed in detail [iKS01]. N

Notice that for both the AFM drive and pupillary dynamics inist easy to de-
rive appropriate models from rst principles. In practicesioften fruitful to use a
combination of analytical modeling and experimental ideation of parameters.
Experimental determination of frequency response is lgsacéive for systems
with slow dynamics because the experiment takes a long time.

8.5 Laplace Transforms

Transfer functions are conventionally introduced usinglaeg transforms, and in
this section we derive the transfer function using this falism. We assume basic
familiarity with Laplace transforms; students who are nabifaar with them can
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Figure 8.19: Sample curves from an open loop frequency response of the ef)eafhef a

Bode plot for the open loop dynamics (right). The solid curve showsodi the data using a
third-order transfer function with time delay. The dashed curve in theeBdat is the phase
of the system without time delay, showing that the delay is needed to pragstyre the

phase. (Figure redrawn from the data of Sts8tab§.)

safely skip this section. A good reference for the mathesahtnaterial in this
section is the classic book by Widdatd41].

Traditionally, Laplace transforms were used to computeaesps of linear
systems to different stimuli. Today we can easily generageresponses using
computers. Only a few elementary properties are neededafsc lcontrol appli-
cations. There is, however, a beautiful theory for Laplacesfiams that makes
it possible to use many powerful tools from the theory of fiorts of a complex
variable to get deep insights into the behavior of systems.

Consider a functiorf(t), f : R* ! R, that is integrable and grows no faster
thane“! for some nite 9 2 R and larget. The Laplace transform magdsto a
functionF=L f:C! Cof azcomplex variable. It is de ned by

¥
F(9 = , € Sif(t)dt; Res> so! (8.22)

The transform has some properties that makes it well suitetesd with linear
systems.
First we observg that the transform is linear because
¥
L (af+ bg) = e S{af(t)+ bg(t)) dt
% Zy (8.23)
=a e Stf(t)dt+ b , € Stg(t)dt= aL f+ bL g

Next we calculate the Laplace transform of the derivative fofretion. We have

df % y Zy
L —= e SIfO(t)dtz e S‘tf(t) +s e Stf(t)dt: f(0)+ sL f;
dt 0 0 0
where the second equality is obtained using integrationdoispWe thus obtain
f
L d— =sL f f(0)=sKk(s) f(0): (8.24)

dt
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This formula is particularly simple if the initial conditisrare zero because it fol-
lows that differentiation of a function corresponds to riplitation of the trans-
form bys.

Since differentiation corresponds to multiplication §ywe can expect that
integration corresponds to division byThis is true, as can be seen by calculating
the Laplace transform of an integral. Using integration bgtgpave get

Z, Zy Z,
L f(t)dt= e St f(t)dt dt
0 0
eStZt ¥ Z¥est 1Z¥ o
= . + = — .
S 0f(t)dt . S f(t)dt s o e > f(t)dt;
hence ¢ 1 1
L f(t)dt = =L f= =F(9): (8.25)
0 ] s

Next consider a linear time-invariant system with zeroiahistate. We saw in
Section5.3 that the relation between the inputand the outpuy is given by the
convolution integral Zy

y(t) = . h(t t)u(t)dt;

whereh(t) is the impulse response for the system. Taking the Laplaosfoem
of this expression, we have

¥ Zy Ly
Y(9= e Syt)dt= e St ht t)u(t)dtdt
Z0 z 0 0
¥ <t
= e St De Sht  t)u(t)dt dt
2, 0 Zy

= e Sty(t)dt . € Sh(t) dt = H(9)U(s):

Thus, the input/output response is givenYy(g) = H(s)U(s), whereH, U andY
are the Laplace transforms bf u andy. The system theoretic interpretation is
that the Laplace transform of the output of a linear system psoaluct of two
terms, the Laplace transform of the infui(s) and the Laplace transform of the
impulse response of the systdr(s). A mathematical interpretation is that the
Laplace transform of a convolution is the product of the tfamss of the functions
that are convolved. The fact that the formiés) = H(s)U(s) is much simpler
than a convolution is one reason why Laplace transforms hewerbe popular in
engineering.

We can also use the Laplace transform to derive the trangfetiéun for a state
space system. Consider, for example, a linear state spat@sygescribed by

31( = Ax+ Bu; y= Cx+ Du:
Taking Laplace transformsnder the assumption that all initial values are zero
gives
sX(s) = AX(s)+ BU(9) Y(s)= CX(s)+ DU(s):
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Elimination of X(s) gives
Y(s)= C(sl A) B+D U(s): (8.26)

The transfer function i§(s) = C(sl A) 1B+ D (compare with equatior8(4)).

8.6 Further Reading

The idea of characterizing a linear system by its steady-sé&ponse to sinusoids
was introduced by Fourier in his investigation of heat cantidun in solids Fou07.
Much later, it was used by the electrical engineer Steinmétziwtroduced théw
method for analyzing electrical circuits. Transfer funos were introduced via the
Laplace transform by Gardner Barn€&H42], who also used them to calculate the
response of linear systems. The Laplace transform was vemyriarg in the early
phase of control because it made it possible to nd transieiat$ables (see, e.g.,
[JNP47). Combined with block diagrams, transfer functions andlaee trans-
forms provided powerful techniques for dealing with compsystems. Calcu-
lation of responses based on Laplace transforms is less famdoday, when
responses of linear systems can easily be generated usimguters. There are
many excellent books on the use of Laplace transforms ansféafunctions for
modeling and analysis of linear input/output systems. ifi@thl texts on control
such as DB04], [FPENO3J and [Oga0] are representative examples. Pole/zero
cancellation was one of the mysteries of early control thdbis clear that com-
mon factors can be canceled in a rational function, but ditimans have system
theoretical consequences that were not clearly undersiotilcKalman's decom-
position of a linear system was introduc&HN®63]. In the following chapters, we
will use transfer functions extensively to analyze st&piind to describe model
uncertainty.

Exercises

8.1 Let G(s) be the transfer function for a linear system. Show that if we ap
ply an inputu(t) = Asin(wt), then the steady-state output is given yy) =
jG(iw)jAsin(wt + argG(iw)). (Hint: Start by showing that the real part of a com-
plex number is a linear operation and then use this fact.)

8.2 Consider the system

X [ .
i ax+ u:
Compute the exponential response of the system and use thesive the transfer
function fromu to x. Show that whers = a, a pole of the transfer function, the
response to the exponential inpugt) = e is x(t) = e¥x(0) + te.
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8.3 (Inverted pendulum) A model for an inverted pendulum wasonhiced in
Example2.2 Neglecting damping and linearizing the pendulum arouediftright
position give85 alinear syéstem cha8racter€i)zed by the matrice

8 9
-3 O 1z _32 03 _ _—
A_'mglth o B_'lth” C=-120;

Determine the transfer function of the system.

D=0:

8.4 (Solutions corresponding to poles and zeros) Consider ffegetitial equation

dny dan 1y B dn lu dan 2u
an TAgm It tayEbigartbgast

+ byu:

(a) Let! be aroot of the characteristic polynomial
S+ s’ '+ +a,=0
Show that ifu(t) = 0, the differential equation has the solutig() = €' .
(b) Letk be a zero of the polynomial
b(s) = bs" 1+ s 2+ + by

Show that if the input isu(t) = €, then there is a solution to the differential
equation that is identically zero.

8.5 (Operational ampli er) Consider the operational ampli etrioduced in Sec-
tion 3.3 and analyzed in Exampl@.3. A PI controller can be constructed using
an op amp by replacing the resis®s with a resistor and capacitor in series, as
shown in Figure3.1Q The resulting transfer function of the cir'cuit is given by

N i kCs
Cs (k+ DRC+ RC s+ 1

wherek is the gain of the op am|i®; andR; are the resistances in the compensation
network andC is the capacitance.

(a) Sketch the Bode plot for the system under the assumptaikth R, > R;.
You should label the key features in your plot, including ¢fagn and phase at low
frequency, the slopes of the gain curve, the frequenciehatiwvthe gain changes
slope, etc.

(b) Suppose now that we include some dynamics in the ampliggulined in
Example 8.1. This would involve replacing the g&iwith the transfer function

k
HE= 57

Compute the resulting transfer function for the system, (replacek with H(s))
and nd the poles and zeros assuming the following parametieies

% = 100 k= 10° RC=1; T=0.0L
1
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(c) Sketch the Bode plot for the transfer function in part (b)ng straight line
approximations and compare this to the exact plot of thesfearfunction (using
MATLAB). Make sure to label the important features in your plot

8.6 (Transfer function for state space system) Consider tleatistate space sys-
tem
dx

at = Ax+ Bu; y=Cx

Show that the transfer function is
bis" 1+ bps" 2+ + by
S+ a1+ +a,

G(9) =

where
bi=CB; by,=CAB+ aCB; :::; by,=CA" B+ a,CA" 2B+ + a, 1CB
and/ (s)= "+ a48” 1+  + a, is the characteristic polynomial féx.

8.7 (Kalman decomposition) Show that the transfer function ofsiesn depends
only on the dynamics in the reachable and observable subsifate Kalman
decomposition. (Hint: Consider the representation giverduation 7.27).)

8.8 Using block diagram algebra, show that the transfer funstfoomd to y and
ntoyin Figure8.7 are given by
P 1

Sda=1ipc O Tepc

8.9 (Bode plot for a simple zero) Show that the Bode plot for trangfinction
G(s) =(s+ a)=acan be e(lpproximated by

ifw< a
logiGlimi
9IG(iw)] logw loga if w> a;
20 if w< a=10
\ G(iw) S 45+ 45logw loga) a=10< w< 10a
" 90 if w> 10a.

8.10 (Vectored thrust aircraft) Consider the lateral dynamita wectored thrust
aircraft as described in Examp®9. Show that the dynamics can be described
using the following block diagram:

r q % n 1
th J2 mg m&+ cs X
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Use this block diagram to compute the transfer functionsifug to g andx and
show that they satisfy

J$ mgr

r
H u = - HXU = .

8.11(Common polesg 1Conls?fzoler a closled %%ﬁ”%?;sffe‘?ﬁ of the form airEig.7, -

with F = 1 andP andC having a pole/zero cancellation. Show that if each system

is written in state space form, the resulting closed loopesyss not reachable and

not observable.

8.12(Congestion control) Consider the congestion control rhdescribed in Sec-
tion 3.4. Letwrepresent the individual window size for a setbidentical sources,

g represent the end-to-end probability of a dropped pabkepresent the number

of packets in the router's buffer ang represent the probability that a packet is
dropped by the router. We writg = Nw to represent the total number of packets
being received from aM sources. Show that the linearized model can be described
by the transfer functions

e lrs N
Gw(d= —F 7
ol Oe(teS+ CeWe)

where(we; be) is the equilibrium point for the systerty is the steady-state round-
trip time andt ¢ is the forward propagation time.

Gow(s) = tre IS Gpp(9) = r;

8.13(Inverted pendulum with PD control) Consider the normalizeerted pen-
dulum system, whose transfer function is giverfigg) = 1=(s* 1) (Exercises.?3).
A proportional-derivative control law for this system heansfer functiorC(s) =
Kp+ kgs (see TableB.1). Suppose that we choo€¥s) = a(s 1). Compute the
closed loop dynamics and show that the system has good ricackireference
signals but does not have good disturbance rejection pieper

8.14(Vehicle suspensiorHB90]) Active and passive damping are used in cars to
give a smooth ride on a bumpy road. A schematic diagram of witha damping
system in shown in the gure below.

(Porter Class | race car driven by Todd Cuffaro)

This model is called guarter car modeland the car is approximated with two
masses, one representing one fourth of the car body and hiee @twheel. The
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actuator exerts a forde between the wheel and the body based on feedback from
the distance between the body and the center of the wheah(tieespacg.

Let Xy, Xw andx; represent the heights of body, wheel and road measured from
their equilibria. A simple model of the system is given by News equations for
the body and the wheel,

mp¥p = F; My¥w = F+ k(X Xw);

wheremy, is a quarter of the body massy, is the effective mass of the wheel
including brakes and part of the suspension systemuiisprung magsandk; is
the tire stiffness. For a conventional damper consisting siring and a damper,
we haveF = k(xy Xp)+ c(%w Xp). For an active damper the forée can be
more general and can also depend on riding conditions. Riderfort can be
characterized by the transfer functi®y from road heightx; to body acceler-
ationa= X,,Show that this transfer function has the propésty, (iwt) = k=my,
wherew = = k=m, (thetire hop frequency The equation implies that there are
fundamental limitations to the comfort that can be achievéld any damper.

8.15(Vibration absorber) Damping vibrations is a common engjiimg problem.
A schematic diagram of a damper is shown below:

}
=

F
my
Col==] kg
=

T

T

The disturbing vibration is a sinusoidal force acting on massand the damper
consists of the massy and the sprindo,. Show that the transfer function from
disturbance force to heiglt of the massmy is

n1252+ k2 .
Mumps* + MpC1S® + ( Mk + Mp(ky + ko)) 2+ koCys+ kiko
How should the massy and the stiffnes&, be chosen to eliminate a sinusoidal

oscillation with frequencyv,. (More details are vibration absorbers is given in the
classic text by Den HartodJH85, pp. 87-93].)

GX1F =



Chapter Nine
Frequency Domain Analysis

Mr. Black proposed a negative feedback repeater and proved by tedti ffossessed the
advantages which he had predicted for it. In particular, its gain was consteanhigh degree,
and it was linear enough so that spurious signals caused by the interaafitive various
channels could be kept within permissible limits. For best results the fekdetor mbhad
to be numerically much larger than unity. The possibility of stability with a feddfeaztor
larger than unity was puzzling.

Harry Nyquist, “The Regeneration Theory,” 199%y[g56].

In this chapter we study how the stability and robustnessoskcl loop systems
can be determined by investigating how sinusoidal signadiéfierent frequencies
propagate around the feedback loop. This technique allow® wsason about
the closed loop behavior of a system through the frequennyadtoproperties of
the open loop transfer function. The Nyquist stability thesoris a key result that
provides a way to analyze stability and introduce measurdegrees of stability.

9.1 The Loop Transfer Function

Determining the stability of systems interconnected bylfeek can be tricky be-
cause each system in uences the other, leading to potgntimtiular reasoning.
Indeed, as the quote from Nyquist above illustrates, thawehof feedback sys-
tems can often be puzzling. However, using the mathemdtexalework of trans-
fer functions provides an elegant way to reason about sustlsyg, which we call
loop analysis

The basic idea of loop analysis is to trace how a sinusoidab$jgropagates in
the feedback loop and explore the resulting stability bystigating if the propa-
gated signal grows or decays. This is easy to do because tiserission of sinu-
soidal signals through a linear dynamical system is charaed by the frequency
response of the system. The key result is the Nyquist stabiorem, which pro-
vides a great deal of insight regarding the stability of @exys Unlike proving sta-
bility with Lyapunov functions, studied in Chaptéythe Nyquist criterion allows
us to determine more than just whether a system is stablestalie. It provides a
measure of the degree of stability through the de nition atdity margins. The
Nyquist theorem also indicates how an unstable systemdlbeuthanged to make
it stable, which we shall study in detail in Chaptéfs-12.

Consider the system in Figu&la The traditional way to determine if the
closed loop system is stable is to investigate if the cloeeg tharacteristic poly-
nomial has all its roots in the left half-plane. If the pragasid the controller have
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r e u y B A
C(s) —= P(9 - — —= O

(@) (b)

Figure 9.1: The loop transfer function. The stability of the feedback system (a) eateb
termined by tracing signals around the loop. Letting PC represent the loop transfer
function, we break the loop in (b) and ask whether a signal injected atoiné A has the
same magnitude and phase when it reaches point B.

rational transfer function®(s) = np(s)=dp(s) andC(s) = nc(s)=dc(s), then the
closed loop system has the transfer function

PC _ Np(s)Ne(s) :
1+ PC dp(9)de(9) + Np(9ne(9)’
and the characteristic polynomial is

I'(s)= dp(9)dc(s) + Np(s)ne(9):

To check stability, we simply compute the roots of the chinastic polynomial
and verify that they each have negative real part. This apprisastraightforward
but it gives little guidance for design: it is not easy to teiv the controller should
be modi ed to make an unstable system stable.

Nyquist's idea was to investigate conditions under whiatilzions can occur
in a feedback loop. To study this, we introduce tbep transfer function (s) =
P(s)C(s), which is the transfer function obtained by breaking thedbsek loop,
as shown in Figur®.1h The loop transfer function is simply the transfer function
from the input at position A to the output at position B muigp by 1 (to account
for the usual convention of negative feedback).

We will rst determine conditions for having a periodic odation in the loop.
Assume that a sinusoid of frequengy is injected at point A. In steady state the
signal at point B will also be a sinusoid with the frequemgy It seems reasonable
that an oscillation can be maintained if the signal at B hastime amplitude and
phase as the injected signal because we can then discoheéujetcted signal and
connect A to B. Tracing signals around the loop, we nd thatgfymals at A and
B are identical if

Gyr(s) =

L(iwg) = 1, (9.1)

which then provides a condition for maintaining an osdilat The key idea of
the Nyquist stability criterion is to understand when this tiappen in a general
setting. As we shall see, this basic argument becomes mbtke suhen the loop
transfer function has poles in the right half-plane.

Example 9.1 Operational ampli er circuit
Consider the op amp circuit in Figuge2a whereZ; andZ, are the transfer func-
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V 7 e 7 Vv Vo
1. 72 1 - G(S) -
Z]_ Zl + Zz
o o)
(a) Ampli er circuit (b) Block diagram

Figure 9.2: Loop transfer function for an op amp. The op amp circuit (a) has aimadm
transfer functiorvo=vy = Z(5)=Z1(s), whereZ; andZ, are the impedances of the circuit
elements. The system can be represented by its block diagram (b wheanow include
the op amp dynamidS(s). The loop transfer function s = Z;G=(Z1 + Z5).

tions of the feedback elements from voltage to current. Thefieedback because
voltagev, is related to voltage through the transfer functionG describing the op
amp dynamics and voltageis related to voltag®, through the transfer function
Z1=(Z1 + Z). The loop transfer function is thus

Gz

- Z1+ Zzl
Assuming that the curremtis zero, the current through the elemeBtsandZ, is
the same, which implies

(9.2)

Vi V V. Vo

Z; Z
Solving forv gives
_ Zov+ Z1Vo _ Zovy Z1Gv _ Zo L

= —=vi Lwv
Zi+ 2 Zi+2Z;  Z1G 1
Sincevp, =  Gvthe input/output relation for the circuit becomes
_ 4 L
GVZVl - Z 1+ L

A block diagram is shown in Figur@.2h It follows from (9.1) that the condition
for oscillation of the op amp circuit is
. Z1(iw)G(iw)
L = - - =
(iw) Z1(iw) + Z(iw)

(9.3)

N

One of the powerful concepts embedded in Nyquist's appraastability anal-
ysis is that it allows us to study the stability of the feedbagstem by looking at
properties of the loop transfer function. The advantage aiglthis is that it is
easy to see how the controller should be chosen to obtainisedédsop transfer
function. For example, if we change the gain of the contrptlee loop transfer
function will be scaled accordingly. A simple way to stabd#lian unstable system
is then to reduce the gain so that th& point is avoided. Another way is to in-
troduce a controller with the property that it bends the lbapsfer function away
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R 1
L(iw)
(a) Nyquist D contour (b) Nyquist plot

Figure 9.3: The Nyquist contouG and the Nyquist plot. The Nyquist contour (a) encloses
the right half-plane, with a small semicircle around any polels(sf on the imaginary axis
(illustrated here at the origin) and an arc at in nity, representedrkidly ¥. The Nyquist
plot (b) is the image of the loop transfer functibfs) whens traverse<sin the clockwise
direction. The solid line corresponds tw> 0, and the dashed line to < 0. The gain
and phase at the frequenayareg = jL(iw)j andj =\ L(iw). The curve is generated for
L(s) = 1:4e S=(s+ 1)2

from the critical point, as we shall see in the next sectioiffeBent ways to do
this, called loop shaping, will be developed and will be d&ged in Chaptetl.

9.2 The Nyquist Criterion

In this section we present Nyquist's criterion for determinthe stability of a
feedback system through analysis of the loop transfer fomctVe begin by intro-
ducing a convenient graphical tool, the Nyquist plot, analxshow it can be used
to ascertain stability.

The Nyquist Plot

We saw in the last chapter that the dynamics of a linear systenioe represented
by its frequency response and graphically illustrated bydeBplot. To study the
stability of a system, we will make use of a different repreagon of the fre-
guency response called\yquist plot The Nyquist plot of the loop transfer func-
tion L(s) is formed by tracings2 C around the Nyquist “D contour,” consisting
of the imaginary axis combined with an arc at in nity connegtithe endpoints
of the imaginary axis. The contour, denoteda3 C, is illustrated in Figur®.3a
The image ofL(s) whens traversess gives a closed curve in the complex plane
and is referred to as the Nyquist plot fiofs), as shown in Figur8.3h Note that
if the transfer functioriL(s) goes to zero as gets large (the usual case), then the
portion of the contour “at in nity” maps to the origin. Furthapre, the portion of
the plot corresponding ter < 0 is the mirror image of the portion witiy > 0.

There is a subtlety in the Nyquist plot when the loop transtercfion has
poles on the imaginary axis because the gain is in nite at thleg To solve this
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problem, we modify the contouto include small deviations that avoid any poles
on the imaginary axis, as illustrated in Fig@&a(assuming a pole df(s) at the
origin). The deviation consists of a small semicircle to tigeatr of the imaginary
axis pole location.

The condition for oscillation given in equatio.() implies that the Nyquist
plot of the loop transfer function go through the point 1, which is called
the critical point. Let w; represent a frequency at whith_(iw;) = 180, corre-
sponding to the Nyquist curve crossing the negative real. dxiuitively it seems
reasonable that the system is stablg (iwe)j < 1, which means that the critical
point 1 is on the left-hand side of the Nyquist curve, as indicatefigure9.3h
This means that the signal at point B will have smaller amgétahan the in-
jected signal. This is essentially true, but there are ségelztleties that require
a proper mathematical analysis to clear up. We defer theélsléda now and state
the Nyquist condition for the special case whk(s) is a stable transfer function.

Theorem 9.1(Simpli ed Nyquist criterion) Let L(s) be the loop transfer function
for a negative feedback system (as shown in Figuie) and assume that L has
no poles in the closed right half-plan&¢s 0) except for single poles on the
imaginary axis. Then the closed loop system is stable if artg ibthe closed
contour given byV= fL(iw): ¥ < w< ¥g C has no netencirclements of the
critical points= 1.

The following conceptual procedure can be used to deternhiaethere are
no encirclements. Fix a pin at the critical post 1, orthogonal to the plane.
Attach a string with one end at the critical point and the ptrethe Nyquist plot.
Let the end of the string attached to the Nyquist curve travére whole curve.
There are no encirclements if the string does not wind up opithehen the curve
is encircled.

Example 9.2 Third-order system
Consider a third-order transfer function
1
L(g)= —=:

To compute the Nyquist plot we start by evaluating pointstanitnaginary axis
s= iw, which yields

1 (a iw?® _a® 3aw? i w? 32w
(iw+ a)3 - (@2+ w?)3 - (@2+ w?)3 (@2+ w2)3
This is plotted in the complex plane in Figude4, with the points corresponding
tow> 0 drawn as a solid line anat < 0 as a dashed line. Notice that these curves
are mirror images of each other.

To complete the Nyquist plot, we computés) for s on the outer arc of the
Nyquist D contour. This arc has the foss Re9 for R! ¥. This gives

- 1
L(Réq):m! 0 as R! ¥:

L(iw) =
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4 ImL(iw)

\
\ \ ReL(iw)

Figure 9.4: Nyquist plot for a third-order transfer function. The Nyquist plot sists of a
trace of the loop transfer functidn(s) = 1=(s+ a)2. The solid line represents the portion
of the transfer function along the positive imaginary axis, and the ddsiethe negative
imaginary axis. The outer arc of the D contour maps to the origin.

Thus the outer arc of thB contour maps to the origin on the Nyquist plot. N

An alternative to computing the Nyquist plot explicitly s determine the plot
from the frequency response (Bode plot), which gives theuistgurve fors= iw,
w> 0. We start by plottind_(iw) from w= 0 tow = ¥, which can be read off
from the magnitude and phase of the transfer function. We et L(Re9) with
g2 [ p=2;p=2] andR! ¥, which almost always maps to zero. The remaining
parts of the plot can be determined by taking the mirror in@dghe curve thus far
(normally plotted using a dashed line). The plot can then belé& with arrows
corresponding to a clockwise traversal around the D cortiwer same direction
in which the rst portion of the curve was plotted).

Example 9.3 Third-order system with a pole at the origin
Consider the transfer function

k .
s+ 1)’
where the gain has the nominal vake 1. The Bode plot is shown in FiguBeba
The system has a single polesat 0 and a double pole at= 1. The gain curve
of the Bode plot thus has the slopd. for low frequencies, and at the double pole
s= 1 the slope changes to3. For smallswe havelL  k=s, which means that the
low-frequency asymptote intersects the unit gain linevat k. The phase curve
starts at 90 for low frequencies, it is 180 at the breakpoiniv = 1 and it is

270 at high frequencies.

Having obtained the Bode plot, we can now sketch the Nygudtt phown
in Figure9.5h It starts with a phase of 90 for low frequencies, intersects the
negative r