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Preface

This book provides an introduction to the basic principles &mols for the design
and analysis of feedback systems. It is intended to serveeasd audience of
scientists and engineers who are interested in undersigiadd utilizing feedback
in physical, biological, information and social systems héve attempted to keep
the mathematical prerequisites to a minimum while beingftmnot to sacri ce
rigor in the process. We have also attempted to make use wifgga from a variety
of disciplines, illustrating the generality of many of tlets while at the same time
showing how they can be applied in speci ¢ application dorsain

A major goal of this book is to present a concise and insightiew of the
current knowledge in feedback and control systems. The eldaftrol started
by teaching everything that was known at the time and, as mawledge was
acquired, additional courses were developed to cover nelanigues. A conse-
guence of this evolution is that introductory courses haeained the same for
many years, and it is often necessary to take many individoaises in order to
obtain a good perspective on the eld. In developing this hawok have attempted
to condense the current knowledge by emphasizing fundaheomcepts. We be-
lieve that itis important to understand why feedback isuisé&d know the language
and basic mathematics of control and to grasp the key paredibat have been
developed over the past half century. It is also importatietable to solve simple
feedback problems using back-of-the-envelope technjdgoiescognize fundamen-
tal limitations and dif cult control problems and to have &féor available design
methods.

This book was originally developed for use in an experimesualse at Caltech
involving students from a wide set of backgrounds. The cowsas offered to
undergraduates at the junior and senior levels in traditiengineering disciplines,
as well as rst- and second-year graduate students in engjirgeend science. This
latter group included graduate students in biology, compsitience and physics.
Over the course of several years, the text has been classested at Caltech and
at Lund University, and the feedback from many students alidagues has been
incorporated to help improve the readability and accel#tsilof the material.

Because of its intended audience, this book is organizedslightly unusual
fashion compared to many other books on feedback and cohtrphrticular, we
introduce a number of concepts in the text that are normabgnved for second-
year courses on control and hence often not available testadvho are not
control systems majors. This has been done at the expensetaihdeaditional
topics, which we felt that the astute student could learejrhdently and are often
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explored through the exercises. Examples of topics that we inaluded are non-
linear dynamics, Lyapunov stability analysis, the matsip@nential, reachability
and observability, and fundamental limits of performanod eobustness. Topics
that we have deemphasized include root locus techniqued/|dg compensation
and detailed rules for generating Bode and Nyquist plotsamdh

Several features of the book are designed to facilitate asfduaction as a basic
engineering text and as an introduction for researcheratural, information and
social sciences. The bulk of the material is intended to bd usgardless of the
audience and covers the core principles and tools in theysisadnd design of
feedback systems. Advanced sections, marked by the “damgédrend” symbol
shown here, contain material that requires a slightly mechnical background,
of the sort that would be expected of senior undergraduatesdineering. A few
sections are marked by two dangerous bend symbols and anelet for readers
with more specialized backgrounds, identi ed at the begigrof the section. To
limit the length of the text, several standard results aridresions are given in the
exercises, with appropriate hints toward their solutions.

To further augment the printed material contained here napamion web site
has been developed and is available from the publisher'spagb:

http://www.cds.caltech.edumurray/amwiki

The web site contains a database of frequently asked quessigmplemental exam-
ples and exercises, and lecture material for courses basbisdext. The material is
organized by chapter and includes a summary of the majotgivithe text as well
as links to external resources. The web site also contairsotiree code for many
examples in the book, as well as utilities to implement tlshméques described in
the text. Most of the code was originally written using MATLAB-N&s but was
also tested with LabView MathScript to ensure compatibiliiyrvboth packages.
Many les can also be run using other scripting languages sisdbctave, ScilLab,
SysQuake and Xmath.

The rst half of the book focuses almost exclusively on statacgpcontrol
systems. We begin in Chapt2with a description of modeling of physical, biolog-
ical and information systems using ordinary differentiqiations and difference
equations. Chapt& presents a number of examples in some detail, primarily as a
reference for problems that will be used throughout the tesitowing this, Chap-
ter 4 looks at the dynamic behavior of models, including de nisoof stability
and more complicated nonlinear behavior. We provide ady@sections in this
chapter on Lyapunov stability analysis because we nd thistlitseful in a broad
array of applications and is frequently a topic that is nataduced until later in
one's studies.

The remaining three chapters of the rst half of the book foaubrear systems,
beginning with a description of input/output behavior inapker5. In Chapters,
we formally introduce feedback systems by demonstratingdtate space control
laws can be designed. This is followed in Chaptdry material on output feed-
back and estimators. Chapté&sand7 introduce the key concepts of reachability
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and observability, which give tremendous insight into theice of actuators and
sensors, whether for engineered or natural systems.

The second half of the book presents material that is oftesidered to be
from the eld of “classical control.” This includes the traesffunction, introduced
in Chapter8, which is a fundamental tool for understanding feedbackesys.
Using transfer functions, one can begin to analyze thel#tabi feedback systems
using frequency domain analysis, including the abilitygason about the closed
loop behavior of a system from its open loop characterislibss is the subject of
Chapter9, which revolves around the Nyquist stability criterion.

In Chaptersl0 and 11, we again look at the design problem, focusing rst
on proportional-integral-derivative (PID) controllersdaien on the more general
process of loop shaping. PID control is by far the most comnesigh technique
in control systems and a useful tool for any student. The enamt frequency
domain design introduces many of the ideas of modern cotitealry, including
the sensitivity function. In Chapté2, we combine the results from the second half
of the book to analyze some of the fundamental trade-offsédxen robustness and
performance. This is also a key chapter illustrating the pa@f/the techniques that
have been developed and serving as an introduction for nuwanaed studies.

The book is designed for use in a 10- to 15-week course in fekdbstems
that provides many of the key concepts needed in a varietysofpiines. For a
10-week course, Chaptets2, 4-6 and8-11can each be covered in a week's time,
with the omission of some topics from the nal chapters. A mieisurely course,
spread out over 14—15 weeks, could cover the entire boak 2viteeks on modeling
(Chapterg and3)—particularly for students without much background inineaty
differential equations—and 2 weeks on robust performaGtepterl2).

The mathematical prerequisites for the book are modest akdeaping with
our goal of providing an introduction that serves a broadienmk. We assume
familiarity with the basic tools of linear algebra, incladi matrices, vectors and
eigenvalues. These are typically covered in a sophomosd-t@urse on the sub-
ject, and the textbooks by ApostoApo69, Arnold [Arn87] and Strang $tr8§
can serve as good references. Similarly, we assume basidédgswof differential
eqguations, including the concepts of homogeneous anapkatisolutions for lin-
ear ordinary differential equations in one variable. ApbpApo69 and Boyce and
DiPrima [BDO04] cover this material well. Finally, we also make use of comple
numbers and functions and, in some of the advanced seciroms, detailed con-
cepts in complex variables that are typically covered iméjulevel engineering or
physics course in mathematical methods. ApoApd67] or Stewart 5te02 can
be used for the basic material, with AhlfoA{I66], Marsden and HoffmarMIH98]
or Saff and Snider$S02 being good references for the more advanced material.
We have chosen not to include appendices summarizing tlaggeis topics since
there are a number of good books available.

One additional choice that we felt was important was thedi@cinot to rely
on a knowledge of Laplace transforms in the book. While theé i by far the
most common approach to teaching feedback systems in emgigemany stu-
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dents in the natural and information sciences may lack thessary mathematical
background. Since Laplace transforms are not required in ssgnéial way, we
have included them only in an advanced section intendecetthiings together
for students with that background. Of course, we make treimas use ofransfer
functions which we introduce through the notion of response to exptialénputs,
an approach we feel is more accessible to a broad array oitstesand engineers.
For classes in which students have already had Laplace dramsfit should be
quite natural to build on this background in the approprestetions of the text.
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Chapter One

Introduction

Feedback is a central feature of life. The process of feedback gokiemsve grow, respond
to stress and challenge, and regulate factors such as body temperakooel, pressure and
cholesterol level. The mechanisms operate at every level, from thedtiteraf proteins in

cells to the interaction of organisms in complex ecologies.

M. B. Hoagland and B. Dodsoithe Way Life Works1995 HD95].

In this chapter we provide an introduction to the basic cphoéfeedbackand
the related engineering disciplineadntrol. We focus on both historical and current
examples, with the intention of providing the context forremt tools in feedback
and control. Much of the material in this chapter is adaptedhf[Mur03], and
the authors gratefully acknowledge the contributions aj@&drockett and Gunter
Stein to portions of this chapter.

1.1 What Is Feedback?

A dynamical systeis a system whose behavior changes over time, oftenin respon
to external stimulation or forcing. The teri@edbackefers to a situation in which
two (or more) dynamical systems are connected together thatreach system
in uences the other and their dynamics are thus strongly mlSimple causal
reasoning about a feedback system is dif cult because thesystem in uences
the second and the second system in uences the rst, leadiagitcular argument.
This makes reasoning based on cause and effect tricky, amtkitessary to analyze
the system as awhole. A consequence of thisis that the tudiiéedback systems
is often counterintuitive, and it is therefore necessametort to formal methods
to understand them.

Figurel.lillustrates in block diagram form the idea of feedback. Wemiise
the termsopen loopand closed loopwhen referring to such systems. A system
is said to be a closed loop system if the systems are inteexbed in a cycle, as
shown in Figurel.1a If we break the interconnection, we refer to the con guratio
as an open loop system, as shown in Figudda

As the quote at the beginning of this chapter illustratesapnsource of exam-
ples of feedback systems is biology. Biological systemsemede of feedback in an
extraordinary number of ways, on scales ranging from madscio cells to organ-
isms to ecosystems. One example is the regulation of gluoase bloodstream
through the production of insulin and glucagon by the paawr&éhe body attempts
to maintain a constant concentration of glucose, which éslixy the body's cells
to produce energy. When glucose levels rise (after eatingad, for example), the
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= System 1 System 2 - — System 1—| System 2——

\

(a) Closed loop (b) Open loop

Figure 1.1: Open and closed loop systems. (a) The output of system 1 is used aguhefin
system 2, and the output of system 2 becomes the input of system tingr@a&losed loop
system. (b) The interconnection between system 2 and system 1 is iraodethe system
is said to be open loop.

hormone insulin is released and causes the body to storsegleose in the liver.
When glucose levels are low, the pancreas secretes the herghacagon, which
has the opposite effect. Referring to Figdr&, we can view the liver as system 1
and the pancreas as system 2. The output from the liver istiicegg concentration
in the blood, and the output from the pancreas is the amounsofin or glucagon
produced. The interplay between insulin and glucagon seosethroughout the
day helps to keep the blood-glucose concentration consttiatbout 90 mg per
100 mL of blood.

An early engineering example of a feedback system is a éegaligovernor,
in which the shaft of a steam engine is connected to a yballmaeatsm that is
itself connected to the throttle of the steam engine, astitited in Figurd..2 The
system is designed so that as the speed of the engine ins(pasieaps because of a
lessening of the load on the engine), the yballs spread @patt linkage causesthe
throttle on the steam engine to be closed. This in turn slowsdbe engine, which
causes the yballs to come back together. We can model thigsyas a closed
loop system by taking system 1 as the steam engine and sysdsrh2 governor.
When properly designed, the yball governor maintains a tanisspeed of the
engine, roughly independent of the loading conditions. Téwrifugal governor
was an enabler of the successful Watt steam engine, whidadftlee industrial
revolution.

Feedback has many interesting properties that can be egblimitdesigning
systems. As in the case of glucose regulation or the yballegour, feedback can
make a systemresilienttoward external in uences. It camladésused to create linear
behavior out of nonlinear components, a common approacleatrenics. More
generally, feedback allows a system to be insensitive lmoéixternal disturbances
and to variations in its individual elements.

Feedback has potential disadvantages as well. It can crgaienik instabilities
in a system, causing oscillations or even runaway behaioother drawback,
especially in engineering systems, is that feedback candnte unwanted sensor
noise into the system, requiring careful ltering of signdlsis for these reasons
that a substantial portion of the study of feedback systsrdevoted to developing
an understanding of dynamics and a mastery of techniquemiamaical systems.

Feedback systems are ubiquitous in both natural and engohegstems. Con-
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Figure 1.2: The centrifugal governor and the steam engine. The centrifugahgoven the
left consists of a set of yballs that spread apart as the speed of tjieeincreases. The
steam engine on the right uses a centrifugal governor (above andl&gttbéthe ywheel)
to regulate its speed. (Credit: Machine a Vapeur Horizontale de Philip THy888].)

trol systems maintain the environment, lighting and poweour buildings and

factories; they regulate the operation of our cars, cons@heetronics and manu-
facturing processes; they enable our transportation amshemications systems;
and they are critical elements in our military and spaceesyst For the most part
they are hidden from view, buried within the code of embedaéoprocessors,
executing their functions accurately and reliably. Feellfas also made it pos-
sible to increase dramatically the precision of instruraesuch as atomic force
microscopes (AFMs) and telescopes.

In nature, homeostasis in biological systems maintainsrthk chemical and
biological conditions through feedback. At the other endhef size scale, global
climate dynamics depend on the feedback interactions leettie atmosphere, the
oceans, the land and the sun. Ecosystems are lled with exampleedback due
to the complex interactions between animal and plant liferEthe dynamics of
economies are based on the feedback between individuat®gmarations through
markets and the exchange of goods and services.

1.2 What Is Control?

The termcontrol has many meanings and often varies between communities. In
this book, we de ne control to be the use of algorithms and lheett in engineered
systems. Thus, control includes such examples as feedbaok ilo electronic am-

pli ers, setpoint controllers in chemical and materials ggesing, “ y-by-wire”
systems on aircraft and even router protocols that contbtt ow on the Inter-

net. Emerging applications include high-con dence softwa&ems, autonomous
vehicles and robots, real-time resource management systedhbiologically en-
gineered systems. At its core, control isiaformationscience and includes the
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external disturbances

= System -
i Clock 1
| v $ v i
| D/IA |« Computer |« AD |« Filter |« :
e I ,,,,,,,,,,,,,,,,,,,, Controller

operator input

Figure 1.3: Components of a computer-controlled system. The upper dasheéjp@sents
the process dynamics, which include the sensors and actuators in addlitiendynamical
system being controlled. Noise and external disturbances can pereudyilamics of the
process. The controller is shown in the lower dashed box. It consiatdtef and analog-to-
digital (A/D) and digital-to-analog (D/A) converters, as well as a compiltarimplements
the control algorithm. A system clock controls the operation of the contrsijachronizing
the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

use of information in both analog and digital representetio

A modern controller senses the operation of a system, caspbagainst the
desired behavior, computes corrective actions based ondelmb the system's
response to external inputs and actuates the system ta #féedesired change.
This basideedback loopf sensing, computation and actuation is the central con-
cept in control. The key issues in designing control logic @msuring that the
dynamics of the closed loop system are stable (boundedloéstoes give bounded
errors) and that they have additional desired behaviordgbsturbance attenua-
tion, fast responsiveness to changes in operating poijt, Bhese properties are
established using a variety of modeling and analysis tegles that capture the
essential dynamics of the system and permit the explorafipossible behaviors
in the presence of uncertainty, noise and component failure

Atypical example of a control system is shown in Figlir& The basic elements
of sensing, computation and actuation are clearly seenotitenm control systems,
computation is typically implemented on a digital computequiring the use of
analog-to-digital (A/D) and digital-to-analog (D/A) coenters. Uncertainty enters
the system through noise in sensing and actuation subsyst&tarnal disturbances
that affect the underlying system operation and uncertamachics in the system
(parameter errors, unmodeled effects, etc). The algoritiatcomputes the control
action as a function of the sensor values is often calledrdrol law. The system
can be in uenced externally by an operator who introducesimand signal$o
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the system.

Control engineering relies on and shares tools from phy&ygeamics and
modeling), computer science (information and software) @perations research
(optimization, probability theory and game theory), buisitalso different from
these subjects in both insights and approach.

Perhaps the strongest area of overlap between control aeddisigiplines is in
the modeling of physical systems, which is common acrosga#ls of engineering
and science. One of the fundamental differences betweemot@aniented mod-
eling and modeling in other disciplines is the way in whictemactions between
subsystems are represented. Control relies on a type dfaypput modeling that
allows many new insights into the behavior of systems, ssaisiurbance attenu-
ation and stable interconnection. Model reduction, whesienpler (lower- delity)
description of the dynamics is derived from a high- delity dd, is also naturally
described in an input/output framework. Perhaps most iraptgt, modeling in a
control context allows the design adbustinterconnections between subsystems,
a feature that is crucial in the operation of all large engied systems.

Control is also closely associated with computer sciermeeesiirtually all mod-
ern control algorithms for engineering systems are implaegkin software. How-
ever, control algorithms and software can be very diffefearh traditional com-
puter software because of the central role of the dynamit¢keobystem and the
real-time nature of the implementation.

1.3 Feedback Examples

Feedback has many interesting and useful properties. Itsigaessible to design

precise systems from imprecise components and to makearglguantities in a

system change in a prescribed fashion. An unstable systeimecstabilized using

feedback, and the effects of external disturbances candueed. Feedback also
offers new degrees of freedom to a designer by exploitingisgnactuation and

computation. In this section we survey some of the imporggplications and

trends for feedback in the world around us.

Early Technological Examples

The proliferation of control in engineered systems occupaharily in the latter
half of the 20th century. There are some important exceptsuth as the centrifugal
governor described earlier and the thermostat (Figutg, designed at the turn of
the century to regulate the temperature of buildings.

The thermostat, in particular, is a simple example of feeklbantrol that every-
one is familiar with. The device measures the temperaturéirlding, compares
that temperature to a desired setpoint and usefetdtback errobetween the two
to operate the heating plant, e.g., to turn heat on when thpegature is too low
and to turn it off when the temperature is too high. This exalem captures the
essence of feedback, but it is a bit too simple even for a lmsie such as the
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Movement Load
opens Spring Accderator
throttle \ Peal
\ Spead-
Adjusimert
Electranagnet— Governor KnoP
Contads Latching
Button
- Flyball
Reversible Sped-
Motor Gowernor or?]ete
-~—— Adjusimert
Spring <E>
3
(a) Honeywell thermostat, 1953 (b) Chrysler cruise control, 1958

Figure 1.4: Early control devices. (a) Honeywell T87 thermostat originally intrelmn
1953. The thermostat controls whether a heater is turned on by complaeircurrent tem-
perature in aroom to a desired value that is set using a dial. (b) Chrysise control system
introduced in the 1958 Chrysler Imperi&¢w5§. A centrifugal governor is used to detect
the speed of the vehicle and actuate the throttle. The reference speediisgthrough an
adjustment spring. (Left gure courtesy of Honeywell Internatiomad, )

thermostat. Because lags and delays exist in the heating quta sensor, a good
thermostat does a bit of anticipation, turning the heatidvefiore the error actually
changes sign. This avoids excessive temperature swingsaliagoof the heating
plant. This interplay between the dynamics of the processtadperation of the
controller is a key element in modern control systems design

There are many other control system examples that have gedtlover the
years with progressively increasing levels of sophisiticatAn early system with
broad public exposure was tauise controloption introduced on automobiles in
1958 (see Figuré.4h). Cruise control illustrates the dynamic behavior of ctbse
loop feedback systems in action—the slowdown error as thiesyclimbs a grade,
the gradual reduction of that error due to integral actiothécontroller, the small
overshoot at the top of the climb, etc. Later control systemawtomobiles such
as emission controls and fuel-metering systems have aghieajor reductions of
pollutants and increases in fuel economy.

Power Generation and Transmission

Access to electrical power has been one of the major driveteahnological
progress in modern society. Much of the early developmenbafrol was driven
by the generation and distribution of electrical power. ttains mission critical
for power systems, and there are many control loops in iddali power stations.
Control is also important for the operation of the whole powetwork since it
is dif cult to store energy and it is thus necessary to matahdpiction to con-
sumption. Power management is a straightforward regulatioibnlem for a system
with one generator and one power consumer, but it is more wif i a highly
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Figure 1.5: A small portion of the European power network. By 2008 Europeanepow
suppliers will operate a single interconnected network covering a regiomthe Arctic to
the Mediterranean and from the Atlantic to the Urals. In 2004 the installedrpeagmore
than 700 GW (7 10 W). (Source: UCTE [www.ucte.org])

distributed system with many generators and long distalpe®geen consumption
and generation. Power demand can change rapidly in an uopakid manner and
combining generators and consumers into large networkesiggossible to share
loads among many suppliers and to average consumption amaimg customers.
Large transcontinental and transnational power systenss thavefore been built,
such as the one show in Figuteb.

Most electricity is distributed by alternating current (A@cause the transmis-
sion voltage can be changed with small power losses usingftramers. Alternating
current generators can deliver power only if the generatm@synchronized to the
voltage variations in the network. This means that the ratbedl generators in a
network must be synchronized. To achieve this with locakdéalized controllers
and a small amount of interaction is a challenging probleror&igic low-frequency
oscillations between distant regions have been observed vegional power grids
have been interconnecteld\v05].

Safety and reliability are major concerns in power systemsrdmay be dis-
turbances due to trees falling down on power lines, liglgrminequipment failures.
There are sophisticated control systems that attempt to tkeegpystem operating
even when there are large disturbances. The control actaonbeto reduce volt-
age, to break up the net into subnets or to switch off linespaveker users. These
safety systems are an essential element of power distsibatistems, but in spite
of all precautions there are occasionally failures in lagrgeer systems. The power
system is thus a nice example of a complicated distributstesywhere control is
executed on many levels and in many different ways.
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(a) F/A-18 “Hornet” (b) X-45 UCAV

Figure 1.6: Military aerospace systems. (a) The F/A-18 aircraft is one of the mstipction
military ghters to use “ y-by-wire” technology. (b) The X-45 (UCAV) mmanned aerial
vehicle is capable of autonomous ight, using inertial measuremenbsgiasid the global
positioning system (GPS) to monitor its position relative to a desired traje¢®rgtographs
courtesy of NASA Dryden Flight Research Center.)

Aerospace and Transportation

In aerospace, control has been a key technological catyafpdicing back to the
beginning of the 20th century. Indeed, the Wright brotheesarrectly famous
not for demonstrating simply powered ight babntrolledpowered ight. Their
early Wright Flyer incorporated moving control surfacegiieal ns and canards)
and warpable wings that allowed the pilot to regulate theraft's ight. In fact,
the aircraft itself was not stable, so continuous pilot ections were mandatory.
This early example of controlled ight was followed by a fasaiimg success story
of continuous improvements in ight control technology, uihating in the high-
performance, highly reliable automatic ight control syste we see in modern
commercial and military aircraft today (Figuiet).

Similar success stories for control technology have ocduimemany other
application areas. Early World War 1l bombsights and re cohservo systems
have evolved into today's highly accurate radar-guidedsgamd precision-guided
weapons. Early failure-prone space missions have evolvedantine launch oper-
ations, manned landings on the moon, permanently mannee sgations, robotic
vehicles roving Mars, orbiting vehicles at the outer plargtd a host of commer-
cial and military satellites serving various surveillancemmunication, navigation
and earth observation needs. Cars have advanced from ryatwedd mechani-
cal/pneumatic technology to computer-controlled operatif all major functions,
including fuel injection, emission control, cruise comttaraking and cabin com-
fort.

Current research in aerospace and transportation sysgeimgestigating the
application of feedback to higher levels of decision makingluding logical regu-
lation of operating modes, vehicle con gurations, payload gurations and health
status. These have historically been performed by humaratgwer but today that
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Figure 1.7: Materials processing. Modern materials are processed underlbacefutrolled
conditions, using reactors such as the metal organic chemical vapositien (MOCVD)
reactor shown on the left, which was for manufacturing supercondpttiin Ims. Using
lithography, chemical etching, vapor deposition and other techniqoeslex devices can
be built, such as the IBM cell processor shown on the right. (MOCVD incagetesy of Bob
Kee. IBM cell processor photograph courtesy Tom Way, IBM Caaion; unauthorized use
not permitted.)

boundary is moving and control systems are increasingingedn these functions.
Another dramatic trend on the horizon is the use of largesctibns of distributed
entities with local computation, global communication geations, little regularity
imposed by the laws of physics and no possibility of impogiagtralized control
actions. Examples of this trend include the national airspa@anagement problem,
automated highway and traf c management and command andotdot future
battle elds.

Materials and Processing

The chemical industry is responsible for the remarkable r@sxyin developing
new materials that are key to our modern society. In additidhe continuing need
to improve product quality, several other factors in thecpss control industry
are drivers for the use of control. Environmental statutedioae to place stricter
limitations on the production of pollutants, forcing thews sophisticated pollution
control devices. Environmental safety considerations Heseto the design of
smaller storage capacities to diminish the risk of majonuical leakage, requiring
tighter control on upstream processes and, in some caggsy ®hhains. And large
increases in energy costs have encouraged engineersgo gésits that are highly
integrated, coupling many processes that used to opedsapamdently. All of these
trends increase the complexity of these processes andrfioerpance requirements
for the control systems, making control system design esirgly challenging.
Some examples of materials-processing technology are simoigurel1.7.

As in many other application areas, new sensor technologyeating new
opportunities for control. Online sensors—including tabackscattering, video
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microscopy and ultraviolet, infrared and Raman spectimgeeare becoming more
robust and less expensive and are appearing in more mamurf@gbirocesses. Many
of these sensors are already being used by current processlcgystems, but
more sophisticated signal-processing and control teciesigre needed to use more
effectively the real-time information provided by thesesars. Control engineers
also contribute to the design of even better sensors, whiglstdl needed, for
example, in the microelectronics industry. As elsewhdre dhallenge is making
use of the large amounts of data provided by these new seimsars effective
manner. In addition, a control-oriented approach to modele essential physics
of the underlying processes is required to understand theéafmental limits on
observability of the internal state through sensor data.

Instrumentation

The measurement of physical variables is of prime interestience and engineer-
ing. Consider, for example, an accelerometer, where eatyuiments consisted of
a mass suspended on a spring with a de ection sensor. The jpreassuch an
instrument depends critically on accurate calibratiorhef$pring and the sensor.
There is also a design compromise because a weak spring givesamsitivity but
low bandwidth.

A different way of measuring acceleration is to tisee feedbackThe spring
is replaced by a voice coil that is controlled so that the mes®gins at a constant
position. The acceleration is proportional to the currenttlyh the voice coil. In
such aninstrument, the precision depends entirely on theagon of the voice coil
and does not depend on the sensor, which is used only as theafdesignal. The
sensitivity/bandwidth compromise is also avoided. This whysing feedback has
been applied to many different engineering elds and haslteduin instruments
with dramatically improved performance. Force feedbac&ls® used in haptic
devices for manual control.

Another important application of feedback is in instrunagioin for biological
systems. Feedback is widely used to measure ion currentdisruseng a device
called avoltage clampwhich is illustrated in Figuré.8. Hodgkin and Huxley used
the voltage clamp to investigate propagation of actionmiigés in the axon of the
giant squid. In 1963 they shared the Nobel Prize in Medicirth #ccles for “their
discoveries concerning the ionic mechanisms involved aitation and inhibition
in the peripheral and central portions of the nerve cell mamé.” A re nement of
the voltage clamp called@atch clampmade it possible to measure exactly when a
single ion channel is opened or closed. This was developeahgiNand Sakmann,
who received the 1991 Nobel Prize in Medicine “for their digeges concerning
the function of single ion channels in cells.”

There are many other interesting and useful applicationsaxlfack in scien-
ti ¢ instruments. The development of the mass spectrometanisarly example.
In a 1935 paper, Nier observed that the de ection of ions ddpemm both the
magnetic and the electric eldsNje35. Instead of keeping both elds constant,
Nier let the magnetic eld uctuate and the electric eld was d¢ariled to keep the
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Figure 1.8: The voltage clamp method for measuring ion currents in cells using fekdha
pipet is used to place an electrode in a cell (left and middle) and maintaiotéetal of the
cell at a xed level. The internal voltage in the cellis and the voltage of the external uid
is Ve. The feedback system (right) controls the curreirtto the cell so that the voltage drop
across the cellmembrade D v; Ve is equal to its reference valde . The current is
then equal to the ion current.

ratio between the elds constant. Feedback was implemented vacuum tube
ampli ers. This scheme was crucial for the development of nspestroscopy.

The Dutch engineer van der Meer invented a clever way to usthésk to
maintain a good-quality high-density beam in a particlecta@ator MPTvdM8(.
The idea is to sense particle displacement at one point incitedexator and apply
a correcting signal at another point. This scheme, catedhastic coolingwas
awarded the Nobel Prize in Physics in 1984. The method was esstemtthe
successful experiments at CERN where the existence of thelparW and Z
associated with the weak force was rst demonstrated.

The 1986 Nobel Prize in Physics—awarded to Binnig and Rohrénéardesign
of the scanning tunneling microscope—is another exampda @finovative use of
feedback. The key idea is to move a harrow tip on a cantileveamiaeross a surface
and to register the forces on the tiBR86. The de ection of the tip is measured
using tunneling. The tunneling current is used by a feedbgstem to control the
position of the cantilever base so that the tunneling ctiissronstant, an example
of force feedback. The accuracy is so high that individualrstaan be registered.
A map of the atoms is obtained by moving the base of the castileorizontally.
The performance of the control system is directly re ectedhmimage quality and
scanning speed. This example is described in additionail detahapter3.

Robotics and Intelligent Machines

The goal of cybernetic engineering, already articulatedéri©940s and even before,
has been to implement systems capable of exhibiting hightiple or “intelligent”
responses to changing circumstances. In 1948 the MIT mattigiem Norbert
Wiener gave a widely read account of cybernetitéd4g. A more mathematical
treatment of the elements of engineering cybernetics wesepted by H. S. Tsien
in 1954, driven by problems related to the control of miss[lEsi54]. Together,
these works and others of that time form much of the intall@dbasis for modern
work in robotics and control.

Two accomplishments that demonstrate the successes ofltharethe Mars
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Figure 1.9:Robotic systems. (a) Spirit, one of the two Mars Exploratory Rovers thdelhon
Mars in January 2004. (b) The Sony AIBO Entertainment Robot, otteeofst entertainment
robots to be mass-marketed. Both robots make use of feedback betgresors, actuators and
computation to function in unknown environments. (Photographs cqusfeket Propulsion
Laboratory and Sony Electronics, Inc.)

Exploratory Rovers and entertainment robots such as the S&8§ Ashown in
Figure 1.9. The two Mars Exploratory Rovers, launched by the Jet Propulsio
Laboratory (JPL), maneuvered on the surface of Mars for moredlyaars starting
in January 2004 and sent back pictures and measuremengir@rtisironment. The
Sony AIBO robot debuted in June 1999 and was the rst “entemt&int” robot to be
mass-marketed by a major international corporation. Itpeaiscularly noteworthy
because of its use of arti cial intelligence (Al) technolegithat allowed it to act in
response to external stimulation and its own judgment. Tigisdr level of feedback
is a key element in robotics, where issues such as obstauteance, goal seeking,
learning and autonomy are prevalent.

Despite the enormous progress in robotics over the lastcealfury, in many
ways the eld is still in its infancy. Today's robots still ediit simple behaviors
compared with humans, and their ability to locomote, intetrgomplex sensory
inputs, perform higher-level reasoning and cooperatethegen teams is limited.
Indeed, much of Wiener's vision for robotics and intelligenachines remains
unrealized. While advances are needed in many elds to aehileis vision—
including advances in sensing, actuation and energy sterdige opportunity to
combine the advances of the Al community in planning, adeptand learning
with the techniques in the control community for modelingalgsis and design of
feedback systems presents a renewed path for progress.

Networks and Computing Systems

Control of networks is a large research area spanning magstancluding con-

gestion control, routing, data caching and power managerSeneral features of
these control problems make them very challenging. The damifeature is the
extremely large scale of the system; the Internet is probtiia largest feedback
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Figure 1.10: A multitier system for services on the Internet. In the complete system shown
schematically in (a), users request information from a set of cong(iter 1), which in turn
collect information from other computers (tiers 2 and 3). The indivigealer shown in (b)

has a set of reference parameters set by a (human) system opeititdeedback used to
maintain the operation of the system in the presence of uncertainty. (Badéellerstein et

al. [HDPTO04.)

control system humans have ever built. Another is the deakerdd nature of the
control problem: decisions must be made quickly and basbdooriocal informa-
tion. Stability is complicated by the presence of varyingeilags, as information
about the network state can be observed or relayed to ctangohly after a delay,
and the effect of a local control action can be felt throudhloe network only after
substantial delay. Uncertainty and variation in the nekwtirough network topol-
ogy, transmission channel characteristics, traf c demamdl available resources,
may change constantly and unpredictably. Other comptigassues are the diverse
traf ¢ characteristics—in terms of arrival statistics atbhthe packet and ow time
scales—and the different requirements for quality of sertiat the network must
support.

Related to the control of networks is control of the servbas sit on these net-
works. Computers are key components of the systems of syuteb servers and
database servers used for communication, electronic cooenadvertising and
information storage. While hardware costs for computingeldecreased dramati-
cally, the cost of operating these systems has increasedibeof the dif culty in
managing and maintaining these complex interconnecteadrsgs The situation is
similar to the early phases of process control when feedwaskrst introduced to
control industrial processes. As in process control, tleednteresting possibili-
ties for increasing performance and decreasing costs lyiageedback. Several
promising uses of feedback in the operation of computeesystare described in
the book by Hellerstein et alHDPT04.

A typical example of a multilayer system for e-commerce isvah in Fig-
urel.10a The system has several tiers of servers. The edge servetsooapm-
ing requests and routes them to the HTTP server tier where tleepaaised and
distributed to the application servers. The processingiffardnt requests can vary
widely, and the application servers may also access exteenzers managed by
other organizations.

Control of an individual server in a layer is illustrated irgkre1.10b A quan-
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tity representing the quality of service or cost of opematiesuch as response time,
throughput, service rate or memory usage—is measured ootheuter. The con-
trol variables might represent incoming messages acceptiedities in the oper-
ating system or memory allocation. The feedback loop thesgits to maintain
quality-of-service variables within a target range of esu

Economics

The economy is a large, dynamical system with many actorergovents, orga-
nizations, companies and individuals. Governments cbttioeconomy through
laws and taxes, the central banks by setting interest ratks@mpanies by setting
prices and making investments. Individuals control theneaay through purchases,
savings and investments. Many efforts have been made tolrimsystem both
at the macro level and at the micro level, but this modelirgjfisult because the
system is strongly in uenced by the behaviors of the difféigstors in the system.

Keynes Key36 developed a simple model to understand relations amorgsgro
national product, investment, consumption and governspariding. One of Keynes'
observations was that under certain conditions, e.g.nduhie 1930s depression,
anincrease in the investment of government spending ceattitb a larger increase
in the gross national product. This idea was used by sevevaergments to try to
alleviate the depression. Keynes' ideas can be capturedsbyigle model that is
discussed in Exercis24.

A perspective on the modeling and control of economic systeam be obtained
from the work of some economists who have received the S\&Rgesbank Prize
in Economics in Memory of Alfred Nobel, popularly called thebél Prize in
Economics. Paul A. Samuelson received the prize in 1970 fersdenti ¢ work
through which he has developed static and dynamic econdraary and actively
contributed to raising the level of analysis in economiesce.” Lawrence Klein
received the prize in 1980 for the development of large dyoalhmodels with
many parameters that were tted to historical dat&@sp5], e.g., a model of the
U.S. economy in the period 1929-1952. Other researchershadeled other
countries and other periods. In 1997 Myron Scholes sharegrthe with Robert
Merton for a new method to determine the value of derivatidd®y ingredient was
a dynamic model of the variation of stock prices that is wydeded by banks and
investment companies. In 2004 Finn E. Kydland and Edward C. ¢atesthared
the economics prize “for their contributions to dynamic ne@conomics: the time
consistency of economic policy and the driving forces beétinsiness cycles,” a
topic that is clearly related to dynamics and control.

One of the reasons why it is dif cult to model economic systamthat there
are no conservation laws. A typical example is that the valua company as
expressed by its stock can change rapidly and erraticalbteTare, however, some
areas with conservation laws that permit accurate mode@dmg example is the
ow of products from a manufacturer to a retailer as illusétn Figurel.11 The
products are physical quantities that obey a conservadigrend the system can be
modeled by accounting for the number of products in the @fieinventories. There
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Figure 1.11: Supply chain dynamics (after Forrest&of61). Products ow from the pro-
ducer to the customer through distributors and retailers as indicated bylithéres. There
are typically many factories and warehouses and even more distribntbrstailers. Multiple
feedback loops are present as each agent tries to maintain the pragrepity level.

are considerable economic bene ts in controlling supplyicda&o that products
are available to customers while minimizing products thmatia storage. The real
problems are more complicated than indicated in the gureabee there may be
many different products, there may be different factories tre geographically
distributed and the factories may require raw material bassemblies.

Control of supply chains was proposed by Forrester in 186141 and is now
growing in importance. Considerable economic bene ts canliifained by using
models to minimize inventories. Their use accelerated dtiaailly when infor-
mation technology was applied to predict sales, keep trapkanlucts and enable
just-in-time manufacturing. Supply chain management hasitaited signi cantly
to the growing success of global distributors.

Advertising on the Internet is an emerging application afteal. With network-
based advertising it is easy to measure the effect of differarketing strategies
quickly. The response of customers can then be modeled, adtdek strategies
can be developed.

Feedback in Nature

Many problems in the natural sciences involve understandggregate behavior
in complex large-scale systems. This behavior emerges fnenmteraction of a
multitude of simpler systems with intricate patterns oformhation ow. Repre-
sentative examples can be found in elds ranging from emlmypko seismology.
Researchers who specialize in the study of speci c complsiesys often develop
an intuitive emphasis on analyzing the role of feedback fiegrconnection) in
facilitating and stabilizing aggregate behavior.

While sophisticated theories have been developed by domauarts for the
analysis of various complex systems, the development @faaus methodology
that can discover and exploit common features and esseratAkematical structure
is just beginning to emerge. Advances in science and teobgealre creating a new
understanding of the underlying dynamics and the impogahteedback in awide
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Figure 1.12: The wiring diagram of the growth-signaling circuitry of the mammalian
cell [HWO0OQ]. The major pathways that are thought to play a role in cancer are indicate
in the diagram. Lines represent interactions between genes and prioté¢firescell. Lines
ending in arrowheads indicate activation of the given gene or pathwass énding in a
T-shaped head indicate repression. (Used with permission of Elseadiesid the authors.)

variety of natural and technological systems. We brie y Higitit three application
areas here.

Biological SystemgA major theme currently of interest to the biology commu-
nity is the science of reverse (and eventually forward) eegiing of biological
control networks such as the one shown in FiglwE2 There are a wide variety
of biological phenomena that provide a rich source of exaspf control, includ-
ing gene regulation and signal transduction; hormonal,umafogical and cardio-
vascular feedback mechanisms; muscular control and lotomactive sensing,
vision and proprioception; attention and consciousness;p@pulation dynamics
and epidemics. Each of these (and many more) provide oppiiesito gure out
what works, how it works, and what we can do to affect it.

One interesting feature of biological systems is the freqjuse of positive feed-
back to shape the dynamics of the system. Positive feedbadbecased to create
switchlike behavior through autoregulation of a gene, ammléate oscillations such
as those present in the cell cycle, central pattern gernsrataircadian rhythm.

Ecosystemdn contrast to individual cells and organisms, emergenp@ries
of aggregations and ecosystems inherently re ect seleatiechanisms that act on
multiple levels, and primarily on scales well below that loé tsystem as a whole.
Because ecosystems are complex, multiscale dynamicamsgsthey provide a
broad range of new challenges for the modeling and analy$eedback systems.
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Recent experience in applying tools from control and dycahsystems to bacterial
networks suggests that much of the complexity of these n&swvs due to the
presence of multiple layers of feedback loops that provml®ust functionality
to the individual cell. Yet in other instances, events at ¢b# level bene t the
colony at the expense of the individual. Systems level aisatyen be applied to
ecosystems with the goal of understanding the robustnesscbfsystems and the
extent to which decisions and events affecting individya&lcées contribute to the
robustness and/or fragility of the ecosystem as a whole.

Environmental Sciencé.is now indisputable that human activities have altered
the environment on a global scale. Problems of enormous @xitylchallenge
researchers in this area, and rst among these is to under#t@nfeedback sys-
tems that operate on the global scale. One of the challengis/eloping such an
understanding is the multiscale nature of the problem, détiailed understanding
of the dynamics of microscale phenomena such as microhazbgrganisms be-
ing a necessary component of understanding global pherepreech as the carbon
cycle.

1.4 Feedback Properties

Feedback is a powerful idea which, as we have seen, is usats&sdly in natural
and technological systems. The principle of feedback is leinfgase correcting
actions on the difference between desired and actual peaftee. In engineering,
feedback has beenrediscovered and patented many timesyrdiffarent contexts.
The use of feedback has often resulted in vast improvemesigsiem capability,
and these improvements have sometimes been revolutiasdiscussed above.
The reason for this is that feedback has some truly remarkabfeerties. In this
section we will discuss some of the properties of feedbaakdhn be understood
intuitively. This intuition will be formalized in subsequiechapters.

Robustness to Uncertainty

One of the key uses of feedback is to provide robustness tertaicty. By mea-
suring the difference between the sensed value of a regudageal and its desired
value, we can supply a corrective action. If the system wywks some change that
affects the regulated signal, then we sense this change\atalforce the system
back to the desired operating point. This is precisely thecethat Watt exploited
in his use of the centrifugal governor on steam engines.

As an example of this principle, consider the simple feelllsgstem shown in
Figurel.13 In this system, the speed of a vehicle is controlled by ditigshe
amount of gas owing to the engine. Simpbeoportional-integral(PI1) feedback
is used to make the amount of gas depend on both the error dretive current
and the desired speed and the integral of that error. The plth@ right shows
the results of this feedback for a step change in the deseeldsand a variety of
different masses for the car, which might result from hawardjfferent number of
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Figure 1.13: A feedback system for controlling the speed of a vehicle. In the blockaliag
on the left, the speed of the vehicle is measured and compared to theldgsiesl within the
“Compute” block. Based on the difference in the actual and desirestispéhe throttle (or
brake) is used to modify the force applied to the vehicle by the enginetcain and wheels.
The gure on the right shows the response of the control system to axemtted change in
speed from 25 m/s to 30 m/s. The three different curves corredpdtifiering masses of the
vehicle, between 1000 and 3000 kg, demonstrating the robustnessobdsie loop system
to a very large change in the vehicle characteristics.

passengers or towing a trailer. Notice that independeihofitass (which varies by
a factor of 3!), the steady-state speed of the vehicle alappsoaches the desired
speed and achieves that speed within approximately 5 s. Tieysetrformance of
the system is robust with respect to this uncertainty.

Another early example of the use of feedback to provide rolass is the nega-
tive feedback ampli er. When telephone communications wkreecloped, ampli-
ers were used to compensate for signal attenuation in lomggli A vacuum tube
was a component that could be used to build ampli ers. Diginrtaused by the
nonlinear characteristics of the tube ampli er togethermampli er drift were
obstacles that prevented the development of line ampli eraflong time. A ma-
jor breakthrough was the invention of the feedback ampliret®27 by Harold S.
Black, an electrical engineer at Bell Telephone Laborasof#ack usedegative
feedbackwhich reduces the gain but makes the ampli er insensitiveatdations
in tube characteristics. This invention made it possibleuitdbstable ampli ers
with linear characteristics despite the nonlinearitiethefvacuum tube ampli er.

Design of Dynamics

Another use of feedback is to change the dynamics of a systhrough feed-
back, we can alter the behavior of a system to meet the neeals application:
systems that are unstable can be stabilized, systems éhslugigish can be made
responsive and systems that have drifting operating poenisbe held constant.
Control theory provides a rich collection of techniquesnalgize the stability and
dynamic response of complex systems and to place bounds txeltavior of such
systems by analyzing the gains of linear and nonlinear ¢per¢hat describe their
components.

An example of the use of control in the design of dynamics cofrem the area
of ight control. The following quote, from a lecture presedtBy Wilbur Wright
to the Western Society of Engineers in 19McF53, illustrates the role of control
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in the development of the airplane:

Men already know how to construct wings or airplanes, whittiemw
driven through the air at suf cient speed, will not only sust#e
weight of the wings themselves, but also that of the engind, Gt
the engineer as well. Men also know how to build engines arehsc
of suf cient lightness and power to drive these planes atasnstg
speed ... Inability to balance and steer still confrontsietiis of the
ying problem ... When this one feature has been worked ouwg, th
age of ying will have arrived, for all other dif culties are ofinor
importance.

The Wright brothers thus realized that control was a key iss@mable ight.
They resolved the compromise between stability and manehiligy by building
an airplane, the Wright Flyer, that was unstable but maneiner The Flyer had
a rudder in the front of the airplane, which made the plang waneuverable. A
disadvantage was the necessity for the pilot to keep adm#tie rudder to y the
plane: if the pilot let go of the stick, the plane would craéther early aviators
tried to build stable airplanes. These would have been e@sigrbut because of
their poor maneuverability they could not be brought up thair. By using their
insight and skillful experiments the Wright brothers mdue tst successful ight
at Kitty Hawk in 1903.

Since it was quite tiresome to y an unstable aircraft, thers at@ong motiva-
tionto nd a mechanism that would stabilize an aircraft. Suckegice, invented by
Sperry, was based on the concept of feedback. Sperry used-atggitized pendu-
lum to provide an indication of the vertical. He then arrashgéeedback mechanism
that would pull the stick to make the plane go up if it was pioigidown, and vice
versa. The Sperry autopilot was the rst use of feedback in aartical engineer-
ing, and Sperry won a prize in a competition for the safestamgin Paris in 1914.
Figure1l.14shows the Curtiss seaplane and the Sperry autopilot. Theiknitisp
a good example of how feedback can be used to stabilize aahlestystem and
hence “design the dynamics” of the aircraft.

One of the other advantages of designing the dynamics of meléyvthat it
allows for increased modularity in the overall system desBy using feedback
to create a system whose response matches a desired pro leanvaide the
complexity and variability that may be present inside a gatesn. This allows us
to create more complex systems by not having to simultargturee the responses
of a large number of interacting components. This was oneeatvantages of
Black's use of negative feedback in vacuum tube ampli erg: thsulting device
had awell-de ned linear input/output response that did mphd on the individual
characteristics of the vacuum tubes being used.

Higher Levels of Automation

A major trend in the use of feedback is its application to bigkvels of situational
awareness and decision making. This includes not only toadit logical branch-
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Figure 1.14: Aircraft autopilot system. The Sperry autopilot (left) contained a sdbof
gyros coupled to a set of air valves that controlled the wing surfaces19h2 Curtiss used
an autopilot to stabilize the roll, pitch and yaw of the aircraft and was able iotaialevel
ight as a mechanic walked on the wing (rightifig93.

ing based on system conditions but also optimization, adi@pt, learning and even
higher levels of abstract reasoning. These problems areiddmain of the arti-
cial intelligence community, with an increasing role of dymics, robustness and
interconnection in many applications.

One ofthe interesting areas of researchin higher levels@$obn is autonomous
control of cars. Early experiments with autonomous drivirgrevperformed by
Ernst Dickmanns, who in the 1980s equipped cars with camerdother sen-
sors Pic07]. In 1994 his group demonstrated autonomous driving witiméo su-
pervision on a highway near Paris and in 1995 one of his carediutonomously
(with human supervision) from Munich to Copenhagen at spaddup to 175
km/hour. The car was able to overtake other vehicles and ehlangs automati-
cally.

This application area has been recently explored througb&iRPA Grand
Challenge, a series of competitions sponsored by the U.&rgment to build ve-
hicles that can autonomously drive themselves in desertidyah environments.
Caltech competed in the 2005 and 2007 Grand Challengesasiogli ed Ford E-
350 offroad van nicknamed “Alice.” It was fully automateaiciuding electronically
controlled steering, throttle, brakes, transmission gnéion. Its sensing systems
included multiple video cameras scanning at 10-30 Hz, sélaser ranging units
scanning at 10 Hz and an inertial navigation package cajpdpli®viding position
and orientation estimates at 5 ms temporal resolution. Céatipnal resources in-
cluded 12 high-speed servers connected together througbldsiEthernet switch.
The vehicle is shown in Figurg.15 along with a block diagram of its control
architecture.

The software and hardware infrastructure that was develepabled the ve-
hicle to traverse long distances at substantial speedsstimgt), Alice drove itself
more than 500 km in the Mojave Desert of California, with thédity to follow dirt
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Figure 1.15:DARPA Grand Challenge. “Alice,” Team Caltech's entry in the 2005 an@i720
competitions and its networked control architectul@&{G+06. The feedback system fuses
data from terrain sensors (cameras and laser range nders) tordle¢ea digital elevation
map. This map is used to compute the vehicle's potential speed over thetend an
optimization-based path planner then commands a trajectory for the véhitddow. A
supervisory control module performs higher-level tasks suchrdling sensor and actuator
failures.

roads and trails (if present) and avoid obstacles alongatte Speeds of more than
50 km/h were obtained in the fully autonomous mode. Substiamting of the al-
gorithms was done during desert testing, in part because dditk of systems-level
design tools for systems of this level of complexity. Othempetitors in the race
(including Stanford, which won the 2005 competition) usepbathms for adaptive
control and learning, increasing the capabilities of tlsgstems in unknown en-
vironments. Together, the competitors in the Grand Chgéetemonstrated some
of the capabilities of the next generation of control systemd highlighted many
research directions in control at higher levels of decisiaking.

Drawbacks of Feedback

While feedback has many advantages, it also has some drisvi@isief among
these is the possibility of instability if the system is na&s@yned properly. We
are all familiar with the effects opositive feedbackvhen the ampli cation on
a microphone is turned up too high in a room. This is an exampfeeazlback
instability, something that we obviously want to avoid. Tisigricky because we
must design the system not only to be stable under nominaiwomns but also to
remain stable under all possible perturbations of the dycsam

In addition to the potential for instability, feedback imaetly couples different
parts of a system. One common problem is that feedback offects measurement
noise into the system. Measurements must be carefully dtsmethat the actuation
and process dynamics do not respond to them, while at the ts@m@mensuring that
the measurement signal from the sensor is properly couptedhe closed loop
dynamics (so that the proper levels of performance are aethje

Another potential drawback of control is the complexity ofteedding a control
system in a product. While the cost of sensing, computatimhegtuation has de-
creased dramatically in the past few decades, the fact nartigat control systems
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are often complicated, and hence one must carefully balfecssts and bene ts.
An early engineering example of this is the use of micropssoe-based feedback
systems in automobiles.The use of microprocessors in ati@applications be-
gan in the early 1970s and was driven by increasingly strigssions standards,
which could be met only through electronic controls. Earlgteyns were expensive
and failed more often than desired, leading to frequenbeost dissatisfaction. It
was only through aggressive improvements in technology ttfea performance,
reliability and cost of these systems allowed them to be usadransparent fash-
ion. Even today, the complexity of these systems is such thsif cult for an
individual car owner to x problems.

Feedforward

Feedback is reactive: there must be an error before coreeatitions are taken.
However, in some circumstances it is possible to measurstardance before it
enters the system, and this information can then be use#ecactarective action
before the disturbance has in uenced the system. The effetteoflisturbance is
thus reduced by measuring it and generating a control sipaalcounteracts it.
This way of controlling a system is calléeledforward Feedforward is particularly
useful in shaping the response to command signals becanseamd signals are
always available. Since feedforward attempts to match tgmeds, it requires good
process models; otherwise the corrections may have thegvgine or may be badly
timed.

The ideas of feedback and feedforward are very general arghappmany dif-
ferent elds. In economics, feedback and feedforward ardogyuaus to a market-
based economy versus a planned economy. In business, arfgardf strategy
corresponds to running a company based on extensive stratagning, while a
feedback strategy corresponds to a reactive approacholioglyi feedforward has
been suggested as an essential element for motion contrahians that is tuned
during training. Experience indicates that it is often adagrous to combine feed-
back and feedforward, and the correct balance requireghinand understanding
of their respective properties.

Positive Feedback

In most of this text, we will consider the role okgative feedbachn which we
attempt to regulate the system by reacting to disturbamcasiay that decreases
the effect of those disturbances. In some systems, paatigldiological systems,
positive feedbackan play an important role. In a system with positive feetbac
the increase in some variable or signal leads to a situatiavhich that quantity
is further increased through its dynamics. This has a déiiabi effect and is
usually accompanied by a saturation that limits the grothequantity. Although
often considered undesirable, this behavior is used irbioal (and engineering)
systems to obtain a very fast response to a condition orlsigna

One example of the use of positive feedback is to create Biwgdbehavior,
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Figure 1.16: Input/output characteristics of on-off controllers. Each plot showsnieat on
the horizontal axis and the corresponding output on the vertical axial toh-off control is
shown in (a), with modi cations for a dead zone (b) or hysteresis (oteNhat for on-off
control with hysteresis, the output depends on the value of past inputs.

in which a system maintains a given state until some inpussase a threshold.
Hysteresis is often present so that noisy inputs near tleshiotd do not cause the
system to jitter. This type of behavior is callbdtability and is often associated
with memory devices.

1.5 Simple Forms of Feedback

The idea of feedback to make corrective actions based on fieeettice between
the desired and the actual values of a quantity can be implesdé many different
ways. The bene ts of feedback can be obtained by very simphiiaek laws such
as on-off control, proportional control and proportiofiraiegral-derivative control.
In this section we provide a brief preview of some of the tspiat will be studied
more formally in the remainder of the text.

On-Off Control

A simple feedback mechanism can be described as follows:

(

Unax ife>0

ubD .
Umin iIfe< 0,

(1.1)

where thecontrol erroreD r  y is the difference between the reference signal (or
command signat) and the output of the systeyrandu is the actuation command.
Figurel.16ashows the relation between error and control. This contvoliaplies
that maximum corrective action is always used.

The feedback in equatiord (1) is calledon-off control One of its chief advan-
tagesisthat it is simple and there are no parameters to eh@osoff control often
succeeds in keeping the process variable close to the mefrsuch as the use of
a simple thermostat to maintain the temperature of a rootgpically results in
a system where the controlled variables oscillate, whiaiftesn acceptable if the
oscillation is suf ciently small.

Notice that in equationl(1) the control variable is not de ned when the error
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is zero. It is common to make modi cations by introducing eitta dead zone or
hysteresis (see Figufel6bandl1.169.

PID Control

The reason why on-off control often gives rise to oscillasios that the system
overreacts since a small change in the error makes the edtvatable change over
the fullrange. This effect is avoidedjmoportional contro) where the characteristic
of the controller is proportional to the control error for @irerrors. This can be
achieved with the control Ia\év

2 Umax If e emax
ubD _kpe if €min < €< emax (1.2)
" Umin if€  Emin;
wherek, is the controller gaingyin D Umin=Kp andeénax D Umax=Kp. The interval

.€min; Emax/ 1S called theproportional bandbecause the behavior of the controller
is linear when the error is in this interval:

uDkp.r y/ Dkpe ifénn € €max (1.3)

While avastimprovement over on-off control, proportiooahtrol has the draw-
back that the process variable often deviates from itseafar value. In particular,
if some level of control signal is required for the system &imtain a desired value,
then we must have 610 in order to generate the requisite input.

This can be avoided by making the control action proportitm#ie integral of
the error: Z,

u.t/ D k; e/d: (1.4)
0
This control form is calledntegral control andk; is the integral gain. It can be
shown through simple arguments that a controller with irgkegction has zero
steady-state error (Exerci&eb). The catch is that there may not always be a steady
state because the system may be oscillating.

An additional re nement is to provide the controller with anti@ipative abil-

ity by using a prediction of the error. A simple predictiongizen by the linear

extrapolation

det/
etCTy et/C Td%;

which predicts the errofy time units ahead. Combining proportional, integral and
derivative control, we obtain a controller that can be espeel mathematically as
z
t det/
u.t/ D kpe.t/ Ck; e/ d Cky——:
0 dt
The control action is thus a sum of three terms: the past agsepted by the
integral of the error, the present as represented by theogiopal term and the
future as represented by a linear extrapolation of the dther derivative term).

(1.5)
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Figure 1.17: Action of a PID controller. At timet, the proportional term depends on the
instantaneous value of the error. The integral portion of the feedbaelsed on the integral

of the error up to time (shaded portion). The derivative term provides an estimate of the
growth or decay of the error over time by looking at the rate of changiefrror. Ty
represents the approximate amount of time in which the error is projemtedrd (see text).

This form of feedback is called@oportional-integral-derivative (PID) controller
and its action is illustrated in Figute17.

A PID controller is very useful and is capable of solving a widage of con-
trol problems. More than 95% of all industrial control preiris are solved by
PID control, although many of these controllers are actyathportional-integral
(PI) controllersbecause derivative action is often not includB#f02]. There are
also more advanced controllers, which differ from PID coltérs by using more
sophisticated methods for prediction.

1.6 Further Reading

The material in this section draws heavily from the reporthef Panel on Future
Directions on Control, Dynamics and Systeruf03]. Several additional papers
and reports have highlighted the successes of coni8Bf] and new vistas in
control [Bro0OO, Kum01, Wis07]. The early development of control is described
by Mayr [May7( and in the books by BennetBgn79 Ben93, which cover the
period 1800-1955. A fascinating examination of some of dréyénistory of con-
trol in the United States has been written by Mind&lif02]. A popular book
that describes many control concepts across a wide rangsaplihes isOut of
Control by Kelly [Kel94]. There are many textbooks available that describe con-
trol systems in the context of speci c disciplines. For erggirs, the textbooks by
Franklin, Powell and Emami-NaeirfiFfPENO03, Dorf and Bishop PB04], Kuo and
Golnaraghi KG02] and Seborg, Edgar and Mellichan®EMO04 are widely used.
More mathematically oriented treatments of control theocjude Sontag$on98
and Lewis Lew03. The book by Hellerstein et alHDPT04 provides a description
of the use of feedback control in computing systems. A nurableooks look at the
role of dynamics and feedback in biological systems, inclgdvilhorn [Mil66]
(now out of print), J. D. MurrayNur04] and Ellner and GuckenheimeE({05.
The book by Fradkovira07 and the tutorial article by Bechhoefé¢c03 cover
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many speci ¢ topics of interest to the physics community.

Exercises

1.1(Eye motion) Perform the following experiment and explainy@sults: Hold-
ing your head still, move one of your hands left and right ionfrof your face,
following it with your eyes. Record how quickly you can moveuy hand before
you begin to lose track of it. Now hold your hand still and shgkur head left to
right, once again recording how quickly you can move befosing track of your
hand.

1.2 Identify ve feedback systems that you encounter in your gélay environ-
ment. For each system, identify the sensing mechanismatémtumechanism and
control law. Describe the uncertainty with respect to whioh feedback system
provides robustness and/or the dynamics that are changmdytihthe use of feed-
back.

1.3(Balance systems) Balance yourself on one foot with yous el@sed for 15 s.
Using Figurel.3as a guide, describe the control system responsible foirkggpu
from falling down. Note that the “controller” will differ fsm that in the diagram
(unless you are an android reading this in the far future).

1.4(Cruise control) Download the MATLAB code used to produce dations for
the cruise control system in Figutel3from the companion web site. Using trial
and error, change the parameters of the control law so teaitbrshoot in speed
is not more than 1 m/s for a vehicle with mam<$ 1000 kg.

1.5(Integral action) We say that a system with a constant inpartiies steady state
if the output of the system approaches a constant value asricreases. Show that
a controller with integral action, such as those given inagigns (.4) and (.5),
gives zero error if the closed loop system reaches steatiy sta

1.6 Search the web and pick an article in the popular press aba#tdiback and
control system. Describe the feedback system using thenelogy given in the
article. In particular, identify the control system and ctédse (a) the underlying
process or system being controlled, along with the (b) sefspactuator and (d)
computational element. If the some of the information isawaiilable in the article,
indicate this and take a guess at what might have been used.



Chapter Two
System Modeling

... | asked Fermi whether he was not impressed by the agreemawtdre our calculated
numbers and his measured numbers. He replied, “How many arbipargmeters did you use
for your calculations?” | thought for a moment about our cut-off prdaees and said, “Four.”
He said, “l remember my friend Johnny von Neumann used to say, witp&ameters | can
t an elephant, and with ve | can make him wiggle his trunk.”

Freeman Dyson on describing the predictions of his model for mesatospscattering to
Enrico Fermi in 1953Dys04.

A modelis a precise representation of a system's dynamas tasanswer ques-
tions via analysis and simulation. The model we choose depemdhe questions
we wish to answer, and so there may be multiple models forghesidtynamical sys-
tem, with different levels of delity depending on the phenena of interest. In this
chapter we provide an introduction to the concept of modedind present some
basic material on two speci ¢ methods commonly used in feellzand control
systems: differential equations and difference equations

2.1 Modeling Concepts

A modelis a mathematical representation of a physical, biologicahformation
system. Models allow us to reason about a system and maké&twad about
how a system will behave. In this text, we will mainly be irgsted in models of
dynamical systems describing the input/output behavigystems, and we will
often work in “state space” form.

Roughly speaking, a dynamical system is one in which theceffef actions
do not occur immediately. For example, the velocity of a caesinot change
immediately when the gas pedal is pushed nor does the tetapemaa room rise
instantaneously when a heater is switched on. Similarlyad&ehe does not vanish
right after an aspirin is taken, requiring time for it to taéect. In business systems,
increased funding for a development project does not isereavenues in the short
term, although it may do so in the long term (if it was a goodestment). All
of these are examples of dynamical systems, in which thevilmhef the system
evolves with time.

In the remainder of this section we provide an overview of safithe key
concepts in modeling. The mathematical details introdueed &are explored more
fully in the remainder of the chapter.
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Figure 2.1: Spring—mass system with nonlinear damping. The position of the massiteden
by g, with g D 0 corresponding to the rest position of the spring. The forces on the anas
generated by a linear spring with spring constaand a damper with force dependent on the
velocity @

The Heritage of Mechanics

The study of dynamics originated in attempts to describegtéag motion. The
basis was detailed observations of the planets by TychoeBaak the results of
Kepler, who found empirically that the orbits of the plan&tsild be well described
by ellipses. Newton embarked on an ambitious program tatexplain why the
planets move in ellipses, and he found that the motion coeldXplained by his
law of gravitation and the formula stating that force equadss times acceleration.
In the process he also invented calculus and differentiahtons.

One of the triumphs of Newton's mechanics was the obsenvétiat the motion
of the planets could be predicted based on the current posiaind velocities of
all planets. It was not necessary to know the past motion stdteof a dynamical
system is a collection of variables that completely chammts the motion of a
system for the purpose of predicting future motion. For @esyisof planets the
state is simply the positions and the velocities of the pgwn&/e call the set of all
possible states thstate space

A common class of mathematical models for dynamical systisnesdinary
differential equations (ODES). In mechanics, one of the fstsuch differential
equations is that of a spring—mass system with damping:

mdrC c.d¢f C kg D O: (2.1)

This system is illustrated in Figu1 The variabley 2 R represents the position
of the massn with respect to its rest position. We use the notatio denote the
derivative ofg with respect to time (i.e., the velocity of the mass) dgid represent
the second derivative (acceleration). The spring is asstmneatisfy Hooke's law,
which says that the force is proportional to the displacemiéme friction element
(damper) is taken as a nonlinear functiady, which can model effects such as
stiction and viscous drag. The positigmnd velocitydPrepresent the instantaneous
state of the system. We say that this system seeond-order systesince the
dynamics depend on the rst two derivativesof

The evolution of the position and velocity can be describadgusither a time
plot or a phase portrait, both of which are shown in Fig2u2 Thetime plot on
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Figure 2.2: lllustration of a state model. A state model gives the rate of change of tiee sta
as a function of the state. The plot on the left shows the evolution of the statiiaction of
time. The plot on the right shows the evolution of the states relative to eaeh wiith the
velocity of the state denoted by arrows.

the left, shows the values of the individual states as a fondf time. Thephase
portrait, on the right, shows theector eld for the system, which gives the state
velocity (represented as an arrow) at every point in theesgpaice. In addition,
we have superimposed the traces of some of the states frégnedif conditions.
The phase portrait gives a strong intuitive representatitimeoequation as a vector
eld or a ow. While systems of second order (two states) can &gresented in
this way, unfortunately it is dif cult to visualize equatisrof higher order using
this approach.

The differential equation2(1) is called anautonomousystem because there
are no external in uences. Such a model is natural for use iestiel mechanics
because it is dif cult to in uence the motion of the planets.rmany examples, it
is useful to model the effects of external disturbances atrotied forces on the
system. One way to capture this is to replace equagdl) by

mdrC c.d C kg D u; (2.2)

whereu represents the effect of external inputs. The mo#4) (s called aforced

or controlled differential equatianit implies that the rate of change of the state
can be in uenced by the input.t/. Adding the input makes the model richer and
allows new questions to be posed. For example, we can examfiakin uence
external disturbances have on the trajectories of a systenin the case where
the input variable is something that can be modulated in &ralbed way, we can
analyze whether it is possible to “steer” the system frompmiet in the state space
to another through proper choice of the input.

The Heritage of Electrical Engineering

Adifferent view of dynamics emerged from electrical engineg, where the design
of electronic ampli ers led to a focus on input/output belmaviA system was
considered a device that transforms inputs to outputs|uesriited in Figur.3.
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Figure 2.3: lllustration of the input/output view of a dynamical system. The gure on the
left shows a detailed circuit diagram for an electronic ampli er; the onehenright is its
representation as a block diagram.

Conceptually an input/output model can be viewed as a gadoié tof inputs and
outputs. Given an input signalt/ over some interval of time, the model should
produce the resulting outpytt/.

The input/output framework is used in many engineering dis@s since it
allows us to decompose a system into individual componestisected through
their inputs and outputs. Thus, we can take a complicate@rmsystich as a radio
or a television and break it down into manageable pieces aadie receiver,
demodulator, ampli er and speakers. Each of these pieces kasd inputs and
outputs and, through proper design, these components cardoeonnected to
form the entire system.

The input/output view is particularly useful for the spedikss oflinear time-
invariant systemsrThis term will be de ned more carefully later in this chapteut
roughly speaking a system is linear if the superpositiorlifaah) of two inputs
yields an output that is the sum of the outputs that wouldespond to individual
inputs being applied separately. A system is time-invaiifiie output response
for a given input does not depend on when that input is applied

Many electrical engineering systems can be modeled bytlitve-invariant
systems, and hence a large number of tools have been dedetopralyze them.
One such tool is thetep responsewhich describes the relationship between an
input that changes from zero to a constant value abruptlyef@ isput) and the
corresponding output. As we shall see later in the text, thp esponse is very
useful in characterizing the performance of a dynamicaksgsand it is often used
to specify the desired dynamics. A sample step responsevasim Figure2.4a

Another way to describe a linear time-invariant system igefresent it by its
response to sinusoidal input signals. This is calledfthguency responsand a
rich, powerful theory with many concepts and strong, usedslilts has emerged.
The results are based on the theory of complex variables arlddeapransforms.
The basic idea behind frequency response is that we can ctatypdbaracterize



2.1. MODELING CONCEPTS 31

4 0
- — - Input c 102
£ 2| |
o 3l 8 10
2 10*} 8
3
57 3 0
o ()
£ 2 90} :
1r 3
< -180 | 8
. 270 : :
0 ) R
0 10" 10° 10" 10°
Time Frequency
(a) Step response (b) Frequency response

Figure 2.4: Input/output response of a linear system. The step response (& gmautput
of the system due to an input that changes from 0 to 1 at tifke 5 s. The frequency
response (b) shows the amplitude gain and phase change due to ésihnpat at different
frequencies.

the behavior of a system by its steady-state response teadal inputs. Roughly
speaking, this is done by decomposing any arbitrary sigrtal a linear combi-
nation of sinusoids (e.g., by using the Fourier transforng #nen using linearity
to compute the output by combining the response to the iddalifrequencies. A
sample frequency response is shown in Figlidh

The input/output view lends itself naturally to experimémtatermination of
system dynamics, where a system is characterized by recpitdi response to
particular inputs, e.g., a step or a set of sinusoids ovengeraf frequencies.

The Control View

When control theory emerged as a discipline in the 1940safipgoach to dy-
namics was strongly in uenced by the electrical engineefingut/output) view.
A second wave of developments in control, starting in the 1850s, was inspired
by mechanics, where the state space perspective was useeméhgence of space
ight is a typical example, where precise control of the orbfta spacecraft is
essential. These two points of view gradually merged intotwtoday the state
space representation of input/output systems.

The development of state space models involved modifyingrtbdels from
mechanics to include external actuators and sensors dimngtimore general
forms of equations. In control, the model given by equat@g)(was replaced by

%( D f.x;ul; y D h.x; u/; (2.3)

wherex is a vector of state variables,is a vector of control signals angis a
vector of measurements. The tedx=dt represents the derivative pivith respect
to time, now considered a vector, ah@ndh are (possibly nonlinear) mappings of
their arguments to vectors of the appropriate dimensionnte@hanical systems,
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the state consists of the position and velocity of the sysserthatx D .q; & in the
case ofadamped spring—mass system. Note thatin the cfamtrallation we model
dynamics as rst-order differential equations, but we wiksthat this can capture
the dynamics of higher-order differential equations byrappate de nition of the
state and the mapk andh.

Adding inputs and outputs has increased the richness ofdlsical problems
and led to many new concepts. For example, it is natural taf pelssible stateg
can be reached with the proper choiceid¢feachability) and if the measurement
contains enough information to reconstruct the state (@hbdity). These topics
will be addressed in greater detail in Chap@end?7.

A nal development in building the control point of view wasglemergence of
disturbances and model uncertainty as critical elementisariheory. The simple
way of modeling disturbances as deterministic signalsdik@s and sinusoids has
the drawback that such signals cannot be predicted precisehore realistic ap-
proach is to model disturbances as random signals. This viexvgives a natural
connection between prediction and control. The dual viewagmit/output repre-
sentations and state space representations are paittiausaful when modeling
uncertainty since state models are convenient to descnbennal model but un-
certainties are easier to describe using input/output tleddéen via a frequency
response description). Uncertainty will be a constant #htmroughout the text and
will be studied in particular detail in Chapt#2.

An interesting observation in the design of control systésnthat feedback
systems can often be analyzed and designed based on corglasatple models.
The reason for this is the inherent robustness of feedbat&ragsHowever, other
uses of models may require more complexity and more accutawy example is
feedforward control strategies, where one uses a modektmprpute the inputs
that cause the system to respond in a certain way. Anothaisasgstem validation,
where one wishes to verify that the detailed response ofytsie performs as it
was designed. Because of these different uses of modetscdmnmon to use a
hierarchy of models having different complexity and delity

Multidomain Modeling

Modeling is an essential element of many disciplines, aditions and methods
from individual disciplines can differ from each other, figstrated by the previous
discussion of mechanical and electrical engineering. Aulify in systems engi-
neering is that it is frequently necessary to deal with logfeneous systems from
many different domains, including chemical, electricakamanical and informa-
tion systems.

To model such multidomain systems, we start by partitiorangystem into
smaller subsystems. Each subsystem is represented by dalquations for mass,
energy and momentum, or by appropriate descriptions ofrimition processing
in the subsystem. The behavior at the interfaces is captyreédxribing how the
variables of the subsystem behave when the subsystemdenmimected. These
interfaces act by constraining variables within the indlial subsystems to be equal
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(such as mass, energy or momentum uxes). The complete mottelnisobtained
by combining the descriptions of the subsystems and the&actes.

Using this methodology it is possible to build up libraridssabsystems that
correspond to physical, chemical and informational congpdé® The procedure
mimics the engineering approach where systems are buift $rdosystems that are
themselves built from smaller components. As experiengaiieed, the components
and their interfaces can be standardized and collecteddehibraries. In practice,
it takes several iterations to obtain a good library that lbarreused for many
applications.

State models or ordinary differential equations are noabletfor component-
based modeling of this form because states may disappear edmeponents are
connected. This implies that the internal description of mgonent may change
when it is connected to other components. As an illustratierconsider two ca-
pacitors in an electrical circuit. Each capacitor has a stateesponding to the
voltage across the capacitors, but one of the states wapgisar if the capacitors
are connected in parallel. A similar situation happens with rotating inertias,
each of which is individually modeled using the angle of tioiaand the angular
velocity. Two states will disappear when the inertias aiegd by a rigid shaft.

This dif culty can be avoided by replacing differential eqigets bydifferential
algebraic equationswhich have the form

F.zz# D 0;
wherez 2 R". A simple special case is
D f.x; ¥/, 9.X;y/ D G; (2.4)

wherez D .x;y/ andF D .% f.x;y/; g.x;y/l. The key property is that the
derivativePis not given explicitly and there may be pure algebraic retastbetween
the components of the vectar

The model 2.4) captures the examples of the parallel capacitors andrikedi
rotating inertias. For example, when two capacitors ar@eoted, we simply add
the algebraic equation expressing that the voltages athessapacitors are the
same.

Modelicais a language that has been developed to support compoased-b
modeling. Differential algebraic equations are used as#sc description, and
object-oriented programming is used to structure the nsodiébdelica is used to
model the dynamics of technical systems in domains such akanéal, electri-
cal, thermal, hydraulic, thermo uid and control subsysteMsdelica is intended
to serve as a standard format so that models arising in éiffedomains can be
exchanged between tools and users. A large set of free anahemial Modelica
component libraries are available and are used by a growimgber of people
in industry, research and academia. For further informagibout Modelica, see
http://www.modelica.or@r Tiller [TilO1].



34 CHAPTER 2. SYSTEM MODELING

2.2 State Space Models

In this section we introduce the two primary forms of modélsttwe use in this
text: differential equations and difference equationghBoake use of the notions
of state, inputs, outputs and dynamics to describe the ahafva system.

Ordinary Differential Equations

The state of a system is a collection of variables that sunzadhe past of a
system for the purpose of predicting the future. For a plysigstem the state is
composed of the variables required to account for storageass, momentum and
energy. A key issue in modeling is to decide how accurates/dtorage has to be
represented. The state variables are gathered in a ve@oR" called thestate
vector The control variables are represented by another vec®rRP, and the
measured signal by the vectpr2 RY. A system can then be represented by the
differential equation

d
d_?[( D f.x;ul; y D h.x; uf; (2.5)

wheref : R" RP! R"andh:R" RP! RYare smooth mappings. We call
a model of this form &tate space model

The dimension of the state vector is called trder of the system. The sys-
tem .5 is calledtime-invariantbecause the function andh do not depend
explicitly on timet; there are more general time-varying systems where the func
tions do depend on time. The model consists of two functidresfunctionf gives
the rate of change of the state vector as a function of gtatel controlu, and the
functionh gives the measured values as functions of statad controlu.

A system is called &near state space system if the functiohandh are linear
in X andu. A linear state space system can thus be represented by

d
d_)t( D AxC Bu; y D CxC Du; (2.6)

whereA, B, C andD are constant matrices. Such a system is said tmbar and
time-invariant or LTI for short. The matrixA is called thedynamics matrixthe
matrix B is called thecontrol matrix the matrixC is called thesensor matrixand
the matrixD is called thedirect term Frequently systems will not have a direct
term, indicating that the control signal does not in uence tlutput directly.

A different form of linear differential equations, genezaig the second-order
dynamics from mechanics, is an equation of the form

dny dn 1y
dtn C g T
wheret is the independent (time) variablg,t/ is the dependent (output) variable
andu.t/ is the input. The notatiod“y=dt* is used to denote thkth derivative
of y with respect ta, sometimes also written ag¥. The controlled differential
equation 2.7) is said to be amth-order system. This system can be converted into

C CaybDu; (2.7)
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state space form by de ning

8 9 9
X1 dn ly=dth 1
X2 d" 2y:dtn 2
x D : D
R :
and the state space equations become
8 9 8 8 9
X1 a1 X1
X2
d .
— : D X D Xn:
dt . % % y n
_ Xn 1 _ Xn 2
Xn Xn 1 0’

With the appropriate de nitions oA, B, C and D, this equation is in linear state
space form.

An even more general system is obtained by letting the ottt linear com-
bination of the states of the system, i.e.,

yD bix;ChyxoC  C byx, Cdu:

This system can be modeled in state space as

8 9 8 9 8 9
X1 =1 a i anl an 1
Xo 1 o 0 0
d8x3p3 0 1 08 ,c308
dat3 . : s (2.8)
Xn' 0 0
8
yD: by by ::: bnf x Cdu:

This particular form of a linear state space system is cabedhable canonical
formand will be studied in more detail in later chapters.

Example 2.1 Balance systems

An example of a type of system that can be modeled using asdutiferential
equations is the class bélance system# balance system is a mechanical system
in which the center of mass is balanced above a pivot pointeSmmmon examples
of balance systems are shown in Fig@ré. The Segway® Personal Transporter
(Figure 2.58 uses a motorized platform to stabilize a person standingpprof

it. When the rider leans forward, the transportation depiapels itself along the
ground but maintains its upright position. Another exanipéerocket (Figur@.5b),

in which a gimbaled nozzle at the bottom of the rocket is useddabilize the body
of the rocket above it. Other examples of balance systenisdaciumans or other
animals standing upright or a person balancing a stick an hiaed.
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p I
(a) Segway (b) Saturn rocket (c) Cart—pendulum system

Figure 2.5: Balance systems. (a) Segway Personal Transporter, (b) Satket @nd (c)
inverted pendulum on a cart. Each of these examples uses forcesattiira of the system
to keep it upright.

Balance systems are a generalization of the spring—matesisye saw earlier.
We can write the dynamics for a mechanical system in the géfam

M.g/&RC C.q; & C K.qg/ D B.qg/u;

whereM. g/ is the inertia matrix for the systeng,.q; ¢ represents the Coriolis
forces as well as the dampinlj,.q/ gives the forces due to potential energy and
B.q/ describes how the external applied forces couple into theuhjcs. The
speci ¢ form of the equations can be derived using Newtoniatmanics. Note
that each of the terms depends on the con guration of the sygtand that these
terms are often nonlinear in the con guration variables.

Figure2.5cshows a simpli ed diagram for a balance system consistingnof a
inverted pendulum on a cart. To model this system, we chdase wariables that
represent the position and velocity of the base of the sygteand |, and the angle
and angular rate of the structure above the basmd P We letF represent the
force applied at the base of the system, assumed to be in thehial direction
(aligned withp), and choose the position and angle of the system as outiits.
this set of de nitions, the dynamics of the system can be cdetgbusing Newtonian

mechanics and have the form

8 98 9 38 . 9 8 9
. MCm/ micos 3 3 & ~3cPCmisin Pz _ 3Fx3
: g C D~y

mlcos .JCml% P mglsin ° ; (2.9)

whereM is the mass of the bas®m,andJ are the mass and moment of inertia of the
system to be balanceldis the distance from the base to the center of mass of the
balanced body; and are coef cients of viscous friction anglis the acceleration
due to gravity.

We can rewrite the dynamics of the system in state space fgrde Iming the
stateax D .p; ; ® P, the input asi D F and the output ag D . p; /. If we
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de ne the total mass and total inertia as
MiDMCm; JDJCml
the equations of motion then become

8 P 9
8 9 p
p
d § 5 mis PCmgml>=d/sc cp ImcPCu g
dt M; m.ml?=J/c? :
P mi’sc PC Mgls clc . M=m/PClc u
é 9 J.Mi=m/ m.lc /2 ’
y D B P> ;

where we have used the shorthand cos ands D sin .

In many cases, the anglewill be very close to 0, and hence we can use the
approximations sin and cos 1. Furthermore, ifPis small, we can
ignore quadratic and higher termsthSubstituting these approximations into our
eguations, we see that we are left withireear state space equation

89 30 o 1 o 38,2 2 02
d gé o 0 0 1 %é 0oE
dt = 0 mi3g= cl= JIm= c J= 3%
P 0 M;mgl= clm= M= P im=
510 0 é
2 .
YD75 1 0 0 %
where D M;J mA2 r

Example 2.2 Inverted pendulum
A variation of the previous example is one in which the lomabf the base does
not need to be controlled. This happens, for example, if werdeeested only in
stabilizing a rocket's upright orientation without womg about the location of
base of the rockeg The dynamics of this simpliéad system avergby

8 9 P

d
_BPB D.Eng”sin E; yD (2.10)

[
dt’ —PC —cos u;
J J

where is the coef cient of rotational friction,; D J C ml? andu is the force
applied at the base. This system is referred to asarted pendulum r

Difference Equations

In some circumstances, it is more natural to describe thiigwo of a system at
discrete instants of time rather than continuously in titheve refer to each of
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these times by an integ&rD 0; 1; 2;:::, then we can ask how the state of the
system changes for ea&hJust as in the case of differential equations, we de ne
the state to be those sets of variables that summarize thefghs system for the
purpose of predicting its future. Systems described in tlaamer are referred to
asdiscrete-time systems

The evolution of a discrete-time system can be written in ¢t f

x[kC 1] D f.x[K]; u[k]/; y[k] D h.x[K]; u[K]/; (2.11)

wherex[k] 2 R" is the state of the system at tirkeg(an integer)u[k] 2 RP is
the input andy[Kk] 2 RY is the output. As beforef andh are smooth mappings of
the appropriate dimension. We call equati@nil(l) a difference equatiosince it
tells us howx[k C 1] differs fromx[k]. The statex[k] can be either a scalar- or a
vector-valued quantity; in the case of the latter we wxitgk] for the value of the
jth state at timéx.

Just as in the case of differential equations, it is oftercse that the equations
are linear in the state and input, in which case we can destirdsystem by

X[k C 1] D Ax[k] C Bu[k]; y[k] D Cx[k] C Du[kK]:

As before, we refer to the matricés B, C andD as the dynamics matrix, the control
matrix, the sensor matrix and the direct term. The solutioa tifiear difference

1
x[kK] D A% C AKX T 1By[j];
iDO
1
y[k]| D CA*xqC  CAX J 1Bu[j] C Dulk];
iDO

k> O (2.12)

Difference equations are also useful as an approximatiafifiefrential equa-
tions, as we will show later.

Example 2.3 Predator—prey
As an example of a discrete-time system, consider a simptiehior a predator—
prey system. The predator—prey problem refers to an ecalbgystem in which
we have two species, one of which feeds on the other. This tfgsgsbem has
been studied for decades and is known to exhibit interesiymgmics. Figur®.6
shows a historical record taken over 90 years for a populaifdynxes versus a
population of hares\lac37. As can been seen from the graph, the annual records
of the populations of each species are oscillatory in nature

A simple model for this situation can be constructed usinigerdte-time model
by keeping track of the rate of births and deaths of each epdoettingH represent
the population of hares aridrepresent the population of lynxes, we can describe
the state in terms of the populations at discrete periodsa. tLettingk be the
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Figure 2.6: Predator versus prey. The photograph on the left shows a Canadiayl
a snowshoe hare, the lynx's primary prey. The graph on the rightslize populations of
hares and lynxes between 1845 and 1935 in a section of the Canadides{ptac37. The
data were collected on an annual basis over a period of 90 yearso¢Pdyoh copyright Tom
and Pat Leeson.)

discrete-time index (e.g., the month number), we can write

H[kC 1] D H[K] C b.u/H[K] aL[KIH[K];

L[kC1]D L[K] CcL[KIH[K] dfL[K]; (2.13)

whereb;.u/ is the hare birth rate per unit period and as a function of thoal f
supplyu, d¢ is the lynx mortality rate and andc are the interaction coef cients.
The interaction ternaL[k] H[k] models the rate of predation, which is assumed
to be proportional to the rate at which predators and preyt aredis hence given
by the product of the population sizes. The interaction tetrfk]H[Kk] in the
lynx dynamics has a similar form and represents the rate @fthr of the lynx
population. This model makes many simplifying assumptiosaeh as the fact
that hares decrease in number only through predation byegsvbut it often is
suf cient to answer basic questions about the system.

To illustrate the use of this system, we can compute the nuwitignxes and
hares at each time point from some initial population. Thiise by starting with
x[0] D .Hp; Lo/ and then using equatior2.(l3 to compute the populations in
the following period. By iterating this procedure, we camegmate the population
over time. The output of this process for a speci ¢ choice obpagters and initial
conditions is shown in Figur2.7. While the details of the simulation are different
from the experimental data (to be expected given the siitypbEour assumptions),
we see qualitatively similar trends and hence we can use tigeito help explore
the dynamics of the system. r

Example 2.4 E-mail server

The IBM Lotus server is an collaborative software system tHatinisters users'
e-mail, documents and notes. Client machines interact avithusers to provide
access to data and applications. The server also handlgsadth@istrative tasks.
In the early development of the system it was observed tlegpénformance was
poor when the central processing unit (CPU) was overloadeause of too many
service requests, and mechanisms to control the load wereftine introduced.
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Figure 2.7: Discrete-time simulation of the predator—prey mo@el 8. Using the parameters
aD cD 0:014,b,.u/ D 0:6andd D 0:7 in equation2.13 with daily updates, the period and
magnitude of the lynx and hare population cycles approximately match thédgigure2.6.

The interaction between the client and the server is in tha fafrremote pro-
cedure calls (RPCs). The server maintains a log of statistiosropleted requests.
The total number of requests being served, caR¢® (RPCs in server), is also
measured. The load on the server is controlled by a paramated MaxUsers ,
which sets the total number of client connections to theeseivhis parameter is
controlled by the system administrator. The server can bardeg as a dynami-
cal system withMlaxUsers as the input andRIS as the output. The relationship
between input and output was rst investigated by explorimg $teady-state per-
formance and was found to be linear.

In [HDPTO04 a dynamic model in the form of a rst-order difference eqoati
is used to capture the dynamic behavior of this system. Usiatgm identi cation
techniques, they construct a model of the form

y[k C 1] D ay[Kk] C bu[k];

whereu D MaxUsers MaxUsers andy D RIS RIS. The parameters

a D 0:43 andb D 0:47 are parameters that describe the dynamics of the system
around the operating point, ahaxUsers D 165 andRIS D 135 represent the
nominal operating point of the system. The number of requwesssaveraged over

a sampling period of 60 s. r

Simulation and Analysis

State space models can be used to answer many questions.tbmmokt common,
as we have seen in the previous examples, involves preglittenevolution of the
system state from a given initial condition. While for simphodels this can be
done in closed form, more often it is accomplished throughmater simulation.
One can also use state space models to analyze the overallitedf the system
without making direct use of simulation.

Consider again the damped spring—mass system from Se&cfidout this time
with an external force applied, as shown in Fig2:8 We wish to predict the
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Figure 2.8: A driven spring—mass system with damping. Here we use a linear damping
element with coef cient of viscous friction. The mass is driven with a sinusoidal force of
amplitudeA.

motion of the system for a periodic forcing function, withigem initial condition,
and determine the amplitude, frequency and decay rate oéthdting motion.

We choose to model the system with a linear ordinary difféakequation.
Using Hooke's law to model the spring and assuming that tiepda exerts a force
that is proportional to the velocity of the system, we have

M@RC c®C kq D u; (2.14)

wherem is the massgq is the displacement of the massjs the coef cient of
viscous frictionk is the spring constant andis the applied force. In state space
form, usingx D .q; @ as the state and choosigd q as the output, we have

8 9

o D % XT( § ' y D xa:
C ) .

dt . —X2 _ch E, !
m m m

We see that this is a linear second-order differential egnatith one inputu and
one outputy.

We now wish to compute the response of the system to an inpihiecform
u D Asin! t. Although it is possible to solve for the response analjliicave
instead make use of a computational approach that does Ipairréhe speci c
form of this system. Consider the general state space system

dx
ED f.x;ul:

Given the state at timet, we can approximate the value of the state at a short
timeh > 0 later by assuming that the rate of changé of; u/ is constant over the
intervalt tot C h. This gives

x.t Ch/ D x.t/ C hf.x.t/; u.t/l (2.15)

Iterating this equation, we can thus solve %aas a function of time. This approxi-
mation is known as Euler integration and is in fact a diffeeea@quation if we leh
represent the time increment and wei{é] D x.kh/. Although modern simulation
tools such as MATLAB and Mathematica use more accurate metthaasEuler
integration, they still have some of the same basic tratke-of
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Figure 2.9: Simulation of the forced spring—mass system with different simulation time
constants. The dashed line represents the analytical solution. The sofiddpresent the
approximate solution via the method of Euler integration, using decreaspgizes.

Returning to our speci ¢ example, Figu&9 shows the results of computing
X.t/ using equationZ.15, along with the analytical computation. We see that as
h gets smaller, the computed solution converges to the exaatien. The form
of the solution is also worth noticing: after an initial tei@nt, the system settles
into a periodic motion. The portion of the response after thedient is called the
steady-state response the input.

In addition to generating simulations, models can also lee trs answer other
types of questions. Two that are central to the methods itbesin this text concern
the stability of an equilibrium point and the input/outptgduency response. We
illustrate these two computations through the examplesvwbaind return to the
general computations in later chapters.

Returning to the damped spring—mass system, the equafiomstion with no
input forcing are given by

8 “ 9
dx § 2 é
— D c X 2.16
dt . EXZ X1’ ( )

3=

wherex, is the position of the mass (relative to the rest positiorg &nis its
velocity. We wish to show that if the initial state of the srstis away from the
rest position, the system will return to the rest positiorreually (we will later
de ne this situation to mean that the rest positiomsymptotically stable While
we could heuristically show this by simulating many, maniiah conditions, we
seek instead to prove that this is true &myinitial condition.

To do so, we construct a functidh : R" ! R that maps the system state to a
positive real number. For mechanical systems, a convedinite is the energy of
the system,

1 1
V.x/ D ékxf C meg: (2.17)
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If we look at the time derivative of the energy function, we deat

dav c k
— DkxpRCmxB D kxxaCmx. —X —xi/D cx3;
dt m m

which is always either negative or zero. Hen¢ex.t// is never increasing and,
using a bit of analysis that we will see formally later, thdiindual states must
remain bounded.

If we wish to show that the states eventually return to thgioyiwe must use
a slightly more detailed analysis. Intuitively, we can @ass follows: suppose
that for some period of timey.x.t// stops decreasing. Then it must be true that
V.x.t// D 0, which in turn implies thak,.t/ D O for that same period. In that
case®.t/ D 0, and we can substitute into the second line of equaobg( to
obtain K

C k
ODBD —X%X» —X1D —xq:
m m m

Thus we must have tha also equals zero, and so the only time tWak.t// can
stop decreasing is if the state is at the origin (and hensestfstem is at its rest
position). Since we know that.x.t// is never increasing (becau¥® 0), we
therefore conclude that the origin is stable @oryinitial condition).

This type of analysis, called Lyapunov stability analyss;onsidered in detail
in Chapted. It shows some of the power of using models for the analyssgstem
properties.

Another type of analysis that we can perform with models isdmpute the
output of a system to a sinusoidal input. We again considesphing—mass system,
but this time keeping the input and leaving the system inrigsimal form:

mdrC cdéPC kq D u: (2.18)
We wish to understand how the system responds to a sinusojmdlof the form
u.t/ D Asin! t:

We will see how to do this analytically in Chapt@rbut for now we make use of
simulations to compute the answer.

We rst begin with the observation thatgf.t/ is the solution to equatior2(18
with inputu.t/, then applying an inputi2 t/ will give a solution 2j.t/ (this is easily
veri ed by substitution). Hence it suf ces to look at an inpuitivunit magnitude,
A D 1. A second observation, which we will prove in Chagfers that the long-
term response of the system to a sinusoidal input is itseili@ssid at the same
frequency, and so the output has the form

g.t/ D g.!/ sin! tC".U,;

whereg.!/ is called thegain of the system and!/ s called thephase(or phase
offset).
To compute the frequency response numerically, we can atmtihe system
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Figure 2.10: A frequency response (gain only) computed by measuring the respain
individual sinusoids. The gure on the left shows the response ofykem as a function of
time to a number of different unit magnitude inputs (at different fregies). The gure on

the right shows this same data in a different way, with the magnitude of $pemse plotted
as a function of the input frequency. The lled circles correspond tg#récular frequencies
shown in the time responses.

frequencies. An example of this type of computation is showFigure2.10

2.3 Modeling Methodology

To deal with large, complex systems, it is useful to haveedént representations
of the system that capture the essential features and heleviant details. In all
branches of science and engineering it is common practiaegsome graphical
description of systems, calletthematic diagramsrhey can range from stylistic
pictures to drastically simpli ed standard symbols. Thes#upies make it possible
to get an overall view of the system and to identify the indliial components.
Examples of such diagrams are shown in Figuid. Schematic diagrams are useful
because they give an overall picture of a system, showifgydiit subprocesses and
their interconnection and indicating variables that camia@ipulated and signals
that can be measured.

Block Diagrams

A special graphical representation calletlack diagramhas been developed in
control engineering. The purpose of ablock diagram s to ersizlk the information
ow and to hide details of the system. In a block diagram, d#fe process elements
are shown as boxes, and each box has inputs denoted by lithemrvaws pointing
toward the box and outputs denoted by lines with arrows goungof the box.
The inputs denote the variables that in uence a process, andutputs denote
the signals that we are interested in or signals that in uestiter subsystems.
Block diagrams can also be organized in hierarchies, winelieidual blocks may
themselves contain more detailed block diagrams.
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Figure 2.11: Schematic diagrams for different disciplines. Each diagram is used ttélles
the dynamics of a feedback system: (a) electrical schematics forersgatemiKun93, (b)

a biological circuit diagram for a synthetic clock circUt$MNO03], (c) a process diagram for
a distillation column $EM04 and (d) a Petri net description of a communication protocol.

Figure2.12shows some of the notation that we use for block diagramsagn

uz
u u;Cu u ku u satu/
! | 2 — k —— — / —
(a) Summing junction (b) Gain block (c) Saturation
Z t
u f.ul u z u.t/ dt u y
. J I - L 0y — = System"»

(d) Nonlinear map

(e) Integrator

(f) Input/output system

Figure 2.12:Standard block diagram elements. The arrows indicate the the inputstgidou
of each element, with the mathematical operation corresponding to thesbltatheled at the
output. The system block (f) represents the full input/output respdresdymamical system.
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Figure 2.13: A block diagram representation of the ight control system for an inggng
against the wind. The mechanical portion of the model consists of thebragigt dynamics
of the y, the drag due to ying through the air and the forces generatethb wings. The
motion of the body causes the visual environment of the y to changgtfais information
is then used to control the motion of the wings (through the sensory mattarsy, closing
the loop.

are represented as lines, with arrows to indicate inputsatpilits. The rstdiagram
is the representation for a summation of two signals. An fiflgquiput response is
represented as a rectangle with the system name (or maibahukscription) in

the block. Two special cases are a proportional gain, whiethes the input by
a multiplicative factor, and an integrator, which outpute tntegral of the input
signal.

Figure2.13illustrates the use of a block diagram, in this case for maodehe
ight response of a y. The ight dynamics of an insect are incrbbi intricate,
involving careful coordination of the muscles within the g maintain stable ight
in response to external stimuli. One known characterigties is their ability to
y upwind by making use of the optical ow in their compound eyas a feedback
mechanism. Roughly speaking, the y controls its orientato that the point of
contraction of the visual eld is centered in its visual eld.

To understand this complex behavior, we can decompose tralbdynamics
of the system into a series of interconnected subsystentsdokg. Referring to
Figure2.13 we can model the insect navigation system through an ioneection
of ve blocks. The sensory motor system (a) takes the inforamatiom the visual
system (e) and generates muscle commands that attempetalstey so that the
point of contraction is centered. These muscle command®axerted into forces
through the apping of the wings (b) and the resulting aerayit forces that are
produced. The forces from the wings are combined with the dratipe y (d) to
produce a net force on the body of the y. The wind velocity estdgrough the
drag aerodynamics. Finally, the body dynamics (c) descrivethe y translates
and rotates as a function of the net forces that are appligdTtbe insect position,
speed and orientation are fed back to the drag aerodynamitsision system
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blocks as inputs.

Each of the blocks in the diagram can itself be a complicatédysiem. For
example, the visual system of a fruit y consists of two cornptied compound eyes
(with about 700 elements per eye), and the sensory motamyss about 200,000
neurons that are used to process information. A more ddthlteck diagram of
the insect ight control system would show the interconnecsi between these
elements, but here we have used one block to represent hawatien of the y
affects the output of the visual system, and a second blaelptesent how the visual
eldis processed by the y's brain to generate muscle commaiitie choice of the
level of detail of the blocks and what elements to separabedifferent blocks often
depends on experience and the questions that one wantsierarsng the model.
One of the powerful features of block diagrams is their &btlh hide information
about the details of a system that may not be needed to gaindarstanding of
the essential dynamics of the system.

Modeling from Experiments

Since control systems are provided with sensors and acty#t@ralso possible to
obtain models of system dynamics from experiments on thegs The models
are restricted to input/output models since only theseadsgare accessible to
experiments, but modeling from experiments can also be gwdhlwith modeling
from physics through the use of feedback and interconnectio

A simple way to determine a system's dynamics is to obsemedhponse to a
step change in the control signal. Such an experiment begissthing the control
signal to a constant value; then when steady state is estteldlithe control signal is
changed quickly to a new level and the output is observed. Xergnent gives the
step response of the system, and the shape of the respoaseigaful information
about the dynamics. It immediately gives an indication efriésponse time, and it
tells if the system is oscillatory or if the response is monet

Example 2.5 Spring—mass system
Consider the spring—mass system from Secdnwhose dynamics are given by

mdrC cdPC kq D u: (2.19)

We wish to determine the constamts c andk by measuring the response of the
system to a step input of magnituég.

We will show in Chapte6 that whenc? < 4km, the step response for this
system from the rest con guration is given by

| p4km c?
Fo 'aD ——/—;

ct
qt/D - 1 exp _ sinlgtCY/ ; 2mp
"Dtan!  4km ¢?

From the form of the solution, we see that the form of the respas determined
by the parameters of the system. Hence, by measuring céetinres of the step
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Figure 2.14: Step response for a spring—mass system. The magnitude of the stesinpu
Fo D 20 N. The period of oscillatiof is determined by looking at the time between two
subsequent local maxima in the response. The period combined wittetddysstate value
g.1 / and the relative decrease between local maxima can be used to estinpateatheters

in a model of the system.

response we can determine the parameter values.

Figure2.14shows the response of the system to a step of magniydz 20
N, along with some measurements. We start by noting that¢laelg-state position
of the mass (after the oscillations die down) is a functiothefspring constark:
Fo.
k 1
whereFy is the magnitude of the applied forcEy(D 1 for a unit step input). The
parameter 2k is called thegain of the system. The period of the oscillation can be
measured between two peaks and must satisfy

2 P 4km 2

—D —: 2.21
T 2m ( )

q.1/D (2.20)

Finally, the rate of decay of the oscillations is given by tkpanential factor in the
solution. Measuring the amount of decay between two peaikfave

Fo Fo C
log q.ti/ — log q.to/ — D —.to tif 2.22
gat/ gat/ omlz U (2.22)
Using this set of three equations, we can solve for the parmsand determine
that for the step response in Figigd4we havem 250 kg,c 60 N s/m and
k 40 N/m. r

Modeling from experiments can also be done using many oflgeaks. Si-
nusoidal signals are commonly used (particularly for systavith fast dynamics)
and precise measurements can be obtained by exploitingatbon techniques. An
indication of nonlinearities can be obtained by repeatixggeeiments with input
signals having different amplitudes.
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Normalization and Scaling

Having obtained a model, it is often useful to scale the e by introducing
dimension-free variables. Such a procedure can often dintpk equations for a
system by reducing the number of parameters and reveatgtileg properties of
the model. Scaling can also improve the numerical conditiprif the model to
allow faster and more accurate simulations.

The procedure of scaling is straightforward: choose unitseich indepen-
dent variable and introduce new variables by dividing theéatdes by the chosen
normalization unit. We illustrate the procedure with twaeples.

Example 2.6 Spring—mass system
Consider again the spring—mass system introduced e&ltglecting the damping,
the system is described by

mdrC kq D u:

The model has two parametarsandk. To normalize the Bwodel we introduce
dimension-free variables D =l and D ! ot, where! ¢ D = k=m andl is the
chosen length scale. We scale forcerby} § and introduces D u=.ml! 3/. The
scaled equation then becomes

d’x _ d?g=l 1

—D D . kqCu/ D xCy;

d2 digz miz O
which is the normalized undamped spring—mass system. &iibiét the normalized
model has no parameters, while the original model had twarpateran andk.
Introducing the scaled, dimension-free state variable® x D =l andz, D
dx=d D &=.I! o/, the model can be written as

9 8 98 9 89
323,30 13323 .303.
dt = 2z’ 1 0z v

This simple linear equation describes the dynamics of anpgpmass system,
independent of the particular parameters, and hence gs/agssight into the fun-
damental dynamics of this oscillatory system. To recoveiptiysical frequency of
oscillation or its magnitude, we must invert the scaling \aeéehapplied. r

Example 2.7 Balance system
Consider the balance system described in Se@idnNeglecting damping by
puttingc D 0 and D 0 in equation 2.9), the model can be written as

d?2 d? . d
.MCm/d—tg ml cos Wlesm d—?zD F;
d?q d?
mlcos — C.JCml’’— mglsin D O:
e az M9

P .
Let! o D mgl=.J C ml?/, choose the length scalelatet the time scale be=1 o,
choose the force scale asgl C m/I! S and introduce the scaled variable® ! o,
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Figure 2.15: Characterization of model uncertainty. Uncertainty of a static system is illus-
trated in (a), where the solid line indicates the nominal input/output relatiorsstdpthe
dashed lines indicate the range of possible uncertainty. The uncertairip [SPD59 in

(b) is one way to capture uncertainty in dynamical systems emphasizirgiadel is valid

only in some amplitude and frequency ranges. In (c) a model is repties by a nominal
modelM and another moddl representing the uncertainty analogous to the representation
of parameter uncertainty.

x D g=l andu D F=..M C m/I! 3/. The equations then become

d?x d? .d 2 d’x _ d?

42 cosﬁc sin a4 D u; cos FCF
where D m=.MCm/and D ml?=.JCml?/. Notice that the original model has
ve parametersn, M, J, | andg but the normalized model has only two parameters

and .IfM mandml> J, we get 0and 1 and the model can be

approximated by

sin  DO;

d?x d? .

FDU, qz sin Ducos:
The model can be interpreted as a mass combined with an idyestelulum driven
by the same input. r

Model Uncertainty

Reducing uncertainty is one of the main reasons for usingjd@ek, and it is there-
fore important to characterize uncertainty. When makingsoeements, there is a
good tradition to assign both a nominal value and a measuvea#rtainty. It is
useful to apply the same principle to modeling, but unfaatety it is often dif cult

to express the uncertainty of a model quantitatively.

For a static system whose input/output relation can be ckeniaed by a func-
tion, uncertainty can be expressed by an uncertainty barnluasated in Fig-
ure 2.15a At low signal levels there are uncertainties due to senssolution,
friction and quantization. Some models for queuing systentells are based on
averages that exhibit signi cant variations for small paidns. At large signal
levels there are saturations or even system failures. Thalsignges where a model
is reasonably accurate vary dramatically between apmitstbut it is rare to nd
models that are accurate for signal ranges larger than 10
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Characterization of the uncertainty of a dynamic model isimmore dif cult.
We can try to capture uncertainties by assigning unceigsimd parameters of the
model, but this is often not suf cient. There may be errors duplienomena that
have been neglected, e.g., small time delays. In contralltmeate test is how well
a control system based on the model performs, and time detaybe important.
There is also a frequency aspect. There are slow phenomermaasuaging, that
can cause changes or drift in the systems. There are alsdreigiency effects: a
resistor will no longer be a pure resistance at very highueagies, and a beam
has stiffness and will exhibit additional dynamics whenjsabto high-frequency
excitation. Theuncertainty lemoffGPD59 shown in Figure2.15bis one way to
conceptualize the uncertainty of a system. It illustrates & model is valid only in
certain amplitude and frequency ranges.

We will introduce some formal tools for representing unaity in Chapted.2
using gures such as Figuiz15c These tools make use of the concept of a transfer
function, which describes the frequency response of antfopiput system. For
now, we simply note that one should always be careful to neizegthe limits of
a model and not to make use of models outside their range dicapjbity. For
example, one can describe the uncertainty lemon and thek thenake sure that
signals remain in this region. In early analog computingystesn was simulated
using operational ampli ers, and it was customary to giverrakawhen certain
signal levels were exceeded. Similar features can be indlunddigital simulation.

2.4 Modeling Examples

In this section we introduce additional examples thatitate some of the different
types of systems for which one can develop differential @qnaand difference

eguation models. These examples are speci cally chosen fn@nge of different

elds to highlight the broad variety of systems to which feadk and control

concepts can be applied. A more detailed set of applicatltatsserve as running
examples throughout the text are given in the next chapter.

Motion Control Systems

Motion control systems involve the use of computation ardiback to control the
movement of a mechanical system. Motion control systemgedrom nanopo-
sitioning systems (atomic force microscopes, adaptiveEgptto control systems
for the read/write heads in a disk drive of a CD player, to nfiacturing systems
(transfer machines and industrial robots), to automotomrol systems (antilock
brakes, suspension control, traction control), to air grats ight control systems
(airplanes, satellites, rockets and planetary rovers).

Example 2.8 Vehicle steering—the bicycle model
A common problem in motion control is to control the trajegt@f a vehicle
through an actuator that causes a change in the orientaAtisteering wheel on an
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Figure 2.16: Vehicle steering dynamics. The left gure shows an overhead viewehéicle
with four wheels. The wheel basebsand the center of mass at a distaad®erward of the
rear wheels. By approximating the motion of the front and rear pairshefelg by a single
front wheel and a single rear wheel, we obtain an abstraction calldzayee modelshown
on the right. The steering angle isand the velocity at the center of mass has the angle
relative the length axis of the vehicle. The position of the vehicle is giverxhy/ and the
orientation (heading) by.

automobile and the front wheel of a bicycle are two examlessimilar dynamics
occur in the steering of ships or control of the pitch dynaoican aircraft. In many
cases, we can understand the basic behavior of these sysi@ugh the use of a
simple model that captures the basic kinematics of the syste

Consider a vehicle with two wheels as shown in Figia For the purpose of
steering we are interested in a model that describes howetbeity of the vehicle
depends on the steering angldo be speci ¢, consider the velocityat the center
of mass, a distanca from the rear wheel, and I&tbe the wheel base, as shown
in Figure2.16 Letx andy be the coordinates of the center of mas#je heading
angle and the angle between the velocity vectaand the centerline of the vehicle.
Sinceb D rotan anda D raytan |, it follows thattan D .a=b/tan and we get
the following relation between and the steering angle

atan
./ D arctan (2.23)

Assume that the wheels are rolling without slip and that thleaity of the rear
wheel isvy. The vehicle speed at its center of masg B vp=cos , and we nd
that the motion of this point is given by

d . C1/
d—)t(Dvcos. c/ DVOCOST;

_ (2.24)
dy sin. C/

—~Dvsin. C/ Dy
dt " cos

To see how the angleis in uenced by the steering angle, we observe from Fig-
ure 2.16that the vehicle rotates with the angular veloaityr, around the point
O. Hence q

Vo Vo
— D —D —tan: 2.25
dt  ra b ( )
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(a) Harrier “jump jet” (b) Simpli ed model

Figure 2.17: Vectored thrust aircraft. The Harrier AV-8B military aircraft (a) restits its
engine thrust downward so that it can “hover” above the ground.eSainfrom the engine
is diverted to the wing tips to be used for maneuvering. As shown in (béhéhrust on
the aircraft can be decomposed into a horizontal fétcand a vertical forcd-, acting at a
distance from the center of mass.

Equations2.23—(2.25 can be used to model an automobile under the assump-
tions that there is no slip between the wheels and the roadhatdhe two front
wheels can be approximated by a single wheel at the centdreofdr. The as-
sumption of no slip can be relaxed by adding an extra statablar giving a more
realistic model. Such a model also describes the steeringndigs of ships as well
as the pitch dynamics of aircraft and missiles. It is alsosjiids to choose coor-
dinates so that the reference point is at the rear wheelsegmonding to setting

D 0), a model often referred to as tbeibins car[Dub57.

Figure2.16 represents the situation when the vehicle moves forwardhasd
front-wheel steering. The case when the vehicle reversdstégsned by changing
the sign of the velocity, which is equivalent to a vehicletwigéar-wheel steering.

r

Example 2.9 Vectored thrust aircraft
Consider the motion of vectored thrust aircraft, such asHbeier “jump jet”
shown Figure2.17a The Harrier is capable of vertical takeoff by redirecting it
thrust downward and through the use of smaller maneuvehingters located on
its wings. A simpli ed model of the Harrier is shown in Figugel7h where we
focus on the motion of the vehicle in a vertical plane throtigd wings of the
aircraft. We resolve the forces generated by the main dowh#auster and the
maneuvering thrusters as a pair of forégsandF, acting at a distanaebelow the
aircraft (determined by the geometry of the thrusters).

Let.x;y; / denote the position and orientation of the center of mashtef t
aircraft. Letmbe the mass of the vehicléthe moment of inertigg the gravitational
constant and the damping coef cient. Then the equations of motion for theiele
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Figure 2.18:Schematic diagram of a queuing system. Messages arrive ataateare stored

in a queue. Messages are processed and removed from the quatee afThe average size
of the queue is given by 2 R.

are given by
mRKkD F; cos F,sin (Y
mRD Fysin C F,cos mg cP (2.26)
JRD rF:

Itis convenient to rede ne the inputs so that the origin is @uikbrium point of the
system with zero input. Letting; D F; andu, D F, mg, the equations become

mRkD mgsin c¥®C u;cos u,sin ;

mRD mg.cos 1/ cPCu;sin Cuycos; (2.27)
JRD ruy:
These equations describe the motion of the vehicle as a $eteftoupled second-
order differential equations. r

Information Systems

Information systems range from communication systemstlikelinternet to soft-
ware systems that manipulate data or manage enterprisesgdarces. Feedback
is presentin all these systems, and designing strategiesfting, ow control and
buffer management is a typical problem. Many results in qngetheory emerged
from design of telecommunication systems and later fronekbgment of the In-
ternet and computer communication systeBG87, Kle75, Sch87. Management
of queues to avoid congestion is a central problem and wethdhefore start by
discussing the modeling of queuing systems.

Example 2.10 Queuing systems
A schematic picture of a simple queue is shown in FigRuE8 Requests arrive
and are then queued and processed. There can be large veriatiarrival rates
and service rates, and the queue length builds up when tivelaate is larger
than the service rate. When the queue becomes too largé&esendenied using
an admission control policy.

The system can be modeled in many different ways. One way i®tteheach
incoming request, which leads to an event-based model vilhestate is an integer
that represents the queue length. The queue changes wheunestragives or a
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request is serviced. The statistics of arrival and serviaimgtypically modeled as
random processes. In many cases it is possible to determaitigtiss of quantities
like queue length and service time, but the computationdeajuite complicated.
A signi cant simpli cation can be obtained by using aw model Instead

of keeping track of each request we instead view service aqdests as ows,
similar to what is done when replacing molecules by a contimwhen analyzing
uids. Assuming that the average queue lengtis a continuous variable and that
arrivals and services are ows with ratesand , the system can be modeled by
the rst-order differential equation

%D D maxf. Xl x 0 (2.28)

where mnax is the maximum service rate arfd x/ is a number between 0 and 1
that describes the effective service rate as a functioneofjtteue length.

Itis natural to assume that the effective service rate dégpen the queue length
because larger queues require more resources. In steadynstchavef.x/ D
= max and we assume that the queue length goes to zero whepygoes to zero
and that it goes to in nity whers  naxgoes to 1. This implies that.0/ D 0 and
thatf.1 / D 1. Inaddition, if we assume that the effective service rateidorates
monotonically with queue length, then the functibrx/ is monotone and concave.
A simple function that satis es the basic requirement$.ig/ D x=.1C x/, which
gives the model

dx X
Tt maxs =7 (2.29)

This model was proposed by Agnewdn7€. It can be shown that if arrival and
service processes are Poisson processes, the averageangthéd given by equa-
tion (2.29 and that equatiorn2(29 is a good approximation even for short queue
lengths; see Tippe[s9Qd.

To explore the properties of the mod@lZ9 we will rst investigate the equi-
librium value of the queue length when the arrival ratss constant. Setting the
derivatived x=dt to zero in equation?.29 and solving foix, we nd that the queue
lengthx approaches the steady-state value

Xe D ———: (2.30)
max

Figure 2.19ashows the steady-state queue length as a functior ofya, the
effective service rate excess. Notice that the queue lengtkeases rapidly as
approaches nax To have a queue length less than 20 requireShax < 0:95. The
average time to service arequesl{D .xC1l/= ax anditincreases dramatically
as approaches max

Figure2.19billustrates the behavior of the server in a typical overlsifwition.
The maximum service rate ispax D 1, and the arrival rate starts atD 0:5. The
arrival rate is increased toD 4 at time 20, and it returns to D 0:5 at time 25.
The gure shows that the queue builds up quickly and clears skenyly. Since the
response time is proportional to queue length, it meansliieaquality of service
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Figure 2.19: Queuing dynamics. (a) The steady-state queue length as a function gf,.
(b) The behavior of the queue length when there is a temporary overidae system. The
solid line shows a realization of an event-based simulation, and the dasheshbws the
behavior of the ow model2.29.

is poor for a long period after an overload. This behavior iEedaherush-hour
effectand has been observed in web servers and many other questegisysuch
as automobile traf c.

The dashed line in Figur2.19bshows the behavior of the ow model, which
describes the average queue length. The simple model cajtelavior qualita-
tively, but there are variations from sample to sample whengueue length is
short. r

Many complex systems use discrete control actions. Sucarsgstan be mod-
eled by characterizing the situations that correspond th €antrol action, as
illustrated in the following example.

Example 2.11 Virtual memory paging control

An early example of the use of feedback in computer systenssapplied in the
operating system OS/VS for the IBM 37BE68 Cro75. The system used virtual
memory, which allows programs to address more memory thaimyisically avail-
able as fast memory. Data in current fast memory (randonsacoemory, RAM)
is accessed directly, but data that resides in slower me(@l) is automatically
loaded into fast memory. The system is implemented in suchyehed it appears
to the programmer as a single large section of memory. Thersysérformed very
well in many situations, but very long execution times weneantered in over-
load situations, as shown by the open circles in Figug9a The dif culty was
resolved with a simple discrete feedback system. The lodtkafeéntral processing
unit (CPU) was measured together with the number of page shefpgeen fast
memory and slow memory. The operating region was classi eceaggtin one of
three states: normal, underload or overload. The normad s&atharacterized by
high CPU activity, the underload state is characterized Wwya®U activity and few
page replacements, the overload state has moderate to loho@ébut many page

replacements; see Figu2e20h The boundaries between the regions and the time

for measuring the load were determined from simulationsgusipical loads. The
control strategy was to do nothing in the normal load coaditio exclude a process
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Figure 2.20: lllustration of feedback in the virtual memory system of the IBM/370. (a¢ T
effect of feedback on execution times in a simulation, followiB&pg. Results with no
feedback are shown with, and results with feedback with Notice the dramatic decrease
in execution time for the system with feedback. (b) How the three statedbtaimed based
on process measurements.

from memory in the overload condition and to allow a new pssoar a previously
excluded process in the underload condition. The crossegurd2.20ashow the
effectiveness of the simple feedback system in simulataddoSimilar principles
are used in many other situations, e.g., in fast, on-chipeatemory. r

Example 2.12 Consensus protocols in sensor networks

Sensor networks are used in a variety of applications whergvarg to collect
and aggregate information over a region of space using phellsiensors that are
connected together via a communications network. Examptdsde monitoring
environmental conditions in a geographical area (or inaitailding), monitoring
the movement of animals or vehicles and monitoring the nesoloading across
a group of computers. In many sensor networks the compuotdtiesources are
distributed along with the sensors, and it can be importarthie set of distributed
agentsto reach a consensus about a certain property, sheteagrage temperature
in a region or the average computational load among a setopaters.

We model the connectivity of the sensor network using a grapth nodes
corresponding to the sensors and edges corresponding éxigtence of a direct
communications link between two nodes. We use the notétipto represent the
set of neighbors of a node For example, in the network shown in Figgela
N, Df1;3;4;5gandN3; D f2; 4g

To solve the consensus problem Xebe the state of thigh sensor, correspond-
ing to that sensor's estimate of the average value that wigyaing to compute. We
initialize the state to the value of the quantity measuredhieyindividual sensor.
The consensus protocol (algorithm) can now be realized asahupdate law

X
x[KC1DxXKC  .x[k xKI: (2.31)
J2N;i

This protocol attempts to compute the average by updatintpta state of each
agent based on the value of its neighbors. The combined dgsarall agents can
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Figure 2.21: Consensus protocols for sensor networks. (a) A simple sensor etvith
ve nodes. In this network, node 1 communicates with node 2 and nodar2nuinicates
with nodes 1, 3, 4, 5, etc. (b) A simulation demonstrating the converg#ribe consensus
protocol @.31) to the average value of the initial conditions.

be written in the form
x[k C 1] D x[K] . D AXK]; (2.32)

where A is the adjacency matrix anD is a diagonal matrix with entries corre-
sponding to the number of neighbors of each node. The constdascribes the
rate at which the estimate of the average is updated basedfarmation from
neighboring nodes. The matrix:D D  Alis called theLaplacianof the graph.
The equilibrium points of equatior2(32) are the set of states such tixgtk C
1] D Xg[K]. It can be shown thate D .; ;:::; / is an equilibrium state for the
system, corresponding to each sensor having an identioakeds for the average.
Furthermore, we can show thatis indeed the average value of the initial states.
Since there can be cycles in the graph, it is possible thatttte ef the system
could enter into an in nite loop and never converge to the idesconsensus state.
A formal analysis requires tools that will be introducecelah the text, but it can
be shown that for any connected graph we can always ndsach that the states
of the individual agents converge to the average. A simutatiemonstrating this
property is shown in Figur2.21hb r

Biological Systems

Biological systems provide perhaps the richest sourceeaffack and control ex-
amples. The basic problem of homeostasis, in which a quasidiy as temperature
or blood sugar levelis regulated to a xed value, is but onéefrhany types of com-
plex feedback interactions that can occur in molecular nme&sh cells, organisms
and ecosystems.

Example 2.13 Transcriptional regulation

Transcription is the process by which messenger RNA (mRNA&gnerated from a
segment of DNA. The promoter region of a gene allows trangoripo be controlled

by the presence of other proteins, which bind to the promagion and either
repress or activate RNA polymerase, the enzyme that preducteRNA transcript
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Figure 2.22:Biological circuitry. The cell on the left is a bovine pulmonary cell, stained s
that the nucleus, actin and chromatin are visible. The gure on the riglesgan overview
of the process by which proteins in the cell are made. RNA is transcribed DNA by an
RNA polymerase enzyme. The RNA is then translated into a protein by ameltg called
aribosome.
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from DNA. The mRNA is then translated into a protein accordimgs nucleotide
sequence. This process is illustrated in FigR22

A simple model of the transcriptional regulation processhimugh the use
of a Hill function [dJO2 Mur04]. Consider the regulation of a protein A with a
concentration given by, and a corresponding mRNA concentratiog. Let B
be a second protein with concentratipfnthat represses the production of protein
A through transcriptional regulation. The resulting dynesrof p, andm, can be
written as

dmg ab dpa
D c . 2k
dt = 1Ckwpr = © M g

where ,,C 4isthe unregulated transcription ratg represents the rate of degra-
dation of MRNA, ap, Kap andn,, are parameters that describe how B represses A,

a represents the rate of production of the protein from itsegonding mRNA
and , represents the rate of degradation of the protein A. The pateamy, de-
scribes the “leakiness” of the promoter, amg is called the Hill coef cient and
relates to the cooperativity of the promoter.

A similar model can be used when a protein activates the tamuof another

protein rather than repressing it. In this case, the equaitiave the form

d Nab
dTa D l?k;abb%gab C a0 aMa; W D aMa aPa; (2-34)
where the variables are the same as described previoudly.thit in the case of
the activator, ifpy, is zero, then the production rate ig (versus oo C 4o for the
repressor). A9y gets large, the rst term in the expression f@ approaches 1
and the transcription rate becomeg C 4o (versus g for the repressor). Thus
we see that the activator and repressor act in oppositeofa$itim each other.
As an example of how these models can be used, we consideradithel wf a
“repressilator,” originally due to Elowitz and LeibleE[0Q]. The repressilator is
a synthetic circuit in which three proteins each repressteaman a cycle. This is

D amy aPa; (2.33)
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Figure 2.23: The repressilator genetic regulatory network. (a) A schematic diagfaheo
repressilator, showing the layout of the genes in the plasmid that holdg¢hé as well as
the circuit diagram (center). (b) A simulation of a simple model for theaggilator, showing
the oscillation of the individual protein concentrations. (Figure courtesklbwvitz.)

shown schematically in Figur2.23g where the three proteins are TetR;l and
Lacl. The basic idea of the repressilator is that if TetR is@ngsthen it represses
the production of cl. If clis absent, then Lacl is produced (at the unregulated
transcription rate), which in turn represses TetR. OncR Tetepressed, thercl is
no longer repressed, and so on. If the dynamics of the ciaceitlesigned properly,
the resulting protein concentrations will oscillate.

We can model this system using three copies of equafd( with A and
B replaced by the appropriate combination of TetR, cl and L&ke state of the
system is then given by D .Mrer; Pretr; Mel; Pel; Miact; Prac/ - Figure 2.23b
shows the traces of the three protein concentrations fanpetersy D 2, D 0:5,
kD625 104 (D5 104 D58 103 DOl1l2and D12 103
with initial conditionsx.0/ D .1; 0; 0; 200, O; 0/ (following [ELOQ]). r

Example 2.14 Wave propagation in neuronal networks
The dynamics of the membrane potential in a cell are a fundeherechanism
in understanding signaling in cells, particularly in news@nd muscle cells. The
Hodgkin—Huxley equations give a simple model for studyinggagation waves in
networks of neurons. The model for a single neuron has the form

C(:j_\t/ D |Na IK |IeakC Iinput;
whereV is the membrane potentidl, is the capacitancéy, andlk are the current
caused by the transport of sodium and potassium across ltheembrane,l\gax
is a leakage current arlghy is the external stimulation of the cell. Each current
obeys Ohm's law, i.e.,

I Dg.V E/,

whereg is the conductance anH is the equilibrium voltage. The equilibrium
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voltage is given by Nernst's law,

RT
ED —Iog%;
nk G

whereR s Boltzmann's constant, is the absolute temperatuiejs Faraday's con-
stant,n is the charge (or valence) of the ion anidndc, are the ion concentrations
inside the cell and in the external uid. At 2@ we haveRT=F D 20 mV.

The Hodgkin—Huxley model was originally developed as a méapsedict the
guantitative behavior of the squid giant axétH52]. Hodgkin and Huxley shared
the 1963 Nobel Prize in Physiology (along with J. C. Eccles) falgsis of the
electrical and chemical events in nerve cell dischargesvolage clamp described
in Sectionl.3was a key element in Hodgkin and Huxley's experiments. r

2.5 Further Reading

Modeling is ubiquitous in engineering and science and hasgtistory in applied
mathematics. For example, the Fourier series was intratiogd-ourier when he
modeled heat conduction in solidBdu07. Models of dynamics have been de-
veloped in many different elds, including mechanidrp78, Gol53, heat con-
duction [CJ59, uids [ BRS6(Q, vehicles Pbk69, Bla9l, Ell94], robotics MLS94,
SV8Y, circuits [Gui6d, power systemsun93, acoustics Ber54 and microme-
chanical systemsSen0]. Control theory requires modeling from many differ-
ent domains, and most control theory texts contain sevaaghters on modeling
using ordinary differential equations and difference digus (see, for example,
[FPENO3). A classic book on the modeling of physical systems, egfigane-
chanical, electrical and thermo uid systems, is Cann@arj03. The book by
Aris [Ari94]is highly original and has a detailed discussion of the dskmension-
free variables. Two of the authors' favorite books on matgbf biological systems
are J. D. Murray Mur04] and Wilson Wil99].

Exercises

2.1 (Chain of integrators form) Consider the linear ordinarffedential equa-
tion (2.7). Show that by choosing a state space representationxwith y, the
dynamics can be written as

8 9 8 9
0 1 0 0
L o 0 8 9
AD3 O 2 02%. BpE:ZE: CD:'1 ::: 0 O :
0 0 1 :
A  an1 a’ 1

This canonical form is called th&hain of integratordorm.
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2.2(Inverted pendulum) Use the equations of motion for a baaystem to derive
a dynamic model for the inverted pendulum described in Exa@@and verify
that for small the dynamics are approximated by equati®ri).

2.3 (Disrete-time dynamics) Consider the following discréiee system

x[k C 1] D Ax[k] C Bu[K]; y[k] D CX[K];
where g g 8 9 8 9 8 g
xD3X3. ap3aun Az gp30. opog g
X2 0 apo 1

In this problem, we will explore some of the properties o$ttliscrete-time system
as a function of the parameters, the initial conditions dedinputs.

(a) For the case wheamy, D 0 andu D 0, give a closed form expression for the
output of the system.

(b) A discrete system is iaquilibriumwhenx[k C 1] D x[k] for all k. Letu D r

be a constant input and compute the resulting equilibriumtgor the system.
Show that ifja;j < 1 for alli, all initial conditions give solutions that converge to
the equilibrium point.

(c) Write a computer program to plot the output of the systenesponse to a unit
step inputu[k] D 1,k 0. Plot the response of your system wifld] D 0 andA
given bya;; D 0:5,a;, D 1 anday, D 0:25.

2.4 (Keynesian economics) Keynes' simple model for an econagpien by
Y[k] D C[k] C I[k] C G[K];

whereY, C, | andG are gross national product (GNP), consumption, investment
and government expenditure for ygaiConsumption and investment are modeled
by difference equations of the form

ClkC1]DaY[k]; I[kC1]Db.C[kC1] CK/;

wherea andb are parameters. The rst equation implies that consumptioreases
with GNP butthat the effectis delayed. The second equatiptiésthat investment
is proportional to the rate of change of consumption.

Show that the equilibrium value of the GNP is given by

1
Ye D 1 a'leC Ge/;
where the paramete1l  a/ is the Keynes multiplier (the gain fromor G to
Y). With a D 0:25 an increase of government expenditure will result in aftdd
increase of GNP. Also show that the model can be written a®tlosving discrete-
time state néog[ell:c . 98 C[k]g 8 9
3 2p3 4 azsz 2 ~34a3 .
“1kc1) Pab b ab - [k’ C7ap G

Y[K] D C[K] C I[K] C GIK]:
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2.5(Least squares system identi cation) Consider a nonlindéaréintial equatione
that can be written in the form
dx X
a i fi .X/;
iD1
where f;.x/ are known nonlinear functions and are unknown, but constant,
parameters. Suppose that we have measurements (or estinfdtesfull statex

at time instantd,; ty;:::; ty, with N > M. Show that the parameters can be
determined by nding the least squares solution to a lineaaégn of the form
H Db;

where 2 RM is the vector of all parameters amti 2 RN M andb 2 RN are
appropriately de ned.

2.6(Normalized oscillator dynamics) Consider a damped spiimass system with
dynamics
mdrC cdPC kq D F:
Y

Let! ; D "~ k=m be the natural frequency andD (:=.2IO km/ be the damping
ratio.

(a) Show that by rescaling the equations, we can write therdiazin the form
RC2! ofPC! 39D ! 3u; (2.35)

whereu D F=k. This form of the dynamics is that of a linear oscillator witktural
frequency! o and damping ratio .

(b) Show that the system can be further normalized and wiiittéme form

d d
d_21 D 2: d_22 D z 2zCv: (2.36)

The essential dynamics of the system are governed by a siagipidg parameter
. The Q-valuede ned asQ D 1=2 is sometimes used instead af

2.7 (Electric generator) An electric generator connected tocangtpower grid can
be modeled by a momentum balance for the rotor of the gemerato
OI2'DP P.D R, EV gin'

J W m e m 7 sin’;
wherelJ is the effective moment of inertia of the generatothe angle of rotation,
P, the mechanical power that drives the generdgis the active electrical power,
E the generator voltag¥, the grid voltage ani the reactance of the line. Assuming
that the line dynamics are much faster than the rotor dyrentic D VI D
.EV=X/sin' ,wherel is the current component in phase with the volt&gend'
is the phase angle between voltagesndV . Show that the dynamics of the electric
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generator has a normalized form that is similar to the dynawii a pendulum with
forcing at the pivot.

2.8 (Admission control for a queue) Consider the queuing sysiescribed in
Example2.10 The long delays created by temporary overloads can be rddyce
rejecting requests when the queue gets large. This allowestg|that are accepted
to be serviced quickly and requests that cannot be accontewda receive a
rejection quickly so that they can try another server. Gigrsan admission control
system described by

dx X

at D u maxm; uD satoy.k.r X/l (2.37)

where the controller is a simple proportional control wititisation (sag.p IS

de ned by equation 3.9)) andr is the desired (reference) queue length. Use a
simulation to show that this controller reduces the rusbrheffect and explain
how the choice of affects the system dynamics.

2.9 (Biological switch) A genetic switch can be formed by conimagtwo repres-
sors together in a cycle as shown below.

ul_|g />,_u2 h -

LUZ

Using the models from Examp&13—assuming that the parameters are the same
for both genes and that the mRNA concentrations reach st&atyquickly—show
that the dynamics can be written in normalized coordinases a

dz; dz

— D —— z7 vy —D— z vy 2.38

d1C2211d102222()
wherez; andz, are scaled versions of the protein concentrations andrtteestcale
has also been changed. Show that 200 using the parameters in Examplé3
and use simulations to demonstrate the switch-like behavithe system.

2.10(Motor drive) Consider a system consisting of a motor digviiwvo masses that
are connected by a torsional spring, as shown in the diagedoavb

J1 J2

— Motor

wy w2
J1 N}

This system can represent a motor with a exible shaft thaedravload. Assuming
that the motor delivers a torque that is proportional to tineent, the dynamics of
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the system can be described by the equations

21 ' '
a e dr Q2 oDk
dt? dt dt
&, d, d. (2.39)
JZW CW W Ck 2 1/DTd.
Similar equations are obtained for a robot with exible armsl &or the arms of
DVD and optical disk drives.
Derive a state space model for the system by introducing nben(alized)
Etate variablex; D "1, X D "5, X3 D ! 1=lg, andxq D ! 5=l o, where! o D
k.J; C J/=.J1 )/ is the undamped natural frequency of the system when the
control signal is zero.







Chapter Three

Examples

... Don't apply any model until you understand the simplifying assumgtionwhich it is
based, and you can test their validity. Catch phrase: use only as dirdatett limit yourself
to a single model: More than one model may be useful for understandiiegedif aspects of
the same phenomenon. Catch phrase: legalize polygamy.”

Saul Golomb, “Mathematical Models—Uses and Limitations,” 1930I7Q.

In this chapter we present a collection of examples spanmiagy different
elds of science and engineering. These examples will be usezlighout the
text and in exercises to illustrate different concepts.tKimse readers may wish to
focus on only a few examples with which they have had the nrast@xperience or
insight to understand the concepts of state, input, outpditignamics in a familiar
setting.

3.1 Cruise Control

The cruise control system of a car is a common feedback systeougtered in
everyday life. The system attempts to maintain a constantitglin the presence
of disturbances primarily caused by changes in the slope@dd The controller
compensates for these unknowns by measuring the speed @irthed adjusting
the throttle appropriately.

To model the system we start with the block diagram in Figdifie Let v be
the speed of the car angd the desired (reference) speed. The controller, which
typically is of the proportional-integral (PI) type des@ibbrie y in Chapterl,
receives the signalé andv, and generates a control signakhat is sent to an
actuator that controls the throttle position. The throttiélirn controls the torque
T delivered by the engine, which is transmitted through thergiand the wheels,
generating a forcd that moves the car. There are disturbance fofggdue to
variations in the slope of the road, the rolling resistare @aerodynamic forces.
The cruise controller also has a human—machine interfadeattoavs the driver
to set and modify the desired speed. There are also functiatslisconnect the
cruise control when the brake is touched.

The system has many individual components—actuator, engaresmission,
wheels and car body—and a detailed model can be very cortgaich spite of
this, the model required to design the cruise controllertEaguite simple.

To develop a mathematical model we start with a force balfordbe car body.
Letv be the speed of the cam the total mass (including passengeis)he force
generated by the contact of the wheels with the road,Frntie disturbance force
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Figure 3.1: Block diagram of a cruise control system for an automobile. The throttle-
controlled engine generates a torquéhat is transmitted to the ground through the gearbox
and wheels. Combined with the external forces from the environmettt,asiaerodynamic
drag and gravitational forces on hills, the net force causes the car\e.fibe velocity

of the carv is measured by a control system that adjusts the throttle through an actuation
mechanism. A driver interface allows the system to be turned on andhoffree reference
speedy, to be established.

due to gravity, friction and aerodynamic drag. The equatiomation of the car is
simply
nVoE Ry (3.1)
dt d- .
The forceF is generated by the engine, whose torque is proportionhkteete
of fuel injection, which is itself proportional to a contrsignal 0 u 1 that
controls the throttle position. The torque also depends gmerspeed . A simple
representation of the torque at full throttle is given by tivejue curve
| 2!
TV DT, 1 '— 1 ; (3.2)
s m
where the maximum torquBg, is obtained at engine spekd,. Typical parameters
areT,, D 190 Nm,! ,, D 420 rad/s (about 4000 RPM) andD 0:4. Letn be
the gear ratio and the wheel radius. The engine speed is related to the velocity
through the expression

n
' D FV D: ,v;
and the driving force can be written as
nu
FD TT'!/ D ,uT. v/

Typical values of , for gears 1 through5arg D 40, , D 25, 3D 16, 4D 12
and 5 D 10. The inverse of , has a physical interpretation as thigective wheel
radius. Figure3.2shows the torque as a function of engine speed and vehiae spe
The gure shows that the effect of the gear is to “ atten” the toegcurve so that
an almost full torque can be obtained almost over the whaedpange.

The disturbance forc&y has three major componentsy, the forces due to



3.1. CRUISE CONTROL 69

200 200
180 180
B B
Z. 160 £. 160
g 's
g 140 & 140
(o) o
[ [
120 120
100 100
0 200 400 600 0 20 40 60

Angular velocityw [rad/s] Velocityv [m/s]

Figure 3.2: Torque curves for typical car engine. The graph on the left showsotigeie
generated by the engine as a function of the angular velocity of the engiile,the curve
on the right shows torque as a function of car speed for differemsgea

gravity; F;, the forces due to rolling friction; anlé,, the aerodynamic drag. Letting
the slope of the road be, gravity gives the forcé~y D mgsin , as illustrated in
Figure3.33 whereg D 9.8 m/¢ is the gravitational constant. A simple model of
rolling friction is

F D mgG sgnv/;

whereC, is the coef cient of rolling friction and sgr/ is the sign ofv ( 1) or
zero ifv D 0. A typical value for the coef cient of rolling friction i<C; D 0:01.
Finally, the aerodynamic drag is proportional to the squéth@speed:

1
F, D > CqAV?;

where isthe density of ailCy is the shape-dependent aerodynamic drag coef cient
andAisthe frontal area of the car. Typical parameters ape1.3 kg/n¥,Cyq D 0:32
andA D 2.4 n¥.

Summarizing, we nd that the car can be modeled by

m% D ,uT. v/ mgG sgnv/ % CyAv? mgsin ; (3.3)
where the functiorT is given by equation3.2). The model 8.3) is a dynamical
system of rst order. The state is the car velocitywhich is also the output. The
input is the signall that controls the throttle position, and the disturbancdhés
force Fq4, which depends on the slope of the road. The system is nonlieeause
of the torque curve, the gravity term and the nonlinear dattaraof rolling friction
and aerodynamic drag. There can also be variations in thengdess; e.g., the mass
of the car depends on the number of passengers and the loagldaeried in the
car.

We add to this model a feedback controller that attemptsgolage the speed
of the car in the presence of disturbances. We shall use agimpal-integral
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Figure 3.3: Car with cruise control encountering a sloping road. A schematic diaggam
shown in (a), and (b) shows the response in speed and throttle whereao$ld is encoun-
tered. The hill is modeled as a net change ofrdhill angle , with a linear change in the
angle between D 5 andt D 6. The PI controller has proportional gairkis D 0:5, and the
integral gain is; D 0:1.

controller, which has the form

YA t

ut/Dkpeet/ Cki e/ d:
0
This controller can itself be realized as an input/outputadgital system by de n-
ing a controller state and implementing the differential equation
dz

at Dv, v, uDKkpv, Vv/ICkz (3.4)
wherev; is the desired (reference) speed. As discussed brie y in @eitb, the
integrator (represented by the stajeensures that in steady state the error will be
driven to zero, even when there are disturbances or modedings. (The design of
PI1 controllers is the subject of ChaptHd.) Figure3.3bshows the response of the
closed loop system, consisting of equatio8s3)and @.4), when it encounters a
hill. The gure shows that even if the hill is so steep that thettie changes from
0.17 to almost full throttle, the largest speed error istkas 1 m/s, and the desired
velocity is recovered after 20 s.

Many approximations were made when deriving the mo8«) (It may seem
surprising that such a seemingly complicated system caasmithed by the simple
model @.3). It is important to make sure that we restrict our use of tlueleh to
the uncertainty lemon conceptualized in Fig@ré5h The model is not valid for
very rapid changes of the throttle because we have ignoeeditails of the engine
dynamics, neither is it valid for very slow changes becabseproperties of the
engine will change over the years. Nevertheless the modaris useful for the
design of a cruise control system. As we shall see in latepteing, the reason for
thisis the inherent robustness of feedback systems: etlemnfiodel is not perfectly
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resume

Figure 3.4: Finite state machine for cruise control system. The gure on the left show
some typical buttons used to control the system. The controller can be iof éour modes,
corresponding to the nodes in the diagram on the right. Transition betweendtles is
controlled by pressing one of the ve buttons on the cruise control interfan, off, set,
resume or cancel.

accurate, we can use it to design a controller and make u$e déédback in the
controller to manage the uncertainty in the system.

The cruise control system also has a human—machine intdtfatallows the
driver to communicate with the system. There are many diftesays to implement
this system; one version is illustrated in Figd. The system has four buttons:
on-off, set/decelerate, resume/accelerate and cancebgdration of the system
is governed by a nite state machine that controls the modekePI controller
and the reference generator. Implementation of contsodied reference generators
will be discussed more fully in Chaptéo.

The use of control in automotive systems goes well beyondithpls cruise
control system described here. Applications include eomsscontrol, traction
control, power control (especially in hybrid vehicles) adhptive cruise control.
Many automotive applications are discussed in detail irbihek by Kiencke and
Nielsen KNOQ] and in the survey papers by Powers et BP§G PNOQ.

3.2 Bicycle Dynamics

The bicycle is an interesting dynamical system with the fesatinat one of its key
properties is due to a feedback mechanism that is creatdelmesign of the front
fork. A detailed model of a bicycle is complex because théesydias many degrees
of freedom and the geometry is complicated. However, a glealtof insight can
be obtained from simple models.

To derive the equations of motion we assume that the bicydle on the hor-
izontal Xy plane. Introduce a coordinate system that is xed to the b&ydth
the -axis through the contact points of the wheels with the gdpuhe -axis
horizontal and the -axis vertical, as shown in Figu@5. Let vy be the velocity of
the bicycle at the rear whedd,the wheel basé, the tilt angle and the steering
angle. The coordinate system rotates around the @inith the angular veloc-
ity ! D vp=b, and an observer xed to the bicycle experiences forces dileeto
motion of the coordinate system.
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(a) top view (b) rear view (c) side view

Figure 3.5: Schematic views of a bicycle. The steering angle &nd the roll angle is. The
center of mass has heightand distance from a vertical through the contact poiRt of the
rear wheel. The wheel baselisand the trail isc.

The tilting motion of the bicycle is similar to an inverted plettum, as shown in
the rear view in Figur8.5b. To model the tilt, consider the rigid body obtained when
the wheels, the rider and the front fork assembly are xed &tiieycle frame. Let
m be the total mass of the systetthe moment of inertia of this body with respect
to the -axis andD the product of inertia with respect to the axes. Furthermore,
let the and coordinates of the center of mass with respect to the reaelwhe
contact pointPy, bea andh, respectively. We havd mt? andD D mah The
torques acting on the system are due to gravity and cerdtipetion. Assuming
that the steering angleis small, the equation of motion becomes

d*  Dvod . mvgh
qe T D mghsin' C
The termmghsin’ is the torque generated by gravity. The terms containiagd
its derivative are the torques generated by steering, \wightérm. Dvy=b/ d =dt
due to inertial forces and the termmvah=b/  due to centripetal forces.

The steering angle is in uenced by the torque the rider appbethe handle
bar. Because of the tilt of the steering axis and the shaphleofront fork, the
contact point of the front wheel with the ro&d is behind the axis of rotation of the
front wheel assembly, as shown in Fig@:.&c. The distance between the contact
point of the front wheelP, and the projection of the axis of rotation of the front
fork assemblyP; is called thetrail. The steering properties of a bicycle depend
critically on the trail. A large trail increases stabilitytomakes the steering less
agile.

A consequence of the design of the front fork is that the stgeangle is
in uenced both by steering torqué and by the tilt of the framé . This means
that a bicycle with a front fork is #&eedback systems illustrated by the block
diagram in Figure3.6. The steering angle in uences the tilt angle , and the
tilt angle in uences the steering angle, giving rise to theeglar causality that is

: (3.5)
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— Front

= Fork = Frame

Figure 3.6: Block diagram of a bicycle with a front fork. The steering torque applietthéo
handlebars id, the roll angle is and the steering angle is Notice that the front fork
creates a feedback from the roll angl¢o the steering anglethat under certain conditions
can stabilize the system.

characteristic of reasoning about feedback. For a froktgth a positive trail, the
bicycle will steer into the lean, creating a centrifugati®that attempts to diminish
the lean. Under certain conditions, the feedback can dgtsialbilize the bicycle.
A crude empirical model is obtained by assuming that theko®can be modeled

as the static system
DKkT kot (3.6)

This model neglects the dynamics of the front fork, the tioaerinteraction and
the fact that the parameters depend on the velocity. A marerate model, called
theWhipple modglis obtained using the rigid-body dynamics of the front farid
the frame. Assuming small anggl)es, this model becog1es8 o

M.B',% CCVO.BIEg C.KOCszg/?'?D?(T)?; (3.7)

where the elements of the 22 matriceM, C, Ko andK;, depend on the geometry
and the mass distribution of the bicycle. Note that this Hasra somewhat similar
to that of the spring—mass system introduced in Ch&xed the balance systemin
Example2.1 Even this more complex model is inaccurate because theatien
between the tire and the road is neglected; taking this intm@nt requires two
additional state variables. Again, the uncertainty lemmoRigure2.15bprovides a
framework for understanding the validity of the model untierse assumptions.

Interesting presentations on the development of the kécgog given in the
books by D. Wilsonil04] and Herlihy Her04. The model 8.7) was presented
in a paper by Whipple in 189%¥hi99]. More details on bicycle modeling are given
in the paper AKLO5], which has many references.

3.3 Operational Ampli er Circuits

An operational ampli er (op amp) is a modern implementatibBlack's feedback
ampli er. It is a universal component that is widely used fostrumentation, con-
trol and communication. It is also a key element in analogmating. Schematic
diagrams of the operational ampli er are shown in Fig8ré The ampli er has one
inverting input ¢ ), one noninverting inputc) and one outputvg,). There are
also connections for the supply voltages,andec, and a zero adjustment (offset
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Figure 3.7: An operational ampli er and two schematic diagrams. (a) The ampli er pin
connections on an integrated circuit chip. (b) A schematic with all connect{g) Only the
signal connections.

null). A simple model is obtained by assuming that the inputentss andic are
zero and that the output is given by the static relation

Vout D saty,vmad KVec VI (3.8)
where sat denotes the saturation fugction

2a ifx<a
sata;b/.x/D>x fa x Db (3.9)
b ifx> b

We assume that the galinis large, in the range of £810°, and the voltagegmin
andvmax satisfy

S Vmin < V max €c
and hence are inthe range of the supply voltages. More aequels are obtained

by replacing the saturation function with a smooth functsrshown in Figur8.8.
For small input signals the ampli er characterist&®) is linear:

Vout D kve v I/ D: kv: (3.10)
Vout
Vimax
Ve V
Vmin

Figure 3.8: Input/output characteristics of an operational ampli er. The differéimiaut is
given byve v . The output voltage is a linear function of the input in a small range around
0, with saturation a¥mi, andvmay. In the linear regime the op amp has high gain.
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(a) Ampli er circuit (b) Block diagram

Figure 3.9: Stable ampli er using an op amp. The circuit (a) uses negative feédiracind
an operational ampli er and has a corresponding block diagram ¢® r&sistordR; and R,
determine the gain of the ampli er.

Since the open loop galkais very large, the range of input signals where the system
is linear is very small.

A simple ampli er is obtained by arranging feedback arounel llasic opera-
tional ampli er as shown in Figur&.9a To model the feedback ampli er in the
linear range, we assume that the curiignd i C ic is zero and that the gain of
the ampli er is so large that the voltageD v v¢ is also zero. It follows from
Ohm's law that the currents through resist®sand R, are given by

Vo

ip Y2
Ri R>

and hence the closed loop gain of the ampli er is

v R
2D kg where kgD —2: (3.11)
V1 Rl
A more accurate model is obtained by continuing to negleetdiwrentiy but
assuming that the voltageis small but not negligible. The current balance is then
Vi V _V V
! 'p 2. (3.12)
Ry Ry
Assuming that the ampli er operates in the linear range amagusquation 8.10),
the gain of the closed loop system becomes

Vo R, KRy

D 2p2__"®
kCI V1 Rl R1C RzCle

If the open loop gairk of the operational ampli er is large, the closed loop gain
ko is the same as in the simple model given by equat®tlf. Notice that the
closed loop gain depends only on the passive componenthandariations irk
have only a marginal effect on the closed loop gain. For exarifigx D 10° and
R,=R; D 100, a variation ok by 100% gives only a variation of 0.01% in the closed
loop gain. The drastic reduction in sensitivity is a nicesthation of how feedback
can be used to make precise systems from uncertain comgoiettiis particular
case, feedback is used to trade high gain and low robustoeks\f gain and high
robustness. Equatio.(L3 was the formula that inspired Black when he invented
the feedback ampli erBla34 (see the quote at the beginning of Chait2y.

(3.13)
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Figure 3.10: Circuit diagram of a Pl controller obtained by feedback around aratipesl
ampli er. The capacitoC is used to store charge and represents the integral of the input.

It is instructive to develop a block diagram for the feedbaakpli er in Fig-
ure3.9a To do this we will represent the pure ampli er with inpuand output/,
as one block. To complete the block diagram, we must deshdies depends on
v andv,. Solving equation3.12 for v gives

Ry Ry Ry Ry
v D R C szlc R C szzD —Rlc Ry Elvlcvz ;
and we obtain the block diagram shown in FigB8réh The diagram clearly shows
that the system has feedback and that the gain frofmv is R;=.R; C R,/, which
can also be read from the circuit diagram in Fig@r@a If the loop is stable and
the gain of the ampli er is large, it follows that the ermis small, and we nd that
Vo D .Ry=R:;/vi. Notice that the resistoR; appears in two blocks in the block
diagram. This situation is typical in electrical circuitsicait is one reason why
block diagrams are not always well suited for some types g$igal modeling.

The simple model of the ampli er given by equatidh 10 provides qualitative
insight, but it neglects the fact that the ampli er is a dynaatisystem. A more
realistic model is

D avgy bv: (3.14)

The parametdrn that has dimensions of frequency and is calledytia-bandwidth
productof the ampli er. Whether a more complicated model is used depeon
the questions to be answered and the required size of thetaimtg lemon. The
model @.14 is still not valid for very high or very low frequencies sedrift
causes deviations at low frequencies and there are adalidgnamics that appear
at frequencies close tm The model is also not valid for large signals—an upper
limitis given by the voltage of the power supply, typicaliythe range of 5-10 V—
neither is it valid for very low signals because of electrizaise. These effects can
be added, if needed, but increase the complexity of the aisaly

The operational ampli er is very versatile, and many diffareypstems can be
built by combining it with resistors and capacitors. In faty linear system can
be implemented by combining operational ampli ers with sésis and capacitors.
Exercise3.5shows how a second-order oscillator is implemented, and&g)@0
shows the circuit diagram for an analog proportional-irdégontroller. To develop
a simple model for the circuit we assume that the cuiirgistzero and that the open
loop gaink is so large that the input voltageis negligible. The currertthrough
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the capacitor i$ D Cdv.=dt, wherev, is the voltage across the capacitor. Since
the same current goes through the resiggrwe get

ipYtpcd.
Rl dt
which implies that
Ve.t/ D lz i.t/dtD iz tvl. /d:
C RiC o
The output voltage is thus given by .
t
%vl.t/ ?lc . vi. /1 d;

which is the input/output relation for a PI controller.

Vz.t/ D R2| ve D

The development of operational ampli ers was pioneered byrilk [Lun05
Phi4g, and their usage is described in many textbooks (e, 75]). Good infor-
mation is also available from suppliedn02 Man03.

3.4 Computing Systems and Networks

The application of feedback to computing systems followsstémme principles as
the control of physical systems, but the types of measurevaard control inputs
that can be used are somewhat different. Measurementso(sgrse typically
related to resource utilization in the computing systemedwork and can include
guantities such as the processor load, memory usage ornkdiamdwidth. Control
variables (actuators) typically involve setting limits thre resources available to a
process. This might be done by controlling the amount of mgnwisk space or
time that a process can consume, turning on or off processatgying availability
of a resource or rejecting incoming requests to a serveiegedrocess modeling
for networked computing systems is also challenging, anpitcal models based
on measurements are often used when a rst-principles medwitiavailable.

Web Server Control

Web servers respond to requests from the Internet and gravidrmation in the
form of web pages. Modern web servers start multiple pr@sess respond to
requests, with each process assigned to a single sourtaafiirther requests are
received from that source for a prede ned period of time. Psses that are idle
become part of a pool that can be used to respond to new reqiiesprovide a
fast response to web requests, it is important that the wefersprocesses do not
overload the server's computational capabilities or exhdsimemory. Since other
processes may be running on the server, the amount of aegiledcessing power
and memory is uncertain, and feedback can be used to prowmk gerformance
in the presence of this uncertainty.
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Figure 3.11:Feedback control of a web server. Connection requests arriveiopat queue,
where they are sent to a server process. A nite state machine keeg®frtne state of the
individual server processes and responds to requests. A colgasitm can modify the
server's operation by controlling parameters that affect its behastich as the maximum
number of requests that can be serviced at a single fviaxClients ) or the amount of
time that a connection can remain idle before it is droppéstpAlive ).

Figure 3.11 illustrates the use of feedback to modulate the operatioanof
Apache web server. The web server operates by placing ingpoannection re-
guests on a queue and then starting a subprocess to handistefipr each accepted
connection. This subprocess responds to requests from @ giveection as they
come in, alternating betweenBusy state and aVait state. (Keeping the sub-
process active between requests is known apéhsistencef the connection and
provides a substantial reduction in latency to requestsdtiple pieces of infor-
mation from a single site.) If no requests are received farf@iently long period
of time, controlled by th&eepAlive parameter, then the connection is dropped
and the subprocess entersldie state, where it can be assigned another connec-
tion. A maximum ofMaxClients  simultaneous requests will be served, with the
remainder remaining on the incoming request queue.

The parameters that control the server represent a tradeetffeen perfor-
mance (how quickly requests receive a response) and resaosage (the amount
of processing power and memory used by the server). InorigdsMaxClients
parameter allows connection requests to be pulled off ofjtieie more quickly
but increases the amount of processing power and memorg tisagis required.
Increasing th&eepAlive timeout means that individual connections can remain
idle for alonger period of time, which decreases the prangd¢sad on the machine
but increases the size of the queue (and hence the amoumeafdquired for a user
to initiate a connection). Successful operation of a busyeseequires a proper
choice of these parameters, often based on trial and error.

To model the dynamics of this system in more detail, we craaliscrete-time
model with states given by the average processor lggdand the percentage
memory usagemem. 1he inputs to the system are taken as the maximum number
of clientsunyc and the keep-alive timey,. If we assume a linear model around the
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equilibrium point, the dynamics can be written as

8 9 8 98 9 8 98 9
3 XpdKC 13y 3 A Aoz 3 XK 3 -3 Bu &BBUMH;.@la
" Xmem[K C 1]’ A A T XmemlK' T Bar B2o' CoUmc[K] T YT

where the coef cients of thé& andB matrices can be determined based on empirical
measurements or detailed modeling of the web server's psirng and memory
usage. Using system identi cation, Diao et dhGH+02 HDPTO04 identi ed the
linearized dynamics as

8 9
2 0:54 0:11% .

8 9
AD: sp3 3 44

4.
0:026 Q63" ’ 25 28 105
where the system was linearized about the equilibrium point

This model shows the basic characteristics that were destabove. Looking
rst at the B matrix, we see that increasing tkeepAlive timeout ( rst column
of the B matrix) decreases both the processor usage and the menawy sisice
there is more persistence in connections and hence the sperds a longer time
waiting for a connection to close rather than taking on a neweconnection. The
MaxClients connectionincreases boththe processing and memory esgeiirts.
Note that the largest effect on the processor load iskibepAlive timeout.
The A matrix tells us how the processor and memory usage evolvedgian of
the state space near the equilibrium point. The diagonalsteiescribe how the
individual resources return to equilibrium after a transimcrease or decrease.
The off-diagonal terms show that there is coupling betweertwo resources, so
that a change in one could cause a later change in the other.

Although this model is very simple, we will see in later exdegpthat it can
be used to modify the parameters controlling the serverahtime and provide
robustness with respect to uncertainties in the load on #ehime. Similar types of
mechanisms have been used for other types of servers. Ipaiant to remember
the assumptions on the model and their role in determinirgyvithe model is valid.
In particular, since we have chosen to use average quantier a given sample
time, the model will not provide an accurate representatiwrhigh-frequency
phenomena.

Congestion Control

The Internet was created to obtain a large, highly decengéd@lief cient and ex-
pandable communication system. The system consists of e tangber of inter-
connected gateways. A message is split into several packath are transmitted
over different paths in the network, and the packages aoinesj to recover the
message at the receiver. An acknowledgment (“ack”) messaggnt back to the
sender when a packet is received. The operation of the systgoverned by a
simple but powerful decentralized control structure tred Bvolved over time.
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Figure 3.12:Internet congestion control. (a) Source computers send informati@uters,
which forward the information to other routers that eventually connecigtogbeiving com-
puter. When a packet is received, an acknowledgment packet isagnthrough the routers
(not shown). The routers buffer information received from thersesi and send the data
across the outgoing link. (b) The equilibrium buffer sizdor a set ofN identical computers
sending packets through a single router with drop probability

The system has two control mechanisms cafestocols the Transmission
Control Protocol (TCP) for end-to-end network communicatiod ¢he Internet
Protocol (IP) for routing packets and for host-to-gateway ategay-to-gateway
communication. The current protocols evolved after sometapalar congestion
collapses occurred in the mid 1980s, when throughput ureéegly could drop by
a factor of 1000 Jac9%. The control mechanism in TCP is based on conserving
the number of packets in the loop from the sender to the recaivd back to the
sender. The sending rate is increased exponentially whee th@o congestion,
and it is dropped to a low level when there is congestion.

To derive an overall model for congestion control, we mothe¢¢ separate
elements of the system: the rate at which packets are semidbsidual sources
(computers), the dynamics of the queues in the links (reptmnd the admission
control mechanism for the queues. FigBr&2ais a block diagram of the system.

The current source control mechanism on the Internet is a@wbknown
as TCP/RenolUPDO0Z. This protocol operates by sending packets to a receiver
and waiting to receive an acknowledgment from the receivat the packet has
arrived. If no acknowledgment is sent within a certain tinngperiod, the packet
is retransmitted. To avoid waiting for the acknowledgmeafobe sending the next
packet, Reno transmits multiple packets up to a xeithdow around the latest
packetthat has been acknowledged. If the window lengthasemproperly, packets
at the beginning of the window will be acknowledged before sburce transmits
packets at the end of the window, allowing the computer tdinanusly stream
packets at a high rate.

To determine the size of the window to use, TCP/Reno uses adekdbech-
anism in which (roughly speaking) the window size is incesbigy 1 every time a
packet is acknowledged and the window size is cut in half wieerkets are lost.
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This mechanism allows a dynamic adjustment of the window isizehich each
computer acts in a greedy fashion as long as packets are delingred but backs
off quickly when congestion occurs.

A model for the behavior of the source can be developed byrithésg the
dynamics of the window size. Suppose we h&Weomputers and let; be the
current window size (measured in number of packets) for thecomputer. Let
g represent the end-to-end probability that a packet will moped someplace
between the source and the receiver. We can model the dysaiibe window
size by the differential equation

%D.l q,/%Cq, %ri.t il ri D ﬂil; (316)
where j is the end-to-end transmission time for a packet to reackdsthtion and
the acknowledgment to be sent back ane the resulting rate at which packets
are cleared from the list of packets that have been receisal. rst term in the
dynamics represents the increase in window size when a packeeived, and the
second term represents the decrease in window size wherket figtost. Notice
thatr; is evaluated attime i, representing the time required to receive additional
acknowledgments.

The link dynamics are controlled by the dynamics of the rogtezue and the
admission control mechanism for the queue. Assume that we Lhdinks in the
network and uskto index the individual links. We model the queue in termshef t
current number of packets in the router's buffgiand assume that the router can
contain a maximum d. max packets and transmits packets at a catequal to the
capacity of the link. The buffer dynamics can then be written a

X
Bps o sD nt oo (3.17)
dt N
fi:12Lig

wherelL; is the set of links that are being used by SOLiI;Ctﬁf is the time it takes a
packet from sourceto reach linkl ands is the total rate at which packets arrive
at link .

The admission control mechanism determines whether a giaekep is ac-
cepted by a router. Since our model is based on the averagttopsin the network
and not the individual packets, one simple model is to asghatehe probability
that a packet is dropped depends on how full the buffepi€® m;.by; bmad . For
simplicity, we will assume for now thapy D b (see Exercis®.6 for a more
detailed model). The probability that a packet is droppedyaten link can be used
to determine the end-to-end probability that a packet isitogansmission:

Y X

gD1 1 pl p.t P (3.18)
2L 12L;

where I? is the backward delay from linkto source and the approximation is
valid as long as the individual drop probabilities are smak use the backward
delay since this represents the time required for the aclatmyment packet to be
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received by the source.

Together, equations3(16), (3.17) and @.18 represent a model of congestion
control dynamics. We can obtain substantial insight by icterg1g a special case
in which we haveN identical sources and 1 link. In addition, we assume for the
moment that the forward and backward time delays can be éghan which case
the dynamics can be reduced to the form

. 1 2 2 XN
dwi p= _SE-WT CW'/; db p- M C; D l2; (3.19)
dt 2 dat c
iD1
wherew; 2 R,i D 1;:::; N, are the window sizes for the sources of data,R is

the current buffer size of the routercontrols the rate at which packets are dropped
andc is the capacity of the link connecting the router to the cotegsu The variable

represents the amount of time required for a packet to beepsed by a router,
based on the size of the buffer and the capacity of the linkstuking into the
equations, we write the state space dynamics as

dw;, ¢ w2 db X cw
—D - 1C =+ ; — — 2
at °p 1% wP o ¢ (3.20)
iD1
More sophisticated models can be founditMTGO0O, LPDOZ].
The nominal operating point for the system can be found bingef® D D 0:
2 X _
0D g ¢ 1C W—Z' . 0D C—‘t')"'
iD1
Exploiting the fact that all of the source dynamics are id=itiit follows that all
of thew; should be the same, and it can be shown that there is a unigudeagm
satisfying the equations
be Ce 1
ieD —D —; —.
WieP NP N 22Nz
The solution for the second equation is a bit messy but calydsiletermined nu-
merically. A plot of its solution as a function 012 2N?/ is shown in Figur&.12h
We also note that at equilibrium we have the following additl equalities:

b, Nw w
eDEeD Ce; geD NpeD N be; reD —: (3.22)

e

bes/2C. bs/ 1DO: (3.21)

Figure 3.13shows a simulation of 60 sources communicating across &sing
link, with 20 sources dropping out &tD 500 ms and the remaining sources in-
creasing their rates (window sizes) to compensate. Notettieabuffer size and
window sizes automatically adjust to match the capacityheflink.

A comprehensive treatment of computer networks is giveméntéxtbook by
TannenbaumTan9§. A good presentation of the ideas behind the control prin-
ciples for the Internet is given by one of its designers, Varobson, inJac95.

F. Kelly [Kel85] presents an early effort on the analysis of the system. Th& bo
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Figure 3.13:Internet congestion control fdt identical sources across a single link. As shown
on the left, multiple sources attempt to communicate through a router acsoggle link. An
“ack” packet sent by the receiver acknowledges that the messagyeeaeived; otherwise the
message packet is resent and the sending rate is slowed down atrite de simulation
on the right is for 60 sources starting random rates, with 20 sourcppidgout at D 500
ms. The buffer size is shown at the top, and the individual source fiatésof the sources
are shown at the bottom.

by Hellerstein et al. HDPT04 gives many examples of the use of feedback in
computer systems.

3.5 Atomic Force Microscopy

The 1986 Nobel Prize in Physics was shared by Gerd Binnig andidleiRohrer
for their design of thescanning tunneling microscop&he idea of the instrument
is to bring an atomically sharp tip so close to a conductingase that tunneling
occurs. An image is obtained by traversing the tip acrossdhgple and measuring
the tunneling current as a function of tip position. This imien has stimulated
the development of a family of instruments that permit vigadion of surface
structure at the nanometer scale, including @b@mic force microscopéAFM),
where a sample is probed by a tip on a cantilever. An AFM canaipen two
modes. Intapping modehe cantilever is vibrated, and the amplitude of vibration
is controlled by feedback. Inontact modehe cantilever is in contact with the
sample, and its bending is controlled by feedback. In bosesaontrol is actuated
by a piezo element that controls the vertical position ofdhetilever base (or the
sample). The control system has a direct in uence on pictuedityutand scanning
rate.

A schematic picture of an atomic force microscope is shovFigare3.14a A
microcantilever with a tip having a radius of the order of 10 is placed close to
the sample. The tip can be moved vertically and horizontalygia piezoelectric
scanner. It is clamped to the sample surface by attractivelga\Waals forces and
repulsive Pauli forces. The cantilever tilt depends on tpedoaphy of the surface
and the position of the cantilever base, which is contraligdhe piezo element.
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Figure 3.14: Atomic force microscope. (a) A schematic diagram of an atomic forceamnic
scope, consisting of a piezo drive that scans the sample under the AFMadiger re ects off
of the cantilever and is used to measure the detection of the tip throughtmatdecbntroller.
(b) An AFM image of strands of DNA. (Image courtesy Veeco Instroteg

The tilt is measured by sensing the de ection of the laser besingwa photodiode.
The signal from the photodiode is ampli ed and sent to a coldrahat drives
the ampli er for the vertical position of the cantilever. Bymtrolling the piezo
element so that the de ection of the cantilever is constdrd,gignal driving the
vertical de ection of the piezo element is a measure of thenitdorces between
the cantilever tip and the atoms of the sample. An image oftiniace is obtained
by scanning the cantilever along the sample. The resolutiakemit possible to
see the structure of the sample on the atomic scale, agalladtin Figure3.14h
which shows an AFM image of DNA.

The horizontal motion of an AFM is typically modeled as a sprimgss system
with low damping. The vertical motion is more complicated riodel the system,
we start with the block diagram shown in Figid 5 Signals that are easily acces-
sible are the input voltage to the power ampli er that drives the piezo element,

Sample topography
Piezo 2 Cantilever ' _| Laser&
element - tiev photodiode
De ection reference
v Power | Y |D c ot < Y | Signal
ampli er A|=Omputern ampli er

Figure 3.15: Block diagram of the system for vertical positioning of the cantilever for an
atomic force microscope in contact mode. The control system attempisefo tke can-
tilever de ection equal to its reference value. Cantilever de ection is mes ampli ed
and converted to a digital signal, then compared with its reference val@récting signal is
generated by the computer, converted to analog form, ampli ed andcstre piezo element.
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Figure 3.16: Modeling of an atomic force microscope. (a) A measured step respdhe
top curve shows the voltageapplied to the drive ampli er (50 mV/div), the middle curve
is the outputV, of the power ampli er (500 mV/div) and the bottom curve is the output
of the signal ampli er (500 mV/div). The time scale is 25/div. Data have been supplied
by Georg Schitter. (b) A simple mechanical model for the vertical postiamd the piezo
crystal.

the voltagev applied to the piezo element and the output voltgg# the signal
ampli er for the photodiode. The controller is a Pl controllenglemented by a
computer, which is connected to the system by analog-titadi{@/D) and digital-
to-analog (D/A) converters. The de ection of the cantilevas also shown in the
gure. The desired reference value for the de ection is an irpuhe computer.

There are several different con gurations that have diffedgimamics. Here we
will discuss a high-performance system fro88D+07 where the cantilever base
is positioned vertically using a piezo stack. We begin the@efiog with a simple
experiment on the system. FiglBd 6ashows a step response of a scanner from the
input voltageu to the power ampli er to the output voltageof the signal ampli er
for the photodiode. This experiment captures the dynamitiseo€hain of blocks
fromutoyin the block diagram in Figurg.15 Figure3.16ashows that the system
responds quickly but that there is a poorly damped oscilfatwode with a period
of about 35 ps. A primary task of the modeling is to understiwedorigin of the
oscillatory behavior. To do so we will explore the system iorendetail.

The natural frequency of the clamped cantilever is typicadlyeral hundred
kilohertz, which is much higher than the observed oscdlatf about 30 kHz. As
a rst approximation we will model it as a static system. Sinlge tle ections are
small, we can assume that the bendingf the cantilever is proportional to the
difference in height between the cantilever tip at the pranthe piezo scanner. A
more accurate model can be obtained by modeling the castites/a spring—mass
system of the type discussed in Chaier

Figure 3.16aalso shows that the response of the power ampli er is fast. The
photodiode and the signal ampli er also have fast responsésan thus be mod-
eled as static systems. The remaining block is a piezo sysidnsuspension. A
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schematic mechanical representation of the vertical matishe scanner is shown
in Figure3.16h We will model the system as two masses separated by an ideal
piezo element. The mass; is half of the piezo system, and the mawssis the
other half of the piezo system plus the mass of the support.

A simple model is obtained by assuming that the piezo crgstaérates a force
F between the masses and that there is a dangoimghe spring. Let the positions
of the center of the masses beandz,. A momentum balance gives the following
model for the system:

d221 d222 de
—— D F; m———D c— kz F:
my a2 274 2 222
Let the elongation of the piezo elemdnD z;  z, be the control variable and
the heightz; of the cantilever base be the output. Eliminating the vagadblin

equations .23 and substituting; | for z, gives the model

d221 dz; ) dl
.m; C my/ — a2 Cc— dt C kpoz; D my fracdildt“C ng— Ckal: (323)

Summarizing, we nd thatasimple model of the system is obimemodeling
the piezo by 8.23 and all the other blocks by static models. Introducing thedr
equation$ D ksu andy D k,z;, we now have a complete model relating the output
y to the control signall. A more accurate model can be obtained by introducing the
dynamics of the cantilever and the power ampli er. As in theyious examples,
the concept of the uncertainty lemon in Fig@dd5b provides a framework for
describing the uncertainty: the model will be accurate ughéofrequencies of the
fastest modeled modes and over a range of motion in whiclarimed stiffness
models can be used.

The experimental results in FiguBel6acan be explained qualitatively as fol-
lows. When a voltage is applied to the piezo, it expandk e massn; moves
up and the mass, moves down instantaneously. The system settles after aypoorl
damped oscillation.

Itis highly desirable to design a control system for theigaltmotion so that it
responds quickly with little oscillation. The instrumenstmer has several choices:
to accept the oscillation and have a slow response time sigii@ control system
that can damp the oscillations or to redesign the mechanigs/é resonances of
higher frequency. The last two alternatives give a fastgrmese and faster imaging.

Since the dynamic behavior of the system changes with theepiep of the
sample, itis necessary to tune the feedback loop. In sinygtems this is currently
done manually by adjusting parameters of a Pl controller. §lage interesting
possibilities for making AFM systems easier to use by intag automatic tuning
and adaptation.

The book by Sarid$ar9] gives a broad coverage of atomic force microscopes.
The interaction of atoms close to surfaces is fundamentallio state physics, see
Kittel [Kit95]. The model discussed in this section is based on Schi&r(].
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Figure 3.17: Abstraction used to compartmentalize the body for the purpose of desgrib
drug distribution (based on Teorelldo37). The body is abstracted by a number of com-
partments with perfect mixing, and the complex transport processeapgroximated by
assuming that the ow is proportional to the concentration differencesaicéimpartments.
The constant& parameterize the rates of ow between different compartments.

3.6 Drug Administration

The phrase “Take two pills three times a day” is a recommeodatith which we
are all familiar. Behind this recommendation is a solutibam open loop control
problem. The key issue is to make sure that the concentrafiannoedicine in
a part of the body is suf ciently high to be effective but not lsigh that it will
cause undesirable side effects. The control action is qgethtake two pills and
sampledgevery 8 hoursThe prescriptions are based on simple models captured in
empirical tables, and the dose is based on the age and wéitiet patient.

Drug administration is a control problem. To solve it we mustierstand how
a drug spreads in the body after it is administered. This tagiledpharmacoki-
netics is now a discipline of its own, and the models used are cal@dpartment
modelsThey go back to the 1920s when Widmark modeled the propageattedco-
hol in the body WT24]. Compartment models are now important for the screening
of all drugs used by humans. The schematic diagram in Figréillustrates the
idea of a compartment model. The body is viewed as a numberropadments
like blood plasma, kidney, liver and tissues that are seépdday membranes. It is
assumed that there is perfect mixing so that the drug corat@nt is constant in
each compartment. The complex transport processes arexappted by assuming
that the ow rates between the compartments are proportiorthle concentration
differences in the compartments.

To describe the effect of a drug it is necessary to know batledhcentration
and how it in uences the body. The relation between conceptratand its effect
eis typically nonlinear. A simple model is

Emax (3.24)

D
¢ Cc

The effect is linear for low concentrations, and it saturatasigh concentrations.
The relation can also be dynamic, and it is then cglledrmacodynamics
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Compartment Models

The simplest dynamic model for drug administration is olgdiby assuming that
the drug is evenly distributed in a single compartment gifteas been administered
and that the drug is removed at a rate proportional to theertration. The com-
partments behave like stirred tanks with perfect mixing.dle¢ the concentration,
V the volume andj the out ow rate. Converting the description of the systenoint
differential equations gives the model

Vg—fD qc, ¢ O (3.25)

This equation has the solutiant/ D coe 9%V D coe ¥, which shows that the
concentration decays exponentially with the time constabt V=g after an injec-
tion. The input is introduced implicitly as an initial conidih in the model 8.25).
More generally, the way the input enters the model dependsoanthe drug is
administered. For example, the input can be representedrasa ow into the
compartment where the drug is injected. A pill that is digedlcan also be inter-
preted as an input in terms of a mass ow rate.

The model 8.25) is called a ane-compartment modet asingle-pool model
The parameteq=V is called the elimination rate constant. This simple model
often used to model the concentration in the blood plasman8&gsuring the con-
centration at a few times, the initial concentration canlitaimed by extrapolation.
If the total amount of injected substance is known, the va@ifcan then be de-
termined a3/ D m=cy; this volume is called thapparent volume of distribution
This volume is larger than the real volume if the concentratiothe plasma is
lower than in other parts of the body. The mod&R§ is very simple, and there
are large individual variations in the parameters. The pataraV andq are often
normalized by dividing by the weight of the person. Typicatgameters for aspirin
areV D 0.2 L/kg andg D 0.01.L/h//kg. These numbers can be compared with
a blood volume of 0.07 L/kg, a plasma volume of 0.05 L/kg, areicetlular uid
volume of 0.4 L/kg and an out ow of 0.0015 L/ min /kg.

The simple one-compartment model captures the gross belddoug distri-
bution, butitis based on many simpli cations. Improved misarn be obtained by
considering the body as composed of several compartmeramigs of such sys-
tems are shown in Figui218 where the compartments are represented as circles
and the ows by arrows.

Modeling will be illustrated using the two-compartment rebish Figure3.18a
We assume that there is perfect mixing in each compartmehtheat the transport
between the compartments is driven by concentration éiffiees. We further as-
sume that a drug with concentratiogis injected in compartment 1 at a volume
ow rate of u and that the concentration in compartment 2 is the outputcLabd
C, be the concentrations of the drug in the compartments and lahdV, be the

S
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Uy
(a) Two compartment model (b) Thyroid hormone model

Figure 3.18: Schematic diagrams of compartment models. (a) A simple two-compairtme
model. Each compartment is labeled by its volume, and arrows indicat@hef chemical
into, out of and between compartments. (b) A system with six compartmeatsto study
the metabolism of thyroid hormon&pd83. The notationk;; denotes the transport from
compartmenf to compartmeni.

volumes of the compartments. The mass balances for the comgrds are

dc
Vld—tl Dqg.c, ¢/ qociCcou; ¢ 0
dc
Vzd—t2 Dg.c. cof c; O (3.26)
y D ¢

Introducing the variableky D go=V1, ki D q=V1, ko D =V, andby D ¢cp=V; and
using matrix notation, the model can be written as

dc 8 ko ki Kk 8b9 8 9
e o3 1 13 2 0oz . : .
at D - ke K cC- 0 u; yD-0 1 c (3.27)

Comparing this model with its graphical representation iguFe 3.18a we nd
that the mathematical representati@2{) can be written by inspection.

It should also be emphasized that simple compartment medelsas the one in
equation 8.27) have a limited range of validity. Low-frequency limits eMicause
the human body changes with time, and since the compartnmiglruses average
concentrations, they will not accurately represent rapidnges. There are also
nonlinear effects that in uence transportation betweencitmpartments.

Compartment models are widely used in medicine, engingexind environ-
mental science. An interesting property of these systeftiats/ariables like con-
centration and mass are always positive. An essential dtiycim compartment
modeling is deciding how to divide a complex system into cartipents. Com-
partment models can also be nonlinear, as illustrated inéesection.
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Figure 3.19: Insulin—glucose dynamics. (a) Sketch of body parts involved in the alooitr
glucose. (b) Schematic diagram of the system. (c) Responses of iasdliglucose when
glucose in injected intravenously. FroPB84.

Insulin—glucose Dynamics

It is essential that the blood glucose concentration in th@ylds kept within a
narrow range (0.7-1.1 g/L). Glucose concentration is in wehby many factors
like food intake, digestion and exercise. A schematic petf the relevant parts
of the body is shown in Figurexs 19aandb.

There is a sophisticated mechanism that regulates glucosecwation. Glu-
cose concentration is maintained by the pancreas, whiatetsscthe hormones
insulin and glucagon. Glucagon is released into the bloedst when the glucose
levelis low. It acts on cells in the liver that release gluedasulin is secreted when
the glucose level is high, and the glucose level is loweredadmsing the liver and
other cells to take up more glucose. In diseases like juselidbetes the pancreas
is unable to produce insulin and the patient must injectlingato the body to
maintain a proper glucose level.

The mechanisms that regulate glucose and insulin are ccoagdicdynamics
with time scales that range from seconds to hours have besamada. Models of
different complexity have been developed. The models arediptested with data
from experiments where glucose is injected intravenoustyiasulin and glucose
concentrations are measured at regular time intervals.

A relatively simple model called thainimal modeivas developed by Bergman
and coworkersBer89. This models uses two compartments, one representing the
concentration of glucose in the bloodstream and the otlpeesenting the concen-
tration of insulin in the interstitial uid. Insulin in the blodstream is considered an
input. The reaction of glucose to insulin can be modeled bethetions

dX1 dx

ot D .p1Cx/x1 C p1Ge; dt2 D p2x2C ps.u ief; (3.28)
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wherege andie represent the equilibrium values of glucose and insuijns the
concentration of glucose and is proportional to the concentration of interstitial
insulin. Notice the presence of the tempx; in the rst equation. Also notice
that the model does not capture the complete feedback locgube it does not
describe how the pancreas reacts to the glucose. FRjtiBeshows a t of the
model to a test on a normal person where glucose was injecteyénously at
timet D 0. The glucose concentration rises rapidly, and the pancesgponds
with a rapid spikelike injection of insulin. The glucose amdulin levels then
gradually approach the equilibrium values.

Models of the type in equatioB (28 and more complicated models having many
compartments have been developed and tted to experimeatal 4 dif culty in
modeling is that there are signi cant variations in modelgraeters over time and
for different patients. For example, the paramgiein equation 8.28 has been
reported to vary with an order of magnitude for healthy imdials. The models
have been used for diagnosis and to develop schemes foetimint of persons
with diseases. Attempts to develop a fully automatic aréilggancreas have been
hampered by the lack of reliable sensors.

The papers by Widmark and TandbewyT24] and Teorell Teo37 are classics
in pharmacokinetics, which is now an established disoipliith many textbooks
[Dos68 Jac72 GP83. Because of its medical importance, pharmacokinetics is
now an essential component of drug development. The bookdpysHRig63 is a
good source for the modeling of physiological systems, ambee mathematical
treatment is given in{S01]. Compartment models are discussed@o{i83. The
problem of determining rate coef cients from experimentatalis discussed in
[BA70] and [God83. There are many publications on the insulin—-glucose model.
The minimal model is discussed i@T84, Ber89 and more recent references are
[MLKO6, FCF+04.

3.7 Population Dynamics

Population growth is a complex dynamic process that invdlvefteraction of one
or more species with their environment and the larger etesysThe dynamics of
population groups are interesting and important in marfgiifit areas of social and
environmental policy. There are examples where new speaigstieen introduced
into new habitats, sometimes with disastrous results. Thre also been attempts
to control population growth both through incentives anatigh legislation. In
this section we describe some of the models that can be usawigrstand how
populations evolve with time and as a function of their esniments.

Logistic Growth Model

Let x be the population of a species at tilmé\ simple model is to assume that the
birth rates and mortality rates are proportional to thel totgoulation. This gives
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the linear model

%Dbx dxD.b d/xDrx; x O (3.29)

where birth ratd and mortality ratel are parameters. The model gives an expo-
nential increase ib > d or an exponential decreasehif< d. A more realistic
model is to assume that the birth rate decreases when thégpiopus large. The
following modi cation of the model 8.29 has this property:

dx

X
aDrx.l E/’ X 0 (3.30)

wherek is thecarrying capacityof the environment. The mode3.30) is called the
logistic growth model

Predator-Prey Models

A more sophisticated model of population dynamics inclublesffects of compet-
ing populations, where one species may feed on another. ifiigisn, referred to
as thepredator—prey problenwas introduced in Exampk3, where we developed
a discrete-time model that captured some of the featuresstafrical records of
lynx and hare populations.

In this section, we replace the difference equation modsd tisere with a more
sophisticated differential equation model. lkétt/ represent the number of hares
(prey) and let_.t/ represent the number of lynxes (predator). The dynamicseof th
system are modeled as

d—HDrH 1 ﬂ aHL; H O

dt k cCH (3.31)
dL aHL '
— D dL; L O

dt cCH

In the rst equation,r represents the growth rate of the haresepresents the
maximum population of the hares (in the absence of lynxa@sgpresents the
interaction term that describes how the hares are dimidisisea function of the
lynx population and controls the prey consumption rate for low hare population.
In the second equatiot, represents the growth coef cient of the lynxes amhd
represents the mortality rate of the lynxes. Note that thhe dgnamics include a
term that resembles the logistic growth modBQ).

Of particular interest are the values at which the poputatedues remain con-
stant, calledequilibrium points The equilibrium points for this system can be
determined by setting the right-hand side of the above @nsto zero. Letting
He andL represent the equilibrium state, from the second equat®mhave

cd
ab d’
Substituting this into the rst equation, we have that fqor D 0 eitherHg D 0 or

LeDO or H, D (3.32)
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Figure 3.20:Simulation of the predator—prey system. The gure onthe left showsalation

of the two populations as a function of time. The gure on the right showsgptmilations
plotted against each other, starting from different values of the populdtie oscillation seen

in both gures is an example of lémit cycle The parameter values used for the simulations
areaD 3:2,bD 0:6,c D 50,d D 0:56,k D 125 and D 1.6.

He D k. For Le 600, we obtain
D rHe.cC He/ 1 He bcr.abk cd dk/

L _ — 3.33
€ aHe k .ab d/%k ( )
Thus, we have three possible equilibrium poixg¢® . Le; He/:
8 09 8 k9 8 H 9
30z . 3Kz, 3Hex .
xeD.o,, xeD.O,, xeD.Le,,

whereH, andL, are given in equations3(32 and @.33. Note that the equilib-
rium populations may be negative for some parameter vategsesponding to a
nonachievable equilibrium point.

Figure 3.20 shows a simulation of the dynamics starting from a set of popu
lation values near the nonzero equilibrium values. We sagfin this choice of
parameters, the simulation predicts an oscillatory pdmrizount for each species,
reminiscent of the data shown in Figuzeb.

Volume | of the two-volume set by J. D. Murraur04] give a broad coverage
of population dynamics.

Exercises

3.1(Cruise control) Consider the cruise control example deedrin Sectior8.1
Build a simulation that re-creates the response to a hillvshio Figure3.3band
show the effects of increasing and decreasing the mass chthy 25%. Redesign
the controller (using trial and error is ne) so that it retarto within 1% of the
desired speed within 3 s of encountering the beginning ohithe
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3.2(Bicycle dynamics) Show that the dynamics of a bicycle frainergby equa-
tion (3.5) can be apgroxmated in stagesspagce f%rm as

gxlg 0 lggxlgcg Dvo—bJ/gu
dt = X’ : mgth 0 " x ' mvoh bJl
yD:1 0O x;
where the inputi is the steering angleand the outpuy is the tilt angle’ . What
do the stateg; andx, represent?

3.3(Bicycle steering) Combine the bicycle model given by egue(3.5) and the
model for steering kinematics in Exam#e3to obtain a model that describes the
path of the center of mass of the bicycle.
3.4 (Operational ampli er circuit) Consider the op amp circuiosvn below.

V2

O—WA—T—WA MW
Ry Ra Ro

Ry
\1 Ci— VTMTO
(07 V3

(e, —|_ O

Show that the dynamics can be written in state space form as

1 1 . 8 412 . .
dx RiCi RC % § Rlcé . : .
Eé&l 1 XC.O Wy BrR b
Ra RCo R.C,

whereu D v; andy D vs. (Hint: Usev, andvs as your state variables.)
3.5(Operational ampli er oscillator) The op amp circuit showrdse is an imple-
mentation of an oscillator.

o) R4 G
i w H

R2 . R3 . Rl .
ANV AN
+ V2 + A& + Vi

Show that the dynamics can be written in state space form as
9

0 R4
dx § R1R3C1§ .
D X;
dt _ 1 0

R2Co
where the state variables represent the voltages acrossjplaeitors<; D v; and
X2 D Vo.
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3.6 (Congestion control using RELPW+02) A number of improvements can
be made to the model for Internet congestion control preseimt Section3.4.
To ensure that the router's buffer size remains positivecare modify the buffer
dynamics to satisfy (

db ;s ¢ b >0

dt satp1,.5 ¢/ b DO:
In addition, we can model the drop probability of a packe&llasn how close we
are to the buffer limits, a mechanism known as random eatbyatien (RED):

8
30 a.t/  plover
o p MU B g < g
PEMATE S 1 op'e g gy < 2pt
"1 a.tl 2™
da
P aa bi/;
where |, b""*® blwe" and p{'PP*" are parameters for the RED protocol.

Using the model above, write a simulation for the system andl anset of
parameter values for which there is a stable equilibriunmipand a set for which
the system exhibits oscillatory solutions. The followingssaf parameters should
be explored:

N D 20;30;:::; 60; bio"e" D 40 pkts D 0:1;
cD 8 9;:::; 15 pktsms bP**" D 540 pkts D 10 4

3.7 (Atomic force microscope with piezo tube) A schematic déagrof an AFM
where the vertical scanner is a piezo tube with preloadiséasvn below.

™

L

1 kl% L &

k2 C2

Show that the dynamics can be written as

d221 le d2| dl
. —C. — C.kiCk Dm,— — C kol:
my C m2/ ae C C1 C C2/ dt C 1 C 2/21 mzdtz C Czdt C 2

Are there parameter values that make the dynamics pantigsianple?
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3.8(Drug administration) The metabolism of alcohol in the body be modeled
by the nonlinear compartment model
do dg C
V,— D g. Co/ C Oy Vi— D g.c /
bt q.¢ b/ C iv T q.¢, ¢ qmaxcGC
whereV, D 48 L andV, D 0.6 L are the apparent volumes of distribution of
body water and liver watec, andc are the concentrations of alcohol in the com-
partmentsg;, andqg are the injection rates for intravenous and gastrointaktin
intake,q D 1.5 L/min is the total hepatic blood owjmax D 2.75 mmol/min and
Co D 0.1 mmol/L. Simulate the system and compute the concentriatitwe blood
for oral and intravenous doses of 12 g and 40 g of alcohol.

C dgi;

3.9 (Population dynamics) Consider the model for logistic gitogiven by equa-
tion (3.30. Show that the maximum growth rate occurs when the size gbdipe
ulation is half of the steady-state value.

3.10 (Fisheries management) The dynamics of a commercial sherybeade-
scribed by the following simple model:

%Df.x/ h.x; u/; y D bh.x;u/ cu

wherex is the total biomassf.x/ D rx.1 x=k/ is the growth rate anl. x; u/ D
axuis the harvesting rate. The outpyis the rate of revenue, and the paramegers
b andc are constants representing the price of sh and the cost ohghshow that
there is an equilibrium where the steady-state biomasg 3 c=.ab/. Compare
with the situation when the biomass is regulated to a cohstne and nd the
maximum sustainable return in that case.



Chapter Four
Dynamic Behavior

It Don't Mean a Thing If It Ain't Got That Swing.
Duke Ellington (1899-1974)

In this chapter we present a broad discussion of the behakthmamical sys-
tems focused on systems modeled by nonlinear differergizdtons. This allows
us to consider equilibrium points, stability, limit cyclead other key concepts in
understanding dynamic behavior. We also introduce someadstfor analyzing
the global behavior of solutions.

4.1 Solving Differential Equations

In the last two chapters we saw that one of the methods of rimgddi/namical
systems is through the use of ordinary differential equati®@DES). A state space,
input/output system has the form

dx

ot D f.x;ul; y D h.x; ul; (4.1)

the output. The smooth maps: R RP! R"'andh : R" RP! RA
represent the dynamics and measurements for the systemnémal, they can be
nonlinear functions of their arguments. We will sometimesuls on single-input,
single-output (SISO) systems, for whighD q D 1.

We begin by investigating systems in which the input has Ise¢to a function
of the statey D . x/. This is one of the simplest types of feedback, in which the
system regulates its own behavior. The differential equatin this case become

dx

— D f.x; . x/l D: F.x/: 4.2
T X; . X X (4.2)

To understand the dynamic behavior of this system, we neeshatyze the
features of the solutions of equatioh2). While in some simple situations we can
write down the solutions in analytical form, often we mugdyren computational
approaches. We begin by describing the class of solutianbiproblem.

We say thatx.t/ is a solution of the differential equation4(2) on the time
intervalts 2 Rtots 2 R if

dx.t/

D F.x.t// foralltg<t< ts.
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A given differential equation may have many solutions. W# wiost often be
interested in thénitial value problem wherex.t/ is prescribed at a given time
to 2 R and we wish to nd a solution valid for afuturetimet > t,.

We say thak.t/ is a solution of the differential equatiod.@) with initial value
Xo 2 R" atty 2 Rif

dx.t/
X.to/ D Xo and X

D F.x.t/l foralltg< t < t;.

For most differential equations we will encounter, thera ismiquesolution that is
de ned forty < t < t;. The solution may be de ned for all time> tg, in which
case we takés D 1 . Because we will primarily be interested in solutions of the
initial value problem for ODEs, we will usually refer to thisrgly as the solution
of an ODE.

We will typically assume that is equal to 0. In the case whénis independent
of time (as in equation4(.2)), we can do so without loss of generality by choosing
a new independent (time) variableD t  tp (Exercise4.1).

Example 4.1 Damped oscillator
Consider a damped linear oscillator with dynamics of thenfor

RC2! ofPC!35qDO;

whereq is the displacement of the oscillator from its rest positibimese dynamics
are equivalent to those of a spring—mass system, as showneirtiga2.6. We
assume that < 1, corresponding to a lightly damped system (the reasorhfer t
particular choice will become clear later). We can rewtitis in state space form
by settingx; D g andx, D &=! o, giving

— D ! gXo; — D logxg 2! gXo:
In vector form, the right-hand side can be written as
8 9

FxD3 _'o2 3.
' ’ ! 0X1 21! oXo’
The solution to the initial value problem can be written in aoer of different
ways and will be explored in more detail in ChapeiHere we simply assert that
the solution can be written as

1 .
x1.t/ De ' xjpcos! 4t C —1 0 X10C Xzo/ sin! gt ;
g

1 .
Xo.t/ D e Hot Xog COS! g4t I_I SX]_oC 1o Xoof Sin! gt ;
d
wherexgy D . X10; Xo0/ is the initial conditionand 4D ' 1 2 This solution
can be veri ed by substituting it into the differential eqitet. We see that the
solution is explicitly dependent on the initial conditiamd it can be shown that
this solution is unique. A plot of the initial condition rempse is shown in Figure L
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Figure 4.1: Response of the damped oscillator to the initial conditkgnD .1; 0/. The
solution is unique for the given initial conditions and consists of an oscillatohytion for
each state, with an exponentially decaying magnitude.

We note that this form of the solution holds only fokO < 1, corresponding to
an “underdamped” oscillator. r

Without imposing some mathematical conditions on the fiondE, the differ-
ential equation4.2) may not have a solution for &ll and there is no guarantee that
the solution is unique. We illustrate these possibilitiégdhwwo examples.

Example 4.2 Finite escape time
Letx 2 R and consider the differential equation

dx
——~Dx? 4.3
T (4.3)
with the initial conditionx. 0/ D 1. By differentiation we can verify that the function
1
x.t/ D ——
1t

satis es the differential equation and that it also satis be tnitial condition. A

graph of the solution is given in Figude2g notice that the solution goes to in nity
ast goes to 1. We say that this system hiaise escape timeThus the solution
exists only in the time interval 0 t < 1. r

Example 4.3 Nonunique solution
Letx 2 R and consider the differential equation

dx p—
5 P2 X (4.4)

with initial conditionx.0/ D 0. We can show that the function

0 ifO t a

x.t/ D
1t a? ift>a

satis es the differential equation for all values of the pasdera 0. To see this,
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Figure 4.2: Existence and uniqueness of solutions. Equatio8) bias a solution only for time
t < 1, at which point the solution goes 10, as shown in (a). Equatiod 4) is an example
of a system with many solutions, as shown in (b). For each value o get a different
solution starting from the same initial condition.

we differentiatex.t/ to obtain

de 0 if0 t a
dt 2.t al ift> a,

and hencePD 2p x forallt O with x.0/ D 0. A graph of some of the possible
solutions is given in Figurd.2h Notice that in this case there are many solutions
to the differential equation. r

These simple examples show that there may be dif culties eviém simple
differential equations. Existence and uniqueness can beugigeed by requiring
that the functiorF have the property that for some xad2 R,

kF.x/  F.ylk< ckx yk forallx;y;

which is calledLipschitz continuity A suf cient condition for a function to be
Lipschitz is that the Jacobia@ =@ is uniformly bounded for alk. The dif culty
in Example4.2 is that the derivatived®=@ becomes large for large, and the
dif culty in Example 4.3is that the derivativeg-=@ is in nite at the origin.

4.2 Qualitative Analysis

The qualitative behavior of nonlinear systems is importantiderstanding some of
the key concepts of stability in nonlinear dynamics. We faitlus on an important
class of systems known as planar dynamical systems. Thases/save two state
variablesx 2 R?, allowing their solutions to be plotted in th&;; xo/ plane. The
basic concepts that we describe hold more generally andecasda to understand
dynamical behavior in higher dimensions.

Phase Portraits

A convenient way to understand the behavior of dynamicalesys with state
x 2 R?is to plot the phase portrait of the system, brie y introdudehapter2.
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Figure 4.3: Phase portraits. (a) This plot shows the vector eld for a planar dyrelmic
system. Each arrow shows the velocity at that point in the state spadeigy)lot includes
the solutions (sometimes called streamlines) from different initial conditieitis the vector
eld superimposed.

We start by introducing the concept ofvactor eld. For a system of ordinary

differential equations
dx

T D F.x/;
the right-hand side of the differential equation de nes argw 2 R" a velocity
F.x/ 2 R". This velocity tells us how changes and can be represented as a vector
F.x/ 2 R".

For planar dynamical systems, each state corresponds totarpithe plane and
F.x/ is a vector representing the velocity of that state. We cahtpkese vectors
on a grid of points in the plane and obtain a visual image ofdyramics of the
system, as shown in Figu#e3a The points where the velocities are zero are of
particular interest since they de ne stationary points ef thw: if we start at such
a state, we stay at that state.

A phase portraitis constructed by plotting the ow of the vector eld corre-
sponding to the planar dynamical system. That is, for a seiitidli conditions, we
plot the solution of the differential equation in the plaR& This corresponds to
following the arrows at each point in the phase plane andidgathe resulting tra-
jectory. By plotting the solutions for several differenitial conditions, we obtain
a phase portrait, as show in Figute8h Phase portraits are also sometimes called
phase plane diagrams

Phase portraits give insight into the dynamics of the systgmhowing the
solutions plotted in the (two-dimensional) state spacéefdystem. For example,
we can see whether all trajectories tend to a single poiim@smcreases or whether
there are more complicated behaviors. In the example in €48y corresponding
to a damped oscillator, the solutions approach the origirafianitial conditions.
This is consistent with our simulation in Figudel, but it allows us to infer the
behavior for all initial conditions rather than a singletiai condition. However,
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Figure 4.4: Equilibrium points for an inverted pendulum. An inverted pendulum is a tnode
for a class of balance systems in which we wish to keep a system uprightasa rocket (a).
Using a simpli ed model of an inverted pendulum (b), we can developaselportrait that
shows the dynamics of the system (c). The system has multiple equilibriuns pmarked

by the solid dots along the, D O line.

the phase portrait does not readily tell us the rate of chahfee states (although
this can be inferred from the lengths of the arrows in theoreelid plot).

Equilibrium Points and Limit Cycles

An equilibrium pointof a dynamical system represents a stationary condition for
the dynamics. We say that a statgs an equilibrium point for a dynamical system

dx
— D F.x/
at X

if F.xe/ D 0. If a dynamical system has an initial conditiord/ D X, then it will
stay at the equilibrium poink.t/ D xc forallt 0, where we have takep D 0.

Equilibrium points are one of the most important features dfmamical sys-
tem since they de ne the states corresponding to constamatipg conditions. A
dynamical system can have zero, one or more equilibriumtgoin

Example 4.4 Inverted pendulum
Consider the inverted pendulum in Figurd, which is a part of the balance system
we considered in Chapt@r The inverted pendulum is a simpli ed version of the
problem of stabilizing a rocket: by applying forces at thedaf the rocket, we
seek to keep the rocket stabilized in the upright positiore $tate variables are
the angle D x; and the angular velocitgt =dt D X, the control variable is the
acceleratiornu of the pivot and the output is the angle

For simplicity we assume thatgl=J; D 1 andml=J; D 1, so that the dynamics

(equation 2.10) become 9
dx D 3 X 3.

dt " sinxy cx C ucosx;’ (4-5)

This is a nonlinear time-invariant system of second orders $hime set of equa-
tions can also be obtained by appropriate normalizatioh@system dynamics as
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Figure 4.5: Phase portrait and time domain simulation for a system with a limit cycle. The
phase portrait (a) shows the states of the solution plotted for different irthlitions. The
limit cycle corresponds to a closed loop trajectory. The simulation (b) slacsingle solution
plotted as a function of time, with the limit cycle corresponding to a steady dswillaf

xed amplitude.

illustrated in Example.7.
We consider the open loop dynamics by settnD 0. The equilibrium points

for the system are given by 8 9
n
Xe D 3 0 2
wheren D 0; 1; 2;:::. The equilibrium points fon even correspond to the pendu-

lum pointing up and those farodd correspond to the pendulum hanging down. A
phase portrait for this system (without corrective inpugsshown in Figuret.4c.
The phase portrait shows2 X3 2 ,so ve of the equilibrium points are
shown. r

Nonlinear systems can exhibit rich behavior. Apart fromildiopia they can also
exhibit stationary periodic solutions. This is of great picad value in generating
sinusoidally varying voltages in power systems or in getirgggeriodic signals for
animal locomotion. A simple example is given in Exercis&2 which shows the
circuit diagram for an electronic oscillator. A normalizedel of the oscillator is
given by the equation

% DxCx.1 x& X2, % D X1 Cx.1 X2 X3 (4.6)
The phase portrait and time domain solutions are given in Eiglx The gure
shows that the solutions in the phase plane converge tow@aniittajectory. In the
time domain this corresponds to an oscillatory solutiontidenatically the circle
is called dimit cycle More formally, we call an isolated solutiont/ a limit cycle
of periodT > 0if x.t C T/ D x.t/ forallt 2 R.

There are methods for determining limit cycles for secorakosystems, but for
general higher-order systems we have to resort to compottnalysis. Computer
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Figure 4.6: lllustration of Lyapunov's concept of a stable solution. The solutionespnted
by the solid line is stable if we can guarantee that all solutions remain within atdismeter
by choosing initial conditions suf ciently close the solution.

algorithms nd limit cycles by searching for periodic trajedes in state space that
satisfy the dynamics of the system. In many situations lstahit cycles can be
found by simulating the system with different initial condns.

4.3 Stability

The stability of a solution determines whether or not sohgioearby the solution
remain close, get closer or move further away. We now giveradbde nition of
stability and describe tests for determining whether atswius stable.

De nitions

Let x.tl a/ be a solution to the differential equation with initial catiah a. A
solution isstableif other solutions that start nearstay close tx.tl a/. Formally,
we say that the solutiok.tl a/ is stable if for all > 0, there exists a> 0 such

that
kb ak< D k x.tlb/ x.tlalk< forallt> O:

Note that this de nition does not imply that.tl b/ approachex.tl a/ as time
increases but just that it stays nearby. Furthermore, theexafl may depend on
, SO that if we wish to stay very close to the solution, we mayehta start very,
very close ( ). This type of stability, which is illustrated in Figu#eg, is also
calledstability in the sense of Lyapund¥a solution is stable in this sense and the
trajectories do not converge, we say that the solutioreigrally stable
An important special case is when the solutiotl a/ D X is an equilibrium
solution. Instead of saying that the solution is stable, iwgly say that the equi-
librium pointis stable. An example of a neutrally stableiglgtium point is shown
in Figure4.7. From the phase portrait, we see that if we start near theilequih
point, then we stay near the equilibrium point. Indeed, liig €xample, given any
that de nes the range of possible initial conditions, we campdy choose D
to satisfy the de nition of stability since the trajectoriage perfect circles.
A solutionx.tl a/ isasymptotically stablé it is stable in the sense of Lyapunov
andalsx.tlb/! x.tla/ast!1 forbsuf ciently close toa. This corresponds
tothe case where all nearby trajectories converge to thiestalution for large time.
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Figure 4.7: Phase portrait and time domain simulation for a system with a single stable
equilibrium point. The equilibrium point, at the origin is stable since all trajectories that
start neax, stay neae.

Figure4.8 shows an example of an asymptotically stable equilibriuintp®lote
from the phase portraits that not only do all trajectoriey stear the equilibrium
point at the origin, but that they also all approach the ariggt gets large (the
directions of the arrows on the phase portrait show the timedn which the
trajectories move).

A solution x.tl a/ is unstableif it is not stable. More speci cally, we say that
a solutionx.tl a/ is unstable if given some > 0, there doesiotexista > 0
suchthatifkb ak < ,thenkx.tlb/ x.tla/k< forallt. An example of an
unstable equilibrium point is shown in Figu4eo.

The de nitions above are given without careful descriptioritadir domain of
applicability. More formally, we de ne a solution to Hecally stable(or locally
asymptotically stablgf it is stable for all initial conditions< 2 B;.a/, where

B,.a/ Dfx:kx ak<rg

is a ball of radiug arounda andr > 0. A system igylobally stableif it is stable
for allr > 0. Systems whose equilibrium points are only locally stabie lcave
interesting behavior away from equilibrium points, as welere in the next section.
For planar dynamical systems, equilibrium points have tessigned names
based on their stability type. An asymptotically stableiliguum point is called
a sink or sometimes amttractor. An unstable equilibrium point can be either a
source if all trajectories lead away from the equilibrium point, @ saddle if
some trajectories lead to the equilibrium point and othepseraway (this is the
situation pictured in Figurd.9). Finally, an equilibrium point that is stable but not
asymptotically stable (i.e., neutrally stable, such astiein Figured.7) is called
acenter

Example 4.5 Congestion control
The model for congestion control in a network consistinglatlentical computers
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Figure 4.8: Phase portrait and time domain simulation for a system with a single asymptoti-
cally stable equilibrium point. The equilibrium poirt at the origin is asymptotically stable
since the trajectories converge to this point &4

connected to a single router, introduced in Sec8ahis given by

dw ¢ chW2 . db o we .

dt ~ b 2 7 dt b ’
wherew is the window size anllis the buffer size of the router. Phase portraits are
shown in Figuret.10for two different sets of parameter values. In each case we se
that the system converges to an equilibrium point in whighkhbffer is below its
full capacity of 500 packets. The equilibrium size of the bufiepresents a balance
between the transmission rates for the sources and theigapithe link. We see
from the phase portraits that the equilibrium points arergsytically stable since
all initial conditions result in trajectories that converg these points. r

Stability of Linear Systems
A linear dynamical system has the form

dx

at D Ax; X.0/ D Xo; 4.7)
where A 2 R" " is a square matrix, corresponding to the dynamics matrix of a
linear control system2(.6). For a linear system, the stability of the equilibrium at
the origin can be determined from the eigenvalues of theixatr

. Al Dfs2 C:detsl A/ DOg

The polynomial desl A/ is thecharacteristic polynomiaand the eigenvalues
are its roots. We use the notatiopfor the jth eigenvalue ofA, sothat ; 2 . A/.

In general can be complex-valued, although Af is real-valued, then for any
eigenvalue , its complex conjugate will also be an eigenvalue. The origin is
always an equilibrium for a linear system. Since the stabdita linear system
depends only on the matrix, we nd that stability is a property of the system. For
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Figure 4.9: Phase portrait and time domain simulation for a system with a single unstable
equilibrium point. The equilibrium point, at the origin is unstable since not all trajectories
that start neare stay neatx.. The sample trajectory on the right shows that the trajectories
very quickly depart from zero.

a linear system we can therefore talk about the stabilithefdystem rather than
the stability of a particular solution or equilibrium paint

The easiest class of linear systems to analyze are those wysteen matrices
are in diagonal form. In this case, the dynamics have the form

8 9

dx 2
— D . X: 4.8
dt T (4.8)

0 n
It is easy to see that the state trajectories for this systenmdependent of each

other, so that we can write the solution in term@afdividual systemsg D ;x;.
Each of these scalar solutions is of the form

x;.t/ D e I'x.0:

We see that the equilibrium point D O is stable if ; 0 and asymptotically

stable if ; < 0.
Another simple case is when the dynamics are in the bloclodialgorm

8 9
1 ' 0 0
dx i O O
GwPg&o0 o P PEX
0 0 m !m
0 0 'm  m
In this case, the eigenvalues can be shown tojb@ ; i! ;. We once again can

separate the state trajectories into independent sotufimreach pair of states, and
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Figure 4.10:Phase portraits for a congestion control protocol running With 60 identical
source computers. The equilibrium values correspond to a xed wiratdine source, which
results in a steady-state buffer size and corresponding transmistgoA faster link (b) uses
a smaller buffer size since it can handle packets at a higher rate.

the solutions are of the form
Xoj 1.t/ D e ' Xpj 1.0/ cos! jt C xp;.0/ sin! jt ;
Xoj.t/ D et Xpj 1.0/sin! jt C xp;.0/ cos! jt ;

if ; DRe ;< 0.ltisalso possible to combine real and complex eigengalue
(block) diagonal form, resulting in a mixture of solutiorfstioe two types.

Very few systems are in one of the diagonal forms above, buiessystems
can be transformed into these forms via coordinate tramsfions. One such class
of systems is those for which the dynamics matrix has distinonrepeating)
eigenvalues. In this case there is a mafri2 R" " such that the matrix AT !
is in (block) diagonal form, with the block diagonal elenmegbrresponding to
the eigenvalues of the original matrik (see Exercisé.14). If we choose new
coordinatez D T x, then

d
d—tZDT)PD TAXD TAT 1z

and the linear system has a (block) diagonal dynamics mdtirhermore, the
eigenvalues of the transformed system are the same as tieabisystem since
if v is an eigenvector oA, thenw D Tv can be shown to be an eigenvector of
T AT 1. We can reason about the stability of the original system dtyng that
x.t/ D T 'zt/, and so if the transformed system is stable (or asymptbtical
stable), then the original system has the same type of iyabil

This analysis shows that for linear systems with distinateiglues, the stability
of the system can be completely determined by examining eaé part of the
eigenvalues of the dynamics matrix. For more general systemmake use of the
following theorem, proved in the next chapter:
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Theorem 4.1(Stability of a linear system)The system

dx
— DA
at = X

is asymptotically stable if and only if all eigenvalues oflkhave a strictly negative
real part and is unstable if any eigenvalue of A has a striptigitive real part.

Example 4.6 Compartment model
Consider the two-compartment module for drug deliveryadtrced in SectioB.6.
Using concentrations as state variables and denotingateasctor by, the system

dynamics are given by
g 9 8 9 8 9

dx -3 ke ki ki3 2 boz . .
— D XC: u; D-0 1 x
dt k2 ko' 0’ y
where the input is the rate of injection of a drug into compartment 1 and the
concentration of the drug in compartment 2 is the measurgaliby. We wish to
design a feedback control law that maintains a constanubgipen byy D vyjy.
We choose an output feedback control law of the form

uD Kk.y va/ Cug;

whereuy is the rate of injection required to maintain the desiredcemrtration and
k is a feedback gain that should be chosen such that the closedystemis stable.
Substituting the control law into the system, we obtain

8 9
d_XDB ko ki ki boks

k: ko
dt8§ 2

yD-0 1 xD:Cx

8 9
xC.Bté,O,B .Ug C kyg/ D: AXC Bug;

The equilibrium concentratior. 2 R? is given byxe D A Bue and

boks
Koka C bokok
Choosingug such thatye D yg provides the constant rate of injection required to
maintain the desired output. We can now shift coordinatg@éatice the equilibrium
point at the origin, which yields (after some algebra)

dz 3 ko ki ki boks
—D- ;
dt ko ko z

wherez D x  X.. We can now apply the results of Theordm to determine the
stability of the system. The eigenvalues of the system aenddy the roots of the
characteristic polynomial

. s/ D s?C .kg C ky C ky/s C .koka C bokok/:

While the speci ¢ form of the roots is messy, it can be show tharoots are posi-
tive aslong as the linear term and the constant term are bsttiye (Exercisé.16).
Hence the system is stable for aay O. r

VoD CA Bu.D .Ug C kyy/:
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Stability Analysis via Linear Approximation

Animportant feature of differential equations is that ibfeen possible to determine
the local stability of an equilibrium point by approximagithe system by a linear
system. The following example illustrates the basic idea.

Example 4.7 Inverted pendulum

Consider again an inverted pendulum whose open loop dyisaamgcgiven by
8 9
dx o2 X 3.
e D . H ) )
dt sinx; X2

where we have de ned the state aD . ; . We rst consider the equilibrium
pointatx D .0; 0/, corresponding to the straight-up position. If we assuraettie
angle D x; remains small, then we can replacesiwith x; and cos<; with 1,
which gives the approximate system

dx 8 9 8 o 1 9
X 253 3.
—“p3 X% 3p: X: 4.9
dt X1 Xo' 1 ’ (4.9)
Intuitively, this system should behave similarly to the mm@omplicated model
as long as«; is small. In particular, it can be veri ed that the equilibmupoint
.0; 0/ is unstable by plotting the phase portrait or computing tgerevalues of the
dynamics matrix in equatior#(9)

We can also approximate the system around the stable equnititpoint at
x D .; 0/. In this case we have to expand ginand cox; aroundx; D
according to the expansions

sinn C /D sin ; cos C/ D cos/ 1
If we dene z; D x; andz, D Xo, the resulting approximate dynamics are
given by q 8 9 8 9
9azozx 0z 3,30 13z
at D - 2 Z, D: 1 -z (4.10)

Note thatz D .0; 0/ is the equilibrium point for this system and that it has thesa
basic form as the dynamics shown in Figdt8. Figure4.11shows the phase por-
traits for the original system and the approximate systeyarat the corresponding
equilibrium points. Note that they are very similar, altgbuot exactly the same.
It can be shown that if a linear approximation has either ggtically stable or
unstable equilibrium points, then the local stability o triginal system must be
the same (Theoredh.3). r

More generally, suppose that we have a nonlinear system

dx
— D F.x/
dt X

that has an equilibrium point at. Computing the Taylor series expansion of the
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Figure 4.11: Comparison between the phase portraits for the full nonlinear systg¢randa
its linear approximation around the origin (b). Notice that near the equilibgamt at the
center of the plots, the phase portraits (and hence the dynamics) ars aerdical.

vector eld, we can write

dx oF

at D F.x/ C — .Xx X/ C higher-order termsinx Xe/:
Xe

SinceF.x./ D 0, we can approximate the system by choosing a new statdleria
zD X Xeand writing

dz

— D Az  where AD g ; (4.11)

dt %
We call the system(11) thelinear approximatiorof the original nonlinear system
or thelinearizationat Xe.

The fact that a linear model can be used to study the behaviamohlinear
system near an equilibrium point is a powerful one. Indeezlcan take this even
further and use a local linear approximation of a nonlingatesm to design a feed-
back law that keeps the system near its equilibrium poinsiggeof dynamics).
Thus, feedback can be used to make sure that solutions refoaato the equi-
librium point, which in turn ensures that the linear appnoation used to stabilize
it is valid.

Linear approximations can also be used to understand thiéitgtabnonequi-
librium solutions, as illustrated by the following example

Example 4.8 Stable limit cycle
Consider the system given by equatidng,
d d
d—);l DxCxi.1 x& X3, d—)iz D x1Cx.1 x& X3
whose phase portraitis shown in Figdr. The differential equation has a periodic

solution
X1.t/ D X1.0/ cost C x,.0/ sint; (4.12)
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with x2.0/ C x3.0/ D 1.
To explore the stability of this solution, we introduce potaordinates and
', which are related to the state variabigsandx, by

X1 D r cos’; Xo D rsin':
Differentiation gives the following linear equations #Band'P.
B D Pcos' r'Psin’; 8 D Psin' Cr'Pcos':
Solving this linear system faPand'Pgives, after some calculation,

dr 2/ d .

dtDr'l rel, dtD 1

Notice that the equations are decoupled; hence we can &ty stability of each
state separately.

The equation for has three equilibriac D 0,r D 1 andr D 1 (not realiz-
able sinca must be positive). We can analyze the stability of theseliegiai by
linearizing the radial dynamics with.r/ D r.1  r?/. The corresponding linear
dynamics are given by

dr

5t P % rer D.1 32r; reDO; 1;
where we have abused notation and usdd represent the deviation from the
equilibrium point. It follows from the sign ofL ~ 3r2/ that the equilibriunt D 0
is unstable and the equilibriumD 1 is asymptotically stable. Thus for any initial
conditionr > 0 the solution goes toD 1 as time goes to in nity, but if the system
starts withr D 0, it will remain at the equilibrium for all times. This impbehat
all solutions to the original system that do not starkaD x, D 0 will approach
the circlex? C x2 D 1 as time increases.

To show the stability of the full solutio(12), we must investigate the behavior
of neighboring solutions with different initial conditienWe have already shown
that the radius will approach that of the solutio(12 as long as.0/ > 0. The
equation for the angle can be integrated analytically to givet/ D tC"'. 0/,
which shows that solutions starting at different anglesill neither converge nor
diverge. Thus, the unit circle &tracting but the solution4.12) is only stable, not
asymptotically stable. The behavior of the system is ilatetl by the simulation
in Figure4.12 Notice that the solutions approach the circle rapidly,that there
is a constant phase shift between the solutions. r

4.4 Lyapunov Stability Analysis

We now return to the study of the full nonlinear system

% D F.x/; x2R™ (4.13)
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Figure 4.12:Solution curves for a stable limit cycle. The phase portrait on the left sltioat
the trajectory for the system rapidly converges to the stable limit cycle. fEntng points
for the trajectories are marked by circles in the phase portrait. The timaidgiots on the
right show that the states do not converge to the solution but instead maictstant phase
error.

Having de ned when a solution for a nonlinear dynamical sysie stable, we
can now ask how to prove that a given solution is stable, asyticplly stable
or unstable. For physical systems, one can often argue atalitity based on
dissipation of energy. The generalization of that techniguarbitrary dynamical
systems is based on the use of Lyapunov functions in placesstjg.

In this section we will describe techniques for determinting stability of so-
lutions for a nonlinear systen#(13. We will generally be interested in stability
of equilibrium points, and it will be convenient to assumattk. D O is the equi-
librium point of interest. (If not, rewrite the equationsamew set of coordinates
zD X Xe.)

Lyapunov Functions

A Lyapunov function V: R" I R is an energy-like function that can be used to
determine the stability of a system. Roughly speaking, itexe nd a nonnegative
function that always decreases along trajectories of teeery, we can conclude
that the minimum of the function is a stable equilibrium gdincally).

To describe this more formally, we start with a few de nitioWe say that a
continuous functiorV is positive de niteif V.x/ > 0 for all x 600 andV.0/ D 0.
Similarly, a function isnegative de niteif V.x/ < 0 for all x 600 andV.0/ D 0.
We say that a functioV is positive semide nitéf V.x/ 0 for all x, butV.x/
can be zero at points other than jusb 0.

To illustrate the difference between a positive de nite ftioke and a positive
semide nite function, suppose that2 R? and let

Vi.x/ D X2, Va.x/ D x2 C x3:

Both V; andV, are always nonnegative. However, it is possible\fpito be zero
even if x 6D0. Speci cally, if we setx D .0; ¢/, wherec 2 R is any nonzero
number, therVy.x/ D 0. On the other hand/,.x/ D O if and only ifx D .0; 0/.
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Figure 4.13: Geometric illustration of Lyapunov's stability theorem. The closed contours
represent the level sets of the Lyapunov funchonx/ D c. If dx=dt points inward to these
sets at all points along the contour, then the trajectories of the system vayslvaus&/ . x/

to decrease along the trajectory.

ThusV; is positive semide nite and/;, is positive de nite.
We can now characterize the stability of an equilibrium poinD O for the
system §.13.

Theorem 4.2(Lyapunov stability theorem)Let V be a nonnegative function on
R" and let\ represent the time derivative of V along trajectories @f #ystem

dynamicg4.13:
wp Y dxp &
@dt @

Let B D B;.0/ be a ball of radius r around the origin. If there exists>r 0 such
that V is positive de nite and¥’ is negative semide nite for all 2 B;, then xD 0

is locally stable in the sense of Lyapunov. If V is positivaitieand \V is negative
de nite in By, then xD 0is locally asymptotically stable.

If V satis es one of the conditions above, we say tat a (local)Lyapunov
functionfor the system. These results have a nice geometric intatjmet The
level curves for a positive de nite function are the curvesnge by V.x/ D c,
¢ > 0, and for eaclt this gives a closed contour, as shown in Figdr&3 The
condition that¥. x/ is negative simply means that the vector eld points toward
lower-level contours. This means that the trajectories mio&naller and smaller
values ofV and if is negative de nite therx must approach 0.

Example 4.9 Scalar nonlinear system
Consider the scalar nonlinear system
dx 2
/D ———
dt  1Cx
This system has equilibrium points)@aD 1 andx D 2. We consider the equilib-
rium point atx D 1 and rewrite the dynamics usizdd x  1:
dz 2
—D — 2z 1
dt 2Cz

X:



4.4. LYAPUNOV STABILITY ANALYSIS 115

which has an equilibrium point & D 0. Now consider the candidate Lyapunov
function 1,
V.z/ D EZ ;
which is globally positive de nite. The derivative of along trajectories of the
system is given by
2z 2
2Cz

If we restrict our analysis to an intervB}, wherer < 2, then 2C z > 0 and we
can multiply through by Z z to obtain

2z .Z°Cz7.2CzZD Z 32D 7Z.zC3<0 z2B;r<2

It follows that\V.z/ < 0 for all z 2 B, z 6D0, and hence the equilibrium point
Xe D 1 is locally asymptotically stable. r

\V.z/ D zPD

A slightly more complicated situation occurs\ is negative semide nite. In
this case itis possible thdt x/ D 0 whenx 600, and hence could stop decreasing
in value. The following example illustrates this case.

Example 4.10 Hanging pendulum
A normalized model for a hanging pendulum is
dX]_ dx

2 .
— D Xo; D sinx;
dat 2 dt !

where x; is the angle between the pendulum and the vertical, withtigesk,
corresponding to counterclockwise rotation. The equatasan equilibriunx; D
x2 D 0, which corresponds to the pendulum hanging straight ddaexplore the
stability of this equilibrium we choose the total energy ayapunov function:

1 1 1
V.xI D1 cosx;C Exg Exf C Exg:
The Taylor series approximation shows that the function sitpe de nite for

smallx. The time derivative o¥.x/ is
WD @ sinx; C 8X; D xp8inX; Xz Sinxg D O

Since this function is positive semide nite, it follows fronyapunov's theorem that
the equilibrium is stable but not necessarily asymptdiicibble. When perturbed,
the pendulum actually moves in a trajectory that correspemdonstant energyr

Lyapunov functions are not always easy to nd, and they ar@injue. In many
cases energy functions can be used as a starting point, @wag Exampld.10
It turns out that Lyapunov functions can always be found forstable system (un-
der certain conditions), and hence one knows that if a systasitable, a Lyapunov
function exists (and vice versa). Recent results using sfistuares methods have
provided systematic approaches for nding Lyapunov systgaiP02 Sum-of-
squares techniques can be applied to a broad variety ofsysiiecluding systems
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whose dynamics are described by polynomial equations, basveybrid systems,
which can have different models for different regions ofestgpace.
For a linear dynamical system of the form

dx
2D Ax
at - 7%

it is possible to construct Lyapunov functions in a systécmaganner. To do so, we
consider quadratic functions of the form

V.x/ D X' Px;

whereP 2 R" "is a symmetric matrix® D PT). The condition tha¥ be positive
de nite is equivalent to the condition th&t be apositive de nite matrix

x"Px> 0; forall x 600,

which we write as? > 0. It can be shown that P is symmetric, therP is positive
de nite if and only if all of its eigenvalues are real and pogt
Given a candidate Lyapunov functidh x/ D xT Px, we can now compute its
derivative along ows of the system:
@ dx T AT C uT A
VD & dt Dx".ATPCPAxD: x'Qx
The requirement tha¥® be negative de nite (for asymptotic stability) becomes a
condition that the matrixQ be positive de nite. Thus, to nd a Lyapunov function
for a linear system it is suf cient to choose@ > 0 and solve thd.yapunov
equation
ATPCPAD Q: (4.14)

This is a linear equation in the entries Bf and hence it can be solved using
linear algebra. It can be shown that the equation always katution if all of the
eigenvalues of the matriA are in the left half-plane. Moreover, the solutienis
positive de nite if Q is positive de nite. Itis thus always possible to nd a quadeat
Lyapunov function for a stable linear system. We will defgsraof of this until
Chapter5, where more tools for analysis of linear systems will be tgwed.

Knowing that we have a direct method to nd Lyapunov functidaslinear
systems, we can now investigate the stability of nonlingatesns. Consider the
system

dx

a3t P F.x/ D: AxC Rx/; (4.15)
whereF.0/ D 0 andx/ contains terms that are second order and higher in the
elements ok. The functionAx is an approximation of . x/ near the origin, and we
can determine the Lyapunov function for the linear appr@tion and investigate if
itis also a Lyapunov function for the full nonlinear systérhe following example
illustrates the approach.

Example 4.11 Genetic switch
Consider the dynamics of a set of repressors connectedhtgiet a cycle, as
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z1; f.za/

|
Uz 4K - — =75 f.20/ |
1 o
\(_\ ‘N |
- \
A\)\B 'Qh‘ 2 \\ |
—|_ 1 R~ - 4
Uy 0 L L ! = N
0 1 2 3 4 5
z1; T.20/
(a) Circuit diagram (b) Equilibrium points

Figure 4.14: Stability of a genetic switch. The circuit diagram in (a) represents two piotein
that are each repressing the production of the other. The inpw@isdu, interfere with this
repression, allowing the circuit dynamics to be modi ed. The equilibriurmisofor this
circuit can be determined by the intersection of the two curves shown.in (b)

shown in Figured.14a The normalized dynamics for this system were given in
Exercise2.9

dz; . dz
d 1czi * d ~1cz
wherez; and z, are scaled versions of the protein concentrationand are
parameters that describe the interconnection betweereties@nd we have set the
external inputsi; andus to zero.

The equilibrium points for the system are found by equatiegitne derivatives

to zero. We de ne

2; (4.16)

df nu" 1
: fOuUp—D ———:
1Cun du .1Cun/2

and the equilibrium points are de ned as the solutions of tnga¢ions

f.u/ D

71 D .z, D f.zyl

If we plot the curvesz; f.z// and. f.z/; zo/ on a graph, then these equations
will have a solution when the curves intersect, as shown inréig.14h Because
of the shape of the curves, it can be shown that there willysvea three solutions:
one atzje D Zpe, One withzie < 73 and one withzge > Zoe. If 1, then we can
show that the solutions are given approximately by

1
T Ze (4.17)

1
VAT : Z3e n 1| Z1e D ZZeI VAT n

To check the stability of the system, we writeu/ in terms of its Taylor series
expansion aboute:

1
f.u/ D f.ugd C fCue/-.u us/ C > f%Ous/ -.u  ue/? C higher-order terms
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where f°represents the rst derivative of the function, affthe second. Using
these approximations, the dynamics can then be written as

8
dw -3 1 fO 229/3
AL oz 1 WCRwW

wherew D z zis the shifted state arfw/ represents quadratic and higher-order
terms.
We now use equatiod(14) to search for a Lyapunov function. Choosi@gD |
and lettingP 2 R? 2 have elements;, we search for a solution of the equation
8 0d 8 9 8 98 0od
2 1 ff33pn P23 ~ 3 P11 P23 3 1 flg Dg 1 03
CfY T p P2 T P2 P2 D 0 r
where f?D f0z,/ and f?D fCz,/. Note that we have seh; D ps to force P
to be symmetric. Multiplying out the matrices, we obtain
8
2 2p11C 29p12 puf? 2p12C p22f208 B 1 0 B
" pufl 2p2C pefy 2p2 C 2P0 0 1T
which is a set ofinear equations for the unknowns; . We can solve these linear
equations to obtain
f&  f210C 2 foC 2 & £269C2
puD 2Lt ppD —&F 5% ppD 2 E
4.17f; U 4.17f; U 4. 17f; U

To check thaV.w/ D w' Pw is a Lyapunov function, we must verify thetw/ is
positive de nite function or equivalently thd&® > 0. SinceP isa2 2 symmetric
matrix, it has two real eigenvalueg and » that satisfy

1 C - D traceP/; 1+ oD detP/

In order forP to be positive de nite we must have that and » are positive, and
we thus require that

& 219t0c t®C 4 2 219t0C t®C4
t P/ D 1 2'1 2 > 0 t P/ D 1 2'1 2 > 0
race P/ 4 4100 o detP/ 16 161010 °

We see that trac®/ D 4det P/ and the numerator of the expressions is just
.f1 f2/°C 4> 0, so it suf ces to check the sign of 1 flofzo. In particular, for
P to be positive de nite, we require that

0216/ 10200/ < 1:

We can now make use of the expressionsffBde ned earlier and evaluate at
the approximate locations of the equilibrium points detireequation4.17). For
the equilibrium points where,e 6Dz,¢, we can show that

nnt n " 1/?

1 2
0 0 0/ ¢0 2 n%n.
fRziel FRze/ R0 7 — 1/D.1C vz e anw " e
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Figure 4.15:Dynamics of a genetic switch. The phase portrait on the left shows thewitah
has three equilibrium points, corresponding to protein A having a corat@nmtigreater than,
equal to or less than protein B. The equilibrium point with equal protein exnations is
unstable, but the other equilibrium points are stable. The simulation on theshgtvs the
time response of the system starting from two different initial conditions iffitial portion of
the curve corresponds to initial concentratiar®¥ D .1; 5/ and converges to the equilibrium
whereze < . Attimet D 10, the concentrations are perturbed@®inz; and 2inz,
moving the state into the region of the state space whose solutions convirgetmilibrium
point wherezye < 7.

Usingn D 2 and 200 from Exercis@.9, we see thaf®z,/ %z 1and
henceP is a positive de nite. This implies that is a positive de nite function and
hence a potential Lyapunov function for the system.

To determine if the systerd (16) is stable, we now compuiat the equilibrium
point. By construction,

VYD w'.PAC ATP/w C KJ.w/ Pw C w'PRw/
D w'wC K.w/ PwCw'PRwW:

Since all terms irfRare quadratic or higher order i, it follows that K.w/ Pw
andwTPRw/ consist of terms that are at least third ordeminTherefore ifw
is suf ciently close to zero, then the cubic and higher-orgems will be smaller
than the quadratic terms. Hence, suf ciently closevt® 0, \Pis negative de nite,
allowing us to conclude that these equilibrium points aréhstable.
Figure4.15shows the phase portrait and time traces for a system wih4,
illustrating the bistable nature of the system. When thigaildondition starts with
a concentration of protein B greater than that of A, the smfutonverges to the
equilibrium point at (approximately)l= " *; / . If A is greater than B, then it
goesto.; 1= " /. The equilibrium point withz;e D 2z, is unstable. r

More generally, we can investigate what the linear apprakion tells about
the stability of a solution to a nonlinear equation. The fwilog theorem gives a
partial answer for the case of stability of an equilibriuniro

Theorem 4.3. Consider the dynamical systeh 15 with F.0/ D 0 and FRsuch
thatlim kFQx/k=kxk | 0askxk! 0. If the real parts of all eigenvalues of A are
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strictly less than zero, then:>D 0 is a locally asymptotically stable equilibrium
point of equatior(4.15).

This theorem implies that asymptotic stability of the linapproximation im-
plieslocalasymptotic stability of the original nonlinear system. Tihedrem is very
important for control because it implies that stabilizatad a linear approximation
of a nonlinear system results in a stable equilibrium forrtbelinear system. The
proof of this theorem follows the technique used in Exandplel. A formal proof
can be found inkha01].

Krasovski—Lasalle Invariance Principle

For general nonlinear systems, especially those in symfmiin, it can be dif cult
to nd a positive de nite functionV whose derivative is strictly negative de nite.
The Krasovski—Lasalle theorem enables us to conclude thepstimstability of
an equilibrium point under less restrictive conditionsnedy, in the case whe¥
is negative semide nite, which is often easier to constrboiwever, it applies only
to time-invariant or periodic systems. This section makesafssome additional
concepts from dynamical systems; see Hata67 or Khalil [Kha0] for a more
detailed description.

We will deal with the time-invariant case and begin by introithg a few more
de nitions. We denote the solution trajectories of the timeariant system

dx

DF. 4.1
o x/ (4.18)

asx.tl a/, whichis the solution of equatiod (18 at timet starting froma atty D 0.
The! limit setof a trajectoryx.tl a/ is the set of all pointz 2 R" such that there
exists a strictly increasing sequence of timesuch tha.t,la/! zasn!1
AsetM R"is said to be amvariant setif for all b 2 M, we havex.tlb/ 2 M
forallt 0. It can be proved that tHe limit set of every trajectory is closed and
invariant. We may now state the Krasovski—Lasalle principle

Theorem 4.4(Krasovski—Lasalle principle)L,et V: R"! R be alocally positive
de nite function such that on the compact sgtD fx 2 R": V.x/ rgwe have
V.x/ 0.Dene

SDfx2e,:\W¥.x/ D Og

Ast!l | the trajectory tends to the largest invariant set insidé &; its! limit
set is contained inside the largest invariant set in S. Irtipatar, if S contains no
invariant sets other than B 0, then 0 is asymptotically stable.

Proofs are given infra63 and [LaS6qQ.

Lyapunov functions can often be used to design stabiliziowtrollers, as is
illustrated by the following example, which also illusgathow the Krasovski—
Lasalle principle can be applied.
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(a) Physical system (b) Phase portrait (c) Manifold view

Figure 4.16: Stabilized inverted pendulum. A control law applies a foucat the bottom
of the pendulum to stabilize the inverted position (a). The phase portragh(@ys that
the equilibrium point corresponding to the vertical position is stabilized. Tiaded region
indicates the set of initial conditions that converge to the origin. The ellipgesmonds to a
level set of a Lyapunov functiow. x/ for whichV.x/ > 0and\.x/ < 0 for all points inside
the ellipse. This can be used as an estimate of the region of attraction ofiilileragm point.
The actual dynamics of the system evolve on a manifold (c).

Example 4.12 Inverted pendulum
Following the analysis in Examp7, an inverted pendulum can be described by
the following normalized model:

dXz .
— D X —— D sinx; C ucosxy; 4.19
dt 2 dt 1 1 ( )

wherex; is the angular deviation from the upright position ang the (scaled)
acceleration of the pivot, as shown in Figytd6a The system has an equilib-
rium atx; D x; D 0, which corresponds to the pendulum standing upright. This
equilibrium is unstable.

To nd a stabilizing controller we consider the following adidate for a Lya-
punov function:

1 1 1
V.x/ D.cosx; 1 Ca.l cos’-xllcéxg a éxfcéxgz

The Taylor series expansion shows that the function is pesite nite near the
origin if a > 0:5. The time derivative o¥.x/ is

WD P sinx; C 2a® sinx; cosx; C Bx, D Xo.u C 2asinxy/ cosxy:
Choosing the feedback law
uD 2asinx; XpCOSX;

gives
VD x5cos x:

It follows from Lyapunov's theorem that the equilibrium cclally stable. However,
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since the function is only negative semide nite, we cannatadode asymptotic
stability using Theorerd.2 However, note tha¥’ D 0 implies thatx, D 0 or
x1D =2 n .

If we restrict our analysis to a small neighborhood of thgjiort ., r =2,

then we can de ne
SDf.Xy; X/ 2 :% D O0g

and we can compute the largest invariant set in§idEor a trajectory to remain
in this set we must have, D O for allt and hencei.t/ D 0 as well. Using the
dynamics of the systerd (19, we see that,.t/ D 0 and®.t/ D Oimpliesx;.t/ D
0 as well. Hence the largest invariant set ins&dg. x;; xo/ D 0, and we can use the
Krasovski—Lasalle principle to conclude that the origindsdlly asymptotically
stable. A phase portrait of the closed loop system is shoviAigure4.16h
In the analysis and the phase portrait, we have treated tie afthe pendulum

D x; as a real number. In fact,is an angle with D 2 equivalentto D O.
Hence the dynamics of the system actually evolves maaifold(smooth surface)
as shown in Figurd.16c Analysis of nonlinear dynamical systems on manifolds
is more complicated, but uses many of the same basic idessries]l here. r

4.5 Parametric and Nonlocal Behavior

Most of the tools that we have explored are focused on thd luslaavior of a
xed system near an equilibrium point. In this section we hyimtroduce some
concepts regarding the global behavior of nonlinear systand the dependence
of a system's behavior on parameters in the system model.

Regions of Attraction

To get some insight into the behavior of a nonlinear systernamestart by nding
the equilibrium points. We can then proceed to analyze tbal loehavior around
the equilibria. The behavior of a system near an equilibrioimtds called théocal
behavior of the system.

The solutions of the system can be very different far away faonequilibrium
point. This is seen, for example, in the stabilized penduluiExample4.12 The
inverted equilibrium point is stable, with small oscillatis that eventually converge
to the origin. But far away from this equilibrium point thesee trajectories that
converge to other equilibrium points or even cases in whiehpendulum swings
around the top multiple times, giving very long oscillatsaimat are topologically
different from those near the origin.

To better understand the dynamics of the system, we can agrahe set of all
initial conditions that converge to a given asymptoticaligble equilibrium point.
This set is called theegion of attractionfor the equilibrium point. An example
is shown by the shaded region of the phase portrait in Figutéh In general,
computing regions of attraction is dif cult. However, evdmie cannot determine
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the region of attraction, we can often obtain patches ardbedtable equilibria
that are attracting. This gives partial information aboethlehavior of the system.
One method for approximating the region of attraction i®tigh the use of
Lyapunov functions. Suppose th¥tis a local Lyapunov function for a system
around an equilibrium poinky. Lete , be a set on whicN . x/ has a value less than
r,
e, DfxX2R":V.X/ rg

and suppose thaP.x/ 0 for all x 2 « ,, with equality only at the equilibrium
pointxg. Thene , is inside the region of attraction of the equilibrium poigince
this approximation depends on the Lyapunov function andhivéce of Lyapunov
function is not unigue, it can sometimes be a very conseastimate.

It is sometimes the case that we can nd a Lyapunov functiosuch thatv is
positive de nite andis negative (semi-) de nite for akt 2 R". In many instances
it can then be shown that the region of attraction for the ldagium point is the
entire state space, and the equilibrium point is said tglbleally stable.

Example 4.13 Stabilized inverted pendulum
Consider again the stabilized inverted pendulum from ExarhgR The Lyapunov
function for the system was

1
V.xI D .cosx; 1/ Cal cox/C Exg;

and\P was negative semide nite for ak and nonzero wher; 6D = 2. Hence
for anyx such thajxyj < = 2,V.x/ > 0 will be inside the invariant set de ned
by the level curves of . x/. One of these level sets is shown in Figdt&6h r

Bifurcations

Another important property of nonlinear systems is howrthehavior changes as
the parameters governing the dynamics change. We can diisdiy tthe context
of models by exploring how the location of equilibrium paintheir stability, their
regions of attraction and other dynamic phenomena, su@mésycles, vary based
on the values of the parameters in the model.

Consider a differential equation of the form

d
d—)t( DFE.x./; x2R" 2R (4.20)

wherex is the state and is a set of parameters that describe the family of equations.
The equilibrium solutions satisfy

F.x;/ DO;

and as is varied, the corresponding solutioxns/ can also vary. We say that the

system 4.20 has abifurcationat D if the behavior of the system changes
qualitatively at . This can occur either because of a change in stability tyje or
change in the number of solutions at a given value of



124 CHAPTER 4. DYNAMIC BEHAVIOR

200 150
Unstable
150F
oo b
€100 Stable H e
!
50F \/ R
50 1 N
Unstable P R
e i
0 1 1 1 1 1 0 1 M L 1
15 2 2.5 3 3.5 4 2 4 6 8
a a
(a) Stability diagram (b) Bifurcation diagram

Figure 4.17: Bifurcation analysis of the predator—prey system. (a) Parametric stadiidity
gram showing the regions in parameter space for which the system is gt3tB&urcation
diagram showing the location and stability of the equilibrium point as a funcfi@ ®he
solid line represents a stable equilibrium point, and the dashed line refgresennstable
equilibrium point. The dashed-dotted lines indicate the upper and lowedsdanthe limit
cycle atthat parameter value (computed via simulation). The nominawvafihe parameters
in the model are D 3:2,b D 0:6,¢ D 50,d D 0:56,k D 125 andr D 1:6.

Example 4.14 Predator—prey
Consider the predator—prey system described in Se8tibThe dynamics of the
system are given by
dH H aHL dL aHL
a Pt Y cenm @ PPcen
whereH andL are the numbers of hares (prey) and lynxes (predatorspabd
¢, d, k andr are parameters that model a given predator—prey systeroritoes
in more detail in SectioB.7). The system has an equilibrium pointtdf > 0 and
Le > 0 that can be found numerically.

To explore how the parameters of the model affect the behafibe system, we
choose to focus on two speci ¢ parameters of interasthe interaction coef cient
between the populations amgda parameter affecting the prey consumption rate.
Figure4.17ais a numerically computeparametric stability diagranshowing the
regions in the chosen parameter space for which the equitibpoint is stable
(leaving the other parameters at their nominal values). &gd®m this gure that
for certain combinations @ andc we get a stable equilibrium point, while at other
values this equilibrium point is unstable.

Figure4.17bis a numerically computeblifurcation diagramfor the system. In
this plot, we choose one parameter to vaygnd then plot the equilibrium value of
one of the statesH) on the vertical axis. The remaining parameters are set to the
nominal values. A solid line indicates that the equilibripoint is stable; a dashed
line indicates that the equilibrium point is unstable. Nttat the stability in the
bifurcation diagram matches that in the parametric stsfallagram forc D 50 (the
nominal value) an@é varying from 1.35 to 4. For the predator—prey system, when

dL; (4.21)
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Figure 4.18: Stability plots for a bicycle moving at constant velocity. The plot in (a) shows
the real part of the system eigenvalues as a function of the bicycle veloditye system is
stable when all eigenvalues have negative real part (shaded regimylot in (b) shows the
locus of eigenvalues on the complex plane as the velacityvaried and gives a different
view of the stability of the system. This type of plot is calletbat locus diagram

the equilibrium point is unstable, the solution converges stable limit cycle. The
amplitude of this limit cycle is shown by the dashed-dotieé in Figure4.17h
r

A particular form of bifurcation that is very common when tafiing linear
systems is that the equilibrium remains xed but the stapitit the equilibrium
changes as the parameters are varied. In such a case itatimg\te plot the eigen-
values of the system as a function of the parameters. Suck aietcalledoot
locus diagramdecause they give the locus of the eigenvalues when paremete
change. Bifurcations occur when parameter values are batlthere are eigenval-
ues with zero real part. Computing environments such LabVIEMTLAB and
Mathematica have tools for plotting root loci.

Example 4.15 Root locus diagram for a bicycle model
Considerthe linear bicycle model given by equati®i7)in Sectior3.2 Introducing
the state variables; D ', x, D , x3 D 'Pandxs D Pand setting the steering

torqueT D 0, the equations can be written as
9

8

% D 2 0 2 x D: AX;

dt M LKoCKyvil M Cvy
wherel isa2 2 identity matrix ands is the velocity of the bicycle. Figu4.18a
shows the real parts of the eigenvalues as a function of igldeigure 4.18b
shows the dependence of the eigenvalues oh the velocityy. The gures show
that the bicycle is unstable for low velocities because tigemvalues are in the
right half-plane. As the velocity increases, these eigemsamove into the left
half-plane, indicating that the bicycle becomes selfitabg. As the velocity is
increased further, there is an eigenvalue close to themitgit moves into the right
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half-plane, making the bicycle unstable again. Howevas, ¢igenvalue is small
and so it can easily be stabilized by a rider. FigdirEBashows that the bicycle is
self-stabilizing for velocities between 6 and 10 m/s. r

Parametric stability diagrams and bifurcation diagrants peovide valuable
insights into the dynamics of a nonlinear system. It is ugudcessary to carefully
choose the parameters that one plots, including combihiagatural parameters
of the system to eliminate extra parameters when possildmpQter programs
such aAUTQLOCBIF andXPPAUTprovide numerical algorithms for producing
stability and bifurcation diagrams.

Design of Nonlinear Dynamics Using Feedback

In most of the text we will rely on linear approximations tcsag feedback laws
that stabilize an equilibrium point and provide a desireceleof performance.
However, for some classes of problems the feedback comtrallist be nonlinear to
accomplish its function. By making use of Lyapunov functieve can often design
a nonlinear control law that provides stable behavior, asavein Examplet.12

One way to systematically design a nonlinear controllemideégin with a
candidate Lyapunov functiok'.x/ and a control system® D f.x;u/. We say
thatV.x/ is acontrol Lyapunov functiofif for every x there exists al such that
V.x/ D € f.x;u/ < 0. In this case, it may be possible to nd a functionx/
such thatu D . x/ stabilizes the system. The following example illustrates th
approach.

Example 4.16 Noise cancellation

Noise cancellation is used in consumer electronics andduostrial systems to
reduce the effects of noise and vibrations. The idea is tdljoeduce the effect of
noise by generating opposing signals. A pair of headphoiteswise cancellation
such as those shown in FigutelQais a typical example. A schematic diagram of
the system is shown in Figu#el9h The system has two microphones, one outside
the headphones that picks up exterior nois@d another inside the headphones that
picks up the signag, which is a combination of the desired signal and the externa
noise that penetrates the headphone. The signal from theoextacrophone is
ltered and sent to the headphones in such a way that it catioelexternal noise
that penetrates into the headphones. The parameters of ¢éherk adjusted by a
feedback mechanism to make the noise signal in the interitabphone as small
as possible. The feedback is inherently nonlinear becawsdstby changing the
parameters of the lter.

To analyze the system we assume for simplicity that the gaipen of external
noise into the headphones is modeled by a rst-order dyndmjctiem described
by g

z

at D apz C bgn; (4.22)

wherezis the sound level and the paramet&ys 0 andbg are not known. Assume
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Figure 4.19:Headphones with noise cancellation. Noise is sensed by the exterior mcr®p
(a) and sent to a lIter in such a way that it cancels the noise that penetingtégad phone
(b). The Iter parametera andb are adjusted by the controllé3.represents the input signal
to the headphones.

that the lter is a dynamical system of the same type:

d—W D aw C bn:
dt

We wish to nd a controller that updates and b so that they converge to the
(unknown) parametergy andbg. Introducex; D eDw z x, D a aand
x3D b bg; then

dx
d—tlDao.w Z/C.a a/w C.b by/nD agx; C xow C x3n: (4.23)

We will achieve noise cancellation if we can nd a feedback fawchanging the
parameters. andb so that the erroe goes to zero. To do this we choose

1
Vi X xal D 5 X2 C x5 C x2
as a candidate Lyapunov function fer.23. The derivative oV is

VD xBCxoRBCxaBD ax?Cx.BC Wxi/Cxs. BC nxyl:

Choosing
BD wxtD we 8D nx; D ne (4.24)

we ndthat\ D aoxf < 0, and itfollows that the quadratic function will decrease
aslongae D x; D w z6D0. The nonlinear feedback.4) thus attempts to
change the parameters so that the error between the sigh#i@mnoise is small.
Notice that feedback lawd(24) does not use the modet.2) explicitly.

A simulation of the system is shown in Figu4e2Q In the simulation we have
represented the signal as a pure sinusoid and the noise @ lmod noise. The
gure shows the dramatic improvement with noise cancelfatibhe sinusoidal
signal is not visible without noise cancellation. The Iterpmeters change quickly
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Figure 4.20:Simulation of noise cancellation. The top left gure shows the headphignals
without noise cancellation, and the bottom left gure shows the signal witereancellation.
The right gures show the parameteasandb of the lter.

from their initial valuesa D b D 0. Filters of higher order with more coef cients
are used in practice. r

4.6 Further Reading

The eld of dynamical systems has a rich literature that chiarézes the possi-
ble features of dynamical systems and describes how paiiarobanges in the
dynamics can lead to topological changes in behavior. Reéadiatroductions to
dynamical systems are given by Stroga&d#r4 and the highly illustrated text by
Abraham and ShawyS82. More technical treatments include Andronov, Vitt and
Khaikin [AVK87], Guckenheimer and Holme&H83 and Wiggins Wig9Q]. For
students with a strong interest in mechanics, the texts hpldfArn87] and Mars-
den and RatiufMR94] provide an elegant approach using tools from differential
geometry. Finally, good treatments of dynamical systemsaukt in biology are
given by Wilson Wil99] and Eliner and GuckenheimdeG0g. There is a large lit-
erature on Lyapunov stability theory, including the classkts by Malkin Mal59],
Hahn Hah671 and Krasovski Kra63. We highly recommend the comprehensive
treatment by Khalil Kha01].

Exercises

4.1 (Time-invariant systems) Show that if we have a solution ef differential
equation 4.1) given byx.t/ with initial conditionx.to/ D Xo,then) / D x.t to/
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is a solution of the differential equation

dx
{ DF.Q

with initial conditionXQ0/ D xo, where Dt to.

4.2 (Flow in a tank) A cylindrical tank has cross sectiénm?, effective outlet
areaﬁ m? and in ow g;, m®=s. An energy balance shows that the outlet velocity is
v D " 2gh m=s, whereg m=s? is the acceleration of gravity aridis the distance
between the outlet and the water level in the tank (in met8ts)w that the system
can be modeled by

dh ab— 1 pP_—

at D A 2gh qu; Qout D @ 2gh:
Use the parametes D 0:2,a D 0:01. Simulate the system when the in ow is zero
and the initial level ish D 0:2. Do you expect any dif culties in the simulation?

4.3 (Cruise control) Consider the cruise control system dbsdrin Sectior8.1
Generate a phase portrait for the closed loop system on atrgt¢ D 0), in third
gear, using a Pl controller (witky, D 0:5 andk; D 0:1), m D 1000 kg and desired
speed 20 m/s. Your system model should include the effedatafating the input
between 0 and 1.

4.4 (Lyapunov functions) Consider the second-order system

Xm dXZ
— D ax; — D bxy cx;
dt ! dt v
wherea; b; ¢ > 0. Investigate whether the functions
1 1 1 1
Vi.x/ D Exf C Exg; \s.x/ D Exf C 5% C . axllz

are Lyapunov functions for the system and give any condittbat must hold.

4.5 (Damped spring—mass system) Consider a damped spring-systes with «
dynamics
mdrC cdPC kq D O:
A natural candidate for a Lyapunov function is the total gyeaf the system, given
b
' VD 1m(E?C lk 2
> 7l

Use the Krasovski—Lasalle theorem to show that the systesyisjatotically stable.

4.6 (Electric generator) The following simple model for an electfenerator con-
nected to a strong power grid was given in Exer@sé
d?

EV
dt2 X
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The parameter
Prnax . EV

D
Pm X Pn

is the ratio between the maximum deliverable powggx D EV=X and the me-

chanical poweiPy,.

aD

(4.25)

(a) Considem as a bifurcation parameter and discuss how the equilibipe
ona.

(b) Fora > 1, show that there is a center'ag D arcsinl=a/ and a saddle at
"D "o
(c) Show that ifP,=J D 1 there is a solution through the saddle that satis es
1d 2 P——
- — ' C! acos' a2 1DO: 4.26
T 0 (4.26)
Use simulation to show that the stability region is the iiteof the area enclosed
by this solution. Investigate what happens if the systemm isquilibrium with a

value ofa that is slightly larger than 1 aralsuddenly decreases, corresponding to
the reactance of the line suddenly increasing.

4.7(Lyapunov equation) Show that Lyapunov equatiri g always has a solution
if all of the eigenvalues oA are in the left half-plane. (Hint: Use the fact that the
Lyapunov equation is linear if® and start with the case whew has distinct
eigenvalues.)

4.8(Congestion control) Consider the congestion control fgmldescribed in Sec-
tion3.4. Con rmthatthe equilibrium pointfor the systemis given lguation 3.21)
and compute the stability of this equilibrium point usingreelr approximation.

4.9 (Swinging up a pendulum) Consider the inverted penduluntudised in Ex-
ample4.4, that is described by

RD sin Cucos;
where is the angle between the pendulum and the vertical and theotsignal
u is the acceleration of the pivot. Using the energy function
1
V.; P Dcos 1c§F2;
show that the state feedbaglD k.V, V/Pcos causes the pendulum to “swing
up” to the upright position.

4.10(Root locus diagram) Consider the linear system
dx 8 0 1 9 8 19 8 9
9% 3 3 2 1z . : oy
dtD'O 3,xC.4,u, yD-1 0O x;
with the feedbacki D  ky. Plot the location of the eigenvalues as a function the
parametek.
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4.11(Discrete-time Lyapunov function) Consider a nonlineacdete-time system
with dynamicsx[k C 1] D f.x[k]/ and equilibrium poinike D 0. Suppose there
exists a smooth, positive de nite functidh: R" ! Rsuchtha¥. f.x// V.x/<

0 for x 600 and V(0) = 0. Show thate D 0 is (locally) asymptotically stable.

4.12 (Operational ampli er oscillator) An op amp circuit for an oiator was
shown in Exercise.5. The oscillatory solution for that linear circuit was stable
but not asymptotically stable. A schematic of a modi ed cit¢hat has nonlinear
elements is shown in the gure below.

% %

R V2 Rg Vs R+ V1

S
Py
Pyl

The modi cation is obtained by making a feedback around eadraipnal am-
pli er that has capacitors using multipliers. The sigaalD vZ C v5  V§ is the
amplitude error. Show that the system is modeled by

dvy R4 1 2 2 2
—D v, C V1.V \VARRRVYS
dt = RiRsC; >~ RyC, 0 12
dV2 1 1

—<D v, C Vo.vd V2 V3L
dt R,C, 1~ RpC, 200 71 72

Show that the circuit gives an oscillation with a stable ligyitle with amplitude
Vo. (Hint: Use the results of Examp#e8.)

4.13(Self-activating genetic circuit) Consider the dynamica genetic circuit that
implementsself-activationthe protein produced by the gene is an activator for the
protein, thus stimulating its own production through pesifeedback. Using the
models presented in Exam@®el3 the dynamics for the system can be written as

dm p? dp

—D-——C ; —D ; 4.27

dt ~1ckp - ° ™ g - ™ P (4.27)
for p;m 0. Find the equilibrium points for the system and analyze toall
stability of each using Lyapunov analysis.

4.14 (Diagonal systems) LefA 2 R" " be a square matrix with real eigenvalues
1;::7; nand corresponding eigenvectars:::; V.
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(a) Show that if the eigenvalues are distingt 6D ; fori 6Dj), thenv; 6Dv; for
i 6D).

(b) Show thatghe eigenvectors form a basis Rrso that any vectok can be
written asx D8 ivi for ;2 R9

(c) LetT D‘ vy Vv, ::: vy andshowthal AT is a diagonal matrix of
the form @.8).
(d) Show that if some of the; are complex numbers, thefcan be written as

31 0 8 ' 9
AD% L g where 3;D 2R or 3;D% | = 3.
"0 3 '

in an appropriate set of coordinates.

This form of the dynamics of a linear system is often refersedsmodal form

4.15(Furuta pendulum) The Furuta pendulum, an inverted penduluarotating
arm, is shown to the left in the gure below.

Pendulum angle=
.
o

0 5 10 15 20
Angular velocity!

Consider the situation when the pendulum arm is spinninly eénstant rate. The
system has multiple equilibrium points that depend on tlgubar velocity! |, as
shown in the bifurcation diagram on the right.

The equations of motion for the system are given by

JoR Jpl&sin cos myglsin DO

whereJ, is the moment of inertia of the pendulum with respect to i®pim,, is
the pendulum mass,is the distance between the pivot and the center of mass of
the pendulum and is the the rate of rotation of the arm.

(a) Determine the equilibria for the system and the conulfipfor stability of each
equilibrium point (in terms of o).

(b) Consider the angular velocity as a bifurcation paramete verify the bifur-
cation diagram given above. This is an example pitehfork bifurcation
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4.16 (Routh-Hurwitz criterion) Consider a linear differentiajuation with the
characteristic polynomial

.s/ Ds?*C asC a; . s/ Ds*Cas?CaysCag:

Show that the system is asymptotically stable if and onlylifted coef cientsg
are positive and i&;a, > as. This is a special case of a more general set of criteria
known as the Routh-Hurwitz criterion.






Chapter Five
Linear Systems

Few physical elements display truly linear characteristics. For examplestaéon between
force on a spring and displacement of the spring is always nonlinear t@ stegree. The
relation between current through a resistor and voltage drop acrosksd deviates from a
straight-line relation. However, if in each case the relatioméasonablylinear, then it will
be found that the system behavior will be very close to that obtained bynaggan ideal,
linear physical element, and the analytical simpli cation is so enormouswuteatake linear
assumptions wherever we can possibly do so in good conscience.

Robert H. CannorDynamics of Physical Systeyi®67 [Can03.

In Chapters2—4 we considered the construction and analysis of differentia
eqguation models for dynamical systems. In this chapter weiafize our results to
the case of linear, time-invariant input/output systemag €entral concepts are the
matrix exponential and the convolution equation, througitivwe can completely
characterize the behavior of a linear system. We also dessdme properties of
the input/output response and show how to approximate armeamlsystem by a
linear one.

5.1 Basic De nitions

We have seen several instances of linear differential @sin the examples in the
previous chapters, including the spring—mass system (ddropcillator) and the
operational ampli er in the presence of small (nonsatugtinput signals. More
generally, many dynamical systems can be modeled accybgtéhear differential
equations. Electrical circuits are one example of a broabsaésystems for which
linear models can be used effectively. Linear models aretatsadly applicable in
mechanical engineering, for example, as models of smaihtlens from equilibria
in solid and uid mechanics. Signal-processing systemsuiticlg digital Iters of
the sortused in CD and MP3 players, are another source of gaogxes, although
these are often best modeled in discrete time (as describegubie detail in the
exercises).

In many cases, wereatesystems with a linear input/output response through
the use of feedback. Indeed, it was the desire for lineariehthat led Harold
S. Black to the invention of the negative feedback ampli ermAist all modern
signal processing systems, whether analog or digital @es#dack to produce linear
or near-linear input/output characteristics. For thestesys, it is often useful to
represent the input/output characteristics as lineagrigg the internal details
required to get that linear response.
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For other systems nonlinearities cannot be ighored, eslbeifione cares about
the global behavior of the system. The predator—prey prolideome example of
this: to capture the oscillatory behavior of the interdejsett populations we must
include the nonlinear coupling terms. Other examples ohelswitching behavior
and generating periodic motion for locomotion. Howeveryé care about what
happens near an equilibrium point, it often suf ces to apprate the nonlinear
dynamics by their local linearization, as we already exgddrrie y in Sectior4.3.
The linearization is essentially an approximation of thelimear dynamics around
the desired operating point.

Linearity

We now proceed to de ne linearity of input/output systemseformally. Consider
a state space system of the form

?j—i( D f.x;ul; y D h.x; uf; (5.1)

wherex 2 R", u 2 RP andy 2 RY. As in the previous chapters, we will usually
restrict ourselves to the single-input, single-outputedagtakingp D g D 1. We
also assume that all functions are smooth and that for amahf®class of inputs
(e.g., piecewise continuous functions of time) the sohgiof equation§.1) exist
for all time.

It will be convenient to assume that the origirD 0,u D 0 is an equilibrium
point for this system#® D 0/ and thath.0; 0/ D 0. Indeed, we can do so without
loss of generality. To see this, suppose thixatue/ 6D.0; 0/ is an equilibrium point
of the system with outpwe D h.Xe; Ue/. Then we can de ne a new set of states,
inputs and outputs,

KD X Xe; WDU U, YDY Ve

and rewrite the equations of motion in terms of these vaebl

%@D f.QC Xe; QC U/ D: RQ@;
D h.QC Xe; @C U/ Ve D: RQ@:

In the new set of variables, the origin is an equilibrium pauith output 0, and
hence we can carry out our analysis in this set of variablase@e have obtained
our answers in this new set of variables, we simply “traesl#tem back to the
original coordinates using D XC X, U D QC ue andy D QC Ve.

Returning to the original equationS.{), now assuming without loss of gener-
ality that the origin is the equilibrium point of interestewvrite the outputy.t/
corresponding to the initial condition 0/ D X and inputu.t/ asy.tl Xo; u/. Using
this notation, a system is said to bdirgear input/output systeni the following
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Figure 5.1: Superposition of homogeneous and particular solutions. The rst hmws the

input, state and output corresponding to the initial condition responsesetioad row shows

the same variables corresponding to zero initial condition but nonzeub. impe third row

is the complete solution, which is the sum of the two individual solutions.

conditions are satis ed:
() y.tl x3C Xx5;0/ D y.tlxg; 0/ C y.tlxp; 0
(i) y.tl Xo; u/ D y.tlxe; 0/ C y.tl0;ul; (5.2)
@ii) y.tl0; uyC uy/ D y.tI0;uy/ C y.tl10; uyf:

Thus, we de ne a system to be linear if the outputs are jointigdir in the initial
condition responseu D 0/ and the forced response.0/ D 0/. Property (iii) is a
statement of therinciple of superpositionthe response of a linear system to the
sum of two inputau; andus, is the sum of the outputg andy, corresponding to
the individual inputs.
The general form of a linear state space system is
dx

at D AxC Bu; y D CxC Du; (5.3)

whereA2 R" " B2 R" P,C 2 RY "andD 2 RY P. In the special case of a
single-input, single-output systerB,is a column vectorC is a row vector and

is scalar. Equatiorg(3) is a system of linear rst-order differential equations hwvit
inputu, statex and outpuly. It is easy to show that given solutiors t/ andx,.t/
for this set of equations, they satisfy the linearity coiodis.

We de ne xy.t/ to be the solution with zero input (the@mogeneous solutipn
and the solutiorx,.t/ to be the solution with zero initial condition (@articular
solution). Figureb. lillustrates how these two individual solutions can be sumper
posed to form the complete solution.
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It is also possible to show that if a nite-dimensional dynasalisystem is
input/output linear in the sense we have described, it canys be represented
by a state space equation of the foren3j through an appropriate choice of state
variables. In Sectiob.2we will give an explicit solution of equatiorb(3), but we
illustrate the basic form through a simple example.

Example 5.1 Scalar system
Consider the rst-order differential equation
dx
dt

with x.0/ D Xq.Letu; D Asin! it andu, D Bcos! ,t. The homogeneous solution
is xp.t/ D e*'xg, and two particular solutions witk.0/ D 0 are

D axCu; y D Xx;

| 162 C ! jcos! 1t C asin! 5t
azC!? ’

et acos! ;t C!,sin! ot
azC!z2 '

Suppose that we now chooged/ D Xg andu D u; C u,. Then the resulting

solution is the weighted sum of the individual solutions:

Al 4 Ba
a2C!2 " a2C!2

a

x.t/Det x,C

. . (5.4)
1 1cos! 1t C asin! 4t 5 acos! ot C!ssin! ot
azCc!z azC!2
To see this, substitute equatidn4) into the differential equation. Thus, the prop-
erties of a linear system are satis ed. r

Time Invariance

Time invariancds an important concept that is used to describe a systemewvhos
properties do not change with time. More precisely, for aetimvariant system if
the inputu.t/ gives outpuy.t/, then if we shift the time at which the input is applied
by a constant amouat u.t C a/ gives the outpuy.t C a/. Systems that are linear
and time-invariant, often callddr'| systemshave the interesting property that their
response to an arbitrary input is completely characterhettieir response to step
inputs or their response to short “impulses.”

To explore the consequences of time invariance, we rst cdmfhe response
to a piecewise constant input. Assume that the systemiialinit rest and consider
the piecewise constant input shown in Figbrea The input has jumps at timég
and its values after the jumps ardy/. The input can be viewed as a combination
of steps: the rst step at timi has amplitudel. ty/, the second step at tintehas
amplitudeu.t;/  u.to/, etc.

Assuming that the system is initially at an equilibrium pgdiso that the initial
condition response is zero), the response to the input cabta@ed by superim-
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Figure 5.2: Response to piecewise constant inputs. A piecewise constant sigriz cap-
resented as a sum of step signals (a), and the resulting output is the sboenindividual
outputs (b).

posing the responses to a combination of step inputsHLét be the response to
a unit step applied at time 0. The response to the rststep istha  to/u.to/,
the response to the second steplis  t;/ u.ty/ u.tg/ , and we nd that the
complete response is given by

y.t/ D H.t  to/u.te/ CH.t  ti/ u.ty/ uty/ C
D H.t to/ H.t tl/ U.to/C H.t tl/ H.t tz/ U.tl/C

X<t
nDO
XUHt t Ht o toed
D il nci utn/ tncl tn
nDo tnCl tn

An example of this computation is shown in Fig&2h
The response to a continuous input signal is obtained by datkia limit as
thci th! 0, which gives

Z

y.t/ D  H°t /u./d; (5.5)
0

whereHYis the derivative of the step response, also calledrtipilse response
The response of a linear time-invariant system to any inpotiocas be computed
from the step response. Notice that the output depends ortlyeoinput since we
assumed the system was initially at rest)/ D 0. We will derive equationq.5)
in a slightly different way in the Sectidn.3.
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5.2 The Matrix Exponential

Equation 6.5) shows that the output of a linear system can be written astagral
over the inputa.t/. In this section and the next we derive a more general version
of this formula, which includes nonzero initial conditioWge begin by exploring
the initial condition response using the matrix exponéntia

Initial Condition Response

Although we have shown that the solution of a linear set ded#htial equations
de nes a linear input/output system, we have not fully coneplithe solution of the
system. We begin by considering the homogeneous responssjponding to the

system
4X 5 Ax: (5.6)
D Ax .

For thescalardifferential equation

d
—XDax; X2R;a2R;
dt

the solution is given by the exponential
x.t/ D €¥'x.0/:

We wish to generalize this to the vector case, whebecomes a matrix. We de ne
thematrix exponentiaés the in nite series
1 o1,

1
eDICXCZX?C=Xx3C D — xk: 5.7
2 3! kl© (5.7)

whereX 2 R"™ "is a square matrix antis then n identity matrix. We make
use of the notation

X°D1;  X?D XX X"DX"1x:

which de nes what we mean by the “power” of a matrix. Equatibtv) is easy to
remember since it is just the Taylor series for the scalaoegptial, applied to the
matrix X. It can be shown that the series in equatidiTyconverges for any matrix
X 2 R" "in the same way that the normal exponential is de ned for amfasc
a2R.

ReplacingX in equation §.7) by At, wheret 2 R, we nd that

At 1 242 1 343 X- 1 ks k
e"DICAtC -At“C -At°C D — AtY;
2 3! k!
kDO
and differentiating this expression with respect gives

d At 2 1 342 )4 1 ki k t
T DACAtCEAt C DA FAt D AeM: (5.8)
kDo
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Multiplying by x.0/ from the right, we nd thatx.t/ D e*'x.0/ is the solution
to the differential equation5(6) with initial condition x.0/. We summarize this
important result as a proposition.

Proposition 5.1. The solution to the homogeneous system of differential equa-
tions(5.6) is given by
x.t/ D e*x.0r:

Notice that the form of the solution is exactly the same asatar equations,
but we must put the vector. 0/ on the right of the matrix”t.

The form of the solution immediately allows us to see that thetson is linear
in the initial condition. In particular, ikn;.t/ is the solution to equatiorb(6) with
initial conditionx.0/ D Xg1 andxn».t/ with initial conditionx.0/ D Xxg», then the
solution with initial conditionx.0/ D Xxg1 C  Xgz is given by

x.t/De* x1C xpo D eMxp1C eMxgd D Xpnp.t/ C Xpo.tl:
Similarly, we see that the corresponding output is given by
y.t/ D Cx.t/ D yn.t/ C yno.t/;

whereyn;.t/ andyn,.t/ are the outputs correspondingxq .t/ andxpy.t/.
We illustrate computation of the matrix exponential by twamples.

Example 5.2 Double integrator
A very simple linear system that is useful in understandiagi®concepts is the
second-order system given by

@RD u; yDaq:

This system is called double integratobecause the inputis integrated twice to
determine the output.
In state space form, we wribgD .q; & and

8 9
dx ;30 13 303 .
ED' 0 0O XC?: 1 u:
The dynamics matrix of a double int8egrat09r is
30 1z
AD: 00
and we nd by direct calculation tha%é DO %nd hence
An 31 3
eV D: 0o 1 -

Thus the homogeneo%s solugtioénll) 0) 5or th8e double integrgtor is given by

21 t33x.0/3 L 3%.0/ Ctx2.0/3 .
XUDZg 17 "o P77 o 7

y.t/ D x1.0/ C tx,.0/:
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Example 5.3 Undamped oscillator
A simple model for an oscillator, such as the spring—magsesywith zero damping,

is
®C! 39D u:

Putting the system into state space form, the dynamics nfatrikis system can
be written as

9 8 _ 9
AD 3 0 !'ox and A p 3 co_s! ot sin!otx |
oy O " sinl ot cos! ot’

This expression foe*! can be veri ed by differentéation:

geAt 3 I! osin!I ot ! |0 co_s!'ot 3
"~ lgcos! ot 1gsin! ot
dt 8 0 dJS 0 0 '
p3 0 loz3coslot sinloty o\ 4
" log 0’ sin!gt cos! ot '
The solution is then given by

, 98 9
« 1/ D efx 0/ D 3 cos! ot sin! otz 2x.0/3 |
' ' " osin! ot cos! ot’ 7 X%.0/"
If the system has damping,
RC2! oqC!3qDuy;

the solution is more complicated, but the matrix exponéntda be shown to be

8 ei!dt e il gt ei!dtce il gt ei!dt e il gt 9
P— —p—
L E 2 71 2 2 2 1
e e il gt ei!dt e il gt ei!dt ei!dtCe il gt
p C
2 2 1 2 2 1 2 ’

p .
where! 4D !y 2 1.Notethat yand 2 1 can be either real or complex,
but the combinations of terms will always yield a real valoethe entries in the
matrix exponential. r

Animportant class of linear systems are those that can hesciea into diagonal
form. Suppose that we are given a system

dx
DA
at = X

such that all the eigenvalues Afare distinct. It can be shown (Exerciéd 4) that
we can nd an invertible matriX such thafl AT !is diagonal. If we choose a set
of coordinatez D T x, then in the new coordinates the dynamics become

dz dx
—~“DT--DTAXDTAT 1z
dt dt

By construction ofT, this system will be diagonal.
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Now consider a diagonal matriA and the correspondinith power of At,

which is also diagonal:
8 9 8

9
1 0 Kk 0
2 Ktk
AD - ,  .AU*D o ;

"0 n ) kgk:
It follows from the series expansion that the matrix expaia¢is given by
9

et 0
et
eA‘D§ e %Z

0 ent’

A similar expansion can be done in the case where the eigewalre complex,
using a block diagonal matrix, similar to what was done in i8ect.3.

Jordan Form

Some matrices with equal eigenvalues cannot be transfomtkaigonal form. They
can, however, be transformed to a closely related formeddheJordan form in
which the dynamics matrix has the eigenvalues along theodelgWhen there are
equal eigenvalues, there may be 1's appearing in the sgendal indicating that
there is coupling between the states.

More speci cally, we de ne a matrix to be in Jordan form if it cée written
as

8 9 8 9
Jb 0 ::: 0 0 i 1 0 ::: O
0 J O 0O O o ;i 1 0
D e : where J D ST
0O O i1 O 0 O i 1
"0 0 - 0 X "0 0 2 O i
(5.9)

Each matrixJ; is called aJordan block and ; for that block corresponds to an
eigenvalue ofl. A rst-order Jordan block can be represented as a systenistos

of an integrator with feedback A Jordan block of higher order can be represented
as series connections of such systems, as illustrated ime5gi

Theorem 5.2(Jordan decompositionAny matrix A2 R" " can be transformed
into Jordan form with the eigenvalues of A determiningn the Jordan form.

Proof. See any standard text on linear algebra, such as St&ir&f]. The special
case where the eigenvalues are distinct is examined in Begrdi4 O

Converting a matrix into Jordan form can be complicatedicalgh MATLAB
can do this conversion for numerical matrices usingjtdrdan function. The
structure of the resulting Jordan form is particularly resging since there is no
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X1 R X2 R X2

_ L

Figure 5.3:Representations of linear systems where the dynamics matrices aan Btocks.
A rst-order Jordan block can be represented as an integrator wittbéek , as shown on
the left. Second- and third-order Jordan blocks can be representatias connections of
integrators with feedback, as shown on the right.

Py
Py

X1

Py
Py

X1 X2

requirement that the individual's be unique, and hence for a given eigenvalue we
can have one or more Jordan blocks of different sizes.

Once a matrix is in Jordan form, the exponential of the mataix be computed
in terms of the Jordan blocks:

8eJl 0O ::: O J
J :
e'Ds Y ¢ T E. (5.10)
: 0
0 ::: 0 ek’

This follows from the block diagonal form aof. The exponentials of the Jordan
blocks can in turn be written as

8 2 n19
1t 5 o g T
n 2
0 1t o P2
e’ D3 1 : ge (5.11)
. t
"0 0 1’

When there are multiple eigenvalues, the invariant sulespassociated with
each eigenvalue correspond to the Jordan blocks of thexwatiNote that may be
complex, in which case the transformatibthat converts a matrix into Jordan form
will also be complex. When has a nonzero imaginary component, the solutions
will have oscillatory components since

e C'tDelcos tCisin! t/:

We can now use these results to prove Theatepwhich states that the equilibrium
pointxe D 0 of a linear system is asymptotically stable if and only if R& 0.

Proof of Theorend.1 LetT 2 C" " be an invertible matrix that transformsinto
Jordan formJ D T AT . Using coordinateg D T x, we can write the solution
z.t/ as

z.t/ D e'z.0/:
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Since any solutior. t/ can be written in terms of a solutiant/ withz.0/ D T x.0/,
it follows that it is suf cient to prove the theorem in the tisformed coordinates.
The solutiore.t/ can be written in terms of the elements of the matrix exponen-
tial. From equationg.11) these elements all decay to zero for arbitral§y if and
only if Re ; < 0. Furthermore, if any; has positive real part, then there exists an
initial conditionz. 0/ such that the corresponding solution increases withouttou
Since we can scale this initial condition to be arbitrarilyadimit follows that the
equilibrium point is unstable if any eigenvalue has positeal part. 0

The existence of a canonical form allows us to prove many ptigseof linear
systems by changing to a set of coordinates in whichAth@atrix is in Jordan form.
We illustrate this in the following proposition, which folivs along the same lines
as the proof of Theorerh.1

Proposition 5.3. Suppose that the system

dx
— DA
at - X

has no eigenvalues with strictly positive real part and omanmre eigenvalues
with zero real part. Then the system is stable if and only if 3belan blocks
corresponding to each eigenvalue with zero real part ardasdd. 1) blocks.

Proof. See Exercisé.6b. O

The following example illustrates the use of the Jordan form.

Example 5.4 Linear model of a vectored thrust aircraft
Consider the dynamics of a vectored thrust aircraft suchatsiescribed in Exam-
ple 2.9. Suppose that we choose D u, D 0 so that the dynamics of the system

become 8 9
Z
Z5
dz Zs
— D . : 5.12
dt gsinzs =z (5.12)
g.coszz U =7zs
O b

wherez D .x;y; ; B ¥ ?. The equilibrium points for the system are given by
setting the velocitie® Yand Pto zero and choosing the remaining variables to
satisfy

gsinzzeD O

D Zz.D ¢DO:
g.coszze 1/ DO ) K

This corresponds to the upright orientation for the aircfdfite thatx. andy, are
not speci ed. This is because we can translate the system to éupeight) position
and still obtain an equilibrium point.
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(a) Mode 1 (b) Mode 2

Figure 5.4: Modes of vibration for a system consisting of two masses connectediogsp
In (a) the masses move left and right in synchronization in (b) they rteward or against
each other.

To compute the stability of the equilibrium point, we comgptite linearization
using equation4.11):

8 9
0 0 O 1 0
0 0 O 0 1
aF 0 0 O 0 0
AD@ZeD 00 g cm O
0 0 O 0 c=m O
"0 0 O 0 0 0

The eigenvalues of the system can be computed as
. A/ Df0;0;0;0; c=m; c=mg

We see that the linearized system is not asymptoticallylestsibce not all of the

eigenvalues have strictly negative real part.
To determine whether the system is stable in the sense olubyapwe must
make use of the Jordan form. It can be shown that the JordandbA is given by
8

0j000 0 | 0 1
0[0 10 0 | 0 %
ojoo1 o | o £
JPEglo 00| o | o E
0/0 0O 0| c=m 0 =
0/0 0 0| O c=m’

Since the second Jordan block has eigenvalue 0 and is not kesigpnvalue, the
linearization is unstable. r

Eigenvalues and Modes

The eigenvalues and eigenvectors of a system provide a pesorof the types of
behavior the system can exhibit. For oscillatory systeims térmmodeis often
used to describe the vibration patterns that can occur. &igdrillustrates the
modes for a system consisting of two masses connected mgspne pattern is
when both masses oscillate left and right in unison, andremas when the masses
move toward and away from each other.
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Figure 5.5: The notion of modes for a second-order system with real eigenvalhedeft
gure shows the phase portrait and the modes corresponding to sautianstart on the
eigenvectors (bold lines). The corresponding time functions are sbowvime right.

The initial condition response of a linear system can be &rith terms of a
matrix exponential involving the dynamics matéx The properties of the matrik
therefore determine the resulting behavior of the systawmerGa matrixA 2 R" ",
recall thatv is an eigenvector of with eigenvalue if

Av D v:

In general andv may be complex-valued, althoughAfis real-valued, then for
any eigenvalue its complex conjugate will also be an eigenvalue (with as
the corresponding eigenvector).

Suppose rst that andv are a real-valued eigenvalue/eigenvector pairAor
If we look at the solution of the differential equation for0/ D v, it follows from
the de nition of the matrix exponential that

1 242
e’v D ICAtCEAZtZC vDvC tvCTvC D elv:

The solution thus lies in the subspace spanned by the eigenv&be eigenvalue
describes how the solution varies in time, and this solusaiten called anode
of the system. (In the literature, the term “mode” is als@pftised to refer to the

eigenvalue rather than the solution.)
If we look at the individual elements of the vectorandy, it follows that

xi.tl el v
Xj.t/ eth Vj7

and hence the ratios of the components of the state constants for a (real) mode.
The eigenvector thus gives the “shape” of the solution andsis @alled amode
shapeof the system. Figur&.5illustrates the modes for a second-order system
consisting of a fast mode and a slow mode. Notice that the statables have the
same sign for the slow mode and different signs for the fastano

The situation is more complicated when the eigenvaludsare complex. Since
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A has real elements, the eigenvalues and the eigenvectarsrapex conjugates

D il andvD u iw, whichimplies that
vCv vV Vv
ubD 7 wbD —!
2 2

Making use of the matrix exponential, we have
e'vDel.uCiw/ De' .ucoslt wsin!t/Ci.usin!tCwcos!t/ :

from which it follows that
1 .
eMuD > efvCceMv Duelcoslt we tsin!t;

Aty Due'sin! t Cwe tcos! t:

e*w D i v e
2i

A solution with initial conditions in the subspace spanngdhte real paru and
imaginary partv of the eigenvector will thus remain in that subspace. Thetisoiu
will be a logarithmic spiral characterized byand! . We again call the solution
corresponding to a mode of the system, awdthe mode shape.

If a matrix A hasn distinct eigenvalues;:::; n, then the initial condition
response can be written as a linear combination of the mddesee this, suppose
for simplicity that we have all real eigenvalues with copesding unit eigenvectors

we can write the initial conditiow.0/ as
Xx.00/D 1viC voC C
Using linearity, the initial condition response can be teritas
x.t/D etviC v, C C ,ertv,:

Thus, the response is a linear combination of the modes ofysters, with the

amplitude of the individual modes growing or decayinga's The case for distinct
complex eigenvalues follows similarly (the case for notidét eigenvalues is more
subtle and requires making use of the Jordan form discussle€ previous section).

Example 5.5 Coupled spring—mass system
Consider the spring—mass system shown in Fidgude but with the addition of
dampers on each mass. The equations of motion of the system are

mig D 2kqg cdg C ko; mé D ko 2k  cd:
In state space form, we de ne the state todl@ .qy; gz; @; @/, and we can rewrite

the equations as
8 0 0 1 0 2
0 0 0 1
dx
— D 2_k E ° 0 B x
dt m m m
k 2k
L A
m m m
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We now de ne a transformation D T x that puts this system into a simpler form.
LetzzD .01 C 0o/, Z2D B, 23D 3.01 G/ andzy D B, so that

8l 1 O O9
zDTxD1§0 0 1 1%x:

221 1 0 O
"0 0 1 T
In the new coordinates, the dynamics become
0 1 0 0 9
k
— E 0 0
dz m m
— D Z
dt 0 0 0 1
k
0 0 3_ <
m m

and we see that the system is in block diagonahfoda) form.
In the z coorcﬂnates thﬁ states and z, parameterize one mode with eigen-
values p _C= k k=m, and the stategs; and z, another mode with
c=.2 3km/ W. From the form of the transformatioh we see that
these modes correspond exactly to the modes in Fgydran whichq; andg, move
either toward or against each other. The real and imaginaty péthe eigenvalues
give the decay rates and frequenciek for each mode. r

5.3 Input/Output Response

In the previous section we saw how to compute the initial domdresponse using
the matrix exponential. In this section we derive the couattoh equation, which
includes the inputs and outputs as well.

The Convolution Equation

We return to the general input/output case in equatiod) (repeated here:

d
d—’t( D AXCBu  yDCxC Du: (5.13)

Using the matrix exponential, the solution to equatiéril® can be written as
follows.

Theorem 5.4. The solution to the linear differential equati¢®.13) is given by
z t
x.t/Defx.o/C e 'Bu./d: (5.14)
0
Proof. To prove this, we differentiate both sides and use the ptp§&r8) of the
matrix exponential. This gives

d t
d—x D AMX.0/C A 'Bu./d CBut/D AxC Bu;

0
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(a) Pulse and impulse functions (b) Pulse and impulse responses

Figure 5.6: Pulse response and impulse response. (a) The rectangles shosqfulgdth
5, 25 and 08, each with total area equal to 1. The arrow denotes an impuisele ned
by equation %.17). The corresponding pulse responses for a linear system with elgeava
D f 0:08 0:62gare shown in (b) as dashed lines. The solid line is the true impulse
response, which is well approximated by a pulse of durati8n O

which proves the result. Notice that the calculation is esakly the same as for
proving the result for a rst-order equation. O

It follows from equationsg.13 and 6.14) that the input/output relation for a
linear system is given by
z

t
y.t/DCeMx.00C Ceé* 'Bu./d CDu.tl: (5.15)
0
It is easy to see from this equation that the output is joititigar in both the
initial conditions and the input, which follows from the darity of matrix/vector
multiplication and integration.

Equation .15 is called theconvolution equatioyand it represents the general
form of the solution of a system of coupled linear differahgquations. We see
immediately that the dynamics of the system, as charaetkhy the matrixA, play
a critical role in both the stability and performance of tiistem. Indeed, the matrix
exponential describdsthwhat happens when we perturb the initial condition and
how the system responds to inputs.

Another interpretation of the convolution equation can vergyusing the concept
of theimpulse responsef a system. Consider the application of an input signal
u.t/ given by the following equation:

20 t<oO0
ut/Dp.t/D >1= 0 t< (5.16)
"0t

This signal is goulseof duration and amplitude £ , as illustrated in Figurg.6a
We de ne animpulse . t/ to be the limit of this signal as! 0:

/D lim p .t/ (5.17)
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This signal, sometimes calleddelta function,is not physically achievable but
provides a convenient abstraction in understanding theorese of a system. Note
that the integral of an impulse is 1:
z t z t YA t
./ d D limp.t/d D Ilim p.t/d
0 0o 50 0o
Z
D lim 1=d D1 t>0:
1o g
In particular, the integral of an impulse over an arbitgashort period of time is
identically 1.
We de ne theimpulse responsef a systenh.t/ to be the output corresponding
to having an impulse as its input:

t
ht/D cé* 'B./ d DCe'B; (5.18)
0

where the second equality follows from the fact that is zero everywhere except
the origin and its integral is identically 1. We can now wtfte convolution equation
in terms of the initial condition response, the convolutidrthe impulse response
and the input signal, and the dire%t term:

t

y.t/ DCeMx.00C ht /u./d CDu.tl (5.19)
0

One interpretation of this equation, explored in Exer&s is that the response
of the linear system is the superposition of the response o aite set of shifted
impulses whose magnitudes are given by the inpait. This is essentially the
argument used in analyzing Figuse2 and deriving equation5(5). Note that the
second term in equatiob.(19 is identical to equatiorf(5), and it can be shown that
the impulse response is formally equivalent to the derreatf the step response.

The use of pulses as approximations of the impulse functiso atovides a
mechanism for identifying the dynamics of a system from daigure5.6bshows
the pulse responses of a system for different pulse widthsicél that the pulse
responses approach the impulse response as the pulse wikhazero. As a
general rule, if the fastest eigenvalue of a stable systemndad part a4, then a
pulse of length will provide a good estimate of the impulse responseifax 1.
Note that for Figuré.6, a pulse width of D 1 s gives nax D 0:62 and the pulse
response is already close to the impulse response.

Coordinate Invariance

The components of the input vectoand the output vectorare given by the chosen
inputs and outputs of amodel, but the state variables depetitk coordinate frame
chosen to represent the state. This choice of coordinatestahe values of the
matricesA, B andC that are used in the model. (The direct telbms not affected
since it maps inputs to outputs.) We now investigate sombhetbnsequences of
changing coordinate systems.
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Figure 5.7: Coupled spring mass system. Each mass is connected to two springs Witsstif
k and a viscous damper with damping coef cienfThe mass on the right is drive through a
spring connected to a sinusoidally varying attachment.

Introduce new coordinates by the transformatiorz D Tx, whereT is an
invertible matrix. It follows from equatior(3) that

dz
dt
yDCxCDuDCT 'zC DuD: &C Du:

The transformed system has the same form as equdi8) lput the matrice®\,
B andC are different:

ADTATY: ®DTB, &DCT % (5.20)

There are often special choices of coordinate systems thatad to see a particular
property of the system, hence coordinate transformatiande used to gain new
insight into the dynamics.

We can also compare the solution of the system in transfoguedlinates to
that in the original state coordinates. We make use of anitapoproperty of the
exponential map,

DT.AXC BU D TAT zC TBuD: A& C R

e'ST' D TeST L

which can be veri ed by substitution in the de nition of the miatexponential.
Using this property, it is easy to show that
YA t

xt/DT 2zt/DT eRTxo/CcT ! & '8/ d:
0

From this form of the equation, we see that if it is possibleram$formA into

a form ARfor which the matrix exponential is easy to compute, we canthat
computation to solve the general convolution equationHentntransformed state
x by simple matrix multiplications. This technique is illestied in the following
example.

Example 5.6 Coupled spring—mass system

Consider the coupled spring—mass system shown in Figarérhe input to this
system is the sinusoidal motion of the end of the rightmoshgpand the output
is the position of each masg, andg,. The equations of motion are given by

miR D 2kag cdg C kap; mdg D koy 2k cdp C ku:
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In state space form, we de ne the state tod@ .q1; g2; @; &/, and we can rewrite
the equations as

S0 0o 1 o3 8.9
o o0 o0 1 0
dXD§ 2—k 5 ° 0 Xcé(éw
dt m m m
2k % B PK
m m m m

This is a coupled set of four differential equations and iseqcdmplicated to solve
in analytical form.

The dynamics matrix is the same as in Exanmp& and we can use the coor-
dinate transformation de ned there to put the system in méatah:

8 0 1 0] O9 8 0 J
k C
— = 0 0 L
dzD m m c 2m 3
at o o o 158° o 3%
O O 3_k El . Ll
m m 2m

Note that the resulting matrix equations are block diaganal hence decoupled.
We can solve for the solutions by computing the solutionsaaf $ets of second-
order systems represented by the statgsz,/ and. z3; z4/. Indeed, the functional
form of each set of equations is identical to that of a singléng—mass system.
(The explicit solution is derived in Sectidh3.)

Once we have solved the two sets of independent second-egdations, we
can recover the dynamics in the original coordinates byrtmgthe state transfor-
mation and writingk D T 'z. We can also determine the stability of the system
by looking at the stability of the independent second-orystems. r

Steady-State Response

Given a linear input/output system

% D AxC Buy; y D CxC Du; (5.21)

the general form of the solution to equatidhql) is given by the convolution
eqguation: 7

t
y.t/ DCex.00C Cce* 'Bu./d CDu.t/:
0

We see from the form of this equation that the solution casisisan initial condition
response and an input response.

The input response, corresponding to the last two terms iedhation above,
itself consists of two components—thiansient responsand thesteady-state
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Figure 5.8: Transient versus steady-state response. The input to a linear systieowis in
(a), and the corresponding output wkh0/ D 0 is shown in (b). The output signal initially
undergoes a transient before settling into its steady-state behavior.

responseThe transient response occurs in the rst period of time afterinput
is applied and re ects the mismatch between the initial coodiand the steady-
state solution. The steady-state response is the portidreadutput response that
re ects the long-term behavior of the system under the gimpuiis. For inputs that
are periodic the steady-state response will often be pieriadd for constant inputs
the response will often be constant. An example of the tesmsind the steady-state
response for a periodic input is shown in Fig6t8.

A particularly common form of input is step inputwhich represents an abrupt
change in input from one value to anothemAit step(sometimes called the Heav-
iside step function) is de ned as

(
uD S.t/ D 0 tDO
1t>0:

Thestep responsef the system§.21) is de ned as the output. t/ starting from zero
initial condition (or the appropriate equilibrium pointh@given a step input. We
note that the step input is discontinuous and hence is notigadly implementable.
However, it is a convenient abstraction that is widely usestudying input/output
systems.

We can compute the step response to a linear system usingmielgtion
equation. Settingk.0/ D 0 and using the de nition of the step input above, we
have

z t z t
yt/D Cé' 'Bu/d CDut/DC e* 'Bd CD
OZ . 0

Dt

DC e*Bd CDDC A'e*B _,CD
0

DCA B CA BCD:

If A has eigenvalues with negative real part (implying that thegimm is a stable
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Figure 5.9: Sample step response. The rise time, overshoot, settling time and stasaly-s
value give the key performance properties of the signal.

equilibrium point in the absence of any input), then we cavrite the solution as

y.t/ D FA{?‘?N?CP GA l%; t> 0 (5.22)

transient steady-state

The rst term is the transient response and decays to zetd &s . The second
term is the steady-state response and represents the ¥ahee @utput for large
time.

A sample step response is shown in Figbrg@ Several terms are used when
referring to a step response. Theady-state valuegyof a step response is the
nal level of the output, assuming it converges. Titige time T is the amount of
time required for the signal to go from 10% of its nal value t6% of its nal
value. Itis possible to de ne other limits as well, but in tbisok we shall use these
percentages unless otherwise indicated. Glershoot M is the percentage of the
nal value by which the signal initially rises above the nal . This usually
assumes that future values of the signal do not overshooh#h@alue by more
than this initial transient, otherwise the term can be amdig. Finally, thesettling
time T; is the amount of time required for the signal to stay within @Pts nal
value for all future times. The settling time is also somesie ned as reaching 1%
or 5% of the nal value (see Exercige?). In general these performance measures
can depend on the amplitude of the input step, but for lingstesms the last three
guantities de ned above are independent of the size of the ste

Example 5.7 Compartment model

Consider the compartment model illustrated in FigbwE)and described in more
detail in SectiorB.6. Assume that a drug is administered by constant infusion in
compartmen¥/; and that the drug has its effect in compartméntTo assess how
quickly the concentration in the compartment reaches gtstade we compute the
step response, which is shown in Figird . The step response is quite slow,
with a settling time of 39 min. Itis possible to obtain thesgtg-state concentration
much faster by having a faster injection rate initially, @aswn in Figure5.1Cc.
The response of the system in this case can be computed byrmombivo step



156 CHAPTER 5. LINEAR SYSTEMS

N

N

ConcentratiorC,
o =

ConcentratiorC,
=

o
o

20 40

o

20 40

0
20 40 0 20 40

Timet [min] Timet [min]

(a) Schematic (b) Step input (c) Pulse input

o
i
©
»~

Input dosage
o
N

Input dosage
o
N

o

o

Figure 5.10:Response of a compartment model to a constant drug infusion. A sitiafieam
of the system is shown in (a). The step response (b) shows the rateagfrtcation buildup
in compartment 2. In (c) a pulse of initial concentration is used to spedteugsponse.

responses (Exercige3d). r

Another common input signal to a linear system is a sinuswid Combination
of sinusoids). Th&requency respongd an input/output system measures the way in
which the system responds to a sinusoidal excitation onfiteioputs. As we have
already seen for scalar systems, the particular solutisocéested with a sinusoidal
excitation is itself a sinusoid at the same frequency. Hemeean compare the
magnitude and phase of the output sinusoid to the input. enerally, if a system
has a sinusoidal output response at the same frequencyiaptiiéorcing, we can
speak of the frequency response of the system.

To see this in more detail, we must evaluate the convolutipagon .15 for
u D cos! t. This turns out to be a very messy calculation, but we can msa&eti

the fact that the system is linear to simplify the derivatiomparticular, we note
that

1 . .
cos!tDE d'tcet:

Since the system is linear, it suf ces to compute the respohti®esystem to the
complex inputu.t/ D €t and we can then reconstruct the input to a sinusoid by
averaging the responses corresponding/ibi! andsD i!.
Applying the convolution equation to the inputD €% we have
YA t
y.t/ DCeMx.00C Cée* 'Bed C De™
0 7 .
D CceMx.0cce™ es' 4 Bd CDe™
0

If we assume that none of the eigenvaluesAc@re equal tas D 1!, then the
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matrixs! Ais invertible, and we can write
t
y.t/ DCeMx.o0cceM sl A les' A B ,C De’t

DCefx.o/CCeflsl A Les At | BC De
DCe''x.00CC.sl Al e'B cet.sl A BCDet;
and we obtain
yt/DCeM x.00 .sI A B C Csl A BCD €' (523
| {z ol {z }

transient steady-state

Notice that once again the solution consists of both a tesmigiomponent and a
steady-state component. The transient component decagsdadf zhe system is
asymptotically stable and the steady-state componenbgoptional to the (com-
plex) inputu D €3,
We can simplify the form of the solution slightly further lgwriting the steady-
state response as
Ysst/ D Me €' D MeStC/;

where _
Me DC.sl A BCD (5.24)

andM and represent the magnitude and phase of the complex nu@sdr

A/ 1B C D.Whens D i! , we say thatM is thegainand is the phaseof the
system at a given forcing frequenty Using linearity and combining the solutions
forsD Ci! andsD i!,wecanshowthatifwehaveaninpuD A,sin.! tC /
and an outpuy D Aysin! tC'/ , then

A
gain!/ D Ky DM; phasd/ D' D :
U

The steady-state solution for a sinusai® cos! t is now given by
Vs t/ D Mcos! tC [:

If the phase is positive, we say that the outplgiadsthe input, otherwise we say
it lagsthe input.

A sample sinusoidal response is illustrated in FigbrEla The dashed line
shows the input sinusoid, which has amplitude 1. The outpussiid is shown as a
solid line and has a different amplitude plus a shifted ph&ke gain is the ratio of
the amplitudes of the sinusoids, which can be determineddsnsnring the height
of the peaks. The phase is determined by comparing the ratieedgime between
zero crossings of the input and output to the overall perfdd@sinusoid:

1T

D 2 -—:
T
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Figure 5.11: Response of a linear system to a sinusoid. (a) A sinusoidal input ofitndgn
A, (dashed) gives a sinusoidal output of magnitéggsolid), delayed byl T seconds. (b)
Frequency response, showing gain and phase. The gain is giver logtid of the output
amplitude to the input amplitud® D A,=A,. The phase lag is givenbyD 21 T=T;
it is negative for the case shown because the output lags the input.

A convenient way to view the frequency response is to plot Hmvgain and
phase in equatiors(24) depend orl (throughs D i! ). Figure5.11bshows an
example of this type of representation.

Example 5.8 Active band-pass Iter
Consider the op amp circuit shown in Figlird.2a We can derive the dynamics of

the system by writing theodal equationswhich state that the sum of the currents
at any node must be zero. Assuming thatD vc D 0, as we did in SectioB.3,

we have Vi Vo dv, dvy, _ v3 dvs
0D R Clﬁ; ODClWC@CCZW:
Choosingv, andvs as our states and using these equations, we obtain
dvo _vi Vo dvs V3 Vi Vo
dt ~ RC; ' dt  RC, RGCy’
Rewriting these in linear state space form, we obtain
8 9 8 19

1
S~ 0 8 9
dx R.Cy % % R101§ . . N
at D § 1 1 x C 154 yD-0 1 x; (5.25)

R.Co R.Co " RC,

wherex D .vo;va/, u D vy andy D va.
The frequency response for the system can be computed usiaf@y6.24):

R, Rlcls .
Ry.1C RiCys/. 1C R,Cyps/’
The magnitude and phase are plotted in Figudebfor Ry D 100¢ , R, D 5 ke

sDil:

Mel DC.sl A 'BCDD
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Figure 5.12: Active band-pass lter. The circuit diagram (a) shows an op amp with R
Iters arranged to provide a band-pass Iter. The plot in (b) shows thi@ g@nd phase of the
Iter as a function of frequency. Note that the phase starts atdd@ to the negative gain of
the operational ampli er.

andC; D C, D 100 pF. We see that the circuit passes through signals with
frequencies at about 10 rad/s, but attenuates frequeneiew 5 rad/s and above
50 rad/s. At 0.1 rad/s the input signal is attenuated by 20.05). This type of
circuit is called aband-pass ltersince it passes through signals in the band of
frequencies between 5 and 50 rad/s. r

As in the case of the step response, a number of standardfiesae de ned
for frequency responses. The gain of a system Bt 0 is called thezero frequency
gainand corresponds to the ratio between a constant input arsiehdy output:

MgD CA 'BC D:

The zero frequency gain is well de ned onlyAis invertible (and, in particular, if

it does not have eigenvalues at 0). Itis also important te tiwt the zero frequency
gain is a relevant quantity only when a system is stable ath@utorresponding
equilibrium point. So, if we apply a constant inpuD r, then the corresponding
equilibrium pointxe D A Br must be stable in order to talk about the zero
frequency gain. (In electrical engineering, the zero fezgly gain is often called
the DC gain DC stands for direct current and re ects the common separaif
signals in electrical engineering into a direct current¢Zeequency) term and an
alternating current (AC) term.)

Thebandwidth! , of a system is thg frequency range over which the gain has
decreased by no more than a factor sf 2 from its reference value. For systems
with nonzero, nite zero frgquency gain, the bandwidth is frequency where
the gain has decreased by 12 from the zero frequency gain. For systems that
attenuate low frequencies but pass through high frequenttie reference gain
is taken as the high-frequency gain. For a system such asathg:flass Iter in
Example5.8 bandwidth is de ned as the range of frequencies where the igai
largerthan £ 2 of the gain at the center of the band. (For Exanfp8this would
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Figure 5.13: AFM frequency response. (a) A block diagram for the vertical dyisarf an
atomic force microscope in contact mode. The plot in (b) shows the gaiphase for the
piezo stack. The response contains two frequency peaks at ressnafrthe system, along
with an antiresonance at D 268 krad/s. The combination of a resonant peak followed by
an antiresonance is common for systems with multiple lightly damped modes.

give a bandwidth of approximately 50 rad/s.)

Another important property of the frequency response isrés®nant peak
M;, the largest value of the frequency response, angh#ad frequency n, the
frequency where the maximum occurs. These two propertiesileshe frequency
of the sinusoidal input that produces the largest possiliieut and the gain at the
frequency.

Example 5.9 Atomic force microscope in contact mode

Consider the model for the vertical dynamics of the atomicdamicroscope in
contact mode, discussed in Secti®®. The basic dynamics are given by equa-
tion (3.23. The piezo stack can be modeled by a second-order systenmum4th
damped natural frequendys and damping ratios. The dynamics are then de-
scribed by the linear system

9 8 9
0 1 0 0 0
dx k2:.m1 C m2/ Co=.my C m2/ 1=m, 0 % % 0 % .
at 0 % 0 0 0 1, 3XCE 8
0 0 ! 233 g
m 8 m; k: m; C: 9° T i
2 > 1182 142 1 0’> X:

mCm, mCm mCm,
where the input signal is the drive signal to the ampli er ahd dutput is the elon-
gation of the piezo. The frequency response of the systenoversim Figure5.13h
The zero frequency gain of the systenMg D 1. There are two resonant poles with
peaksM;; D 2:12 at! ;1 D 238 krads andM;, D 4:29 at! ,,» D 746 krads.
he bandwidth of the system, de ned as the lowest frequencyrevtie gain is
2 less than the zero frequency gain! is D 292 krads. There is also a dip in
the gainMy D 0:556 for! ¢ D 268 krads. This dip, called aantiresonancgis
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associated with a dip in the phase and limits the performaren the system is
controlled by simple controllers, as we will see in Chagf@r r

Sampling

It is often convenient to use both differential and differerquations in modeling
and control. For linear systems it is straightforward tao&farm from one to the
other. Consider the general linear system described bytiegua.13 and assume
that the control signal is constant over a sampling inteo¥&lonstant lengtf. It
follows from equation%.14) of Theoremb.4that

Z ch
x.tCh/ D e*'x.t/ C eMCh 'Buk/d D8x.t/COut/;, (5.26)
t
where we have assumed that the discontinuous control sigeahtinuous from
the right. The behavior of the system at the sampling titrieskh is described by
the difference equation

x[k C 1] D 8 x[k] C OulK]; y[k] D Cx[Kk] C Du[Kk]: (5.27)

Notice that the difference equatiob.27) is an exact representation of the behavior
of the system at the sampling instants. Similar expressianatso be obtained if
the control signal is linear over the sampling interval.

The transformation from5;26) to (5.27) is calledsampling The relations be-
tween the system matrices in the continuous and sampledseqmations are as
follows:

Z, 1 Z, L

8De 0D e’*ds BI AD Elog8; BD e’*ds 0

0

0
(5.28)
Notice that if A is invertible, we have

ODA'er | B:

All continuous-time systems can be sampled to obtain aelisdime version,
but there are discrete-time systems that do not have a cantitime equivalent.
The precise condition is that the mati® cannot have real eigenvalues on the
negative real axis.

Example 5.10 IBM Lotus server
In Example2.4 we described how the dynamics of an IBM Lotus server were
obtained as the discrete-time system

y[k C 1] D ay[k] C bul[k];

wherea D 0:43,b D 0:47 and the sampling period is D 60 s. A differential
equation model is needed if we would like to design contraitems based on
continuous-time theory. Such a model is obtained by applgiqgation 5.28);
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hence Z
loga "o L
AD . D 0:0141 BD etdt bD 0:0116
0
and we nd that the difference equation can be interpretedsasygled version of
the ordinary differential equation

% D 0:0141x C 0:0116u:

5.4 Linearization

As described at the beginning of the chapter, a common sadriieear system

models is through the approximation of a nonlinear systera layear one. These
approximations are aimed at studying the local behavior ®fsdem, where the
nonlinear effects are expected to be small. In this sect@digcuss how to locally
approximate a system by its linearization and what can lwead@ut the approxi-
mation in terms of stability. We begin with an illustratioftbe basic concept using
the cruise control example from Chapger

Example 5.11 Cruise control
The dynamics for the cruise control system were derived ini@est1l and have
the form

d 1 .
md—\tlD WuT. v/ mgG sgnv/ > C,Av? mgsin ; (5.29)

where the rst term on the right-hand side of the equation &fthrce generated
by the engine and the remaining three terms are the rollingidn, aerodynamic
drag and gravitational disturbance force. There is an dxitiln .v¢; ues/ when the
force applied by the engine balances the disturbance forces

To explore the behavior of the system near the equilibriumwlidinearize the
system. A Taylor series expansion of equatibr29) around the equilibrium gives

d. / _
th “ Dav Vel Dbg. e/ Cb.u ue/ C higher order terms, (5.30)
where
T A T.
aD Ue j nVe/ Cv Ve; bg D gCOS ¢ bD n—nVe/: (531)

m

Notice that the term corresponding to rolling friction gipaars ifv 600. For a car
in fourth gear withve D 25 m/s, ¢ D 0 and the numerical values for the car from
Section3.1, the equilibrium value for the throttle ig D 0:1687 and the parameters
area D 0:0101,b D 1:32 andc D 9:8. This linear model describes how small
perturbations in the velocity about the nominal speed eviitime.
Figure5.14shows a simulation of a cruise controller with linear and|imaar
models; the differences between the linear and nonlineatetscare small, and
hence the linearized model provides a reasonable approgima r
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Figure 5.14: Simulated response of a vehicle with PI cruise control as it climbs a hill with a
slope of 4. The solid line is the simulation based on a nonlinear model, and the dashed line
shows the corresponding simulation using a linear model. The controltes geek, D 0:5

andk, D 0:1.

Jacobian Linearization Around an Equilibrium Point

To proceed more formally, consider a single-input, sirméput nonlinear system

dX . . n. .
an.x,u/, x2R"“u2R; (5.32)

y D h.x; u/; y2R;

with an equilibrium point akk D Xe, u D ue. Without loss of generality we can
assume that, D 0 andue D 0, although initially we will consider the general case
to make the shift of coordinates explicit.

To study thdocal behavior of the system around the equilibrium poiat ue/,
we suppose that Xeandu ue are both small, so that nonlinear perturbations
around this equilibrium point can be ignored compared vhigh(fower-order) linear
terms. This is roughly the same type of argument that is useshwie do small-
angle approximations, replacing sitwith and cos with 1 for near zero.

As we did in Chapted, we de ne a new set of state variabless well as inputs
v and outputsv:

zZD X X vDU Ug WDy h.Xe U

These variables are all close to zero when we are near thetegum point, and so
in these variables the nonlinear terms can be thought otdsginer-order terms in
a Taylor series expansion of the relevant vector elds (assgrior now that these
exist).
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Formally, theJacobian linearizatiorof the nonlinear systenb(32) is
dz

at D AzC Bv; w D CzC Dv; (5.33)
where
ap @ : sp @ : cp @ : pp @ : (5.34)
@ . Xe; Ue/ @ . Xe; Ue/ @ . Xe:; Ue/ @ . Xe; Ue/

The system .33 approximates the original systerb.82 when we are near the
equilibrium point about which the system was linearizedingsrheoremy.3, if
the linearization is asymptotically stable, then the ehuim pointx. is locally
asymptotically stable for the full nonlinear system.

Itis important to note that we can de ne the linearization afyatem only near
an equilibrium point. To see this, consider a polynomiateays

dx
at D ay C ayx C a,x? C agx® C u;

whereay 6D0. A set of equilibrium points for this system is given by; ue/ D

Xe, A &Xe ax2 agx3/,andwe can linearize around any of them. Suppose
that we try to linearize around the origin of the syster® 0, u D 0. If we drop

the higher-order terms ix, then we get

dx
— D agC axCu;
dt ao 1

which isnotthe Jacobian linearization & 600. The constant term must be kept,
and itis not present irb(33. Furthermore, even if we kept the constant term in the
approximate model, the system would quickly move away froismpoint (since it

is “driven” by the constant terray), and hence the approximation could soon fail
to hold.

Software for modeling and simulation frequently has fae#itfor performing
linearization symbolically or numerically. The MATLAB commatrim  nds the
equilibrium, andlinmod extracts linear state space models from a SIMULINK
system around an operating point.

Example 5.12 Vehicle steering

Consider the vehicle steering system introduced in Exar2@eThe nonlinear
equations of motion for the system are given by equati@®3—(2.25 and can
be written as

9 vcos../ C /
X 0S. .
EEYEDEVS'“'/ C/? y Darctanatzn ;

wherex, y and are the position and orientation of the center of mass of the
vehicle,vy is the velocity of the rear wheds,is the distance between the front and
rear wheels and is the angle of the front wheel. The function/ is the angle
between the velocity vector and the vehicle's length axis.
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We are interested in the motion of the vehicle about a sttdiga path ( D )
with xed velocity vo 600. To nd the relevant equilibrium point, we rst sétD 0
and we see that we must haveD 0, corresponding to the steering wheel being
straight. This also yields D 0. Looking at the rst two equations in the dynamics,
we see that the motion in they direction is by de nitionnotat equilibrium since
P C P D v2 6D0. Therefore we cannot formally linearize the full model.

Suppose instead that we are concerned with the lateral aeviatthe vehicle
from a straight line. For simplicity, we let D O, which corresponds to driving
along thex axis. We can then focus on the equations of motion inytrend
directions. With some abuse of notation we introduce theestaD .y; / and
uD .The sg/stem is then in standard form with

atanu
;. u/ D arctan 5 ;. h.x;ul/ D xq:

) 9
vsin.. u/ C XZE

f.x;u/ Dg Vo
: Etanu ;

The equilibrium point of interest is given byD .0; 0/ andu D 0. To compute the
linearized model around this equilibrium point, we makeafdbe formulas%.34).
A straightforward calculation yields

8 9
@ 20 Vo3 @ 2 avo=bz
AD — D - ; BD — D - -
@ xDo o o @ xDo Vo=b
ubD0 ubDO
@ &8 9 @
CD — D-1 0O ; DD — D 0;
xDO @ xpo
uDO uDO
and the linearized system
d
d_)t( D AxC Bu; y D CxC Du (5.35)

thus provides an approximation to the original nonlinearaiyics.

The linearized model can be simpli ed further by introduciraymalized vari-
ables, as discussed in Secti®3. For this system, we choose the wheel base
as the length unit and the unit as the time required to traweheel base. The
normalized state is thusD .x;=b; x5/, and the new time variable is D vgt=h.
The model %.33 then becomes

9 8 9 8 9 38 9

dz J32C uz ;30 13 .3 3 C10

d_D' u ’D'OO’ ZC'l’ u; yD-1 0O z (5.36)
where D a=h. The normalized linear model for vehicle steering with ngoshg
wheels is thus a linear system with only one parameter. r

Feedback Linearization

Another type of linearization is the use of feedback to contree dynamics of a
nonlinear system into those of a linear one. We illustrateliasic idea with an
example.
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Figure 5.15: Feedback linearization. A nonlinear feedback of the forl . x;v/ is used
to modify the dynamics of a nonlinear process so that the responselimimputv to the
outputy is linear. A linear controller can then be used to regulate the system's dgsiam

Example 5.13 Cruise control
Consider again the cruise control system from Exarbpld4, whose dynamics are
given in equationg.29:

1
m— D ,uT. v/ mgG sgnv/ > CqAv?  mgsin :

If we chooseau as a feedback law of the form

1 1
ub ——— uCmgGsgnv/ C = C,A? ; 5.37
TV 9G sg > (5:37)
then the resulting dynamics become
d
md—\t’ D u°C d: (5.38)

whered D mgsin is the disturbance force due the slope of the road. If we
now de ne a feedback law fan® (such as a proportional-integral-derivative [PID]
controller), we can use equatioB.87) to compute the nal input that should be
commanded.

Equation b.39 is a linear differential equation. We have essentiallyéiried”
the nonlinearity through the use of the feedback 1887). This requires that we
have an accurate measurement of the vehicle velacig well as an accurate
model of the torque characteristics of the engine, geansatirag and friction
characteristics and mass of the car. While such a model igarwrally available
(remembering that the parameter values can change), if sigrda good feedback
law for u® then we can achieve robustness to these uncertainties. r

More generally, we say that a system of the form

dx
— D f.x;ul; D h.x/;
T X; U y X

is feedback linearizabléd we can nd a control lawu D . x;v/ such that the
resulting closed loop system is input/output linear witputiv and outputy, as
shown in Figures.15 To fully characterize such systems is beyond the scope of
this text, but we note that in addition to changes in the inihétgeneral theory also
allows for (nonlinear) changes in the states that are useggoribe the system,
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keeping only the input and output variables xed. More destafi this process can
be found in the textbooks by Isidofsj95] and Khalil [Kha01].

One case that comes up relatively frequently, and is hencthwpecial mention,e
is the set of mechanical systems of the form

M.g/d&RC C.q; & D B.qg/u:

Hereq 2 R" is the con guration of the mechanical systei,.q/ 2 R" " is

the con guration-dependent inertia matrik, q; & 2 R" represents the Coriolis
forces and additional nonlinear forces (such as stiffnessfiaction) andB.q/ 2

R" P is the input matrix. Ifp D n, then we have the same number of inputs and
con guration variables, and if we further have tHatg/ is an invertible matrix for

all con gurationsq, then we can choose

uDB g/ M.gv C.q;@ : (5.39)
The resulting dynamics become
M.qg/&RD M.glv D Rq D v;

which is a linear system. We can now use the tools of linearesysheory to
analyze and design control laws for the linearized systemgembering to apply
equation .39 to obtain the actual input that will be applied to the system

This type of control is common in robotics, where it goes by tiagne of
computed torqueand in aircraft ight control, where it is calledynamic inver-
sion Some modeling tools like Modelica can generate the codeh®iiriverse
model automatically. One caution is that feedback linedion can often cancel
out bene cial terms in the natural dynamics, and hence it rbestised with care.
Extensions that do not require complete cancellation ofineatities are discussed
in Khalil [Kha0J and Krstic et al. KKK95].

5.5 Further Reading

The majority of the material in this chapter is classical aad be found in most
books on dynamics and control theory, including early warkscontrol such as
James, Nichols and PhillipdilP47 and more recent textbooks such as Dorf and
Bishop [DB04], Franklin, Powell and Emami-NaeirfPENO0jand Ogata@ga0].

An excellent presentation of linear systems based on theixr@atponential is
given in the book by Brocket8ro7(, a more comprehensive treatment is given by
Rugh [Rug93 and an elegant mathematical treatment is given in Sor8ag98.
Material on feedback linearization can be found in booksanlinear control theory
such as Isidorilgi95] and Khalil [Kha0J]. The idea of characterizing dynamics by
considering the responses to step inputs is due to Heayiwdaso introduced an
operator calculus to analyze linear systems. The unit stéperefore also called
theHeaviside step functiornalysis of linear systems was simpli ed signi cantly,
but Heaviside's work was heavily criticized because of latknathematical rigor,
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as described in the biography by Nahidgh88. The dif culties were cleared up
later by the mathematician Laurent Schwartz who develapsibution theory

in the late 1940s. In engineering, linear systems havetioadily been analyzed
using Laplace transforms as described in Gardner and Ba@®47. Use of

the matrix exponential started with developments of cdritreory in the 1960s,
strongly stimulated by a textbook by Zadeh and Desd®63]. Use of matrix

techniques expanded rapidly when the powerful methodsroknmig linear algebra
were packaged in programs like LabVIEW, MATLAB and Mathematica.

Exercises

5.1 (Response to the derivative of a signal) Show that.if is the output of a
linear system corresponding to inputt/, then the output corresponding to an
input Kt/ is given by yt/. (Hint: Use the de nition of the derivativept/ D
lim, ¢ th / yt/ = :)

5.2(Impulse response and convolution) Show that a sigrtélcan be decomposed
in terms of the impulse function t/ as

z t

u.t/ D .t Ju. /d
0

and use this decomposition plus the principle of superposib show that the
response of a linear system to an input/ (assuming a zero initial condition) can
be written as Z,

yt/D ht Jul/d;
0

whereh.t/ is the impulse response of the system.

5.3 (Pulse response for a compartment model) Consider the ctmmgratr model
given in Examples.7. Compute the step response for the system and compare it
with Figure5.10h Use the principle of superposition to compute the resptmse
the 5 s pulse input shown in FigubelOc Use the parameter valugs D 0:1,

ki D 0:1,k, D 0:5 andbg D 1:5.

5.Ap(Matrix exponential for second-order system) Assume tikatl and letl 4 D
lg 1 2 %how that

| | 9 8 ot | ot qinl 9
'o 'y gthe cos! 4t e sin! gt |
(Y ’

exp.g d !

! 0 e 'dginl 4t e 'ocosl 4t -

5.5(Lyapunov function for a linear system) Consider a lineatssn®PD Ax with
Re ; < O for all eigenvalues ; of the matrixA. Show that the matrix
1
PD e Qefd
0

de nes a Lyapunov function of the forid.x/ D x" Px.
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5.6 (Nondiagonal Jordan form) Consider a linear system withrdaloform that is
non-diagonal.

(a) Prove PropositioB.3by showing that if the system contains a real eigenvalue
D 0 with a nontrivial Jordan block, then there exists an ihtzndition with a
solution that grows in time.

(b) Extend this argument to the case of complex eigenvalugs®eé D O by -
using the block Jordan form

8 9
0o ! 1 0
I 0 0 1x.
%D § 0 0 0! § '
0 o0 ! 0O
5.7 (Rise time for a rst-order system) Consider a rst-order gystof the form
dx
— D Cu; D x:
T xCu y D x

We say that the parameteis thetime constantor the system since the zero input
system approaches the origines™ . For a rst-order system of this form, show
that the rise time for a step response of the system is appat&ly 2 , and that
1%, 2%, and 5% settling times approximately correspondsdo 4 and 3.

5.8 (Discrete-time systems) Consider a linear discrete-tiyséesn of the form
x[k C 1] D Ax[k] C BU[K]; y[k] D Cx[Kk] C Du[K]:

(a) Show that the general form of the output of a discrete-limear system is
given by the discrete-time convolution equation:

X1 ,
y[k] D CAx[0]C  CAX 1 1BU[j] C Du[K]:
iDO
(b) Show that a discrete-time linear system is asymptoticadible if and only if
all the eigenvalues ol have a magnitude strictly less than 1.

(c) Letu[k] D sin.! k/ represent an oscillatory input with frequenicy (to
avoid “aliasing”). Show that the steady-state componenhefresponse has gain
M and phase, where

Mé DC.¢'l A BCD:
(d) Show that if we have a nonlinear discrete-time system
x[k] D f.x[K]; u[K]/; X[k] 2 R"; u2R;
y[k] D h.x[K[;ulk]/; Y2 R;

then we can linearize the system around an equilibrium painue/ by de ning
the matricesA, B, C andD as in equationg.34).
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5.9 (Keynesian economics) Consider the following simple Keyae macroeco-
nomic modeilain the forén ofg linear discrgtes-timegsystgmlagsed in Exercisg.8

3C[tCllz y3 a  azzCltlz 3 a3 .
“i1itca) PTab b oab -] ©° ab CHE

Y[t] D C[t] C I[t] C G[t]:

Determine the eigenvalues of the dynamics matrix. Whenteaartagnitudes of
the eigenvalues less than 1? Assume that the system is ifbeigun with constant
values capital spendin@, investment and government expenditue. Explore

what happens when government expenditure increases by W6&othe values
aD 0:25andb D 0:5.

5.10 Consider a scalar system

d—XDl x3C u:
dt

Compute the equilibrium points for the unforced systenid(0) and use a Taylor
series expansion around the equilibrium point to compugditiearization. \Verify
that this agrees with the linearization in equatiér3Q).

5.11(Transcriptional regulation) Consider the dynamics of@adie circuit that im-
plementsself-repressiornthe protein produced by a gene is arepressor for that gene,
thus restricting its own production. Using the models pnése in Example2.13
the dynamics for the system can be written as

dm dp

— D -——C m u; — D m ; il

dt ~ 1Ckp ~ ° at P (5.40)
whereu is a disturbance term that affects RNA transcription en¢p 0. Find
the equilibrium points for the system and use the lineardggthmics around each
equilibrium point to determine the local stability of theuddrium point and the
step response of the system to a disturbance.



Chapter Six
State Feedback

Intuitively, the state may be regarded as a kind of information storage otamesnaccumula-
tion of past causes. We must, of course, demand that the set of irgttes6 be suf ciently
rich to carry all information about the past history 6f to predict the effect of the past upon
the future. We do not insist, however, that the state isghstsuch information although this
is often a convenient assumption.

R.E.Kalman, P.L. Falband M. A. Arbifippics in Mathematical System Thedt969 KFAG9].

This chapter describes how the feedback of a system's stateeaased to shape
the local behavior of a system. The concept of reachabilitytreduced and used
to investigate how to design the dynamics of a system thr@sgignment of its
eigenvalues. In particular, it will be shown that underagrtonditions itis possible
to assign the system eigenvalues arbitrarily by apprapfestdback of the system
state.

6.1 Reachability

One of the fundamental properties of a control system is wéeof points in the
state space can be reached through the choice of a contubl itjurns out that the
property of reachability is also fundamental in undersiagdhe extent to which
feedback can be used to design the dynamics of a system.

De nition of Reachability

We begin by disregarding the output measurements of thersyaihd focusing on
the evolution of the state, given by
dx

— D AxC Bu; 6.1
at (6.1)

wherex 2 R",u 2 R, Aisann nmatrix andB a column vector. A fundamental
guestion is whether it is possible to nd control signals sattiiny point in the state
space can be reached through some choice of input. To stigjyv de ne the
reachable seR.xq; T/ as the set of all points; such that there exists an input
u.t/;0 t T that steers the system from0/ D xotox. T/ D X, as illustrated
in Figure6.1a

De nition 6.1 (Reachability) A linear system iseachabléf for any xg; x; 2 R"
there exists a > 0 andu: [0; T] ! R such that the corresponding solution
satis esx.0/ D xg andx.T/ D Xxs.
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4 4
1

+ £ o

Xo i
R.xqo; T/ 4

(a) Reachable set (b) Reachability through control

Figure 6.1: The reachable set for a control system. Thdsety; T/ shownin (a) is the set
of points reachable fromy in time less thaT . The phase portrait in (b) shows the dynamics
for a double integrator, with the natural dynamics drawn as horizontakarand the control
inputs drawn as vertical arrows. The set of achievable equilibrium piirite x axis. By
setting the control inputs as a function of the state, it is possible to steer teensicsthe
origin, as shown on the sample path.

The de nition of reachability addresses whether it is pogstblreach all points
in the state space inteansientfashion. In many applications, the set of points that
we are most interested in reaching is the set of equilibrieintp of the system
(since we can remain at those points once we get there). Thaf aéitpossible
equilibria for constant controls is given by

ED fXe: AX C Bug D O for someue 2 Rg

This means that possible equilibria lie in a one- (or posdiliger) dimensional
subspace. If the matriA is invertible, this subspace is spanned4y'B.
The following example provides some insight into the poditiis.

Example 6.1 Double integrator
Consider a linear system consisting of a double integratuwse dynamics are
given by

Oy By

at = 2 dt
Figure6.1bshows a phase portrait of the system. The open loop dynamidd))
are shown as horizontal arrows pointed to the rightéor 0 and to the left for
X2 < 0. The control input is represented by a double-headed amdlaei vertical
direction, corresponding to our ability to set the valug»fThe set of equilibrium
pointsE corresponds to the, axis, withug D 0.

Suppose rst that we wish to reach the origin from an initial didion .a; 0/.
We can directly move the state up and down in the phase plah&dmust rely
on the natural dynamics to control the motion to the left agtitr If a > 0, we
can move the origin by rst setting < 0, which will causex, to become negative.
Oncex, < 0, the value of; will begin to decrease and we will move to the left.
After a while, we can sei, to be positive, moving, back toward zero and slowing
the motion in thex; direction. If we bringx, > 0, we can move the system state in
the opposite direction.
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Figure6.1bshows a sample trajectory bringing the system to the oridote
that if we steer the system to an equilibrium point, it is flolgsto remain there
inde nitely (sincexl@ D 0 whenx, D 0), but if we go to any other point in the state
space, we can pass through the point only in a transientdfashi r

To nd general conditions under which a linear system is radtd, we will
rst give a heuristic argument based on formal calculatioithwnpulse functions.
We note that if we can reach all points in the state space g¢frgsome choice of
input, then we can also reach all equilibrium points.

Testing for Reachability
When the initial state is zero, the response of the system toputu.t/ is given
t

xt/D e 'Bu/d: (6.2)
0

If we choose the input to be a impulse function/ as de ned in Sectios.3, the
state becomes Z,
dXg

x D e /'B./ d D—De"B:
0 dt

(Note that the state changes instantaneously in resportBe tmpulse.) We can
nd the response to the derivative of an impulse function biirtg the derivative
of the impulse response (Exerci4):
dx
xpD —— D AeMB:
PYdt
Continuing this process and using the linearity of the systle input
ut/D 1.t/C ,Pt/C sRuc c , " Y
gives the state
x.t/D 1MBC L,AMBC 3A%MBC C A" le*B:
Taking the limit ag goes to zero through positive values, we get

“Iirgcx.t/D 1BC ,ABC 3;A°BC C A" !B:

On the right is a linear combination of the columns of the iRatr
8 9

W, DB AB A" 1B; : (6.3)

To reach an arbitrary point in the state space, we thus rethat there ara linear
independent columns of the math. . The matrixW; is called thereachability
matrix.

An input consisting of a sum of impulse functions and themasives is a very
violent signal. To see that an arbitrary point can be reaghigtdsmoother signals
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we can make use of the convolution equation. Assuming tleainitial condition
is zero, the state of a linear system is given by

t t

x.t/D e* 'Bu/d D e*But /d:
0 0

It follows from the theory of matrix functions, speci calljhe Cayley—Hamilton
theorem (see Exercig10, that

e DI ./ CA../ C CA 1Y, .1

where ;. / are scalar functions, and we nd that
Zt Zt
x.t/ D B oo/ut [/d CAB . /lut /d
0 7 0
t
C CA"'B n/ut  /d:
0

Again we observe that the right-hand side is a linear contioinaf the columns
of the reachability matri¥\; given by equation@.3). This basic approach leads to
the following theorem.

Theorem 6.1 (Reachability rank condition)A linear system is reachable if and
only if the reachability matrix Wis invertible.

The formal proof of this theorem is beyond the scope of this bex follows
along the lines of the sketch above and can be found in modtsbon linear
control theory, such as Callier and DesagbP]] or Lewis [Lew03. We illustrate
the concept of reachability with the following example.

Example 6.2 Balance system
Consider the balance system introduced in Exar@dend shown in Figuré.2
Recall that this system is a model for a class of examplesicivthe center of mass
is balanced above a pivot point. One example is the SegwayiRérB@nsporter
shown in Figures.2g about which a natural question to ask is whether we can move
from one stationary point to another by appropriate appticeof forces through
the wheels.

The nonlinear equations of motion for the system are giverguagon @.9)
and repeated here:

.MCm/R mlcos RD cp misin PCF;
JCml?R mlcos ®D  PC maglsin :

For simplicity, we takec D D 0. Linearizing around the equilibrium point
Xe D . p; 0; 0; 0/, the dynamics matrix and the control matrix are
9 8 9

o o 1 0
o o o0 E 0%
ADZo mazg= o0 &' PBP3u=§

"0 Mymgl= 0 O “Im="’

(6.4)
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p I
(a) Segway (b) Cart-pendulum system

Figure 6.2: Balance system. The Segway Personal Transporter shown in (axaanple of
a balance system that uses torque applied to the wheels to keep the rigbt.Upsimpli ed
diagram for a balance system is shown in (b). The system consists a§samtm a rod of
lengthl connected by a pivot to a cart with mags

where D M;J m22 M; D MCmandJ, D JC ml2 The reachability matrix
is

B 0 J’[: 0 g|3m3= 2
W D 0 Im= 0 gl’m>.mC M/= 2 6.5)
' J= 0 gl¥mé= 2 0 '
" Im= 0 gPm>.mC M/= 2 0 ’
The determinant of this matrix is
2|4 4
detW,/ D 9 /T 600;

and we can conclude that the system is reachable. This inthkésve can move

the system from any initial state to any nal state and, in isatar, that we can

always nd an inputto bring the system from an initial statetoequilibrium point.
r

It is useful to have an intuitive understanding of the merans that make a
system unreachable. An example of such a system is given ird=633. The
system consists of two identical systems with the same iretrly, we cannot
separately cause the rst and the second systems to do somaetiffierent since
they have the same input. Hence we cannot reach arbitraegstand so the system
is not reachable (Exerci€e3).

More subtle mechanisms for nonreachability can also odeurexample, if
there is a linear combination of states that always remainstant, then the system
is not reachable. To see this, suppose that there exists weciarH such that

oD %Hx D H.AxC Bu/; forallu:
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9] |

Figure 6.3: An unreachable system. The cart—pendulum system shown on thedefshayle
input that affects two pendula of equal length and mass. Since thesfaffgeting the two
pendula are the same and their dynamics are identical, it is not possiblgttardy control

the state of the system. The gure on the right is a block diagram repssn of this
situation.

ThenH is in the left null spa%e of botA andB and it ;ollows that
HW,DH:' B AB A" 1B DO:

Hence the reachability matrix is not full rank. In this cageye have an initial
conditionxg and we wish to reach a staxe for which Hxg 6DH X+, then since
Hx.t/ is constant, no input can move fromxg to X .

Reachable Canonical Form

As we have already seen in previous chapters, it is oftenesoewnt to change
coordinates and write the dynamics of the system in the foamgd coordinates
z D Tx. One application of a change of coordinates is to conversgesayinto a
canonical form in which it is easy to perform certain typesioalysis.

A linear state space system isregachable canonical fornf its dynamics are

given by 8 9 8 9
a1 ar az ... an 1
1 0 0o ::: 0 0
dt et (6.6)
0 1 0’ )
8 9
yD-by by by ::: by zCdu

A block diagram for a system in reachable canonical form ashin Figure6.4.
We see that the coef cients that appear in thend B matrices show up directly
in the block diagram. Furthermore, the output of the system smple linear
combination of the outputs of the integration blocks.

The characteristic polynomial for a system in reachable wi@abform is given
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d bl b2 bnl bn
U ® Rz R 2 e Rz [R 2z
1 a1 a an 1 an
# N #

Figure 6.4: Block diagram for a system in reachable canonical form. The indiVistates
of the system are represented by a chain of integrators whose inridiepn the weighted
values of the states. The output is given by an appropriate combinatitwe sf/stem input
and other states.

by
.s/IDs"Cas" 1C Ca, 1sCan: (6.7)

The reachability matrix also has a relatively simple strrestu

8 ) 9
1 & af &

8 9 0O 1 a
W, D:B AB ::: A"1B; DZ: S ¥
0 0 0 1
"0 0 0 r

where indicates a possibly nonzero term. This matrix is full ranmcsi no col-
umn can be written as a linear combination of the others lsecatithe triangular
structure of the matrix.

We now consider the problem of changing coordinates sudtitibalynamics
of a system can be written in reachable canonical form.AeB represent the
dynamics of a given system arfd Bbe the dynamics in reachable canonical form.
Suppose that we wish to transform the original system intohralale canonical
form using a coordinate transformatiarD T x. As shown in the last chapter, the
dynamics matrix and the control matrix for the transformgstesm are

ADTAT L D T B:

The reachability matrix for the transformed system then bexo

8 9
WD: R AR A 18
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Transforming each element individually, we have
ARD TAT 'TBD TAB;
D .TAT Y2TBD TAT TAT 'TBD T A%B;

A’D TA"B;
and hence the reachabilitg matrix for the transfogmed sy s
WDT:-B AB A" 1B DTW: (6.8)

SinceW, is invertible, we can thus solve for the transformatibrihat takes the
system into reachable canonical form:

TDWw,
The following example illustrates the approach.

Example 6.3 Transformation to reachable form
Consider a simple two-dimensional sy%tem og th9e form

dx oz 3, ~303 .
at D: | - XC: 1 u:
We wishto nd the transformation that converts the systemietichable canonical
form: 8 9 8 19
2 ar Az, 21z
QD.l 0 @uo_

The coef cientsa; anda, can be determined from the characteristic polynomial
for the original system:

2 2 2 a, D 2;
.s/ Ddetsl A/IDs® 2sC. “C!“ D 5 )
a D c!=
The reachability matrix for each system is
8 0 9 8 1 9
3V 3. 3 az .
WDZ, 7 @D_Ol,.
The transformatiof becomes 9 8 9
13 aC /=! 1y 3= 1y
TDWW 1D 1= o P70 o
and hence the coordln%tes9 8 9
BAZ b pyp3 T CXe3
V4 X1=!
put the system in reachable canonical form. r

We summarize the results of this section in the followingtieen.
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Controller Process

D AxC Bu
y D CxC Du

Figure 6.5: A feedback control system with state feedback. The controller useystens
statex and the reference inputto command the process through its inputWe model
disturbances via the additive inpait

Theorem 6.2 (Reachable canonical formlLet A and B be the dynamics and
control matrices for a reachable system. Then there existswtormation 2D T x
such that in the transformed coordinates the dynamics antt@anatrices are in
reachable canonical forr(6.6) and the characteristic polynomial for A is given by

detsl A/Ds"Cas" 'C Ca, 1sCay

One important implication of this theorem is that for anyategble system, we
can assume without loss of generality that the coordinatestasen such that the
system is in reachable canonical form. This is particulaskgful for proofs, as we
shall see later in this chapter. However, for high-ordetesys, small changes in
the coef cientsg can give large changes in the eigenvalues. Hence, the fgacha
canonical form is not always well conditioned and must belwgigh some care.

6.2 Stabilization by State Feedback

The state of a dynamical system is a collection of variablasglrmits prediction
of the future development of a system. We now explore the @fedesigning
the dynamics of a system through feedback of the state. WexsgLlme that the
system to be controlled is described by a linear state madkhas a single input
(for simplicity). The feedback control law will be developstép by step using a
single idea: the positioning of closed loop eigenvalueseisibd locations.

State Space Controller Structure

Figure6.5is a diagram of a typical control system using state feedb&le& full
system consists of the process dynamics, which we take fodur] the controller
elementK andk;, the reference input (or command signagnd process distur-
bancedl. The goal of the feedback controller is to regulate the outpthie system
y such that it tracks the reference input in the presence tiirtliances and also
uncertainty in the process dynamics.

An important element of the control design is the perforneasigeci cation.
The simplest performance speci cation is that of stabilitytihe absence of any
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disturbances, we would like the equilibrium point of theteys to be asymptotically
stable. More sophisticated performance speci cationscipy involve giving de-
sired properties of the step or frequency response of thersysuch as specifying
the desired rise time, overshoot and settling time of the stsponse. Finally, we
are often concerned with the disturbance attenuation ptiepeof the system: to
what extent can we experience disturbance indusd still hold the outpuy near
the desired value?
Consider a system described by the linear differential tgua

%( D AxC Bu; y D CxC Du; (6.9)

where we have ignored the disturbance sigh&dr now. Our goal is to drive the
outputy to a given reference valueand hold it there. Notice that it may not be
possible to maintain all equilibria; see Exercé8.

We begin by assuming that all components of the state vectomaasured.
Since the state at tintecontains all the information necessary to predict the itur
behavior of the system, the most general time-invariantroblaw is a function of
the state and the reference input:

uD . x;r/:
If the feedback is restricted to be linear, it can be written a
uD KxCkr; (6.10)

wherer is the reference value, assumed for now to be a constant.

This control law corresponds to the structure shown in FiGUuseT he negative
sign is a convention to indicate that negative feedbackasittrmal situation. The
closed loop system obtained when the feedbéck( is applied to the systen(9)

is given by dx
at D.A BK/xC Bkr: (6.11)

We attempt to determine the feedback gHirso that the closed loop system has
the characteristic polynomial

p.ssDs"Cpis" 1C C p, 1SC pu: (6.12)

This control problem is called tredgenvalue assignment problempole placement
problem(we will de ne poles more formally in Chapte).

Note thatk, does not affect the stability of the system (which is detaesdiby
the eigenvalues oA BK) but does affect the steady-state solution. In particular,
the equilibrium point and steady-state output for the adsep system are given
by

XeD .A BK/ 'Bkr; YeD CxC Dug;

hencek, should be chosen such thatD r (the desired output value). Sinkeis
a scalar, we can easily solve to show thdDiD 0 (the most common case),

k D 1=C.A BK/ 'B: (6.13)



6.2. STABILIZATION BY STATE FEEDBACK 181

Notice thatk is exactly the inverse of the zero frequency gain of the cdsep
system. The solution fob 600 is left as an exercise.

Using the gainK andk;, we are thus able to design the dynamics of the closed
loop system to satisfy our goal. To illustrate how to condtauch a state feedback
control law, we begin with a few examples that provide sorm&ddimtuition and
insights.

Example 6.4 Vehicle steering
In Example5.12we derived a normalized linear model for vehicle steeringe Th
dynamics describing the lateral deviation were given by

9 8 9

20 1z, 2 3.
ADZ 1 & BDZ 7
8 9
CD:1 O : DDO:

The reachability matrix for the system is thus
8 9 8 9
W D:B AB D3, 3.
r . 1 0! .

The system is reachable since W¢tD 1 6[00.

We now want to design a controller that stabilizes the dyearand tracks a
given reference valueof the lateral position of the vehicle. To do this we introduc
the feedback

ubD KxCkr D kix; kx Ckr;

and the closed loop system becomes
8 9 8
dx

9
DA BK/x C Bkr D 3 kkl ! kkz?xc.gkrk’?r;
8 9 ! 2 (6.14)

yDCxCDuD:-1 0O x:

The closed loop system has the characteristic polynomial

3sC ki k 1z | o .
t- kl SCkz’ Ds C. k1Ck2/ka1.

Suppose that we would like to use feedback to design the dysashthe system
to have the characteristic polynomial

p.ssDs’C2 . sC!?2

det.sl AC BK/ D de

Comparing this polynomial with the characteristic polynahof the closed loop
system, we see that the feedback gains should be chosen as

kiD!% kD2J. !2
Equation 6.13 givesk: D k; D ! 2, and the control law can be written as

UDK.r  Xxi/ koxoDU'2r xif .2 ¢ ! 2%
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Figure 6.6: State feedback control of a steering system. Step responses obtétinedmy
trollers designed with, D 0:7 and! . D 0:5, 1 and 2 [rad/s] are shown in (a). Notice that
response speed increases with increasindut that large . also give large initial control
actions. Step responses obtained with a controller designed with 1 and . D 0:5, 0:7
and 1 are shown in (b).

The step responses for the closed loop system for differémesa@f the design
parameters are shown in Figueé. The effect of . is shown in Figur&.6g which
shows that the response speed increases with increhginghe responses for
I . D 0:5and 1 have reasonable overshoot. The settling time is abaatrlengths
for! . D 0:5 (beyond the end of the plot) and decreases to about 6 cahkefugy
I . D 1. The control signal is large initially and goes to zero as time increases
because the closed loop dynamics have an integrator. Tra ugitue of the control
signal isu.0/ D k. D ! 2r, and thus the achievable response time is limited by the
available actuator signal. Notice in particular the draaiatrease in control signal
when! . changes from 1to 2. The effect qfis shown in Figuré.6h The response
speed and the overshoot increase with decreasing dampsigg these plots, we
conclude that reasonable values of the design parametsisiaave . in the range
of0.5toland. 0:7. r

The example of the vehicle steering system illustrates hate $eedback can
be used to set the eigenvalues of a closed loop system toeaybialues.

State Feedback for Systems in Reachable Canonical Form

The reachable canonical form has the property that the paeasrad the system are
the coef cients of the characteristic polynomial. It is thare natural to consider
systems in this form when solving the eigenvalue assignpratiem.
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Consider a system in reachable canonical form, i.e,

8 9 8 9
a ap az ... an 1

dz 1 0 o ::: 0 0
—~pARcgpg 0 1 0 = 08zcZi3u
dt ; e ; 0 (6.15)

"0 , g

8 9

yD&&D: b b by z

It follows from(6.7) that the open loop system has the characteristic polyriomia
detsl A/Ds"Cas"'C Ca, sCay:

Before making a formal analysis we can gain some insight bgstigating the
block diagram of the system shown in Fig@d. The characteristic polynomial is
given by the parametesag inthe gure. Notice thatthe parametarcan be changed
by feedback from statg, to the inputu. It is thus straightforward to change the
coef cients of the characteristic polynomial by state feack

Returning to equations, introducing the control law

uD KXCkrD Kz Kz KRz, C kr; (6.16)

the closed loop system becomes

S R a @A @9 8 s
0 0 0
8

9
yD - by b, by z
(6.17)
The feedback changes the elements of the rst row ofAhmatrix, which corre-
sponds to the parameters of the characteristic polynoiftia.closed loop system
thus has the characteristic polynomial

s"C.aCKRI/s"'C.a,CKIs"2C C.a, 1CK 1/sCa,CR:
Requiring this polynomial to be equal to the desired closeg lpolynomial
p.ssDs"Cps" 1C  C pn 1SC pn:
we nd that the controller gains should be chosen as
KDp. a; KDp a i1 KDp, a

This feedback simply replaces the parametgns the system .15 by p;. The
feedback gain for a sygtem in reachable canonical formgs thu

KD p1 & p & Pn @ (6.18)
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To have zero frequency gain equal to unity, the parametshould be chosen
as

2 CR P, (6.19)

D
ke b bn

Notice that it is essential to know the precise values ofipatarsa, andby, in order
to obtain the correct zero frequency gain. The zero frequgagyis thus obtained
by precise calibration. This is very different from obtaigithe correct steady-state
value by integral action, which we shall see in later sestion

Eigenvalue Assignment

We have seen through the examples how feedback can be usesdign the dy-
namics of a system through assignment of its eigenvaluesolVe the problem in
the general case, we simply change coordinates so that stensys in reachable
canonical form. Consider the system

dx

at D AxC Bu; y D CxC Du: (6.20)
We can change the coordinates by a linear transformati@h T x so that the
transformed system is in reachable canonical foBm%). For such a system the
feedback is given by equatio®.06), where the coef cients are given by equa-
tion (6.18. Transforming back to the original coordinates gives teriback

uD KXCkrD KIxCkr:

The results obtained can be summarized as follows.

Theorem 6.3 (Eigenvalue assignment by state feedbadBdnsider the system
given by equatioli6.20), with one input and one output. Lets/ D s"C a;s" 1C

C a, 1SC a, be the characteristic polynomial of A. If the system is redud,
then there exists a feedback

ub KxCkr
that gives a closed loop system with the characteristicrpmiyial
pssDs"Cps”" 1C  C py1SC pn

and unity zero frequency gain between r and y. The feedbaokiggiven by
8 9
KDKID pp a1 p & P an VAW, L (6.21)

where a are the coef cients of the characteristic polynomial of thatrix A and
the matrices Wand\® are given by
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8 9 ,
1 a3 & an 1
8 9 0 1 & an 2
W, D: B AB A" 1B ; W@D3Z: et
0 0 1 g
"0 0 O 1’

The reference gain is given by
k D 1=C.A BK/ 'B:

For simple problems, the eigenvalue assignment problembeasolved by
introducing the elementk of K as unknown variables. We then compute the
characteristic polynomial

.s/ Ddetsl AC BK/

and equate coef cients of equal powerssdb the coef cients of the desired char-
acteristic polynomial

p.ssDs"Cpis” 1C C p, 1SC pn:

This gives a system of linear equations to deternkjindhe equations can always
be solved if the system is reachable, exactly as we did in Elaéih

Equation 6.21), which is called Ackermann's formulaAtk72, Ack85], can
be used for numeric computations. It is implemented in theTM#B function
acker . The MATLAB function place is preferable for systems of high order
because it is better conditioned numerically.

Example 6.5 Predator—prey

Consider the problem of regulating the population of an gstesn by modulating
the food supply. We use the predator—prey model introduceskiction3.7. The
dynamics for the system are given by

dH H aHL

—D. H 1 — . H ;
at Drey Kk GcCH 0
dL aHL

— Db dL; L O

dt cCH

We choose the following nominal parameters for the systelmciwcorrespond to
the values used in previous simulations:

aD 32 b D 0:6; c D 50
d D 0:56; kD125 r D 16:

We take the parameter corresponding to the growth rate for hares, as the input to
the system, which we might modulate by controlling a foodreedor the hares.
This is re ected in our model by the termn C u/ in the rst equation. We choose
the number of lynxes as the output of our system.

To control this system, we rst linearize the system arounel égjuilibrium
point of the systemHeg; L¢/, which can be determined numerically to ke
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.20:6; 29:5/. This yields a linear dynamical system
8 98 9

d S s 8013 0932 S 23 81729

y4) . X V4} . . . . 7213 .
&522,3 D.30:57 0 .322? c3 0 2y wD:O0 I .322?,
wherezz DL Le,z2D H  Hgandv D u. Itis easy to check that the system
is reachable around the equilibriurg v/ D .0; 0/, and hence we can assign the
eigenvalues of the system using state feedback.

Determining the eigenvalues of the closed loop system regjlialancing the
ability to modulate the input against the natural dynamidahe system. This can
be done by the process of trial and error or by using some afibre systematic
techniques discussed in the remainder of the text. For nevgimply choose the
desired closed loop eigenvaluestobe & f 0:1; 0:2g We can then solve for
the feedback gains using the techniques described earhah results in

KD: 0025 0:052 :

Finally, we solve for the reference gakn, using equationg.13 to obtaink, D
0:002.
Putting these steps together, our control law becomes

vD KzCkr:

In order to implement the control law, we must rewrite it @sihe original coordi-
nates for the system, yielding

uDue K.x xJ/C ké.r Vel
8 ) ey 2 H O 2063 ) -

D: 0:025 0:052 - L 295 C 0:002.r 295/
This rule tells us how much we should modulateas a function of the current
number of lynxes and hares in the ecosystem. Figurashows a simulation of
the resulting closed loop system using the parameters deabeste and starting
with an initial population of 15 hares and 20 lynxes. Note tha system quickly
stabilizes the population of lynxes at the reference valub (30). A phase portrait
of the system is given in Figu&7h showing how other initial conditions converge
to the stabilized equilibrium population. Notice that tymdmics are very different
from the natural dynamics (shown in Figu8e20). r

The results of this section show that we can use state feedbatsign the
dynamics of a system, under the strong assumption that weeasure all of the
states. We shall address the availability of the statesaméxt chapter, when we
consider output feedback and state estimation. In addifibeorem6.3, which
states that the eigenvalues can be assigned to arbitraatidos, is also highly
idealized and assumes that the dynamics of the process@makka high precision.
The robustness of state feedback combined with state eetisnatconsidered in
Chapterl2 after we have developed the requisite tools.
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Figure 6.7: Simulation results for the controlled predator—prey system. The population
lynxes and hares as a function of time is shown in (a), and a phaseipfrtthe controlled
system is shown in (b). Feedback is used to make the population stalext20:6 and
L. D 20.

6.3 State Feedback Design

The location of the eigenvalues determines the behaviomratittsed loop dynam-
ics, and hence where we place the eigenvalues is the maigndescision to be
made. As with all other feedback design problems, thereradetoffs among the
magnitude of the control inputs, the robustness of the sysbeperturbations and
the closed loop performance of the system. In this sectioexegnine some of
these trade-offs starting with the special case of secoddraystems.

Second-Order Systems

One class of systems that occurs frequently in the analpsisiasign of feedback
systems is second-order linear differential equationsaBse of their ubiquitous
nature, it is useful to apply the concepts of this chapteh&d speci c class of
systems and build more intuition about the relationshipveen stability and per-
formance.

The canonical second-order system is a differential equatiohe form

RC 2! o®C! 5q D k! 3u; yDQ: (6.22)
In state space form, this system can be represented as
dx 0 | 9 8 0 9 8 9
q2 53 ‘0 3 32 Uz . : oy
dtD' o 21 o XC'k!o' u; yD-1 0O x: (6.23)

The eigenvalues of this system are given by
D !y 132 1,

and we see that the origin is a stable equilibrium poihtif> 0 and > 0. Note
that the eigenvalues are complex ik 1 and real otherwise. Equation8.22
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and 6.23 can be used to describe many second-order systems, inglddmped
oscillators, active Iters and exible structures, as showrttie examples below.

The form of the solution depends on the value pthich is referred to as the
damping ratiofor the system. If > 1, we say that the systemaserdampegdand
the natural response O 0) of the system is given by

y.t/ D XlOCXZOe t )(1OCX2Oe t.

P——0 P——0
where D!g. C 2 1/and D'!,. 2 1/. We see that the response
consists of the sum of two exponentially decaying signélsD 1, then the system

is critically dampedand solution becomes
yt/De ' x;0C .x0C ! oXqolt :

Note that this is still asymptotically stable as long @s> 0, although the second
term in the solution is increasing with time (but more slowan the decaying
exponential that is multiplying it).

Finally,if0 < < 1, then the solution is oscillatory and equatiér?Q) is said
to beunderdampedThe parameter is referred to as theatural frequencyf the
system, stemming from the fact that for smalkthe eigenvalues of the system are
approximately D ! ¢ j! . The natural response of the system is given by

! 1 .
y.t/De Pot xjpcos! 4t C I—OxloC %20 sin! 4t ;
' d ' d

p :
wherel ¢ D 15 1 2 is called thedamped frequencyFor 1,14 I'o
de nesthe oscillation frequency of the solution angives the damping rate relative
to! o.
Because of the simple form of a second-order system, it isiplesto solve
for the step and frequency responses in analytical form. dheisn for the step

response depends on the magnitude:of |

y.t/ Dk 1 e '°cosl 4t pﬁe Polginl gt ;< 1

yt/Dk1 e't1Clot/ ; D1
(6.24)

1 o P
ytDk 1 2 p—Cle'® Y

l !t.szll. .
Cép—2l le'o ;> 1

where we have takex.0/ D 0. Note that for the lightly damped caseq 1) we
have an oscillatory solution at frequenicy.

Step responses of systems witlD 1 and different values of are shown in
Figure 6.8 The shape of the response is determined pgnd the speed of the
response is determined by (included in the time axis scaling): the response is
faster if! o is larger.
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Figure 6.8: Step response for a second-order system. Normalized step respaios the
system 6.23 for D 0, 0.4, 0.7, 1 and 1.2. As the damping ratio is increased, the rise time
of the system gets longer, but there is less overshoot. The horizoigatan scaled units

I ot; higher values of o result in a faster response (rise time and settling time).

Inaddition to the explicit form of the solution, we can aleorgoute the properties
of the step response that were de ned in Secbdh For example, to compute the
maximum overshoot for an underdamped system, we rewriteutput as

!

1
yt/Dk 1 pﬁe Potsind ¢t C'/ (6.25)

where' D arccos . The maximum overshoot will occur at the rst time in which
the derivative ofy is zero, which can be shown to be

2 .

P
MpDe = 1

Similar computations can be done for the other charactesisfia step response.
Table6.1 summarizes the calculations.
The frequency response for a second-order system can alsanfjmited ex-

Table 6.1: Properties of the step response for a second-order system with<0 1.

0

Property Value D 0:5 D1= 2 D1
Steady-state value k k k k
Rise time T, D1=ly -e=®@"  1:8=l, 2:2=l, 2:7=1,
Overshoot M,De = T ew aw 0%

Settling time (2%) Ts 4=1!g 8:.0=!¢ 5:9=1, 5:8=l¢
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Figure 6.9:Frequency response of a second-order sysée23) (a) Eigenvalues as a function
of . (b) Frequency response as a function oThe upper curve shows the gain ralig and
the lower curve shows the phase shiffor small there is a large peak in the magnitude of
the frequency response and a rapid change in phase centérdd &t. As is increased,
the magnitude of the peak drops and the phase changes more smobitegité and -180.

plicitly and is given by
ki 2 5 ki 2 _
A 2C21 40l C12 712 12C2 1 o
A graphical illustration of the frequency response is giveRigure6.9. Notice the
resonant peak that increases with decreasinihe peak is often characterized by

is Q-value de ned asQ D 1=2 . The properties of the frequency response for a
second-order system are summarized in Télite

Mel D

Example 6.6 Drug administration
To illustrate the use of these formulas, consider the twogartment model for
drug administration, described in Secti®®. The dynamics of the system are
8 9 8 9 8 9
dc .3 ko ki ki 3box . - C
ED' K K cC.O, u; yD-0 1 x;

wherec; andc; are the concentrations of the drug in each compartnkenit,D

Table 6.2: Properties of the frequency response for a second-order systerd w < 1.

Property Value DOl D 05 D 1:p 2
Zero frequency gain Mg k k k
Bandwidth Iy 154" 127!, Iy
Resonant peak gain M, 1:54k 1:27k k

Resonant frequency ! Iy 0:70no O
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Figure 6.10: Open loop versus closed loop drug administration. Comparison betwagn d
administration using a sequence of doses versus continuously monttegingncentrations
and adjusting the dosage continuously. In each case, the concentratampisximately)
maintained at the desired level, but the closed loop system has substanssat@bility

in drug concentration.

compartment 1 anglis the concentration of the drug in compartment 2. We assume
that we can measure the concentrations of the drug in eachartmment, and we
would like to design a feedback law to maintain the output given reference
valuer.

We choose D 0:9 to minimize the overshoot and choose the rise time to be
T, D 10 min. Using the formulas in Tabl1, this gives a value fof ¢ D 0:22.
We can now compute the gain to place the eigenvalues at tbagidm. Setting
uD KxCkr,the closed loop eigenvalues for the system satisfy

.s/ D 0198 0:0959:

Choosingk; D 0:2027 andk, D 0:2005 gives the desired closed loop behavior.
Equation 6.13 gives the reference galkp D 0:0645. The response of the con-

troller is shown in Figur&.10and compared with an open loop strategy involving
administering periodic doses of the drug. r

Higher-Order Systems

Our emphasis so far has considered only second-order syskamhigher-order
systems, eigenvalue assignment is considerably more dlif especially when
trying to account for the many trade-offs that are preseatfeedback design.
One of the other reasons why second-order systems play suchpeortant
role in feedback systems is that even for more complicatetisys the response is
often characterized by thslominant eigenvalue§o de ne these more precisely,
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for a complex eigenvalueto be

Re

I

We say that a complex conjugate pair of eigenvalues is adominant pairif it

has the lowest damping ratio compared with all other eigeiegof the system.
Assuming that a system is stable, the dominant pair of egjagg tends to be

the most important element of the response. To see thismasthat we have a

system in Jordan form with a simple Jordan block correspanthi the dominant

pair of eigenvalues:
8 9

D

d_ZD J

C Bu; DCz
at z u y Z

X’

(Note that the state may be complex because of the Jordan transformation.) The
response of the system will be a linear combination of thearses from each
of the individual Jordan subsystems. As we see from FiguBefor < 1 the
subsystem with the slowest response is precisely the ohdhétsmallest damping
ratio. Hence, when we add the responses from each of thadodivsubsystems,
it is the dominant pair of eigenvalues that will be the priynfaictor after the initial
transients due to the other terms in the solution die outl®\this simple analysis
does not always hold (e.g., if some nondominant terms hagenaoef cients
because of the particular form of the system), it is oftercéme that the dominant
eigenvalues determine the (step) response of the system.

The only formal requirement for eigenvalue assignment i tiea system be
reachable. In practice there are many other constraingusecthe selection of
eigenvalues has a strong effect on the magnitude and rateafje of the control
signal. Large eigenvalues will in general require large ardignals as well as
fast changes of the signals. The capability of the actuatdrsherefore impose
constraints on the possible location of closed loop eigelega These issues will
be discussed in depth in Chaptéfdsandl12.

We illustrate some of the main ideas using the balance syassesn example.

Example 6.7 Balance system
Consider the problem of stabilizing a balance system, whgeamics were given
in Example6.2 The dynamics are given by

8

0 0 1 0 J 8 0 9
0o o 0 - 0§
AD 0 mil3g= cl= Jim= 8 BD J= 8"

"0 Mimgl= clm= M= " Im=
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whereMi D MCm, D JCmI3, D MJ mi?2andwe have left and
nonzero. We use the following parameters for the systemidsponding roughly
to a human being balanced on a stabilizing cart):

M D 10 kg mD80kg c¢DO0.1Ns/m
J D 100 kg nf/s?; ID1m D0.01Nms

The eigenvalues of the open loop dynamics are given by0; 4:7; 1:9 2:7i.

We have veri ed already in Exampl@.2 that the system is reachable, and hence
we can use state feedback to stabilize the system and prawigsired level of
performance.

To decide where to place the closed loop eigenvalues, wethatéhe closed
loop dynamics will roughly consist of two components: a sefast dynamics
that stabilize the pendulum in the inverted position andtatselower dynamics
that control the position of the cart. For the fast dynamies look to the natural
Beriod of the pendulum (in the hanging-down position), Wehi& given by! ¢ D

mgl=.J C ml?2/ 2.1 rad/s. To provide afastresponse we choose a dampiag rati
of D 0:5 and try to place the rst pair of eigenvaglues at o o

1 2i, where we have used the approximation thdt 2 1. For the slow
dynamics, we choose the damping ratio to bétd provide a small overshoot and
choose the natural frequency to b @ give a rise time of approximately 5 s. This
gives eigenvaluesz4s D 0:35 0:35.

The controller consists of a feedback on the state and a fieeaifd gain for the
reference input. The feedsback gain is given by

gD 9.8 m/g:

9
KD- 156 1730 501 443 ;

which can be computed using Theoré3 or using the MATLABplace com-
mand. The feedforward gainks D 1=.C.A BK/ B/ D 155. The step
response for the resulting controller (applied to the liiesal system) is given in
Figure6.11a While the step response gives the desired characterigtiesnput
required (bottom left) is excessively large, almost thieees the force of gravity
at its peak.

To provide a more realistic response, we can redesign thiadlen to have
slower dynamics. We see that the peak of the input force saruthe fast time scale,
and hence we choose to slow this down by a factor of 3, leaieglamping ratio
unchanged. We also slow down the second set of eigenvaluibshe intuition that
we should move the position of the cart more slowly than weikta the pendulum
dynamics. Leaving the damping ratio for the slow dynamicsanged at  and
changing the frequency to 1 (corresponding to a rise timgpfaimately 10 s),
the desired eigenvalues become

Df 0:33 0:66i; 018 0:18g¢g
The performance of the resulting controller is shown in Figufe b r

As we see from this example, it can be dif cult to determine vehto place
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Figure 6.11: State feedback control of a balance system. The step response mifalleo
designed to give fast performance is shown in (a). Although the rsgpoharacteristics
(top left) look very good, the input magnitude (bottom left) is very large. s leggressive
controller is shown in (b). Here the response time is slowed down, but i magnitude
is much more reasonable. Both step responses are applied to the lidebtizanics.

the eigenvalues using state feedback. This is one of theipaidonitations of this
approach, especially for systems of higher dimension.r@gdtcontrol techniques,
such as the linear quadratic regulator problem discussel ae one approach
that is available. One can also focus on the frequency regpin performing the
design, which is the subject of Chapt&rl2.

Linear Quadratic Regulators

As an alternative to selecting the closed loop eigenvaloations to accomplish a
certain objective, the gains for a state feedback controia instead be chosen is
by attempting to optimize a cost function. This can be paldityiuseful in helping
balance the performance of the system with the magnitudeeoiiputs required
to achieve that level of performance.

The in nite horizon, linear quadratic regulator (LQR) problésnone of the
most common optimal control problems. Given a multi-inpoigar system

dx
aDAxCBu; x2R" u2R"

we attempt to minimize the quadratic cost function
1

5D X" Qyx Cu'Quu dt; (6.26)
0

whereQyx 0 andQy > 0 are symmetric, positive (semi-) de nite matrices of
the appropriate dimensions. This cost function represetreda-off between the
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distance of the state from the origin and the cost of the obmmtput. By choosing
the matriceQy and Q,, we can balance the rate of convergence of the solutions
with the cost of the control.

The solution to the LQR problem is given by a linear control |dwhe form

uD Q,'BTPx;
whereP 2 R" "is a positive de nite, symmetric matrix that satis es the etjoa
PACATP PBQ,'B'"PC QDO (6.27)

Equation 6.27) is called thealgebraic Riccati equatioand can be solved numer-
ically (e.g., using thégr command in MATLAB).

One of the key questions in LQR design is how to choose the we@hand
Qu. To guarantee that a solution exists, we must h@ye 0 andQ, > 0. In
addition, there are certain “observability” conditions Qg that limit its choice.
Here we assum@®, > 0 to ensure that solutions to the algebraic Riccati equation
always exist.

To choose speci ¢ values for the cost function weigftsandQ,,, we must use
our knowledge of the system we are trying to control. A pat&dy simple choice
is to use diagonal weights

8 9 8 9

Qngqlin O%; QUDE liq 0%:

. 0 qn’ . O na

For this choice of), andQ,, the individual diagonal elements describe how much
each state and input (squared) should contribute to thealbvarst. Hence, we
can take states that should remain small and attach highghtwelues to them.
Similarly, we can penalize an input versus the states and ioijts through choice

of the corresponding input weight

Example 6.8 Vectored thrust aircraft
Consider the original dynamics of the syste2r2@), written in state space form as

8 9
8 9 0
Z
0
Zs5 0
dz Zg 1 1
at gsin °z Czg2cos Fi zsin R
gcos  Ezg Lsin F1C 2cos F
0 ! . ’

r
R

(see Examplé.4). The system parameters are D 4 kg, J D 0.0475 kg m,
r D 0.25m,g D 9.8 m/¢, ¢ D 0.05 N s/m, which corresponds to a scaled model
of the system. The equilibrium point for the system is giverFpD 0, F, D mg
andze D .Xe; Ye; 0; 0; 0; O/. To derive the linearized model near an equilibrium
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point, we compute the linearization according to equat®i4):
8 9

9
00 O 1 0 0 0
00 O 0 1 0 0
00 O 0 0 . 0 0 3.
AD 00 g c= 0 ’ BD I=m 0 %’
0 0 O 0 c=m O 0 1=m
"0 0 O 0 0 0 r=J 0’
S 1 0000 é S 0 Og
3 . 3 .
Ch: 0100O0O0" DD: 0 O -
LettingzD z z.andv D u ug, the linearized system is given by
d
d—tZDAzC Bv; yD Cx:

It can be veri ed that the system is reachable.
To compute a linear quadratic regulator for the system, vite wre cost function
as zZ,

JD .2'Q,zC v' Qv /dt;
0

wherezD z z.andv D u uerepresentthe local coordinates around the desired
equilibrium point. zs; ue/. We begin with diagonal matrices for the state and input

costs: 8 9
0
81 Og
) 2 )
X QuD- 01
1

This gives a control law of the form D Kz, which can then be used to derive
the control law in terms of the original variables:

uDvCueD K.z z/Cug

As computed in Examplb.4, the equilibrium points have, D .0; mg/ andz, D

.Xe; Ye; 0; 0; 0; O/. The response of the controller to a step change in the desired
position is shown in Figur&.12a The response can be tuned by adjusting the
weights in the LQR cost. Figuré.12bshows the response in thxedirection for
different choices of the weight. r

Q.D

[cNoNoNoNeN
[cNoNoNoN Nel
[cNoNeoN Nel

OO PFrOOOo
ol NeoloNeNe

Linear quadratic regulators can also be designed for destiree systems, as
illustrated by the following example.

Example 6.9 Web server control

Consider the web server example given in SecBdnwhere a discrete-time model
for the system was given. We wish to design a control law tké& the server
parameters so that the average server processor load isainathat a desired



6.3. STATE FEEDBACK DESIGN 197

E E
s - - = 1
2 - s
x
= X o
(%]
nc‘) I _\_ -y | * 0 I I I | |
6 8 10 0 2 4 6 8 10
Timet [s] Timet [s]
(a) Step response mandy (b) Effect of control weight

Figure 6.12: Step response for a vectored thrust aircraft. The plot in (a) shows &inely
positions of the aircraft when it is commanded to move 1 m in each diredtidiv) the x
motion is shown for control weights D 1, 1¢, 10*. A higher weight of the input term in
the cost function causes a more sluggish response.

level. Since other processes may be running on the servewedheserver must
adjust its parameters in response to changes in the load.

A block diagram for the control system is shown in Figét&3 We focus on
the special case where we wish to control only the processat lising both the
KeepAlive andMaxClients parameters. We also include a “disturbance” on
the measured load that represents the use of the procegslag by other processes
running on the server. The system has the same basic strastilmegeneric control
system in Figuré.5, with the variation that the disturbance enters after toegss
dynamics.

The dynamics of the system are given by a set of differencetiemqsaof the
form

x[k C 1] D Ax[k] C Bu[K]; ycpu[k] D Ccpux[k] C dcpu[k];

wherex D . Xcpu; Xmen! iSthe statey D . Uk, Umd/ Is the inputdcp, is the processing
load from other processes on the computer apglis the total processor load.

Feedback d
Precompensation Controller Server
Fepu e u y
— k C - P -
1 (=

Figure 6.13: Feedback control of a web server. The controller sets the values efehe
server parameters based on the difference between the nominalgters (determined by
k.r) and the current loag,,. The disturbance represents the load due to other processes
running on the server. Note that the measurement is taken after thebdisterso that we
measure the total load on the server.
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We choose our controller to be8a statge feedback controllgreoform

ub K B ycpu’B Cc krrcpu;
Xmem

whererp, is the desired processor load. Note that we have used theuradas
processor loag,, instead of the state to ensure that we adjust the systemtmpera
based on the actual load. (This modi cation is necessary ksoaiithe nonstandard
way in which the disturbance enters the process dynamics.)

The feedback gain matrik can be chosen by any of the methods described in
this chapter. Here we use a linear quadratic regulator, tivéttcost function given
> S 5 Og S 1=50° 0 S

3 : 3 3.

QD o1’ QuD: 0 1=100G*" -
The cost function for the stat®, is chosen so that we place more emphasis on
the processor load versus the memory use. The cost functiaidanputsQ,
is chosen so as to normalize the two inputs, witkesepAlive timeout of 50 s
having the same weight ad4axClients value of 1000. These values are squared
since the cost associated with the inputs is givemb@,u. Using the dynamics
in Section3.4and thedlqr command in MATLAB, the resulting gains become

8 22:3 1(119
2 : =3
KD: 3827 TrT

As in the case of a continuous-time control system, the eefs¥ gairk; is
chosen to yield the desired equilibrium point for the syst8ettingx[k C 1] D
X[K] D xe, the steady-state equilibrium point and output for a givefanence input
r are given by

Xe D .A BK/xeC Bkr; Ve D CXe:

This is a matrix differential equation in whidfy is a column vector that sets the
two inputs values based on the desired reference. If we bakddsired output to
be of the formye D .r; 0/, then we must solve

8 9

.3(1),3DC.A BK I/ Bk:

Solving this equation fok., we obtain

) 8 19 8 493 9
1 31z 3 4993,
k D C.A BK I/ "B 'O’D'5395"
The dynamics of the closed loop system are illustrated in Eigurd We apply
a change in load ofi;,, D 0:3 at timet D 10 s, forcing the controller to adjust
the operation of the server to attempt to maintain the dédoad at 057. Note
that both theKeepAlive andMaxClients parameters are adjusted. Although
the load is decreased, it remains approximately 0.2 ab@vdekired steady state.
(Better results can be obtained using the techniques ofakiesection.) r
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Figure 6.14:Web server with LQR control. The plotin (a) shows the state of the systelerun

a change in external load appliedkaD 10 ms. The corresponding web server parameters
(system inputs) are shown in (b). The controller is able to reduce thet effthe disturbance

by approximately 40%.

6.4 Integral Action

Controllers based on state feedback achieve the corredystdate response to
command signals by careful calibration of the gainHowever, one of the primary
uses of feedback is to allow good performance in the presehcmcertainty,
and hence requiring that we have@tactmodel of the process is undesirable. An
alternative to calibration is to make use of integral feetthan which the controller
uses an integrator to provide zero steady-state error. T$ie bancept of integral
feedback was given in Sectidn5 and in Sectior3.1; here we provide a more
complete description and analysis.

The basic approach in integral feedback is to create a stétewhe controller
that computes the integral of the error signal, which is tead as a feedback term.

We do this by augmenting the description of the system witava statez:
9 8 8 9

d

—_BX,BD_BAXC BU?D;AXC Bu’g: (6.28)

dt” z y r Cx r
The statez is seen to be the integral of the difference between the tlabautput
y and desired output Note that if we nd a compensator that stabilizes the system,
then we will necessarily havD 0 in steady state and hengé® r in steady state.

Given the augmented system, we design a state space centrothe usual

fashion, with a control law of the form

uD Kx kzCkr; (6.29)

whereK is the usual state feedback terknjs the integral term anl, is used to
set the nominal input for the desired steady state. The negudtjuilibrium point
for the system is given as

xeD .A BK/ B.kr kzl:

Note that the value df, is not speci ed but rather will automatically settle to the
value that make®D y r D 0, which implies that at equilibrium the output will
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equal the reference value. This holds independently of tieeigpvalues of A,
B andK as long as the system is stable (which can be done througb@jgte
choice ofK andk;).
The nal compensator is given by
dz
uD Kx kzCkr; aDy r;
where we have now included the dynamics of the integratoagpthe speci ca-
tion of the controller. This type of compensator is known dgr@amic compensator
since it has its own internal dynamics. The following exanifilistrates the basic
approach.

Example 6.10 Cruise control
Consider the cruise control example introduced in Se@idmand considered fur-
ther in Examplé.11 The linearized dynamics of the process around an equitibriu
pointve, Ue are given by
dx
aDax by C bw; yD Vv D XxC ve,
wherex D v Vve,w D U Ug, misthe mass of the car ands the angle of the road.
The constand depends on the throttle characteristic and is given in ExaBfll
If we augment the system with an integrator, the processrdigssbecome
dx dz
aDax by C bw; aDy Vi DVeC XV
or, in state space form,
OI8980989 8b9 8b9 809
Y3Xxz yza Uz 3Xz 303 3 Dgz 3 3.
qi 2 D.l o - 7 C.O, ucC: 0 C.ve v
Note that when the system is at equilibrium, we have Bt 0, which implies
that the vehicle speed D v, C x should be equal to the desired reference speed
V;. Our controller will be of the form

— Dy v uD kpx kzCKkv;

and the gaink, ki andk; will be chosen to stabilize the system and provide the
correct input for the reference speed.
Assume that we wish to design the closed loop system to havehtiracteristic
polynomial
.5/ Ds?CasC ap:

Setting the disturbance D 0, the characteristic polynomial of the closed loop
system is given by

detsl .A BK/ Ds*C.bk, a/sC bk;
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Figure 6.15:Velocity and throttle for a car with cruise control based on proportioresied)
and PI control (solid). The PI controller is able to adjust the throttle to cosgte for the
effect of the hill and maintain the speed at the reference valug Bf20 m/s.

and hence we set
ayCa

b
The resulting controller stabilizes the system and henecggb®D y v, to zero,
resulting in perfect tracking. Notice that even if we haverat error in the values
of the parameters de ning the system, as long as the closgrdm®nvalues are
still stable, then the tracking error will approach zero. Jlive exact calibration
required in our previous approach (usikg is not needed here. Indeed, we can
even choos&; D 0 and let the feedback controller do all of the work.

Integral feedback can also be used to compensate for cormBsinrbances.
Figure 6.15 shows the results of a simulation in which the car encouraendl
with angle D 4 att D 8 s. The stability of the system is not affected by this
external disturbance, and so we once again see that thevetosity converges
to the reference speed. This ability to handle constant riiatices is a general
property of controllers with integral feedback (see Exex6ig)). r

kp D kiD%; kD 1=C.A BK/ 'B Dg:

6.5 Further Reading

The importance of state models and state feedback was déstirsthe seminal
paper by KalmanKal60], where the state feedback gain was obtained by solving
an optimization problem that minimized a quadratic lossctiom. The notions
of reachability and observability (Chapt@y are also due to KalmarkKpl61hf
(see alsoGil63, KHN63]). Kalman de nes controllability and reachability as the
ability to reach the origin and an arbitrary state, respebttiKFA69]. We note that
in most textbooks the term “controllability” is used insdeaf “reachability,” but
we prefer the latter term because it is more descriptiveefuhdamental property
of being able to reach arbitrary states. Most undergradieateooks on control
contain material on state space systems, including, fanple Franklin, Powell
and Emami-NaeiniFPENQ0J and Ogata @ga0l. Friedland's textbook Fri04]
covers the material in the previous, current and next chapt®nsiderable detail,
including the topic of optimal control.
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Exercises

6.1 (Double integrator) Consider the double integrator. Findeagwise constant
control strategy that drives the system from the origin togtatex D . 1; 1/.

6.2 (Reachability from nonzero initial state) Extend the argotie Sectior6.1to
show that if a system is reachable from an initial state ob zieis reachable from
a nonzero initial state.

6.3 (Unreachable systems) Consider the system shown in Fi@GréNrite the
dynamics of the two systems as

d—XDAxC Bu; d—ZDAzC Bu:
dt dt

If x and z have the same initial condition, they will always have thmeastate
regardless of the input that is applied. Show that this veslahe de nition of
reachability and further show that the reachability makixis not full rank.

6.4 (Integral feedback for rejecting constant disturbances)s@tler a linear system
of the form dx

aDAxCBuCFd; y D Cx

whereuis ascalar and is a disturbance that enters the system through a distuebanc
vectorF 2 R". Assume that the matriR is invertible and the zero frequency gain
CA !B is nonzero. Show that integral feedback can be used to cormiecits a
constant disturbance by giving zero steady-state outpot even wherd 600.

6.5(Rear-steered bicycle) A simple model for a bicycle wasmgiwequation3.5)
in Section3.2 A model for a bicycle with rear-wheel steering is obtaingdré-
versing the sign of the velocity in the model. Determine thieditions under which
this systems is reachable and explain any situations inwthie system is not
reachable.

6.6 (Characteristic polynomial for reachable canonical fo8hpw that the char-
acteristic polynomial for a system in reachable canonigahfis given by equa-
tion (6.7) and that

d"z, d" 1z d" ku

k dz _
O Caldt” - C Ca 1WCansz—dtn o

wherez, is thekth state.

6.7 (Reachability matrix for reachable canonical form) Comes@system in reach-

able canonical form. Show that the inverse of the reachqlildtrix is given by

1l ag & ang

0 1 a an 1
Wipzo 0 1 :
: a1
0O 0 O 1
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6.8 (Non-maintainable equilibria) Consider the normalizeddelof a pendulum

on a cart , ,

d-x d

— D u; —D Cu;

dt? dt?
wherex is cart position and is pendulum angle. Can the anglé® o for ¢ 600
be maintained?

6.9 (Eigenvalue assignment for unreachable system) Considaystem

dx 80 lg 819 8 d
2 e 3 31z . ; oy
dtD'O o xC.O, u; yD-1 0O x;
with the control law

uD kix;y koxo Ckr:

Show that eigenvalues of the system cannot be assigned tmayhialues.

6.10 (Cayley—Hamilton theorem) LeA 2 R" " be a matrix with characteristic
polynomial . s/ D detsl A/ Ds"Cas" 'C C a, 1sC a,. Assume that
the matrixA can be diagonalized and show that it satis es

.AADA"CayA"1C Ca, ;ACaI DO;

Use the result to show th&*, k  n, can be rewritten in terms of powers Afof
order less than.

6.11 (Motor drive) Consider the normalized model of the motowerin Exer-
cise2.10 Using the following normalized parameters,

J; D 10=9; J, D 16; cD 01, kD 1; ki D 1;

verify that the eigenvalues of the open loop system afe 00:05 i. Design a
state feedback that gives a closed loop system with eigeesal, land 1 i.
This choice implies that the oscillatory eigenvalues wilvibell damped and that
the eigenvalues at the origin are replaced by eigenvaluéseonegative real axis.
Simulate the responses of the closed loop system to stepehanthe command
signal for , and a step change in a disturbance torque on the second rotor.

6.12(Whipple bicycle model) Consider the Whipple bicycle mogiekn by equa-
tion (3.7) in Section3.2 Using the parameters from the companion web site, the
model is unstable at the velocityD 5 m=s and the open loop eigenvalues are -1.84,
-14.29 and B0 4:60i. Find the gains of a controller that stabilizes the bicycle
and gives closed loop eigenvalues at -2, -10 add i. Simulate the response of
the system to a step change in the steering reference of €ad02
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6.13 (Atomic force microscope) Consider the model of an AFM in eabimode
given in Examplés.9:
8

9 8 9
0 1 0 0 0
dx ko=.m; C my,/ Co=.m; C my/ 1=my 0 § % 0 % .
dat ° % 0 0 0 15 EXCEoEY
0 0 ! 233 Y
m 8 myk m;C 9° o 3
y D 2 > 1182 142 1 0’> X:

mCm, mCm mCm,

Use the MATLAB scriptafm_data.m from the companion web site to generate the
system matrices.

(a) Compute the reachability matrix of the system and nuraéyi determine its
rank. Scale the model by using milliseconds instead of secasiime units. Repeat
the calculation of the reachability matrix and its rank.

(b) Find a state feedback controller that gives a closed lgstem with complex
poles having damping ratio 0.707. Use the scaled model éocdmputations.

(c) Compute state feedback gains using linear quadratitraoiExperiment by
using different weights. Compute the gains ¢arD g, D 0;93 D g4 D 1 and

1 D 0:1 and explain the result. ChoogeD g, D gz D g4 D 1 and explore what
happens to the feedback gains and closed loop eigenvaluss yau change ;.
Use the scaled system for this computation.

6.14 Consider the second-order system

d?y dy du
—C05—=CyDa—Cu:
e at - Y7 %G

Let the initial conditions be zero.

(&) Show that the initial slope of the unit step response Biscuss what it means
whena < 0.

(b) Show that there are points on the unit step response thahariant witha.
Discuss qualitatively the effect of the paramedam the solution.

(c) Simulate the system and explore the effea oh the rise time and overshoot.

6.15(Bryson’'s rule) Bryson and HABH75] have suggested the following method
for choosing the matrice®y and Q, in equation 6.26). Start by choosingQy
and Q, as diagonal matrices whose elements are the inverses ofjtizees of
the maxima of the corresponding variables. Then modify thenehts to obtain a
compromise among response time, damping and control effpply this method
to the motor drive in Exercis6.11 Assume that the largest values of theand

', are 1, the largest values & and'R are 2 and the largest control signal is 10.
Simulate the closed loop system far.0/ D 1 and all other states are initialized to
0. Explore the effects of different values of the diagonatradats forQy andQ,.



Chapter Seven
Output Feedback

One may separate the problem of physical realization into two stages:utatign of the
“best approximation”t;/ of the state from knowledge ofty fort  t; and computation of
u.ty/ givenxoty/.

R. E. Kalman, “Contributions to the Theory of Optimal Control,” 198@&[60].

In this chapter we show how to use output feedback to modiéydynamics
of the system through the use of observers. We introducedheept of observ-
ability and show that if a system is observable, it is posstblrecover the state
from measurements of the inputs and outputs to the systenth&Weshow how to
design a controller with feedback from the observer stateimdportant concept is
the separation principle quoted above, which is also provld structure of the
controllers derived in this chapter is quite general andbisined by many other
design methods.

7.1 Observability

In Section6.2 of the previous chapter it was shown that it is possible to nd a
state feedback law that gives desired closed loop eigeesgiwovided that the
system is reachable and that all the states are measurechdyr situations, it

is highly unrealistic to assume that all the states are nredsin this section we
investigate how the state can be estimated by using a mativainaodel and a
few measurements. It will be shown that computation of thé&estcan be carried
out by a dynamical system called abserver

De nition of Observability
Consider a system described by a set of differential equsitio

% D AxC Buy; y D CxC Du; (7.2)

wherex 2 R" is the statey 2 RP the input andy 2 RY the measured output. We
wish to estimate the state of the system from its inputs amplubs, as illustrated

in Figure7.1 In some situations we will assume that there is only one oreds
signal, i.e., that the signalis a scalar and tha&t is a (row) vector. This signal may
be corrupted by noise, although we shall start by considering the noise-free.case
We write YOfor the state estimate given by the observer.
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n

Process
u ®D AXxC Bu | Y 0
- Observer —
yD CxC Du

A

Figure 7.1: Block diagram for an observer. The observer uses the processureezenty
(possibly corrupted by nois@) and the inputi to estimate the current state of the process,
denoted©

De nition 7.1 (Observability) A linear system i®bservabléf forany T > Oitis
possible to determine the state of the systefi/ through measurements gft/
andu.t/ on the interval [QT].

The de nition above holds for nonlinear systems as well, arerdsults dis-
cussed here have extensions to the nonlinear case.

The problem of observability is one that has many importaptiegtions, even
outside feedback systems. If a system is observable, tieea &éne no “hidden” dy-
namics inside it; we can understand everything that is goimiprough observation
(over time) of the inputs and outputs. As we shall see, thblpm of observability
is of signi cant practical interest because it will determiif a set of sensors is
suf cient for controlling a system. Sensors combined with ahlmeanatical model
can also be viewed as a “virtual sensor” that gives inforama#ibout variables that
are not measured directly. The process of reconciling ssginaim many sensors
with mathematical models is also callsensor fusion

Testing for Observability

When discussing reachability in the last chapter, we négiethe output and fo-
cused on the state. Similarly, it is convenient here to iiytiaeglect the input and
focus on the autonomous system

% D Ax; yD Cx: (7.2)
dt
We wish to understand when it is possible to determine the &tam observations
of the output.
The output itself gives the projection of the state on vediwasare rows of the
matrix C. The observability problem can immediately be solved if thar C is
invertible. If the matrix is not invertible, we can take dettives of the output to

obtain g g
y X
—~DC— D CAx
dt =~ = dt x

From the derivative of the output we thus get the projectiotihefstate on vectors
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that are rows of the matri€ A. Proceeding in this way, we get

8 9 8
y C
\ CA
R 2D CAZ X: (7.3)
. y.n. Iy ' CA” 1
We thus nd that the state can be determined if thiservability matrix
8 9
C
CA
W,D 3 CA (7.4)
oA v

hasn independent rows. It turns out that we need not consideraryadives higher
thann 1 (thisis an application of the Cayley—Hamilton theorem |[€ise6.10).

The calculation can easily be extended to systems with inpuesstate is then
given by a linear combination of inputs and outputs and thigiher derivatives.
The observability criterion is unchanged. We leave this easan exercise for the
reader.

In practice, differentiation of the output can give largeoes when there is
measurement noise, and therefore the method sketched &bowe particularly
practical. We will address this issue in more detail in thetisection, but for now
we have the following basic result.

Theorem 7.1(Observability rank condition)A linear system of the forifv.1) is
observable if and only if the observability matrix, ¥ full rank.

Proof. The suf ciency of the observability rank condition follow®fn the analysise
above. To prove necessity, suppose that the system is aldebut\\, is not full
rank. Letv 2 R", v 6D0, be a vector in the null space W, so thatW,v D 0. If
we letx.0/ D v be the initial condition for the system and choasB 0, then the
output is given byy.t/ D Ce*lv. Sincee”t can be written as a power seriesAn
and sinceA" and higher powers can be rewritten in terms of lower powes (@fy
the Cayley—Hamilton theorem), it follows that the outputl e identically zero
(the reader should Il'in the missing steps if this is not cle&towever, if both the
input and output of the system are 0, then a valid estimateso$tate isOD 0 for
all time, which is clearly incorrect sinoe 0/ D v 600. Hence by contradiction we
must have that\, is full rank if the system is observable. O

Example 7.1 Compartment model
Consider the two-compartment model in FigBr&8a but assume that the concen-
tration in the rst compartment can be measured. The systemadsribed by the
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Figure 7.2: An unobservable system. Two identical subsystems have outputs thtagather
to form the overall system output. The individual states of the subsystenotbe determined
since the contributions of each to the output are not distinguishable. Tt clragram on
the right is an example of such a system.

linear system
dc S ko ki k ] S b N 8 9
953 1 K13 2 Doz . : oy
dtD' K Ky cC: 0’ u; yD-1 O x:

The rst compartment represents the drug concentration ifbtbed plasma, and

the second compartment the drug concentration in the tiskeee it is active. To

determine if it is possible to nd the concentration in thestis compartment from

a measurement of blood plasma, we investigate the obsétyaibithe system by

forming the observability matrix
8 c 9 8 L 0

3 L343 3.

W, D - CA D: k ki ko -

The rows are linearly independentkif 6D0, and under this condition it is thus
possible to determine the concentration of the drug in thieeacompartment from
measurements of the drug concentration in the blood. r

It is useful to have an understanding of the mechanisms th#&em system
unobservable. Such a system is shown in Figug The system is composed of
two identical systems whose outputs are added. It seenitvatyclear that itis not
possible to deduce the states from the output since we cdrdate the individual
output contributions from the sum. This can also be seen fiyyr{texercise7.2).

Observable Canonical Form

As in the case of reachability, certain canonical forms kélluseful in studying ob-
servability. A linear single-input, single-output stap@mse system is inbservable



7.1. OBSERVABILITY 209

bn bn 1 b b1 d
R z, R zn 4. R| 2 R| z1
@~ G- [ e (E) 6)—y

an an 1 & a ﬂ

Figure 7.3: Block diagram of a system in observable canonical form. The states sy#tem
are represented by individual integrators whose inputs are a weight@uation of the next
integrator in the chain, the rst state (rightmost integrator) and the systpuat.ilthe output
is a combination of the rst state and the input.

canonical formif its dynamics are given by

8 9 8 9
a 10 0 b1
ao 0 1 o))
dz . .
D zC : u;
dt . .
a1 00 i bn 1
) 00 (0} by
g o 9 "
yD-1 0 0 0 zC Du:

The de nition can be extended to systems with many inputs; tie difference is
that the vector multiplyingi is replaced by a matrix.

Figure7.3is a block diagram for a system in observable canonical fdm.
in the case of reachable canonical form, we see that the deefsin the system
description appear directly in the block diagram. The charéstic polynomial for
a system in observable canonical form is

.s/IDs"Cas"'C Ca, 1sCan: (7.5)

It is possible to reason about the observability of a systeabservable canonical
form by studying the block diagram. If the inputand the outpuy are available,
the statez; can clearly be computed. Differentiatizg, we obtain the input to the
integrator that generates and we can now obtam D P.Ca;z; b;u. Proceeding
in this way, we can compute all states. The computation wallyéver, require that
the signals be differentiated.

To check observability more formally, we compute the obakitity matrix for
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a system in observable canonical form, which is given by

8
1 0O O
a; 1 0
2 1
W,DE & & &

where * represents an entry whose exact value is not imporitéae rows of this
matrix are linearly independent (since it is lower triareglyl and henca\, is
full rank. A straightforward but tedious calculation shothat the inverse of the
observability matrix has a simple form given by

9

1 0 0 0

a 1 0 0
w,'pg2& a 1 0
"8y 1 @ 2 an 3 r

As inthe case of reachability, it turns out that if a systeotiservable then there
always exists a transformatidnthat converts the system into observable canonical
form. This is useful for proofs since it lets us assume thastesy is in observable
canonical form without any loss of generality. The obserwalalnonical form may
be poorly conditioned numerically.

7.2 State Estimation

Having de ned the concept of observability, we now return e question of
how to construct an observer for a system. We will look foreskers that can be
represented as a linear dynamical system that takes thesiapd outputs of the
system we are observing and produces an estimate of theréystiate. That is,
we wish to construct a dynamical system of the form

%)D FXOC GuC Hy;

whereu andy are the input and output of the original system &@ R" is an
estimate of the state with the property th@t/ ! x.t/ ast!1

The Observer
We consider the system in equatiohl) with D set to zero to simplify the expo-
sition: d

X

at D AxC Buy; yD Cx: (7.6)
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We can attempt to determine the state simply by simulatiegetiuations with the
correct input. An estimate of the state is then given by
do

——D AQC Bu: 7.7
at u (7.7)

To nd the properties of this estimate, introduce the estioraerrorQD x . It
follows from equationsq.6) and (7.7) that

dQ

T D AQ
If matrix A has all its eigenvalues in the left half-plane, the ex@will go to zero,
and hence equatiof (7) is a dynamical system whose output converges to the state
of the system{.6).

The observer given by equation ) uses only the process inputthe measured
signal does notappear in the equation. We must also reqairthe system be stable,
and essentially our estimator converges because the $tadéhathe observer and
the estimator are going zero. This is not very useful in a abdesign context since
we want to have our estimate converge quickly to a nonzete stathat we can
make use of it in our controller. We will therefore attempttodify the observer
so that the output is used and its convergence propertiesecdasigned to be fast
relative to the system's dynamics. This version will also kvior unstable systems.

Consider the observer

%)D AOC BuCL.y C: (7.8)

This can be considered as a generalization of equa@iaf. (Feedback from the
measured outputis provided by adding the térmg - CxX3, which is proportional to
the difference between the observed output and the outedigted by the observer.
It follows from equations®.6) and (7.8) that

dx
G DA LC/R

If the matrix L can be chosen in such a way that the makix LC has eigen-
values with negative real parts, the erwill go to zero. The convergence rate is
determined by an appropriate selection of the eigenvalues.

Notice the similarity between the problems of nding a statedback and
nding the observer. State feedback design by eigenvalugasgnt is equivalent
to nding a matrixK sothatA BK has given eigenvalues. Designing an observer
with prescribed eigenvalues is equivalent to nding a matrigo thatA LC has
given eigenvalues. Since the eigenvalues of a matrix anchitspose are the same
we can establish the following equivalences:

A$ AT, B$ C'; KS$ L, wWs$ wW:

The observer design problem s theal of the state feedback design problem. Using
the results of Theorerd.3 we get the following theorem on observer design.
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Theorem 7.2(Observer design by eigenvalue assignme@®nsider the system

given by d
d—)t( D AXCBu; yDCx: (7.9)

with one input and one output. Lets/ D s"C a;s” 'C  C a, 1sC a, be the
characteristic polynomial for A. If the system is obserealthen the dynamical

system
(s) )

It D ACBuCL.y Cx (7.10)
is an observer for the system, with L chosen as
8 9
Pr &
p: a
LD W, 1w0§ 2. 2§ (7.11)
B <
and the matrices Wand &/, given by
8 1
8 9 1 0 0
C a1 1 0
CA az a1 1
W, D ; , WDg :
“CAM Y San2 @3 an4 :
@8 1 a2 a3 1 & 1l

The resulting observer erroQD x & is governed by a differential equation
having the characteristic polynomial

p.ssDs"Cps”" 1C  C pu

The dynamical systeni7(10 is called anobserverfor (the states of) the sys-
tem (7.9) because it will generate an approximation of the statdseo$ystem from
its inputs and outputs. This form of an observer is a much meeduliform than
the one given by pure differentiation in equatiah3).

Example 7.2 Compartment model
Consider the compartment model in Examppl&, which is characterized by the
matrices

The observability matrix was computed in Examplé, where we concluded that
the system was observablekif 600. The dynamics matrix has the characteristic
polynomial

8 9
gSCkoCkl klg

. s/ D det K, SCky

D s°C .kg C k; C ky/s C koky:
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Figure 7.4: Observer for a two compartment system. A two compartment modebigrsbn
the left. The observer measures the input concentratenmd output concentrationD c; to
determine the compartment concentrations, shown on the right. Theongergtrations are
shown by solid lines and the estimates generated by the observer byl diasise

Let the desired characteristic polynomial of the observes®@ p;s C p,, and
equation 7.11) gives the observer gain

8 9 ,8 9 ,8 9
LD 3 1 OB 3 1 03 3 P1 k0 k1 kZB
ko ki ki’ " kC klg ke 11 P2 kokz

D3 P ko ki ko 2.
P2 p1k2 C kik, C k%/: ky’

Notice that the observability conditidn 6DO0 is essential. The behavior of the
observer is illustrated by the simulation in Figutgth Notice how the observed
concentrations approach the true concentrations. r

The observer is a dynamical system whose inputs are the griogegu and the
process outpuy. The rate of change of the estimate is composed of two ternes. On
term, AXOC Bu, is the rate of change computed from the model wdubstituted
for x. The otherterml..y @/, is proportional to the differenaD y G between
measured output and its estimatgDD CxXO The observer gaih is a matrix that
tells how the erroeis weighted and distributed among the states. The obsemgr th
combines measurements with a dynamical model of the sy#diack diagram
of the observer is shown in Figureb.

Computing the Observer Gain

For simple low-order problems it is convenient to introdtice elements of the
observer gairl. as unknown parameters and solve for the values required¢o gi
the desired characteristic polynomial, as illustratedhafbllowing example.

Example 7.3 Vehicle steering
The normalized linear model for vehicle steering derived iarfBpless.12and6.4
gives the following state space model dynamics relatirgyédipath deviatioly to
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Figure 7.5: Block diagram of the observer. The observer takes the signat&lu as inputs
and produces an estimate Notice that the observer contains a copy of the process model
that is driven byy @ through the observer galn.

steering anglel
8 0 13 8 9 8 9
D3 2 32 : oy
dt IR C- 10w yD-1 0O x: (7.12)

Recall that the state; represents the lateral path deviation and thaepresents
the turning rate. We will now derive an observer that usessifggem model to
determine the turning rate from the measured path deviation

The observability matrix is

3108
WoDTq 475

i.e., the identity matrix. The system is thus observable,thadigenvalue assign-
ment problem can be solved. We have

A |_CDB 1 13
|2 01!

which has the characteristic polynomial

9
det.sl ACLC/DdetBSiIl Sl,BDSZChsCIz:

Assuming that we want to have an observer with the charatitepolynomial
SCpiSC P DS?C2,! ,sC!2

the observer gains should be chosen as
LDpiD2y o 12D pD!2

The observer is then

s 8. 9 89 809
oD AOC BUC L.y cop3) Zoc, Puc? 2.y ou
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Figure 7.6: Simulation of an observer for a vehicle driving on a curvy road (leftg dbserver
has an initial velocity error. The plots on the middle show the lateral deviatidhe lateral
velocity x, by solid lines and their estimata&® andx by dashed lines. The plots on the right
show the estimation errors.

A simulation of the observer for a vehicle driving on a curegd is simulated in
Figure7.6. The vehicle length is the time unit in the normalized modek Tgure
shows that the observer error settles in about 3 vehicleheng r

For systems of high order we have to use numerical calcuastidhe duality
between the design of a state feedback and the design of arvebmeans that the
computer algorithms for state feedback can also be usedhdéooliserver design;
we simply use the transpose of the dynamics matrix and theubutatrix. The
MATLAB commandacker , which essentially is a direct implementation of the
calculations given in Theorem?2, can be used for systems with one output. The
MATLAB commandplace can be used for systems with many outputs. It is also
better conditioned numerically.

7.3 Control Using Estimated State

In this section we will consider a state space system of tira fo

% D AxC Bu;
dt

Notice that we have assumed that there is no direct term isytiiem D D 0).
This is often a realistic assumption. The presence of a diegat in combination
with a controller having proportional action creates arehlgic loop, which will
be discussed in Sectidh3. The problem can be solved even if there is a direct
term, but the calculations are more complicated.

We wish to design a feedback controller for the system whaheg the output
is measured. As before, we will assume thatndy are scalars. We also assume
that the system is reachable and observable. In Chépterfound a feedback of
the form

y D Cx: (7.13)

uD KxCkr
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for the case that all states could be measured, and in Sécove developed an
observer that can generate estimates of the €hatesed on inputs and outputs. In
this section we will combine the ideas of these sections taaffeledback that gives
desired closed loop eigenvalues for systems where onlyutsigye available for
feedback.

If all states are not measurable, it seems reasonable toarfgeédback

uD KxXCkr; (7.14)
wherexdis the output of an observer of the state, i.e.,
a0
at D AOC BuCL.y Cx (7.15)

Since the systenv7(13 and the observer7(15 are both of state dimensian the
closed loop system has state dimensionagth state &, X). The evolution of the
states is described by equatioisl®—(7.15. To analyze the closed loop system,
the state variabl®is replaced by

QD x & (7.16)
Subtraction of equatior7(15 from equation 7.13 gives
(;—?D Ax AO L.Cx CODARQ LCQD.A LC/Q

Returning to the process dynamics, introducinfrom equation 7.14) into
equation 7.13 and using equatior(16) to eliminatexogives

d—XDAXCBuDAx BKXOC Bkr D Ax BK.x &/ C Bkr

dt
D.A BK/xC BKXC Bkr:

The closed loop system is thus governed by

d A BK  BK 5axs 8ka9
X3 3 23Xz ~3Bkz
i 0P 0 A lctgCiorr (7.17)

Notice that the stat®) representing the observer error, is not affected by therref
ence signal. This is desirable since we do not want the reference sigrgrterate
observer errors.

Since the dynamics matrix is block diagonal, we nd that therahteristic
polynomial of the closed loop system is

. s/ Ddet.sl ACBK/det.sl ACLC/

This polynomial is a product of two terms: the characteriptitynomial of the
closed loop system obtained with state feedback and theacteaistic polyno-
mial of the observer error. The feedback14) that was motivated heuristically
thus provides a neat solution to the eigenvalue assignmehtgm. The result is
summarized as follows.
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Figure 7.7: Block diagram of an observer-based control system. The obsesesrthe mea-
sured outputy and the inputu to construct an estimate of the state. This estimate is used
by a state feedback controller to generate the corrective input. Thettentonsists of the
observer and the state feedback; the observer is identical to that ireFigur

Theorem 7.3(Eigenvalue assignment by output feedbadRpnsider the system

%DAXC Bu; yD Cx:
The controller described by
do
at DAOCBuUCL.y COD.A BK LC/XCLy;
uD KxXCkr

gives a closed loop system with the characteristic polyabmi
. s/ Ddet.sl ACBK/det.sl ACLC:

This polynomial can be assigned arbitrary roots if the sysiemeachable and
observable.

The controller has a strong intuitive appeal: it can be thoofjas being com-
posed of two parts, one state feedback and one observer. Taeniys of the
controller are generated by the observer. The feedbackikgaen be computed as
if all state variables can be measured, and it depends onfoaiy B. The observer
gainL depends on onlyA andC. The property that the eigenvalue assignment for
output feedback can be separated into an eigenvalue assigfona state feedback
and an observer is called teeparation principle

A block diagram of the controller is shown in Figurer. Notice that the con-
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Figure 7.8: Simulation of a vehicle driving on a curvy road with a controller based on
state feedback and an observer. The left plot shows the lane béem(tiotted), the vehicle
position (solid) and its estimate (dashed), the upper right plot shows kbetygsolid) and

its estimate (dashed), and the lower right plot shows the control sigimgj state feedback
(solid) and the control signal using the estimated state (dashed).

troller contains a dynamical model of the plant. This is achlieeinternal model
principle: the controller contains a model of the process being ctiatto

Example 7.4 Vehicle steering

Consider again the normalized linear model for vehiclersigan Example6.4.
The dynamics relating the steering angl® the lateral path deviatiopis given by
the state space modél.02. Combining the state feedback derived in Exantple
with the observer determined in Example3, we nd that the controller is given

b
Y 8 9 8 9 8 9

?j—)ODADCBuCLy c;@D38 (])’,310031,%03'1B y O/,

uD K@XCkr Dky.r Guf koXp:
Elimination of the variablel gives

905 A BK Loioc LyC Bk r
dat g 89 89
DB Il kl 1 kzgmgllg Cg Bklr

kK |, K Iy Y

The controller is a dynamical system of second order, withityeotsy andr and
one output. Figure7.8shows a simulation of the system when the vehicle is driven
along a curvy road. Since we are using a normalized modeletigth unit is the
vehicle length and the time unit is the time it takes to traved vehicle length. The
estimator is initialized with all states equal to zero bet teal system has an initial
velocity of 0.5. The gures show that the estimates convergekdyito their true
values. The vehicle tracks the desired path, which is in ttiellaiof the road, but
there are errors because the road is irregular. The tracking @n be improved
by introducing feedforward (Sectiohb5). r
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7.4 Kalman Filtering

One of the principal uses of observers in practice is to egénthe state of a
system in the presencembisymeasurements. We have not yet treated noise in our
analysis, and a full treatment of stochastic dynamicalesyistis beyond the scope
of this text. In this section, we present a brief introductio the use of stochastic
systems analysis for constructing observers. We work pifyria discrete time to
avoid some of the complications associated with continttione random processes
and to keep the mathematical prerequisites to a minimum. §édon assumes
basic knowledge of random variables and stochastic presesgee Kumar and
Varaiya KV86] or Astrom [Ast0g for the required material.

Consider a discrete-time linear system with dynamics

X[k C 1] D Ax[K] C Bu[k] C Fv[K]; y[k] D Cx[Kk] C wl[K]; (7.18)
wherev[k] andw[k] are Gaussian white noise processes satisfying
Efv[klg DO; Efw[k]g DO;
( 0 k6D ( 0 k6Dj

Efv[klv'[jlg D Efw[klw'[j]lg D

R, kD j: Ry kD j;
Efv[k]w'[j]lg DO:

(7.19)

Efv[k]g represents the expected valuewjk] and Efv[k]v'[j]gthe correlation
matrix. The matriceR}, and R, are the covariance matrices for the process dis-
turbancev and measurement noise We assume that the initial condition is also
modeled as a Gaussian random variable with

Efx[0]g Dxo;  Efx[0]x"[0]g D Py: (7.20)
We would like to nd an estimatek] that minimizes the mean square error
Ef.x[K] &[K]/. x[k] &[K]/Tggiven the measuremeritg. / : 0 tg We
consider an observer in the same basic form as derived pigyio
Kk C 1] D AXQk] C Bu[k] C L[k].y[k] CxpK]/: (7.21)

The following theorem summarizes the main result.

Theorem 7.4 (Kalman, 1961) Consider a random procesgk{ with dynamics
given by equatior7.18 and noise processes and initial conditions described by
equationg7.19 and (7.20. The observer gain L that minimizes the mean square
error is given by
L[k] D AP[K]ICT.Ry C CP[KICT/ %;

where

P[kC1]D.A LC/P[K.A LC/TCFR/FTCLR,LT

P, D Efx[0]x"[0]g

Before we prove this result, we re ect on its form and functidiirst, note
that the Kalman lter has the form of eecursive lter: given mean square error

(7.22)
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P[k] D Ef.x[k] &[K]/. x[K] &[k]/Tgattimek, we can compute how the estimate
and errorchange Thus we do not need to keep track of old values of the output.
Furthermore, the Kalman lter gives the estimafk] and the error covariance
P[Kk], so we can see how reliable the estimate is. It can also berskiwat the
Kalman lter extracts the maximum possible information aboutput data. If we
form the residual between the measured output and the estroatput,

e[k] D y[k] ~ CXpK];
we can show that for the Kalman Iter the correlation m<atrix is
1 jDk
0 j6eLk:
In other words, the error is a white noise process, so thereismaining dynamic
information content in the error.
The Kalman lIter is extremely versatile and can be used evehéffrocess,

noise or disturbances are nonstationary. When the syststatisnary andf P[K]
converges, then the observer gain is constant:

LD APC'.R,CCPC'/;

Re.j;k/ D Efe[jle'[Klg DWIK] x; D

whereP satis es
PDAPA CFRFT APC' R,CCPCT ‘cpPA":

We see that the optimal gain depends on both the processamuisee measurement
noise, but in a nontrivial way. Like the use of LQR to choosessta¢dback gains,
the Kalman lIter permits a systematic derivation of the olbsergains given a
description of the noise processes. The solution for thetaohgain case is solved
by thedlge command in MATLAB.

Proof of theorem.We wish to minimize the mean square of the eridr x[K]
K]/ x[k] X[K]/Tg We will de ne this quantity asP[k] and then show that it
satis es the recursion given in equation22). By de nition,

P[kC1]D Ef.x[kC 1] &[kC 1])/.x[kC 1] &[kC 1])/'g
D.A LC/PKl.A LC/ITCFRFTCLR,L"
D APKIATC FR,FT  APIKICTLT LCP[K]AT
CL.R,CCP[KCT/LT:
LettingR D .Ry C CP[K]CT/, we have
P[kC 1] D AP[K]JATC FR,FT AP[K]ICTLT LCP[KJATCLRLT
D APKIATCFRFTC L APKICTR*R L APKC'R!T
AP[KICTR CPT[K]AT:

To minimize this expression, we chookeD AP[kK]CTR %, and the theorem is
proved. O
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The Kalman lIter can also be applied to continuous-time staticgrocesses.
The mathematical derivation of this result requires morehstigated tools, but
the nal form of the estimator is relatively straightforward

Consider a continuous stochastic system

dx

at D AXxC BuC Fv; Efv.siv.t/gDR,.t/.t sl

yD CxCw; Efw.slwT.t/gDRy.t/ .t s

where . / is the unit impulse function. Assume that the disturbanesd noise
w are zero mean and Gaussian (but not necessarily stationary)

l 1,7 1 1 10T 1,
dfv/ D p—p——e 2" RV, pdfw/ D p—p—e 2V W
P "2 detR, P "2 detRy
We wish to nd the estimateDt/ that minimizes the mean square erkdr. x.t/
Ot/l. x.t/  &.t// Tggivenfy. / : 0 tg

Theorem 7.5(Kalman—Bucy, 1961)The optimal estimator has the form of alinear
observer 40

at D AOC BuCL.y Cx

where Lt/ D P.t/CTR,*and P.t/ D Ef.x.t/ &.t/l. x.t/ &.t// Tgand satis es

dpP
9t DAPCPA" PC'R,L.t/CPCFR,.t/FT; P[0] D Efx[0]x"[0]g
As in the discrete case, when the system is stationary @dffconverges, the

observer gain is constant:
LD PC'R,! where APCPA" PC'R,'CPCFRF'DO:

The second equation is tladgebraic Riccati equation

Example 7.5 Vectored thrust aircraft
We consider the lateral dynamics of the system, consisfittgesubsystems whose
states are given by D .x; ; ® ?P.To design a Kalman lter for the system, we
must include a description of the process disturbances l@ddnsor noise. We
thus augment the system to have the form

dz

aDAzC BuC Fv; yD CzCw;

whereF represents the structure of the disturbances (includie@fiects of non-
linearities that we have ignored in the linearizatiom);epresents the disturbance
source (modeled as zero mean, Gaussian white noise) egqatesents that mea-
surement noise (also zero mean, Gaussian and white).

For this example, we choos$eas the identity matrix and choose disturbanges

Rj D 0,i 6Dj. The sensor noise is a single random variable which we model as
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(a) Position measurement only (b) Position and orientation

Figure 7.9: Kalman Iter design for a vectored thrust aircraft. In the rst desigi) ¢aly
the lateral position of the aircraft is measured. Adding a direct meammeof the roll
angle produces a much better observer (b). The initial condition for siathlations is
.0:1; 0:0175 0:01; O/

having covarianc®,, D 10 “. Using the same parameters as before, the resulting
Kalman gain is given by 8 9

370
LD % 46:9§

185

316’
The performance of the estimator is shown in Figai@a We see that while the
estimator converges to the system state, it contains signt overshoot in the state
estimate, which can lead to poor performance in a closeddetmg.

To improve the performance of the estimator, we exploreripaict of adding a
new output measurement. Suppose that instead of measustiigguwutput position
X, we also measure the orientation of the aircraffhe output becomes

S 1 00 02 S w S
3 3W1x |
P01 0 0 2% W, ¢

and if we assume that; andw, are independent noise sources each with covariance
Ry, D 10 4, then the optimal estimator gain matrix becomes

8 9
326 o:150§

0150 326 §

LD % 327 NCER
" 00033 316

These gains provide good immunity to noise and high perfoomaas illustrated
in Figure7.9h r
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Figure 7.10:Block diagram of a controller based on a structure with two degreesexidra
which combines feedback and feedforward. The controller condiattrajectory generator,
state feedback and an observer. The trajectory generation subsysterutes a feedforward
commandig along with the desired statg. The state feedback controller uses the estimated
state and desired state to compute a corrective ingut

7.5 A General Controller Structure

State estimators and state feedback are important comgookatcontroller. In
this section, we will add feedforward to arrive at a geneoaitoller structure that
appears in many places in control theory and is the heart st modern control
systems. We will also brie y sketch how computers can be useihplement a
controller based on output feedback.

Feedforward

In this chapter and the previous one we have emphasizeddekdls a mechanism
for minimizing tracking error; reference values were idoed simply by adding
them to the state feedback through a dainA more sophisticated way of doing
this is shown by the block diagram in FigurelQ where the controller consists of
three parts: an observer that computes estimates of tles stased on a model and
measured process inputs and outputs, a state feedback tiajelctory generator
that generates the desired behavior of all stateand a feedforward signai.
Under the ideal conditions of no disturbances and no moglelirors the signal
generates the desired behavigmwhen applied to the process. The signatan be
generated by a system that gives the desired response aatbe™ generate the
the signalug, we must also have a model of the inverse of the process dgsami

To get some insight into the behavior of the system, we asshat¢here are
no disturbances and that the system is in equilibrium witlostant reference
signal and with the observer sta@equal to the process stateWhen the reference
signal is changed, the signalg andxy will change. The observer tracks the state
perfectly because the initial state was correct. The estidstateOis thus equal to
the desired statey, and the feedback signag, D L.xy &/ will also be zero. All
action is thus created by the signals from the trajectorggsor. If there are some
disturbances or some modeling errors, the feedback sighaltiempt to correct
the situation.

This controller is said to havevo degrees of freedolmecause the responses



224 CHAPTER 7. OUTPUT FEEDBACK

to command signals and disturbances are decoupled. Dastcebresponses are
governed by the observer and the state feedback, while spemse to command
signals is governed by the trajectory generator (feedfaijva

For an analytic description we start with the full nonlinemamics of the

process
dx

at D f.x;ul; y D h.x; uf: (7.23)
Assume that the trajectory generator is able to computeiseddsajectory. Xq; U/
that satis es the dynamics/ (23 and satis esr D h.Xxq; ug/. To design the con-
troller, we construct the error system. lz2D x Xgandv D u ug and compute

the dynamics for the error:

PD R Py D f.x;ul  f.xq;ug/
D f.zCxq;vCug/ f.xq;ug/ D: F.zVv; Xq.t/; ug.tll:

In general, this system is time-varying. Note thd@ ein Figure7.10due to the
convention of using negative feedback in the block diagram.

For trajectory tracking, we can assume tha small (if our controller is doing
a good job), and so we can linearize aroarid O:

j—tz A.t/zC B.t/lv; A.t/ D g . B.t/D g

Xg-thug .l V.xd.t/; ugs. t/
It is often the case tha#.t/ and B.t/ depend only orxy, in which case it is
convenient to writeA.t/ D A.xy/ andB.t/ D B.Xx4/.

Assume now thaty andug are either constant or slowly varying (with respect
to the performance criterion). This allows us to considet flas (constant) linear
system given by A. xq4/; B.Xxg// . If we design a state feedback controlkerxy/ for
eachxq, then we can regulate the system using the feedback

vD K.x4/z
Substituting back the de nitions af andv, our controller becomes
ubD K.xg/.X X4/ C ug:

This form of controller is called gain scheduletinear controller withfeedforward
Uyt .

Finally, we consider the observer. The full nonlinear dynanaign be used for
the prediction portion of the observer and the linearizextesy for the correction

term: 40
it D f.Qu/ CL.XA.y hxul,

where L.XJ is the observer gain obtained by linearizing the systemratdhe
currently estimated state. This form of the observer is knaswrextended Kalman

Iter and has provedto be avery effective means of estimatingateesf a nonlinear
system.
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Figure 7.11: Trajectory generation for changing lanes. We wish to change from thieuhef
to the right lane over a distance of 30 min 4 s. The planned trajectory iythkne is shown
in (@) and the lateral positiop and the steering angleover the maneuver time interval are
shown in (b).

There are many ways to generate the feedforward signal, aneldihe also many
different ways to compute the feedback g&irand the observer gain. Note that
once again the internal model principle applies: the cdlietroontains a model of
the system to be controlled through the observer.

Example 7.6 Vehicle steering
To illustrate how we can use a two degree-of-freedom desigmprove the per-
formance of the system, consider the problem of steering toa@hange lanes on
aroad, as illustrated in Figuiella
We use the non-normalized form of the dynamics, where waieattin Exam-

ple 2.8 Using the center of the rear wheels as the referend2 (), the dynamics
can be written as

dXDCOSV' OIstin V; d than'

dt ’ dt ’ dt b ’
wherev is the forward velocity of the vehicle ands the steering angle. To generate
a trajectory for the system, we note that we can solve for tifites and inputs of
the system givem, y by solving the following sets of equations:

D vcos : RD Ycos  vPsin ;
YD vsin ; RD Psin CvPcos ; (7.24)
PD .v=b/tan:

This set of ve equations has ve unknowns,(P, v, YPand ) that can be solved

using trigonometry and linear algebra. It follows that wa campute a feasible

trajectory for the system given any path/, y.t/. (This special property of a system
is known adifferential athes§FLMR92, FLMR95].)
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To nd a trajectory from an initial statexo; yo; of to a nal state.Xs; ys; ¢/
at atimeT, we look for a pathx.t/; y.t/ that satis es

X.0/ D Xg; X. T/ D Xs;
y.0/ D yo; y. T/ D ys; (7.25)
®.0/sin ¢ B.0/cos oD O; RT/sin ¢+ B.T/cos { DO
Y0/ sin ¢ C ®.0/ cos oD vp; YT/sin f CRT/cos ¢ D vy:

One such trajectory can be found by choosing andy.t/ to have the form
Xd.t/ D oc 1tC thC 3t3; yd.t/ D 0C 1tC 2t2C 3t3:

Substituting these equations into equati@2p, we are left with a set of linear
equations that can be solved for ,i D 0; 1; 2; 3. This gives a feasible trajectory
for the system by using equation.24) to solve for 4, vq and g.
Figure7.11bshows a sample trajectory generated by a set of higher-eqier-
tions that also set the initial and nal steering angle to z&totice that the feedfor-
ward input is quite different from 0, allowing the contralte command a steering
angle that executes the turn in the absence of errors. r

Kalman's Decomposition of a Linear System

In this chapter and the previous one we have seen that twafoedtal properties
of a linear input/output system are reachability and olzgahvy. It turns out that
these two properties can be used to classify the dynamicssgétem. The key
result is Kalman's decomposition theorem, which says tHetesar system can be
divided into four subsystems§:,, which is reachable and observalfg o which is
reachable but not observabley, which is not reachable but is observable éng,
which is neither reachable nor observable.

We will rst consider this in the special case of systems whheematrixA has
distinct eigenvalues. In this case we can nd a set of cootdmauch that thé\
matrix is diagonal and, with some additional reorderinghaf states, the system
can be written as

8 9 8_ 9
Ao O 0 0 Bro
—D C :
dt 0 0 Ay 037 osY (7.26)
50 0 0 A "0 '

yD:-Cyo 0 Cp 0O xCDu:

All statesx, such thatB, 6D0 are reachable, and all states such €abD0 are
observable. If we set the initial state to zero (or equivilydnok at the steady-state
response ifA is stable), the states given By, andxpyWwill be zero andx; o does
not affect the output. Hence the outputan be determined from the system

dXo
dt

D AroXro C BroU; Yy D CioXo C Du:
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Figure 7.12: Kalman's decomposition of a linear system. The decomposition in (a) is for
a system with distinct eigenvalues and the one in (b) is the general casesy$tem is
broken into four subsystems, representing the various combinatioeadfable and observ-
able states. The input/output relationship only depends on the subsetesftsiat are both
reachable and observable.

Thus from the input/output point of view, it is only the reableaand observable
dynamics that matter. A block diagram of the system illustgathis property is
given in Figure7.12a

The general case of the Kalman decomposition is more congticand re-
quires some additional linear algebra; see the originaéphp Kalman, Ho and
Narendra KHN63]. The key result is that the state space can still be decordpose
into four parts, but there will be additional coupling sotttiee equations have the
form 8

Aro 0 SBrO
—D xC ;
dt 30 8 Ano : 8 (7.27)

8
yD:-Co 0 Cp Ov X;

where denotes block matrices of appropriate dimensions. The fopitut re-
sponse of the system is given by

dXo
dt
which are the dynamics of the reachable and observable stgns§ .. A block

diagram of the system is shown in Figutd 2h
The following example illustrates Kalman's decomposition.

D AoXro C BioU; y D CioXo C Du; (7.28)

Example 7.7 System and controller with feedback from observer stage
Consider the system

%DAXC Bu; yD Cx:

The following controller, based on feedback from the obsestate, was given in
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Theorem?.3

(0)3)
EDA)OC BuCL.y Cx uD KxXCkr:

Introducing thg states andXQD X 8(,8th8 cloged Iogop system can be written as
8 9

dzxz - 3A BK BK 33Xz ~3Bkxz . . T

QP 0o Al gt ¥YDCOX
which is a Kalman decomposition like the one shown in Figadbwith only
two subsystems$ ;, and6 »,. The subsysters ,, with statex, is reachable and
observable, and the subsystérg, with statex is not reachable but observable.
It is natural that the stat®is not reachable from the reference signdlecause it
would not make sense to design a system where changes inriraarad signal
could generate observer errors. The relationship betweereference and the
outputy is given by

dx

ED'A BK/x C Bkr; y D Cx;

which is the same relationship as for a system with full skeg¢elback. r

Computer Implementation

The controllers obtained so far have been described by aydditferential equa-

tions. They can be implemented directly using analog compisna/hether elec-
tronic circuits, hydraulic valves or other physical dewic8ince in modern engi-
neering applications most controllers are implementedgisomputers, we will

brie y discuss how this can be done.

A computer-controlled system typically operates periatlijc every cycle, sig-
nals fromthe sensors are sampled and converted to digitalfpthe A/D converter,
the control signal is computed and the resulting output iveded to analog form
for the actuators, as shown in Figutd3 To illustrate the main principles of how
to implement feedback in this environment, we consider th&roller described
by equations{.14 and (7.19), i.e.,

d

EDA)OC BuCL.y Cx uD KxXCkr:

The second equation consists only of additions and muléptas and can thus
be implemented directly on a computer. The rst equation camimemented by
approximating the derivative by a difference
dO Otger/ K.t/
dt h

wherety are the sampling instants ahdD tyc1 tk isthe sampling period. Rewriting
the equation to isolat®tyc1/, we get the difference equation

Dtcr/ D At/ Ch AOL/ C Bu.t/ CL y.t/ COt/ (7.29)

D AOt/ C Bu.t/ CL y.tu/ COt/ ;
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external disturbances

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

| Clock :
! Y y v |
| D/IA |= Computer AD | Filter |- :
e IContro"er

operator input

Figure 7.13:Components of a computer-controlled system. The controller consetstufg-

to-digital (A/D) and digital-to-analog (D/A) converters, as well as a corapthat implements
the control algorithm. A system clock controls the operation of the contrsij@chronizing

the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

The calculation of the estimated state at tieg requires only addition and mul-
tiplication and can easily be done by a computer. A sectigusefidocode for the
program that performs this calculation is

% Control algorithm - main loop

r = adin(chl) % read reference

y = adin(ch2) % get process output

u = K*(xd - xhat) + uff % compute control variable
daout(chl, u) % set analog output

xhat = xhat + h*(A*x+B*u+L*(y-C*x)) % update state estimate

The program runs periodically at a xed rate Notice that the number of
computations between reading the analog input and settmgrialog output has
been minimized by updating the state after the analog outpsitbeen set. The
program has an array of statdsat that represents the state estimate. The choice
of sampling period requires some care.

There are more sophisticated ways of approximating a diffexieequation by a
difference equation. If the control signal is constant lestwthe sampling instants,
it is possible to obtain exact equations; SA#V97].

There are several practical issues that also must be dehltkdt example, it
is necessary to Iter measured signals before they are sahsolehat the ltered
signal has little frequency content abofige2, wherefs is the sampling frequency.
This avoids a phenomena knowsaissing If controllers with integral action are
used, it is also necessary to provide protection so thahtkegial does not become
too large when the actuator saturates. This issue, daliegrator windupis studied
in more detail in Chaptet0. Care must also be taken so that parameter changes do



230 CHAPTER 7. OUTPUT FEEDBACK

not cause disturbances.

7.6 Further Reading

The notion of observability is due to Kalmakidl61b] and, combined with the dual
notion of reachability, it was a major stepping stone towestblishing state space
control theory beginning in the 1960s. The observer rst appgas the Kalman
Iter, in the paper by Kalmani{al614 on the discrete-time case and Kalman and
Bucy [KB61] on the continuous-time case. Kalman also conjecturedtigaton-
troller for output feedback could be obtained by combinirgjaie feedback with
an observer; see the quote in the beginning of this chapterrd$ult was formally
proved by Josep and TodT61 and Gunckel and FranklirdF71. The combined
result is known as the linear quadratic Gaussian contrarihe compact treat-
ment is given in the books by Anderson and MooA®1P0] and Astrém Ast0g.
Much later it was shown that solutions to robust control peois also had a sim-
ilar structure but with different ways of computing obseremd state feedback
gains PGKF89. The general controller structure discussed in Sectiénwhich
combines feedback and feedforward, was described by Hrawi963 Hor63.
The particular form in Figur@.10appeared inAW97], which also treats digital
implementation of the controller. The hypothesis that motiontrol in humans
is based on a combination of feedback and feedforward wgsopeal by Ito in
1970 [Ito70Q].

Exercises

7.1(Coordinate transformations) Consider a system under@uwe transforma-
tionz D Tx, whereT 2 R" "is an invertible matrix. Show that the observability
matrix for the transformed system is given® D W, T !and hence observability
is independent of the choice of coordinates.

7.2 Show that the system depicted in Figr@is not observable.

7.3 (Observable canonical form) Show that if a system is obsésyaihen there
exists a change of coordinate® T x that puts the transformed system into ob-
servable canonical form.

7.4(Bicycle dynamics) The linearized model for a bicycle is giveequation 8.5),
which has the form
dzl DVQ d
diz b dt
where' is the tilt of the bicycle and is the steering angle. Give conditions under

which the system is observable and explain any specialtgitgawhere it loses
observability.

2h
DmgH C m\l;c’ :
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7.5 (Integral action) The model(1) assumes that the inputD O corresponds to
x D 0. In practice, it is very dif cult to know the value of the coot signal that

gives a precise value of the state or the output becausedhisinequire a perfectly
calibrated system. One way to avoid this assumption is terasghat the model is
given by dx

EDAXC B.uC ug/; y D CxC Du;

whereug is an unknown constant that can be modeledagdt D 0. Consider
Up as an additional state variable and derive a controllerdbasdfeedback from
the observed state. Show that the controller has integrialneand that it does not
require a perfectly calibrated system.

7.6 (Vectored thrust aircraft) The lateral dynamics of the vesdiathrust aircrafte
example described in Examp&8 can be obtained by considering the motion
described by the statedD .x; ; ® . Construct an estimator for these dynamics
by setting the eigenvalues of the observer inBBudterworth patternwith ,, D

3:83 9:24i, 9:24 3:83. Using this estimator combined with the state space
controller computed in Exampl&.8, plot the step response of the closed loop
system.

7.7 (Uniqueness of observers) Show that the design of an obseyveigenvalue
assignment is unique for single-output systems. Constsanples that show that
the problem is not necessarily unique for systems with manguds.

7.8(Observers using differentiation) Consider the lineateys(7.2), and assume
that the observability matriXV, is invertible. Show that
8 9,
oD W,y P R y" v

is an observer. Show that it has the advantage of giving the ststantaneously
but that it also has some severe practical drawbacks.

7.9 (Observer for Teorell's compartment model) Teorell's carment model,«
shown in Figure3.17, has the following state space representation:

9 8.9
Kk O 0 0 1
dx Bk k kO k O 0
—D 0 Ka 0 0 xC=202 u;
dt 0 k, O ks ks O 0
"0 0 0 k& O 0

where representative parameterslar® 0:02,k, D 0:1, ks D 0:05,ks D ks D
0:005. The concentration of a drug that is active in compartriesimeasured in
the bloodstream (compartment 2). Determine the compattnleat are observable
from measurement of concentration in the bloodstream asijl@n estimator
for these concentrations base on eigenvalue assignmenbs€lthe closed loop
eigenvalues 0:03, 0:05and 0:1. Simulate the system when the input is a pulse
injection.
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7.10(Observer design for motor drive) Consider the normalizedehof the motor
drive in Exercis®.10where the openloop system has the eigenvalu@s 00:05
i. A state feedback that gave a closed loop system with eigggwan 2, 1 and

1 i was designed in Exercigell Design an observer for the system that has
eigenvalues 4, 2and 2 2i. Combine the observer with the state feedback
from Exerciseb.11to obtain an output feedback and simulate the completersyste

7.11 (Feedforward design for motor drive) Consider the normdlizedel of the
motor drive in Exercis@.1Q Design the dynamics of the block labeled “trajectory
generation” in Figur&.10so that the dynamics relating the outpub the reference
signalr has the dynamics

d?ym dym

d3ym
— —Camp——C D amaf; 7.30
ATE 14 am2 at 8mzym D 8ms (7.30)

with parametergm; D 2:5! i, ame D 2:5! 2 andamg D ! 3. Discuss howthe largest
value of the feedforward signal for a unit step in the commsigdal depends on

'

Can

7.12(Whipple bicycle model) Consider the Whipple bicycle mogigkn by equa-
tion (3.7) in Section3.2 A state feedback for the system was designed in Exer-
cise6.12 Design an observer and an output feedback for the system.

7.13(Discrete-time random walk) Suppose that we wish to estirtegosition
of a particle that is undergoing a random walk in one diman€ie., along a line).
We model the position of the particle as

x[k C 1] D x[k] C u[K];

wherex is the position of the particle ands a white noise processes wHfu[i]g D
O andEfuli]u[jlg DR, .i j/. We assume that we can measursubject to
additive, zero-mean, Gaussian white noise with covaridnce

(a) Compute the expected value and covariance of the paatich function ok.

(b) Construct a Kalman Iter to estimate the position of thetjade given the
noisy measurements of its position. Compute the steadg-sipected value and
covariance of the error of your estimate.

(c) Suppose thaEfu[0]g D 600 but is otherwise unchanged. How would your
answers to parts (a) and (b) change?

7.14(Kalman decomposition) Consider a linear system chaiizetdby the matri-
ces g 8 9
2 1 1 2 2
AD%l 30 2? BD§2§ CD§O 1 109' DDO:
1 1 4 2% : L '
-0 1 1 1 T

Construct a Kalman decomposition for the system. (Hint:tdrgliagonalize.)



Chapter Eight

Transfer Functions

Thetypical regulator system can frequently be described, in essenidigfdyential equations
of no more than perhaps the second, third or fourth order. ...In contths order of the set
of differential equations describing the typical negative feedback amplised in telephony
is likely to be very much greater. As a matter of idle curiosity, | once countew! out what
the order of the set of equations in an ampli er | had just designed woaletbeen, if | had
worked with the differential equations directly. It turned out to be 55.

Henrik Bode, 1960B0d6(.

This chapter introduces the concept of tfamsfer functionwhich is a compact
description of the input/output relation for a linear systeCombining transfer
functions with block diagrams gives a powerful method foaldey with complex
linear systems. The relationship between transfer funstéod other descriptions
of system dynamics is also discussed.

8.1 Frequency Domain Modeling

Figure8.1is a block diagram for a typical control system, consistifig process to
be controlled and a controller that combines feedback agdféeward. We saw in
the previous two chapters how to analyze and design suatrsgsising state space
descriptions of the blocks. As mentioned in Cha@ean alternative approach is
to focus on the input/output characteristics of the syst&imce it is the inputs and
outputs that are used to connect the systems, one couldtekjpécthis point of

i Reference Feedback d Process n
' shaping controller, dynamics
ro, e ' u y
— F C P -
! |
| |
: |
l 1 =
! Controller |
|

Figure 8.1: A block diagram for a feedback control system. The reference kigisafed
through a reference shaping block, which produces the signal thdievithcked. The error
between this signal and the output is fed to a controller, which producédspheto the
process. Disturbances and noise are included as external signadsi@bulb and output of
the process dynamics.
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view would allow an understanding of the overall behaviothaf system. Transfer
functions are the main tool in implementing this point ofwifor linear systems.

The basic idea of the transfer function comes from lookinghatftequency
response of a system. Suppose that we have an input sign#éd frexiodic. Then
we can decompose this signal into the sum of a set of sinesasnues,

S
u.t/ D a sin.k! t/ C by cosk! t/;

kDO

where! isthe fundamental frequency of the periodic input. Eachetéhms in this
input generates a corresponding sinusoidal output (irdgtetate), with possibly
shifted magnitude and phase. The gain and phase at eachriogcare determined
by the frequency response given in equatidr2):

G.ssDC.sl A/ 'BCD; (8.1)

where we ses D i.kl/ foreachk D 1;:::;1 andi D p_l. If we know the
steady-state frequency respordes/, we can thus compute the response to any
(periodic) signal using superposition.

The transfer function generalizes this notion to allow a desalass of input
signals besides periodic ones. As we shall see in the nekbsethe transfer
function represents the response of the system texaonential inpytu D €5t
It turns out that the form of the transfer function is preigbe same as that of
equation 8.1). This should not be surprising since we derived equat®t) oy
writing sinusoids as sums of complex exponentials. Foyydie transfer function
is the ratio of the Laplace transforms of output and inpuhalgh one does not
have to understand the details of Laplace transforms in todeake use of transfer
functions.

Modeling a system through its response to sinusoidal andrexptial signals is
known asfrequency domain modelin@his terminology stems from the fact that
we represent the dynamics of the system in terms of the gerestdrequencys
rather than the time domain varialileThe transfer function provides a complete
representation of a linear system in the frequency domain.

The power of transfer functions is that they provide a paldidy convenient
representation in manipulating and analyzing complexlirieedback systems. As
we shall see, there are many graphical representationsdfar functions that
capture interesting properties of the underlying dynamicansfer functions also
make it possible to express the changes in a system becauseeling error, which
is essential when considering sensitivity to process tiaria of the sort discussed
in Chapterl2. More speci cally, using transfer functions, it is possitidéeanalyze
what happens when dynamic models are approximated by statiels or when
high-order models are approximated by low-order modele €dmsequence is that
we can introduce concepts that express the degree of stadfii system.

While many of the concepts for state space modeling and sisadypply di-
rectly to nonlinear systems, frequency domain analysisiepprimarily to linear
systems. The notions of gain and phase can be generalizedhliogar systems
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and, in particular, propagation of sinusoidal signals tigio a nonlinear system
can approximately be captured by an analog of the frequersponse called the
describing function. These extensions of frequency respuiils be discussed in
Section9.5.

8.2 Derivation of the Transfer Function

As we have seen in previous chapters, the input/output digsaof a linear sys-
tem have two components: the initial condition responsethadorced response.
In addition, we can speak of the transient properties of yiséesn and its steady-
state response to an input. The transfer function focusedseost¢ady-state forced
response to a given input and provides a mapping betweetsiapd their corre-
sponding outputs. In this section, we will derive the trangtinction in terms of
the exponential response of a linear system.

Transmission of Exponential Signals

To formally compute the transfer function of a system, wénvdke use of a special
type of signal, called aexponential signalpf the forme®, wheresD C i! is

a complex number. Exponential signals play an importantirolsear systems.
They appear in the solution of differential equations anchmimpulse response
of linear systems, and many signals can be represented asendals or sums of
exponentials. For example, a constant signal is sineplywith D 0. Damped
sine and cosine signals can be represented by

e CtpDetd''Det.cos tCisin! t/:

where < 0 determines the decay rate. Fig@:.2 gives examples of signals that
can be represented by complex exponentials; many othealsigan be represented
by linear combinations of these signals. As in the case ofsiidal signals, we will
allow complex-valued signals in the derivation that folivalthough in practice
we always add together combinations of signals that restdidl-valued functions.

To investigate how a linear system responds to an expohéntist u.t/ D e
we consider the state space system

d
d—’t( D AXCBu  yDCxC Du: (8.2)

j- Al is the jth eigenvalue ofA. The state is then given by
Z t YA t

x.t/Defx.00C e 'Beed Defxocer es' A Bd:
0 0
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Figure 8.2: Examples of exponential signals. The top row corresponds to expah&gnals
with a real exponent, and the bottom row corresponds to those with coeypexents. The
dashed line in the last two cases denotes the bounding envelope foritle@mycsignals. In
each case, if the real part of the exponent is negative then the segwls while if the real
part is positive then it grows.

As we saw in Sectiob.3 if s 6D. A/, the integral can be evaluated and we get

x.t/ D eMx.0/Ceflsl A/ 1es! At | B

DeM x.00 .sl A/ B C.sl A !Bet

The output of equatiorB(2) is thus
y.t/ D Cx.t/ C Du.t/

DceM x.00 .sl A B C Csl A BCD et (8.3)

a linear combination of the exponential functiogf$ ande”. The rst term in
equation 8.3) is the transient response of the system. Recalleffatan be written
in terms of the eigenvalues & (using the Jordan form in the case of repeated
eigenvalues), and hence the transient response is a liogdniation of terms of
the forme it, where j are eigenvalues oA. If the system is stable, theft! 0
ast!'1 and this term dies away.

The second term of the outp.8) is proportional to the input.t/ D €%t This
term is called thepure exponential responsk the initial state is chosen as

x.0/ D.sl A !B;

then the output consists of only the pure exponential respamd both the state
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and the output are proportional to the input:

x.t/ D.sl A Be'D.sl A Bu.t/
y.t/D C.sl A BCDe€'D C.sl A BCD u.t/]

This is also the output we see in steady state, when the traasiepresented by
the rstterm in equation8.3) have died out. The map from the input to the output,

Gy,.s/ DC.sl A/ 'BCD; (8.4)

is thetransfer functionfrom u to y for the system#&.2), and we can writg/.t/ D
Gyy.s/u.t/ for the case that.t/ D e*'. Compare with the de nition of frequency
response given by equatios.24).

An important point in the derivation of the transfer functis the fact that
we have restricted so thats 6D ;. A/, the eigenvalues of. At those values of
s, we see that the response of the system is singular (sihce A will fail to
be invertible). Ifs D ;. A/, the response of the system to the exponential input
uDeitisy D p.t/e i, wherep.t/ is a polynomial of degree less than or equal
to the multiplicity of the eigenvalue; (see Exercis&.2).

Example 8.1 Damped oscillator
Consider the response of a damped linear oscillator, whase space dynamics
were studied in Sectio8.3

dx 8 0 | 9 8 0 9 8 9

Al ‘0 3 2 Uz . : oy

dtD. o 2!0’Xc'k!o’ u; yD-1 O x (8.5)
This system is stable if > 0, and so we can look at the steady-state response to
an inputu D €,

8 98 ;9.8 9
Gy.s’DCsl A BD:1 0 3° ‘o 3 303
lg sC2! g k! o
. X S0
P L0 Geaisciz 1o sc2ty kg (8O
Kp
2C2! osC! 2’

To compute the steady-state response to a step functiorgtweds0 and we see
that
uD1 D yD Gy,.0/uD k:

If we wish to compute the steady-state response to a sinugeidrite

ilt iallt

1
uDsin!tDEie et

1 . ,
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We can now writeG.i!/ in terms of its magnitude and phase,

k! 2 -
G.i/ D . D M€ ;
s?C2! ¢sC!g
where the magnitude (or gaily) and phase are given by
k! 2 sin 21 o
MD ¢ = ; I 12 |02:
12 122C .21 gl 2 cos ‘o

We can also make use of the fact ti@t i!/ is given by its complex conjugate
G .i!/ ,anditfollows thatG. i!/ D Me ' . Substituting these expressions into
our output equation, we obtain

1 o o
yDE i.Me' /et j.Mée /€'t

1 .
DM-= ie "t/ je!'tC’ D Msin! tC I

2
The responses to other signals can be computed by writinghthe &s an appro-
priate combination of exponential responses and usingilitye r

Coordinate Changes

The matricesA, B andC in equation 8.2) depend on the choice of coordinate
system for the states. Since the transfer function relafag o outputs, it should
be invariant to coordinate changes in the state space. W 8fis, consider the
model 8.2) and introduce new coordinatedy the transformatiom D T x, where

T is a nonsingular matrix. The system is then described by

dz
dt
yDCXxCDuDCT zC DuD: &C Du:

This system has the same form as equat&B8)( but the matrice®\, B andC are
different:

DT.AXC BW D TAT zC TBuD: A& C R

ADTATY: ®DTB, &DCT % (8.7)
Computing the transfer function of the transformed model get
QRssD®sl A WCE®DCT Lsl TAT Y TBCD
DCT.sl TATYT 'BCDDC.sl A BCDDG.s/,

which is identical to the transfer functioB.é) computed from the system descrip-
tion (8.2). The transfer function is thus invariant to changes of therdimates in
the state space.

Another property of the transfer function is that it corresg@s to the portion of the
state space dynamics thatis both reachable and observeéeticular, if we make
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use of the Kalman decomposition (Sectit), then the transfer function depends
only on the dynamics in the reachable and observable sub6pa¢Exercises.?).

Transfer Functions for Linear Systems

Consider a linear input/output system described by therobbed differential equa-
tion

d"y d" ly dMu dm 1y

dtnCalwc CanyDbodthbldtm 1
whereu is the input andy is the output. This type of description arises in many
applications, as described brie y in Secti@r®; bicycle dynamics and AFM mod-
eling are two speci ¢ examples. Note that here we have geimerhbur previous
system description to allow both the input and its derivegito appear.

To determine the transfer function of the systén8), let the input bei.t/ D e,

Since the system is linear, there is an output of the systetistalso an exponential
functiony.t/ D ype®'. Inserting the signals into equatio8.§), we nd

S"Cas" 1C  Ca/ye™D .bs"Chis™ !t Cbyle st

C C byy; (8.8)

and the response of the system can be completely describlpolynomials

as/Ds"Cas" 'C C a b.s/ Dbys"Chis™ 'C C by
(8.9)
The polynomiah. s/ is the characteristic polynomial of the ordinary diffeiaht
equation. Ifa.s/ 600, it follows that

b.s/
1/ D yoe®' D ——¢°": 8.10
y Yoe" D ——€ (8.10)
The transfer function of the syster@.8) is thus the rational function
b.s/
G.ss D —; 8.11
a.s/ ( )

where the polynomiala.s/ andb.s/ are given by equatiorB(9). Notice that the
transfer function for the systen8.g) can be obtained by inspection since the co-
ef cients of a.s/ andb. s/ are precisely the coef cients of the derivativeswénd

y. The order of the transfer function is de ned as the order of the denomaina
polynomial.

Equations 8.8—(8.11) can be used to compute the transfer functions of many
simple ordinary differential equations. TalBel gives some of the more com-
mon forms. The rst ve of these follow directly from the analgsabove. For the
proportional-integral-derivative (PID) controller, we keause of the fact that the
integral of an exponential input is given by=s/e.

The lastentry in Tabl8.1is for a pure time delay, in which the outputis identical
tothe input atan earliertime. Time delays appear in mangsys. typical examples
are delays in nerve propagation, communication and massgoat. A system with
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Table 8.1: Transfer functions for some common ordinary differential equations

Type ODE Transfer Function
Integrator YD u %
Differentiator yD® S
1
First-ord t CayD —
irst-order system YCayD u sCa
. 1
Double integrator YD u p~
Damped oscillator RC 2! o$C! 2y D u __t
' 0 $2C2! ¢sC!2
R ki
PID controller yDkouCkqPCki u k, CkysC <
Time delay yt/Dut / e s
a time delay has the input/output relation
y.t/ Dut [ (8.12)

As before, let the input be.t/ D €. Assuming that there is an output of the form
y.t/ D yoe® and inserting into equatior8(12), we get

y.t/Dye'De’t 'Dese'De S utl

The transfer function of a time delay is thGss/ D e $ , which is not a rational
function butis analytic except atin nity. (A complex funoti isanalyticin a region
if it has no singularities in the region.)

Example 8.2 Electrical circuit elements
Modeling of electrical circuits is a common use of transtardtions. Consider, for
example, a resistor modeled by Ohm's [&fAD | R, whereV is the voltage across
the resister] is the current through the resistor aRdis the resistance value. If
we consider current to be the input and voltage to be the guttpel resistor has
the transfer functiorz.s/ D R. Z.s/ is also called thémpedanceof the circuit
element.
Next we consider an inductor whose input/output charestteris given by
LOII D V:

dt '
Letting the current bé.t/ D €%, we nd that the voltage i&/.t/ D Ls€! and the
transfer function of an inductor is thas s/ D Ls. A capacitor is characterized by

dav

C—DI;
dt
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Figure 8.3: Stable ampli er based on negative feedback around an operatioméil @mr he

block diagram on the left shows a typical ampli er with low-frequency gRyFR;. If we
model the dynamic response of the op amisas/ D ak=.s C a/, then the gain falls off at
frequency! D aRk=R,, as shown in the gain curves on the right. The frequency response
is computed fok D 107, a D 10 rad/s,R, D10° « , andR; D 1, 1%, 10* and 16 - .

and a similar analysis gives a transfer function from curtewoltage ofZ.s/ D
1=.Cd/. Using transfer functions, complex electrical circuita t& analyzed alge-
braically by using the complex impedanges/ just as one would use the resistance
value in a resistor network. r

Example 8.3 Operational ampli er circuit
To further illustrate the use of exponential signals, wesider the operational
ampli er circuit introduced in Sectior8.3 and reproduced in Figur®.3a The
model introduced in Sectidh3is a simpli cation because the linear behavior of the
ampli er was modeled as a constant gain. In reality there mp@ sant dynamics
in the ampli er, and the static modeb,: D kv (equation 8.10)) should therefore
be replaced by a dynamic model. In the linear range of theisanplie can model
the operational ampli er as having a steady-state frequeesyponse
Vout ak

y D sCaD' G.sl (8.13)
This response corresponds to a rst-order system with timesteont Fa. The
parametek is called theopen loop gainand the producak is called thegain-
bandwidth produgttypical values for these parameters i@ 10’ andak D 10—
10° rad/s.

Since all of the elements of the circuit are modeled as beivagli if we drive
the inputv; with an exponential signa®!, then in steady state all signals will be
exponentials of the same form. This allows us to manipula&edjuations describing
the system in an algebraic fashion. Hence we can write

nv D v Y% and v, D G.slv; (8.14)
Ry Ry
using the factthat the currentinto the ampli eris very snadlwe did in Sectio®.3
Eliminatingv between these equations gives the following transfer fancif the
system

Vo D R,G.s/ Roak

V1 RRCRC RlG.S/ RlakC.Rlc R2/.SCa/'
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The low-frequency gain is obtained by sett&® 0, hence

kR, R
KCURCR, R

which is the result given by3(11) in Section3.3 The bandwidth of the ampli er

cireuitis Ri.kCl/CR, Rik
'yDa——— a—;
RICR R,

where the approximation holds f@,=R; 1. The gain of the closed loop system
drops off at high frequencies &k=.!. R; C Ry//. The frequency response of the
transfer function is shown in Figu&3bfor k D 10, a D 10 rad/s,R, D 10° «
andR; D 1,1, 10*and 16 - .

Note that in solving this example, we bypassed explicitliting the signals as
v D vpe®' and instead worked directly with assuming it was an exponential. This
shortcut is handy in solving problems of this sort and whemimadating block
diagrams. A comparison with Secti@3, where we made the same calculation
whenG.s/ was a constant, shows analysis of systems using transfetidos is
as easy as using static systems. The calculations are thafghmeesistancef;
andR; are replaced by impedances, as discussed in Exa8rple r

Guyw,.0/ D

Although we have focused thus far on ordinary differentipl&ions, transfer func-
tions can also be used for other types of linear systems. Mér#te this via an
example of a transfer function for a partial differentiabiatjon.

Example 8.4 Heat propagation

Consider the problem of one-dimensional heat propagatiarsemi-in nite metal
rod. Assume that the input is the temperature at one end anthi output is the
temperature at a point along the rod. Lek; t/ be the temperature at position
and timet. With a proper choice of length scales and units, heat pratgayis

described by the partial differential equation

@ @«
and the point of interest can be assumed to hae 1. The boundary condition
for the partial differential equation is

.0;t/ D u.t/:

(8.15)

To determine the transfer function we choose the input &sD €3'. Assume that
there is a solution to the partial differential equationhaf form . x;t/ D . x/e®
and insert this into equatio® (15 to obtain

2

. XI D —=;
S. X vz

with boundary condition. 0/ D et. This ordinary differential equation (with
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independent variable) has the solution
. xID A&’ SCBe X
Matching the boundary conditions givésD 0 andB D €, so the solution is
yt/D .1t/D . UetDe Se'De Sutl

P _ .
The system thus has the transfer funct®rs/ D e °. As in the case of a time
delay, the transfer function is not a rational function Istam analytic function. r

Gains, Poles and Zeros

The transfer function has many useful interpretations aadeatures of a transfer
function are often associated with important system pogeerThree of the most
important features are the gain and the locations of thesgzote zeros.

The zero frequency gaionf a system is given by the magnitude of the transfer
function ats D 0. It represents the ratio of the steady-state value of thaubwith
respect to a step input (which can be represented2g® with s D 0). For a state
space system, we computed the zero frequency gain in equatif):

G.OODD CA'B:
For a system written as a linear differential equation

d"y dn ly dMu dm u _
i CalWC CayD bodtm Cbldtm 7 C  C bnu;
if we assume that the input and output of the system are ausgipandug, then
we nd thata,yo D bynug. Hence the zero frequency gain is

Yo bm_

G.0/ D —D —: (8.16)
Up an

Next consider a linear system with the rational transfectiom

G.s/ D H
a.s/

The roots of the polynomial.s/ are called thgolesof the system, and the roots
of b.s/ are called theerosof the system. Ifp is a pole, it follows thaty.t/ D et
is a solution of equation3(8) with u D 0 (the homogeneous solution). A pgte
corresponds to eodeof the system with corresponding modal solut&hth. The
unforced motion of the system after an arbitrary excitatioa weighted sum of
modes.

Zeros have a different interpretation. Since the pure exp@ietput corre-
sponding to the input.t/ D €% with a.s/ 600 is G.s/e®, it follows that the pure
exponential output is zero bb.s/ D 0. Zeros of the transfer function thus block
transmission of the corresponding exponential signals.

For a state space system with transfer funcGos/ D C.sl A/ 'BC D, the
poles of the transfer function are the eigenvalues of theixAtin the state space
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Figure 8.4: A pole zero diagram for a transfer function with zeros &tand 1 and poles at
3and 2 2j.Thecirclesrepresentthe locations of the zeros, and the crossesdtieris
of the poles. A complete characterization requires we also specify thefjdia system.

model. One easy way to see this is to notice that the value. sf is unbounded
whens is an eigenvalue of a system since this is precisely the ggbiofs where
the characteristic polynomial s/ D detsl A/ D 0 (and hencesl A'is
noninvertible). It follows that the poles of a state spacsesy depend only on the
matrix A, which represents the intrinsic dynamics of the system. ®yetkat a
transfer function is stable if all of its poles have negat®eal part.

To nd the zeros of a state space system, we observe that the aex complex
numberss such that the inputi.t/ D uge® gives zero output. Inserting the pure
exponential responset/ D xoe®t andy.t/ D 0 in equation 8.2) gives

s€xy D Axe® C Buge® 0D Ce€'%y C De’tug;
which can be written as
8 A | B9 8 9
3 S 3 2 X0 _st .
T D © ug e*'D0:
This equation has a solution with nonzeg) up only if the matrix on the left does
not have full rank. The zeros a%e thus the vaglﬂeﬂch that the matrix

2A sl Bz

c b (8.17)

loses rank.

Since the zeros depend @y B, C and D, they therefore depend on how the
inputs and outputs are coupled to the states. Notice ingodatti that if the matrix
B has full row rank, then the matrix in equatioB.17) hasn linearly independent
rows for all values ok. Similarly there aren linearly independent columns if the
matrix C has full column rank. This implies that systems where theimm&ror C
is square and full rank do not have zeros. In particular itmsdhat a system has
no zeros if it is fully actuated (each state can be contraiidependently) or if the
full state is measured.

A convenient way to view the poles and zeros of a transfertfands through
apole zero diagramas shown in Figur8.4. In this diagram, each pole is marked
with a cross, and each zero with a circle. If there are ma@tgmles or zeros at a
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(a) Cart—pendulum system (c) Pole zero diagram far ¢

Figure 8.5: Poles and zeros for a balance system. The balance system (a) caékedn
around its vertical equilibrium point by a fourth order linear system. Tdlegand zeros for
the transfer functions! ¢ andH,¢ are shown in (b) and (c), respectively.

xed location, these are often indicated with overlappingsses or circles (or other
annotations). Poles in the left half-plane correspond tostaodes of the system,
and poles in the right half-plane correspond to unstableesdd/e thus call a pole
in the left-half plane atable poleand a pole in the right-half plane amstable
pole A similar terminology is used for zeros, even though th@zelo not directly
related to stability or instability of the system. Noticathihe gain must also be
given to have a complete description of the transfer functio

Example 8.5 Balance system

Consider the dynamics for a balance system, shown in F&y6ré&he transfer func-
tion for a balance system can be derived directly from thesg®rder equations,
given in Example2.1:

d?p d?2 dp d o _
MtW mIW cos C CE C mlsin at D F;
d?p d? . .

ml cos Iz C JTW mglsin C PDO:

If we assume that and Pare small, we can approximate this nonlinear system by
a set of linear second-order differential equations,

d?p d? dp
M;— ml— C c—
gz Mae - Ca
d2p . d? d _

D F;
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If we let F be an exponential signal, the resulting response satis es
Mis?’p mls> Cecs pD F;
Js® mlpC s mgl DO;

where all signals are exponential signals. The resultingsfea functions for the
position of the cart and the orientation of the pendulum arergby solving forp
and in terms ofF to obtain

mls
HegD :
F Mg mil2/s*C. M{Ccl/s2C.c Mimgl/s mglc
s?’C s mgl
Hor D J g

M mi2/s*C. M;Ccl/s3C.c Mimgl/s? mglcs

where each of the coef cients is positive. The pole zero diagrdor these two
transfer functions are shown in FiguB& using the parameters from Exampld.
If we assume the damping is small ands& 0 and D 0, we obtain

ml
HegD :
F M ml2s?2 Mymgl
s?  mgl
Hor D J g

2 Mg m22/s2 Mimgl
This gives nonzero poles and zeros at

s s

mgl mgl|

gIM 268 zD 9

— 2:09:
MiJ  mal? &

pD

We see that these are quite close to the pole and zero losatiGiigure8.5.

8.3 Block Diagrams and Transfer Functions

The combination of block diagrams and transfer functions @waerful way to
represent control systems. Transfer functions relatifigréint signals in the system
can be derived by purely algebraic manipulations of thesfiemfunctions of the
blocks usingolock diagram algebraTo show how this can be done, we will begin
with simple combinations of systems.

Consider a system that is a cascade combination of systetinghei transfer
functionsG;.s/ andG,.s/, as shown in Figur&.6a Let the input of the system
beu D €. The pure exponential output of the rst block is the exporargignal
G1u, which is also the input to the second system. The pure expi@ahentput of

the second system is
Yy D Gz.G1U/ D .GzGl/U:

The transfer function of the series connection is tGuB G,G, i.e., the product
of the transfer functions. The order of the individual tramdtinctions is due to
the fact that we place the input signal on the right-hand efdihnis expression,
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G
u y u y u € y
G, G, | (6) G
G
G
(@) Gyu D G,G;4 (b)Gyu D G C G, G
€)GyuD ————
©) Gy 1C G;G;

Figure 8.6: Interconnections of linear systems. Series (a), parallel (b) antbéekdc) con-
nections are shown. The transfer functions for the composite systembecderived by
algebraic manipulations assuming exponential functions for all signals.

hence we rst multiply byG; and then byG,. Unfortunately, this has the opposite
ordering from the diagrams that we use, where we typicallyetthe signal ow
from left to right, so one needs to be careful. The orderinisdrtant if eitheiG,
or G; is a vector-valued transfer function, as we shall see in saxaenples.
Consider next a parallel connection of systems with thestearfunctionsG;
andG,, as shown in Figur8.6h Lettingu D €' be the input to the system, the
pure exponential output of the rst system is thgnD G;u and the output of the
second system i D G,u. The pure exponential output of the parallel connection
is thus

yD GuuC GouD .G; C Gylu;

and the transfer function for a parallel connectioGi® G; C G,.

Finally, consider a feedback connection of systems with ruester functions
G andG,, as shown in Figur8.6¢ Letu D € be the input to the systeny,be
the pure exponential output, amdbe the pure exponential part of the intermediate
signal given by the sum aefand the output of the second block. Writing the relations
for the different blocks and the summation unit, we nd

y D Gi6g; eDu Gyy:

Elimination ofe gives

G,
DGi.u Gyy D .1CGG,/yD Guu D D —Mu:
y 1 2y ) 162y 1 ) y 1C GG,
The transfer function of the feedback connection is thus
G,
GD
1C G1G,

These three basic interconnections can be used as the basisrfputing transfer
functions for more complicated systems.
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d n
r e u y
—» F.s/ C.sl P.s/ -

1 |

Figure 8.7: Block diagram of a feedback system. The inputs to the system are thenege
signalr, the process disturbanceand the measurement noiseThe remaining signals in
the system can all be chosen as possible outputs, and transfer furmetiobs used to relate
the system inputs to the other labeled signals.

Control System Transfer Functions

Consider the system in Figu8e7, which was given at the beginning of the chapter.
The system has three blocks representing a proPess feedback controlle€
and a feedforward controlldf. TogetherC andF de ne thecontrol lawfor the
system. There are three external signals: the referencefomand signaly, the
load disturbance and the measurement noiseA typical problem is to nd out
how the erroe is related to the signals d andn.

To derive the relevant transfer functions we assume thaigtials are expo-
nential signals, drop the arguments of signals and trafsfetions and trace the
signals around the loop. We begin with the signal in which vedrterested, in this
case the control errag, given by

eDFr vy
The signaly is the sum oh and , where is the output of the process:
yDnC ; D P.dCu, uD Ce
Combining these equations gives

eDFr yDFr .nC/DFr nCP.dCuU
DFr nCP.dCC¢ ;

and hence
eDFr n Pd PCe
Finally, solving this equation fog gives
F ; 1 0 P
1CPC 1C PC 1C PC

and the error is thus the sum of three terms, depending orefeesncer, the
measurement noiseand the load disturbanck The functions

F G.. D 1 P
1C PC’ e~ 1CcpPC “d¥1CcPC
are transfer functions from referencenoisen and disturbancd to the errore.

Ger D

(8.19)
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r e y r y
—| F PC - — F e

1CPC

(b)

PCF
1CPC

(@) ©

Figure 8.8: Example of block diagram algebra. The results from multiplying the psoaed
controller transfer functions (from FiguBe7) are shown in (a). Replacing the feedback loop
with its transfer function equivalent yields (b), and nally multiplying the twemaining
blocks gives the reference to output representation in (c).

We can also derive transfer functions by manipulating tleekodiagrams di-
rectly, asillustrated in Figur@.8. Suppose we wish to compute the transfer function
between the referenceand the outpuy. We begin by combining the process and
controller blocks in Figurd.7 to obtain the diagram in Figui&8a. We can now
eliminate the feedback loop using the algebra for a feedlekconnection (Fig-
ure8.8b) and then use the series interconnection rule to obtain

PCF
1C PC’

Similar manipulations can be used to obtain the other trarfafections (Exer-
cise8.8).

The derivation illustrates an effective way to manipulateequations to obtain
the relations between inputs and outputs in a feedbackray3tee general idea is
to start with the signal of interest and to trace signalsiaddbe feedback loop until
coming back to the signal we started with. With some practcgiations §.18
and 8.19 can be written directly by inspection of the block diagravetice, for
example, that all terms in equatio®.{9 have the same denominators and that the
numerators are the blocks that one passes through when djoé&agly from input
to output (ignoring the feedback). This type of rule can beldise&eompute transfer
functions by inspection, although for systems with muéifdedback loops it can
be tricky to compute them without writing down the algebraleitly.

Gy D (8.20)

Example 8.6 Vehicle steering

Consider the linearized model for vehicle steering inticetlin Examplés.12 In
Examples6.4 and 7.3 we designed a state feedback compensator and state esti-
mator for the system. A block diagram for the resulting colnglystem is given in
Figure8.9. Note that we have split the estimator into two componéeajg, s/ and

Gy .S/, corresponding to its inputsandy. The controller can be described as the
sum of two (open loop) transfer functions

uD Gyy.s/y C Gy,.s/r:

The rst transfer functionG,y.s/, describes the feedback term and the second,
Gyr.s/, describes the feedforward term. We call thepen looptransfer functions
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Figure 8.9: Block diagram for a steering control system. The control system is nesigp
maintain the lateral position of the vehicle along a reference curve (I¢f) sTructure of the
control system is shown on the right as a block diagram of transfetifursc The estimator
consists of two components that compute the estimated ®faden the combination of the
input u and outputy of the process. The estimated state is fed through a state feedback
controller and combined with a reference gain to obtain the commandeihgtaagleu.

because they represent the relationships between thdssigitlhout considering
the dynamics of the process (e.g., removihg/ from the system description). To
derive these functions, we compute the transfer functiongdch block and then
use block diagram algebra.

We begin with the estimator, which takasandy as its inputs and produces
an estimate© The dynamics for this process were derived in Exanipdand are
given by

o
at D.A LC/XXCLyCBu;
1 1
WD sl .A_ LC/ uC sl .A_ LC/ y:
L ARt jueisl ALY
Ga Gy
Using the expressions fak, B, C andL from Example7.3, we obtain
sC1 9 8 [1sCl,
32C|1SC|2 SZC|1SC|2
Ga.s/ D ; Gg.8/ D ;
sC |1 |2 IZS
" 2Cl;sCly, " 2Cl;sCly

wherel; andl, are the observer gains andis the scaled position of the center
of mass from the rear wheels. The controller was a state fekdtmmpensator,
which can be viewed as a constant, multi-input, single-gtutiansfer function of
theformuD KX

We can now proceed to compute the transfer function for tlezadlvcontrol
system. Using block diagram algebra, we have

KG)O/S/ S. klllc k2|2/ C k1|2
1C KGﬂjS/ s2Cs. kiCkoCli/ CkiCl,Ckolg kol o
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and
kr D k1.82C|1SC|2/ .
1C KGﬂJ.S/ s2Cs. k1Ck2C|1/Ck1C|2Ck2|1 k2|2’
wherek; andk, are the controller gains.
Finally, we compute the full closed loop dynamics. We begirdbyiving the
transfer function for the proce$s. s/. We can compute this directly from the state

space description of the dynamics, which was given in Exasdi2 Using that
description, we have

Gur.s/ D

38 98 9 ,8

9
. ; sC1
PsDGyusDCsl A BCDD:1 0 35 18 3 3p
0 s 1 g2

The transfer function for the full closed loop system betwtwmninputr and the
outputy is then given by

k- P.s/ ki. sCU .
1C P.s/Gyy.s/ ~ s?C.k; Cky/sCky

Note that the observer gaihsandl, do not appear in this equation. This is because
we are considering steady-state analysis and, in steatdy gte estimated state
exactly tracks the state of the system assuming perfect lsidde will return to
this example in Chapter2 to study the robustness of this particular approaah.

Gy D

Pole/Zero Cancellations

Because transfer functions are often polynomials,iit can sometimes happen
that the numerator and denominator have a common factochvaain be canceled.
Sometimes these cancellations are simply algebraic singiloos, but in other
situations they can mask potential fragilities in the mobfgbarticular, if a pole/zero
cancellation occurs because terms in separate blockaustaigppen to coincide,
the cancellation may not occur if one of the systems is dijgigrturbed. In some
situations this can result in severe differences betweertpected behavior and
the actual behavior.

To illustrate when we can have pole/zero cancellationssiden the block dia-
gram in Figure8.7with F D 1 (no feedforward compensation) aBcdand P given

by

Ne.s/ Np.s/
C.s/ D —; P.s/ D ;
dc.s/ dp.s/
The transfer function from to e is then given by
1 dc.s/dp.s/
Ger.s/ D P

1CPC ~ 05.5/dp.8/ C no.5/np.s/

If there are common factors in the numerator and denominpetiynomials, then
these terms can be factored out and eliminated from bothuheerator and de-
nominator. For example, if the controller has a zere Bt a and the process has
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apoleats D a, then we will have

.sC a/d..s/d}.s/ 5 dc.s/d.s/ .
.sCa/dc.s/dS.s/ C.sCa/nl.s/ny.s/ ~ de.s/dS.s/ C nl.s/np.s/’

Ger.S/ D

wherend.s/ and dg.s/ represent the relevant polynomials with the tesr@ a
factored out. In the case when< 0 (so that the zero or pole is in the right
half-plane), we see that there is no impact on the transfation Ge,.

Suppose instead that we compute the transfer functiondrame, which repre-
sents the effect of a disturbance on the error between theerafe and the output.
This transfer function is given by

de.s/Np.s/ _
.sCa/d..s/dS.s/ C.sCa/nd.s/ny.sl

Notice thatifa < 0, then the pole is in the right half-plane and the transfecfion
Geq is unstable Hence, even though the transfer function froto e appears to be
okay (assuming a perfect pole/zero cancellation), thesteariunction fromd to e
can exhibit unbounded behavior. This unwanted behaviopis&y of anunstable
pole/zero cancellation

It turns out that the cancellation of a pole with a zero can Besunderstood in
terms of the state space representation of the systemsh&®hiy or observability
is lost when there are cancellations of poles and zeros (Bed3cl]). A conse-
guence is that the transfer function represents the dyrsaomily in the reachable
and observable subspace of a system (see Set&pn

Example 8.7 Cruise control

The input/output response from throttle to velocity for thme&rized model for a
car has the transfer functi@h. s/ D b=.s a/,a < 0. Asimple (but not necessarily
good) way to design a PI controller is to choose the paramet¢ing Pl controller
so that the controller zero atD  k; =k, cancels the process polesaD a. The
transfer function from reference to velocity®, .s/ D bk,=.sC bk/, and control
design is simply a matter of choosing the glainThe closed loop system dynamics
are of rstorder with the time constantbk,.

Figure8.10shows the velocity error when the car encounters an inciedke
road slope. A comparison with the controller used in Figdu&b (reproduced in
dashed curves) shows that the controller based on poletaecellation has very
poor performance. The velocity error is larger, and it takksg time to settle.

Notice that the control signal remains practically constdtert D 15 even if
the error is large after that time. To understand what happenwill analyze the
system. The parameters of the systema@ 0:0101 andb D 1:32, and the
controller parameters akg D 0:5 andk; D 0:0051. The closed loop time constant
is 1=.bky/ D 2.5 s, and we would expect that the error would settle in abhOust
(4 time constants). The transfer functions from road slopeetocity and control
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Figure 8.10: Car with PI cruise control encountering a sloping road. The velocityr ésro
shown on the left and the throttle is shown on the right. Results with a Pl comtvatle
kp D 0:5andk; D 0:0051, where the process pal® 0:0101, is shown by solid lines, and
a controller withk, D 0:5 andk; D 0:5 is shown by dashed lines. Compare with Figu@h

signals are

bgkos bk,
: G, .s/D :
s a.sCbky %" sChbk,

Notice that the canceled modeD a D 0:0101 appears i6, but notinG, .
The reason why the control signal remains constant is thatathioller has a zero
atsD 0:0101, which cancels the slowly decaying process mode. dlttiat the
error would diverge if the canceled pole was unstable. r

Gy .s/D

The lesson we can learn from this example is that it is a bad toldgy to
cancel unstable or slow process poles. A more detailed si#mu of pole/zero
cancellations is given in Sectidi2.4.

Algebraic Loops

When analyzing or simulating a system described by a bladgdim, it is necessary
to form the differential equations that describe the cotgpdgstem. In many cases
the equations can be obtained by combining the differeatjahtions that describe
each subsystem and substituting variables. This simpleeduwe cannot be used
when there are closed loops of subsystems that all havec denection between
inputs and outputs, known as algebraic loop

To see what can happen, consider a system with two blockst-@rder non-

linear system,

% D f.x;ul; y D h.x/; (8.21)

and a proportional controller describedbyp ky. There is no direct term since
the functionh does not depend an In that case we can obtain the equation for the
closed loop system simply by replaciady kyin (8.21) to give

dx

— D f.x; kv D h.x/:
dt X Y y X

Such a procedure can easily be automated using simple formarngulation.
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The situation is more complicated if there is a direct terny. I h.x; u/, then

replacingu by ky gives

% D f.x; ky/; y D h.x; kyr
To obtain a differential equation foq, the algebraic equationD h.x; ky/ must
be solved to givey D . x/, which in general is a complicated task.

When algebraic loops are present, it is necessary to sajabidic equations
to obtain the differential equations for the complete systResolving algebraic
loops is a nontrivial problem because it requires the syialsolution of algebraic
equations. Most block diagram-oriented modeling langesaganot handle alge-
braic loops, and they simply give a diagnosis that such laoppresent. In the era
of analog computing, algebraic loops were eliminated hyuhicing fast dynamics
between the loops. This created differential equationsfagtand slow modes that
are dif cult to solve numerically. Advanced modeling langes like Modelica use
several sophisticated methods to resolve algebraic loops.

8.4 The Bode Plot

The frequency response of a linear system can be computedtétransfer func-
tion by settings D i! , corresponding to a complex exponential

u.t/ D €' D cos! t/ Cisin! t/:
The resulting output has the form
y.t/ D G.il/ €''D Me"'/ D Mcos! tC'/ CiMsin! tC'/;
whereM and' are the gain and phase Gf

A ImG.il/
MDjG.il j; Darctanm.
The phase o6 is also called thargumenbf G, a term that comes from the theory
of complex variables.

It follows from linearity that the response to a single simids(sin or cos) is
ampli ed by M and phase-shifted By. Note that <" , SO the arctangent
must be taken respecting the signs of the numerator and deatom It will often
be convenient to represent the phase in degrees rathetians. \We will use the
notation\ G.i!/ forthe phase in degrees and &gq!/ forthe phase inradians. In
addition, while we always take a€®.i!/ to beintherange ; ], we will take
\ G.il/ to be continuous, so that it can take on values outside tigeeran 180
to 180.

The frequency respong&.i!/ can thus be represented by two curves: the gain
curve and the phase curve. Tdggn curvegivesjG.i!/ j as a function of frequency
!, and thghase curvgives\ G.i!/ . One particularly useful way of drawing these
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Figure 8.11: Bode plot of the transfer functioB.s/ D 20C 10=s C 10s corresponding to
an ideal PID controller. The top plot is the gain curve and the bottom plot istthse curve.
The dashed lines show straight-line approximations of the gain curve amtiesponding
phase curve.

curves is to use a log/log scale for the gain plot and a logglirscale for the phase
plot. This type of plot is called Bode plotand is shown in Figur8.11

Sketching and Interpreting Bode Plots

Part of the popularity of Bode plots is that they are easy &wicdkand interpret.
Since the frequency scale is logarithmic, they cover theviehaf a linear system
over a wide frequency range.

Consider a transfer function that is a rational functionhef ftorm

by.s/b,.s/
G.ss D ———:
al.s/az.s/

We have
logjG.s/j D logjb;.s/jC logjb,.s/j

logja;.s/j logjay.slj;

and hence we can compute the gain curve by simply adding drtchsting gains
corresponding to terms in the numerator and denominatoilesiyn

\ G.s/ D\ b]_S/ C\ sz/ \ al.s/ \ 8.2.8/;

and so the phase curve can be determined in an analogousfaShice a polyno-
mial can be written as a product of terms of the type

ki s; sCa; s°C2! osC!2:

it suf ces to be able to sketch Bode diagrams for these terme.Bdde plot of a
complex system is then obtained by adding the gains and plof$iee terms.
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Figure 8.12: Bode plots of the transfer functiot®.s/ D skfork D 2, 1;0;1;2.0Ona
log-log scale, the gain curve is a straight line with sl&pEsing a log-linear scale, the phase
curves for the transfer functions are constants, with phase equal to R0

The simplest term in a transfer function is one of the fafmwherek > 0 if
the term appears in the numerator &nd 0 if the term is in the denominator. The

gain and phase of the term are given by
logjG.i!/ jD klog!; \ G.il/ D 90k:

The gain curve is thus a straight line with sldpend the phase curve is a constant

at90 k. Thecasewhek D 1 corresponds to a differentiator and has slope 1 with

phase 90 The case whek D 1 corresponds to an integrator and has slofe

with phase 90 . Bode plots of the various powerslofre shown in Figurg.12
Consider next the transfer function of a rst-order systeiveqg by

a
G.si D —:
sCa

We have
icsip 22 . \gsD\.a \.sCa
jsCa
and hence

s 1 . 180 !
logjG.i!/ jD loga Elog.! 2ca’; \G.il D — arctan_:

The Bode plotis shown in Figu&13a with the magnitude normalized by the zero
frequency gain. Both the gain curve and the phase curve cappr®ximated by
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Figure 8.13:Bode plots for rst-and second-order systems. (a) The rst-osystenG.s/ D

a=.s C a/ can be approximated by asymptotic curves (dashed) in both the gain @nd th
frequency, with the breakpoint in the gain curve aD a and the phase decreasing by 90
over afactor of 100 in frequency. (b) The second-order sy§eshD ! 3=.s2C2 ! (sC! 3/

has a peak at frequeneyand then a slope of 2 beyond the peak; the phase decreases from
0 to 180.The height of the peak and the rate of change of phase dependingadsrtiping
ratio ( D 0:02,0.1,0.2,0.5and 1.0 shown).

the following straight lines

(
if !
logjG.i!/ j .If =@
8Ioga log! if!> a;
20 if! < a=10
\ G.il/ S 45 45]1og! loga/ a=10<!< 10a
90 if ! > 10a.

The approximate gain curve consists of a horizontal line ufpeiguency! D a,
called thebreakpointor corner frequencyafter which the curve is a line of slope
1 (on a log-log scale). The phase curve is zero up to frequant® and then
decreases linearly by 4slecade up to frequency da0at which point it remains
constant at 90 Notice that a rst-order system behaves like a constantdor |
frequencies and like an integrator for high frequencies)gare with the Bode plot

in Figure8.12
Finally, consider the transfer function for a second-orgstem,

2
! 0

G.s/ D :
s2C2, sC!3
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for which we have

1
logjG.i!/ jD 2log! o E|og rdc20a1222 yclyg;

21 ol

\ G.i/ D l—80arctan|g'—|2:
The gain curve has an asymptote with zero slope!for ! ¢. For large val-
ues of! the gain curve has an asymptote with slop2. The largest gairQ D
max jG.il/ ] 1=.2/, called theQ-value is obtained for I 0. The phase
is zero for low frequencies and approaches 180 large frequencies. The curves
can be approximated with the following piecewise linearresgpions

if ! I'o

l0gJG. 1/ ] (2Iog! o 2log! if! os

0 if ! I'o

\ G.il/ .
180 if! ! o:

The Bode plot is shown in Figu&13h Note that the asymptotic approximation is
poor neat D ! oandthatthe Bode plot depends strongly amear this frequency.

Given the Bode plots of the basic functions, we can now skittetirequency
response for a more general system. The following exampistifites the basic
idea.

Example 8.8 Asymptotic approximation for a transfer function
Consider the transfer function given by

k.sC b/ _
.sCal.s2C2! ¢sC! ¥’

The Bode plot for this transfer function appears in Figus4 with the complete
transfer function shown as a solid line and the asymptofic@pmation shown as
a dashed line.

We begin with the gain curve. At low frequency, the magnitisdgiven by

kb

—!
al g

When we reach D a, the effect of the pole begins and the gain decreases with
slope 1. At! D b, the zero comes into play and we increase the slope by 1,
leaving the asymptote with net slope 0. This slope is used tngtieffect of the
second-order pole is seentaD ! o, at which point the asymptote changes to slope

2. We see that the gain curve is fairly accurate except ingég@sn of the peak
due to the second-order pole (since for this cagereasonably small).

The phase curve is more complicated since the effect of theepbietches
out much further. The effect of the pole begind aD a=10, at which point we
change from phase 0 to a slope o#i5 /decade. The zero begins to affect the
phase at D b=10, producing a at section in the phase. AtD 10a the phase

G.s/ D b o

G.0/ D
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Figure 8.14: Asymptotic approximation to a Bode plot. The thin line is the Bode plot for the
transfer functionG.s/ D k.sC b/=.sCa/.s?C 2! (sC!3/,wherea b !, Each
segment in the gain and phase curves represents a separate pothienapproximation,
where either a pole or a zero begins to have effect. Each segmentagpheximation is a
straight line between these points at a slope given by the rules for comphéreffects of
poles and zeros.

contributions from the pole end, and we are left with a sloped® /decade (from

the zero). At the location of the second-order psle, i! o, we get a jump in phase

of 180. Finally, at! D 10b the phase contributions of the zero end, and we are
left with a phase of 180 degrees. We see that the straight-line approximation fo
the phase is not as accurate as it was for the gain curve,dngsgtcapture the basic
features of the phase changes as a function of frequency. r

The Bode plot gives a quick overview of a system. Since any bicgna be
decomposed into a sum of sinusoids, it is possible to viseidlie behavior of a
system for different frequency ranges. The system can beedew a Iter that can
change the amplitude (and phase) of the input signals aiogptad the frequency
response. For example, if there are frequency ranges whergain curve has
constant slope and the phase is close to zero, the actioe afygiem for signals
with these frequencies can be interpreted as a pure gainla8imior frequencies
where the slope is +1 and the phase close tq 8@ action of the system can be
interpreted as a differentiator, as shown in Fig8uE2

Three common types of frequency responses are shown in RigliseThe
system in Figure3.15ais called alow-pass lter because the gain is constant for
low frequencies and drops for high frequencies. Notice thatphase is zero for
low frequencies and 180 for high frequencies. The systems in Fig8té5band
c are called @and-pass Iterandhigh-pass lterfor similar reasons.

To illustrate how different system behaviors can be reachftibe Bode plots
we consider the band-pass lter in FiguBel. For frequencies aroudd D ! o,
the signal is passed through with no change in gain. Howéseirequencies well
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Figure 8.15: Bode plots for low-pass, band-pass and high-pass Iters. The top aletthe
gain curves and the bottom plots are the phase curves. Each systexs fiagsencies in a
different range and attenuates frequencies outside of that range.

below or well abovée , the signal is attenuated. The phase of the signal is also
affected by the lIter, as shown in the phase curve. For fregigsnbelow! ;=100
there is a phase lead of 9@&nd for frequencies above 10§there is a phase lag

of 90 . These actions correspond to differentiation and integmadf the signal in
these frequency ranges.

Example 8.9 Transcriptional regulation
Consider a genetic circuit consisting of a single gene. Vgbwa study the response
of the protein concentration to uctuations in the mRNA dyriesn We consider
two cases: aonstitutive promotefno regulation) and self-repression (negative
feedback), illustrated in Figui®16 The dynamics of the system are given by
dm . dp .
dtD.p/ m u; d,[Dm p;
whereu is a disturbance term that affects mRNA transcription.
For the case of no feedback we havep/ D (, and the system has an equi-
librium pointatme D o= , pe D  o=. / . The transfer function from to pis
given by

G s D—o
pv .sC [.sC /

For the case of negative regulation, we have

1
1Ckp'

. p/ D C o

and the equilibrium points satisfy

Me D — Pe; C oD mgD —pe:

1Ckp
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Figure 8.16: Noise attenuation in a genetic circuit. The open loop system (a) consists of a
constitutive promoter, while the closed loop circuit (b) is self-regulatednégative feedback
(repressor). The frequency response for each circuit is shoya).in

The resulting transfer function is given by

: nakpl *
sClsCc/C ' 1C kpp/?

Figure8.16cshows the frequency response for the two circuits. We sed¢tha
feedback circuit attenuates the response of the systensturioiances with low-
frequency content but slightly ampli es disturbances atHiggquency (compared
to the open loop system). Notice that these curves are veiilasito the frequency
response curves for the op amp shown in FigiBh r

GS,.s/ D

Transfer Functions from Experiments

The transfer function of a system provides a summary of thetioptput response
and is very useful for analysis and design. However, moddtiom rst principles
can be dif cultand time-consuming. Fortunately, we canofiaild an input/output
model for a given application by directly measuring the érelcy response and
tting a transfer function to it. To do so, we perturb the inpathe system using a
sinusoidal signal at a xed frequency. When steady statesisired, the amplitude
ratio and the phase lag give the frequency response for tiagan frequency. The
complete frequency response is obtained by sweeping oegre of frequencies.

By using correlation techniques it is possible to deterntireefrequency re-
sponse very accurately, and an analytic transfer functionbe obtained from the
frequency response by curve tting. The success of this ambrdes led to in-
struments and software that automate this process, cglecirum analyzerdVe
illustrate the basic concept through two examples.

Example 8.10 Atomic force microscope
To illustrate the utility of spectrum analysis, we consitterdynamics of the atomic
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Figure 8.17: Frequency response of a preloaded piezoelectric drive for an atontie
microscope. The Bode plot shows the response of the measure@triamstion (solid) and
the tted transfer function (dashed).

force microscope, introduced in SectiBrb. Experimental determination of the
frequency response is particularly attractive for thigeiysbecause its dynamics are
very fast and hence experiments can be done quickly. A tyeixaample is given in
Figure8.17, which shows an experimentally determined frequency mrespésolid
line). In this case the frequency response was obtainedg#tlan a second. The
transfer function

kI 2121252C 21! 1SC!2..52C2 4 4sC!2les
|2| 52C22 2SC|2/SZC23 3SC|2/52C25 5SC|2/

with! « D 2 fyandf; D 2.42 kHz, 1 D 0:03, f, D 2.55 kHz, , D 0:03, f3 D
6.45 kHz, 3 D 0:042, f, D 8.25 kHz, 4 D 0:025, fs D 9.3 kHz, 5 D 0:032,

D 10 #sandk D 5, was tto the data (dashed line). The frequencies associated
with the zeros are located where the gain curve has mininthftenfrequencies
associated with the poles are located where the gain cus/obal maxima. The
relative damping ratios are adjusted to give a good t to maxand minima. When
agood ttothe gain curve is obtained, the time delay is adjd$b give a good tto
the phase curve. The piezo drive is preloaded, and a simplelrabits dynamics is
derived in Exercis®.7. The pole at 2.42 kHz corresponds to the trampoline mode
derived in the exercise; the other resonances are higheesnod

G.s/ D

r

Example 8.11 Pupillary light re ex dynamics

The human eye is an organ that is easily accessible for expetant has a control

system that adjusts the pupil opening to regulate the ligienisity at the retina.
This control system was explored extensively by Stark in th@0$9Sta68§.

To determine the dynamics, light intensity on the eye wagdasinusoidally and

the pupil opening was measured. A fundamental dif culty iattthe closed loop
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(a) Closed loop (b) Open loop (c) High gain

Figure 8.18:Light stimulation of the eye. In (a) the light beam is so large that it alwayerso
the whole pupil, giving closed loop dynamics. In (b) the light is focused anbe@am which
is so narrow that it is not in uenced by the pupil opening, giving operpldgnamics. In (c)
the light beam is focused on the edge of the pupil opening, which hasféoe efincreasing
the gain of the system since small changes in the pupil opening have aeféegeon the
amount of light entering the eye. From StaBt468.

system is insensitive to internal system parameters, slysagaf a closed loop
system thus gives little information about the internalgandies of the system. Stark
used a clever experimental technique that allowed him tesitigate both open and
closed loop dynamics. He excited the system by varying tieagity of a light beam
focused on the eye and measured pupil area, as illustratgdune8.18 By using

a wide light beam that covers the whole pupil, the measuréegiees the closed
loop dynamics. The open loop dynamics were obtained by usimeyraw beam,
which is small enough that it is not in uenced by the pupil ojmen The result of
one experiment for determining open loop dynamics is gimdrigure8.19 Fitting

a transfer function to the gain curve gives a good t@rs/ D 0:17=.1C 0:08s/°.
This curve gives a poor t to the phase curve as shown by the dashese in
Figure8.19 The t to the phase curve is improved by adding a time delayciwhi
leaves the gain curve unchanged while substantially modjfthe phase curve.
The nal t gives the model

0:17

. D ' OZZS:

G.s AC 0:085/3e

The Bode plot of this is shown with solid curves in Fig@&49 Modeling of the
pupillary re ex from rst principles is discussed in detail [iKS01]. r

Notice that for both the AFM drive and pupillary dynamics itrist easy to
derive appropriate models from rst principles. In practiités often fruitful to use
a combination of analytical modeling and experimental ideation of parameters.
Experimental determination of frequency response is léstitze for systems with
slow dynamics because the experiment takes a long time.

8.5 Laplace Transforms

Transfer functions are conventionally introduced usinglaeg transforms, and in
this section we derive the transfer function using this falism. We assume basic
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Figure 8.19: Sample curves from an open loop frequency response of the et)eafhelf a
Bode plot for the open loop dynamics (right). The solid curve showscodi the data using a
third-order transfer function with time delay. The dashed curve in theeBdat is the phase
of the system without time delay, showing that the delay is needed to praggtyre the
phase. (Figure redrawn from the data of Sts8ta6§.)

familiarity with Laplace transforms; students who are nobifaar with them can
safely skip this section. A good reference for the matherahtnaterial in this
section is the classic book by Widdé#d41].

Traditionally, Laplace transforms were used to computeaeses of linear sys-
tems to different stimuli. Today we can easily generate #sponses using com-
puters. Only a few elementary properties are needed foc basirol applications.
There is, however, a beautiful theory for Laplace transfomsakes it possible
to use many powerful tools from the theory of functions of enptex variable to
get deep insights into the behavior of systems.

Consider a functiorf.t/, f : R ! R, that is integrable and grows no faster
thane®! for some nitesy 2 R and larget. The Laplace transform mapisto a
functionF DL f :C! Cofacomplexvariable. Itis de ned by

z 1
F.s/ D e S'f.t/dt; Res> s (8.22)
0

The transform has some properties that makes it well suitetb&b with linear

systems.
First we observe that the transform is linear because
Z 1
L.af Cbg/ D e St.af.t/ C bg.t// dt
Z, z, (8.23)
Da e*S'f.t/dtCb e S'g.t/dtDaLfCbLg:
0 0

Next we calculate the Laplace transform of the derivative fofrection. We have

df Z1 1 Zl
L—D eStfo.t/dtDeStf.tIOCS e S'f.t/dtD f.0/CsLf;

dt 0 0
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where the second equality is obtained using integrationdsispWe thus obtain

L%Dst f.O/ DsF.s/ f.0 (8.24)

Thisformulais particularly simple if the initial conditisrare zero because it follows
that differentiation of a function corresponds to muligliion of the transform by
S.

Since differentiation corresponds to multiplication §ywe can expect that
integration corresponds to division ByThis is true, as can be seen by calculating
the Laplace transform of an integral. Using integration bgtgpave get

Zt Zl Zt
L f./d D est f./d dt
0 0 0
eStZt 1 Zl es 121
D — f./d C f./d D= e?®f./ld;
S o 0 0 S S o
hence Z, L .
L f./d D-LfD=F.s (8.25)
0 S S

Next consider a linear time-invariant system with zeroidhistate. We saw in
Section5.3 that the relation between the inputand the outpuy is given by the
convolution integral 7

1

y.t/ D h.t /u./ d;
0

whereh.t/ is the impulse response for the system. Taking the Laplansftrem of
this expression, we have

z 1 YA 1 z 1

Y.s/ D e Sty.t/dtD e st ht /u./d dt
Zo1 z, 0 0
D est ’esht Ju/d dt
2, ° zZ,
D eu/d e Sth.t/dt D H.s/U.s/:
0 0
Thus, the input/output response is givenYys/ D H.s/U.s/, whereH, U and
Y are the Laplace transforms bf u andy. The system theoretic interpretation
is that the Laplace transform of the output of a linear system product of two
terms, the Laplace transform of the infuits/ and the Laplace transform of the
impulse response of the systdhs/. A mathematical interpretation is that the
Laplace transform of a convolution is the product of the tfammss of the functions
that are convolved. The fact that the formiMas/ D H.s/U.s/ is much simpler
than a convolution is one reason why Laplace transforms hewerbe popular in
engineering.
We can also use the Laplace transform to derive the transfetiéun for a state
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space system. Consider, for example, a linear state spamarsgescribed by

d
d—)t(DAxc Buu  yDCxC Du:

Taking Laplace transformsnder the assumption that all initial values are zero
gives
sX.s/ D AX.s/ C BU.s/ Y.s/ D CX.s/ C DU.s:

Elimination of X.s/ gives

Y.ssD C.sl A 'BCD U.s: (8.26)

The transfer functioni§.s/ D C.sl A/ 1BC D (compare with equatiorg(4)).

8.6 Further Reading

The idea of characterizing a linear system by its steadg-sé&ponse to sinusoids
was introduced by Fourier in his investigation of heat caridun in solids Fou07.
Much later, it was used by the electrical engineer Steinméta imtroduced the
i! method for analyzing electrical circuits. Transfer funos were introduced via
the Laplace transform by Gardner Barn&Bj§2), who also used them to calcu-
late the response of linear systems. The Laplace transfornvevgsmportant in
the early phase of control because it made it possible to addients via tables
(see, e.g. JNP4T). Combined with block diagrams, transfer functions andlaag
transforms provided powerful techniques for dealing witimplex systems. Cal-
culation of responses based on Laplace transforms is lesstamp today, when
responses of linear systems can easily be generated usimguters. There are
many excellent books on the use of Laplace transforms andféafunctions for
modeling and analysis of linear input/output systems. ifi@thl texts on control
such as PDB04], [FPENO0Y and [Oga0] are representative examples. Pole/zero
cancellation was one of the mysteries of early control thdois clear that com-
mon factors can be canceled in a rational function, but ditimas have system
theoretical consequences that were not clearly undersiotidKalman's decom-
position of a linear system was introduc&HN63]. In the following chapters, we
will use transfer functions extensively to analyze st&p@ind to describe model
uncertainty.

Exercises

8.1 Let G.s/ be the transfer function for a linear system. Show that if we ap
ply an inputu.t/ D Asin.! t/, then the steady-state output is givenyay/ D
jG.i!/ jAsin! t CargG.i!// . (Hint: Start by showing that the real part of a com-
plex number is a linear operation and then use this fact.)
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8.2 Consider the system g
X

dt
Compute the exponential response of the system and use thesive the transfer

function fromu to y. Show that whers D a, a pole of the transfer function, the
response to the exponential input/ D e’tis x.t/ D €¥'x.0/ C te?.

D axC u:

8.3 (Inverted pendulum) A model for an inverted pendulum wasonhiced in
Example2.2 Neglecting damping and linearizing the pendulum arouediftright
position gives a linear system characterized by the matrice

8 9 8 9 8 9

2 0 1z 2 03, ‘ - )
ADZ ey o BDZ;57i cDil 0 DDO

Determine the transfer function of the system.
8.4 (Solutions corresponding to poles and zeros) Consider ffegetitial equation
dny dan 1y dn 1u dan 2u

dtn C alw C C any D le C bzw C C bnu:

(@) Let be aroot of the characteristic polynomial
s"Cas"'C Ca,DO:
Show that ifu.t/ D 0, the differential equation has the solutigri/ D e .

(b) Let be a zero of the polynomial
b.s/ D bys” 1Chys" 2C  C by:

Show that if the input isi.t/ D et, then there is a solution to the differential
equation that is identically zero.

8.5 (Operational ampli er) Consider the operational ampli etrioduced in Sec-
tion 3.3and analyzed in Exampi&3. A PI controller can be constructed using an
op amp by replacing the resistBp with a resistor and capacitor in series, as shown
in Figure3.10 The resulting transfer function of the circuit is given by
1 kCs
G.s/ D RC— - ;
?”Cs . kRCCRCI/sC1
wherek is the gain of the op amR; andR; are the resistances in the compensation
network andC is the capacitance.

(a) Sketch the Bode plot for the system under the assumptadkth R, > R;.
You should label the key features in your plot, including ¢fagn and phase at low
frequency, the slopes of the gain curve, the frequenciehatiwvthe gain changes
slope, etc.
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(b) Suppose now that we include some dynamics in the ampliggulined in
Example 8.1. This would involve replacing the g&iwith the transfer function
k

H.s/ D :
1CsT

Compute the resulting transfer function for the system, (ieplacek with H.s/)
and nd the poles and zeros assuming the following parameiieres
Ry

R D 100 kD 1¢°; R.C D 1, T D 0:.0L
1

(c) Sketch the Bode plot for the transfer function in part (bing straight line
approximations and compare this to the exact plot of thestearfunction (using
MATLAB). Make sure to label the important features in your plot

8.6(Transfer function for state space system) Consider tieatiatate space system

%(DAXCBU; y D Cx:
Show that the transfer function is
bls” 1Cb25n 2C C bn.

s"Cas"1C Ca, '

G.s/D

where
b;DCB; b,DCABC&CB; :::; b,DCA" 'BCa,CA" 'BC Ca, ;CB
and.s/Ds"Cas" 1C C a,isthe characteristic polynomial fak.

8.7 (Kalman decomposition) Show that the transfer function ofsdéesm depends
only on the dynamics in the reachable and observable subsiabhe Kalman
decomposition. (Hint: Consider the representation giveaduation 7.27).)

8.8 Using block diagram algebra, show that the transfer funstioomd to y and
ntoy in Figure8.7 are given by
P 1

GyD———  GyD-—:
vi= 1cPC = I1CPC

8.9 (Bode plot for a simple zero) Show that the Bode plot for tran$finction
G.s/ D .sCa/=acan be(approximated by

ifl< a

logjG.il/ | 8|Og! loga if!> a;

20 if 1< a=10
\ G.il/ >450 45log! loga/ a=10<!< 10a
© 90 if ! > 10a.
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8.10 (Vectored thrust aircraft) Consider the lateral dynamita wectored thrust
aircraft as described in Examp®9. Show that the dynamics can be described
using the following block diagram:

r % 1
t oI - M9 m< C cs X

Use this block diagram to compute the transfer functionsifig to  andx and
show that they satisfy

J  mgr

H — =
Js2.m<& C co

r
uq D ﬁl HXU1 D

8.11 (Common poles) Consider a closed loop system of the form afrEig.7, -
with F D 1 andP andC having a pole/zero cancellation. Show that if each system
is written in state space form, the resulting closed loopesyss not reachable and
not observable.

8.12(Congestion control) Consider the congestion control rhdescribed in Sec-
tion 3.4 Letw represent the individual window size for a set\bidentical sources,

g represent the end-to-end probability of a dropped pabkefpresent the number

of packets in the router's buffer anarepresent the probability that that a packet is
dropped by the router. We writelD Nw to represent the total number of packets
being received from alN sources. Show that the linearized model can be described
by the transfer functions

e N

GowS/ D ———; Gw.S/D —m——;
b SCe S W Oe- &S C geWe/

where.we; be/ is the equilibrium point for the system, is the steady-state round-
trip time and ¢ is the forward propagation time.

8.13(Inverted pendulum with PD control) Consider the normalireerted pen-
dulum system, whose transfer function is given Bys/ D 1=.s> 1/ (Exer-

cise8.3). A proportional-derivative control law for this systemshi@ansfer func-
tion C.s/ D k, C kys (see TableB.1). Suppose that we choo§es/ D . s 1/.

Compute the closed loop dynamics and show that the systegologistracking of
reference signals but does not have good disturbanceiogjgubperties.

8.14(Vehicle suspensiorHB90]) Active and passive damping are used in cars to
give a smooth ride on a bumpy road. A schematic diagram of withia damping
system in shown in the gure below.
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(Porter Class | race car driven by Todd Cuffaro)

This model is called guarter car modeland the car is approximated with two
masses, one representing one fourth of the car body and liee @twheel. The
actuator exerts a fordé between the wheel and the body based on feedback from
the distance between the body and the center of the wheeiatieespacé.

Let xp, X andx, represent the heights of body, wheel and road measured from
their equilibria. A simple model of the system is given by Nemws equations for
the body and the wheel,

myR D F; My D FCk.X Xul;

wheremy, is a quarter of the body mass,, is the effective mass of the wheel
including brakes and part of the suspension systemuiiserung magsandk; is
the tire stiffness. For a conventional damper consisting sipring and a damper,
we haveF D k.xy, X/ C c.®, Px/. For an active damper the forde can
be more general and can also depend on riding conditiongr Rmfort can be
characterized by the transfer functiGn, from road heighk; to body acceleration
a D ®. Shgw that this transfer function has the prope8y .i! ¢/ D ki=myp,
where! ; D~ k=m,, (thetire hop frequency The equation implies that there are
fundamental limitations to the comfort that can be achievéd any damper.

8.15(Vibration absorber) Damping vibrations is a common engjiimg problem.
A schematic diagram of a damper is shown below:

1
=.

F
m
Col=] k;
=0

—

X1
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The disturbing vibration is a sinusoidal force acting on nragsand the damper
consists of the mass, and the sprind,. Show that the transfer function from
disturbance force to heightt of the massn; is

m252 Cky )
m1m254 C m201$3 C .mlkz C mo. k1 C kz// s2C k2C1S C klkzl
How should the mass, and the stiffnes&, be chosen to eliminate a sinusoidal

oscillation with frequency (. (More details are vibration absorbers is given in the
classic text by Den HartodJH85, pp. 87-93].)

GXlF D







Chapter Nine

Frequency Domain Analysis

Mr. Black proposed a negative feedback repeater and proved by tedti ffossessed the
advantages which he had predicted for it. In particular, its gain was consteanhigh degree,
and it was linear enough so that spurious signals caused by the interaafitive various
channels could be kept within permissible limits. For best results the fekdbetor  had
to be numerically much larger than unity. The possibility of stability with a feddfeaztor
larger than unity was puzzling.

Harry Nyquist, “The Regeneration Theory,” 199%y[g56].

In this chapter we study how the stability and robustnessoskcl loop systems
can be determined by investigating how sinusoidal signaiiéfierent frequencies
propagate around the feedback loop. This technique allow® wsason about
the closed loop behavior of a system through the frequennyadtoproperties of
the open loop transfer function. The Nyquist stability thesoris a key result that
provides a way to analyze stability and introduce measurdegrees of stability.

9.1 The Loop Transfer Function

Determining the stability of systems interconnected bylbeek can be tricky be-
cause each system in uences the other, leading to potgntimtiular reasoning.
Indeed, as the quote from Nyquist above illustrates, thaiehof feedback sys-
tems can often be puzzling. However, using the mathemditazakework of transfer
functions provides an elegant way to reason about suchregstehich we calloop
analysis

The basic idea of loop analysis is to trace how a sinusoidab$jgropagates in
the feedback loop and explore the resulting stability byestigating if the prop-
agated signal grows or decays. This is easy to do becauseatis@rission of
sinusoidal signals through a linear dynamical system isactarized by the fre-
quency response of the system. The key result is the Nyquaistlist theorem,
which provides a great deal of insight regarding the stghif a system. Unlike
proving stability with Lyapunov functions, studied in Chiapd, the Nyquist crite-
rion allows us to determine more than just whether a systestalde or unstable.
It provides a measure of the degree of stability through thaitlon of stability
margins. The Nyquist theorem also indicates how an unstaiskers should be
changed to make it stable, which we shall study in detail iaférs10-12.

Considerthe systemin Figugela The traditional way to determine ifthe closed
loop system is stable is to investigate if the closed loopaittaristic polynomial
has all its roots in the left half-plane. If the process aradbntroller have rational
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C.s/ = P.s/ - — — L.s/

(@) (b)

Figure 9.1: The loop transfer function. The stability of the feedback system (a) ean b
determined by tracing signals around the loop. Lettin® P C represent the loop transfer
function, we break the loop in (b) and ask whether a signal injected ataiiné A has the
same magnitude and phase when it reaches point B.

transfer functionP.s/ D n,.s/=dp.s/ andC.s/ D nc.s/=d..s/, then the closed
loop system has the transfer function

PC Ny.S/Ne. s/
Gyr.s/ D D =< :
v 1C PC ~ dp.s/d..s/ C np.s/ng.s/

and the characteristic polynomial is
. 8/ D dp.s/dc.s/ C np.s/ne.s/:

To check stability, we simply compute the roots of the chidstic polynomial
and verify that they each have negative real part. This agprizestraightforward
but it gives little guidance for design: it is not easy to tev the controller should
be modi ed to make an unstable system stable.

Nyquist's idea was to investigate conditions under whiatilizions can occur
in a feedback loop. To study this, we introduce tbep transfer function Ls/ D
P.s/C.s/, which is the transfer function obtained by breaking thelbeek loop,
as shown in Figur8.1h The loop transfer function is simply the transfer function
from the input at position A to the output at position B muigg by 1 (to account
for the usual convention of negative feedback).

We will rst determine conditions for having a periodic odation in the loop.
Assume that a sinusoid of frequenky is injected at point A. In steady state the
signal at point B will also be a sinusoid with the frequehgy It seems reasonable
that an oscillation can be maintained if the signal at B hassttime amplitude and
phase as the injected signal because we can then discone&getcted signal and
connect A to B. Tracing signals around the loop, we nd thatdtymals at A and
B are identical if

L.ilo/ D 1 (9.1)

which then provides a condition for maintaining an osditlat The key idea of
the Nyquist stability criterion is to understand when thas tiappen in a general
setting. As we shall see, this basic argument becomes mbtke suhen the loop
transfer function has poles in the right half-plane.

Example 9.1 Operational ampli er circuit
Consider the op amp circuit in FiguBe2g whereZ, andZ, are the transfer func-
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vi [z, e Z % Va
— = - G.s/ -
Zy Z,CZ,
o ‘o)
(a) Ampli er circuit (b) Block diagram

Figure 9.2: Loop transfer function for an op amp. The op amp circuit (a) has aimadm
transfer functionv,=v; D Z,.s/=Z7;.s/, whereZ; and Z, are the impedances of the circuit
elements. The system can be represented by its block diagram (bg weeow include the
op amp dynamic§.s/. The loop transfer function i D Z,G=.Z, C Z,/.

tions of the feedback elements from voltage to current. Thefeedback because
voltagev;, is related to voltage through the transfer functionG describing the op
amp dynamics and voltageis related to voltage, through the transfer function
Z1=.Z1 C Z,/. The loop transfer function is thus

Gz,
Z,C Zy

Assuming that the currentis zero, the current through the elemegtsand Z, is
the same, which implies

LD (9.2)

Vi VDV Vo
Z1 Z,

Solving forv gives
ZoVvq C Z1Vo ZoVq ZlGV Zo L

v D D D——v; Lv:
Zl C Zg Zl C Zz Zl G
Sincev, D Gv the input/output relation for the circuit becomes
Z, L
Gy, D ——r
v Z;1CL

A block diagram is shown in Figur@.2h It follows from (9.1) that the condition
for oscillation of the op amp circuit is
Z1.iM G.ilY/

il
LIV D o e i

(9.3)

r

One of the powerful concepts embedded in Nyquist's appraastability anal-
ysis is that it allows us to study the stability of the feedbagstem by looking at
properties of the loop transfer function. The advantage dafglthis is that it is
easy to see how the controller should be chosen to obtainisedésop transfer
function. For example, if we change the gain of the contrptlee loop transfer
function will be scaled accordingly. A simple way to stab#lian unstable system is
then to reduce the gain so that thé& point is avoided. Another way is to introduce
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(a) Nyquist D contour (b) Nyquist plot

Figure 9.3: The Nyquist contouf and the Nyquist plot. The Nyquist contour (a) encloses
the right half-plane, with a small semicircle around any polek.af on the imaginary axis
(illustrated here at the origin) and an arc at in nity, representedRbyl . The Nyquist
plot (b) is the image of the loop transfer functibns/ whens traversed® in the clockwise
direction. The solid line corresponds'te 0, and the dashed line to< 0. The gain and
phase at the frequendy areg D jL.i!/ jand' D \ L.il/ . The curve is generated for
L.s/ D Lde 5=sC V2

a controller with the property that it bends the loop trangfaction away from the
critical point, as we shall see in the next section. Difféngays to do this, called
loop shaping, will be developed and will be discussed in @drad.

9.2 The Nyquist Criterion

In this section we present Nyquist's criterion for determgnthe stability of a
feedback system through analysis of the loop transfer imctVe begin by intro-
ducing a convenient graphical tool, the Nyquist plot, anashow it can be used
to ascertain stability.

The Nyquist Plot

We saw in the last chapter that the dynamics of a linear systenioe represented
by its frequency response and graphically illustrated byédeBplot. To study the
stability of a system, we will make use of a different repregaton of the frequency
response called ldyquist plot The Nyquist plot of the loop transfer functians/

is formed by tracings 2 C around the Nyquist “D contour,” consisting of the
imaginary axis combined with an arc at in nity connecting edpoints of the
imaginary axis. The contour, denoted@£ C, is illustrated in Figuré.3a The
image ofL.s/ whens traverse® gives a closed curve in the complex plane and is
referred to as the Nyquist plot fdr.s/, as shown in Figur®.3h Note that if the
transfer functiori.s/ goes to zero asgets large (the usual case), then the portion
of the contour “at in nity” maps to the origin. Furthermore gtiportion of the plot
corresponding td< 0 is the mirror image of the portion with> 0.
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There is a subtlety in the Nyquist plot when the loop trangfecfion has poles
on the imaginary axis because the gainis in nite at the pdlesolve this problem,
we modify the contouf to include small deviations that avoid any poles on the
imaginary axis, as illustrated in Figu8e3a(assuming a pole df. s/ at the origin).
The deviation consists of a small semicircle to the right efithaginary axis pole
location.

The condition for oscillation given in equatio.() implies that the Nyquist
plot of the loop transfer function go through the pointD 1, which is called
thecritical point. Let! . represent a frequency at whith..i! ./ D 180, corre-
sponding to the Nyquist curve crossing the negative real. dxiuitively it seems
reasonable that the system is stablg.ifi! ;/j < 1, which means that the critical
point 1 is on the left-hand side of the Nyquist curve, as indicateligure9.3h
This means that the signal at point B will have smaller amgétthan the injected
signal. This is essentially true, but there are several stidél that require a proper
mathematical analysis to clear up. We defer the detailsdarand state the Nyquist
condition for the special case whdtes/ is a stable transfer function.

Theorem 9.1(Simpli ed Nyquist criterion) Let L.s/ be the loop transfer function
for a negative feedback system (as shown in Figui&) and assume that L has
no poles in the closed right half-plan®¢s  0) except for single poles on the
imaginary axis. Then the closed loop system is stable if aiyl ibthe closed
contour givenby DfL.i// : 1 <!< 1g C hasno netencirclements of
the critical pointsD 1.

The following conceptual procedure can be used to deternmiaethere are
no encirclements. Fix a pin at the critical po;D 1, orthogonal to the plane.
Attach a string with one end at the critical point and the ptirethe Nyquist plot.
Let the end of the string attached to the Nyquist curve travére whole curve.
There are no encirclements if the string does not wind up opithehen the curve
is encircled.

Example 9.2 Third-order system
Consider a third-order transfer function
1 .
.sCa/’?
To compute the Nyquist plot we start by evaluating pointslaniimaginary axis
sD !, which yields
1 a i3 _a® 3a? 1% 3a?
il Cal®  a2Cl23  aClZ3 °~ aZC1Zs
This is plotted in the complex plane in Figu@el, with the points corresponding to
I > 0drawn as a solid line and< 0 as a dashed line. Notice that these curves

are mirror images of each other.
To complete the Nyquist plot, we computes/ for s on the outer arc of the

L.s/D

L.it/ D
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Figure 9.4: Nyquist plot for a third-order transfer function. The Nyquist plot sists of a
trace of the loop transfer functidn.s/ D 1=.s C a/%. The solid line represents the portion
of the transfer function along the positive imaginary axis, and the ddstethe negative
imaginary axis. The outer arc of the D contour maps to the origin.

Nyquist D contour. This arc has the fosyD Re for R!1 . This gives

: 1
L.R D—— R!1
a/ Rd Cal? 0 as

Thus the outer arc of thB contour maps to the origin on the Nyquist plot. r

An alternative to computing the Nyquist plot explicitly determine the plot
from the frequency response (Bode plot), which gives theuistqurvefors D i!
1> 0. We start by plottings.i!/ from! D Oto! D 1 , which can be read off
from the magnitude and phase of the transfer function. We phet G. R€ / with

2 =2, =2]andR!1 ,which almost always maps to zero. The remaining

parts of the plot can be determined by taking the mirror imadhle curve thus far
(normally plotted using a dashed line). The plot can then beléa with arrows
corresponding to a clockwise traversal around the D cor{tbersame direction in
which the rst portion of the curve was plotted).

Example 9.3 Third-order system with a pole at the origin
Consider the transfer function

L.s/D s.sC 1/2’
where the gain has the nominal vaku® 1. The Bode plot is shown in FiguBe5a
The system has a single polesdd 0 and a double pole atD 1. The gain curve
of the Bode plot thus has the slopd. for low frequencies, and at the double pole
s D 1the slope changes ta3. For smalswe havel.  k=s, which means that the
low-frequency asymptote intersects the unit gain lineé d@ k. The phase curve
starts at 90 for low frequencies, itis 180 at the breakpoint D 1 and it is
270 at high frequencies.

Having obtained the Bode plot, we can now sketch the Nyquatt phown
in Figure9.5h It starts with a phase of 90 for low frequencies, intersects the
negative real axis at the breakpainD 1 whereL.i/ D 0:5 and goes to zero along
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L ImL.il
210 RN
= ! .
- 1 N
_ N
10° A N
\ il
90 F \\  ReL.il/
= -1 !
3 -180 /7
— a
270k ‘ P
10" 10 10" R e
Frequency [rad/s]
(a) Bode plot (b) Nyquist plot

Figure 9.5: Sketching Nyquist and Bode plots. The loop transfer functian & D 1=.s.sC
1/2/. The large semicircle is the map of the small semicircle oftftentour around the pole
at the origin. The closed loop is stable because the Nyquist curve dbesaiele the critical
point. The point where the phase i480 is marked with a circle in the Bode plot.

the imaginary axis for high frequencies. The small halfieiaf theO contour at
the origin is mapped on a large circle enclosing the right-piane. The Nyquist
curve does not encircle the critical point, and it followarfrthe simpli ed Nyquist
theorem that the closed loop is stable. Sikcé/ D k=2, we nd the system
becomes unstable if the gain is increaseld @ 2 or beyond. r

The Nyquist criterion does notrequire thhti! ./j < 1forall! . corresponding
toacrossing of the negative real axis. Rather, it sayslteatumber of encirclements
must be zero, allowing for the possibility that the Nyquistwe could cross the
negative real axis and cross back at magnitudes greaterlth@he fact that it
was possible to have high feedback gains surprised the@eslgners of feedback
ampli ers, as mentioned in the quote in the beginning of tinamter.

One advantage of the Nyquist criterion is that it tells us f@gystem is in-

uenced by changes of the controller parameters. For exanitpgkevery easy to
visualize what happens when the gain is changed since 8tisgales the Nyquist
curve.

Example 9.4 Congestion control
Consider the Internet congestion control system desciib8ection3.4. Suppose
we haveN identical sources and a disturbantaepresenting an external data
source, as shown in Figuge6a We letw represent the individual window size for
a sourceg represent the end-to-end probability of a dropped padketpresent
the number of packets in the router's buffer gmepresent the probability that that
a packet is dropped by the router. We wiitdor the total number of packets being
received from allN sources. We also include a time delay between the router and
the senders, representing the time delays between thersertieeceiver.

To analyze the stability of the system, we use the transfestions computed
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Admission
Router Control y ImL.iY
d W b
@)\M.S/ pr.S/ p L
- s N
- AN
I | 7 v RelL.il/
. H ! o
o b Link Link o 15 =
delay delay 05
A TCP
w q
N - qu.S/ -

Figure 9.6: Internet congestion control. A set bf sources using TCP/Reno send messages
through a single router with admission control (left). Link delays are iredifdr the forward
and backward directions. The Nyquist plot for the loop transfer fundsoshown on the
right.

in Exercise8.12
&uw.s/ D

where.we; be/ is the equilibrium point for the syster\ is the number of sources,
e IS the steady-state round-trip time ands the forward propagation time. We use
& . to represent the transfer function with the forward timeagieemoved since
this is accounted for as a separate block in Figu6a Similarly, Gyq D Guy=N
since we have pulled out the multipli& as a separate block as well.
The loop transfer function is given by

N 1 o
SCe 5 (e SC geWe/
Using the fact thate ~ 2N=wZ D 2N3=. c/2 andwe D be=N D ¢c=N from

equation 8.22), we can show that

N c 3 .

esCe 15 2N3.c 2sC 2N?/
Note that we have chosen the signlafs/ to use the same sign convention as in
Figure 9.1h The exponential term representing the time delay gives saymt
phase abové D 1=, and the gain at the crossover frequency will determine
stability.
To check stability, we require that the gain be suf cientlyahat crossover. If

we assume that the pole due to the queue dynamics is suf gifr#l that the TCP
dynamics are dominant, the gain at the crossover frequepig/given by

1 1

——— Gwg.8'D ———;  Gpps/D ;
sCe 18 wa Oe. S C eWe/ Pb

eS.

L.s/D

€S-

L.s/ D

c 3 b e
2N3c 21 ¢~ 2N! ¢
Using the Nyquist criterion, the closed loop system will Instable if this quantity

jL.i'/jD -N-
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Figure 9.7: Nyquist curve for the loop transfer functians/ D izgg;.The plot on the right

is an enlargement of the box around the origin of the plot on the left. Theuisiycurve
intersections the negative real axis twice but has no net encirclements of

is greater than 1. In particular, for a xed time delay, thetsys will become
unstable as the link capacityis increased. This indicates that the TCP protocol
may not be scalable to high-capacity networks, as pointeloydiow et al. LPD0Z].
Exercise€9.7 provides some ideas of how this might be overcome. r

Conditional Stability

Normally, we nd that unstable systems can be stabilized sirbg reducing the
loop gain. There are, however, situations where a system eastabilized by
increasing the gain. This was rst encountered by electringimeers in the design
of feedback ampli ers, who coined the teonditional stability The problem was
actually a strong motivation for Nyquist to develop his thedVe will illustrate by
an example.

Example 9.5 Third-order system
Consider a feedback system with the loop transfer function

3.sC6/%

L.ssD ——:
s.sC 1/2

(9.4)

The Nyquist plot of the loop transfer function is shown in Fig@r7. Notice that the
Nyquist curve intersects the negative real axis twice. Theintgrsection occurs at
LD 12for! D 2,andthesecond&tD 4:5for! D 3. The intuitive argument
based on signal tracing around the loop in Figudhis strongly misleading in this
case. Injection of a sinusoid with frequency 2 rad/s and dug# 1 at A gives, in
steady state, an oscillation at B that is in phase with thatiapd has amplitude
12. Intuitively it is seems unlikely that closing of the loall result in a stable
system. However, it follows from Nyquist's stability criten that the system is
stable because there are no net encirclements of the tpba#. Note, however,
that if we decreasdhe gain, then we can get an encirclement, implying that the
gain must be suf ciently large for stability. r
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General Nyquist Criterion

Theorem9.1 requires thatL.s/ have no poles in the closed right half-plane. In
some situations this is not the case and a more general iesetjuired. Nyquist
originally considered this general case, which we sumraaatza theorem.

Theorem 9.2(Nyquist's stability theorem)Consider a closed loop system with the
loop transfer function Ls/ that has P poles in the region enclosed by the Nyquist
contour. Let N be the net number of clockwise encirclementddfy L.s/ when s
encircles the Nyquist contolr in the clockwise direction. The closed loop system
then has ZD N C P poles in the right half-plane.

The full Nyquist criterion states that if. s/ hasP poles in the right half-plane,
then the Nyquist curve fdc.s/ should haveP counterclockwise encirclements of
1 (sothatN D P). In particular, thigrequiresthatjL.i! ;/j > 1 for some! .
corresponding to a crossing of the negative real axis. Gasédbe taken to get the
right sign of the encirclements. The Nyquist contour has todeersed clockwise,
which means thdt moves from1l tol andN is positive if the Nyquist curve
winds clockwise. If the Nyquist curve winds counterclockeyi thenN will be

negative (the desired caseRf600).

As in the case of the simpli ed Nyquist criterion, we use snsaimicircles of
radiusr to avoid any poles on the imaginary axis. By lettingg 0, we can use
Theoremd.2to reason about stability. Note that the image of the smalicecles
generates a section of the Nyquist curve whose magnitudeagipes in nity,
requiring care in computing the winding number. When phafiNyquist curves on
the computer, one must be careful to see that such poles@verfy handled, and
often one must sketch those portions of the Nyquist plot mdhheing careful to
loop the right way around the poles.

Example 9.6 Stabilized inverted pendulum

The linearized dynamics of a normalized inverted pendulunmbearepresented by
the transfer functiof?.s/ D 1=.s> 1/, where the input is acceleration of the pivot
and the output is the pendulum angleas shown in Figur®.8 (Exercises.3). We
attempt to stabilize the pendulum with a proportional-giive (PD) controller
having the transfer functiof.s/ D k.s C 2/. The loop transfer function is

k.sC2/

2 1
The Nyquist plot of the loop transfer function is shown in Fg@r8h We have
L.O/ D 2kandL.1/ D 0. If k> 0:5, the Nyquist curve encircles the critical
points D 1 in the counterclockwise direction when the Nyquist contous
encircled in the clockwise direction. The number of enciteats is thudN D 1.
Since the loop transfer function has one pole in the rightplahe P D 1), we
ndthat Z D NC P D 0and the system is thus stablekos 0:5.I1fk < 0:5, there
is no encirclement and the closed loop will have one pole énright half-plane.

r

L.s/ D
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Figure 9.8: PD control of an inverted pendulum. (a) The system consists of a maisis th
balanced by applying a force at the pivot point. A proportional-dévigacontroller with
transfer functiorC.s/ D k.s C 2/ is used to command based on . (b) A Nyquist plot of
the loop transfer function for gaiknD 1. There is one counterclockwise encirclement of the
critical point, givingN D 1 clockwise encirclements.

Derivation of Nyquist's Stability Theorem

We will now prove the Nyquist stability theorem for a gendoalp transfer function
L.s/. This requires some results from the theory of complex végbor which
the reader can consult Ahlforakl66]. Since some precision is needed in stating
Nyquist's criterion properly, we will use a more mathematistyle of presenta-
tion. We also follow the mathematical convention of cougtmcirclements in the
counterclockwise direction for the remainder of this s@ttiThe key result is the
following theorem about functions of complex variables.

Theorem 9.3(Principle of variation of the argument).et D be a closed region
in the complex plane and It be the boundary of the region. Assume the function
f:C! Cisanalyticin D and orD, except at a nite number of poles and zeros.
Then thenvinding numbem, is given by
Z
1 1 0z
whaD —lpargf.z/ D —

n® 5 rodd 21 o f.z
wherel g is the net variation in the angle when z traverses the con@our the
counterclockwise direction, Z is the number of zeros in D Bnid the number of
poles in D. Poles and zeros of multiplicity m are counted neéim

dzD zZz P;

Proof. Assume thatz D ais a zero of multiplicitym. In the neighborhood af D a
we have
f.zzD.z a™g.7,

where the functiory is analytic and different from zero. The ratio of the derivati
of f to itself is then given by

02/ m Cgo.z/_
f.zl "z a g7’
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and the second term is analyticzab a. The functionf %f thus has a single pole
atz D a with the residuaen. The sum of the residues at the zeros of the function is

Z. Similarly, we nd that the sum of the residues for the poles B, and hence

Vi Z
1 f0z 1 d 1
Z PD-_— D-— Yiogf.z/dzD ——14log f.z:
27 , 7937 ,q091#dzD 575lolog .2

wherel o again denotes the variation along the contouvVe have
logf.z/ Dlogjf.z/jCiargf.z,

and since the variation ¢ff . z/j around a closed contour is zero it follows that
lologf.zZ7 Dilgargf.z,

and the theorem is proved. O

Thistheorem is useful in determining the number of poles anolszof a function
of complex variables in a given region. By choosing an appate closed region
D with boundary0, we can determine the difference between the number of poles
and zeros through computation of the winding number.

TheoremB.3can be used to prove Nyquist's stability theorem by chooBiag
the Nyquist contour shown in FiguB3a which encloses the right half-plane. To
construct the contour, we start with part of the imaginaigaxyR s jRand
a semicircle to the right with radiug. If the function f has poles on the imaginary
axis, we introduce small semicircles with radiio the right of the poles as shown
in the gure. The Nyquist contour is obtained by lettiigy! 1  andr ! O.
Note that0 has orientatiomppositehat shown in Figur®.3a (The convention in
engineering is to traverse the Nyquist contour in the cldskwlirection since this
corresponds to moving upwards along the imaginary axisghvitiakes it easy to
sketch the Nyquist contour from a Bode plot.)

To see how we use the principle of variation of the argumectiopute stability,
consider a closed loop system with the loop transfer fundties/. The closed loop
poles of the system are the zeros of the funcfiosf D 1CL.s/. To ndthe number
of zeros in the right half-plane, we investigate the windmgnber of the function
f.s/ D 1C L.s/ ass moves along the Nyquist contoQrin the counterclockwise
direction. The winding number can conveniently be deterohinem the Nyquist
plot. A direct application of Theorer®.3 gives the Nyquist criterion, taking care
to ip the orientation. Since the image of@ L.s/ is a shifted version ot..s/,
we usually state the Nyquist criterion as net encirclemehtie 1 point by the
image ofL.s/.

9.3 Stability Margins

In practice itis not enough that a system is stable. There atssbe some margins
of stability that describe how stable the system is and iastness to perturbations.
There are many ways to express this, but one of the most consiloa iise of gain
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Figure 9.9: Stability margins. The gain margag, and phase margin, are shown on the the
Nyquist plot (a) and the Bode plot (b). The gain margin correspontietemallest increase
in gain that creates an encirclement, and the phase margin is the smadlegedh phase
that creates an encirclement. The Nyquist plot also shows the stabilitymsargvhich is
the shortest distance to the critical point.

and phase margins, inspired by Nyquist's stability cr@ariThe key idea is that it
is easy to plot the loop transfer functins/. An increase in controller gain simply
expands the Nyquist plot radially. An increase in the phdskeocontroller twists
the Nyquist plot. Hence from the Nyquist plot we can easibkmmff the amount of
gain or phase that can be added without causing the systeettorie unstable.
Formally, thegain margin g, of a system is de ned as the smallest amount that
the openloop gain can be increased before the closed lognsgses unstable. For
a system whose phase decreases monotonically as a funtfrequency starting
at 0, the gain margin can be computed based on the smallest freguédere the
phase of the loop transfer functians/ is 180 . Let! . represent this frequency,
called thephase crossover frequencyhen the gain margin for the system is given
> D 1 . 9.5
LAY o (9-5)
Similarly, thephase margims the amount of phase lag required to reach the stability
limit. Let! y4cbe thegain crossover frequencthe smallest frequency where the loop
transfer functiornL.s/ has unit magnitude. Then for a system with monotonically
decreasing gain, the phase margin is given by

"'mD CargL.i! g (9.6)

These margins have simple geometric interpretations onyheist diagram of
the loop transfer function, as shown in FigAr@a where we have plotted the portion
of the curve corresponding to> 0. The gain margin is given by the inverse of
the distance to the nearest point betwednand 0 where the loop transfer function
crosses the negative real axis. The phase margin is giverelsntallest angle on
the unit circle between 1 and the loop transfer function. When the gain or phase

g
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Figure 9.10: Stability margins for a third-order transfer function. The Nyquist plottos
left allows the gain, phase and stability margins to be determined by megiueidistances
of relevant features. The gain and phase margins can also be fedidhaf Bode plot on the
right.

is monotonic, this geometric interpretation agrees withfdirmulas above.

A drawback with gain and phase margins is that it is necegsagive both of
them in order to guarantee that the Nyquist curve is not dios$ke critical point.
An alternative way to express margins is by a single numheistability margin
Sn, Which is the shortest distance from the Nyquist curve tactitecal point. This
number is related to disturbance attenuation, as will beudised in Sectiohl.3

For many systems, the gain and phase margins can be detdrfinunmethe Bode
plot of the loop transfer function. To nd the gain margin we tred the phase
crossover frequendy,c where the phase is180 . The gain margin is the inverse
of the gain at that frequency. To determine the phase margimsvdetermine the
gain crossover frequencyy, i.e., the frequency where the gain of the loop transfer
function is 1. The phase margin is the phase of the loop trafighetion at that
frequency plus 180 Figure9.9billustrates how the margins are found in the Bode
plot of the loop transfer function. Note that the Bode plaeipretation of the gain
and phase margins can be incorrect if there are multiplaueges at which the
gain is equal to 1 or the phase is equal tb80 .

Example 9.7 Third-order system

Consider a loop transfer functidns/ D 3=.s C 1/3. The Nyquist and Bode plots
are shown in Figur8.10 To compute the gain, phase and stability margins, we can
use the Nyquist plot shown in FigugelQ This yields the following values:

Om D 2:67; "mD41.7; sm D 0:464
The gain and phase margins can also be determined from thedutde r

The gain and phase margins are classical robustness metsaitraave been
used for a long time in control system design. The gain masgivell de ned if the
Nyquist curve intersects the negative real axis once. Agmlsly, the phase margin
is well de ned if the Nyquist curve intersects the unit cirelieonly one point. Other
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Figure 9.11: System with good gain and phase margins but a poor stability margin. Nyquis
(a) and Bode (b) plots of the loop transfer function and step respahser (@ system with
good gain and phase margins but with a poor stability margin. The Nydoisthpws on the
portion of the curve correspondingte 0.

more general robustness measures will be introduced int€hEp
Even if both the gain and phase margins are reasonable, ttesrsysay still
not be robust, as is illustrated by the following example.

Example 9.8 Good gain and phase margins but poor stability margins
Consider a system with the loop transfer function

0:38.s2C 0:1sC 0:55
s.sC 1/.s2C 0:06sC 0:5/°

A numerical calculation gives the gain margingasD 266, and the phase margin
is 70 . These values indicate that the system is robust, but the islyqurve is
still close to the critical point, as shown in Figugell The stability margin is
Sm D 0:27, which is very low. The closed loop system has two resonanies, one
with damping ratio D 0:81 and the other with D 0:014. The step response of
the system is highly oscillatory, as shown in FigQrélc r

L.s/ D

The stability margin cannot easily be found from the Bode pliothe loop
transfer function. There are, however, other Bode plotswiiagive sy; these will
be discussed in Chapt&@. In general, it is best to use the Nyquist plot to check
stability since this provides more complete informatioartithe Bode plot.

When designing feedback systems, it will often be usefuttaethe robustness
of the system using gain, phase and stability margins. Theswers tell us how
much the system can vary from our nominal model and still Ablst Reasonable
values of the margins are phase marginD 30 —60 , gain marging,, D 2-5 and
stability margins,, D 0.5-0.8.

There are also other stability measures, such addlay margin which is the
smallesttime delay required to make the system unstalbitoéptransfer functions
that decay quickly, the delay margin is closely related spghase margin, but for
systems where the gain curve of the loop transfer functigrsbaeral peaks at high
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Figure 9.12:Nyquist and Bode plots of the loop transfer function for the AFM syst@m) (
with an integral controller. The frequency in the Bode plot is normalizeal Byre parameters
are D 0:01 andk; D 0:008.

frequencies, the delay margin is a more relevant measure.

Example 9.9 Nanopositioning system for an atomic force microscope
Consider the system for horizontal positioning of the samplan atomic force
microscope. The system has oscillatory dynamics, and asimetlel is a spring—
mass system with low damping. The normalized transfer fonds given by

15

- ; 9.7
s2C2! ()SC ! (2) ( )
where the damping ratio typically is a very small number,,e.d 0:1.

We will start with a controller that has only integral actidrhe resulting loop

transfer function is

P.s/ D

ki! § .
s.s2C2! gsC! 3/’

wherek; is the gain of the controller. Nyquist and Bode plots of thepldransfer
function are shown in Figur@.12 Notice that the part of the Nyquist curve that is
close to the critical point 1 is approximately circular.

From the Bode plot in Figur@.12b, we see that the phase crossover frequency
is! pc D a, which will be independent of the gakq. Evaluating the loop transfer
function at this frequency, we halei! o/ D k=.2! o/, which means that the
gainmarginigm D 1 k=.2! (/. To have a desired gain marging the integral
gain should be chosen as

L.s/ D

kkD2 o.1 g

Figure9.12shows Nyquist and Bode plots for the system with gain maggir
1:67 and stability margis, D 0:597. The gain curve in the Bode plot is almost
a straight line for low frequencies and has a resonant peak[at! . The gain
crossover frequency is approximately equakitoThe phase decreases monotoni-
callyfrom 90 to 270:itisequalto 180 at! D! 4. The curve can be shifted
vertically by changind;: increasings; shifts the gain curve upward and increases
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the gain crossover frequency. Since the phaseli80 at the resonant peak, it is
necessary that the peak not touch the jing!/ jD 1. r

9.4 Bode's Relations and Minimum Phase Systems

An analysis of Bode plots reveals that there appears to batore between the
gain curve and the phase curve. Consider, for example, tlue Biots for the
differentiator and the integrator (shown in Fig@d2. For the differentiator the
slope isC1 and the phase is a constanf2 radians. For the integrator the slope is

1 and the phase is = 2. For the rst-order systerts.s/ D sC a, the amplitude
curve has the slope 0 for small frequencies and the skipéor high frequencies,
and the phase is 0 for low frequencies an@ for high frequencies.

Bode investigated the relations between the curves foesystith no poles
and zeros in the right half-plane. He found that the phaseunagiely given by
the shape of the gain curve, and vice versa:

21 | dlogjG.i!/ j

. dlogjG.il/ |
G.ilo/ D = f.ll —————dlog! et et
ags-1t ol B 5 0 dlog! °g 2 dlog!

wheref is the weighting kernel

(9.8)

2 1C!
f.l D Slog ——=:

Mo
The phase curve is thus a weighted average of the derivatitheeafain curve. If
the gain curve has constant slapehe phase curve has constant vaiue 2.

Bode's relations 4.8) hold for systems that do not have poles and zeros in the
right half-plane. Such systems are calleohimum phase systerbhscause systems
with poles and zeros in the right half-plane have a largeseltag. The distinction
is important in practice because minimum phase systemsaarer¢o control than
systems with a larger phase lag. We will now give a few exagpi@onminimum
phase transfer functions.

The transfer function of a time delay ofunits isG.s/ D e 5 . This transfer
function has unit gainG.i!/ j D 1, and the phase is a@i!/ D ! . The
corresponding minimum phase system with unit gain has tester function
G.s/ D 1. The time delay thus has an additional phase lalg ofNotice that the
phase lag increases linearly with frequency. FigiE8ashows the Bode plot of
the transfer function. (Because we use a log scale for firegy¢he phase falls off
exponentially in the plot.)

Consider a system with the transfer functiGns/ D .a s/=.a C s/ with
a > 0, which has a zere D a in the right half-plane. The transfer function
has unit gainG.i!/ j D 1, and the phase is a@i!/ D 2arctan!= a/. The
corresponding minimum phase system with unit gain has twester function
G.s/ D 1. Figure9.13bshows the Bode plot of the transfer function. A similar
analysis of the transfer functicB.s/ D .sC a/=s a/ with a > 0, which has a
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Figure 9.13:Bode plots of systems that are not minimum phase. (a) Time @lsiyD e ST,
(b) system with a right half-plane (RHP) ze@s/ D .a s/=.aC s/ and (c) system with
right half-plane pole. The corresponding minimum phase system hasatisfer function
G.s/ D 1in all cases, the phase curves for that system are shown as dagsed lin

pole in the right half-plane, shows that its phase isGuig/ D 2arctana=!/ .
The Bode plot is shown in Figu&13c

The presence of poles and zeros in the right half-plane ingmesere limitations
onthe achievable performance. Dynamics of this type shHmiéoided by redesign
of the system whenever possible. While the poles are intripoperties of the
system and they do not depend on sensors and actuatorsrasaelepend on how
inputs and outputs of a system are coupled to the states. Zandbus be changed
by moving sensors and actuators or by introducing new sermud actuators.
Nonminimum phase systems are unfortunately quite commereictice.

The following example gives a system theoretic interpretatf the common
experience that it is more dif cult to drive in reverse geadaltustrates some of
the properties of transfer functions in terms of their paled zeros.

Example 9.10 Vehicle steering
The nonnormalized transfer function from steering anglaterbl velocity for the

simple vehicle model is
avosC v¢

bs

wherevy is the velocity of the vehicle and; b > 0 (see Examplé&.12). The
transfer function has a zero atD vp=a. In normal driving this zero is in the left
half-plane, but itis in the right half-plane when drivingregverseyp < 0. The unit
step response is

G.s/D

avo . Vot
y.t/ D b C b
The lateral velocity thus responds immediately to a steaxamgmand. For reverse
steeringvg is negative and the initial response is in the wrong diregteobehavior
that is representative for nonminimum phase systems (cati@verse responge

Figure 9.14 shows the step response for forward and reverse drivindhi$n t
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Figure 9.14:Vehicle steering for driving in reverse. (a) Step responses fromisgegngle to
lateral translation for a simple kinematics model when driving forwaeslje¢d) and reverse
(solid). With rear-wheel steering the center of mass rst moves in trengidirection and
that the overall response with rear-wheel steering is signi cantly delagenpared with that
for front-wheel steering. (b) Frequency response for drivimgvéod (dashed) and reverse
(solid). Notice that the gain curves are identical, but the phase cungrifdng in reverse
has nonminimum phase.

simulation we have added an extra pole with the time conStdatapproximately
account for the dynamics in the steering system. The parasnatea D b D 1,
T D 0:1, vg D 1 for forward driving and/q D 1 for reverse driving. Notice that
fort > ty D a=w, wherety is the time required to drive the distanagthe step
response for reverse driving is that of forward driving wittle time delayty. The
position of the zerawy=a depends on the location of the sensor. In our calculation
we have assumed that the sensor is at the center of mass. Dhie Hee transfer
function disappears if the sensor is located at the rear whbe dif culty with
zeros in the right half-plane can thus be visualized by aghbaxperiment where
we drive a car in forward and reverse and observe the latesitipn through a
hole in the oor of the car. r

9.5 Generalized Notions of Gain and Phase

A key idea in frequency domain analysis is to trace the behmavi sinusoidal
signals through a system. The concepts of gain and phasseepee by the transfer
function are strongly intuitive because they describe &g and phase relations
between input and output. In this section we will see how termc the concepts
of gain and phase to more general systems, including sormmaansystems. We
will also show that there are analogs of Nyquist's stabitititerion if signals are
approximately sinusoidal.
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System Gain

We begin by considering the case of a static linear systeh Au, whereA is
a matrix whose elements are complex numbers. The matrix duesane to be
square. Let the inputs and outputs be vectors whose elenrergsraplex numbers

and use the Euclidean norm P
kuk D 6 juij2: (9.9)

The norm of the output is
kyk? D u A Au;

where denotes the complex conjugate transpose. The maAtrixis symmetric
and positive semide nite, and the right-hand side is a quadifarm. The square
root of eigenvalues of the matrik A are all real, and we have

kyk?  max A A/kuk?:

The gain of the system can then be de ned as the maximum ratiwecdtitput to
the input over all possible inputs:
kyk P—F——
D muax@ D nmaxA AL (9.10)
The square root of the eigenvalues of the ma#tiA are called thesingular values
of the matrixA, and the largest singular value is denotédV/ .

To generalize this to the case of an input/output dynamigstlesn, we need
to think of the inputs and outputs not as vectors of real numbat as vectors of
signals For simplicity, consider rst the case of scalar signals &tdhe signal
spacel, be square-integrable functions with the norm

S
1
kuk, D juj2. / d:
0
This de nition can be generalized to vector signals by repigt¢he absolute value
with the vector normg.9). We can now formally de ne the gain of a system taking
inputsu 2 L, and producing outputg 2 L, as

(9.11)

where sup is theupremumde ned as the smallest number that is larger than its
argument. The reason for using the supremum is that the maximay not be
de ned foru 2 L,. This de nition of the system gain is quite general and can even
be used for some classes of nonlinear systems, though ode todge careful about
how initial conditions and global nonlinearities are haal

The norm 0.11) has some nice properties in the case of linear systems. In
particular, given a single-input, single-output stableeéir system with transfer
functionG.s/, it can be shown that the norm of the system is given by

D supjG.iV/ jD: kGk; : (9.12)
|
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H1 -

H2 -

Figure 9.15:Afeedback connection of two general nonlinear systelasndH,. The stability
of the system can be explored using the small gain theorem.

In other words, the gain of the system corresponds to theyada& of the frequency
response. This corresponds to our intuition that an inpudyes the largest output
when we are at the resonant frequencies of the sy$#téik, is called then nity
normof the transfer functiore. s/.

This notion of gain can be generalized to the multi-input, traitput case as
well. For a linear multivariable system with a real ratiotrahsfer function matrix
G.s/ we can de ne the gain as

D kGk; D supNG.il/l: (9.13)
!

Thus we can combine the idea of the gain of a matrix with the adelae gain of a
linear system by looking at the maximum singular value olldreguencies.

Small Gain and Passivity

For linear systems it follows from Nyquist's theorem that tosed loop is stable
if the gain of the loop transfer function is less than 1 foffildfuencies. This result
can be extended to a larger class of systems by using themtafthe system gain
de ned in equation 9.11).

Theorem 9.4 (Small gain theorem)Consider the closed loop system shown in
Figure9.15 where H and H, are stable systems and the signal spaces are properly
de ned. Let the gains of the systemg &hd H, be ; and ,. Then the closed loop
system is input/output stable if , < 1, and the gain of the closed loop system is

D 1

1 12

Notice that if systems$l; andH, are linear, it follows from the Nyquist stability
theorem that the closed loop is stable becausg i < 1, the Nyquist curve is
always inside the unit circle. The small gain theorem is thugxension of the
Nyquist stability theorem.

Although we have focused on linear systems, the small georém also holds
for nonlinear input/output systems. The de nition of gain guation ©.11) holds
for nonlinear systems as well, with some care needed in manttie initial condi-
tion.

The main limitation of the small gain theorem is that it does cunsider the
phasing of signals around the loop, so it can be very conseevdo de ne the
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Im
B A
Re
1=N.a/
N. /= G.il/
(a) Block diagram (b) Nyquist plot

Figure 9.16: Describing function analysis. A feedback connection between a statimnon
earity and a linear system is shown in (a). The linear system is charadtésizes transfer
function L.s/, which depends on frequency, and the nonlinearity by its describingifum
N.a/, which depends on the amplitudef its input. The Nyquist plot of..i!/ and the plot

of the 1=N.a/ are shown in (b). The intersection of the curves represents a possifile lim
cycle.

notion of phase we require that there be a scalar productsdioare-integrable
functions this can be de ned as .
1
hu; yi D u./y. / d:
0

The phasé between two signals can now be de ned as
hu; yi D k ukkyk cos'/:

Systems where the phase between inputs and outputs ir 9€ss for all inputs
are calledpassive system#t follows from the Nyquist stability theorem that a
closed loop linear system is stable if the phase of the loapsfer function is
between and . This result can be extended to nonlinear systems as wedl. It
called thepassivity theorenand is closely related to the small gain theorem. See
Khalil [Kha01 for a more detailed description.

Additional applications of the small gain theorem and itplagation to robust
stability are given in Chaptetr2.

Describing Functions

For special nonlinear systems like the one shown in Figutéa which consists
of a feedback connection between a linear system and a statlmearity, it is
possible to obtain a generalization of Nyquist's stabilitiferion based on the idea
of describing functiong~ollowing the approach of the Nyquist stability condition
we will investigate the conditions for maintaining an okatibn in the system. If
the linear subsystem has low-pass character, its outpppi®aimately sinusoidal
even ifits input is highly irregular. The condition for odation can then be found
by exploring the propagation of a sinusoid that correspandse rst harmonic.
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To carry out this analysis, we have to analyze how a sinukeidaal propa-
gates through a static nonlinear system. In particular wesitigate how the rst
harmonic of the output of the nonlinearity is related tosis@soidal) input. Letting
F represent the nonlinear function, we expana'' !/ in terms of its harmonics:

F.aei”/D>4 Mn.a/e-" ¢ nal
nDO

whereMy.a/ and' ,.a/ represent the gain and phase of tike harmonic, which
depend on the input amplitude since the functins nonlinear. We de ne the
describing function to be the complex gain of the rst harntoni

N.a/ D My.a/e "¥: (9.14)

The function can also be computed by assuming that the inpusisusoid and
using the rst term in the Fourier series of the resulting aitp

Arguing as we did when deriving Nyquist's stability criten, we nd that an
oscillation can be maintained if

L.iY¥ N.a/D 1 (9.15)

This equation means that if we inject a sinusoid at A in Fiduié the same signal
will appear at B and an oscillation can be maintained by coting the points.
Equation 0.15 gives two conditions for nding the frequendy of the oscillation
and its amplitudex: the phase must be 180and the magnitude must be unity. A
convenient way to solve the equation is to plot!/ and 1=N.a/ on the same
diagram as shown in FiguB216b. The diagram is similar to the Nyquist plot where
the critical point 1 is replaced by the curvel=N.a/ anda ranges from 0 td .

It is possible to de ne describing functions for types of itpwther than si-
nusoids. Describing function analysis is a simple methad,itbis approximate
because it assumes that higher harmonics can be neglectadldaktreatments of
describing function techniques can be found in the texts theAon Ath75] and
Graham and McRueGM61].

Example 9.11 Relay with hysteresis

Consider a linear system with a nonlinearity consisting mflay with hysteresis.
The output has amplitudeand the relay switches when the inputis, as shown in
Figure9.17a Assumingthattheinputis D asin.! t/,we ndthatthe outputiszero
ifa c,andifa> c,the outputis a square wave with amplituiat switches at
times! t D arcsinc=a/Cn .The rstharmonicisthery.t/ D .4b=/ sin!'t [,
where sin D c=a. Fora > c the describing function and its inverse are

r— P
4bh c? C 1 az c? C
N.aaD— 1 — i-; D Ci—;
a a2 a N.a/ 4b 4b
where the inverse is obtained after simple calculationsur€i§.17bshows the
response of the relay to a sinusoidal input with the rst haninmf the output

shown as a dashed line. Describing function analysis istiiftted in Figur®.17¢
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Figure 9.17:Describing function analysis for arelay with hysteresis. The input/ougpation
of the hysteresis is shown in (a) and the input with amplitad® 2, the output and its rst
harmonic are shown in (b). The Nyquist plots of the transfer fundticsi D .sC 1/ * and
the negative of the inverse describing function for the relay Wwith 3 andc D 1 are shown
in (c).

which shows the Nyquist plot of the transfer functibrs/ D 2=.s C 1/* (dashed
line) and the negative inverse describing function of ayrelith b D 1 andc D 0:5.
The curves intersect fa D 1 and! D 0.77 rads, indicating the amplitude and
frequency for a possible oscillation if the process and #t@rare connected in a
a feedback loop. r

9.6 Further Reading

Nyquist's original paper giving his now famous stabilityterion was published in
theBell Systems Technical Jourrial1932 Nyq32. More accessible versions are
found in the book BK64], which also includes other interesting early papers on
control. Nyquist's paper is also reprinted in an IEEE collecf seminal papers on
control [Bas03. Nyquist usedC1 as the critical point, but Bode changed it td,
which is now the standard notation. Interesting perspestdn early developments
are given by BlackBla77], Bode Bod6( and BennettBen93. Nyquistdid adirect
calculation based on his insight into the propagation aisandal signals through
systems; he did not use results from the theory of complextiomns. The idea
that a short proof can be given by using the principle of vemmof the argument

is presented in the delightful book by MacCoW#ac4g. Bode made extensive
use of complex function theory in his booB¢dd45, which laid the foundation
for frequency response analysis where the notion of minimpphase was treated in
detail. A good source for complex function theory is the slaby Ahlfors [Ahl66].
Frequency response analysis was a key element in the emergfcantrol theory

as described inthe early texts by James ef&lH471, Brown and CampbelBC48

and OldenburgerQld56, and it became one of the cornerstones of early control
theory. Frequency response methods underwent a resurgéecerabust control
emerged in the 1980s, as will be discussed in Chéiiter
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Exercises

9.1 (Operational ampli er) Consider an op amp circuit with D Z, that gives
a closed loop system with nominally unit gain. Let the tran$fction of the
operational ampli er be

kayao .
.sCal.sCay/.sCay’

wherea; a, a. Show that the condition for oscillation ks < a; C a, and
compute the gain margin of the system. Hint: Assuani2 0.

G.s/D

9.2 (Atomic force microscope) The dynamics of the tapping modaroatomic
force microscope are dominated by the damping of the cagtiteibrations and
the system that averages the vibrations. Modeling thelesatias a spring—mass
system with low damping, we nd that the amplitude of the viiiwas decays as
exp. ! t/,where isthe damping ratio and is the undamped natural frequency
of the cantilever. The cantilever dynamics can thus be mddejethe transfer

function a

G.s/ D —;
sCa

wherea D ! (. The averaging process can be modeled by the input/outtitoe|

t

y.t/ D 1 u.v/dyv;
t

where the averaging time is a multipieof the period of the oscillation 2! . The
dynamics of the piezo scanner can be neglected in the rstoxppation because
they are typically much faster than A simple model for the complete system is
thus given by the transfer function

al es/
s.sCal ’

Plot the Nyquist curve of the system and determine the gain mfoaortional
controller that brings the system to the boundary of stigbili

P.s/ D

9.3 (Heat conduction) A simple model for heat conduction in adsid given by

the transfer function p_
P.s/ D ke *:

Sketch the Nyquist plot of the system. Determine the frequerere the phase of
the process is 180 and the gain at that frequency. Show that the gain required to
bring the system to the stability boundanki® e .

9.4 (Vectored thrust aircraft) Consider the state space chetrdesigned for thee
vectored thrust aircraft in Examplé&s8 and 7.5. The controller consists of two
components: an optimal estimator to compute the state sigtem from the output
and a state feedback compensator that computes the infu tiie (estimated)
state. Compute the loop transfer function for the systemdatedrmine the gain,
phase and stability margins for the closed loop dynamics.
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9.5 (Vehicle steering) Consider the linearized model for vishigteering with a
controller based on state feedback discussed in Exarnl&he transfer functions
for the process and controller are given by
sC1 kil1 C kolo/ C kgl

. C.s/D S.Kil1 C Kplo 12 :
s2 s?2Cs. kiCkoCly/ CkyiCl,Ckoly kol
as computed in Exampl@.6. Let the process parameter beD 0.5 and assume

that the state feedback gains &teéD 1 andk, D 0:914 and that the observer gains
arel, D 2:828 and, D 4. Compute the stability margins numerically.

P.s/ D

9.6 (Stability margins for second-order systems) A process whiygamics is
described by a double integrator is controlled by an ideal Biroller with the
transfer functiorC.s/ D kgs C kp, where the gains afey D 2! g andk, D ! 3.
Calculate and plot the gain, phase and stability marginsfasaion .

9.7 (Congestion control in overload conditions) A strongly plned ow model
of a TCP loop under overload conditions is given by the loopgfer function

L.s/ D lfe S5
S
where the queuing dynamics are modeled by an integratof@Rewindow control
is a time delay and the controller is simply a proportional controller. Ajora
dif culty is that the time delay may change signi cantly dugrthe operation of
the system. Show that if we can measure the time delay, it isiljeso choose a
gain that gives a stability margin gf  0:6 for all time delays .

9.8 (Bode's formula) Consider Bode's formul@.g) for the relation between gain
and phase for a transfer function that has all its singugarin the left half-plane.
Plot the weighting function and make an assessment of thadregsies where the
approximation ar§s . = 2/dlogjGj=dlog! is valid.

9.9 (Padé approximation to a time delay) Consider the transfestions
1 s=2
1Cs=2

Show that the minimum phase properties of the transfer fonstare similar for

frequencies < 1= . Along time delay is thus equivalent to a small right half-
plane zero. The approximatiof.(6) is called a rst-ordefPadé approximation

Gi.s/De S G,.s/De S (9.16)

9.10(Inverse response) Consider a system whose input/outgranse is modeled
by G.s/ D 6. sC 1/=.s?2C 5sC 6/, which has a zero in the right half-plane.
Compute the step response for the system, and show that thet @oes in the
wrong direction initially, which is also referred to asiamerse respons€ompare
the response to a minimum phase system by replacing the tzef® & with a zero
atsD 1.

9.11(Describing function analysis) . Consider the system vhthhlock diagram
shown on the left below.
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vV

The blockR is a relay with hysteresis whose input/output responsedi@sion the

right and the process transfer functionAss/ D e S =s. Use describing function
analysis to determine frequency and amplitude of possitni tycles. Simulate
the system and compare with the results of the describingfifumanalysis.






Chapter Ten
PID Control

Based on a survey of over eleven thousand controllers in the re nivgnécals and pulp and
paper industries, 97% of regulatory controllers utilize PID feedback.

L. Desborough and R. Miller, 200DM02].

This chapter treats the basic properties of proportiorneagiral-derivative (P1D)
control and the methods for choosing the parameters of theaters. We also
analyze the effects of actuator saturation and time dehayjrhportant features of
many feedback systems, and describe methods for compematithese effects.
Finally, we will discuss the implementation of PID controfleas an example of
how to implement feedback control systems using analoggitaticomputation.

10.1 Basic Control Functions

PID control, which was introduced in Sectidns and has been used in several
examples, is by far the most common way of using feedbackjmerring systems.
It appears in simple devices and in large factories with skaods of controllers.
PID controllers appear in many different forms: as standw@loontrollers, as part
of hierarchical, distributed control systems and builbietnbedded components.
Most PID controllers do not use derivative action, so theysstrictly speaking
be called PI controllers; we will, however, use PID as a gerterin for this class
of controller. There is also growing evidence that PID corappears in biological
systems YHSDOQ.

Block diagrams of closed loop systems with PID controlleessdrown in Fig-
urel10.1 The control signal for the system in Figur&0.1ais formed entirely from
the errore; there is no feedforward term (which would corresponk} tan the state
feedback case). A common alternative in which proportiamal derivative action
do not act on the reference is shown in Figliéelh combinations of the schemes
will be discussed in Sectioh0.5 The command signal is called the reference
signal in regulation problems, or tlsetpointin the literature of PID control. The
input/output relation for an ideal PID controller with erfeedback is

t z t
de 1 de
uDkpeCk e/d Ckgy—Dky,eC—= e/d CTyg— : (10.1)
0 dt i 0 dt
The control action is thus the sum of three terms: proporti@ealback, the integral
term and derivative action. For this reason PID controlleesenoriginally called
three-term controllersThe controller parameters are the proportional girthe
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r :
O k= |
r y 1 | u Yy

— P.s/ | N

| Kp »@/ : P.s/
3 kys |

| — 1
1 © Controller

(a) PID using error feedback (b) PID using two degrees of freedom

Figure 10.1: Block diagrams of closed loop systems with ideal PID controllers. Both con
trollers have one output, the control sigrnalThe controller in (a), which is based on error
feedback, has one input, the control eed r y. For this controller proportional, integral
and derivative action acts on the ermb r y. The two degree-of-freedom controller in
(b) has two inputs, the referencend the process output Integral action acts on the error,
but proportional and derivative action act on the process oytput

integral gaink; and the derivative gailRy. The time constant3$; and Ty, called
integral time (constant) and derivative time (constamg,smetimes used instead
of the integral and derivative gains.

The controller £0.1) represents an idealized controller. It is a useful abstac
for understanding the PID controller, but several modi casanust be made to
obtain a controller that is practically useful. Before dissing these practical issues
we will develop some intuition about PID control.

We start by considering pure proportional feedback. Fidirashows the
responses of the process output to a unit step in the refevahaee for a system with
pure proportional control at different gain settings. la #bsence of a feedforward
term, the output never reaches the reference, and hencesvieftawith nonzero
steady-state error. Letting the process and the controdlee iransfer functions
P.s/ andC.s/, the transfer function from reference to output is

Gyr D %; (10.2)
and thus the steady-state error for a unit step is
1 Gy.0/D ;:
1Cky,P.O/

For the system in Figur&0.2awith gainsk, D 1, 2 and 5, the steady-state error
is 0.5,0.33 and 0.17. The error decreases with increasimg lgat the system also
becomes more oscillatory. Notice in the gure that the ihitialue of the control
signal equals the controller gain.

To avoid having a steady-state error, the proportional ambe changed to

u.t/ D kpe.t/ C ug; (10.3)
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Figure 10.2:Responses to step changes in the reference value for a system witlogipreal
controller (a), Pl controller (b) and PID controller (c). The process the transfer function
P.s/ D 1=.sC1/3, the proportional controller has parametey® 1,2and5,the Plcontroller
has parameteiks, D 1,k; D 0,0.2,0.5and 1, and the PID controller has paraméjeis 2:5,

ki D 1:5andky D 0, 1, 2 and 4.

whereug is a feedforward term that is adjusted to give the desireddststate
value. If we choosels D r=P.0/ D k.r, then the output will be exactly equal
to the reference value, as it was in the state space caseadgdothat there are
no disturbances. However, this requires exact knowledgieegprocess dynamics,
which is usually not available. The parameter calledresetin the PID literature,
must therefore be adjusted manually.

As we saw in Sectior6.4, integral action guarantees that the process output
agrees with the reference in steady state and provides ennatitve to the feed-
forward term. Since this result is so important, we will pawia general proof.
Consider the controller given by equatidtO(1). Assume that there exists a steady
state withu D up ande D e. It then follows from equation1(.1) that

Uo D kpep C kiept;

which is a contradiction unless or ki is zero. We can thus conclude that with
integral action the error will be zero if it reaches a steadjes Notice that we have
not made any assumptions about the linearity of the procehs disturbances. We
have, however assumed that an equilibrium exists. Usimgiat action to achieve
zero steady-state error is much better than using feedfdrwehich requires a
precise knowledge of process parameters.

The effect of integral action can also be understood fromue@gy domain
analysis. The transfer function of the PID controller is

k.
C.s/Dk,C §' C kgs: (10.4)
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e u e u
— kp 6 L — kp = 6
1 J t 1
1CsT; 1CsTqy
(a) Automatic reset (b) Proportional-derivative

Figure 10.3:Implementation of Pl and PD controllers. The block diagram in (a) shams h
integral action is implemented usipgsitive feedbaclith a rst-order system, sometimes
called automatic reset. The block diagram in (b) shows how derivati@nazan be imple-
mented by taking differences between a static system and a rst-orgersy

The controller has in nite gain at zero frequendy.Q/ D 1 ), and it then follows
from equation 10.2) thatGy,.0/ D 1, which implies that there is no steady-state
error for a step input.

Integral action can also be viewed as a method for genertiaégedforward
termug in the proportional controllerl0.3 automatically. One way to do this is
shown in FigureL0.33 where the controller output is low-pass- ltered and fedibac
with positive gain. This implementation, calladtomatic resewas one of the early
inventions of integral control. The transfer function of gystem in Figurdl0.3a
is obtained by block diagram algebra; we have
1CsT Kp .

ol Dk,C ST’
which is the transfer function for a PI controller.

The properties of integral action are illustrated in Figliee2bfor a step input.
The proportional gain is constaft, D 1, and the integral gains akeD 0, 0.2, 0.5
and 1. The cadg D 0 corresponds to pure proportional control, with a steadies
error of 50%. The steady-state error is eliminated when rategin action is used.
The response creeps slowly toward the reference for smalesadfk; and goes
faster for larger integral gains, but the system also besammre oscillatory.

The integral gairk; is a useful measure for attenuation of load disturbances.
Consider a closed loop system under PID control and assurh¢hthaystem is
stable and initially at rest with all signals being zero. Aounit step disturbance at
the process input. After a transient the process outputtgaeso and the controller
output settles at a value that compensates for the distogb#riollows from (0.1)
that Z,

u.l/DKk e.t/dt:
0
Theintegrated error is thus inversely proportional to thegral gairk;. The integral
gain is thus a measure of the effectiveness of disturbameeuattion. A large gain
ki attenuates disturbances effectively, but too large a gegs@scillatory behavior,
poor robustness and possibly instability.
We now return to the general PID controller and consider tlecebf the

Gue D Kk,
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derivative termky. Recall that the original motivation for derivative feedkavas
to provide predictive or anticipatory action. Notice thae tcombination of the
proportional and the derivative terms can be written as

de de
uD k,eC kda D kp, eC Tda D Kpep;

wheree,.t/ can be interpreted as a prediction of the error at tir@eTy by linear
extrapolation. The prediction tim& D ky=k, is the derivative time constant of
the controller.

Derivative action can be implemented by taking the diffeesimetween the signal
and its low-pass Itered version as shown in Figdi@3h The transfer function
for the system is

s
D Kp ¢
1CsTy 1CsTy

The system thus has the transfer funct®rs/ D sTy=.1 C sTy/, which approxi-
mates a derivative for low frequencigsj(< Tgy).

Figure10.2cillustrates the effect of derivative action: the systemssiltatory
when no derivative action is used, and it becomes more dampdue derivative
gain is increased. Performance deteriorates if the dere/gtin is too high. When
the input is a step, the controller output generated by thivatere term will be
an impulse. This is clearly visible in Figuld®.2c The impulse can be avoided by
using the controller con guration shown in Figui®.1b.

Although PID control was developed in the context of engimegspplications,
it also appears in nature. Disturbance attenuation by fagdm biological sys-
tems is often calleddaptation A typical example is the pupillary re ex discussed
in Example8.11, where it is said that the eye adapts to changing light iitens
Analogously, feedback with integral action is called petrfedaptationYHSDOQ].

In biological systems proportional, integral and derivataction is generated by
combining subsystems with dynamical behavior similarlymuat is done in en-

gineering systems. For example, Pl action can be generatdtebgteraction of

several hormoneE[SGKO03.

Example 10.1 PD action in the retina
The response of cone photoreceptors in the retina is an egavhgire proportional
and derivative action is generated by a combination of caneshorizontal cells.
The cones are the primary receptors stimulated by light, viniturn stimulate the
horizontal cells, and the horizontal cells give inhibitgnegative) feedback to the
cones. A schematic diagram of the system is shown in Fi@jQréa The system
can be modeled by ordinary differential equations by regmmsg neuron signals
as continuous variables representing the average putsdmg¥Vil99] it is shown
that the system can be represented by the differential imsat

dxq 1 dX2 1

— D —. Xy kxCul — D —. X1 Xof;
a T, v 7? dt ~ 1, F 72

whereu is the light intensity anat; andx, are the average pulse rates from the cones

Gue.s/ D kp 1

(10.5)
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Figure 10.4: Schematic diagram of cone photoreceptors (C) and horizontal cellsn(H)
the retina. In the schematic diagram in (a), excitatory feedback is indibgtedrows and
inhibitory feedback by circles. A block diagram is shown in (b) and the sgsponse in (c).

and the horizontal cells. A block diagram of the system isashim Figure10.4h
The step response of the system shown in Fid@rdcshows that the system has
a large initial response followed by a lower, constant stestdte response typical
of proportional and derivative action. The parameters usatié simulation are
k D 4, T. D 0:025 andT;, D 0:08. r

10.2 Simple Controllers for Complex Systems

Many of the design methods discussed in previous chapteestha property that
the complexity of the controller is directly re ected by theraplexity of the model.
When designing controllers by output feedback in Chaptare found for single-
input, single-output systems that the order of the corgralbs the same as the order
of the model, possibly one order higher if integral actiorswequired. Applying
similar design methods for PID control will require that werééow-order models
of the processes to be able to easily analyze the results.

Low-order models can be obtained from rst principles. Anybdtasystem
can be modeled by a static system if its inputs are suf cieslby. Similarly a
rst-order model is suf cient if the storage of mass, momentomenergy can be
captured by only one variable; typical examples are thecitylof a car on a road,
angular velocity of a stiff rotational system, the level itaak and the concentration
in a volume with good mixing. System dynamics are of secondrdfdhe storage
of mass, energy and momentum can be captured by two statbhes; typical
examples are the position of a car on the road, the staldizaf stiff satellites,
the levels in two connected tanks and two-compartment rsodelvide range of
techniques for model reduction are also available. In thégpter we will focus on
design techniques where we simplify the models to captweslsential properties
that are needed for PID design.

We begin by analyzing the case of integral control. A stalgktesn can be
controlled by an integral controller provided that the rieguents on the closed
loop system are modest. To design the controller we assiatthttransfer function
of the process is a constalit D P.0/. The loop transfer function under integral
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control then becomésk; =s, and the closed loop characteristic polynomial is simply
sC Kk;. Specifying performance by the desired time constartf the closed loop
system, we nd that the integral gain is given by

ki D 1=.Ty P.0//:

The analysis requires th@g be suf ciently large that the process transfer function
can be approximated by a constant.
For systems that are not well represented by a constant wairtan obtain
a better approximation by using the Taylor series expansidhe loop transfer
function:
kiP.s/ k.P.0/CsP0/

L.s/ D - . ki . D kP%0/ C
Choosingk; P°.0/ D  0:5 gives a system with good robustness, as will be discussed
in Section12.5 The controller gain is then given by

1 .
2P00/’
and the expected closed loop time constaftjs 2P%0/=P.0/.

ki P.0/
S

ki D (10.6)

Example 10.2 Integral control of AFM in tapping mode

A simpli ed model of the dynamics of the vertical motion of atomic force
microscope in tapping mode was discussed in Exe&&eThe transfer function
for the system dynamics is

al e*®/.
s.sCal’

wherea D ! 3, D 2 n=!y and the gain has been normalized to 1. We have
P.0/ D 1andP%0/ D =2 1=, and it follows from 0.6 that the integral
gain can be chosen &s D a=.2 C a /. Nyquist and Bode plots for the resulting
loop transfer function are shown in Figut@.5 r

P.s/ D

A rst-order system has the transfer function

b
P.ssf D —:
sCa

With a PI controller the closed loop system has the charatiegolynomial
s.sCa/ C bk,sC bksD s?C .aC bky/sC bk:

The closed loop poles can thus be assigned arbitrary valugsaper choice of
the controller gains. Requiring that the closed loop sydtewre the characteristic
polynomial

p.s/ D s>C asC aj;

we nd that the controller parameters are

a a,

kp D
p b '

k D %: (10.7)
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Figure 10.5: Integral control for AFM in tapping mode. An integral controller is design
based on the slope of the process transfer function at 0. The congielisrgood robustness
properties based on a very simple analysis.

If we require aresponse of the closed loop system that isslitivan that of the open
loop system, a reasonable choicajsD aC anda, D a. If a response faster
than that of the open loop system is required, it is reasenalithoosey D 2 !
anda, D ! 2, where! o and are undamped natural frequency and damping ratio
of the dominant mode. These choices have signi cant impachemdbustness of
the system and will be discussed in Secti@4 An upper limit to! ¢ is given by

the validity of the model. Large values b will require fast control actions, and
actuators may saturate if the value is too large. A rst-onaierdel is unlikely to
represent the true dynamics for high frequencies. We ibitistthe design by an
example.

Example 10.3 Cruise control using PI feedback

Consider the problem of maintaining the speed of a car ases g a hill. In
Example5.14 we found that there was little difference between the lireaad

nonlinear models when investigating Pl control, provideat the throttle did not
reach the saturation limits. A simple linear model of a cas gigen in Exampl&.11

dv v
dt
wherev is the velocity of the cawn is the input from the engine andis the slope
of the hill. The parameters weeeD 0:0101,b D 1:3203,g D 9:8,ve D 20 and
Ue D 0:1616. This model will be used to nd suitable parameters of dalefspeed
controller. The transfer function from throttle to velocisya rst-order system.
Since the open loop dynamics is so slow, it is natural to spediéster closed loop
system by requiring that the closed loop system be of secodel with damping
ratio andundamped natural frequencgy The controller gains are given bid.7).
Figure 10.6 shows the velocity and the throttle for a car that initiallpwas
on a horizontal road and encounters a hill with a slope aditdtimet D 6 s. To
design a PI controller we chooseD 1 to obtain a response without overshoot, as

D av VvJ/Cbu ud g; (10.8)
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Figure 10.6: Cruise control using Pl feedback. The step responses for theartbinput
illustrate the effect of parametersD 1 and! , on the response of a car with cruise control.
A change in road slope from Qo 4 is applied betweeh D 5 and 6 s. (a) Responses for
I oD 0:5and D 0:5,1and 2. Choosing D 1 gives no overshoot. (b) Responses fd 1
and! ¢ D 0:2,0.5and 1.0.

shown in Figurel0.6a The choice of ¢ is a compromise between response speed
and control actions: a large value gives a fast responsét taguires fast control
action. The trade-off is is illustrated in Figul®.6h The largest velocity error
decreases with increasimhg, but the control signal also changes more rapidly. In
the simple model%0.8) it was assumed that the force responds instantaneously to
throttle commands. For rapid changes there may be additignamics that have

to be accounted for. There are also physical limitationseéa#ite of change of the
force, which also restricts the admissible valué gf A reasonable choice dfy

is in the range 0.5-1.0. Notice in Figut®.6that even with o D 0:2 the largest
velocity error is only 1 m/s. r

A PI controller can also be used for a process with secondrolsgeamics, but
there will be restrictions on the possible locations of tlesed loop poles. Using a
PID controller, it is possible to control a system of secordkoin such a way that
the closed loop poles have arbitrary locations; see Exet€ise

Instead of nding a low-order model and designing contrdlésr them, we
can also use a high-order model and attempt to place only ademnant poles.
An integral controller has one parameter, and it is posgiblgosition one pole.
Consider a process with the transfer functfrs/. The loop transfer function with
anintegral controlleris.s/ D k; P.s/=s. The roots of the closed loop characteristic
polynomial are the roots &fC k; P.s/ D 0. Requiring thas D a be aroot, we
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(a) Step response method (b) Frequency response method

Figure 10.7: Ziegler—Nichols step and frequency response experiments. Thetepites
sponse in (a) is characterized by the parametenrsd . The frequency response method (b)
characterizes process dynamics by the point where the Nyquist ofitve process transfer
function rst intersects the negative real axis and the frequénowhere this occurs.

nd that the controller gain should be chosen as
a

kD 5= (10.9)

The polesD awill be dominant ifa is small. A similar approach can be applied
to Pl and PID controllers.

10.3 PID Tuning

Users of control systems are frequently faced with the tha#jasting the controller
parameters to obtain a desired behavior. There are manyetifferays to do this.
One approach is to go through the conventional steps of nmgdahd control
design as described in the previous section. Since the PlDatlenthas so few
parameters, a number of special empirical methods havebakso developed for
direct adjustment of the controller parameters. The rstiigrriules were developed
by Ziegler and NicholsZN42]. Their idea was to perform a simple experiment,
extract some features of process dynamics from the expetiamel determine the
controller parameters from the features.

Ziegler—Nichols' Tuning

In the 1940s, Ziegler and Nichols developed two methods fatrotler tuning
based on simple characterization of process dynamics itirtteeand frequency
domains.

The time domain method is based on a measurement of part optreloop
unit step response of the process, as shown in Fifjdréa The step response is
measured by applying a unit step input to the process anddiagathe response.
The response is characterized by parametarsd , which are the intercepts of the
steepest tangent of the step response with the coordinese &le parameteris
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Table 10.1:Ziegler—Nichols tuning rules. (a) The step response methods give thmpters
in terms of the interce@ and the apparent time delay(b) The frequency response method
gives controller parameters in termsasitical gain k. andcritical period Te.

Type kT Ty Type  kp T Tq

P 1/a P 0.5

PI 0.9/a 3 PI 0.4, 0.8T;
PID 12/a 2 05 PID 0.6 0.5T, 0.125T;
(a) Step response method (b) Frequency response method

an approximation of the time delay of the system andis the steepest slope of the
step response. Notice that it is not necessary to wait upfildy state is reached to
nd the parameters, it suf ces to wait until the response hasdiain ection point.
The controller parameters are given in Tab&1l The parameters were obtained
by extensive simulation of a range of representative psm®sA controller was
tuned manually for each process, and an attempt was then tmaderelate the
controller parameters withand .

In the frequency domain method, a controller is connectatiégrocess, the
integral and derivative gains are set to zero and the prigpailtgain is increased
until the system starts to oscillate. The critical value @& groportional gairk,
is observed together with the period of oscillatign It follows from Nyquist's
stability criterion that the loop transfer functianD k. P.s/ intersects the critical
point at the frequency . D 2 = T.. The experiment thus gives the point on the
Nyquist curve of the process transfer function where thespHag is 180, as
shown in Figurel0.7h

The Ziegler—Nichols methods had a huge impact when they wéradinced
in the 1940s. The rules were simple to use and gave initialidond for manual
tuning. The ideas were adopted by manufacturers of contsdtberoutine use. The
Ziegler—Nichols tuning rules unfortunately have two sewna@vbacks: too little
process information is used, and the closed loop systenisthaobtained lack
robustness.

The step response method can be improved signi cantly by cheniaing the
unit step response by paramet&rs andT in the model

K
1CsT

P.s/ D e S (10.10)
The parameters can be obtained by tting the model to a meastepdesponse.
Notice that the experiment takes a longer time than the axpeat in Figurel0.7a
because to determineitis necessary to wait until the steady state has been rdache
Also notice that the interceptin the Ziegler—Nichols rule is given lyD K =T.
The frequency response method can be improved by measurirgpoimts on
the Nyquist curve, e.g., the zero frequency giiror the point where the process
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Figure 10.8: PI control of an AFM in tapping mode. Nyquist plots (a) and step regmons
(b) for PI control of the vertical motion of an atomic force microscop&pping mode. The
averaging parameter is D 20. Results with Ziegler—Nichols tuning are shown by dashed
lines, and modi ed Ziegler—Nichols tuning is shown by solid lines. The Nyijolist of the
process transfer function is shown by dotted lines.

has a 90 phase lag. This latter point can be obtained by connectingiagral
controller and increasing its gain until the system reat¢hesstability limit. The
experiment can also be automated by using relay feedbacdkilldse discussed
later in this section.

There are many versions of improved tuning rules. As an ithtisin we give
the following rules for PI control, based cAH05]:

0:15 C0O:35T  0:9T 046 C0:02T 03T
K K K 2 K 2’

0:07 01 0:62 05
oD 022 297 o4 ; kD2 c .
K T. ~ KT, T

The values for the Ziegler—Nichols rule are given in parergbeblotice that the
improved formulas typically give lower controller gainsaththe Ziegler—Nichols

method. The integral gain is higher for systems where the micgare delay-
dominated, T.

kp D
(10.11)

Example 10.4 Atomic force microscope in tapping mode
A simpli ed model of the dynamics of the vertical motion of atomic force
microscope in tapping mode was discussed in Exarh@l2 The transfer function

is normalized by choosing=h as the time unit. The normalized transfer function

IS 1 e sTh

sT,.sC 1’
whereT, D 2n a=!o D 2n . The Nyquist plot of the transfer function is shown

in Figure10.8afor z D 0:002 andch D 20. The leftmost intersection of the Nyquist
curve with the real axis occurs at B® 0:0461 for! D 13:1. The critical gain

P.s/ D
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Figure 10.9:Block diagram of a process with relay feedback (a) and typical sighal3 e
process outpwy is a solid line, and the relay outputs a dashed line. Notice that the signals
u andy have opposite phases.

is thusk. D 21:7 and the critical period i$; D 0:48. Using the Ziegler—Nichols
tuning rule, we nd the parameteis, D 8:87 andk; D 226 (T; D 0:384) for
a PI controller. With this controller the stability margingg D 0:31, which is
quite small. The step response of the controller is shown iarEig0.8 Notice in
particular that there is a large overshoot in the contraiaiig

The modi ed Ziegler—Nichols rulel(0.1]) gives the controller parametekD
3:47 andk; D 8:73 (T; D 0:459) and the stability margin becomgsD 0:61. The
step response with this controller is shown in Figi®e8 A comparison of the
responses obtained with the original Ziegler—Nichols rhtengs that the overshoot
has been reduced. Notice that the control signal reachssédy-state value almost
instantaneously. It follows from Exampl®.2that a pure integral controller has
the normalized gaik; D 1=.2 C T,/ D 0:44. Comparing this with the gains of a
P1 controller, we can conclude that a PI controller gives musttelo performance
than a pure integral controller. r

Relay Feedback

The Ziegler—Nichols frequency response method increasgathef a proportional
controller until oscillation to determine the critical gdi. and the corresponding
critical periodT, or, equivalently, the point where the Nyquist curve intets¢he
negative real axis. One way to obtain this information awttecally is to connect
the process in a feedback loop with a nonlinear element bavielay function as
shown in Figurel0.9a For many systems there will then be an oscillation, as shown
in Figure10.9h where the relay output is a square wave and the process output
y is close to a sinusoid. Moreover the input and the output areiophase, which
means that the system oscillates with the critical pefigdvhere the process has
a phase lag of 180 Notice that an oscillation with constant period is estti®id
quickly.

The critical period is simply the period of the oscillatioro @ietermine the
critical gain we expand the square wave relay output in aiEpgeries. Notice
in the gure that the process output is practically sinusbliEcause the process
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attenuates higher harmonics effectively. It is then suitieo consider only the
rst harmonic component of the input. Lettird)be the relay amplitude, the rst
harmonic of the square wave input has amplitude 4 If a is the amplitude
of the process output, the process gain at the critical &equ! . D 2= T, is
jP.it /jD a=.4d/ and the critical gain is

4d
KeD = (10.12)

Having obtained the critical gail. and the critical periody, the controller pa-
rameters can then be determined using the Ziegler—Nichlgs.umproved tuning
can be obtained by tting a model to the data obtained from #t@rexperiment.
The relay experiment can be automated. Since the amplitude afcillation
is proportional to the relay output, it is easy to control yt &djusting the relay
output.Automatic tuningpased on relay feedback is used in many commercial PID
controllers. Tuning is accomplished simply by pushing adnthat activates relay
feedback. The relay amplitude is automatically adjustedetepkthe oscillations
suf ciently small, and the relay feedback is switched to a Ptdtcoller as soon as
the tuning is nished.

10.4 Integrator Windup

Many aspects of a control system can be understood fronrlinedels. There are,
however, some nonlinear phenomena that must be taken intmatc These are
typically limitations in the actuators: a motor has limitgaeed, a valve cannot be
more than fully opened or fully closed, etc. For a system dipatrates over a wide
range of conditions, it may happen that the control variabsehes the actuator
limits. When this happens, the feedback loop is broken amdsyfstem runs in
open loop because the actuator remains at its limit indegrghdof the process
output as long as the actuator remains saturated. The ihtegrawill also build
up since the error is typically nonzero. The integral term inedcontroller output
may then become very large. The control signal will then rensaiturated even
when the error changes, and it may take a long time beforentegriator and the
controller output come inside the saturation range. Theeamuence is that there
are large transients. This situation is referred tmgegrator windup illustrated in
the following example.

Example 10.5 Cruise control

The windup effect is illustrated in Figudd®.10a which shows what happens when
a car encounters a hill that is so steep) (Bat the throttle saturates when the cruise
controller attempts to maintain speed. When encounteneglope at tim¢ D 5,
the velocity decreases and the throttle increases to gemame torque. However,
the torque required is so large that the throttle saturateserror decreases slowly
because the torque generated by the engine is just a literlghan the torque
required to compensate for gravity. The error is large andntiegral continues to
build up until the error reaches zero at time 30, but the adletroutput is still larger
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Figure 10.10:Simulation of Pl cruise control with windup (a) and anti-windup (b). Therg
shows the speed and the throttlau for a car that encounters a slope that is so steep that
the throttle saturates. The controller output is a dashed line. The contrati@mpters are

kp D 0:5andk; D 0:1. The anti-windup compensator eliminates the overshoot by preventing
the error for building up in the integral term of the controller.

than the saturation limit and the actuator remains satuiratee integral term starts
to decrease, and at time 45 and the velocity settles quicktiré desired value.
Notice that it takes considerable time before the contrallgéput comes into the
range where it does not saturate, resulting in a large ogetsh r

There are many methods to avoid windup. One method is illiestran Fig-
ure 10.11 the system has an extra feedback path that is generated dgunrey
the actual actuator output, or the output of a mathematicalehof the saturating
actuator, and forming an error signal as the difference between the output of
the controllerv and the actuator output The signale; is fed to the input of the
integrator through gaik;. The signak; is zero when there is no saturation and the
extra feedback loop has no effect on the system. When thatactsaturates, the
signales is fed back to the integrator in such a way teagoes toward zero. This
implies that controller output is kept close to the satoratimit. The controller
output will then change as soon as the error changes sigmégral windup is
avoided.

The rate at which the controller output is reset is governedhkyfeedback
gaink;; a large value ok; gives a short reset time. The paramédgecannot be too
large because measurement noise can then cause an urldessab A reasonable
choice is to choosk as a fraction of £T;. We illustrate how integral windup can
be avoided by investigating the cruise control system.

Example 10.6 Cruise control with anti-windup
Figure10.10bshows what happens when a controller with anti-windup idiagp
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Figure 10.11: PID controller with a Itered derivative and anti-windup. The input to the
integrator (&s) consists of the error term plus a “reset” based on input saturationeIf th
actuator is not saturated, thenD u , otherwisee; will decrease the integrator input to
prevent windup.

to the system simulated in Figut®.10aBecause of the feedback from the actuator
model, the output of the integrator is quickly reset to a galuch that the controller
output is at the saturation limit. The behavior is drasticdifferent from that in
Figure10.10aand the large overshoot is avoided. The tracking gain i3 2 in the
simulation. r

10.5 Implementation

There are many practical issues that have to be consideradimpémenting PID
controllers. They have been developed over time based otigadeexperience. In
this section we consider some of the most common. Similarideretions also
apply to other types of controllers.

Filtering the Derivative

A drawback with derivative action is that an ideal derivativas high gain for
high-frequency signals. This means that high-frequencysomement noise will
generate large variations in the control signal. The effecteasurement noise may
be reduced by replacing the teigs by kqys=.1 C sT;/, which can be interpreted
as an ideal derivative of a low-pass Itered signal. For sradiie transfer function
is approximatelykys and for larges it is equal toky=T¢. The approximation acts
as a derivative for low-frequency signals and as a constntfgr high-frequency
signals. The ltering time is chosen ds D .ky=k/=N, with N in the range 2—20.
Filtering is obtained automatically if the derivative is ilemented by taking the
difference between the signal and its Itered version as shiowrigurel0.3b(see
equation 10.5).

Instead of Itering just the derivative, itis also possibteuse an ideal controller
and lter the measured signal. The transfer function of sucbrdroller with a Iter
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is then 1 1
C.ssDk, 1C —CsT, :
P ST 9 1CsT,C.sT(/?=2

where a second-order lter is used.

(10.13)

Setpoint Weighting

Figure 10.1 shows two con gurations of a PID controller. The system in Fig-
ure 10.1ahas a controller witrerror feedbackwhere proportional, integral and
derivative action acts on the error. In the simulation of Ptintcollers in Fig-
ure10.2cthere is a large initial peak in the control signal, whichasised by the
derivative of the reference signal. The peak can be avoidedsing the controller
in Figure10.1h where proportional and derivative action acts only on tleegss
output. An intermediate form is given by
Z 1
dr dy
uDkp, r y Ck r./ vyl d Cky — —; (10.14)
0 dt dt
where the proportional and derivative actions act on fomsti and of the refer-
ence. Integral action has to act on the error to make suréht@arror goes to zero
in steady state. The closed loop systems obtained for differsdues of and
respond to load disturbances and measurement noise imigegay. The response
to reference signals is different because it depends oreflnes of and , which
are calledeference weightsr setpoint weightsWe illustrate the effect of setpoint
weighting by an example.

Example 10.7 Cruise control with setpoint weighting

Consider the PI controller for the cruise control systemweetin Examplel0.3
Figure10.12shows the effect of setpoint weighting on the response o$ystem

to a reference signal. With D 1 (error feedback) there is an overshoot in velocity
and the control signal (throttle) is initially close to thetgration limit. There is no
overshoot with D 0 and the control signal is much smaller, clearly a much bette
drive comfort. The frequency responses gives another vigheofame effect. The
parameter is typically in the range 0-1, and is normally zero to avoid large
transients in the control signal when the reference is cbdng r

The controller given by equatiot.14 is a special case of the general controller
structure having two degrees of freedom, which was discliss8ection7.5.

Implementation Based on Operational Ampli ers

PID controllers have been implemented in different techgiele Figurel0.13
shows how Pl and PID controllers can be implemented by feedirackd opera-
tional ampli ers.

To show that the circuit in Figur20.13 is a PID controller we will use the
approximate relation between the input voltagend the output voltage of the
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Figure 10.12: Time and frequency responses for Pl cruise control with setpointhiiegy
Step responses are shown in (a), and the gain curves of the frggesponses in (b). The
controller gains ar&, D 0:74 andk; D 0:19. The setpoint weights areD 0, 0.5 and 1, and

D 0.

operational ampli er derived in Exampk&.3,

In this equatior¥, is the impedance between the negative input of the ampli dr an
the input voltage, andZ, is the impedance between the zero input of the ampli er
and the output voltage. The impedances are given by

1
Z;s/D—2> - Z,sIDR,C —:
! 1C R,Cis 2 2~ Cus
|1
11
C1
o——AM— — o——mn—| —
Ri | R ¢ Ri R ¢,
e o) e e
u
[o; O O

(a) PI controller

(b) PID controller

Figure 10.13:Schematic diagrams for Pl and PID controllers using op amps. Thetdircu
(a) uses a capacitor in the feedback path to store the integral of theT@reocircuit in (b)
adds a lter on the input to provide derivative action.
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and we nd the following relation between the input voltaggnd the output voltage

u:
Z . :
uD Z2eD Rp.1C RCis/.1C RZCZS/e:

Zl Rl RzCzS
This is the input/output relation for a PID controller of therfo(10.1) with param-
eters

kD —; T DRC;; TygD RiCy:

1

The corresponding results for a PI controller are obtainedetyng C; D O (re-
moving the capacitor).

Computer Implementation

In this section we brie y describe how a PID controller may b@lemented using
a computer. The computer typically operates periodicaliyh wignals from the
sensors sampled and converted to digital form by the A/D eday, and the control
signal computed and then converted to analog form for theasats. The sequence
of operation is as follows:

1. Wait for clock interrupt 4. Send output to the actuator
2. Read input from sensor 5. Update controller variables
3. Compute control signal 6. Repeat

Notice that an output is sent to the actuators as soon as\vhaikahble. The time
delay is minimized by making the calculations in step 3 astsi® possible and
performing all updates after the output is commanded. Thipkd way of reducing
the latency is, unfortunately, seldom used in commercistesys.

As an illustration we consider the PID controller in Figu@.11 which has
a ltered derivative, setpoint weighting and protection iag& integral windup.
The controller is a continuous-time dynamical system. Tolément it using a
computer, the continuous-time system has to be approxéate discrete-time
system.

A block diagram of a PID controller with anti-windup is showrfigure10.11
The signalv is the sum of the proportional, integral and derivative ®rand the
controller output isi D satv/, where sat is the saturation function that models the
actuator. The proportional terky. r y/ isimplemented simply by replacing the
continuous variables with their sampled versions. Hence

P.tk/ D kp. r.tk/ y.tk//; (10.15)

whereftygdenotes the sampling instants, i.e., the times when the gnpeads
its input. We leth represent the sampling time, so that D ty C h. The integral
term is obtained by approximating the integral with a sum,

h
.t/ D 1.t/ Ckhetd C = satv/ v ; (10.16)
t
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whereT; D h=k; represents the anti-windup term. The ltered derivative tddm
is given by the differential equation

dD
T{—CDD )
fdtC Kq P

Approximating the derivative with a backward differencees

D. D. ) .
T, ty/ te 1/ CD.4/D kK y.tl oyt 1/;
h h
which can be rewritten as
Ty Kd
D.t/ D D. — V. ) : 10.17
ty/ T.Ch te 1/ T.Ch y.t oyt 1/ (10.17)

The advantage of using a backward difference is that the ey =.T; C h/

is nonnegative and less than 1 forlalb 0, which guarantees that the difference
equation is stable. Reorganizing equatiat3.19—-(10.17, the PID controller can
be described by the following pseudocode:

% Precompute controller coefficients
bi=ki*h

ad=Tf/(Tf+h)

bd=kd/(Tf+h)

br=h/Tt

% Control algorithm - main loop
while (running) {

r=adin(chl) % read setpoint from chl
y=adin(ch2) % read process variable from ch2
P=kp*(b*r-y) % compute proportional part
D=ad*D-bd*(y-yold) % update derivative part

v=P+I+D % compute temporary output
u=sat(v,ulow,uhigh) % simulate actuator saturation
daout(chl) % set analog output chl
I=I+bi*(r-y)+br*(u-v) % update integral

yold=y % update old process output
sleep(h) % wait until next update interval

Precomputation of the coef cients , ad, bd andbr saves computer time in
the main loop. These calculations have to be done only whetnatlem parameters
are changed. The main loop is executed once every samplifigp&he program
has three stategold , | , andD. One state variable can be eliminated at the cost
of less readable code. The latency between reading the amgogand setting
the analog output consists of four multiplications, foudiéidns and evaluation
of thesat function. All computations can be done using xed-point cddtions
if necessary. Notice that the code computes the ltered dévie of the process
output and that it has setpoint weighting and anti-windugigwmtion.
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10.6 Further Reading

The history of PID control is very rich and stretches back toltbginning of the
foundation of control theory. Very readable treatmentgaren by BennettBen79
Ben93 and Mindel Min02]. The Ziegler—Nichols rules for tuning PID controllers,
rst presentedin 19424N42], were developed based on extensive experiments with
pneumatic simulators and Vannevar Bush's differentialyzea at MIT. An inter-
esting view of the development of the Ziegler—Nichols rusagiven in an interview
with Ziegler Bli90]. An industrial perspective on PID control is given Bi@95,
[Shi9q and [YH91] and in the papedMO02] cited in the beginning of this chapter.

A comprehensive presentation of PID control is giverirD5]. Interactive learn-

ing tools for PID control can be downloaded frdvitp://www.calerga.com/contrib

Exercises

10.1(Ideal PID controllers) Consider the systems representéitdiylock diagrams
in Figure10.1 Assume that the process has the transfer fund?a D b=.sC a/
and show that the transfer functions fronto y are

bkgs? C bkys C bk _
.1C bky/s? C .aC bky/sC bk’

bk; _

.1C bky/s?C .aC bky/sC bk
Pick some parameters and compare the step responses oftdrasys

b/ Gy.s/ D

10.2 Consider a second-order process with the transfer function
b .
s2CaysCay
The closed loop system with a Pl controller is a third-ordetesyis Show that it is

possible to position the closed loop poles as long as the §tira polesis a;. Give
equations for the parameters that give the closed loop cteaistic polynomial

.SC ¢/.s?°C2 ¢! ¢sC! 3/

P.s/ D

10.3 Consider a system with the transfer functiBns/ D .s C 1/ 2. Find an
integral controller that gives a closed loop pols& a and determine the value
of a that maximizes the integral gain. Determine the other polié¢ise system and
judge ifthe pole can be considered dominant. Compare wétlidhue of the integral
gain given by equationlQ.6).

10.4 (Ziegler—Nichols tuning) Consider a system with transfarction P.s/ D
e S=s. Determine the parameters of P, Pl and PID controllers usirgjetieNichols
step and frequency response methods. Compare the paramletes obtained by
the different rules and discuss the results.
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10.5 (Vehicle steering) Design a proportional-integral colirofor the vehicle
steering system that gives the closed loop characterigsjmpmial

C2 ps?°C2 gsC! 3

10.6 (Congestion control) A simpli ed ow model for TCP transmissias de-
rived in [HMTGOO, LPD0Z. The linearized dynamics are modeled by the transfer
function b

Ggp.S/ D e Se;
ap .sCa/.sC ay/

which describes the dynamics relating the expected quegéhq to the expected
packet dropp. The parameters are given by D 2N?=.c 2/, a D 1= and

b D ¢?=.2N/. The parametec is the bottleneck capacityy is the number of
sources feeding the link and is the round-trip delay time. Use the parameter
valuesN D 75 sourcesC D 1250 packets/s and D 0:15 and nd the parameters
of a PI controller using one of the Ziegler—Nichols rules anel ¢brresponding
improved rule. Simulate the responses of the closed loopsgsbbtained with the
PI1 controllers.

10.7(Motor drive) Consider the model of the motor drive in Exee@slO Develop
an approximate second-order model of the system and usdestgn ap ideal PD
controller that gives a closed loop system with eigenvailoes o ! g 2,
Add low-pass ltering as shown in equatiof.13 and explore how largey can
be made while maintaining a good stability margin. Simulagedosed loop system
with the chosen controller and compare the results withdinéroller based on state

feedback in Exercis6.11

10.8 Consider the system in Exerci&.7investigate what happens if the second-
order ltering of the derivative is replace by a rst-order Ite

10.9(Tuning rules) Apply the Ziegler—Nichols and the modi ed togirules to
design PI controllers for systems with the transfer funcion

e s e s
P,D —; P, D : P;De S
! S 2 sC1 3

Compute the stability margins and explore any patterns.

10.10(Windup and anti-windup) Consider a Pl controller of the f@ns/ D 1C1=s

for a process with input that saturates wign> 1, and whose linear dynamics are
given by the transfer functioR.s/ D 1=s. Simulate the response of the system to
step changes in the reference signal of magnitude 1, 2 angjd@dRthe simulation
when the windup protection scheme in Figafe11lis used.

10.11 (Windup protection by conditional integration) Many metlschave been
proposed to avoid integrator windup. One method catledditional integration
is to update the integral only when the error is suf cientlyadmTo illustrate this
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method we consider a system with Pl control described by

%Du; u D sat,,.kpe C kixa/; %D © Ifjej< N
dt 0 ifjg ep;

dt
wheree D r  x. Plot the phase portrait of the system for the parameter salue
kp D 1,ki D 1,ug D 1 andey D 1 and discuss the properties of the system.
The example illustrates the dif culties of introducing ad haanlinearities without
careful analysis.






Chapter Eleven
Frequency Domain Design

Sensitivityimprovements in one frequency range must be paid for with signdigieriorations
in another frequency range, and the price is higher if the plant is opep-lowstable. This
applies to every controller, no matter how it was designed.

Gunter Stein in the inaugural IEEE Bode Lecture, 198&03.

In this chapter we continue to explore the use of frequencyaio techniques
with a focus on the design of feedback systems. We begin witioi@ thorough
description of the performance speci cations for contradtsyns and then introduce
the concept of “loop shaping” as a mechanism for designingrobers in the
frequency domain. We also introduce some fundamentaHiioits to performance
for systems with time delays and right half-plane poles aTdz

11.1 Sensitivity Functions

In the previous chapter, we considered the use of propeattiotegral-derivative
(PID) feedback as a mechanism for designing a feedback dientfor a given
process. In this chapter we will expand our approach to dekiricher repertoire
of tools for shaping the frequency response of the closegl $ystem.

One of the key ideas in this chapter is that we can design theviiar of the
closed loop system by focusing on the open loop transfertimmcThis same
approach was used in studying stability using the Nyquittrion: we plotted the
Nyquist plot for theopenloop transfer function to determine the stability of the
closedoop system. From a design perspective, the use of loop asédyds is very
powerful: since the loop transfer functionlisD PC, if we can specify the desired
performance in terms of propertieslof we can directly see the impact of changes
in the controllerC. This is much easier, for example, than trying to reason thirec
about the tracking response of the closed loop system, winassfer function is
given byGy, D PC=.1C PC/.

We will start by investigating some key properties of thedtesck loop. A
block diagram of a basic feedback loop is shown in Fidurd. The system loop is
composed of two components: the process and the contrbfiercontroller itself
has two blocks: the feedback blo€kand the feedforward block. There are two
disturbances acting on the process, the load disturbaraszel the measurement
noisen. The load disturbance represents disturbances that devertitess away
from its desired behavior, while the measurement noisesgmts disturbances that
corrupt information about the process given by the sensothe gure, the load
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Figure 11.1: Block diagram of a basic feedback loop with two degrees of freedora. Th
controller has a feedback blo¢k and a feedforward block. The external signals are the
reference signal, the load disturbance and the measurement noiseThe process output
is , and the control signal ig.

disturbance is assumed to act on the process input. This iai siation since
disturbances often enter the process in many different waytsit allows us to
streamline the presentation without signi cant loss of geiity.

The process outputis the real variable that we want to control. Control is based
on the measured signg) where the measurements are corrupted by measurement
noisen. The process is in uenced by the controller via the controliafale u.
The process is thus a system with three inputs—the contr@hleru, the load
disturbancel and the measurement noise-and one output—the measured signal
y. The controller is a system with two inputs and one output. Tipeits are the
measured signat and the reference signal and the output is the control signal
u. Note that the control signal is an input to the process and the output of the
controller, and that the measured sigpa the output of the process and an input
to the controller.

The feedback loop in Figurgl.lis in uenced by three external signals, the
reference, the load disturbanced and the measurement noiseAny of the re-
maining signals can be of interest in controller designeaeling on the particular
application. Since the system is linear, the relations betwike inputs and the in-
teresting signals can be expressed in terms of the transfetibns. The following
relations are obtained from the block diagram in Figltel

8 pcr P 1 9
1ICPC 1CPC 1CPC
8y9 PCF P PC -
ICPC 1CPC 1CPCE S,
CF 1 c E E
% %D icpc 1CPC icpcs >ds: (11.1)
= U CF PC c n
e 1CPC 1CPC 1CPC
F P 1

" icpPCc 1CcpPC 1CcPC

In addition, we can write the transfer function for the eoetween the reference
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r and the output (not an explicit signal in the diagram), which satis es

PCF p PC
br D1 1epc "C1cpciC1crc™

There are several interesting conclusions we can draw fregsetbquations. First
we can observe that several transfer functions are the sadt@at the majority of
the relations are given by the following set of six transterdtions, which we call
the Gang of Six

1C PC 1C PC 1C PC
CF C 1 (11.2)
CFSDicphe  ©SPicec  SPicec

The transfer functions in the rst column give the responsehefprocess output
and control signal to the reference signal. The second colyiuas the response
of the control variable to the load disturbance and the neisd the nal column
gives the response of the process output to those two ingatie that only four
transfer functions are required to describe how the systawts to load disturbances
and measurement noise, and that two additional transfetiuns are required to
describe how the system responds to reference signals.

The linear behavior of the system is determined by the sixstearfunctions
in equation 11.2, and speci cations can be expressed in terms of these #ansf
functions. The special case whenD 1 is called a system with (pure) error feed-
back. In this case all control actions are based on feedlvaokthe error only and
the system is completely characterized by four transfectfans, namely, the four
rightmost transfer functions in equatiohl(2, which have speci ¢ names:

1 sensitivity P load
D —— : PSD sensitivity
1C PC function 1CPC function
(11.3)
PC complementary C noise
. csD S
1CPC sensitivity 1cpC sensitivity
function function

These transfer functions and their equivalent systems #iszl¢the Gang of Four
The load sensitivity function is sometimes called the ingusstivity function and
the noise sensitivity function is sometimes called the ougensitivity function.
These transfer functions have many interesting propettigswill be discussed
in detail in the rest of the chapter. Good insight into thesmperties is essential
in understanding the performance of feedback systems &ptposes of both
analysis and design.

Analyzing the Gang of Six, we nd that the feedback control=in uences
the effects of load disturbances and measurement noiseeNbat measurement
noise enters the process via the feedback. In Sediait will be shown that
the controller in uences the sensitivity of the closed loapprocess variations.
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Figure 11.2: A more general representation of a feedback system. The progasssuin
represents the control signal, which can be manipulated, and the pinpesw represents
other signals that in uence the process. The process owtpstthe vector of measured
variables and are other signals of interest.

The feedforward parfe of the controller in uences only the response to command
signals.

In Chapter9 we focused on the loop transfer function, and we found tlsat it
properties gave useful insights into the properties of desysTo make a proper
assessment of a feedback system it is necessary to corfmdmoperties of all the
transfer functionsX1.2 in the Gang of Six or the Gang of Four, as illustrated in
the following example.

Example 11.1 The loop transfer function gives only limited insight

Consider a process with the transfer functirs/ D 1=.s a/ controlled by a PI
controller with error feedback having the transfer functia s/ D k.s a/=s. The
loop transfer function i4 D k=s, and the sensitivity functions are

PC k P s
TDlCPCDka’ IDSDlCPCD.s al.sCk/’
csD C Dk.s a/; SD 1 D S

1CPC -~ sCKk 1CPC - sCK

Notice that the factos  a is canceled when computing the loop transfer function
and that this factor also does not appear in the sensitivitgtfon or the comple-
mentary sensitivity function. However, cancellation of factor is very serious if

a > 0 since the transfer functio” Srelating load disturbances to process output is
then unstable. In particular, a small disturbad@an lead to an unbounded output,
which is clearly not desirable. r

The system in Figur&l.1lrepresents a special case because it is assumed that
the load disturbance enters at the process input and thatéhsured output is the
sum of the process variable and the measurement noiserlizstes can enter in
many different ways, and the sensors may have dynamics. A& aostract way
to capture the general case is shown in Figlte?, which has only two blocks
representing the procesB ) and the controller@. The process has two inputs,
the control signali and a vector of disturbances and two outputs, the measured
signaly and a vector of signalsthat is used to specify performance. The system
in Figurell.1can be captured by choosimgD .d;n/ andzD .; ; €, /.The
process transfer functidd isa4 3 matrix, and the controller transfer functién
isal 2 matrix; compare with Exerciskl.3
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Figure 11.3: Block diagram of a system with feedforward compensation for impraeed
sponse to reference signals and measured disturbances (2 DOfR)syidtece feedforward
elements are preserf;,.s/ sets the desired output valug,.s/ generates the feedforward
commandl;, andFy.s/ attempts to cancel disturbances.

Processes with multiple inputs and outputs can also be cenesidy regarding
andy as vectors. Representations at these higher levels obabietr are useful for
the development of theory because they make it possibletsfon fundamentals
and to solve general problems with a wide range of applinatiblowever, care
must be exercised to maintain the coupling to the real-woolitrol problems we
intend to solve.

11.2 Feedforward Design

Most of our analysis and design tools up to this point haveded on the role of
feedback and its effect on the dynamics of the system. Fegdfdiis a simple and
powerful technique that complements feedback. It can be lbsth to improve the
response to reference signals and to reduce the effect cdfuredde disturbances.
Feedforward compensation admits perfect elimination ofudignces, but it is
much more sensitive to process variations than feedbackensation. A general
scheme for feedforward was discussed in SecTidusing Figurer.10 A simple
form of feedforward for PID controllers was discussed in $et1i0.5 The con-
troller in Figurell.lalso has a feedforward block to improve response to command
signals. An alternative version of feedforward is shown igure11.3 which we
will use in this section to understand some of the trade{udtsveen feedforward
and feedback.

Controllers with two degrees of freedom (feedforward aretifieck) have the
advantage that the response to reference signals can pael@andependently of
the design for disturbance attenuation and robustness. IVeast/consider the
response to reference signals, and we will therefore Ilyiteessume that the load
disturbancel is zero. LetF,, represent the ideal response of the system to reference
signals. The feedforward compensator is characterizeddaydhsfer functiong,,
andF,. When the reference is changed, the transfer fundiiarenerates the signal
us, which is chosen to give the desired output when appliedms to the process.
Under ideal conditions the outputis then equal tg/,, the error signal is zero and
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there will be no feedback action. If there are disturbancenadeling errors, the
signalsyn, andy will differ. The feedback then attempts to bring the error¢oaz

To make a formal analysis, we compute the transfer functiomfreference
input to process output:

P.CF,C F,/ PR, Fn
Cyr-'D—cpc PFmC 3chc
whereP D P,P;. The rstterm represents the desired transfer function. Therse
term can be made small in two ways. Feedforward compensatioe used to
makePF, F, small, or feedback compensation can be used to makePC
large. Perfect feedforward compensation is obtained bysihgo
F. D E: (11.5)
P
Design of feedforward using transfer functions is thus g &mple task. Notice
that the feedforward compensatby contains an inverse model of the process
dynamics.

Feedback and feedforward have different properties. Fesdfdraction is ob-
tained by matching two transfer functions, requiring psedinowledge of the pro-
cess dynamics, while feedback attempts to make the errdt byndividing it by
a large quantity. For a controller having integral actidre toop gain is large for
low frequencies, and it is thus suf cient to make sure thatdbedition for ideal
feedforward holds at higher frequencies. This is easier thang to satisfy the
condition @L1.5 for all frequencies.

We will now consider reduction of the effects of the load dlibanced in Fig-
ure11.3by feedforward control. We assume that the disturbancebigmeasured
and that the disturbance enters the process dynamics innenkmay (captured by
P. andP,). The effect of the disturbance can be reduced by feeding deasured
signal through a dynamical system with the transfer fumctg. Assuming that
the reference is zero, we can use block diagram algebra to nd that the teansf
function from the disturbance to the process output is

P,.1C FyPy/
1CPC '

whereP D P, P,. The effect of the disturbance can be reduced by mak@gdP;
small (feedforward) or by making@ P C large (feedback). Perfect compensation
is obtained by choosing

(11.4)

Gya D (11.6)

FeD P % (11.7)

requiring inversion of the transfer functid®.

Asinthe case of reference tracking, disturbance attemueatin be accomplished
by combining feedback and feedforward control. Since loegfrency disturbances
can be eliminated by feedback, we require the use of feedfohenly for high-
frequency disturbances, and the transfer funcigim equation {1.7) can then be
computed using an approximation Bf for high frequencies.
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Figure 11.4:Feedforward control for vehicle steering. The plot on the left shoe/g #jectory
generated by the controller for changing lanes. The plots on the righttbledateral deviation

y (top) and the steering anglgbottom) for a smooth lane change control using feedforward
(based on the linearized model).

Equations 1.5 and (11.7) give analytic expressions for the feedforward com-
pensator. To obtain a transfer function that can be impleéetanithout dif culties
we require that the feedforward compensator be stable adt thoes not require
differentiation. Therefore there may be constraints on iptesshoices of the de-
sired responsé&,, and approximations are needed if the process has zeros in th
right half-plane or time delays.

Example 11.2 Vehicle steering

A linearized model for vehicle steering was given in Exang# The normalized
transfer function from steering angleo lateral deviatiory is P.s/ D . sC 1/=s.
For a lane transfer system we would like to have a nice regpwiteout overshoot,
and we therefore choose the desired respons$g,as D a’=.s C a/?, where the
response speed or aggressiveness of the steering is god\mriee parametes.
Equation (1.5 gives

Fm a’s?
Wb oD cuscar

which is a stable transfer function aslong as 0. Figurell.4shows the responses
of the system foa D 0:5. The gure shows that a lane change is accomplished
in about 10 vehicle lengths with smooth steering angles. algekt steering angle

is slightly larger than 0.1 rad (5 Using the scaled variables, the curve showing
lateral deviationsy as a function ot) can also be interpreted as the vehicle path
(y as a function ok) with the vehicle length as the length unit. r

A major advantage of controllers with two degrees of freedbat combine
feedback and feedforward is that the control design prolokmbe splitin two parts.
The feedback controlle€ can be designed to give good robustness and effective
disturbance attenuation, and the feedforward part can Sigred independently
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to give the desired response to command signals.

11.3 Performance Speci cations

A key element of the control design process is how we spebigydesired per-
formance of the system. It is also important for users to tstdad performance
speci cations so that they know what to ask for and how to testsiem. Speci -
cations are often given in terms of robustness to procesatizars and responses
to reference signals and disturbances. They can be givemis t& both time and
frequency responses. Speci cations for the step respongdaence signals were
given in Figure5.9in Section5.3 and in Sectior6.3. Robustness speci cations
based on frequency domain concepts were provided in SexB@md will be con-
sidered further in Chaptdi2. The speci cations discussed previously were based
on the loop transfer function. Since we found in Sectidrilthat a single transfer
function did not always characterize the properties of thead loop completely,
we will give a more complete discussion of speci cations iisthection, based on
the full Gang of Six.

The transfer function gives a good characterization of thedr behavior of a
system. To provide speci cations it is desirable to captheec¢haracteristic prop-
erties of a system with a few parameters. Common featurdsrierresponses are
overshoot, rise time and settling time, as shown in Figu@eCommon features of
frequency responses are resonant peak, peak frequeneyrgasover frequency
and bandwidth. Aesonant peals a maximum of the gain, and the peak frequency
is the corresponding frequency. Tlgain crossover frequencdg the frequency
where the open loop gain is equal one. Tamdwidthis de ned as the frequency
range where the closed loop gain is 12 of the low-frequency gain (low-pass),
mid-frequency gain (band-pass) or high-frequency gagiigass). There are inter-
esting relations between speci cations in the time and fezqy domains. Roughly
speaking, the behavior of time responses for short timesased to the behavior
of frequency responses at high frequencies, and vice VEhgaprecise relations
are not trivial to derive.

Response to Reference Signals

Consider the basic feedback loop in Figlifel The response to reference signals
is described by the transfer functiogg, D PCF=.1C PC/ andG,, D CF=.1C
PC/ (F D 1 for systems with error feedback). Notice that it is usefutonsider
both the response of the output and that of the control signgbarticular, the
control signal response allows us to judge the magnituderatedof the control
signal required to obtain the output response.

Example 11.3 Third-order system

Consider a process with the transfer functrs/ D .sC 1/ 3 and a Pl controller
with error feedback having the gaikg D 0:6 andk; D 0:5. The responses are
illustrated in FiguredL1.5 The solid lines show results for a proportional-integra) (Pl
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Figure 11.5:Reference signal responses. The responses in processyatpmlitontrol signal
u to a unit step in the reference sigmadre shown in (a), and the gain curvesdf, andG,
are shown in (b). Results with Pl control with error feedback are sHoysolid lines, and
the dashed lines show results for a controller with a feedforward cosapean

controller with error feedback. The dashed lines show redaita controller with
feedforward designed to give the transfer funct®p D .0:5s C 1/ 3. Looking
at the time responses, we nd that the controller with feed&d gives a faster
response with no overshoot. However, much larger contgolads are required to
obtain the fast response. The largest value of the contnohbig 8, compared to 1.2
for the regular Pl controller. The controller with feedford#as a larger bandwidth
(marked with ) and no resonant peak. The transfer functi&p also has higher
gain at high frequencies. r

Response to Load Disturbances and Measurement Noise

A simple criterion for disturbance attenuation is to congitae output of the closed
loop system in Figurd1.1with the output of the corresponding open loop system
obtained by settin@ D 0. If we let the disturbances for the open and closed loop
systems be identical, the output of the closed loop systeéhers obtained simply
by passing the open loop output through a system with thesfeeafiunctionS.
The sensitivity function tells how the variations in the aut@are in uenced by
feedback (Exercis#l.7). Disturbances with frequencies such tf&ai!/ j < 1 are
attenuated, but disturbances with frequencies suctj&dl j > 1 are ampli ed

by feedback. The maximum sensitivityls, which occurs at the frequendyms,

is thus a measure of the largest ampli cation of the distudesn The maximum
magnitude of £.1 C L/ is also the minimum of1 C Lj, which is precisely the
stability margins,, de ned in Section9.3, so thatMg D 1=s,. The maximum
sensitivity is therefore also a robustness measure.
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Figure 11.6: Graphical interpretation of the sensitivity function. Gain curves of the loop
transfer function and the sensitivity function (a) can be used to calculaftiperties of the
sensitivity function through the relatidhD 1=.1 C L/. The sensitivity crossover frequency

I sc and the frequency s where the sensitivity has its largest value are indicated in the
sensitivity plot. The Nyquist plot (b) shows the same information in a diffeform. All
points inside the dashed circle have sensitivities greater than 1.

If the sensitivity function is known, the potential imprawents by feedback
can be evaluated simply by recording a typical output andirig it through the
sensitivity function. A plot of the gain curve of the senstif function is a good way
to make an assessment of the disturbance attenuation. Basertsitivity function
depends only on the loop transfer function, its propertas a&lso be visualized
graphically using the Nyquist plot of the loop transfer ftiog. This is illustrated
in Figurel11.6 The complex number € L.i!/ can be represented as the vector
from the point 1 to the pointL.i!/ on the Nyquist curve. The sensitivity is thus
less than 1 for all points outside a circle with radius 1 andeeat 1. Disturbances
with frequencies in this range are attenuated by the feédbac

The transfer functiorsy4 from load disturbance to process outpuy for the
system in Figurd.1.1is

-
— D PSD —: 11.8
1C PC C ( )
Since load disturbances typically have low frequencies,ngitural to focus on the
behavior of the transfer function at low frequencies. Foystem withP.0/ 6D0
and a controller with integral action, the controller gaoeg to in nity for small
frequencies and we have the following approximation forlsisia
T 1 S
Gyb—= = = 11.9
yd C C ki ( )
wherek; is the integral gain. Since the sensitivity functiSmgoes to 1 for largs,
we have the approximatic@yq P for high frequencies.
Measurement noise, which typically has high frequenciesegates rapid vari-
ations in the control variable that are detrimental bec#tusgcause wear in many
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Figure 11.7: Disturbance responses. The time and frequency responses espragtputy
to load disturbancd are shown in (a) and the responses of control sigrialmeasurement
noisen are shown in (b).

actuators and can even saturate an actuator. It is thustampto keep variations in
the control signal due to measurement noise at reasonablslea typical require-
ment is that the variations are only a fraction of the spamefcontrol signal. The
variations can be in uenced by ltering and by proper desigiia high-frequency
properties of the controller.

The effects of measurement noise are captured by the trdnsfgion from the
measurement noise to the control signal,

C T
—DCSD —: 11.10
1CPC P ( )
The complementary sensitivity function is close to 1 for loaguencies!(< ! ),
andG,, can be approximated by1=P. The sensitivity function is close to 1 for
high frequencies!(>! ), andGy, can be approximated byC.

Gun D

Example 11.4 Third-order system

Consider a process with the transfer funct®rs/ D .sC 1/ 3 and a proportional-
integral-derivative (PID) controller with gairkg, D 0:6, ki D 0:5 andky D 2:0.
We augment the controller using a second-order noise lt¢hWwi D 0:1, so that
its transfer function is

kas? C kpsC ki
S.2T?=2CsT; C U’

C.s/D

The system responses are illustrated in Fidlre. The response of the output to
a step in the load disturbance in the top part of FigLkerahas a peak of 0.28 at
timet D 2.73 s. The frequency response in Figlile7ashows that the gain has a
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maximum of 0.58 at D 0.7 rad/s.

The response of the control signal to a step in measuremesg f®ishown
in Figure11.7hb The high-frequency roll-off of the transfer functi@.i!/ is
due to ltering; without it the gain curve in Figurgl.7bwould continue to rise
after 20 raes. The step response has a peak of 18[at0.08 s. The frequency
response has its peak 20!atD 14 rad/s. Notice that the peak occurs far above
the peak of the response to load disturbances and far abevgaih crossover
frequency! o D 0.78 rad/s. An approximation ngerived in Exercik&.9 gives

maxjCSi!/ j ky=T¢ D 20, whichoccursat D 2=Ty4 D 14.1 rad/s. r

11.4 Feedback Design via Loop Shaping

One advantage of the Nyquist stability theorem is that iasdal on the loop transfer
function, which is related to the controller transfer fuantthroughL D PC. Itis
thus easy to see how the controller in uences the loop trarigfection. To make
an unstable system stable we simply have to bend the Nyquigt away from the
critical point.

This simple idea is the basis of several different design oulcollectively
calledloop shaping These methods are based on choosing a compensator that
gives a loop transfer function with a desired shape. Oneilpitigsis to determine
a loop transfer function that gives a closed loop system thighdesired properties
and to compute the controller & D L=P. Another is to start with the process
transfer function, change its gain and then add poles arab zettil the desired
shape is obtained. In this section we will explore differep-shaping methods
for control law design.

Design Considerations

We will rst discuss a suitable shape for the loop transferciion that gives good
performance and good stability margins. Figliie8shows a typical loop transfer
function. Good robustness requires good stability marfgingood gain and phase
margins), which imposes requirements on the loop transfiection around the
crossover frequenciés,c and! y.. The gain ofL at low frequencies must be large
in order to have good tracking of command signals and go@hadition of low-
frequency disturbances. Sind 1=.1C L/, it follows that for frequencies where
jLj > 101 disturbances will be attenuated by a factor of 100 antifale&ing error is
lessthan 1%. Itis therefore desirable to have alarge cvesfequency and a steep
(negative) slope of the gain curve. The gain at low frequencam be increased by
a controller with integral action, which is also callled) compensationTo avoid
injecting too much measurement noise into the system, the til@nsfer function
should have low gain at high frequencies, which is calieggh-frequency roll-off
The choice of gain crossover frequency is a compromise antterguation of load
disturbances, injection of measurement noise and robsstne
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Figure 11.8:Gain curve and sensitivity functions for a typical loop transfer funcfiére plot
on the left shows the gain curve and the plots on the right show the senditinitiion and
complementary sensitivity function. The gain crossover frequéngynd the slopeg. of
the gain curve at crossover are important parameters that deterreir@btistness of closed
loop systems. At low frequency, a large magnitude lfoprovides good load disturbance
rejection and reference tracking, while at high frequency a small lagpig used to avoid
amplifying measurement noise.

Bode's relations (see Secti@y) impose restrictions on the shape of the loop
transfer function. Equatior®(8) implies that the slope of the gain curve at gain
crossover cannot be too steep. If the gain curve has a cosédae, we have the
following relation between slop@,c and phase marging,:

2
ngeD 2C =T [rad]: (11.11)

This formulais areasonable approximation when the gairecdies not deviate too
much from a straight line. It follows from equatiohl(.11) that the phase margins
30, 45 and 60 correspond to the slopess=3, 3=2 and 4=3.

Loop shaping is a trial-and-error procedure. We typicallytsivith a Bode plot
of the process transfer function. We then attempt to shapletp transfer function
by changing the controller gain and adding poles and zertigetoontroller trans-
fer function. Different performance speci cations are exaked for each controller
as we attempt to balance many different requirements bysadgicontroller pa-
rameters and complexity. Loop shaping is straightforwampjaly to single-input,
single-output systems. It can also be applied to systentsamié input and many
outputs by closing the loops one at a time starting with theiimost loop. The only
limitation for minimum phase systems is that large phasgdead high controller
gains may be required to obtain closed loop systems withtadaponse. Many
speci ¢ procedures are available: they all require expegerut they also give
good insight into the con icting requirements. There are famental limitations
to what can be achieved for systems that are not minimum phiase will be
discussed in the next section.
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Figure 11.9:Frequency response for lead and lag compens@ta/sD k.sCa/=.sCh/.Lead
compensation (a) occurs whan< b and provides phase lead betweerD a and! D b.
Lag compensation (b) correspondsate: b and provides low-frequency gain. PI control is
a special case of lag compensation and PD control is a special casalafdmpensation.
PI/PD frequency responses are shown by dashed curves.

Lead and Lag Compensation

A simple way to do loop shaping is to start with the transfexction of the process
and add simple compensators with the transfer function

sCa
C.s/ D k——: 11.12
sChb ( )

The compensator is calledead compensatdf a < b, and alag compensatoif

a > b. The PI controller is a special case of a lag compensator lbwEh0, and
the ideal PD controller is a special case of a lead compengatioia D 0. Bode
plots of lead and lag compensators are shown in Figdr@ Lag compensation,
which increases the gain at low frequencies, is typicaldu® improve tracking
performance and disturbance attenuation at low frequenCigmpensators that are
tailored to speci c disturbances can be also designed, asrsimoExercisel1.1Q
Lead compensation is typically used to improve phase maigia.following ex-
amples give illustrations.

Example 11.5 Atomic force microscope in tapping mode
A simple model of the dynamics of the vertical motion of annaitforce micro-
scope in tapping mode was given in Exerc&& The transfer function for the
system dynamics is
al e*s/

s.sCal ’

whereaD ! 3, D 2 n=!yand the gain has been normalized to 1. A Bode plot
of this transfer function for the parameter® 1and  0:25is shown in dashed
curvesinFigurd1l.10aToimprove the attenuation of load disturbances we inereas

P.s/ D
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Figure 11.10:Loop-shaping design of a controller for an atomic force microscopejitig
mode. (a) Bode plots of the process (dashed), the loop transfetidnrfor an integral
controller with critical gain (dotted) and a PI controller (solid) adjusted te gaasonable
robustness. (b) Gain curves for the Gang of Four for the system.

the low-frequency gain by introducing an integral con&nlThe loop transfer
function then becomek D k; P.s/=s, and we adjust the gain so that the phase
margin is zero, givinds; D 8:3. Notice the increase of the gain at low frequencies.
The Bode plot is shown by the dotted line in Figdule 10awhere the critical point
is indicated by . To improve the phase margin we introduce proportionabacti
and we increase the proportional g&ingradually until reasonable values of the
sensitivities are obtained. The vakieD 3:5 gives maximum sensitivitils D 1:6
and maximum complementary sensitivit4¢ D 1:3. The loop transfer function is
shown in solid lines in Figuré1.10a Notice the signi cant increase of the phase
margin compared with the purely integral controller (ddtiee).

To evaluate the design we also compute the gain curves afahsfer functions
in the Gang of Four. They are shown in Figdre 10b The peaks of the sensitivity
curves are reasonable, and the plotRd® shows that the largest value &fSis
0.3, which implies that the load disturbances are well aéed. The plot o€ S
shows that the largest controller gain is 6. The controllerdgain of 3.5 at high
frequencies, and hence we may consider adding high-fregueii-off. r

A common problem in the design of feedback systems is thgitthee margin
is too small, and phadead must then be added to the system. If weae&t b in
equation 11.12, we add phase lead in the frequency range between the pale/z
pair (and extending approximately 10n frequency in each direction). By appro-
priately choosing the location of this phase lead, we camigeoadditional phase
margin at the gain crossover frequency.

Because the phase of a transfer function is related to tpe siithe magnitude,
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Symbol  Description Value
m Vehicle mass 4.0 kg
J Vehicle inertia, 3 axis  0.0475 kg rh
r Force moment arm 25.0cm
y c Damping coef cient 0.05 kg m/s
g Gravitational constant 9.8 nf/s

(a) Simpli ed model (b) Parameter values

Figure 11.11:Roll control of a vectored thrust aircraft. (a) The roll angles controlled by
applying maneuvering thrusters, resulting in a moment generatéd.k{{p) The table lists
the parameter values for a laboratory version of the system.

increasing the phase requires increasing the gain of thgettaasfer function over
the frequency range in which the lead compensation is apgleExercisell.11
itis shown that the gain increases exponentially with theamof phase lead. We
can also think of the lead compensator as changing the sfdipe tvansfer function
and thus shaping the loop transfer function in the cross@ggon (although it can
be applied elsewhere as well).

Example 11.6 Roll control for a vectored thrust aircraft
Consider the control of the roll of a vectored thrust aircsath as the one illustrated
in Figure11.11 Following Exercis&.10 we model the system with a second-order

transfer function of the form r
P.ss D —;
Js?

with the parameters given in Figutd.11b We take as our performance speci ca-
tion that we would like less than 1% error in steady state asslthan 10% tracking
error up to 10 rad/s.

The open loop transfer function is shown in Figurg.12a To achieve our
performance speci cation, we would like to have a gain of askel0 at a frequency
of 10 rad/s, requiring the gain crossover frequency to benagleer frequency. We
see from the loop shape that in order to achieve the desiréorp@ance we cannot
simply increase the gain since this would give a very low phagrgin. Instead,
we must increase the phase at the desired crossover frgquenc

To accomplish this, we use a lead compensdttrl(d witha D 2 andb D 50.
We then set the gain of the system to provide a large loop gaito the desired
bandwidth, as shown in Figudel.12b We see that this system has a gain of greater
than 10 at all frequencies up to 10 rad/s and that it has mare 60 of phase
margin. r
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Figure 11.12:Control design for a vectored thrust aircraft using lead compensatiwmBode
plot for the open loop proces$sis shown in (a) and the loop transfer functiorD P C using
a lead compensator in (b). Note the phase lead in the crossover regidn Be100 rad/s.

The action of a lead compensator is essentially the sametad tha derivative
portion of a PID controller. As described in Sectib®.5 we often use a Iter for
the derivative action of a PID controller to limit the highefuency gain. This same
effect is present in a lead compensator through the padab.

Equation (1.12 is a rst-order compensator and can provide up to@(phase
lead. Larger phase lead can be obtained by using a higher{estecompensator
(Exercisell.1]):

sCa/"

. — <D
C.o/Dk—Zimi a<hb

11.5 Fundamental Limitations

Although loop shaping gives us a great deal of exibility insigning the closed
loop response of a system, there are certain fundamentits lon what can be
achieved. We consider here some of the primary performamigtlions that can
occur because of dif cult dynamics; additional limitatioredated to robustness are

considered in the next chapter.

Right Half-Plane Poles and Zeros and Time Delays

There are linear systems that are inherently dif cult to cohtfhe limitations are
related to poles and zeros in the right half-plane and tinl@yde To explore the
limitations caused by poles and zeros in the right half-phlae factor the process

transfer function as
P.s/ D Pmp.S/ Pap.s/; (11.13)

wherePp, is the minimum phase part aritd,, is the nonminimum phase part. The
factorization is normalized so thi,p.i!/ j D 1, and the sign is chosen so tli},
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has negative phase. The transfer functiap is called arall-pass systerhecause
it has unit gain for all frequencies. Requiring that the ghawargin bé ., we get

argL.i! g/ D argPqp.i! g/ CargPmp.i! 4o/ CargC.i! 4/ C'm (11.14)

whereC is the controller transfer function. Let, be the slope of the gain curve
at the crossover frequency. Sinég.i!/ j D 1, it follows that

dlogjL.iV/ j o 4109} P,V C.il |

D
g dlog! dlog!

I D! g I D! g

Assuming that the slopey is negative, it has to be larger thar2 for the system
to be stable. It follows from Bode's relations, equati®ngj, that

argPmp.i!/ CargC.il/ Nge:

Combining this with equationl(l.14 gives the following inequality for the allow-
able phase lag of the all-pass part at the gain crossoverdrey:

argPap.i! ¢ "'mC Ngc D:": (11.15)
This condition, which we call thgain crossover frequency inequalighows thatthe
gain crossover frequency must be chosen so that the phasgttlegnonminimum
phase component is not too large. For systems with high toess requirements
we may choose a phase margin of §0,, D =3) and a slop@&g. D 1, which
gives an admissible phase lagD =6 D 0.52 rad (30). For systems where we
can accept alower robustness we may choose a phase mar§irf'of4> =4)and
the slopengc D 1=2, which gives an admissible phase lagb =2 D 1.57 rad
(90).

The crossover frequency inequality shows that nonminimuasglcomponents
impose severe restrictions on possible crossover fredgegititalso means that there
are systems that cannot be controlled with suf cient stgbitiargins. We illustrate
the limitations in a number of commonly encountered sitrei

Example 11.7 Zero in the right half-plane
The nonminimum phase part of the process transfer functioa &ystem with a

right half-plane zero is

Z s
P.p.s/ D ——;
ap zCs

wherez > 0. The phase lag of the nonminimum phase part is
!
argPap.i!/ D 2arctan'E:

Since the phase lag %, increases with frequency, the inequalify1 (19 gives
the following bound on the crossover frequency:

| o< ztan.' |=2/: (11.16)
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With' | D =3 we getl 4c < 0:6z. Slow right half-plane zeroz(mall) therefore
give tighter restrictions on possible gain crossover feggpies than fast right half-
plane zeros. r

Time delays also impose limitations similar to those givgrzéros in the right
half-plane. We can understand this intuitively from the €agproximation
1 05s 2= s
1C 0:5s 2= Cs’
A long time delay is thus equivalent to a slow right half-gaeroz D 2= .

S

Example 11.8 Pole in the right half-plane
The nonminimum phase part of the transfer function for a systih a pole in the
right half-plane is
sCp
S P
wherep > 0. The phase lag of the nonminimum phase part is

argPap.i!/ D 2arctan|E;

and the crossover frequency inequality becomes
p
ge> —————
%7 tan' =2/

Right half-plane poles thus require that the closed loogesy$ave a suf ciently
high bandwidth. With | D =3 we get! ¢ > 1:7p. Fast right half-plane poles
(p large) therefore give tighter restrictions on possiblengabssover frequencies
than slow right half-plane poles. The control of unstabléeys imposes minimum
bandwidth requirements for process actuators and sensors. r

(11.17)

We will now consider systems with aright half-plane zeamd a right half-plane
pole p. If p D z, there will be an unstable subsystem that is neither redemaio
observable, and the system cannot be stabilized (see S&djowe can therefore
expect that the system is dif cult to control if the right hgdfane pole and zero are
close. A straightforward way to use the crossover frequéreyuality is to plot the
phase of the nonminimum phase facky, of the process transfer function. Such
a plot, which can be incorporated in an ordinary Bode plolf,imimediately show
the permissible gain crossover frequencies. An illusira given in Figurd.1.13
which shows the phase &, for systems with a right half-plane pole/zero pair
and systems with a right half-plane pole and a time delay.dfrequire that the
phase lag | of the nonminimum phase factor be less than 9@ must require that
the ratioz=p be larger than 6 or smaller than 1/6 for systems with right-piane
poles and zeros and that the prodpctbe less than 0.3 for systems with a time
delay and a right half-plane pole. Notice the symmetry ingtablem forz > p
andz < p: in either case the zeros and the poles must be suf cienthafert
(Exercisell.12. Also notice that possible values of the gain crossoveyueacy
I gc @re quite restricted.
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Figure 11.13:Example limitations due to the gain crossover frequency inequality. Thegu
show the phase lag of the all-pass fadfgy as a function of frequency. Since the phase lag
of P,p at the gain crossover frequency cannot be too large, it is necessepose the gain
crossover frequency properly. All systems have a right half-pente ats D 1. The system

in (a) has zeros a&D 2, 5, 20 and 100 (solid lines) andsab 0:5, 0.2, 0.05 and 0.01 (dashed
lines). The system in (b) has time delay® 0:02 0.1, 0.5 and 1.

Using the theory of functions of complex variables, it canshewn that for
systems with a right half-plane pofeand a right half-plane zem(or a time delay
), any stabilizing controller gives sensitivity functiowith the property

. pCz N
supjS.il/ —— supjT.il/ eP : 11.18
up) ] T up) ] ( )

This result is proven in Exerciskl.13

As the examples above show, right half-plane poles and zggws cantly
limit the achievable performance of a system, hence onedniikd to avoid these
whenever possible. The poles of a system depend on the intdyisamics of the
system and are given by the eigenvalues of the dynamicsxatifia linear system.
Sensors and actuators have no effect on the poles; the onlyongange poles
is to redesign the system. Notice that this does not imply wihatable systems
should be avoided. Unstable system may actually have aalyasitone example is
high-performance supersonic aircraft.

The zeros of a system depend on how the sensors and actuacuated to
the states. The zeros depend on all the mati#ge, C andD in a linear system.
The zeros can thus be in uenced by moving the sensors and auatby adding
sensors and actuators. Notice that a fully actuated syBt®r does not have any
zeros.

Example 11.9 Balance system
As an example of a system with both right half-plane poleszands, consider the
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balance system with zero damping, whose dynamics are given b

ml
HegD :
F Mg m22/s2C mglMW
s2C mgl
Hor D N} g

2 Mg miZs2CmglM,

Assume that we want to stabilize the pendulum by using thiepeeition as the
measured signal. 'Ehe transfer function from the input ftgde the cart position
p has poles0;0; = mglM=.M;J ma2/gand zero§ =~ mgl=Jg Using the
parameters in Exampk7, the right half-plane pole is ai D 2:68 and the zero is
atz D 2:09. Equation 11.18 then givegS.i!/ j 8, which shows that it is not
possible to control the system robustly.

The right half-plane zero of the system can be eliminated bypging the output
of the system. For example, if we choose the output to coorebjo a position at a
distance along the pendulum, we hayeD p rsin and the transfer function
for the linearized output becomes

.mlr  J/s?> C mgl

Hyr D Hpre TH gD :
¥iF PF PP e MiJ m22/s?2 C mglMW,

If we chooser suf ciently large, thenmlr  J, > 0 and we eliminate the right
half-plane zero, obtaining instead two pure imaginary gefidie gain crossover
frequency inequality is then based just on the right hadfaplpole (Exampl&l1.8).

If our admissible phase lag for the nonminimum phase part 3 45 , then our
gain crossover must satisfy

p
o> — P
7 tan' =2/

If the actuators have suf ciently high bandwidth, e.g., atéai®f 10 above ¢ or
roughly 10 Hz, then we can provide robust tracking up to tregdiency. r

D 6.48 rad/s

Bode's Integral Formula

In addition to providing adequate phase margin for robwastibty, a typical control
design will have to satisfy performance conditions on tmsgwity functions (Gang

of Four). In particular, the sensitivity functioB D 1=.1 C PC/ represents the
disturbance attenuation and also relates the tracking etothe reference signal:
we usually want the sensitivity to be small over the rangeefdiencies where we
want small tracking error and good disturbance attenuafidrasic problem is to
investigate ifS can be made small over a large frequency range. We will syart b
investigating an example.

Example 11.10 System that admits small sensitivities
Consider a closed loop system consisting of a rst-order @ss@nd a proportional
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controller. Let the loop transfer function be

L.ss D PCD L;
sC1
where parametel is the controller gain. The sensitivity function is
sC1
.S/ D ———
Sl sC1lCk

and we have S

1C!?
1C2kCk2C! 2

ThisimpliesthajS.il/ j < 1forall nite frequencies and that the sensitivity can be
made arbitrarily small for any nite frequency by makikguf ciently large. r

iSil jD

The system in Exampl&l1.10is unfortunately an exception. The key feature
of the system is that the Nyquist curve of the process is cetaelyl contained in
the right half-plane. Such systems are calbedsive and their transfer functions
are positive real For typical control systems there are severe constramtihe
sensitivity function. The following theorem, due to Bodeyyides insights into the
limits of performance under feedback.

Theorem 11.1(Bode's integral formula) Assume that the loop transfer function
L.s/ of a feedback system goes to zero faster themas s! 1 , and let Ss/
be the sensitivity function. If the loop transfer functicastpoles p in the right
half-plane, then the sensitivity function satis es thédwing integral:
z 1 z 1 1 X
iS.ilid S | :
logjS.i!/ jd! D . IOgle L d' D P: (11.19)

Equation (1.19 implies that there are fundamental limitations to what can
be achieved by control and that control design can be vieweal r@distribution
of disturbance attenuation over different frequenciedrticular, this equation
shows that if the sensitivity function is made smaller fomgdfrequencies, it must
increase at other frequencies so that the integral of3ad/ j remains constant.
This means that if disturbance attenuation is improved infogmuency range, it
will be worse in another, a property sometime referred tdasvaterbed effectit
also follows that systems with open loop poles in the righ-pkane have larger
overall sensitivity than stable systems.

Equation {1.19 can be regarded asanservation lawif the loop transfer
function has no poles in the right half-plane, the equatiompk es to

1
logjS.i!/ jd! D O:

This formula can be given a nice geometric interpretationllastiated in Fig-
urell1.14 which shows logS.i!/ j as a function of . The area over the horizontal
axis must be equal to the area under the axis when the fregueptotted on a
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Figure 11.14:Interpretation of thevaterbed effeciThe function logS.i!/ j is plotted versus
I inlinear scales in (a). According to Bode's integral formuld.(L9, the area of logS.i!/ |
above zero must be equal to the area below zero. Gunter Stein's &taipn of design as a
trade-off of sensitivities at different frequencies is shown in (lr(f{Ste03).

linear scale. Thus if we wish to make the sensitivity smaller up toes@maquency

I s¢, We must balance this by increased sensitivity albayeControl system design
can be viewed as trading the disturbance attenuation atemqeencies for distur-
bance ampli cation at other frequencies. Notice that théespsn Examplel1.10
violates the condition that ligy  sL.s/ D 0 and hence the integral formula does

not apply.
There is result analogous to equatidd (19 for the complementary sensitivity
function: Z, N
logjT.i!/ X 1
09101 g, = (11.20)
0 2 z

where the summation is over all right half-plane zeros. ¢éothat slow right half-
plane zeros are worse than fast ones and that fast righplzalé poles are worse
than slow ones.

Example 11.11 X-29 aircraft

As an example of the application of Bode's integral formuw&, present an anal-
ysis of the control system for the X-29 aircraft (see Figlitel53, which has an
unusual con guration of aerodynamic surfaces that are desigo enhance its
maneuverability. This analysis was originally carried oytGunter Stein in his
article “Respect the UnstableSfe03, which is also the source of the quote at the
beginning of this chapter.

To analyze this system, we make use of a small set of parasrteedrdescribe
the key properties of the system. The X-29 has longitudinabdyics that are very
similar to inverted pendulum dynamics (Exerc#s8) and, in particular, have a pair
of poles at approximatelgp D 6 and azero a D 26. The actuators that stabilize
the pitch have a bandwidth bf, D 40 rad/s and the desired bandwidth of the pitch
control loop is! 1 D 3 rad/s. Since the ratio of the zero to the pole is only 4.3, we
may expect that it may be dif cult to achieve the speci cations
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(a) X-29 aircraft (b) Sensitivity analysis

Figure 11.15:X-29 ight control system. The aircraft makes use of forward stveings and
a set of canards on the fuselage to achieve high maneuverability @}leBired sensitivity
for the closed loop system is shown in (b). We seek to use our contraritytto shape the
sensitivity curve so that we have low sensitivity (good performanceaddgequency! ; by
creating higher sensitivity up to our actuator bandwidh

To evaluate the achievable performance, we search for actdev such that
the sensitivity function is small up to the desired bandiviatid not greater thavg
beyond that frequency. Because of the Bode integral forraid&now thatMs must
be greater than 1 at high frequencies to balance the smaitiséy at low frequency.
We thus ask if we can nd a controller that has the shape shoviigare11.15b
with the smallest value os. Note that the sensitivity above the frequency
is not speci ed since we have no actuator authority at thajuemcy. However,
assuming that the process dynamics fall off at high frequethe sensitivity at
high frequency will approach 1. Thus, we desire to design aecldoop system
that has low sensitivity at frequencies belbwand sensitivity that is not too large
between ; and! ,.

From Bode's integral formula, we know that whatever conéoilve choose,
equation 11.19 must hold. We will assume that the sensitivity function ixzeg

by (
L tMs oy
jsil/jp '
Mg !, ! ' a

S
corresponding to Figurgl1.15b If we further assume that..s/j  =! 2 for fre-
guencies larger than the actuator bandwidth, Bode's iatdggcomes
z
1 !

logjSil/ jd! D logjS.il/ jd!

0

[

I'M
D log — *dl C.lya !i/logMsD p:
0 Ly

Evaluation of the integral gives! 1 C! jlogMsD por

MS D e pC! 1/=! a:

This formula tells us what the achievable valuevdf will be for the given control
speci cations. In particular, usingg D 6,!; D 3 and! ; D 40 rad/s, we nd
thatMs D 1:75, which means that in the range of frequencies betwgend! ,,
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Figure 11.16:Contour used to prove Bode's theorem. For each right half-planengteeate
a path from the imaginary axis that encircles the pole as shown. To avdidrolue have
shown only one of the paths that enclose one right half-plane.

disturbances at the input to the process dynamics (suchra will be ampli ed
by a factor of 175 in terms of their effect on the aircraft.

Another way to view these results is to compute the phaseimdrgt corre-
sponds to the given level of sensitivity. Since the peak sgitginormally occurs
at or near the crossover frequency, we can compute the ptagemorresponding
to Mg D 1:75. As shown in Exercistl.14 the maximum achievable phase margin
for this system is approximately 35which is below the usual design limit of 45
in aerospace systems. The zere & 26 limits the maximum gain crossover the
can be achieved. r

Derivation of Bode's Formula

We now derive Bode's integral formula (Theordrh.1). This is a technical section
that requires some knowledge of the theory of complex viagahn particular
contour integration. Assume that the loop transfer fumctias distinct poles at
s D px in the right half-plane and that.s/ goes to zero faster thand.for large
values ofs.

Consider the integral of the logarithm of the sensitivitgdtionS.s/ D 1=.1C
L.s// over the contour shown in Figurgl.16 The contour encloses the right
half-plane except for the poinssD px where the loop transfer function.s/ D
P.s/C.s/ has poles and the sensitivity functi@ns/ has zeros. The direction of the
contour is counterclockwise.

The integral of the log of the sensitivity function aroundstbontour is given
by

z Z g z x Z
log.S.s// dsD log.S.s// dsC  log.S.s// dsC log.S.s// ds
0 iR R K
DI;CI,ClI3DO0;

whereR is a large semicircle on the right angd is the contour starting on the
imaginary axis as D Im px and a small circle enclosing the pgbg. The integral
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is zero because the function I18gs/ is analytic inside the contour. We have
Zir Zir
1D i log.S.il// d! D 2i log.jS.i!/ j/d!
iR 0
because the real part of I&)i!/ is an even function and the imaginary part is an
odd function.{urthermore we haﬁe 7

oD log.S.s// dsD log.1C L.s// ds L.s/ds
R R R

SincelL.s/ goes to zero faster thard.for larges, the integral goes to zero when
the radius of the circle goes to in nity.

Next we consider the integréd. For this purpose we split the contour into three
partsXc, andXZ , as indicated inZFigurael.16 We fan then write the integral as

I3 D logS.s/dsC logS.s/dsC logS.s/ ds.
Xc X
The contour is a small circle with radius around the polgy. The magnitude of
the integrand is of the order log and the length of the path is 2. The integral
thus goes to zero as the radiugoes to zero. Furthermore, making use of the fact
chatX is orientgd oppositely frogxc, we have

logS.s/dsC logS.s/dsD logS.s/ logS.s 2 i/ dsD 2 Rep:
X

XC XC

SincejS.s/jDjSs 2 ilj, we have
logS.s/ logSs 2 i/DargSs/ argSs 2 i/D2 i
and we nd that X

3D 2 i Repy:
k
Letting the small circles go to zero and the large circle gotoity and adding the
contributions from all right half-plane polgx gives

ILCI1,ClI3D 2 logjS.il/ jd! Ci 2 Rep¢DO:
0 k
: . P P .
Since complex poles appear as complex conjugate pajy&epx D | px, which
gives Bode's formulaX1.19.

11.6 Design Example

In this section we present a detailed example that illussrite main design tech-
niques described in this chapter.

Example 11.12 Lateral control of a vectored thrust aircraft
The problem of controlling the motion of a vertical takeoffddanding (VTOL)
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Figure 11.17:Inner/outer control design for a vectored thrust aircraft. The innep le;
controls the roll angle of the aircraft using the vectored thrust. The ¢ndercontrollerC,
commands the roll angle to regulate the lateral position. The procesmiymare decom-
posed into inner loopR) and outer loop IP,) dynamics, which combine to form the full
dynamics for the aircraft.

aircraft was introduced in ExampR9and in Exampldl1.6 where we designed a
controller for the roll dynamics. We now wish to control thesjiion of the aircraft,
a problem that requires stabilization of both the attitude @ne position.

To control the lateral dynamics of the vectored thrust aitciwwe make use of a
“inner/outer” loop design methodology, as illustrated igltiel1.17 This diagram
shows the process dynamics and controller divided into woponents: amner
loop consisting of the roll dynamics and control and@rter loopconsisting of
the lateral position dynamics and controller. This decortjoosfollows the block
diagram representation of the dynamics given in Exei@is@

The approach that we take is to design a contrdllefor the inner loop so
that the resulting closed loop systefi provides fast and accurate control of the
roll angle for the aircraft. We then design a controller foe tateral position that
uses the approximation that we can directly control theaotile as an input to
the dynamics controlling the position. Under the assunmptt@t the dynamics of
the roll controller are fast relative to the desired bandkwiof the lateral position
control, we can then combine the inner and outer loop cdetsto get a single
controller for the entire system. As a performance speciarafor the entire system,
we would like to have zero steady-state error in the latevsitipn, a bandwidth of
approximately 1 rad/s and a phase margin of 45

For the inner loop, we choose our design speci cation to mtevhe outer loop
with accurate and fast control of the roll. The inner loop dyiies are given by

r
PDHD -~
! "7 Js2Ccs

We choose the desired bandwidth to be 10 rad/s (10 times thia¢ @uter loop)
and the low-frequency error to be no more than 5%. This spetionds satis ed
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(a) Outer loop approximation (b) Actual roll dynamics

Figure 11.18: Outer loop control design for a vectored thrust aircraft. (a) The dotgr
approximates the roll dynamics as a state gaimg. (b) The Bode plot for the roll dynamics,
indicating that this approximation is accurate up to approximately 10 rad/s.

using the lead compensator of Example6designed previously, so we choose

Ci.s/DkSC—a; aD2 bD50 kD1
sChb

The closed loop dynamics for the system satisfy

Ci C PR C.1 mg P,/
Hi D m D ;
'P1ccre Miccr -~ 1cop
A plot of the magnitude of this transfer function is shown igutie11.18 and we
see thatH; mgD 39:2 is a good approximation up to 10 rad/s.
To design the outer loop controller, we assume the inner fotizontrol is
perfect, so that we can take as the input to our lateral dynamics. Following the

diagram shown in Exercis® 10, the outer loop dynamics can be written as
Hi.O/

ms '’
where we replacel;. s/ with H;.0/ to re ect our approximation that the inner loop
will eventually track our commanded input. Of course, tigpr@ximation may not
be valid, and so we must verify this when we complete our aesig

Our control goal is how to design a controller that gives zteady-state error

in x and has a bandwidth of 1 rad/s. The outer loop process dynangcgven by a
second-order integrator, and we can again use a simple ¢t@aplensator to satisfy
the speci cations. We also choose the design such that thetlamsfer function
for the outer loop hag.,j < 0:1for! > 10 rad/s, so that thel; dynamics can be

neglected. We choose the controller to be of the form
sCag
Co.s/ D —
° kos C b,

with the negative sign to cancel the negative sign in theggedynamics. To ndthe

P.s/ D H;.0/P,.s/ D
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Figure 11.19: Inner/outer loop controller for a vectored thrust aircraft. The Bodé @lp
and Nyquist plot (b) for the transfer function for the combined innet @uter loop transfer
functions are shown. The system has a phase margin adr8a gain margin of 6.2.

location of the poles, we note that the phase lead attenst@p@roximatehb=10.

We desire phase lead at crossover, and we desire the crossbygD 1 rad/s, so

this givesb, D 10. To ensure that we have adequate phase lead, we must choose
a, such that,=10< 10a, < by, which implies that, should be between 0.1 and

1. We choose, D 0:3. Finally, we need to set the gain of the system such that at
crossover the loop gain has magnitude 1. A simple calculatimws thak, D 2

satis es this objective. Thus, the nal outer loop controllexdomes

sCO0:3
sC10

Finally, we can combine the inner and outer loop controllers gerify that
the system has the desired closed loop performance. The Bodsyajuist plots
corresponding to Figurgl.17with inner and outer loop controllers are shown in
Figure11.19 and we see that the speci cations are satis ed. In additios sivow
the Gang of Four in Figurgl.2Q and we see that the transfer functions between all
inputs and outputs are reasonable. The sensitivity to lcgtdribanced’ Sis large
at low frequency because the controller does not have @itagtion.

The approach of splitting the dynamics into an inner and agréobp is common
in many control applications and can lead to simpler designsomplex systems.
Indeed, for the aircraft dynamics studied in this examplis, very challenging to
directly design a controller from the lateral positioto the inputu;. The use of the
additional measurement ofgreatly simpli es the design because it can be broken
up into simpler pieces. r

Co.8/ D 0:8

11.7 Further Reading

Design by loop shaping was a key element in the early devedopof control, and
systematic design methods were developed; see James|$\iakd?hillips JNP47,
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Figure 11.20:Gang of Four for vectored thrust aircraft system.

Chestnut and MayerdM51], Truxal [Tru55 and Thaler Tha89. Loop shap-
ing is also treated in standard textbooks such as FranklineP@and Emami-
Naeini [FPENO03, Dorf and Bishop PB04], Kuo and GolnaraghiKG02] and
Ogata Pga0]l. Systems with two degrees of freedom were developed by Horpidor63,
who also discussed the limitations of poles and zeros indi nalf-plane. Funda-
mental results on limitations are given in Bod@op49; more recent presentations
are found in Goodwin, Graebe and Salga@&[S0]. The treatment in Sectiahl.5

is based ondst0q. Much of the early work was based on the loop transfer fumgti
the importance of the sensitivity functions appeared imeation with the devel-
opment in the 1980s that resultedi design methods. A compact presentation
is given in the texts by Doyle, Francis and TannenbaD#192 and Zhou, Doyle
and Glover ZDG96]. Loop shaping was integrated with the robust control theory
in McFarlane and GloveMIG90Q] and Vinnicombe Yin01]. Comprehensive treat-
ments of control system design are given in Maciejowdka¢89 and Goodwin,
Graebe and SalgadG{zS01.

Exercises

11.1 Consider the system in Figufel.1 Give all signal pairs that are related by
the transfer functions21C PC/, P=.1C PC/,C=.1C PC/ andPC=.1C PC/.

11.2 Consider the system in Exampld.1 Choose the parameteasD 1 and
compute the time and frequency responses for all the trefusfetions in the Gang
of Four for controllers wittk D 0:2 andk D 5.

11.3(Equivalence of Figurekl.1land11.2 Consider the system in Figutd..1and
let the outputs of interest beD . ; / and the major disturbances teD .n; d/.
Show that the system can be represented by Fitu@and give the matrix transfer
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functionsP andC. Verify that the elements of the closed loop transfer fuorchl,,
are the Gang of Four.

11.4 Consider the spring—mass system given Byi4, which has the transfer
function 1

m< C csC k:

Design a feedforward compensator that gives a responsecwiital damping
( D).

11.5(Sensitivity of feedback and feedforward) Consider theesysn Figurell.1
and letGy, be the transfer function relating the measured sigrtalthe reference
r. Show that the sensitivities db,,; with respect to the feedforward and feed-
back transfer functiong andC are given bydGy,=dF D CP=.1C PC/ and
dGy,=dCD FP=.1C PC/?D Gy L=C.

11.6(Equivalence of controllers with two degrees of freedom) Sti@atthe systems
in Figuresl1.1land11.3give the same responses to command sign&lg@C F, D
CF.

11.7(Disturbance attenuation) Consider the feedback systemrsim Figurell.1
Assume that the reference signal is constant.ybetbe the measured output when
there is no feedback ang, be the output with feedback. Show thé§.s/ D
S.s/'Yq . s/, whereSis the sensitivity function.

P.s/ D

11.8 (Disturbance reduction through feedback) Consider a prakih which an
output variable has been measured to estimate the potemtdisturbance attenu-
ation by feedback. Suppose an analysis shows that it is pessidesign a closed
loop system with the sensitivity function

S .
s2CsC1’
Estimate the possible disturbance reduction when the medsiisturbance is

y.t/ D 5sin.0:1t/ C 3sin.0:17t/ C 0:5c0s.0:9t/ C 0:1t:

11.9 Show that the effect of high frequency measurement noise @rcahtrol
signal for the system in Examplel.4can be approximated by

kgs _
.SsTf/2=2CsT; C1’

and that the largest value £ S.i!/ j is kgy=T; which occurs fot D P 2=T;.

S.s/ D

CS CD

11.10(Attenuation of low-frequency sinusoidal disturbances@gral action elim-
inates constant disturbances and reduces low-frequestyridances because the
controller gain is in nite at zero frequency. A similar idearcbe used to reduce the
effects of sinusoidal disturbances of known frequehgyy using the controller

ksS

C.s/Dk,C :
P7s2C21 ¢sC!2
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This controller has the gai@s.i!/ D k,Cks=.2 / forthe frequency o, which can

be large by choosing a small value af Assume that the process has the transfer
function P.s/ D 1=s. Determine the Bode plot of the loop transfer function and
simulate the system. Compare the results with Pl control.

11.11 Consider a lead compensator with the transfer function
fkca n
sCa '’

which has zero frequency ga®.0/ D 1 and high-frequency gai@.1 / D k.
Show that the gain required to give a given phase le&d
q___
kD 1C2tarf.'=n/C2tan'=n/ 1Ctart.'= n/ n;

Cn.s/ D

and thatnllimk D€ .

11.12 Consider a process with the loop transfer function

z s

S
with positivez and p. Show that the system is stablepfz < k< 1orl< k<
p=z, and that the largest stability margindg D jp  zj=.p C Z/ is obtained for
k D 2p=.p C z/. Determine the pole/zero ratios that gives the stabilitygima
Sn D 2=3.

11.13 Prove the inequalities given by equatidil(18. (Hint: Use the maximum
modulus theorem.)

L.s/ Dk

11.14(Phase margin formulas) Show that the relationship betwegpttase margin
and the values of the sensitivity functions at gain cross@vgiven by
jSi! 4/jDjT.i! 4/JD ——:
R Ty
11.15(Stabilization of an inverted pendulum with visual feedbhaCknsider sta-
bilization of an inverted pendulum based on visual feedhestkg a video camera
with a 50-Hz frame rate. Let the effective pendulum length.bsssume that we
want the loop transfer function to have a slopengé D  1=2 at the crossover
frequency. Use the gain crossover frequency inequalitgterdhine the minimum
length of the pendulum that can be stabilized if we desireasemargin of 45

11.16 (Rear-steered bicycle) Consider the simple model of a kéciyt Equa-
tion (3.5), which has one pole in the right half-plane. The model is aédml for a
bicycle with rear wheel steering, but the sign of the velptthen reversed and
the system also has a zero in the right half-plane. Use thdises Exercisel1.12
to give a condition on the physical parameters that admitsraraller with the
stability margins,.

11.17Prove the formulaX1.20 for the complementary sensitivity.



Chapter Twelve
Robust Performance

However, by building an ampli er whose gain is deliberately made, sayetibels higher
than necessary (10000 fold excess on energy basis), and then féeeliogtput back on the
input in such a way as to throw away that excess gain, it has been fougsibpoto effect
extraordinary improvement in constancy of ampli cation and freedommfrmn-linearity.

Harold S. Black, “Stabilized Feedback Ampli ers,” 193BIa34].

This chapter focuses on the analysis of robustness of fekdlyatems, a vast
topic for which we provide only an introduction to some of #&y concepts. We
consider the stability and performance of systems whoseegsodynamics are
uncertain and derive fundamental limits for robust stap#ind performance. To
do this we develop ways to describe uncertainty, both in ¢t fof parameter
variations and in the form of neglected dynamics. We alse Ymnention some
methods for designing controllers to achieve robust paréorce.

12.1 Modeling Uncertainty

Harold Black's quote above illustrates that one of the kegsusf feedback is to
provide robustness to uncertainty (“constancy of amplicat). It is one of the
most useful properties of feedback and is what makes it plestsi design feedback
systems based on strongly simpli ed models.

One form of uncertainty in dynamical systemspigrametric uncertaintyin
which the parameters describing the system are unknowrpidalexample is the
variation of the mass of a car, which changes with the numbymssengers and the
weight of the baggage. When linearizing a nonlinear systeenparameters of the
linearized model also depend on the operating conditidisssiraightforward to in-
vestigate the effects of parametric uncertainty simplywaheating the performance
criteria for a range of parameters. Such a calculation rewbal consequences of
parameter variations. We illustrate by a simple example.

Example 12.1 Cruise control

The cruise control problem was described in Sec8dh and a PI controller was
designed in Exampl&0.3 To investigate the effect of parameter variations, we will
choose a controller designed for a nominal operating cmmddorresponding to
massm D 1600 kg, fourth gear ( D 12) and speedle D 25 m/s; the controller
gains arek, D 0:72 andk; D 0:18. Figurel2.1ashows the velocity and the
throttleu when encountering a hill with a 3lope with masses in the range 1690

m < 2000 kg, gear ratios 3-5 (D 10, 12 and 16) and velocity 10 v 40 m/s.



358 CHAPTER 12. ROBUST PERFORMANCE

1 T A Im
8 &
g o 105
85}
-1 L L L ®0°
0 5 10 15 20 &
Timet [s] Re
—t+o—o—ootewe— >
2 -1 -0.
2 %%
B o | 1 -05
0 5 10 15 20
Time t[s]
(a) Disturbance response (b) Closed loop eigenvalues

Figure 12.1: Responses of the cruise control system to a slope increase(aj and the
eigenvalues of the closed loop system (b). Model parameters aré¢ evega wide range.

The simulations were done using models that were linearizmaha the different
operating conditions. The gure shows that there are vaniatim the response
but that they are quite reasonable. The largest velocityr ésran the range of
0.2-0.6 m/s, and the settling time is about 15 s. The contgolasiis marginally
larger than 1 in some cases, which implies that the thrattielly open. A full
nonlinear simulation using a controller with windup prdten is required if we
want to explore these cases in more detail. Figidd bshows the eigenvalues of
the closed loop system for the different operating cond#idhe gure shows that
the closed loop system is well damped in all cases. r

This example indicates that at least as far as parametraticars are concerned,
the design based on a simple nominal model will give satisfgacontrol. The
example also indicates that a controller with xed paranmgetan be used in all
cases. Notice that we have not considered operating consliiin low gear and at
low speed, but cruise controllers are not typically usedhése cases.

Unmodeled Dynamics

It is generally easy to investigate the effects of paramefariations. However,
there are other uncertainties that also are importantsasisiied at the end of Sec-
tion 2.3 The simple model of the cruise control system captures telglynamics
of the forward motion of the vehicle and the torque charasties of the engine
and transmission. It does not, for example, include a dataiiodel of the engine
dynamics (whose combustion processes are extremely canapline slight delays
that can occur in modern electronically controlled engifassa result of the pro-
cessing time of the embedded computers). These neglectdtnisms are called
unmodeled dynamics
Unmodeled dynamics can be accounted for by developing a cmrglex

model. Such models are commonly used for controller devedoprbut substantial
effort is required to develop them. An alternative is to sigate if the closed loop
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Figure 12.2: Unmodeled dynamics in linear systems. Uncertainty can be represesited u
additive perturbations (left), multiplicative perturbations (middle) or bk perturbations
(right). The nominal system iB, andl, D 1=P andl g, represent unmodeled dynamics.

system is sensitive to generic forms of unmodeled dynariiits.basic idea is to
describe the unmodeled dynamics by including a transfestiom in the system
description whose frequency response is bounded but otemspeci ed. For
example, we might model the engine dynamics in the cruisér@loexample as
a system that quickly provides the torque that is requestemligh the throttle,
giving a small deviation from the simpli ed model, which assed the torque
response was instantaneous. This technique can also berusaghy instances
to model parameter variations, allowing a quite general@ggh to uncertainty
management.

In particular, we wish to explore if additional linear dyniasimay cause dif-
culties. A simple way is to assume that the transfer functafrthe process is
P.s/ C1,whereP.s/ is the nominal simpli ed transfer function arid represents
the unmodeled dynamics in termsaufditive uncertaintyDifferent representations
of uncertainty are shown in Figufe.2

When Are Two Systems Similar? The Vinnicombe Metric

A fundamental issue in describing robustness is to determiren two systems are
close. Given such a characterization, we can then attengbdoribe robustness
according to how close the actual system must be to the modwider to still
achieve the desired levels of performance. This seeminglgdent problem is
not as simple as it may appear. A naive approach is to saywhasystems are
close if their open loop responses are close. Even if thisaapp®tural, there are
complications, as illustrated by the following examples.

Example 12.2 Similar in open loop but large differences in closed tp
The systems with the transfer functions

k k

P;.s/ D —; P,.s/ D
! sC1’ 2 .sC1.sTC 1?2

have very similar open loop responses for small valuds, e illustrated in the top
plot in Figurel2.3a which is plotted forT D 0:025 andk D 100. The differences
between the step responses are barely noticeable in the. §heestep responses
with unit gain error feedback are shown in the bottom plot guFe12.3a Notice
that one closed loop system is stable and the other one iahlest r

(12.1)
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Figure 12.3:Determining when two systems are close. The plots in (a) show a situation whe
the open loop responses are almost identical, but the closed loop sesgoe very different.
The processes are given by equati®.0) with k D 100 andT D 0:025. The plots in (b)
show the opposite situation: the systems are different in open loop butsimtlased loop.
The processes are given by equatid®.9) with k D 100.

Example 12.3 Different in open loop but similar in closed loop
Consider the systems

Kk

P,.s/ D ——: 12.2
2.8/ D — (12.2)

k
P1.s/ D ——;
19D SeT
The open loop responses are very different bec&®sestable and, is unstable,
as shown in the top plot in Figur2.3h Closing a feedback loop with unit gain

around the systems, we nd that the closed loop transfer fanstare

k k
T../ D ———; T2/ D —;
! sckc1 °? sCk 1’
which are very close for larde as shown in Figuré2.3h r

These examples show that if our goal is to close a feedbackiloopy be very

misleading to compare the open loop responses of the system.
Inspired by these examples we introduce Yhienicombe metricwhich is a

distance measure that is appropriate for closed loop sgsteansider two systems
with the transfer function®; and P,, and de ne

jPLil Palil ]
ACjPLiY 2. 1C|P.IY 2
which is a metric with the property O d. P;; P,/ 1. The numbed. P;; P,/ can
be interpreted as the difference between the complemeséasitivity functions

(12.3)

d.Py; Py/ D supp
|
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Figure 12.4: Geometric interpretation d. P;; P,/. At each frequency, the points on the
Nyquist curve forP; (solid) andP, (dashed) are projected onto a sphere of radius 1 sitting
at the origin of the complex plane. The projection of the pointilis shown. The distance
between the two systems is de ned as the maximum distance between thetiprgeof
P..iY/ and P,.i!/ over all frequencie$ . The gure is plotted for the transfer functions
P..s/ D 2=.sC 1/ andP,.s/ D 2=.s 1/. (Diagram courtesy G. Vinnicombe.)

for the closed loop systems that are obtained with unit faekllaround?; and P;
see Exercis@2.3 The metric also has a nice geometric interpretation, assiow
Figurel2.4 where the Nyquist plots d?; and P, are projected onto a sphere with
radius 1 at the origin of the complex plane (called Riemann sphejePoints in
the complex plane are projected onto the sphere by a lineighrthe point and
the north pole (Figuré2.4). The distancel. P;; P,/ is the longest chordal distance
between the projections &.i!/ andP..i!/ . The distance is small whep, and
P, are small or large, but it emphasizes the behavior aroundjdive crossover
frequency.

The distancel. P;; P,/ has one drawback for the purpose of comparing the
behavior of systems under feedbackPjfis perturbed continuously from; to P,
there can be intermediate transfer functiehshered. P;; P/ is 1 evenifd. P;; P,/
is small (see Exercisk2.4). To explore when this could happen, we observe that

ACPLY P il 1C P i Pl

1 d2P;P/D —— —
! ACjPLiV j2.1CjP.iV j2

The right-hand side is zero, and herttd?;; P/ D 1if 1 C P.ilY/ P. i/ =0
for some! . To explore when this could occur, we investigate the bedrasfi the
function ICP.s/P;. s/ whenP is perturbed fronP; to P;. Ifthe functionsf,.s/ D
1CP;.s/P;. s/andf,.s/ D 1CP,.s/P;. s/ donothavethe same number of zeros
in the right half-plane, there is an intermedi&such that C P.i!/ P,. il/ DO
for some! . To exclude this case we introduce the Gets all pairs Py; P,/ such
that the functiond; D 1C P;.s/P;. s/ andf, D 1C P,.s/P;. s/ have the same
number of zeros in the right half-plane.

TheVinnicombe metrior -gap metricis de ned as

d. P:; Pz/; if . Pi; Pz/ 2C

.P1; P,/ D .
b2 1; otherwise

(12.4)



362 CHAPTER 12. ROBUST PERFORMANCE

Vinnicombe Min01] showed that . P;; P,/ is a metric, he gave strong robustness
results based on the metric and he developed the theory $terag with many
inputs and many outputs. We illustrate its use by computiregrhetric for the
systems in the previous examples.

Example 12.4 Vinnicombe metric for Examplesl2.2and 12.3
For the systems in Example.2we have
2 2
f.s D1CPLs/P. s/ DSk S
1 ¢
1Ck?®C2sTC.T? 1Us? 28T s°T?2
.1 s2/.1C2sTCs2T?/ '

The function f; has one zero in the right half-plane. A numerical calcurafior
k D 100 andT D 0:025 shows that the functio, has the roots 46.3, -86.3,

20:0 60:0i. Both functions have one zero in the right half-plane, ailfmwus to
compute the normiR.4). ForT D 0:025 this gives .Py; P,/ D 0:98, which is a
quite large value. To have reasonable robustness Vinniesgtommended values
less than 1/3.

For the system in ExamplE2.3we have
1Ck?® ¢&? 1 k¥ 2sC¢?

1C P..s/P;. s/D 1 2 1C P,.s/P,. s/ D <C 12
These functions have the same number of zeros in the righplaie ifk > 1.
In this particular case the Vinnicombe metricdisPy; P,/ D 2k=.1 C k?/ (Exer-
cise12.4 and withk D 100 we get .P;; P,/ D 0:02. Figurel2.4shows the
Nyquist curves and their projections floD 2. Notice thad. P;; P,/ is very small
for smallk even though the closed loop systems are very different.thideefore
essential to consider the conditioR;; P,/ 2 C, as discussed in Exercid2.4 r

f.s/ D 1C P,.s/P;. s/ D

12.2 Stability in the Presence of Uncertainty

Having discussed how to describe uncertainty and the giityilaetween two sys-

tems, we now consider the problem of robust stability: Whan we show that

the stability of a system is robust with respect to procesgtrans? This is an

important question since the potential for instability reemf the main drawbacks
of feedback. Hence we want to ensure that even if we have smaaituracies in

our model, we can still guarantee stability and performance

Robust Stability Using Nyquist's Criterion

The Nyquist criterion provides a powerful and elegant wayttag the effects
of uncertainty for linear systems. A simple criterion istthi@ Nyquist curve be
suf ciently far from the critical point 1. Recall that the shortest distance from
the Nyquist curve to the critical point &, D 1=Mg, whereMs is the maximum
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(a) Nyquist plot (b) Additive uncertainty

Figure 12.5:Robust stability using the Nyquist criterion. (a) This plot shows that theiesto
distance to the critical poirs, is a robustness measure. (b) This plot shows the Nyquist curve
of a nominal loop transfer function and its uncertainty caused by adgitaeess variations

1.

of the sensitivity function ang,, is the stability margin introduced in Secti®B.
The maximum sensitivityMs or the stability margirsy, is thus a good robustness
measure, as illustrated in Figut@.5a

We will now derive explicit conditions for permissible pexs uncertainties.
Consider a stable feedback system with a prode@snd a controlleiC. If the
process is changed fromto P C 1, the loop transfer function changes fraaC
to PCC C1, as illustrated in Figurd2.5h If we have a bound on the size of
1 (represented by the dashed circle in the gure), then theeaysemains stable
as long as the process variations never overlap thgoint, since this leaves the
number of encirclements of 1 unchanged.

Some additional assumptions are required for the analydislth Most im-
portantly, we require that the process perturbatibrise stable so that we do not
introduce any new right half-plane poles that would reqadditional encirclements
in the Nyquist criterion.

We will now compute an analytical bound on the allowable pssdisturbances.
The distance from the critical pointl to the loop transfer functioh isj1 C Lj.
This means that the perturbed Nyquist curve will not reachctitecal point 1
provided thafC1 | < j1 C Lj, which implies
1CPC . 1 1

c or |jD 5 < T (12.5)

This condition must be valid for all points on the Nyquist cairize, pointwise
for all frequencies. The condition for robust stability chng be written as
1.0y 1

<
P.il/ jT.al
Notice that the condition is conservative because it fofidom Figurel2.5that

the critical perturbation is in the direction toward thetical point 1. Larger
perturbations can be permitted in the other directions.

ji1j<

i.iYjD forall! 0. (12.6)
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The condition in equationl@.6) allows us to reason about uncertainty without
exact knowledge of the process perturbations. Namely, weverfy stability for
anyuncertaintyl that satis es the given bound. From an analysis perspectiig, t
gives us a measure of the robustness for a given design. Gehydf we require
robustness of a given level, we can attempt to choose ouratlemiC such that the
desired level of robustness is available (by askingTha¢ small) in the appropriate
frequency bands.

Equation (2.6 is one of the reasons why feedback systems work so well in
practice. The mathematical models used to design contr@rsigsare often simpli-
ed, and the properties of a process may change during operdiiquation 2.6
implies that the closed loop system will at least be stahistibstantial variations
in the process dynamics.

It follows from equation {2.6) that the variations can be large for those fre-
quencies wher& is small and that smaller variations are allowed for freques
whereT is large. A conservative estimate of permissible procesiatians that
will not cause instability is given by

D 1.0l - 1
ER s S wy
whereM; is the largest value of the complementary sensitivity
PC

M; D supjT.i!/ jD (22.7)

1CPC 1~
The value ofM; is in uenced by the design of the controller. For example, it
is shown in Exercisd2.5that if M D 2 then pure gain variations of 50% or
pure phase variations of 3@re permitted without making the closed loop system
unstable.

Example 12.5 Cruise control
Consider the cruise control system discussed in Se8tibrnhe model of the car
in fourth gear at speed 25 m/s is

138
sC 0:0142

and the controller is a PI controller with gaikg D 0:72 andk, D 0:18. Fig-
ure 12.6 plots the allowable size of the process uncertainty usiregbibund in
equation 12.6). At low frequenciesT.0/ D 1 and so the perturbations can be as
large as the original processj(D j1=Pj < 1). The complementary sensitivity
has its maximurmM; D 1:14 at! ,y D 0:35, and hence this gives the minimum
allowable process uncertainty, withj < 0:87 orjlj < 3:47. Finally, at high
frequenciesT ! 0 and hence the relative error can get very large. For example
at! D 5we havgT.i!/ j D 0:195, which means that the stability requirement is
j ] < 5:1. The analysis clearly indicates that the system has goagstioéss and
that the high-frequency properties of the transmissiotesysre not important for
the design of the cruise controller.

P.s/ D
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Figure 12.6:Robustness for a cruise controller. On the left the maximum relative 540j
(solid) and the absolute errpPj5Tj (dashed) for the process uncertaity The Nyquist
curve is shown on the right as a solid line. The dashed circles show péshaiperturbations
in the process dynamicgl, j D j Pj5Tj, at the frequenciels D 0, 0.0142 and 0.05.

Another illustration of the robustness of the system isginghe right diagram
in Figure 12.6 which shows the Nyquist curve of the transfer function & th
process and the uncertainty boudd® j Pj5Tj for a few frequencies. Note that
the controller can tolerate large amounts of uncertaintysditl maintain stability
of the closed loop. r

The situation illustrated in the previous example is typmamnany processes:
moderately small uncertainties are required only arouaed#in crossover frequen-
cies, but large uncertainties can be permitted at highel@mer frequencies. A
consequence of this is that a simple model that describgsdicess dynamics well
around the crossover frequency is often suf cient for desiystems with many
resonant peaks are an exception to this rule because thesgrtransfer function
for such systems may have large gains for higher frequeatses as shown for
instance in Exampl®@.9.

The robustness condition given by equati@@.¢ can be given another inter-
pretation by using the small gain theorem (Theor@#). To apply the theorem
we start with block diagrams of a closed loop system with #&ypleed process and
make a sequence of transformations of the block diagramigbktte the block
representing the uncertainty, as shown in Figl2er. The result is the two-block
interconnection shown in Figud2.7c, which has the loop transfer function

PC 1
1CPCP
Equation (2.6 implies that the largestloop gain is less than 1 and herecgytstem
is stable via the small gain theorem.
The small gain theorem can be used to check robust stabitityrfcertainty in
a variety of other situations. Tabl.1summarizes a few of the common cases;
the proofs (all via the small gain theorem) are left as esexi
The following example illustrates that it is possible to dessystems that are
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F 1
(6) = 6) P
C C 1CPC

Figure 12.7: lllustration of robustness to process perturbations. A system with additive
certainty (left) can be manipulated via block diagram algebra to one with mudtijpiéc
uncertainty D 1= P (center). Additional manipulations isolate the uncertainty in a manner
that allows application of the small gain theorem (right)

o=

robust to parameter variations.

Example 12.6 Bode's ideal loop transfer function

A major problem in the design of electronic ampli ers is to aiot a closed loop
system that is insensitive to changes in the gain of the releict components.
Bode found that the loop transfer functibns/ D ks ", with1 n 5=3, was
an ideal loop transfer function. The gain curve of the Bode sl@ straight line
with slope n and the phase is constant &rg!/ D n =2. The phase margin
is thus' ,, =90.2 n/ for all values of the gairk and the stability margin is
snm D sin . 1 n=2/. This exact transfer function cannot be realized with phajsic
components, butit can be approximated over a given frequange with a rational
function (Exercisél2.7). An operational ampli er circuit that has the approximate
transfer functiorG.s/ D k=.sC a/ is a realization of Bode's ideal transfer function
with n D 1, as described in Examp83. Designers of operational ampli ers go to
great efforts to make the approximation valid over a widgdency range. r

Youla Parameterization

Since stability is such an essential property, it is usefahtaracterize all controllers
that stabilize a given process. Such a representation, vidicalled aYoula pa-
rameterizationis very useful when solving design problems because it mike
possible to search over all stabilizing controllers withthe need to test stability
explicitly.

We will rst derive Youla's parameterization for a stable pass with a rational

Table 12.1:Conditions for robust stability for different types of uncertainty

Process Uncertainty Type  Robust Stability
PC1 Additive kCSlk; <1
pP.1C / Multiplicative KT k; <1

P=1C1l¢- P/ Feedback kP Sl fbkl <1
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Figure 12.8: Youla parameterization. Block diagrams of Youla parameterizationsdiatde
system (a) and an unstable system (b). Notice that the sigaaero in steady state.

transfer functionP. A system with the complementary sensitivity functidrcan
be obtained by feedforward control with the stable tranfsfiectionQif T D P Q.

Notice thatT must have the same right half-plane zerosPasince Q is stable.
Now assume that we want to implement the complementaryfeafusictionT by

using unit feedback with the controll€. SinceT D PC=.1C PC/ D PQ, it

follows that the controller transfer function is

Q

CD :
1 PQ

(12.8)

A straightforward calculation gives
SD1 PQ; PSD P.1 PQ/, CSD Q; TDPQ:

These transfer functions are all stabl®itndQ are stable and the controller given
by equation 12.8) is thus stabilizing. Indeed, it can be shown that all stzibid)
controllers are in the form given by equatioh2(8 for some choice ofQ. The
parameterization is illustrated by the block diagrams iruFed 2.8a
A similar characterization can be obtained for unstabldéesys. Consider a
process with a rational transfer functiéhs/ D a.s/=b.s/, wherea.s/ andb.s/
are polynomials. By introducing a stable polynongad/, we can write
a.sl __ Asl

P.s/'D b.s/ b B.s/’
whereA.s/ D a.s/=c.s/ andB.s/ D b.s/=c.s/ are stable rational functions. Simi-
larly we introduce the controlleZq.s/ D Fq.s/=Gg.s/, whereFy.s/ andGg.s/ are
stable rational functions. We have

AR B
$D "0 . PSD —FO;
AFoC BGO AFOC BGO
AGo BGO
C D———; D—mmm—:
0% AF, C BG °~ AR C BG,

The controlleiCy is stabilizing if and only if the rational functioAF, C B Gy does
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——

Figure 12.9:Block diagram of a basic feedback loop. The external signals areférenee
signalr, the load disturbance and the measurement noiseThe process output i, and

the control signal is1. The proces$® may include unmodeled dynamics, such as additive
perturbations.

not have any zeros in the right half plane. gte a stable rational function and
consider the controller

GoC QA
CD———: 12.9
Fo OB (12.9)
The Gang of Four foP andC is
A.F B B.F B
sp Ao QB gy BP0 QB
ARy C BGy ARy C BGy
A. B.
csp AGCOAN . o B.GoC QN
AFOC BGO AFOC BGO

All these transfer functions are stable if the rational tiort ARy C BGy does
not have any zeros in the right half plane and the contr@lgiven by (2.9 is
therefore stabilizing for any stabl@. A block diagram of the closed loop system
with the controllerC is shown in Figurel2.8h Notice that the transfer functioQ
appears af nely in the expressions for the Gang of Four, wriakery useful if we
want to determine the transfer functi@hto obtain speci c properties.

12.3 Performance in the Presence of Uncertainty

So far we have investigated the risk for instability and rabess to process un-
certainty. We will now explore how responses to load distades, measurement
noise and reference signals are in uenced by process vangtiTo do this we will
analyze the system in Figufe.9 which is identical to the basic feedback loop
analyzed in Chaptetl.

Disturbance Attenuation

The sensitivity functiors gives a rough characterization of the effect of feedback
on disturbances, as was discussed in Sedtio® A more detailed characterization
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is given by the transfer function from load disturbancesrtxpss output:

P
1C PC

Load disturbances typically have low frequencies, and liésdfore important that
the transfer function be small for low frequencies. For psses with constant
low-frequency gain and a controller with integral actionheveGyq  s=k;. The
integral gairk; is thus a simple measure of the attenuation of load distuwdsn

To nd out how the transfer functioiG g is in uenced by small variations in
the process transfer function we differentiat@.0.Q with respect taP yielding

dGya 1 SP_ Gy
dP .1C PC/2  P.1C PC/ P’
and it follows that

Gy D DPS (12.10)

dGya iy g4P. (12.11)

Gyqd P

The response to load disturbances is thus insensitive t@gso@riations for fre-
guencies whergS.i!/ j is small, i.e., for frequencies where load disturbances are
important.

A drawback with feedback is that the controller feeds meament noise into
the system. In addition to the load disturbance rejecttastiius also important that
the control actions generated by measurement noise ai@xiatge. It follows from
Figure12.9that the transfer functio,,, from measurement noise to controller
output is given by

_C D I: (12.12)
1CPC P
Since measurement noise typically has high frequenciesighsfer functiorG,,
should not be too large for high frequencies. The loop trarfsfiection PC is
typically small for high frequencies, which implies that,, C for large s. To
avoid injecting too much measurement noise it is therefomgortant thatC.s/
be small for larges. This property is calledhigh-frequency roll-off An example
is ltering of the measured signal in a PID controller to redube injection of
measurement noise; see Sectldns

To determine how the transfer functi@, is in uenced by small variations in
the process transfer, we differentiate equatitia12):

Gun D

dGun d C C Gun
D — D CDT—:
dpP dpP 1C PC .1C PC/2 P
Rearranging the terms gives
dGun 74P, (12.13)
Gun P '

Since the complementary sensitivity function is also snmalhfgh frequencies, we
nd that process uncertainty has little in uence on the tramdunctionG,, for
frequencies where measurements are important.
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Figure 12.10:Operational ampli er with uncertain dynamics. The circuit on the left is mod
eled using the transfer functidd.s/ to capture its dynamic properties and it has a load at
the output. The block diagram on the right shows the input/output relaticnshie load is
represented as a disturbarttapplied at the output db.s/.

Reference Signal Tracking

The transfer function from reference to output is given by
PCF
1C PC

which contains the complementary sensitivity functions&e how variations i
affect the performance of the system, we differentiate eou#l2.14 with respect

to the process transfer function:
dGyr b CF PCFC CF SGyr_
dpP 1CPC .1CPC/2  .1CPC/? P’

and it follows that

G, D DTF; (12.14)

dGy, dP_

G, DS (12.15)
The relative error in the closed loop transfer function thgsats the product of
the sensitivity function and the relative error in the pisgdn particular, it follows
from equation 12.15 that the relative error in the closed loop transfer funci®
small when the sensitivity is small. This is one of the usefaperties of feedback.

As in the last section, there are some mathematical assomsptihat are re-

quired for the analysis presented here to hold. As alreatgdt we require that
the perturbationd be small (as indicated by writing)P). Second, we require that
the perturbations be stable, so that we do not introduce ewyright half-plane
poles that would require additional encirclements in theiNgt criterion. Also, as
before, this condition is conservative: it allows for anytpebation that satis es
the given bounds, while in practice the perturbations magbee restricted.

Example 12.7 Operational ampli er circuit
To illustrate the use of these tools, consider the perfoomanri an op amp-based
ampli er, as shown in Figured2.1Q0 We wish to analyze the performance of the
ampli er in the presence of uncertainty in the dynamic resgsoof the op amp and
changes in the loading on the output. We model the systerg tisérblock diagram
in Figure12.10h which is based on the derivation in Exampld.

Consider rst the effect of unknown dynamics for the openaéibampli er. If
we model the dynamics of the op ampwaD G.slv, then the transfer function
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for the overall circuit is given by
R, G.s/ _
R]_ G.s/ C R2:R1C 1

We see that if5.s/ is large over the desired frequency range, then the closgxd lo
system is very close to the ideal responde R,=R;. AssumingG.s/ D b=.sCa/,
wherebis the gain-bandwidth product of the ampli er, as discusseekamples.3,
the sensitivity function and the complementary sensitiftinction become

sCa D b
sCaC b’ sCaC b’

The sensitivity function around the nominal values tellsamg the tracking response
response varies as a function of process perturbations:
& D Sd—P:
Gyr P
We see that for low frequencies, whe3és small, variations in the bandwidéor
the gain-bandwidth produdt will have relatively little effect on the performance
of the ampli er (under the assumption thats suf ciently large.

To model the effects of an unknown load, we consider the moidaf a dis-
turbance at the output of the system, as shown in Fig@r&0b This disturbance
represents changes in the output voltage due to loadingteffEhe transfer func-
tion Gyqg D Sgives the response of the output to the load disturbancewarske
thatif Sis small, then we are able to reject such disturbances. Tisétiséy of Gyq
to perturbations in the process dynamics can be computeakingtthe derivative
of Gyq4 with respect toP:

dGyg C T dGyqg dP_
ap D 1cpczP P D Gya b To
Thus we see that the relative changes in the disturbancdiogjese roughly the
same as the process perturbations at low frequency (Whisrapproximately 1)
and drop off at higher frequencies. However, it is importanemember thaBGq
itself is small at low frequency, and so these variationgiative performance may
not be an issue in many applications. r

SD

12.4 Robust Pole Placement

In Chapterss and7 we saw how to design controllers by setting the locations of
the eigenvalues of the closed loop system. If we analyzesthdting system in the
frequency domain, the closed loop eigenvalues corresuathé poles of the closed
loop transfer function and hence these methods are ofterreefto as design by
pole placement

State space design methods, like many methods developedrfopksystem
design, do not explicitly take robustness into accountutthsases it is essential to
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always investigate the robustness because there are gpgn@asonable designs
that give controllers with poor robustness. We illustrate by analyzing controllers
designed by state feedback and observers. The closed loep gah be assigned
to arbitrary locations if the system is observable and rebleh However, if we
want to have a robust closed loop system, the poles and zettesgrocess impose
severe restrictions on the location of the closed loop p&8ese examples are rst
given; based on the analysis of these examples we then pidssign rules for
robust pole (eigenvalue) placement.

Slow Stable Process Zeros

We will rst explore the effects of slow stable zeros, and weibewith a simple
example.

Example 12.8 Vehicle steering
Consider the linearized model for vehicle steering in Exa8pb, which has the
transfer function 055 C 1

32
A controller based on state feedback was designed in Exaérgland state feed-
back was combined with an observer in Examplé The system simulated in
Figure7.8 has closed loop poles speci ed by D 0:3, . D 0:707,! , D 7 and
o D 9. Assume that we want a faster closed loop system and chqoBe 10,
<D 0:707,! , D 20and , D 0:707. Using the state representation in ExanipBe
a pole placement design gives state feedback ¢aibs100 andk, D  35:86 and
observer gaink, D 2828 andl, D 400. The controller transfer function is

115165 C 40000
s2C 4245C 66579’

Figure 12.11 shows Nyquist and Bode plots of the loop transfer functione Th
Nyquist plot indicates that the robustness is poor sincéothetransfer function is
very close to the critical point 1. The phase margin is and the stability margin

is sy, D 0:077. The poor robustness shows up in the Bode plot, where ihe ga
curve hovers around the value 1 and the phase curve is clos&80 for a wide
frequency range. More insight is obtained by analyzing #mesgivity functions,
shown by solid lines in Figurg2.12 The maximum sensitivities atds D 13 and

M; D 12, indicating that the system has poor robustness.

At rst sight it is surprising that a controller where the namal closed system
has well damped poles and zeros is so sensitive to procdativas. \We have an
indication that something is unusual because the controtle a zero a¢ D 3.5
in the right half-plane. To understand what happens, weimvi#stigate the reason
for the peaks of the sensitivity functions.

Let the transfer functions of the process and the controber b

P.s/ D

C.s/ D

Np.s/ Ne.s/
;,  C.s/D—;
dp.s/’ dc.s/’

P.s/ D
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Figure 12.11:0Observer-based control of steering. The Nyquist plot (left) anceBxat (right)
of the loop transfer function for vehicle steering with a controller basedtate feedback

and an observer. The controller provides stable operation, but wighmergain and phase
margin.

wheren,.s/, ne.s/, dy.s/ andd. s/ are the numerator and denominator polynomi-
als. The complementary sensitivity function is

T 9D PC D Np.s/nc.s/

1C PC ~ dp.s/de.s/ Cnp.s/np.s/”

The poles ofT . s/ are the poles of the closed loop system and the zeros are given
by the zeros of the process and controller. Sketching theayeire of the comple-
mentary sensitivity function we nd that.s/ D 1 for low frequencies and that
jT.i!/ j starts to increase at its rst zero, which is the process zesmla 2. It
increases further at the controller zersd 3:5, and it does not start to decrease
until the closed loop poles appearatD 10 and! , D 20. We can thus conclude
that there will be a peak in the complementary sensitivibction. The magnitude
of the peak depends on the ratio of the zeros and the poles tfathsfer function.

The peak of the complementary sensitivity function can bédeebby assigning
a closed loop pole close to the slow process zero. We canvadiiis by choosing
I . D 10 and ;. D 2:6, which gives closed loop polesaD 2andsD 50. The
controller transfer function then becomes

C.sD 3628 C 40000 D 3628 sC 11.02

s2 C 80:28s C 15656 .sC2/.sC7828"
The sensitivity functions are shown by dashed lines in Fig@ré2 The controller
gives the maximum sensitivitieBls D 1:34 andM; D 1:41, which give much
better robustness. Naotice that the controller has a paelat 2 that cancels the
slow process zero. The design can also be done simply by dagtied slow stable
process zero and designing the controller for the simpli gstam. r

One lesson from the example is that it is necessary to chdosed:loop poles
that are equal to or close to slow stable process zeros. Ant@bson is that slow
unstable process zeros impose limitations on the achievebidwidth, as already
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Figure 12.12:Sensitivity functions for observer-based control of vehicle steeflihg.com-
plementary sensitivity function (left) and the sensitivity function (right)tfe original con-
troller with! . D 10, . D 0:707,! , D 20, , D 0:707 (solid) and the improved controller
with! . D 10, . D 2:6 (dashed).

noted in Sectioril.5

Fast Stable Process Poles
The next example shows the effect of fast stable poles.

Example 12.9 Fast system poles
ConsideraPIl controllerfora rst-order system, where thepss and the controller
have the transfer functionB.s/ D b=.sC a/ andC.s/ D k, C k;=s. The loop
transfer function is b b.kys C kif

' s.sCal '’

and the closed loop characteristic polynomial is.
s.sCa/ Chb.kysCki/ D s?C.aC bky/sC kb

If we specify the desired closed loop poles should @ and p,, we nd that
the controller parameters are given by

pCp a P1p2
kD ————; ki D ;
P b S b
The sensitivity functions are then
s.sCa/ PLC p2 a/sC pipz.

.SC p1/.sC po!’ T.s'D .SC p1/.sC po/
Assume that the process pol@ is much more negative than the closed loop poles

prand pz,say,p1 < p2 a. Notice that the proportional gain is negative and
that the controller has a zero in the right half-plana ¥ p; C py, an indication
that the system has bad properties.

Next consider the sensitivity function, which is 1 for higeduencies. Moving
from hightolow frequencies, we ndthatthe sensitivity iraises at the process pole
sD a. The sensitivity does not decrease until the closed loopsparie reached,
resulting in a large sensitivity peak that is approximatetyp,. The magnitude of
the sensitivity function is shown in Figud2.13fora D b D 1, p; D 0:05 and
p> D 0:2. Notice the high-sensitivity peak. For comparison we alsow the gain

S.s/ D
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Figure 12.13: Gain curves for Bode plots of the sensitivity functi@for designs with
p1 < p2 < a(leftyanda < p; < p; (right). The solid lines are the true sensitivities, and the
dashed lines are the asymptotes.

curve for the case when the closed loop polasl) 5, p, D 20) are faster than the
process poleg D 1).

The problem with poor robustness can be avoided by choosiaglosed loop
pole equal to the process pole, i.pz,D a. The controller gains then become

P1 ap
kp D —; kiD —;
"~ b T

which means that the fast process pole is canceled by a dentzero. The loop
transfer function and the sensitivity functions are

K K
LyD%& Ss/D—> T.5 D 2K

sCbk,’ >~ SChbky

The maximum sensitivities are now less than 1 for all fregiesndNotice that this
is possible because the process transfer function goesd@gs . r

Design Rules for Pole Placement

Based on the insight gained from the examples, it is now plest obtain design
rules that give designs with good robustness. Considerxpeession 12.8 for
maximum complementary sensitivity, repeated here:

PC _
1CPC 1°

Let! 4 be the desired gain crossover frequency. Assume that teeggdas zeros
that are slower thahy.. The complementary sensitivity function is 1 for low fre-
guencies, and itincreases for frequencies close to thegsaeros unless there is a
closed loop pole in the neighborhood. To avoid large valdidéseocomplementary
sensitivity function we nd that the closed loop system shibthlerefore have poles
close to or equal to the slow stable zeros. This means thatstbdsle zeros should
be canceled by controller poles. Since unstable zeros caertznceled, the pres-
ence of slow unstable zeros means that achievable gaineerssequency must
be smaller than the slowest unstable process zero.

M; D supjT.i!/ jD
!
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Now consider process poles that are faster than the desiiedgpssover fre-
guency. Consider the expression for the maximum of the setsfunction:

1CPC 1’

The sensitivity function is 1 for high frequencies. Movingrn high to low fre-
guencies, the sensitivity function increases at the fastgss poles. Large peaks
can result unless there are closed loop poles close to tharéeess poles. To avoid
large peaks in the sensitivity the closed loop system shihdtefore have poles
that match the fast process poles. This means that the denshbuld cancel the
fast process poles by controller zeros. Since unstable nmuate®t be canceled,
the presence of a fast unstable pole implies that the gagsover frequency must
be suf ciently large.

To summarize, we obtain the following simple rule for chogsclosed loop
poles: slow stable process zeros should be matched by steedloop poles, and
fast stable process poles should be matched by fast closegtdes. Slow unstable
process zeros and fast unstable process poles impose beergons.

1
Ms D supjS.i!/ jD :

Example 12.10 Nanopositioning system for an atomic force microspe

A simple nanopositioner was explored in ExampI8, where it was shown that
the system could be controlled using an integral controllee performance of
the closed loop was poor because the gain crossover fregueae limited to
FgeD 2! 0.1 sy/.Itcan be shown that little improvement is obtained by using
a PI controller. To achieve improved performance, we willréfiere apply PID
control. For a modest performance increase, we will use éiseyd rule derived in
Examplel2.9that fast stable process poles should be canceled by dentretos.
The controller transfer function should thus be chosen as

s?2C kys C ki . s2C 2 sC a?
ke pSCK ki . : (12.16)
S S a

C.s/ D

which givesk, D 2 kj=a andky D ki=a®.

Figurel2.14shows the gain curves for the Gang of Four for a system degigne
withk; D 0:5. Acomparison with Figur®.12shows that the bandwidth is increased
signi cantly from! 4 D 0:01to! 4c D ki D 0:5. Since the process pole is canceled,
the system will, however, still be very sensitive to loadulisances with frequencies
close to the resonant frequency. The gain curv€ 8fhas a dip or a notch at the
resonant frequency, which implies that the controller gawery low for frequencies
around the resonance. The gain curve also shows that thersigstery sensitive
to high-frequency noise. The system will likely be unusaldeduse the gain goes
to in nity for high frequencies.

The sensitivity to high frequency noise can be remedied byifiyiad the con-

troller to be
Cs/Dki s$2C2 asCa? .
' sa2.1CsT; C.sT;/2=2/’

which has high-frequency roll-off. Selection of the constén for the lter is a

(12.17)
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Figure 12.14: Nanopositioning system control via cancellation of the fast process pole.
Gain plots for the Gang of Four for PID control with second-order Itgri(l2.17 are
shown by solid lines, and the dashed lines show results for an ideal Ritolter without
Itering (12.16.

compromise between attenuation of high-frequency measmenoise and ro-
bustness. A large value @ reduces the effects of sensor noise signi cantly, but
it also reduces the stability margin. Since the gain crogsfreguency without
Itering is k;, a reasonable choiceTs D 0:2=T;, as shown by the solid curves in
Figurel2.14 The plots off CSii!/ j andjS.i!/ j show that the sensitivity to high-
frequency measurement noise is reduced dramatically atdseof a marginal
increase of sensitivity. Notice that the poor attenuatibdisturbances with fre-
guencies close to the resonance is not visible in the seihsitinction because of
the exact cancellation of poles and zeros.

The designs thus far have the drawback that load disturbavitefequencies
close to the resonance are not attenuated. We will now ceraidesign that actively
attenuates the poorly damped modes. We start with an ideat&iboller where
the design can be done analytically, and we add high-frecyuenl-off. The loop
transfer function obtained with this controller is

kas? C kps C k;
s.s2C2 asCa?
The closed loop system is of third order, and its characiepsiynomial is

L.s/ D (12.18)

s®C .kga@’C 2 a/s?C .k, C V/a’s C kja*: (12.19)
A general third-order polynomial can be parameterized as
$$C. gC2/1 (*C.1C2 /! 3sC o & (12.20)

The parametersg and give the relative con guration of the poles, and the pa-
rametet q gives their magnitudes, and therefore also the bandwidtiecgystem.
The identi cation of coef cients of equal powers & with equation 12.19
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Figure 12.15: Nanopositioner control using active damping. Gain curves for the @&ng
Four for PID control of the nanopositioner designed!fgrD a (dash-dotted), 2 (dashed),
and 4 (solid). The controller has high-frequency roll-off and has beerngdes to give
active damping of the oscillatory mode. The different curves coardpo different choices
of magnitudes of the poles, parameterized lgyn equation 12.19.

gives a linear equation for the controller parameters, whis the solution

AC2,1 % o 3. - 0C21/ g _
kD ——> 1 kD% kD— 05— 2a (1221)

To obtain a design with active damping, it is necessary timattosed loop band-
width be at least as fast as the oscillatory modes. Adding-frigquency roll-off,
the controller becomes

kas?CkpsCk
s.1CsT; C.sT;/2=2/"

C.s/ D (12.22)

The valueT; D T4=10D 0:1ky=k is a good value for the ltering time constant.

Figure12.15shows the gain curves of the Gang of Four for designs with
0:707, o D 1and! ¢ D a, 2a and 4. The gure shows that the largest values of
the sensitivity function and the complementary sensitifiinction are small. The
gain curve forP S shows that the load disturbances are now well attenuated ove
the whole frequency range, and attenuation increases matkasing o. The gain
curve forC Sshows that large control signals are required to provideadamping.
The high gain ofC Sfor high frequencies also shows that low-noise sensors and
actuators with a wide range are required. The largest gain€ fare 19, 103
and 434 forl ¢ D a, 2a and 4, respectively. There is clearly a trade-off between
disturbance attenuation and controller gain. A comparisoRigures12.14and
12.15illustrates the trade-offs between control action andudistnce attenuation
for the designs with cancellation of the fast process potkaative damping. r
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12.5 Design for Robust Performance

Control design is a rich problem where many factors have taken into account.
Typical requirements are that load disturbances shoulttéewmated, the controller
should inject only a moderate amount of measurement ndisegputput should
follow variations in the command signal well and the clossapl system should be
insensitive to process variations. For the system in Fig@r@these requirements
can be captured by speci cations on the sensitivity funi@and T and the
transfer functionsGyqg, Gun, Gyr andGy,. Notice that it is necessary to consider
at least six transfer functions, as discussed Sedibd The requirements are
mutually con icting, and itis necessary to make trade-ofiise attenuation of load
disturbances will be improved if the bandwidth is increased so will the noise
injection.

It is highly desirable to have design methods that can gteeaiobust perfor-
mance. Such design methods did not appear until the late 1880/ of these
design methods result in controllers having the same streicis the controller
based on state feedback and an observer. In this sectionowielpra brief review
of some of the techniques as a preview for those interestedoie specialized
study.

Quantitative Feedback Theory

Quantitative feedback theo(QFT) is a graphical design method for robust loop
shaping that was developed by I. M. Horowitidr91]. The ideaisto rstdetermine
acontrollerthat gives a complementary sensitivity thailgist to process variations
and then to shape the response to reference signals by fieedfio The idea is
illustrated in Figurel2.16a which shows the level curves of the complementary
sensitivity functioril on a Nyquist plot. The complementary sensitivity functioa ha
unitgainontheline R&.i!/ D 0:5.Inthe neighborhood of this line, signi cant
variations in process dynamics only give moderate chamgiseicomplementary
transfer function. The dashed part of the gure correspondbdéoregion @ <
jT.ill j < 1:1. To use the design method, we represent the uncertaingafur
frequency by a region and attempt to shape the loop transfietibn so that the
variation in T is as small as possible. The design is often performed usimg th
Nichols chart shown in Figur#2.16b

Linear Quadratic Control

One way to make the trade-off between the attenuation of distdrbances and
the injection of measurement noise is to design a contrtiirminimizes the loss
function Z .

1
JD = y2.t/ C u?.t/ dt;
T o
where is a weighting parameter as discussed in Sedi@nThis loss function
gives a compromise between load disturbance attenuatmligturbance injec-
tion because it balances control actions against devitiothe output. If all state
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Figure 12.16: Hall and Nichols charts. The Hall chart is a Nyquist plot with curves for
constant gain and phase of the complementary sensitivity fundtiofihe Nichols chart

is the conformal map of the Hall chart under the transformahioB® log L (with the scale
ipped). The dashed curveisthe linewhgfiei!/ j D 1, andthe shaded region corresponding
to loop transfer functions whose complementary sensitivity changes byone than 10%

is shaded.

variables are measured, the controller is a state feedb@éck Kx and it has the
same form as the controller obtained by eigenvalue assigh(pele placement)

in Section6.2 However, the controller gain is obtained by solving an roja-

tion problem. It has been shown that this controller is vetyust. It has a phase
margin of at least 60and an in nite gain margin. The controller is calledimear
quadratic controbr LQ controlbecause the process model is linear and the criterion
is quadratic.

When all state variables are not measured, the state caicdesteucted using
an observer, as discussed in Sectfod It is also possible to introduce process
disturbances and measurement noise explicitly in the madélto reconstruct
the states using a Kalman lter, as discussed brie y in Sec#ich The Kalman
Iter has the same structure as the observer designed by\glysnassignment in
Section7.3, but the observer gairis are now obtained by solving an optimization
problem. The control law obtained by combining linear quédreontrol with a
Kalman lter is calledlinear quadratic Gaussian contradr LQG control The
Kalman Iter is optimal when the models for load disturbaneesi measurement
noise are Gaussian.

Itis interesting that the solution to the optimization desh leads to a controller
having the structure of a state feedback and an observer.tdtesfsedback gains
depend on the parameter and the lter gains depend on the parameters in the
model that characterize process noise and measuremenat (8eis Sectiof7.4).
There are ef cient programs to compute these feedback andarsgains.

The nice robustness properties of state feedback are unébely lost when the
observer is added. Itis possible to choose parametersitieatigsed loop systems
with poor robustness, similar to Examgdl2.8 We can thus conclude that there is a



12.5. DESIGN FOR ROBUST PERFORMANCE 381
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Figure 12.17:H; robust control formulation. The left gure shows a general repnéation

of a control problem used in robust control. The inpuépresents the control signal, the input
w represents the external in uences on the system, the omtpttie generalized error and the
outputy is the measured signal. The right gure shows the special case of shefeadback
loop in Figurel2.9where the reference signal is zero. In this case we haik.n; d/ and
zD.y; ul.

fundamental difference between using sensors for allstatd reconstructing the
states using an observer.

H; Control

Robust control design is often callétl control for reasons that will be explained
shortly. The basic ideas are simple, but the details are doatptl and we will
therefore just give the avor of the results. A key idea issiitated in Figurd2.17,
where the closed loop system is represented by two blockspiibcess and
the controllerC as discussed in Sectidtl.1 The proces® has two inputs, the
control signalu, which can be manipulated by the controller, and the geizexhl
disturbancev, which represents all external in uences, e.g., commanadagand
disturbances. The process has two outputs, the generatiped,avhich is a vector
of error signals representing the deviation of signals ftbeir desired values, and
the measured signgl, which can be used by the controller to computd-or a
linear system and a linear controller the closed loop sysi@mbe represented by
the linear system

zD H.P.s/; C.sllw; (12.23)

which tells how the generalized errardepends on the generalized disturbances
w. The control design problem is to nd a controll€r such that the gain of the
transfer functiorH is small even when the process has uncertainties. There age ma
different ways to specify uncertainty and gain, giving tiselifferent designs. The
namesH, andH; control correspond to the norrkéik, andkHk; .

To illustrate the ideas we will consider a regulation proibfer a system where
the reference signal is assumed to be zero and the extegmalsiare the load
disturbancel and the measurement noiseas shown in Figuré2.1h. The gener-
alized inputisw D . n; d/. (The negative sign aif is not essential but is chosen
to obtain somewhat nicer equations.) The generalized exabrdasen asD . ; /
where is the process output andis the part of the load disturbance that is not
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compensated by the controller. The closed loop system isntimateled by

8 9
Sy élclpc 1CPPC§8 S S s
2 Y3 3 N3 L~ 303
zD? 72D A S BT g DH.PICIZZ0 (1224)

" 1CPC 1CPC
which is the same as equatiat2(23. A straightforward calculation shows that
g ACjP.N j2l.1CjC.il jol

JLIC P.il/ C.il/ ] '

kH.P; C//k; D sup (12.25)

There are numerical methods for nding a controller such ktatP; C/k; <
, If such a controller exists. The best controller can theroo@d by iterating on
. The calculations can be made by solvalgebraic Riccatiequations, e.g., by
using the commantinfsyn in MATLAB. The controller has the same order as
the process and the same structure as the controller bastaterfieedback and an
observer; see Figuré7and Theoren7.3,

Notice that if we minimizekH. P; C/k; , we make sure that the transfer func-
tionsGyy D P=.1C PC/, representing the transmission of load disturbances to the
output, andG,, D C=.1C PC/, representing how measurement noise is trans-
mitted to the control signal, are small. Since the sensjtiaitd the complementary
sensitivity functions are also elementstdf P; C/, we have also guaranteed that
the sensitivities are less than The design methods thus balance performance and
robustness.

There are strong robustness results associated withitheontroller. It follows
from equationsX2.4 and (12.25 that

l .
.P; 1=C/’
Theinverse okH. P; C/k; isthusequaltothe Vinnicombe distance betwBemd
1=C and can therefore be interpreted ageaeralized stability margirCompare
this with s, which we de ned as the shortest distance between the Nyquise
of the loop transfer function and the critical point. It also follows that if we
nd a controller C with kH. P; C/k; < , then this controller will stabilize any
processP suchthat .P;P/< 1= .

kH.P;Clk; D (12.26)

Disturbance Weighting

Minimizing the gainkH. P; C/k; means that the gains of all individual signal
transmissions from disturbances to outputs are less thiam all frequencies of
the input signals. The assumption that the disturbancesgaralg important and
that all frequencies are also equally important is not vealistic; recall that load
disturbances typically have low frequencies and measurema@se is typically
dominated by high frequencies. It is straightforward to iothe problem so that
disturbances of different frequencies are given diffeeamphasis, by introducing
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Figure 12.18:Block diagrams of a system with disturbance weighting. The left gureicies
a frequency weight on processes disturbances. Through blodladhiaganipulation, this can
be converted to the standard problem on the right.

a weighting lIter on the load disturbance as shown in Figli2el8 For example,
low-frequency load disturbances will be enhanced by chgpdi as a low-pass
lter because the actual load disturbanceénegN

By using block diagram manipulation as shown in FigliZe18 we nd that
the system with frequency weighting is equivalent to theesyswith no frequency
weighting in Figur§12.18and the signalg are related through

1 S

8 9 8 9
nD 2 13 1C§5§ 1%,2@ 237 D H.B; 8w (12.27)

" 1Cc B8 1Cc B8’

where® D PW and€ D W IC. The problem of nding a controlle® that
minimizes the gain oH. B; &/ is thus equivalent to the problem without distur-
bance weighting; having obtainé¥ the controller for the original system is then
C D W&. Notice that if we introduce the frequency weightigD k=s, we will
automatically get a controller with integral action.

Limits of Robust Design

There is a limit to what can be achieved by robust design. Ite gifi the nice
properties of feedback, there are situations where theepsovariations are so
large that it is not possible to nd a linear controller thaveg a robust system
with good performance. It is then necessary to use othewstgpeontrollers. In
some cases it is possible to measure a variable that is weblated with the
process variations. Controllers for different parametdu®s can then be designed
and the corresponding controller can be chosen based on ¢hsumed signal.
This type of control design is calleghin schedulingThe cruise controller is a
typical example where the measured signal could be gedigroand velocity. Gain
scheduling is the common solution for high-performanceraift where scheduling
is done based on Mach number and dynamic pressure. Whemgasimgcheduling,
it is important to make sure that switches between the chatsodo not create
undesirable transients (often referred tdampless transfer

If it is not possible to measure variables related to the rpatars,automatic
tuningandadaptive controtan be used. In automatic tuning the process dynamics
are measured by perturbing the system, and a controlleeisdbsigned automat-
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ically. Automatic tuning requires that parameters remainstant, and it has been
widely applied for PID control. It is a reasonable guess thahe future many
controllers will have features for automatic tuning. If @areters are changing, it
is possible to use adaptive methods where process dynareioseasured online.

12.6 Further Reading

The topic of robust control is a large one, with many articled extbooks devoted
to the subject. Robustness was a central issue in classicbt as described in
Bode's classical bookHod45. Robustness was deemphasized in the euphoria of
the development of desigh methods based on optimizationsffbeg robustness
of controllers based on state feedback, shown by Andersdrivenore JAM90Q],
contributed to the optimism. The poor robustness of outpedifack was pointed
out by RosenbrockRM71], Horowitz [Hor75 and Doyle Poy78§ and resulted
in a renewed interest in robustness. A major step forwardthe@sevelopment of
design methods where robustness was explicitly taken ictount, such as the
seminal work of ZamesZam81. Robust control was originally developed using
powerful results from the theory of complex variables, vihiiave controllers of
high order. A major breakthrough was made by Doyle, Glovérai§gonekar and
Francis PGKF89, who showed that the solution to the problem could be obkthin
using Riccati equations and that a controller of low ordeddde found. This paper
led to an extensive treatment by control, including books by Franci§{a87,
McFarlane and GloveMG90], Doyle, Francis and Tannenbaul®HRT9Z], Green
and LimebeerGL95], Zhou, Doyle and GlovelZDG96], Skogestand and Postleth-
waite [SP0J and Vinnicombe Yin01]. A major advantage of the theory is that it
combines much of the intuition from servomechanism theatly sound numerical
algorithms based on numerical linear algebra and optimoiza® he results have
been extended to nonlinear systems by treating the de<ifphgon as a game where
the disturbances are generated by an adversary, as delscrie book by Basar
and BernhardBB91]. Gain scheduling and adaptation are discussed in the book
by Astrém and Wittenmarkdwo08].

Exercises

12.1 Consider systems with the transfer functiods D 1=.sC 1/ and P, D
1=.sC a/. Show thatP; can be changed continuously® with bounded additive
and multiplicative uncertainty & > 0 butnotifa < 0. Also show that norestriction
ona is required for feedback uncertainty.

12.2 Consider systems with the transfer functioRsD .s C 1/=.s C 1/ and
P, D .s C a/=.s C /2. Show thatP; can be changed continuously B with

bounded feedback uncertaintyaf > 0 but not ifa < 0. Also show that no
restriction oma is required for additive and multiplicative uncertainties
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12.3(Difference in sensitivity functions) Lek. P; C/ be the complementary sen-
sitivity function for a system with proced$3 and controlleiC. Show that

.P1 PR/C .
.1C P,C/.1C P,C/’
and derive a similar formula for the sensitivity function.

T.P;C/ T.P;C/D

12.4(The Riemann sphere) Consider systems with the transfetifunsdP, D -
k=.sC 1/ andP, D k=.s 1/. Show that

2k <1 if k<1
d. Pl; P2/ D m, .Pl; P2/ D : 2k
1Ck?

Use the Riemann sphere to show geometrically tha®;; P,/ D 1if k < 1. (Hint:
It is suf cient to evaluate the transfer function forD 0.)

otherwise

12.5(Stability margins) Consider a feedback loop with a processaacontroller
having transfer function® andC. Assume that the maximum sensitivityNg D 2.
Show that the phase margin is at least 8Ad that the closed loop system will be
stable if the gain is changed by 50%.

12.6(Bode's ideal loop transfer function) Make Bode and Nyqpists of Bode's
ideal loop transfer function. Show that the phase margin,<180-90 n and
that the stability marginis,, D arcsin. 1 n=2/.

12.7 Consider a process with the transfer functrs/ D k=.s.sC 1//, where the
gain can vary between 0.1 and 10. A controller that is rolmistese gain variations
can Be obtained by nding a controller that gives the loop $fanfunctionL.s/ D
1=.s s/. Suggest how the transfer function can be implemented byappating
it by a rational function.

12.8 (Smith predictor) TheSmith predictoy a controller for systems with time
delays, is a special version of Figut@.8awith P.s/ D e ° Py.s/ andC.s/ D
Cp.8/=.1CCy.s/ P.s// . The controllelCy. s/ is designed to give good performance
for the proces$%.s/. Show that the sensitivity functions are

1C.1 S | Py. . Po. .
e /oS/CoS/; TsD oS/CoS/ e
1C Py.s/Cp.s/ 1C Py.s/Cp.s/

S .

S.s/ D

12.9 (Ideal delay compensator) Consider a process whose dysaamica pure
time delay with transfer functiof.s/ D e 3. The ideal delay compensator is a
controller with the transfer functioB.s/ D 1=.1 e 3/. Show that the sensitivity
functions arelT.s/ D e SandS.s/ D 1 e ®and that the closed loop system will
be unstable for arbitrarily small changes in the delay.

12.10(Vehicle steering) Consider the Nyquist curve in Figligell Explain why
part of the curve is approximately a circle. Derive a formfolathe center and the
radius and compare with the actual Nyquist curve.
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12.11 Consider a process with the transfer function
.3C 3/.sC 200 )
.sC1/.s2C10sC40.sC 40"

Discuss suitable choices of closed loop poles for a desagrgilies dominant poles
with undamped natural frequency 1 and 10.

P.s/ D

12.12(AFM nanopositioning system) Consider the design in Exardgld0and
explore the effects of changing parametegand o.

12.13(H; control) Consider the matrikl. P; C/ in equation 12.24. Show that
it has the singular values

P ACjP.N j2l.1CjClill j&
jLC P.il/ C.il/ j

Also show thatND 1=d .P; 1=C/, which implies that £Nis a generalization of

the closest distance of the Nyquist plot to the critical poin

1D O; > D ND sup D kH.P;C//ky :
|

12.14 Show that
jP.il/ C1=C.ill j 5 1 .
ACjP.IV j2.1C 15C.iY j@ kH.P;Cllky

v.P; 1=C/ D irllf p

12.15 Consider the S)éstem

8
dx 3 1 & 32
aDAxCBuD. 1 0o xC: 1

= 59

< u; yDCxD-0 1 vy
Design a state feedback thatgivesdét BK/ D s?C2 ! .sC! 2,andan observer
with detsl LC/ D s?C 2 ,! ,sC ! 2 and combine them using the separation
principle to get an output feedback. Choose the numeridaésa D 1.5,! . D 5,

¢D 0:6and ,D 10, , D 0:6. Compute the eigenvalues of the perturbed system
when the process gain is increased by 2%. Also compute tipetiansfer function
and the sensitivity functions. Is there a way to know befarghthat the system
will be highly sensitive?

12.16(Robustness using the Nyquist criterion) Another view tiust performance
can be obtained through appeal to the Nyquist criterion.3«gt.i!/ represent a
desired upper bound on our sensitivity function. Show thasifstem provides this
level of performance subject to additive uncertaihtyf the following inequality
is satis ed:

1
ilcQDjicLCClj> —— forall! O. 12.28
jlICQD]j > ( )

Describe how to check this condition using a Nyquist plot.
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