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Preface

This book provides an introduction to the basic principles &mols for the design
and analysis of feedback systems. It is intended to serveeasd audience of
scientists and engineers who are interested in undersigadd utilizing feedback
in physical, biological, information and social systems Néve attempted to keep
the mathematical prerequisites to a minimum while beingfcémnot to sacrifice
rigor in the process. We have also attempted to make use wifgga from a variety
of disciplines, illustrating the generality of many of tlets while at the same time
showing how they can be applied in specific application dogain

A major goal of this book is to present a concise and insightiew of the
current knowledge in feedback and control systems. The fieltbofrol started
by teaching everything that was known at the time and, as meawledge was
acquired, additional courses were developed to cover nelanigues. A conse-
guence of this evolution is that introductory courses haeained the same for
many years, and it is often necessary to take many individoaises in order to
obtain a good perspective on the field. In developing this baekhave attempted
to condense the current knowledge by emphasizing fundainsoricepts. We be-
lieve that itis important to understand why feedback isuis&d know the language
and basic mathematics of control and to grasp the key paredifjat have been
developed over the past half century. It is also importahietable to solve simple
feedback problems using back-of-the-envelope technjgoiescognize fundamen-
tal limitations and difficult control problems and to have alfr available design
methods.

This book was originally developed for use in an experimesualse at Caltech
involving students from a wide set of backgrounds. The cowsas offered to
undergraduates at the junior and senior levels in traditiengineering disciplines,
as well as first- and second-year graduate students in emgigead science. This
latter group included graduate students in biology, compsitience and physics.
Over the course of several years, the text has been classested at Caltech and
at Lund University, and the feedback from many students alidagues has been
incorporated to help improve the readability and accel#tsilof the material.

Because of its intended audience, this book is organizedslightly unusual
fashion compared to many other books on feedback and cohtrparticular, we
introduce a number of concepts in the text that are normabgnved for second-
year courses on control and hence often not available testadvho are not
control systems majors. This has been done at the expensetaihdeaditional
topics, which we felt that the astute student could learejrehdently and are often
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explored through the exercises. Examples of topics that we inaluded are non-
linear dynamics, Lyapunov stability analysis, the matsip@nential, reachability
and observability, and fundamental limits of performanod eobustness. Topics
that we have deemphasized include root locus techniqued/|dg compensation
and detailed rules for generating Bode and Nyquist plotsamdh

Several features of the book are designed to facilitate asfduction as a basic
engineering text and as an introduction for researcheratural, information and
social sciences. The bulk of the material is intended to bd usgardless of the
audience and covers the core principles and tools in theysinadnd design of
feedback systems. Advanced sections, marked by the “dangdrend” symbol
shown here, contain material that requires a slightly mechnical background,
of the sort that would be expected of senior undergraduatesdineering. A few
sections are marked by two dangerous bend symbols and ereled for readers
with more specialized backgrounds, identified at the begunoif the section. To
limit the length of the text, several standard results ardresions are given in the
exercises, with appropriate hints toward their solutions.

To further augment the printed material contained here napamion web site
has been developed and is available from the publisher'spagb:

http://www.cds.caltech.edumurray/amwiki

The web site contains a database of frequently asked questigmplemental exam-
ples and exercises, and lecture material for courses bagbisdext. The material is
organized by chapter and includes a summary of the majotgioithe text as well
as links to external resources. The web site also contairsotiree code for many
examples in the book, as well as utilities to implement tlohéques described in
the text. Most of the code was originally written using MATLAB-files but was
also tested with LabView MathScript to ensure compatibiliiyvboth packages.
Many files can also be run using other scripting languagesasi€ittave, SciLab,
SysQuake and Xmath.

The first half of the book focuses almost exclusively on statcspontrol
systems. We begin in Chapter 2 with a description of modefrghysical, biolog-
ical and information systems using ordinary differentiqliations and difference
equations. Chapter 3 presents a number of examples in sdaik demarily as a
reference for problems that will be used throughout the tesitowing this, Chap-
ter 4 looks at the dynamic behavior of models, including deding of stability
and more complicated nonlinear behavior. We provide ady@sections in this
chapter on Lyapunov stability analysis because we find thatiseful in a broad
array of applications and is frequently a topic that is nataduced until later in
one’s studies.

The remaining three chapters of the first half of the book focumear systems,
beginning with a description of input/output behavior inapker 5. In Chapter 6,
we formally introduce feedback systems by demonstratingdtate space control
laws can be designed. This is followed in Chapter 7 by matenabutput feed-
back and estimators. Chapters 6 and 7 introduce the key ptsnokreachability
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and observability, which give tremendous insight into theice of actuators and
sensors, whether for engineered or natural systems.

The second half of the book presents material that is oftesidered to be
from the field of “classical control.” This includes the tragsfunction, introduced
in Chapter 8, which is a fundamental tool for understandeedback systems.
Using transfer functions, one can begin to analyze thel#tati feedback systems
using frequency domain analysis, including the abilitygason about the closed
loop behavior of a system from its open loop characterislibss is the subject of
Chapter 9, which revolves around the Nyquist stabilityseran.

In Chapters 10 and 11, we again look at the design problenusiiog first
on proportional-integral-derivative (PID) controllersdaihien on the more general
process of loop shaping. PID control is by far the most comnesigh technique
in control systems and a useful tool for any student. The enamt frequency
domain design introduces many of the ideas of modern cotitealry, including
the sensitivity function. In Chapter 12, we combine the itsftom the second half
of the book to analyze some of the fundamental trade-offgdxen robustness and
performance. This is also a key chapter illustrating the pa@i/the techniques that
have been developed and serving as an introduction for nuwanaed studies.

The book is designed for use in a 10- to 15-week course in fekdbastems
that provides many of the key concepts needed in a varietysofpiines. For a
10-week course, Chapters 1-2, 4—6 and 8-11 can each bedavaraeek’s time,
with the omission of some topics from the final chapters. A neisurely course,
spread out over 14—15weeks, could cover the entire boak 2vieeks on modeling
(Chapters 2 and 3)—particularly for students without muatKkground in ordinary
differential equations—and 2 weeks on robust performaGtater 12).

The mathematical prerequisites for the book are modest akdeping with
our goal of providing an introduction that serves a broadienmk. We assume
familiarity with the basic tools of linear algebra, incladi matrices, vectors and
eigenvalues. These are typically covered in a sophomosd-teurse on the sub-
ject, and the textbooks by Apostol [Apo69], Arnold [Arn8fdaStrang [Str88]
can serve as good references. Similarly, we assume basidédgswof differential
eqguations, including the concepts of homogeneous anapkatisolutions for lin-
ear ordinary differential equations in one variable. Apbgipo69] and Boyce and
DiPrima [BDO04] cover this material well. Finally, we also makse of complex
numbers and functions and, in some of the advanced seciroms, detailed con-
cepts in complex variables that are typically covered iméjulevel engineering or
physics course in mathematical methods. Apostol [Apo6Btewart [Ste02] can
be used for the basic material, with Ahlfors [Ahl66], Maradad Hoffman [MH98]
or Saff and Snider [SS02] being good references for the more addanaterial.
We have chosen not to include appendices summarizing tlageis topics since
there are a number of good books available.

One additional choice that we felt was important was thedi@cinot to rely
on a knowledge of Laplace transforms in the book. While theé i by far the
most common approach to teaching feedback systems in emgigemany stu-
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dents in the natural and information sciences may lack tbessary mathematical
background. Since Laplace transforms are not required in ssgnéial way, we
have included them only in an advanced section intendecetthiings together
for students with that background. Of course, we make trelmes use ofransfer
functions which we introduce through the notion of response to exptaldnputs,
an approach we feel is more accessible to a broad array oitistesand engineers.
For classes in which students have already had Laplace dramsfit should be
quite natural to build on this background in the approprestetions of the text.
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Chapter One

Introduction

Feedback is a central feature of life. The process of feedback gokiemsve grow, respond
to stress and challenge, and regulate factors such as body temperafooel, pressure and
cholesterol level. The mechanisms operate at every level, from thedtiteraf proteins in
cells to the interaction of organisms in complex ecologies.

M. B. Hoagland and B. Dodsoithe Way Life Works1995 [HD95].

In this chapter we provide an introduction to the basic cphoéfeedbackand
the related engineering disciplineadntrol. We focus on both historical and current
examples, with the intention of providing the context forremt tools in feedback
and control. Much of the material in this chapter is adaptedhf[Mur03], and
the authors gratefully acknowledge the contributions aj&ddrockett and Gunter
Stein to portions of this chapter.

1.1 What Is Feedback?

A dynamical systeiis a system whose behavior changes over time, ofteninrespon
to external stimulation or forcing. The teri@edbackefers to a situation in which
two (or more) dynamical systems are connected together thatteach system
influences the other and their dynamics are thus stronglyledu@imple causal
reasoning about a feedback system is difficult because theysstm influences
the second and the second system influences the first, leadicgtolar argument.
This makes reasoning based on cause and effect tricky, amtbitessary to analyze
the system as awhole. A consequence of thisis that the tudieedback systems
is often counterintuitive, and it is therefore necessametort to formal methods
to understand them.

Figure 1.1 illustrates in block diagram form the idea of fesakb We often use

u y r u y
System 1——»| System 2 — System 1——»| System 2—»
(a) Closed loop (b) Open loop

Figure 1.1: Open and closed loop systems. (a) The output of system 1 is used aguhefin
system 2, and the output of system 2 becomes the input of system tingr@&losed loop
system. (b) The interconnection between system 2 and system 1 is iraodethe system
is said to be open loop.



2 CHAPTER 1. INTRODUCTION
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Figure 1.2: The centrifugal governor and the steam engine. The centrifugatigoven the
left consists of a set of flyballs that spread apart as the speed of gireeencreases. The
steam engine on the right uses a centrifugal governor (above andladttb&the flywheel)
to regulate its speed. (Credit: Machine a Vapeur Horizontale de Philip TEy8a8].)

the termsopen loopand closed loopwhen referring to such systems. A system
is said to be a closed loop system if the systems are inteecb@d in a cycle, as
shown in Figure 1.1a. If we break the interconnection, wertefthe configuration
as an open loop system, as shown in Figure 1.1b.

As the quote at the beginning of this chapter illustratesapnsource of exam-
ples of feedback systems is biology. Biological systemsenede of feedback in an
extraordinary number of ways, on scales ranging from mdésao cells to organ-
isms to ecosystems. One example is the regulation of gluodabe bloodstream
through the production of insulin and glucagon by the paagr&he body attempts
to maintain a constant concentration of glucose, which éslsy the body’s cells
to produce energy. When glucose levels rise (after eatingad,for example), the
hormone insulin is released and causes the body to storesghlecose in the liver.
When glucose levels are low, the pancreas secretes the herghacagon, which
has the opposite effect. Referring to Figure 1.1, we can @niver as system 1
and the pancreas as system 2. The output from the liver isticegg concentration
in the blood, and the output from the pancreas is the amounsolfin or glucagon
produced. The interplay between insulin and glucagon senosethroughout the
day helps to keep the blood-glucose concentration consaamibout 90 mg per
100 mL of blood.

An early engineering example of a feedback system is a éegligovernor,
in which the shaft of a steam engine is connected to a flybalhan@sm that is
itself connected to the throttle of the steam engine, astithtied in Figure 1.2. The
system is designed so that as the speed of the engine ine(pageaps because of a
lessening of the load on the engine), the flyballs spread apd# linkage causes the
throttle on the steam engine to be closed. This in turn slowsdbe engine, which
causes the flyballs to come back together. We can model thismsyas a closed
loop system by taking system 1 as the steam engine and sysdsith2 governor.



1.2. WHAT IS CONTROL? 3

When properly designed, the flyball governor maintains a teonispeed of the
engine, roughly independent of the loading conditions. Téwrifugal governor
was an enabler of the successful Watt steam engine, whidadftlee industrial
revolution.

Feedback has many interesting properties that can be egblimitdesigning
systems. As in the case of glucose regulation or the flybakguaw, feedback can
make a systemresilienttoward external influences. It carba&sised to create linear
behavior out of nonlinear components, a common approacleatrenics. More
generally, feedback allows a system to be insensitive lwoéixtiernal disturbances
and to variations in its individual elements.

Feedback has potential disadvantages as well. It can crgadendc instabilities
in a system, causing oscillations or even runaway behaioother drawback,
especially in engineering systems, is that feedback candante unwanted sensor
noise into the system, requiring careful filtering of signétiss for these reasons
that a substantial portion of the study of feedback systerdsvoted to developing
an understanding of dynamics and a mastery of techniqueggmgical systems.

Feedback systems are ubiquitous in both natural and engohegstems. Con-
trol systems maintain the environment, lighting and poweour buildings and
factories; they regulate the operation of our cars, cons@heetronics and manu-
facturing processes; they enable our transportation amghemications systems;
and they are critical elements in our military and spaceesyst For the most part
they are hidden from view, buried within the code of embeduétoprocessors,
executing their functions accurately and reliably. Feelliss also made it pos-
sible to increase dramatically the precision of instruraesutch as atomic force
microscopes (AFMs) and telescopes.

In nature, homeostasis in biological systems maintaingrtake chemical and
biological conditions through feedback. At the other endhef size scale, global
climate dynamics depend on the feedback interactions legtthe atmosphere, the
oceans, the land and the sun. Ecosystems are filled with exswidleedback due
to the complex interactions between animal and plant lifeerEhe dynamics of
economies are based on the feedback between individuat®goatations through
markets and the exchange of goods and services.

1.2 What Is Control?

The termcontrol has many meanings and often varies between communities. In
this book, we define control to be the use of algorithms anddfaeklin engineered
systems. Thus, control includes such examples as feedbaok ilo electronic am-
plifiers, setpoint controllers in chemical and materialscpssing, “fly-by-wire”
systems on aircraft and even router protocols that contafild flow on the Inter-

net. Emerging applications include high-confidence softwgséems, autonomous
vehicles and robots, real-time resource management systechbiologically en-
gineered systems. At its core, control isiaformationscience and includes the
use of information in both analog and digital representetio
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external disturbances

= System -
i Clock 1
| v $ v i
| D/IA |« Computer |« AD |« Filter |« :
e I ,,,,,,,,,,,,,,,,,,,, Controller |

operator input

Figure 1.3: Components of a computer-controlled system. The upper dasheéjp@sents
the process dynamics, which include the sensors and actuators in adulitiendynamical
system being controlled. Noise and external disturbances can pereudyilamics of the
process. The controller is shown in the lower dashed box. It consiatltdr and analog-to-
digital (A/D) and digital-to-analog (D/A) converters, as well as a compiln@rimplements
the control algorithm. A system clock controls the operation of the contysijachronizing
the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

A modern controller senses the operation of a system, casnpbagainst the
desired behavior, computes corrective actions based ondelnb the system’s
response to external inputs and actuates the system ta #féedesired change.
This basideedback loopf sensing, computation and actuation is the central con-
cept in control. The key issues in designing control logic @msuring that the
dynamics of the closed loop system are stable (boundediostoes give bounded
errors) and that they have additional desired behaviordghsturbance attenua-
tion, fast responsiveness to changes in operating poijt, Bhese properties are
established using a variety of modeling and analysis teglas that capture the
essential dynamics of the system and permit the explorafipossible behaviors
in the presence of uncertainty, noise and component failure

Atypical example of a control system is shown in Figure 1.3.3dsic elements
of sensing, computation and actuation are clearly seenottenm control systems,
computation is typically implemented on a digital computequiring the use of
analog-to-digital (A/D) and digital-to-analog (D/A) coenters. Uncertainty enters
the system through noise in sensing and actuation subsyst&ternal disturbances
that affect the underlying system operation and uncertamachics in the system
(parameter errors, unmodeled effects, etc). The algoriiatcomputes the control
action as a function of the sensor values is often calledrdrol law. The system
can be influenced externally by an operator who introduwcgsmand signalso
the system.
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Control engineering relies on and shares tools from phy@gaamics and
modeling), computer science (information and software) @perations research
(optimization, probability theory and game theory), buisitalso different from
these subjects in both insights and approach.

Perhaps the strongest area of overlap between control aeddi$iciplines is in
the modeling of physical systems, which is common acrossa#ls of engineering
and science. One of the fundamental differences betweemot@niented mod-
eling and modeling in other disciplines is the way in whictemctions between
subsystems are represented. Control relies on a type afaypput modeling that
allows many new insights into the behavior of systems, saalistiurbance attenu-
ation and stable interconnection. Model reduction, whesienpler (lower-fidelity)
description of the dynamics is derived from a high-fidelitydah is also naturally
described in an input/output framework. Perhaps most impdst modeling in a
control context allows the design adbustinterconnections between subsystems,
a feature that is crucial in the operation of all large engiad systems.

Control is also closely associated with computer sciermeeesiirtually all mod-
ern control algorithms for engineering systems are implaegkin software. How-
ever, control algorithms and software can be very diffefearh traditional com-
puter software because of the central role of the dynamitseogystem and the
real-time nature of the implementation.

1.3 Feedback Examples

Feedback has many interesting and useful properties. ItsigBessible to design

precise systems from imprecise components and to makearglguantities in a

system change in a prescribed fashion. An unstable systeimecstabilized using

feedback, and the effects of external disturbances candueed. Feedback also
offers new degrees of freedom to a designer by exploitingisgnactuation and

computation. In this section we survey some of the imporggplications and

trends for feedback in the world around us.

Early Technological Examples

The proliferation of control in engineered systems occupaharily in the latter
half of the 20th century. There are some important exceptsuch as the centrifugal
governor described earlier and the thermostat (Figure Jdés)gned at the turn of
the century to regulate the temperature of buildings.

The thermostat, in particular, is a simple example of feekibantrol that every-
one is familiar with. The device measures the temperaturéinlding, compares
that temperature to a desired setpoint and usefetdtback errobetween the two
to operate the heating plant, e.g., to turn heat on when thpdgature is too low
and to turn it off when the temperature is too high. This exalem captures the
essence of feedback, but it is a bit too simple even for a lmsice such as the
thermostat. Because lags and delays exist in the heating quta sensor, a good
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Movement Load
opens Spring Accelerator
throttle \ Pedal

Speed-
Adjustment
nob

Governor

Contacts Latching
Button
Flyball

Governor Speed-

ometer
Adjustment
Spring

(a) Honeywell thermostat, 1953 (b) Chrysler cruise control, 1958

Figure 1.4: Early control devices. (a) Honeywell T87 thermostat originally intrelimn
1953. The thermostat controls whether a heater is turned on by complaeircurrent tem-
perature in aroom to a desired value that is set using a dial. (b) Chrysise control system
introduced in the 1958 Chrysler Imperial [Row58]. A centrifugal goee is used to detect
the speed of the vehicle and actuate the throttle. The reference speediiedghrough an
adjustment spring. (Left figure courtesy of Honeywell Internatioimel,)

thermostat does a bit of anticipation, turning the heatidvefore the error actually
changes sign. This avoids excessive temperature swingsaligoof the heating
plant. This interplay between the dynamics of the processtendperation of the
controller is a key element in modern control systems design

There are many other control system examples that have geckelover the
years with progressively increasing levels of sophisiticatAn early system with
broad public exposure was tlhauise controloption introduced on automobiles in
1958 (see Figure 1.4b). Cruise control illustrates the dyadmahavior of closed
loop feedback systems in action—the slowdown error as tstesyclimbs a grade,
the gradual reduction of that error due to integral actiotméecontroller, the small
overshoot at the top of the climb, etc. Later control systemawomobiles such
as emission controls and fuel-metering systems have ahi@ajor reductions of
pollutants and increases in fuel economy.

Power Generation and Transmission

Access to electrical power has been one of the major driveteahnological
progress in modern society. Much of the early developmenbofrol was driven
by the generation and distribution of electrical power. tt@ns mission critical
for power systems, and there are many control loops in iddalipower stations.
Control is also important for the operation of the whole powetwork since it
is difficult to store energy and it is thus necessary to matduyoction to con-
sumption. Power management is a straightforward regulatioibnlem for a system
with one generator and one power consumer, but it is more wliffic a highly
distributed system with many generators and long distapetgeen consumption
and generation. Power demand can change rapidly in an uofakld manner and



1.3. FEEDBACK EXAMPLES 7

~g

. N oy o .V g
viel o\ 1 lj’; Eichstetien Trossingen , \
o Ld /8 4 Herbertingen

ey @
Rolafypont Stibord X Loges TENAZ T, Vilingen @ @7

ogelbad L I )
hatilon V;} el 37

&y Tormerrd willr (s, s
i La Thur .,;!E Senher) g‘
Pus Lutterbach OO
g Sarry o« Arguesa:se' .“7'%.%' a4
vallon Etupes —J\, / Ld 40 Dt o
ChampsReaud [} ,‘4 v v,

-
%, Vielmoulin S
2

T Oberottmars-
Vohringen hause, Smm

‘Oberbgdnn

'eo';'};;‘;w &

Walchente
= werh

Commune g,
Breul
Henri-Paul
Lucy o WY

eugnon X/
Curtl
Premadio

Edolo

Y
Robbialoy
> IR “'J,- % Forano
23 2
(f

P o
S ? - fSord @' Sondrio -
NCds afo di Como
o A‘f;? Bgliago P Camuno, <L
MO o GO /i ool / o Bussalengo
- ago g Sandrige
o ey I\Gad
' Ry Ciserano Chiri ST @2 4] [
i heno i 5 ]

ero D
avazzano

~

Jacquasd
La Riviefe .

i —_—
Trevas St Alban J Dugale

Sanss:

[
P Cordier 13 Pcchiailg Hinco !ﬁ\ Mantove
ratcau

. T N “ A \cabta iy Nogarole 1
¢ & Fhivassd d emda i
Genans N 3 = oo Plo Vercara Il
g Beaumont] iancia A\ @0 -
Bourg s Valence L o < . Jrte > PS5 Sl R\ \!
e e £ Vochera S B9

Figure 1.5: A small portion of the European power network. By 2008 Europeanepow
suppliers will operate a single interconnected network covering a regiomthe Arctic to
the Mediterranean and from the Atlantic to the Urals. In 2004 the installedrpeagmore
than 700 GW (7 10 W). (Source: UCTE [www.ucte.org])

combining generators and consumers into large networkesiggossible to share
loads among many suppliers and to average consumption amaimg customers.
Large transcontinental and transnational power systenss thavefore been built,
such as the one show in Figure 1.5.

Most electricity is distributed by alternating current (Aicause the transmis-
sion voltage can be changed with small power losses usingftramers. Alternating
current generators can deliver power only if the generatm@synchronized to the
voltage variations in the network. This means that the ratbedl generators in a
network must be synchronized. To achieve this with locakdéalized controllers
and a small amount of interaction is a challenging probleror&igic low-frequency
oscillations between distant regions have been observed vegional power grids
have been interconnected [KWO05].

Safety and reliability are major concerns in power systemerdmay be dis-
turbances due to trees falling down on power lines, liglgminequipment failures.
There are sophisticated control systems that attempt to tkeegpystem operating
even when there are large disturbances. The control actaonbesto reduce volt-
age, to break up the net into subnets or to switch off linespaveker users. These
safety systems are an essential element of power distsibatistems, but in spite
of all precautions there are occasionally failures in lagrg@er systems. The power
system is thus a nice example of a complicated distributstesywhere control is
executed on many levels and in many different ways.
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(a) F/A-18 “Hornet” (b) X-45 UCAV

Figure 1.6: Military aerospace systems. (a) The F/A-18 aircraft is one of the ficstyrtion
military fighters to use “fly-by-wire” technology. (b) The X-45 (UCAVnmanned aerial
vehicle is capable of autonomous flight, using inertial measuremenrsessd the global
positioning system (GPS) to monitor its position relative to a desired traje(Ritgtographs
courtesy of NASA Dryden Flight Research Center.)

Aerospace and Transportation

In aerospace, control has been a key technological catyatpdicing back to the
beginning of the 20th century. Indeed, the Wright brotheesarrectly famous
not for demonstrating simply powered flight tedntrolled powered flight. Their
early Wright Flyer incorporated moving control surfacegiieal fins and canards)
and warpable wings that allowed the pilot to regulate theraft's flight. In fact,
the aircraft itself was not stable, so continuous pilot ections were mandatory.
This early example of controlled flight was followed by a fasting success story
of continuous improvements in flight control technology,neurating in the high-
performance, highly reliable automatic flight control syssewe see in modern
commercial and military aircraft today (Figure 1.6).

Similar success stories for control technology have ocduimemany other
application areas. Early World War Il bombsights and fire aargervo systems
have evolved into today’s highly accurate radar-guidedsgurd precision-guided
weapons. Early failure-prone space missions have evolvedantine launch oper-
ations, manned landings on the moon, permanently mannee sfations, robotic
vehicles roving Mars, orbiting vehicles at the outer plargetd a host of commer-
cial and military satellites serving various surveillancemmunication, navigation
and earth observation needs. Cars have advanced from riyatwmegd mechani-
cal/pneumatic technology to computer-controlled operatif all major functions,
including fuel injection, emission control, cruise comttaraking and cabin com-
fort.

Current research in aerospace and transportation sysseimgestigating the
application of feedback to higher levels of decision makingluding logical regu-
lation of operating modes, vehicle configurations, paylaadigurations and health
status. These have historically been performed by humaratguer but today that
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Figure 1.7: Materials processing. Modern materials are processed underlbacefutrolled
conditions, using reactors such as the metal organic chemical vaposiden (MOCVD)
reactor shown on the left, which was for manufacturing supercondyttin films. Using
lithography, chemical etching, vapor deposition and other techniquamlex devices can
be built, such as the IBM cell processor shown on the right. (MOCVD incagetesy of Bob
Kee. IBM cell processor photograph courtesy Tom Way, IBM Caoafion; unauthorized use
not permitted.)

boundary is moving and control systems are increasingipgedn these functions.
Another dramatic trend on the horizon is the use of largeectibns of distributed
entities with local computation, global communication geations, little regularity
imposed by the laws of physics and no possibility of imposiaegtralized control
actions. Examples of this trend include the national airspaanagement problem,
automated highway and traffic management and command aneicfomtfuture
battlefields.

Materials and Processing

The chemical industry is responsible for the remarkable r@sxyin developing
new materials that are key to our modern society. In additidhe continuing need
to improve product quality, several other factors in thecpss control industry
are drivers for the use of control. Environmental statuteginae to place stricter
limitations on the production of pollutants, forcing thews sophisticated pollution
control devices. Environmental safety considerations Heseto the design of
smaller storage capacities to diminish the risk of majonuical leakage, requiring
tighter control on upstream processes and, in some caggsy sthains. And large
increases in energy costs have encouraged engineersda gésits that are highly
integrated, coupling many processes that used to opedspemdently. All of these
trends increase the complexity of these processes andrfioerpance requirements
for the control systems, making control system design esirgly challenging.
Some examples of materials-processing technology are simoiigure 1.7.

As in many other application areas, new sensor technologyeiating new
opportunities for control. Online sensors—including tabackscattering, video
microscopy and ultraviolet, infrared and Raman spectimgeeare becoming more
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Electrode
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Figure 1.8: The voltage clamp method for measuring ion currents in cells using fekdha
pipet is used to place an electrode in a cell (left and middle) and maintaiotéstial of the
cell at a fixed level. The internal voltage in the celbisand the voltage of the external fluid
is ve. The feedback system (right) controls the curremtto the cell so that the voltage drop
across the cell membraner = v; — ve is equal to its reference valukw,. The current is
then equal to the ion current.

robust and less expensive and are appearing in more mamurfi@girocesses. Many
of these sensors are already being used by current processlcgystems, but
more sophisticated signal-processing and control teciesigre needed to use more
effectively the real-time information provided by thesesars. Control engineers
also contribute to the design of even better sensors, whielstdl needed, for
example, in the microelectronics industry. As elsewhédre,dhallenge is making
use of the large amounts of data provided by these new seimsars effective
manner. In addition, a control-oriented approach to modele essential physics
of the underlying processes is required to understand théafmental limits on
observability of the internal state through sensor data.

Instrumentation

The measurement of physical variables is of prime interestience and engineer-
ing. Consider, for example, an accelerometer, where eatyuments consisted of
a mass suspended on a spring with a deflection sensor. Thei@nezisuch an
instrument depends critically on accurate calibratiorhefspring and the sensor.
There is also a design compromise because a weak spring ggvesamsitivity but
low bandwidth.

A different way of measuring acceleration is to dsece feedbackThe spring
is replaced by a voice coil that is controlled so that the mes®gins at a constant
position. The acceleration is proportional to the currentdlyh the voice coil. In
such aninstrument, the precision depends entirely on theaton of the voice coll
and does not depend on the sensor, which is used only as thmafdesignal. The
sensitivity/bandwidth compromise is also avoided. This whaysing feedback has
been applied to many different engineering fields and hadtegsin instruments
with dramatically improved performance. Force feedbacl$® used in haptic
devices for manual control.

Another important application of feedback is in instrunagion for biological
systems. Feedback is widely used to measure ion current$lsruseng a device
called avoltage clampwhich is illustrated in Figure 1.8. Hodgkin and Huxley used
the voltage clamp to investigate propagation of actioniu@és in the axon of the
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giant squid. In 1963 they shared the Nobel Prize in Medicirth &ccles for “their
discoveries concerning the ionic mechanisms involved aitation and inhibition

in the peripheral and central portions of the nerve cell nramé.” A refinement of
the voltage clamp called@atch clampmade it possible to measure exactly when a
single ion channelis opened or closed. This was developechgiind Sakmann,
who received the 1991 Nobel Prize in Medicine “for their digmwes concerning
the function of single ion channels in cells.”

There are many other interesting and useful applicationsexflfack in scien-
tific instruments. The development of the mass spectrometar &arly example.
In a 1935 paper, Nier observed that the deflection of ions d&pen both the
magnetic and the electric fields [Nie35]. Instead of keepiath lfields constant,
Nier let the magnetic field fluctuate and the electric field wadrotied to keep the
ratio between the fields constant. Feedback was implemeniegl vescuum tube
amplifiers. This scheme was crucial for the development of masstroscopy.

The Dutch engineer van der Meer invented a clever way to usthéei to
maintain a good-quality high-density beam in a particlesga@ator [MPTvdM80].
The idea is to sense particle displacement at one point inctederator and apply
a correcting signal at another point. This scheme, catedhastic coolingwas
awarded the Nobel Prize in Physics in 1984. The method was edskentthe
successful experiments at CERN where the existence of thelparW and Z
associated with the weak force was first demonstrated.

The 1986 Nobel Prize in Physics—awarded to Binnig and Rohrénéardesign
of the scanning tunneling microscope—is another exampda a@finovative use of
feedback. The key idea is to move a harrow tip on a cantileveaniacross a surface
and to register the forces on the tip [BR86]. The deflection eftir is measured
using tunneling. The tunneling current is used by a feedbgsties to control the
position of the cantilever base so that the tunneling ctiisstonstant, an example
of force feedback. The accuracy is so high that individuatstoan be registered.
A map of the atoms is obtained by moving the base of the caatileorizontally.
The performance of the control system is directly reflectetérimage quality and
scanning speed. This example is described in additionall detahapter 3.

Robotics and Intelligent Machines

The goal of cybernetic engineering, already articulatelderi940s and even before,
has been to implement systems capable of exhibiting hightipfeor “intelligent”
responses to changing circumstances. In 1948 the MIT maitieien Norbert
Wiener gave a widely read account of cybernetics [Wie48]. gkermmathematical
treatment of the elements of engineering cybernetics wesepted by H. S. Tsien
in 1954, driven by problems related to the control of miss[lEsi54]. Together,
these works and others of that time form much of the intali@ldbasis for modern
work in robotics and control.

Two accomplishments that demonstrate the successes oflthariethe Mars
Exploratory Rovers and entertainment robots such as the StB§,Ashown in
Figure 1.9. The two Mars Exploratory Rovers, launched by thePdepulsion
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Figure 1.9:Robotic systems. (a) Spirit, one of the two Mars Exploratory Rovers thdelhon
Mars in January 2004. (b) The Sony AIBO Entertainment Robot, otieedirst entertainment
robots to be mass-marketed. Both robots make use of feedback betgresors, actuators and
computation to function in unknown environments. (Photographs cqusfeket Propulsion
Laboratory and Sony Electronics, Inc.)

Laboratory (JPL), maneuvered on the surface of Mars for moredlyaars starting
in January 2004 and sent back pictures and measuremengsra@itliironment. The
Sony AIBO robot debuted in June 1999 and was the first “ententam” robot to be
mass-marketed by a major international corporation. Itpeaiscularly noteworthy
because of its use of artificial intelligence (Al) technokxjihat allowed it to act in
response to external stimulation and its own judgment. Tigtsdr level of feedback
is a key element in robotics, where issues such as obstamteance, goal seeking,
learning and autonomy are prevalent.

Despite the enormous progress in robotics over the lastcealfury, in many
ways the field is still in its infancy. Today’s robots still ekl simple behaviors
compared with humans, and their ability to locomote, intetrjgomplex sensory
inputs, perform higher-level reasoning and cooperatethegen teams is limited.
Indeed, much of Wiener’s vision for robotics and intelligenachines remains
unrealized. While advances are needed in many fields to achiey vision—
including advances in sensing, actuation and energy sterdlge opportunity to
combine the advances of the Al community in planning, adegtaand learning
with the technigues in the control community for modelingalgsis and design of
feedback systems presents a renewed path for progress.

Networks and Computing Systems

Control of networks is a large research area spanning mamgstancluding con-
gestion control, routing, data caching and power managerSeneral features of
these control problems make them very challenging. The damifeature is the
extremely large scale of the system; the Internet is probtiia largest feedback
control system humans have ever built. Another is the deaired nature of the
control problem: decisions must be made quickly and basbdborocal informa-
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Figure 1.10: A multitier system for services on the Internet. In the complete system shown
schematically in (a), users request information from a set of comgp(iter 1), which in turn
collect information from other computers (tiers 2 and 3). The individealer shown in (b)

has a set of reference parameters set by a (human) system opsititdeedback used to
maintain the operation of the system in the presence of uncertainty. (Badéellerstein et

al. [HDPTO04].)

tion. Stability is complicated by the presence of varyingetilags, as information
about the network state can be observed or relayed to clangronly after a delay,
and the effect of a local control action can be felt throudttloe network only after
substantial delay. Uncertainty and variation in the nekwtinrough network topol-
ogy, transmission channel characteristics, traffic demawddaaailable resources,
may change constantly and unpredictably. Other comptigagsues are the diverse
traffic characteristics—in terms of arrival statistics atie packet and flow time
scales—and the different requirements for quality of sertiat the network must
support.

Related to the control of networks is control of the servbas sit on these net-
works. Computers are key components of the systems of syuteb servers and
database servers used for communication, electronic cooemadvertising and
information storage. While hardware costs for computingehdecreased dramati-
cally, the cost of operating these systems has increasedibeof the difficulty in
managing and maintaining these complex interconnecteadrags The situation is
similar to the early phases of process control when feedwasKirst introduced to
control industrial processes. As in process control, tleegnteresting possibili-
ties for increasing performance and decreasing costs lyiageedback. Several
promising uses of feedback in the operation of computeesystare described in
the book by Hellerstein et al. [HDPTO04].

A typical example of a multilayer system for e-commerce ievah in Fig-
ure 1.10a. The system has several tiers of servers. The edge aecepts incom-
ing requests and routes them to the HTTP server tier where tleegassed and
distributed to the application servers. The processingiffardnt requests can vary
widely, and the application servers may also access exteenzers managed by
other organizations.

Control of an individual server in a layer is illustrated irgkie 1.10b. A quan-
tity representing the quality of service or cost of opematiesuch as response time,
throughput, service rate or memory usage—is measured otheuter. The con-
trol variables might represent incoming messages acceptiedities in the oper-
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ating system or memory allocation. The feedback loop thesgits to maintain
quality-of-service variables within a target range of esu

Economics

The economy is a large, dynamical system with many actorsergovents, orga-
nizations, companies and individuals. Governments cbtiiteoeconomy through
laws and taxes, the central banks by setting interest rates@npanies by setting
prices and making investments. Individuals control thenecay through purchases,
savings and investments. Many efforts have been made tolrtiesystem both
at the macro level and at the micro level, but this modelirgjffecult because the
system is strongly influenced by the behaviors of the diffeaetors in the system.

Keynes [Key36] developed a simple model to understandoalgamong gross
national product, investment, consumption and governspariding. One of Keynes’
observations was that under certain conditions, e.g.ndufhie 1930s depression,
an increase in the investment of government spending ceatttb a larger increase
in the gross national product. This idea was used by sevevargments to try to
alleviate the depression. Keynes’ ideas can be capturedshy@e model that is
discussed in Exercise 2.4.

A perspective on the modeling and control of economic systean be obtained
from the work of some economists who have received the S\&Rgesbank Prize
in Economics in Memory of Alfred Nobel, popularly called theldél Prize in
Economics. Paul A. Samuelson received the prize in 1970 fersthentific work
through which he has developed static and dynamic econdra@ry and actively
contributed to raising the level of analysis in economiesce.” Lawrence Klein
received the prize in 1980 for the development of large dyoalhmodels with
many parameters that were fitted to historical data [KG5%], @ model of the
U.S. economy in the period 1929-1952. Other researchersrhadeled other
countries and other periods. In 1997 Myron Scholes sharegrthe with Robert
Merton for a new method to determine the value of derivatifd®y ingredient was
a dynamic model of the variation of stock prices that is wydeded by banks and
investment companies. In 2004 Finn E. Kydland and Edward C. ¢atesthared
the economics prize “for their contributions to dynamic no@conomics: the time
consistency of economic policy and the driving forces beétinsiness cycles,” a
topic that is clearly related to dynamics and control.

One of the reasons why it is difficult to model economic systentkat there
are no conservation laws. A typical example is that the valua company as
expressed by its stock can change rapidly and erraticaltelare, however, some
areas with conservation laws that permit accurate mode@dmg example is the
flow of products from a manufacturer to a retailer as illugtah Figure 1.11. The
products are physical quantities that obey a conservaigrand the system can be
modeled by accounting for the number of products in the @ifieinventories. There
are considerable economic benefits in controlling supplynshso that products
are available to customers while minimizing products thmatia storage. The real
problems are more complicated than indicated in the figuraumsxthere may be
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Figure 1.11: Supply chain dynamics (after Forrester [For61]). Products flomftiee pro-
ducer to the customer through distributors and retailers as indicated bylithérees. There
are typically many factories and warehouses and even more distrilartdreetailers. The
dashed lines show the upward flow of orders. The numbers in the diegdessent the delays
in the flow of information or materials. Multiple feedback loops are preasrgach agent
tries to maintain the proper inventory level.

many different products, there may be different factories tre geographically
distributed and the factories may require raw material bassemblies.

Control of supply chains was proposed by Forrester in 19646[F and is now
growing in importance. Considerable economic benefits cavbbened by using
models to minimize inventories. Their use accelerated dtiaally when infor-
mation technology was applied to predict sales, keep trapkaglucts and enable
just-in-time manufacturing. Supply chain management hasitwted significantly
to the growing success of global distributors.

Advertising on the Internetis an emerging application ofteol. With network-
based advertising it is easy to measure the effect of diffararketing strategies
quickly. The response of customers can then be modeled, adbidek strategies
can be developed.

Feedback in Nature

Many problems in the natural sciences involve understandggregate behavior
in complex large-scale systems. This behavior emerges fnenmteraction of a

multitude of simpler systems with intricate patterns obimhation flow. Repre-

sentative examples can be found in fields ranging from embgyaio seismology.

Researchers who specialize in the study of specific compkris)s often develop
an intuitive emphasis on analyzing the role of feedback ifgrconnection) in

facilitating and stabilizing aggregate behavior.

While sophisticated theories have been developed by domaiarts for the
analysis of various complex systems, the development @faaius methodology
that can discover and exploit common features and esserathkematical structure
is just beginning to emerge. Advances in science and teobgalre creating a new
understanding of the underlying dynamics and the impodahteedback in a wide
variety of natural and technological systems. We briefly higith three application
areas here.

Biological System#A major theme currently of interest to the biology commu-
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Figure 1.12: The wiring diagram of the growth-signaling circuitry of the mammalian
cell [HWO0O]. The major pathways that are thought to play a role in caageindicated
in the diagram. Lines represent interactions between genes and piiotéiescell. Lines
ending in arrowheads indicate activation of the given gene or pathwas énding in a
T-shaped head indicate repression. (Used with permission of Elsediead the authors.)

nity is the science of reverse (and eventually forward) eegiing of biological

control networks such as the one shown in Figure 1.12. Thera atide variety

of biological phenomena that provide a rich source of exaspf control, includ-

ing gene regulation and signal transduction; hormonal,umafogical and cardio-
vascular feedback mechanisms; muscular control and lotomactive sensing,
vision and proprioception; attention and consciousnass;population dynamics
and epidemics. Each of these (and many more) provide opptesito figure out

what works, how it works, and what we can do to affect it.

One interesting feature of biological systems is the fratjuse of positive feed-
back to shape the dynamics of the system. Positive feedbadikecased to create
switchlike behavior through autoregulation of a gene, arwi¢ate oscillations such
as those present in the cell cycle, central pattern gensrataircadian rhythm.

Ecosystemdn contrast to individual cells and organisms, emergenp@ries
of aggregations and ecosystems inherently reflect seletigmimanisms that act on
multiple levels, and primarily on scales well below that loé system as a whole.
Because ecosystems are complex, multiscale dynamicamsgsthey provide a
broad range of new challenges for the modeling and analy$tedback systems.
Recentexperience in applying tools from control and dyahsystems to bacterial
networks suggests that much of the complexity of these n&sms due to the
presence of multiple layers of feedback loops that provamist functionality
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to the individual cell. Yet in other instances, events at ¢b# level benefit the
colony at the expense of the individual. Systems level aisatyen be applied to
ecosystems with the goal of understanding the robustnesscbfsystems and the
extent to which decisions and events affecting individy&icses contribute to the
robustness and/or fragility of the ecosystem as a whole.

Environmental Sciencé.is now indisputable that human activities have altered
the environment on a global scale. Problems of enormous @xitylchallenge
researchers in this area, and first among these is to undgsarfieedback sys-
tems that operate on the global scale. One of the challengks/eloping such an
understanding is the multiscale nature of the problem, datiailed understanding
of the dynamics of microscale phenomena such as microbaalbgrganisms be-
ing a necessary component of understanding global pheramsach as the carbon
cycle.

1.4 Feedback Properties

Feedback is a powerful idea which, as we have seen, is usats&dly in natural
and technological systems. The principle of feedback is leinfgase correcting
actions on the difference between desired and actual peaftze. In engineering,
feedback has been rediscovered and patented many timesyrdiffarent contexts.
The use of feedback has often resulted in vast improvemesisstem capability,
and these improvements have sometimes been revolutiasdiscussed above.
The reason for this is that feedback has some truly remarlkabf@erties. In this
section we will discuss some of the properties of feedbaakdhn be understood
intuitively. This intuition will be formalized in subsequiechapters.

Robustness to Uncertainty

One of the key uses of feedback is to provide robustness tertaiaty. By mea-
suring the difference between the sensed value of a regudageal and its desired
value, we can supply a corrective action. If the system wguks some change that
affects the regulated signal, then we sense this change\atalforce the system
back to the desired operating point. This is precisely thecethat Watt exploited
in his use of the centrifugal governor on steam engines.

As an example of this principle, consider the simple feelllsgstem shown in
Figure 1.13. In this system, the speed of a vehicle is coetidlly adjusting the
amount of gas flowing to the engine. Simpmportional-integral(PI1) feedback
is used to make the amount of gas depend on both the error dretive current
and the desired speed and the integral of that error. The pltheright shows
the results of this feedback for a step change in the deseeldsand a variety of
different masses for the car, which might result from hawardjfferent number of
passengers or towing a trailer. Notice that independetisofrtass (which varies by
a factor of 3!), the steady-state speed of the vehicle ahappsoaches the desired
speed and achieves that speed within approximately 5 s. Tieyserformance of
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Figure 1.13: A feedback system for controlling the speed of a vehicle. In the blockaliag
on the left, the speed of the vehicle is measured and compared to theldgses within the
“Compute” block. Based on the difference in the actual and desiregtispéhe throttle (or
brake) is used to modify the force applied to the vehicle by the enginetdain and wheels.
The figure on the right shows the response of the control system tomanded change in
speed from 25 m/s to 30 m/s. The three different curves corredpdtiffiering masses of the
vehicle, between 1000 and 3000 kg, demonstrating the robustnessotidgle loop system
to a very large change in the vehicle characteristics.

the system is robust with respect to this uncertainty.

Another early example of the use of feedback to provide rolass is the nega-
tive feedback amplifier. When telephone communications weveloped, ampli-
fiers were used to compensate for signal attenuation in loeg.liA vacuum tube
was a component that could be used to build amplifiers. Distodaused by the
nonlinear characteristics of the tube amplifier togethehaitnplifier drift were
obstacles that prevented the development of line amplifagra fong time. A ma-
jor breakthrough was the invention of the feedback amplifiet927 by Harold S.
Black, an electrical engineer at Bell Telephone Laborasoiack usedegative
feedbackwhich reduces the gain but makes the amplifier insensitivartiations
in tube characteristics. This invention made it possibleuitdbstable amplifiers
with linear characteristics despite the nonlinearitiethefvacuum tube amplifier.

Design of Dynamics

Another use of feedback is to change the dynamics of a sySthrough feed-
back, we can alter the behavior of a system to meet the neeals application:
systems that are unstable can be stabilized, systems éstuggish can be made
responsive and systems that have drifting operating poiutsbe held constant.
Control theory provides a rich collection of techniquesnalgize the stability and
dynamic response of complex systems and to place bounds txeltavior of such
systems by analyzing the gains of linear and nonlinear ¢per¢hat describe their
components.

An example of the use of control in the design of dynamics cofem the area
of flight control. The following quote, from a lecture presahtyy Wilbur Wright
to the Western Society of Engineers in 1901 [McF53], illussélte role of control
in the development of the airplane:

Men already know how to construct wings or airplanes, whittem
driven through the air at sufficient speed, will not only sursthe
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o\ RO
Figure 1.14: Aircraft autopilot system. The Sperry autopilot (left) contained a sdbof
gyros coupled to a set of air valves that controlled the wing surfaces19h2 Curtiss used

an autopilot to stabilize the roll, pitch and yaw of the aircraft and was able iatanalevel
flight as a mechanic walked on the wing (right) [Hug93].

weight of the wings themselves, but also that of the engind, af
the engineer as well. Men also know how to build engines arehsc

of sufficient lightness and power to drive these planes aaBusy
speed ... Inability to balance and steer still confrontsletiis of the
flying problem ... When this one feature has been worked ost, th
age of flying will have arrived, for all other difficulties are ofinor
importance.

The Wright brothers thus realized that control was a key iss@mable flight.
They resolved the compromise between stability and manehbiigy by building
an airplane, the Wright Flyer, that was unstable but manaier The Flyer had
a rudder in the front of the airplane, which made the plang weneuverable. A
disadvantage was the necessity for the pilot to keep adgitie rudder to fly the
plane: if the pilot let go of the stick, the plane would cragither early aviators
tried to build stable airplanes. These would have been etasilyt but because of
their poor maneuverability they could not be brought up theair. By using their
insight and skillful experiments the Wright brothers mauefirst successful flight
at Kitty Hawk in 1905.

Since it was quite tiresome to fly an unstable aircraft, therg sti@ng motiva-
tion to find a mechanism that would stabilize an aircraft. Sudévace, invented by
Sperry, was based on the concept of feedback. Sperry used-atggpitized pendu-
lum to provide an indication of the vertical. He then arrashgéeedback mechanism
that would pull the stick to make the plane go up if it was pioigidown, and vice
versa. The Sperry autopilot was the first use of feedback in aatimal engineer-
ing, and Sperry won a prize in a competition for the safestamgin Paris in 1914.
Figure 1.14 shows the Curtiss seaplane and the Sperry autdpie autopilot is
a good example of how feedback can be used to stabilize aahlestystem and
hence “design the dynamics” of the aircratft.
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One of the other advantages of designing the dynamics of imeléyvthat it
allows for increased modularity in the overall system desBy using feedback
to create a system whose response matches a desired profigmede the
complexity and variability that may be present inside a gatesn. This allows us
to create more complex systems by not having to simultamgturee the responses
of a large number of interacting components. This was oneeatlvantages of
Black’s use of negative feedback in vacuum tube amplifieesrésulting device
had a well-defined linear input/output response that did epédd on the individual
characteristics of the vacuum tubes being used.

Higher Levels of Automation

A major trend in the use of feedback is its application to bighvels of situational
awareness and decision making. This includes not only toadit logical branch-
ing based on system conditions but also optimization, adi@pt, learning and even
higher levels of abstract reasoning. These problems aresiddimain of the arti-
ficial intelligence community, with an increasing role of @ynics, robustness and
interconnection in many applications.

One ofthe interesting areas of researchin higher levels@$obn is autonomous
control of cars. Early experiments with autonomous drivirgrevperformed by
Ernst Dickmanns, who in the 1980s equipped cars with camemother sen-
sors [Dic07]. In 1994 his group demonstrated autonomowsndyiwith human su-
pervision on a highway near Paris and in 1995 one of his carsedtutonomously
(with human supervision) from Munich to Copenhagen at spaddip to 175
km/hour. The car was able to overtake other vehicles and ehlangs automati-
cally.

This application area has been recently explored througb&iRPA Grand
Challenge, a series of competitions sponsored by the U.&rgment to build ve-
hicles that can autonomously drive themselves in desertidyah environments.
Caltech competed in the 2005 and 2007 Grand Challengesasioglified Ford E-
350 offroad van nicknamed “Alice.” It was fully automateaiciuding electronically
controlled steering, throttle, brakes, transmission gndion. Its sensing systems
included multiple video cameras scanning at 10-30 Hz, aklager ranging units
scanning at 10 Hz and an inertial navigation package capdpl®viding position
and orientation estimates at 5 ms temporal resolution. Coatpnal resources in-
cluded 12 high-speed servers connected together throughtdsiEthernet switch.
The vehicle is shown in Figure 1.15, along with a block diagrdnitsocontrol
architecture.

The software and hardware infrastructure that was develepatled the ve-
hicle to traverse long distances at substantial speedsstimtj, Alice drove itself
more than 500 km in the Mojave Desert of California, with thdity to follow dirt
roads and trails (if present) and avoid obstacles alongdtte Speeds of more than
50 km/h were obtained in the fully autonomous mode. Substiantiing of the al-
gorithms was done during desert testing, in part because tdick of systems-level
design tools for systems of this level of complexity. Othempetitors in the race
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Figure 1.15:DARPA Grand Challenge. “Alice,” Team Caltech’s entry in the 2005 ar@i720
competitions and its networked control architecture [CFG+06]. Thebfeedsystem fuses
data from terrain sensors (cameras and laser range finders) tohetex digital elevation
map. This map is used to compute the vehicle’s potential speed over thatemnd an
optimization-based path planner then commands a trajectory for the véhifddow. A
supervisory control module performs higher-level tasks suchradling sensor and actuator
failures.

(including Stanford, which won the 2005 competition) usepbathms for adaptive
control and learning, increasing the capabilities of tisggtems in unknown en-
vironments. Together, the competitors in the Grand Chgéetemonstrated some
of the capabilities of the next generation of control systemd highlighted many
research directions in control at higher levels of decisi@king.

Drawbacks of Feedback

While feedback has many advantages, it also has some dresvi@@itief among
these is the possibility of instability if the system is na&s@yned properly. We
are all familiar with the effects opositive feedbackvhen the amplification on
a microphone is turned up too high in a room. This is an exampfeeazlback
instability, something that we obviously want to avoid. Tisigricky because we
must design the system not only to be stable under nominalittoms but also to
remain stable under all possible perturbations of the dycem

In addition to the potential for instability, feedback imaetly couples different
parts of a system. One common problem is that feedback affects measurement
noise into the system. Measurements must be carefully fily¢hat the actuation
and process dynamics do not respond to them, while at thetsa@ensuring that
the measurement signal from the sensor is properly couptedhe closed loop
dynamics (so that the proper levels of performance are aethje

Another potential drawback of control is the complexity ofteedding a control
system in a product. While the cost of sensing, computatimhegtuation has de-
creased dramatically in the past few decades, the fact narttzat control systems
are often complicated, and hence one must carefully bathecsosts and benefits.
An early engineering example of this is the use of micropssoebased feedback
systems in automobiles.The use of microprocessors in atiteapplications be-
gan in the early 1970s and was driven by increasingly striassions standards,
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which could be met only through electronic controls. Earlgteyns were expensive
and failed more often than desired, leading to frequenbeuost dissatisfaction. It
was only through aggressive improvements in technology tttea performance,
reliability and cost of these systems allowed them to be irsadransparent fash-
ion. Even today, the complexity of these systems is such thedifficult for an
individual car owner to fix problems.

Feedforward

Feedback is reactive: there must be an error before coreeatitions are taken.
However, in some circumstances it is possible to measurstardance before it
enters the system, and this information can then be use#eactarective action
before the disturbance has influenced the system. The efféloe afisturbance is
thus reduced by measuring it and generating a control sipaalcounteracts it.
This way of controlling a system is calléeledforward Feedforward is particularly
useful in shaping the response to command signals becaoseaad signals are
always available. Since feedforward attempts to match tgmeds, it requires good
process models; otherwise the corrections may have theygina or may be badly
timed.

The ideas of feedback and feedforward are very general arghappmany dif-
ferent fields. In economics, feedback and feedforward arwgoas to a market-
based economy versus a planned economy. In business, arfgardf strategy
corresponds to running a company based on extensive stratagning, while a
feedback strategy corresponds to a reactive approacholioglyj feedforward has
been suggested as an essential element for motion contrahians that is tuned
during training. Experience indicates that it is often adageous to combine feed-
back and feedforward, and the correct balance requireghihand understanding
of their respective properties.

Positive Feedback

In most of this text, we will consider the role okgative feedbackn which we
attempt to regulate the system by reacting to disturbamcasiay that decreases
the effect of those disturbances. In some systems, patlgudiological systems,
positive feedbackan play an important role. In a system with positive fee&tbac
the increase in some variable or signal leads to a situatievhich that quantity
is further increased through its dynamics. This has a deiiabi effect and is
usually accompanied by a saturation that limits the groithequantity. Although
often considered undesirable, this behavior is used igioal (and engineering)
systems to obtain a very fast response to a condition orlsigna

One example of the use of positive feedback is to create ingcdbehavior,
in which a system maintains a given state until some inputsas a threshold.
Hysteresis is often present so that noisy inputs near tlesliotd do not cause the
system to jitter. This type of behavior is callb@tability and is often associated
with memory devices.
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Figure 1.16: Input/output characteristics of on-off controllers. Each plot showsniiet on
the horizontal axis and the corresponding output on the vertical axial toh-off control is
shown in (a), with modifications for a dead zone (b) or hysteresis (@fe khat for on-off
control with hysteresis, the output depends on the value of past inputs.

1.5 Simple Forms of Feedback

The idea of feedback to make corrective actions based on fiieeettice between
the desired and the actual values of a quantity can be implisdé many different
ways. The benefits of feedback can be obtained by very simpdbée laws such
as on-off control, proportional control and proportiofiraiiegral-derivative control.
In this section we provide a brief preview of some of the tepiat will be studied
more formally in the remainder of the text.

On-Off Control

A simple feedback mechanism can be described as follows:

U= Umax ife>0 (1.1)
Umin if e <0,
where thecontrol error e=r — y is the difference between the reference signal (or
command signal) and the output of the systeyrandu is the actuation command.
Figure 1.16a shows the relation between error and contrad.cldnitrol law implies
that maximum corrective action is always used.

The feedback in equation (1.1) is called-off control One of its chief advan-
tages is that it is simple and there are no parameters to eh@osoff control often
succeeds in keeping the process variable close to the mefgrsuch as the use of
a simple thermostat to maintain the temperature of a rootgpitally results in
a system where the controlled variables oscillate, whidftsn acceptable if the
oscillation is sufficiently small.

Notice that in equation (1.1) the control variable is not dadimnvhen the error
is zero. It is common to make modifications by introducing eith dead zone or
hysteresis (see Figure 1.16b and 1.16c).

PID Control

The reason why on-off control often gives rise to oscillasias that the system
overreacts since a small change in the error makes the edtuaiable change over
the full range. This effectis avoidedmoportional contro) where the characteristic
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of the controller is proportional to the control error for alhrerrors. This can be
achieved with the control law

Umax if e = €max
Umin if e < €nmin,

wherek, is the controller gaingmin = Umin/Kp andemax = Umax/ Kp. The interval
(emin, €max) IS called theproportional bandbecause the behavior of the controller
is linear when the error is in this interval:

u=xkp(r —y)=kpe if emin < €< €nax (1.3)

While avastimprovement over on-off control, proportiooahtrol has the draw-
back that the process variable often deviates from itseafar value. In particular,
if some level of control signal is required for the system tmtain a desired value,
then we must have # 0 in order to generate the requisite input.

This can be avoided by making the control action proportitm#ie integral of
the error:

u(t) = k; /0t e(r)dz. (1.4)

This control form is calledntegral control andk; is the integral gain. It can be
shown through simple arguments that a controller with irgkegction has zero
steady-state error (Exercise 1.5). The catch is that therenotaajways be a steady
state because the system may be oscillating.

An additional refinement is to provide the controller with anicipative abil-
ity by using a prediction of the error. A simple predictiongisen by the linear
extrapolation

de(t)

et + Tq) ~ e(t) + TdT’

which predicts the errofy time units ahead. Combining proportional, integral and
derivative control, we obtain a controller that can be egpeel mathematically as

t
u(t) = kpe(t) + k; / e(r)dr + kd%
0

The control action is thus a sum of three terms: the past agsepted by the
integral of the error, the present as represented by theopgiopal term and the
future as represented by a linear extrapolation of the €ther derivative term).
This form of feedback is called@oportional-integral-derivative (P1D) controller
and its action is illustrated in Figure 1.17.

A PID controller is very useful and is capable of solving a widege of con-
trol problems. More than 95% of all industrial control prelnis are solved by
PID control, although many of these controllers are actyaibportional-integral
(PI) controllersbecause derivative action is often not included [DMO02]. Ehare
also more advanced controllers, which differ from PID coliérs by using more
sophisticated methods for prediction.

(1.5)
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Figure 1.17: Action of a PID controller. At timet, the proportional term depends on the
instantaneous value of the error. The integral portion of the feedbaelsed on the integral

of the error up to time (shaded portion). The derivative term provides an estimate of the
growth or decay of the error over time by looking at the rate of changhefrror. Ty
represents the approximate amount of time in which the error is projemtedrd (see text).

1.6 Further Reading

The material in this section draws heavily from the reporthef Panel on Future
Directions on Control, Dynamics and Systems [Mur03]. Sevadditional papers
and reports have highlighted the successes of control [N&8@]new vistas in
control [Bro00, Kum01, Wis07]. The early development of e¢ohts described
by Mayr [May70] and in the books by Bennett [Ben86a, Ben86ldjich cover
the period 1800-1955. A fascinating examination of somehefdarly history
of control in the United States has been written by Mindellf®R]. A popular
book that describes many control concepts across a wides raihdisciplines is
Out of Controlby Kelly [Kel94]. There are many textbooks available thatalie
control systems in the context of specific disciplines. Fgireeers, the textbooks by
Franklin, Powell and Emami-Naeini [FPENO5], Dorf and Bishop [DB®4o and
Golnaraghi [KG02] and Seborg, Edgar and Mellichamp [SEMO04] adely used.
More mathematically oriented treatments of control théecjude Sontag [Son98]
and Lewis [Lew03]. The book by Hellerstein et al. [HDPTO04] prowdalescription
of the use of feedback control in computing systems. A nurableooks look at the
role of dynamics and feedback in biological systems, inicigdvilhorn [Mil66]
(now out of print), J. D. Murray [Mur04] and Eliner and Guckeier [EGO5].
The book by Fradkov [Fra07] and the tutorial article by Becheofec05] cover
many specific topics of interest to the physics community.

Exercises

1.1(Eye motion) Perform the following experiment and explainiy@sults: Hold-
ing your head still, move one of your hands left and right ionfrof your face,
following it with your eyes. Record how quickly you can moveuy hand before
you begin to lose track of it. Now hold your hand still and shagkur head left to
right, once again recording how quickly you can move befoosing track.
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1.2 Identify five feedback systems that you encounter in youryelar environ-
ment. For each system, identify the sensing mechanismatimtumechanism and
control law. Describe the uncertainty with respect to whioh feedback system
provides robustness and/or the dynamics that are changmdytihthe use of feed-
back.

1.3(Balance systems) Balance yourself on one foot with yous ej@sed for 15 s.
Using Figure 1.3 as a guide, describe the control systemmesgge for keeping you
from falling down. Note that the “controller” will differ fsm that in the diagram
(unless you are an android reading this in the far future).

1.4(Cruise control) Download the MATLAB code used to produce satians for
the cruise control system in Figure 1.13 from the companion sie. Using trial
and error, change the parameters of the control law so thaiérshoot in speed
is not more than 1 m/s for a vehicle with mams= 1000 kg.

1.5(Integral action) We say that a system with a constant ingaithes steady state
if the output of the system approaches a constant value asritreases. Show that
a controller with integral action, such as those given inatigns (1.4) and (1.5),
gives zero error if the closed loop system reaches steatiy sta

1.6 Search the web and pick an article in the popular press abaedibéck and
control system. Describe the feedback system using thartelogy given in the
article. In particular, identify the control system and ctédse (a) the underlying
process or system being controlled, along with the (b) sefspactuator and (d)
computational element. If the some of the information isawaiilable in the article,
indicate this and take a guess at what might have been used.



Chapter Two
System Modeling

... | asked Fermi whether he was not impressed by the agreemawtdre our calculated
numbers and his measured numbers. He replied, “How many arbifrargmeters did you use
for your calculations?” | thought for a moment about our cut-off prdaees and said, “Four.”
He said, “I remember my friend Johnny von Neumann used to say, witp&oameters | can
fit an elephant, and with five | can make him wiggle his trunk.”

Freeman Dyson on describing the predictions of his model for mesatospscattering to
Enrico Fermi in 1953 [Dys04].

A modelis a precise representation of a system’s dynaméatasanswer ques-
tions via analysis and simulation. The model we choose depemdhe questions
we wish to answer, and so there may be multiple models forggesitynamical sys-
tem, with different levels of fidelity depending on the phemora of interest. In this
chapter we provide an introduction to the concept of modedind present some
basic material on two specific methods commonly used in feddhad control
systems: differential equations and difference equations

2.1 Modeling Concepts

A modelis a mathematical representation of a physical, biologicahformation
system. Models allow us to reason about a system and maké&twad about
how a system will behave. In this text, we will mainly be irgsted in models of
dynamical systems describing the input/output behavi@ystems, and we will
often work in “state space” form.

Roughly speaking, a dynamical system is one in which thectffef actions
do not occur immediately. For example, the velocity of a caesinot change
immediately when the gas pedal is pushed nor does the tetapeinaa room rise
instantaneously when a heater is switched on. Similarlyad&ehe does not vanish
right after an aspirin is taken, requiring time for it to taéect. In business systems,
increased funding for a development project does not iserezvenues in the short
term, although it may do so in the long term (if it was a goodestment). All
of these are examples of dynamical systems, in which thevilmhef the system
evolves with time.

In the remainder of this section we provide an overview of safithe key
concepts in modeling. The mathematical details introdueed are explored more
fully in the remainder of the chapter.
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Figure 2.1: Spring—mass system with nonlinear damping. The position of the massiteden
by g, with g = 0 corresponding to the rest position of the spring. The forces on the anas
generated by a linear spring with spring constaand a damper with force dependent on the
velocity g.

The Heritage of Mechanics

The study of dynamics originated in attempts to describegtéag motion. The
basis was detailed observations of the planets by TychoeBaak the results of
Kepler, who found empirically that the orbits of the plan&isild be well described
by ellipses. Newton embarked on an ambitious program tatexplain why the
planets move in ellipses, and he found that the motion coeld¥plained by his
law of gravitation and the formula stating that force equadss times acceleration.
In the process he also invented calculus and differentiahtons.

One of the triumphs of Newton’s mechanics was the obsenvétit the motion
of the planets could be predicted based on the current posiand velocities of
all planets. It was not necessary to know the past motion stdteof a dynamical
system is a collection of variables that completely chamts the motion of a
system for the purpose of predicting future motion. For desyisof planets the
state is simply the positions and the velocities of the pgan&/e call the set of all
possible states thstate space

A common class of mathematical models for dynamical systisnesdinary
differential equations (ODES). In mechanics, one of the f@stsuch differential
equations is that of a spring—mass system with damping:

mg + c(q) + kg = 0. (2.1)

This system is illustrated in Figure 2.1. The variafple R represents the position
of the massn with respect to its rest position. We use the notatjdo denote the
derivative ofg with respect to time (i.e., the velocity of the mass) grid represent
the second derivative (acceleration). The spring is asstongatisfy Hooke’s law,
which says that the force is proportional to the displacemnidme friction element
(damper) is taken as a nonlinear functia(d), which can model effects such as
stiction and viscous drag. The positigmnd velocityg represent the instantaneous
state of the system. We say that this system seeond-order systesince the
dynamics depend on the first two derivativesgjof

The evolution of the position and velocity can be describadgusither a time
plot or a phase portrait, both of which are shown in Figure 2tztime plot on
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Figure 2.2: lllustration of a state model. A state model gives the rate of change of tiee sta
as a function of the state. The plot on the left shows the evolution of the statiiaction of
time. The plot on the right shows the evolution of the states relative to eaeh wtith the
velocity of the state denoted by arrows.

the left, shows the values of the individual states as a fonctf time. Thephase
portrait, on the right, shows theector fieldfor the system, which gives the state
velocity (represented as an arrow) at every point in theestpaice. In addition,
we have superimposed the traces of some of the states fréenedif conditions.
The phase portrait gives a strong intuitive representatitimeoequation as a vector
field or a flow. While systems of second order (two states) carepeesented in
this way, unfortunately it is difficult to visualize equat®of higher order using
this approach.

The differential equation (2.1) is called antonomousystem because there
are no external influences. Such a model is natural for use @sti&l mechanics
because it is difficult to influence the motion of the planetanbmy examples, it
is useful to model the effects of external disturbances atrotied forces on the
system. One way to capture this is to replace equation (£.1) b

md +c(@) + kg =u, (2.2)

whereu represents the effect of external inputs. The model (2.2)llsa aforced

or controlled differential equatioft.implies that the rate of change of the state can
be influenced by the inpui(t). Adding the input makes the model richer and allows
new questions to be posed. For example, we can examine whegrioe external
disturbances have on the trajectories of a system. Or, isdke where the input
variable is something that can be modulated in a controllag we can analyze
whether it is possible to “steer” the system from one pointhia state space to
another through proper choice of the input.

The Heritage of Electrical Engineering

A different view of dynamics emerged from electrical engineg, where the design
of electronic amplifiers led to a focus on input/output bebavA system was
considered a device that transforms inputs to outputs|uesdrited in Figure 2.3.
Conceptually an input/output model can be viewed as a gaoi¢ tof inputs and
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Figure 2.3: lllustration of the input/output view of a dynamical system. The figure on the
left shows a detailed circuit diagram for an electronic amplifier; the onthemight is its
representation as a block diagram.

outputs. Given an input signalt) over some interval of time, the model should
produce the resulting outpytt).

The input/output framework is used in many engineering dis@s since it
allows us to decompose a system into individual componesrisected through
their inputs and outputs. Thus, we can take a complicate@rmsystich as a radio
or a television and break it down into manageable pieces aadie receiver,
demodulator, amplifier and speakers. Each of these piecesdaohinputs and
outputs and, through proper design, these components cardoeonnected to
form the entire system.

The input/output view is particularly useful for the spedaikss oflinear time-
invariant systemsThis term will be defined more carefully later in this chapier,
roughly speaking a system is linear if the superpositiorlifaah) of two inputs
yields an output that is the sum of the outputs that wouldespond to individual
inputs being applied separately. A system is time-invaiiftie output response
for a given input does not depend on when that input is applied

Many electrical engineering systems can be modeled bytlitia-invariant
systems, and hence a large number of tools have been dedetopralyze them.
One such tool is thetep responsevhich describes the relationship between an
input that changes from zero to a constant value abruptlyefa isput) and the
corresponding output. As we shall see later in the text, thp esponse is very
useful in characterizing the performance of a dynamicaksysand it is often used
to specify the desired dynamics. A sample step responsevasim Figure 2.4a.

Another way to describe a linear time-invariant system igefresent it by its
response to sinusoidal input signals. This is calledfthguency responsand a
rich, powerful theory with many concepts and strong, usedslilts has emerged.
The results are based on the theory of complex variables arlddeapransforms.
The basic idea behind frequency response is that we can ctatypdbaracterize
the behavior of a system by its steady-state response teadal inputs. Roughly
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Figure 2.4: Input/output response of a linear system. The step response (&9 gmautput
of the system due to an input that changes from 0 to 1 at time 5 s. The frequency
response (b) shows the amplitude gain and phase change due to &sihinpat at different
frequencies.

speaking, this is done by decomposing any arbitrary sigrtal a linear combi-
nation of sinusoids (e.g., by using the Fourier transforng #nen using linearity
to compute the output by combining the response to the iddalifrequencies. A
sample frequency response is shown in Figure 2.4b.

The input/output view lends itself naturally to experimémtatermination of
system dynamics, where a system is characterized by recpitdi response to
particular inputs, e.g., a step or a set of sinusoids ovengeraf frequencies.

The Control View

When control theory emerged as a discipline in the 1940safipgoach to dy-
namics was strongly influenced by the electrical enginedjimgut/output) view.
A second wave of developments in control, starting in the 1850s, was inspired
by mechanics, where the state space perspective was useeméhgence of space
flight is a typical example, where precise control of the odjia spacecraft is
essential. These two points of view gradually merged intotwhtoday the state
space representation of input/output systems.

The development of state space models involved modifyingrtbdels from
mechanics to include external actuators and sensors dimingtimore general
forms of equations. In control, the model given by equat@2) was replaced by

Cotww, y=how, .3
wherex is a vector of state variables,is a vector of control signals angis a
vector of measurements. The tedm/dt represents the derivative pivith respect
to time, now considered a vector, ah@ndh are (possibly nonlinear) mappings of
their arguments to vectors of the appropriate dimensionntechanical systems,
the state consists of the position and velocity of the sysserthaix = (q, ) inthe
case of adamped spring—mass system. Note that in the cfamtrallation we model
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dynamics as first-order differential equations, but we vé# shat this can capture
the dynamics of higher-order differential equations byrappate definition of the
state and the mapk andh.

Adding inputs and outputs has increased the richness ofdlsical problems
and led to many new concepts. For example, it is natural taf aslssible statex
can be reached with the proper choicei¢feachability) and if the measurement
contains enough information to reconstruct the state (@hbdity). These topics
will be addressed in greater detail in Chapters 6 and 7.

A final development in building the control point of view wag timergence of
disturbances and model uncertainty as critical elementsartheory. The simple
way of modeling disturbances as deterministic signalsdik@s and sinusoids has
the drawback that such signals can be predicted precisetpnra realistic approach
is to model disturbances as random signals. This viewpoietsg natural connec-
tion between prediction and control. The dual views of inputiput representations
and state space representations are particularly usefr windeling uncertainty
since state models are convenient to describe a nominallrhatdencertainties
are easier to describe using input/output models (oftera\fr@quency response
description). Uncertainty will be a constant theme thraugtthe text and will be
studied in particular detail in Chapter 12.

An interesting observation in the design of control systésnhat feedback
systems can often be analyzed and designed based on corglasatple models.
The reason for this is the inherent robustness of feedbat&ragsHowever, other
uses of models may require more complexity and more accutasy example is
feedforward control strategies, where one uses a modektmprpute the inputs
that cause the system to respond in a certain way. Anotheissgstem validation,
where one wishes to verify that the detailed response ofytsies performs as it
was designed. Because of these different uses of modetscdnnmon to use a
hierarchy of models having different complexity and fidelity

Multidomain Modeling

Modeling is an essential element of many disciplines, taditions and methods
from individual disciplines can differ from each other, fisstrated by the previous
discussion of mechanical and electrical engineering. Acdity in systems engi-
neering is that it is frequently necessary to deal with legfeneous systems from
many different domains, including chemical, electricakamanical and informa-
tion systems.

To model such multidomain systems, we start by partitiorangystem into
smaller subsystems. Each subsystem is represented by dalquations for mass,
energy and momentum, or by appropriate descriptions ofrimition processing
in the subsystem. The behavior at the interfaces is captyrdddxribing how the
variables of the subsystem behave when the subsystemden@mimected. These
interfaces act by constraining variables within the indidal subsystems to be equal
(such as mass, energy or momentum fluxes). The complete mddehisbtained
by combining the descriptions of the subsystems and th&factes.
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Using this methodology it is possible to build up librarigssabsystems that
correspond to physical, chemical and informational congpdgé The procedure
mimics the engineering approach where systems are buiit$udosystems that are
themselves built from smaller components. As experiengaiiged, the components
and their interfaces can be standardized and collecteddehibraries. In practice,
it takes several iterations to obtain a good library that barreused for many
applications.

State models or ordinary differential equations are noablétfor component-
based modeling of this form because states may disappear eameponents are
connected. This implies that the internal description of mgonent may change
when it is connected to other components. As an illustratierconsider two ca-
pacitors in an electrical circuit. Each capacitor has a stateesponding to the
voltage across the capacitors, but one of the states wapgisar if the capacitors
are connected in parallel. A similar situation happens with rotating inertias,
each of which is individually modeled using the angle of tioimand the angular
velocity. Two states will disappear when the inertias anegd by a rigid shaft.

This difficulty can be avoided by replacing differential eqoas bydifferential
algebraic equationswhich have the form

F(z,2) =0,

wherez € R". A simple special case is

x=1fxy), 9gxy=0, (2.4)

wherez = (x,y) andF = (X — f(X,Y), g(X, y)). The key property is that the
derivativezis not given explicitly and there may be pure algebraic retstbetween
the components of the vectar

The model (2.4) captures the examples of the parallel capa@nd the linked
rotating inertias. For example, when two capacitors ar@eoted, we simply add
the algebraic equation expressing that the voltages athessapacitors are the
same.

Modelicais a language that has been developed to support compoased-b
modeling. Differential algebraic equations are used as#sc description, and
object-oriented programming is used to structure the nsodiébdelica is used to
model the dynamics of technical systems in domains such akanéal, electri-
cal, thermal, hydraulic, thermofluid and control subsystdvtmdelica is intended
to serve as a standard format so that models arising in éiffetomains can be
exchanged between tools and users. A large set of free anahemial Modelica
component libraries are available and are used by a growimgper of people
in industry, research and academia. For further informagibout Modelica, see
http://www.modelica.org or Tiller [TilO1].
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2.2 State Space Models

In this section we introduce the two primary forms of modélsttwe use in this
text: differential equations and difference equationghBoake use of the notions
of state, inputs, outputs and dynamics to describe the ahafva system.

Ordinary Differential Equations

The state of a system is a collection of variables that sunzmdhe past of a
system for the purpose of predicting the future. For a plysigstem the state is
composed of the variables required to account for storageass, momentum and
energy. A key issue in modeling is to decide how accuratesy/dtorage has to be
represented. The state variables are gathered in a vectoR" called thestate
vector The control variables are represented by another vectorRP, and the
measured signal by the vectgre RY. A system can then be represented by the
differential equation

dx
5 = foaw, y = h(x, u), (2.5)

wheref : R" x RP - R"andh : R" x RP — RY are smooth mappings. We call
a model of this form &tate space model

The dimension of the state vector is called trder of the system. The sys-
tem (2.5) is calledime-invariantbecause the functiont andh do not depend
explicitly on timet; there are more general time-varying systems where the func
tions do depend on time. The model consists of two functidresfunctionf gives
the rate of change of the state vector as a function of gtated control, and the
functionh gives the measured values as functions of stataed controlu.

A system is called &near state space system if the functiohandh are linear
in X andu. A linear state space system can thus be represented by

d
d_)t( = AX + Bu, y = Cx+ Du, (2.6)

whereA, B, C andD are constant matrices. Such a system is said tmbar and
time-invariant or LTI for short. The matrixA is called thedynamics matrixthe
matrix B is called thecontrol matrix the matrixC is called thesensor matrixand
the matrixD is called thedirect term Frequently systems will not have a direct
term, indicating that the control signal does not influenesattput directly.
A different form of linear differential equations, genezalg the second-order
dynamics from mechanics, is an equation of the form
n n—1
dy + a]_d _y
dtn din-1
wheret is the independent (time) variablg(t) is the dependent (output) variable
andu(t) is the input. The notatiody/dt* is used to denote thith derivative
of y with respect ta, sometimes also written ag¥. The controlled differential
equation (2.7) is said to be ath-order system. This system can be converted into

tootay=u (2.7)
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state space form by defining

35

X1 dn—ly/dtn—l
X dn—2y/dtn—2
X = . s
Xn—1 dy/dt
Xn ] y

and the state space equations become

—alxl—"'—anxn
+ s y=Xﬂ-
Xn 1 Xn 2
Xn—1

With the appropriate definitions @&, B, C and D, this equation is in linear state
space form.

An even more general system is obtained by letting the olnpuatlinear com-
bination of the states of the system, i.e.,

o C

[eNe)

y = bixg + boxa + - - - 4 by + du.

This system can be modeled in state space as

X1 [—a; —a, ... —a,_1 —a, 1
X2 1 0 .. 0 0 0
dlx|_-]o0o 1 0 0|xs|ofu
al z s (2.8)
x2] o o 10 0
y=[b b b4x+du

This particular form of a linear state space system is cabedhable canonical
formand will be studied in more detail in later chapters.

Example 2.1 Balance systems

An example of a type of system that can be modeled using asdutiferential
equations is the class bélance system# balance system is a mechanical system
in which the center of mass is balanced above a pivot pointe®@mmon examples
of balance systems are shown in Figure 2.5. The Segway® Pers@mepbrter
(Figure 2.5a) uses a motorized platform to stabilize a pestanding on top of
it. When the rider leans forward, the transportation depiapels itself along the
ground but maintains its upright position. Another exanipéerocket (Figure 2.5b),
in which a gimbaled nozzle at the bottom of the rocket is useddabilize the body
of the rocket above it. Other examples of balance systenhsdadiumans or other
animals standing upright or a person balancing a stick an hiaed.
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(a) Segway (b) Saturn rocket (c) Cart—pendulum system

Figure 2.5: Balance systems. (a) Segway Personal Transporter, (b) Satket @nd (c)
inverted pendulum on a cart. Each of these examples uses forcedattitia of the system
to keep it upright.

Balance systems are a generalization of the spring—maites1syse saw earlier.
We can write the dynamics for a mechanical system in the géfeam

M(@)4 + C(q, q) + K(q) = B(q)u,

where M (q) is the inertia matrix for the systeng(q, ) represents the Coriolis
forces as well as the damping,(q) gives the forces due to potential energy and
B(q) describes how the external applied forces couple into theuhjcs. The
specific form of the equations can be derived using Newtoniaohanics. Note
that each of the terms depends on the configuration of themrsystnd that these
terms are often nonlinear in the configuration variables.

Figure 2.5¢ shows a simplified diagram for a balance systemstomgsof an
inverted pendulum on a cart. To model this system, we chaase wariables that
represent the position and velocity of the base of the sygpeand p, and the angle
and angular rate of the structure above the basadd. We letF represent the
force applied at the base of the system, assumed to be in tiehial direction
(aligned withp), and choose the position and angle of the system as outiits.
this set of definitions, the dynamics of the system can be ctedpising Newtonian
mechanics and have the form

(M+m) —mlcosd] [p cp+mlising6?]  [F 2.9)
—mlcost (J+ml?)| |4 + y0 —mglsing | — (0] '

whereM is the mass of the basm,andJ are the mass and moment of inertia of the
system to be balanceldis the distance from the base to the center of mass of the
balanced body; andy are coefficients of viscous friction amds the acceleration
due to gravity.

We can rewrite the dynamics of the system in state space fgrdetining the
state ax = (p, 6, p, 0), the input as1 = F and the output ag = (p, 9). If we
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define the total mass and total inertia as

Mi=M+m, J=J+mlp?
the equations of motion then become

P
P . 4 .
d o | —mls0*+mgml?/I)sc —cp—ylmed +u
dt [p| ~ M — m(mI?/3)c; ’
0

—ml%sycyH? + Miglsy — cleyp — y (M/m)é + Icgu
J(M¢/m) —m(lcy)?

o~ (3]
where we have used the shorthapd= cosf andsy = sind.

In many cases, the anglewill be very close to 0, and hence we can use the
approximations sii ~ 0 and co® ~ 1. Furthermore, i) is small, we can
ignore quadratic and higher termsfinSubstituting these approximations into our
equations, we see that we are left withireear state space equation

D 0 0 1 0 D 0
d |s 0 0 0 1 2] 0
dt |[p| ~ |0 mAPg/u —cd/u —yHIm/u| | P T o |
0 [0 Mimgl/u —clm/u =y My/u ) L8 Im/u
_[r 000
Y=lo 1009
wherey = MyJ, — m?l2. \Y

Example 2.2 Inverted pendulum

A variation of the previous example is one in which the lomanf the base does

not need to be controlled. This happens, for example, if werdeeested only in
stabilizing a rocket’s upright orientation without wonngi about the location of
base of the rocket. The dynamics of this simplified system aengby

d [el—lmgl yé | I y=0 (2.10)
dt [0] ~ | —==sind — LH+ —coshul’ - '
J J J
wherey is the coefficient of rotational friction), = J + ml? andu is the force
applied at the base. This system is referred to asarted pendulum \%

Difference Equations

In some circumstances, it is more natural to describe thiigoo of a system at
discrete instants of time rather than continuously in titheve refer to each of
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these times by an integér= 0, 1, 2, ..., then we can ask how the state of the
system changes for ea&hJust as in the case of differential equations, we define
the state to be those sets of variables that summarize thefghs system for the
purpose of predicting its future. Systems described in traamer are referred to
asdiscrete-time systems

The evolution of a discrete-time system can be written in ¢t f

X[k + 1] = f(x[K], uk]), YIK] = h(x[k], u[k]), (2.11)

wherex[k] € R" is the state of the system at tirkg(an integer)u[k] € RP is
the input andy[Kk] € RY is the output. As beforef, andh are smooth mappings of
the appropriate dimension. We call equation (2.1djfeerence equatiosince it
tells us howx[k + 1] differs fromx[k]. The statex[k] can be either a scalar- or a
vector-valued quantity; in the case of the latter we wxitgk] for the value of the
jth state at timé.

Just as in the case of differential equations, it is oftercdse that the equations
are linear in the state and input, in which case we can desthidsystem by

x[k + 1] = AX[K] + Bulk],  y[k] = Cx[K] + Du[K].

As before, we refer to the matricés B, C andD as the dynamics matrix, the control
matrix, the sensor matrix and the direct term. The solution bfiear difference
equation with initial conditiorx[0] and inputu[0], ..., u[T] is given by
k—1
X[Kl = A%+ > AI=TBU[]],
j=0
k—1
ylkl = CA'% + > CA“I'BU[j] + Du[K],
j=0

k> 0. (2.12)

Difference equations are also useful as an approximatialifieirential equa-
tions, as we will show later.

Example 2.3 Predator—prey
As an example of a discrete-time system, consider a simptiehior a predator—
prey system. The predator—prey problem refers to an ecalbgystem in which
we have two species, one of which feeds on the other. This tfgsgsbem has
been studied for decades and is known to exhibit interestymgmics. Figure 2.6
shows a historical record taken over 90 years for a populatfdynxes versus a
population of hares [Mac37]. As can been seen from the gtaptannual records
of the populations of each species are oscillatory in nature

A simple model for this situation can be constructed usinigerdte-time model
by keeping track of the rate of births and deaths of each epdogettingH represent
the population of hares aridrepresent the population of lynxes, we can describe
the state in terms of the populations at discrete periodsa. tLettingk be the
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1 1 | 1 1 1 1 1 1 1 | 1 1 1 1 1
1845 1855 1865 1875 1885 1895 1905 1915 1925 1935
Figure 2.6: Predator versus prey. The photograph on the left shows a Canadiaarygl
a snowshoe hare, the lynx’s primary prey. The graph on the rightskiwe populations of
hares and lynxes between 1845 and 1935 in a section of the Canadigesjdtac37]. The

data were collected on an annual basis over a period of 90 yearso@Pdyoh copyright Tom
and Pat Leeson.)

discrete-time index (e.g., the month number), we can write

HIk + 1] = H[K] + b (U)H[K] — aL[K]H[K],
L[k + 1] = L[K] + cL[K]H[K] — d L[K],

whereb; (u) is the hare birth rate per unit period and as a function of twal f
supplyu, ds is the lynx mortality rate and andc are the interaction coefficients.
The interaction ternaL[k] H[k] models the rate of predation, which is assumed
to be proportional to the rate at which predators and preyt areeis hence given
by the product of the population sizes. The interaction tetrfk]H[k] in the
lynx dynamics has a similar form and represents the rate @f/thr of the lynx
population. This model makes many simplifying assumptiosgeh as the fact
that hares decrease in number only through predation byegsvbut it often is
sufficient to answer basic questions about the system.

To illustrate the use of this system, we can compute the nuwitignxes and
hares at each time point from some initial population. Thifise by starting with
X[0] = (Ho, Lo) and then using equation (2.13) to compute the populations in
the following period. By iterating this procedure, we camgmate the population
over time. The output of this process for a specific choice cdupaters and initial
conditions is shown in Figure 2.7. While the details of thewdation are different
from the experimental data (to be expected given the siitypti€our assumptions),
we see qualitatively similar trends and hence we can use tidehto help explore
the dynamics of the system. \%

(2.13)

Example 2.4 E-mail server

The IBM Lotus server is an collaborative software system thatinisters users’
e-mail, documents and notes. Client machines interact evithusers to provide
access to data and applications. The server also handlesadth@istrative tasks.
In the early development of the system it was observed tiegpénformance was
poor when the central processing unit (CPU) was overloadeause of too many
service requests, and mechanisms to control the load wereftine introduced.

The interaction between the client and the server is in thm fafrremote pro-
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Figure 2.7: Discrete-time simulation of the predator—prey model (2.13). Using tfeepeters
a=c=0.014,b (u) = 0.6 andd = 0.7 in equation (2.13), the period and magnitude of the
lynx and hare population cycles approximately match the data in Figure 2.6.

cedure calls (RPCs). The server maintains a log of statistiosropleted requests.
The total number of requests being served, caRe& (RPCs in server), is also
measured. The load on the server is controlled by a paranedted MaxUser s,
which sets the total number of client connections to theeseivhis parameter is
controlled by the system administrator. The server can bardeg as a dynami-
cal system withvaxUser s as the input andRl S as the output. The relationship
between input and output was first investigated by explotiregsteady-state per-
formance and was found to be linear.

In [HDPTO04] a dynamic model in the form of a first-order differerequation
is used to capture the dynamic behavior of this system. Usistgm identification
technigues, they construct a model of the form

y[k + 1] = ay[k] + bu[k],

whereu = MaxUsers — MaxUsers andy = RIS — RI'S. The parameters

a = 0.43 andb = 0.47 are parameters that describe the dynamics of the system
around the operating point, ahMixUser s = 165 andRl' S = 135 represent the
nominal operating point of the system. The number of requwesssaveraged over

a sampling period of 60 s. \%

Simulation and Analysis

State space models can be used to answer many questions.t@amolkt common,
as we have seen in the previous examples, involves preglittenevolution of the
system state from a given initial condition. While for simphodels this can be
done in closed form, more often it is accomplished throughmater simulation.
One can also use state space models to analyze the overallitredf the system
without making direct use of simulation.

Consider again the damped spring—mass system from Seclion2 this time
with an external force applied, as shown in Figure 2.8. We washredict the
motion of the system for a periodic forcing function, withigem initial condition,
and determine the amplitude, frequency and decay rate oégudting motion.
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Figure 2.8: A driven spring—mass system with damping. Here we use a linear damping
element with coefficient of viscous friction The mass is driven with a sinusoidal force of
amplitudeA.

We choose to model the system with a linear ordinary diffeaérequation.
Using Hooke’s law to model the spring and assuming that thepeéa exerts a force
that is proportional to the velocity of the system, we have

mg + cq + kqg=u, (2.14)

wherem is the massq is the displacement of the massjs the coefficient of
viscous frictionk is the spring constant andis the applied force. In state space
form, usingx = (q, ) as the state and choosigg= q as the output, we have

dx XT( y—x
— = c ul - = X1.
dt [ ——x+—

m m m

We see that this is a linear second-order differential egnatith one inpuu and
one outputy.

We now wish to compute the response of the system to an inpihiecform
u = Asinwt. Although it is possible to solve for the response analilticave
instead make use of a computational approach that does Igairréhe specific
form of this system. Consider the general state space system

Given the state at timet, we can approximate the value of the state at a short
timeh > 0 later by assuming that the rate of changé 6f, u) is constant over the
intervalt tot + h. This gives

X(t + h) = x(t) + hf(x(1), u(t)). (2.15)

Iterating this equation, we can thus solve %aas a function of time. This approxi-
mation is known as Euler integration and is in fact a diffeee@quation if we leh
represent the time increment and wei{é] = x(kh). Although modern simulation
tools such as MATLAB and Mathematica use more accurate methaasEuler
integration, they still have some of the same basic tratke-of

Returning to our specific example, Figure 2.9 shows the restitemputing
x(t) using equation (2.15), along with the analytical compotat\We see that as



42 CHAPTER 2. SYSTEM MODELING

2
— 1r ¥ oA X +/+/+\+ F X -
= Qoe_sos \ /090% \* £ X
= ; S
g \
s 0 /
g sc:epg %O 00 oo *
&_17*3’h20.5 ».{*/ \ /’( &F Y i
LN *
-—--h=0.1 +«
— analytical
_2 Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50

Timet [sec]

Figure 2.9: Simulation of the forced spring—mass system with different simulation time
constants. The dashed line represents the analytical solution. The saliddpresent the
approximate solution via the method of Euler integration, using decreasipgizes.

h gets smaller, the computed solution converges to the exadian. The form
of the solution is also worth noticing: after an initial tsint, the system settles
into a periodic motion. The portion of the response after taegient is called the
steady-state responsge the input.

In addition to generating simulations, models can also led trs answer other
types of questions. Two that are central to the methods itbesiin this text concern
the stability of an equilibrium point and the input/outptgduency response. We
illustrate these two computations through the exampleswbalnd return to the
general computations in later chapters.

Returning to the damped spring—mass system, the equafiomstion with no
input forcing are given by

dx X2

—_— — k 2.1

dt [—EXZ — —X]_] ’ ( 6)
m m

wherex; is the position of the mass (relative to the rest positiorg mnis its
velocity. We wish to show that if the initial state of the srstis away from the
rest position, the system will return to the rest positioeragually (we will later
define this situation to mean that the rest positioasigmptotically stable While
we could heuristically show this by simulating many, mangiah conditions, we
seek instead to prove that this is true &myinitial condition.

To do so, we construct a functioh : R" — R that maps the system state to a
positive real number. For mechanical systems, a conveaiite is the energy of
the system,

1 1
V(X) = E|<xf + ém><§. (2.17)

If we look at the time derivative of the energy function, we seat
dv
dt

which is always either negative or zero. Henéex(t)) is never increasing and,

) . C k
= ki + MxeXe = kxxe +MXe(——xp — —x1) = —cX3,
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using a bit of analysis that we will see formally later, thdiindual states must
remain bounded.

If we wish to show that the states eventually return to thgioyiwe must use
a slightly more detailed analysis. Intuitively, we can @asss follows: suppose
that for some period of timey (x(t)) stops decreasing. Then it must be true that
V (x(t)) = 0, which in turn implies thak,(t) = 0 for that same period. In that
case xo(t) = 0, and we can substitute into the second line of equatior6)2adl
obtain

_ c k
0=X%Xy=——Xo — —X1 = —Xj.
m m m

Thus we must have thag also equals zero, and so the only time tW&k(t)) can
stop decreasing is if the state is at the origin (and hensestfstem is at its rest
position). Since we know that (x(t)) is never increasing (because < 0), we
therefore conclude that the origin is stable @oryinitial condition).

This type of analysis, called Lyapunov stability analyss;onsidered in detail
in Chapter 4. It shows some of the power of using models foattadysis of system
properties.

Another type of analysis that we can perform with models isdmpute the
output of a system to a sinusoidal input. We again considesphing—mass system,
but this time keeping the input and leaving the system inrtsimal form:

mg + cq + kq = u. (2.18)
We wish to understand how the system responds to a sinusojddlof the form
u(t) = Asinwt.

We will see how to do this analytically in Chapter 6, but fomnee make use of
simulations to compute the answer.

We first begin with the observation thagt) is the solution to equation (2.18)
with inputu(t), then applying an inputl(t) will give a solution 2j(t) (this is easily
verified by substitution). Hence it suffices to look at an inpithwnit magnitude,
A = 1. A second observation, which we will prove in Chapter 5hat the long-
term response of the system to a sinusoidal input is itseili@ssid at the same
frequency, and so the output has the form

q(t) = g(w) sin(wt + ¢ (w)),

whereg(w) is called thegain of the system ang(w) is called thephase(or phase
offset).

To compute the frequency response numerically, we can atmtihe system
at a set of frequencies,, ..., oy and plot the gain and phase at each of these
frequencies. An example of this type of computation is showigure 2.10.
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Figure 2.10: A frequency response (gain only) computed by measuring the respain
individual sinusoids. The figure on the left shows the response of/tera as a function of
time to a number of different unit magnitude inputs (at different fregies). The figure on
the right shows this same data in a different way, with the magnitude of $pemse plotted
as a function of the input frequency. The filled circles correspond tpaftécular frequencies
shown in the time responses.

2.3 Modeling Methodology

To deal with large, complex systems, it is useful to haveedét representations
of the system that capture the essential features and maleviant details. In all
branches of science and engineering it is common practiaegsome graphical
description of systems, callethematic diagramsThey can range from stylistic
pictures to drastically simplified standard symbols. Theswipts make it possible
to get an overall view of the system and to identify the indinal components.
Examples of such diagrams are shown in Figure 2.11. Schemagjizains are useful
because they give an overall picture of a system, showifeydift subprocesses and
their interconnection and indicating variables that camla@ipulated and signals
that can be measured.

Block Diagrams

A special graphical representation calletlack diagramhas been developed in
control engineering. The purpose of a block diagram is to exsigk the information
flow and to hide details of the system. In a block diagram, iffiéprocess elements
are shown as boxes, and each box has inputs denoted by lithesrvaws pointing
toward the box and outputs denoted by lines with arrows goumgof the box.
The inputs denote the variables that influence a process, anoutputs denote
the signals that we are interested in or signals that influeticer subsystems.
Block diagrams can also be organized in hierarchies, winelieidual blocks may
themselves contain more detailed block diagrams.

Figure 2.12 shows some of the notation that we use for bloakaias. Signals
are represented as lines, with arrows to indicate inputeatmlits. The first diagram
is the representation for a summation of two signals. An tifguiput response is
represented as a rectangle with the system name (or matbahtscription) in
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Figure 2.11: Schematic diagrams for different disciplines. Each diagram is used ttélles
the dynamics of a feedback system: (a) electrical schematics forersgatem [Kun93], (b)
a biological circuit diagram for a synthetic clock circuit [ASMNO3], (Qracess diagram for
a distillation column [SEMO04] and (d) a Petri net description of a commtioicgrotocol.
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(d) Nonlinear map
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(f) Input/output system

Figure 2.12:Standard block diagram elements. The arrows indicate the the inputstgidsou
of each element, with the mathematical operation corresponding to thesdltatheled at the
output. The system block (f) represents the full input/output respdresdymamical system.
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Figure 2.13: A block diagram representation of the flight control system for an irfggng
against the wind. The mechanical portion of the model consists of thelyaigt dynamics
of the fly, the drag due to flying through the air and the forces genergtéuehwings. The
motion of the body causes the visual environment of the fly to changethainformation
is then used to control the motion of the wings (through the sensory mattemsy, closing
the loop.

the block. Two special cases are a proportional gain, whiethes the input by
a multiplicative factor, and an integrator, which outpute tntegral of the input
signal.

Figure 2.13 illustrates the use of a block diagram, in thig dasmodeling the
flight response of a fly. The flight dynamics of an insect are inbigdntricate,
involving careful coordination of the muscles within the fiyhaintain stable flight
in response to external stimuli. One known characterigtftes is their ability to
fly upwind by making use of the optical flow in their compound eges feedback
mechanism. Roughly speaking, the fly controls its orientasio that the point of
contraction of the visual field is centered in its visual field.

To understand this complex behavior, we can decompose tralbdynamics
of the system into a series of interconnected subsystentddoky. Referring to
Figure 2.13, we can model the insect navigation system tirangnterconnection
of five blocks. The sensory motor system (a) takes the infoomditom the visual
system (e) and generates muscle commands that attempetalstdly so that the
point of contraction is centered. These muscle commandaxerted into forces
through the flapping of the wings (b) and the resulting aeradyin forces that are
produced. The forces from the wings are combined with the dratle fly (d) to
produce a net force on the body of the fly. The wind velocity enterough the
drag aerodynamics. Finally, the body dynamics (c) descrilvethe fly translates
and rotates as a function of the net forces that are appligdTtbe insect position,
speed and orientation are fed back to the drag aerodynamitsision system
blocks as inputs.

Each of the blocks in the diagram can itself be a complicatédysiem. For
example, the visual system of a fruit fly consists of two cowgitd compound eyes
(with about 700 elements per eye), and the sensory motarayss about 200,000
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neurons that are used to process information. A more ddthlteck diagram of
the insect flight control system would show the interconmastibetween these
elements, but here we have used one block to represent hawaten of the fly
affects the output of the visual system, and a second blaelptesent how the visual
field is processed by the fly’s brain to generate muscle commahdshoice of the
level of detail of the blocks and what elements to separabadifferent blocks often
depends on experience and the questions that one wantsterarsing the model.
One of the powerful features of block diagrams is their &pith hide information
about the details of a system that may not be needed to gaindersianding of
the essential dynamics of the system.

Modeling from Experiments

Since control systems are provided with sensors and acty#t@ralso possible to
obtain models of system dynamics from experiments on thegs The models
are restricted to input/output models since only theseadsgare accessible to
experiments, but modeling from experiments can also be gwdhlwith modeling
from physics through the use of feedback and interconnectio

A simple way to determine a system’s dynamics is to obsemedbponse to a
step change in the control signal. Such an experiment begissthing the control
signal to a constant value; then when steady state is esttaellithe control signal is
changed quickly to a new level and the output is observed. Xxergnent gives the
step response of the system, and the shape of the respoaseigaful information
about the dynamics. It immediately gives an indication efriésponse time, and it
tells if the system is oscillatory or if the response is monet

Example 2.5 Spring—mass system
Consider the spring—mass system from Section 2.1, whoserdgsare given by

mg + cq + kg = u. (2.19)

We wish to determine the constamts c andk by measuring the response of the
system to a step input of magnituég.
We will show in Chapter 6 that whee? < 4km, the step response for this
system from the rest configuration is given by
A/ 4km — c?
Fo ct, . ©d =5
qt) = m (1 - exp(—ﬁ) sin(wgt + (p)) ,

P = tan‘l (\/m) .

From the form of the solution, we see that the form of the respasm determined
by the parameters of the system. Hence, by measuring céetimres of the step
response we can determine the parameter values.

Figure 2.14 shows the response of the system to a step of mdghi§ = 20
N, along with some measurements. We start by noting thatdtlaelg-state position
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Figure 2.14: Step response for a spring—mass system. The magnitude of the stéfsinpu
Fo = 20 N. The period of oscillatiofl is determined by looking at the time between two
subsequent local maxima in the response. The period combined wittettysstate value
g(c0) and the relative decrease between local maxima can be used to estinpateatheters

in a model of the system.

of the mass (after the oscillations die down) is a functiothefspring constark
F
a(00) = . (2.20)

whereF is the magnitude of the applied forcEqo(= 1 for a unit step input). The
parameter 1k is called thegain of the system. The period of the oscillation can be
measured between two peaks and must satisfy

2 /4km— c?
= (2.21)

Finally, the rate of decay of the oscillations is given by tkpanential factor in the
solution. Measuring the amount of decay between two pea&ksiave

F F
log(a(ty) - ?0) —log(a(ts) — ?0) - %(t2 —t). (2.22)

Using this set of three equations, we can solve for the paesand determine
that for the step response in Figure 2.14 we have 250 kg,c ~ 60 N s/m and
k =~ 40 N/m. \%

Modeling from experiments can also be done using many oflgeaks. Si-
nusoidal signals are commonly used (particularly for systavith fast dynamics)
and precise measurements can be obtained by exploitingatbon techniques. An
indication of nonlinearities can be obtained by repeatixggeeiments with input
signals having different amplitudes.

Normalization and Scaling

Having obtained a model, it is often useful to scale the \wem by introducing
dimension-free variables. Such a procedure can often diripk equations for a
system by reducing the number of parameters and revea¢atiieg properties of
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the model. Scaling can also improve the numerical conditgmif the model to
allow faster and more accurate simulations.

The procedure of scaling is straightforward: choose unitsech indepen-
dent variable and introduce new variables by dividing théatdes by the chosen
normalization unit. We illustrate the procedure with twaeples.

Example 2.6 Spring—mass system
Consider again the spring—mass system introduced e&tégtecting the damping,
the system is described by

mg + kq = u.

The model has two parameters and k. To normalize the model we introduce
dimension-free variables = g/l andr = wpt, wherewy = /k/m andl is the
chosen length scale. We scale forcerbioZ and introducer = u/(mlw3). The
scaled equation then becomes

d’x  d?q/! 1
e — —k =—

422 = oot~ miggl KaTW = x4,
which is the normalized undamped spring—mass system. &libiat the normalized
model has no parameters, while the original model had twarpateran andk.
Introducing the scaled, dimension-free state variabless x = g/l andz, =
dx/dz = q/(lwp), the model can be written as

ai =) =[5 o] [2]+ 2]

This simple linear equation describes the dynamics of anpgpmass system,
independent of the particular parameters, and hence g#/assight into the fun-
damental dynamics of this oscillatory system. To recoveptiysical frequency of
oscillation or its magnitude, we must invert the scaling \aeehapplied. \%

Example 2.7 Balance system
Consider the balance system described in Section 2.1. Nemedamping by
puttingc = 0 andy = 0 in equation (2.9), the model can be written as

dq d20 _da.2
(M + m)ﬁ - mIcos@W + mlsme(a) =F,
d%q ,.d%0 :
—mIcos@W +J+ml )W — mglsing = 0.

Letwo = v/mgl/(J + ml2), choose the length scalelatet the time scale be/ty,
choose the force scale @8l + m)lw? and introduce the scaled variables= wot,
x =@/l andu = F/((M + m)lw3). The equations then become

d?x d?0 do 2 d’x  d%9

—— — 0 COSH — sind{—) =u, —pcosd—+ — —sind =0,

dez~ * dz? ta (dr) p dz? + dr?
wherea = m/(M +m) andg = ml?/(J +ml?). Notice that the original model has
five parameterm, M, J, | andg but the normalized model has only two parameters
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Figure 2.15: Characterization of model uncertainty. Uncertainty of a static system is illus-
trated in (a), where the solid line indicates the nominal input/output relatiorestdpthe
dashed lines indicate the range of possible uncertainty. The uncertairip [E®D59] in

(b) is one way to capture uncertainty in dynamical systems emphasizirgiadel is valid

only in some amplitude and frequency ranges. In (c) a model is repies by a nominal
modelM and another moded representing the uncertainty analogous to the representation
of parameter uncertainty.

a andp. If M > mandml? > J, we geta &~ 0 andf ~ 1 and the model can be
approximated by

d?x d?9

— =u, —— —sinfd = ucosy.

dz2 dz2
The model can be interpreted as a mass combined with an idyestelulum driven
by the same input. \Y%

Model Uncertainty

Reducing uncertainty is one of the main reasons for usirgji@ek, and it is there-
fore important to characterize uncertainty. When makingsneements, there is a
good tradition to assign both a nominal value and a measuneadrtainty. It is
useful to apply the same principle to modeling, but unfaatety it is often difficult
to express the uncertainty of a model quantitatively.

For a static system whose input/output relation can be cheniaed by a func-
tion, uncertainty can be expressed by an uncertainty barnliuasated in Fig-
ure 2.15a. At low signal levels there are uncertainties dusensor resolution,
friction and quantization. Some models for queuing systentells are based on
averages that exhibit significant variations for small papahs. At large signal
levels there are saturations or even system failures. Thals@nges where a model
is reasonably accurate vary dramatically between appicstbut it is rare to find
models that are accurate for signal ranges larger than 10

Characterization of the uncertainty of a dynamic model isimmore difficult.
We can try to capture uncertainties by assigning uncerégind parameters of the
model, but this is often not sufficient. There may be errors dyghenomena that
have been neglected, e.g., small time delays. In contralltieate test is how well
a control system based on the model performs, and time detaybe important.
There is also a frequency aspect. There are slow phenomemaasaging, that
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can cause changes or drift in the systems. There are alsdreiglency effects: a
resistor will no longer be a pure resistance at very highdeagies, and a beam
has stiffness and will exhibit additional dynamics whenjsabto high-frequency
excitation. Theuncertainty lemodGPD59] shown in Figure 2.15b is one way to
conceptualize the uncertainty of a system. Itillustrates & model is valid only in
certain amplitude and frequency ranges.

We will introduce some formal tools for representing unaierty in Chapter 12
using figures such as Figure 2.15c. These tools make use of tbeptai a transfer
function, which describes the frequency response of antfoptput system. For
now, we simply note that one should always be careful to neizegthe limits of
a model and not to make use of models outside their range dicapipity. For
example, one can describe the uncertainty lemon and thek thhenake sure that
signals remain in this region. In early analog computingysiesn was simulated
using operational amplifiers, and it was customary to givenadawhen certain
signal levels were exceeded. Similar features can be indlundgigital simulation.

2.4 Modeling Examples

In this section we introduce additional examples thatitaie some of the different
types of systems for which one can develop differential @qnaand difference

equation models. These examples are specifically chosen franga of different

fields to highlight the broad variety of systems to which fessakband control

concepts can be applied. A more detailed set of applicatlmatsserve as running
examples throughout the text are given in the next chapter.

Motion Control Systems

Motion control systems involve the use of computation ardiback to control the
movement of a mechanical system. Motion control systemgerdirom nanopo-

sitioning systems (atomic force microscopes, adaptiviEsptto control systems
for the read/write heads in a disk drive of a CD player, to nfiacturing systems

(transfer machines and industrial robots), to automotomrol systems (antilock
brakes, suspension control, traction control), to air grats flight control systems
(airplanes, satellites, rockets and planetary rovers).

Example 2.8 Vehicle steering—the bicycle model
A common problem in motion control is to control the trajegtof a vehicle
through an actuator that causes a change in the orientatisteering wheel on an
automobile and the front wheel of a bicycle are two examplessimilar dynamics
occur in the steering of ships or control of the pitch dynaaican aircraft. In many
cases, we can understand the basic behavior of these sybi@mgh the use of a
simple model that captures the basic kinematics of the syste

Consider a vehicle with two wheels as shown in Figure 2.16tl@purpose of
steering we are interested in a model that describes howetbeity of the vehicle
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Figure 2.16: Vehicle steering dynamics. The left figure shows an overhead viewelhiale
with four wheels. The wheel basebsand the center of mass at a distaaderward of the
rear wheels. By approximating the motion of the front and rear pairshefelg by a single
front wheel and a single rear wheel, we obtain an abstraction calldiidyee modelshown
on the right. The steering angledsand the velocity at the center of mass has the amgle
relative the length axis of the vehicle. The position of the vehicle is givetxby) and the
orientation (heading) bg.

depends on the steering angldo be specific, consider the velocityat the center
of mass, a distanca from the rear wheel, and l&tbe the wheel base, as shown
in Figure 2.16. Lek andy be the coordinates of the center of masthe heading
angle and: the angle between the velocity vectaand the centerline of the vehicle.
Sinceb = rytand anda = r, tane, it follows that tam: = (a/b) tané and we get
the following relation between and the steering ange

0.(0) = arctar(

Assume that the wheels are rolling without slip and that thleaity of the rear
wheel isvg. The vehicle speed at its center of mass is vg/ cosa, and we find
that the motion of this point is given by

atan5>. (2.23)

d 0
d_)t( = v cos(a + 0) = vo—coségsj ),
(2.24)

%/ =vosin(a +0) = 00%.
To see how the angle is influenced by the steering angle, we observe from Fig-
ure 2.16 that the vehicle rotates with the angular velogjidr, around the point
O. Hence 40 vo  vo
it 1. D tano. (2.25)

Equations (2.23)—(2.25) can be used to model an automohilertihe assump-
tions that there is no slip between the wheels and the roadhatdhe two front
wheels can be approximated by a single wheel at the centdreoddr. The as-
sumption of no slip can be relaxed by adding an extra statablat giving a more
realistic model. Such a model also describes the steeringndizs of ships as well
as the pitch dynamics of aircraft and missiles. It is alscsjiids to choose coor-
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Figure 2.17: Vectored thrust aircraft. The Harrier AV-8B military aircraft (a) resits its

engine thrust downward so that it can “hover” above the ground.eSainfrom the engine
is diverted to the wing tips to be used for maneuvering. As shown in (bypehéhrust on
the aircraft can be decomposed into a horizontal fétcand a vertical forcd-, acting at a
distance from the center of mass.

dinates so that the reference point is at the rear wheelse§monding to setting
a = 0), a model often referred to as tBeibins car[Dub57].

Figure 2.16 represents the situation when the vehicle mavesafd and has
front-wheel steering. The case when the vehicle reversdstésned by changing
the sign of the velocity, which is equivalent to a vehicletwi¢ar-wheel steering.

\%

Example 2.9 Vectored thrust aircraft

Consider the motion of vectored thrust aircraft, such asHheier “jump jet”
shown Figure 2.17a. The Harrier is capable of vertical takbpffedirecting its
thrust downward and through the use of smaller maneuvehningters located on
its wings. A simplified model of the Harrier is shown in Figurdzh, where we
focus on the motion of the vehicle in a vertical plane throtigd wings of the
aircraft. We resolve the forces generated by the main dowhteiuster and the
maneuvering thrusters as a pair of forégandF, acting at a distanaebelow the
aircraft (determined by the geometry of the thrusters).

Let (x, y, #) denote the position and orientation of the center of mashtef t
aircraft. Letmbe the mass of the vehicléthe moment of inertigg the gravitational
constant and the damping coefficient. Then the equations of motion for ttécle
are given by

mX = F; cosd — Frsing — cXx,
my = F; sind + F, cosf — mg— cy, (2.26)
JO =rFq.

Itis convenient to redefine the inputs so that the origin iscanldrium point of the
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Figure 2.18:Schematic diagram of a queuing system. Messages arrive ataateare stored
in a queue. Messages are processed and removed from the quateq@iThe average size
of the queue is given by € R.

system with zero input. Letting; = F; andu, = F, — mg, the equations become

mX = —mgsing — cX + Uy Cos# — U, sing,

my = mg(cosf — 1) — cy + U3 Sind + U, cosY, (2.27)
J0 =ruj.
These equations describe the motion of the vehicle as a sekeftoupled second-
order differential equations. \%

Information Systems

Information systems range from communication systemsthkenternet to soft-
ware systems that manipulate data or manage enterprisesgderces. Feedback
is presentin all these systems, and designing strategissting, flow control and
buffer management is a typical problem. Many results in qugtheory emerged
from design of telecommunication systems and later fronelbgment of the In-
ternet and computer communication systems [BG87, Kle7583' HcManagement
of queues to avoid congestion is a central problem and wethélefore start by
discussing the modeling of queuing systems.

Example 2.10 Queuing systems

A schematic picture of a simple queue is shown in Figure 2. HjuRsts arrive
and are then queued and processed. There can be large variatiarrival rates
and service rates, and the queue length builds up when tivalaate is larger
than the service rate. When the queue becomes too larg&eserdenied using
an admission control policy.

The system can be modeled in many different ways. One way i®teheach
incoming request, which leads to an event-based model vilhestate is an integer
that represents the queue length. The queue changes wheuestragives or a
request is serviced. The statistics of arrival and serviaiggtypically modeled as
random processes. In many cases it is possible to determaitigtiss of quantities
like queue length and service time, but the computationdeaguite complicated.

A significant simplification can be obtained by usindglewv model Instead
of keeping track of each request we instead view service agdests as flows,
similar to what is done when replacing molecules by a contimwhen analyzing
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Figure 2.19: Queuing dynamics. (a) The steady-state queue length as a functign gf.
(b) The behavior of the queue length when there is a temporary overidhad system. The
solid line shows a realization of an event-based simulation, and the dasheshéws the
behavior of the flow model (2.29).

fluids. Assuming that the average queue length a continuous variable and that
arrivals and services are flows with rateand u, the system can be modeled by
the first-order differential equation
dx
a:l_ﬂ:l_ﬂmaxf(x)a x>0, (2.28)
where umax IS the maximum service rate arfdx) is a number between 0 and 1
that describes the effective service rate as a functionefjtteue length.
Itis natural to assume that the effective service rate dépen the queue length
because larger queues require more resources. In stedady&davef (x) =
A/ itmax, @aNd we assume that the queue length goes to zero ivhehnx goes to zero
and that it goes to infinity whe/ 1 max goes to 1. This implies thaft(0) = 0 and
that f (co) = 1. In addition, if we assume that the effective service raterdorates
monotonically with queue length, then the functib¢x) is monotone and concave.
A simple function that satisfies the basic requirementsis = x/(1+ x), which
gives the model
dx P X
a =A== ,UmaxX 1

This model was proposed by Agnew [Agn76]. It can be shown fretrival and
service processes are Poisson processes, the averageengthed given by equa-
tion (2.29) and that equation (2.29) is a good approximagien for short queue
lengths; see Tipper [TS90].
To explore the properties of the model (2.29) we will first istigate the equi-
librium value of the queue length when the arrival ratss constant. Setting the
derivatived x/dt to zero in equation (2.29) and solving forwe find that the queue
lengthx approaches the steady-state value
Xe = L (2.30)

Hmax — A
Figure 2.19a shows the steady-state queue length as a furaftio/ i« max the
effective service rate excess. Notice that the queue lengtkases rapidly aé

(2.29)
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Figure 2.20: Illustration of feedback in the virtual memory system of the IBM/370. (a¢ T
effect of feedback on execution times in a simulation, following [BG6&sits with no
feedback are shown with, and results with feedback with Notice the dramatic decrease
in execution time for the system with feedback. (b) How the three statedbtamed based
on process measurements.

approachegmax. TOo have a queue length less than 20 requir@snax < 0.95. The
average time to service arequeskds= (X+1)/umax anditincreases dramatically
as/ approacheg max.

Figure 2.19b illustrates the behavior of the server in a Bigigerload situation.
The maximum service rate jgsnax = 1, and the arrival rate starts at= 0.5. The
arrival rate is increased tb = 4 at time 20, and it returns to = 0.5 at time 25.
The figure shows that the queue builds up quickly and clearsslewly. Since the
response time is proportional to queue length, it meansthieaquality of service
is poor for a long period after an overload. This behavior iedaherush-hour
effectand has been observed in web servers and many other questegisysuch
as automobile traffic.

The dashed line in Figure 2.19b shows the behavior of the flow mathéch
describes the average queue length. The simple model cajtelhavior qualita-
tively, but there are variations from sample to sample winmendqueue length is
short. \%

Many complex systems use discrete control actions. Sucaragstan be mod-
eled by characterizing the situations that correspond th €antrol action, as
illustrated in the following example.

Example 2.11 Virtual memory paging control

An early example of the use of feedback in computer systenssapplied in the
operating system OS/VS for the IBM 370 [BG68, Cro75]. The systeed virtual
memory, which allows programs to address more memory thalmyisically avail-
able as fast memory. Data in current fast memory (randonsaaoemory, RAM)
is accessed directly, but data that resides in slower me(dasly) is automatically
loaded into fast memory. The system is implemented in suchyahed it appears
to the programmer as a single large section of memory. Themsys¢rformed very
well in many situations, but very long execution times waneaintered in over-
load situations, as shown by the open circles in Figure 2.2Ba.difficulty was
resolved with a simple discrete feedback system. The lodtkeafdéntral processing
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Figure 2.21: Consensus protocols for sensor networks. (a) A simple sensor metvith
five nodes. In this network, node 1 communicates with node 2 and nodenghanicates
with nodes 1, 3, 4, 5, etc. (b) A simulation demonstrating the convergefibe consensus
protocol (2.31) to the average value of the initial conditions.

unit (CPU) was measured together with the number of page shetpgeen fast
memory and slow memory. The operating region was classifiegiag n one of
three states: normal, underload or overload. The norma &atharacterized by
high CPU activity, the underload state is characterized WwyQ®U activity and few
page replacements, the overload state has moderate to lolo@é&but many page
replacements; see Figure 2.20b. The boundaries betweergibagand the time
for measuring the load were determined from simulationsgugipical loads. The
control strategy was to do nothing in the normal load coaditio exclude a process
from memory in the overload condition and to allow a new pssocar a previously
excluded process in the underload condition. The crossegurd-2.20a show the
effectiveness of the simple feedback system in simulataeddoSimilar principles
are used in many other situations, e.g., in fast, on-chipeatemory. \%

Example 2.12 Consensus protocols in sensor networks

Sensor networks are used in a variety of applications whergvare to collect
and aggregate information over a region of space using phelléiensors that are
connected together via a communications network. Examptésde monitoring
environmental conditions in a geographical area (or inaitlailding), monitoring
the movement of animals or vehicles and monitoring the nesoloading across
a group of computers. In many sensor networks the computdtiesources are
distributed along with the sensors, and it can be importarthie set of distributed
agents to reach a consensus about a certain property, Sheteasrage temperature
in a region or the average computational load among a setopaters.

We model the connectivity of the sensor network using a grapthh nodes
corresponding to the sensors and edges corresponding ¢éxi#tence of a direct
communications link between two nodes. We use the notatipto represent the
set of neighbors of a node For example, in the network shown in Figure 2.21a
N2 ={1,3,4,5} and N3 = {2, 4}.

To solve the consensus problem xebe the state of thigh sensor, correspond-
ing to that sensor’s estimate of the average value that wieyaing to compute. We
initialize the state to the value of the quantity measuredhieyindividual sensor.
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The consensus protocol (algorithm) can now be realized asahupdate law

xi[k+1]=x[Kl +7 D [k = x[K]). (2.31)
jeN;

This protocol attempts to compute the average by updatintptia state of each
agent based on the value of its neighbors. The combined dgsahall agents can
be written in the form

X[k + 1] = x[k] — 7 (D — A)X[K], (2.32)

where A is the adjacency matrix anB is a diagonal matrix with entries corre-
sponding to the number of neighbors of each node. The constdascribes the
rate at which the estimate of the average is updated basedfamation from
neighboring nodes. The matrix:= D — Ais called theLaplacianof the graph.
The equilibrium points of equation (2.32) are the set of statech thakg[k +
1] = x¢[K]. It can be shown thate = («, «, . .., ) is an equilibrium state for the
system, corresponding to each sensor having an identioakgsa for the average.
Furthermore, we can show thatis indeed the average value of the initial states.
Since there can be cycles in the graph, it is possible thattie of the system
could enter into an infinite loop and never converge to therdésionsensus state.
A formal analysis requires tools that will be introducecetan the text, but it can
be shown that for any connected graph we can always findwach that the states
of the individual agents converge to the average. A simutadiemonstrating this
property is shown in Figure 2.21b. \%

Biological Systems

Biological systems provide perhaps the richest sourceanftfack and control ex-
amples. The basic problem of homeostasis, in which a quasntdy as temperature
or blood sugar level is regulated to a fixed value, is but onlesiiany types of com-
plex feedback interactions that can occur in molecular nme&sh cells, organisms
and ecosystems.

Example 2.13 Transcriptional regulation
Transcription is the process by which messenger RNA (mRBE&gherated from a
segmentof DNA. The promoter region of a gene allows transoripo be controlled
by the presence of other proteins, which bind to the prom@gion and either
repress or activate RNA polymerase, the enzyme that preducemRNA transcript
from DNA. The mRNA is then translated into a protein accordimds nucleotide
sequence. This process is illustrated in Figure 2.22.

A simple model of the transcriptional regulation processhimugh the use
of a Hill function [dJ02, Mur04]. Consider the regulation afprotein A with a
concentration given by, and a corresponding mRNA concentratiog. Let B
be a second protein with concentratippthat represses the production of protein
A through transcriptional regulation. The resulting dynesrof p, andm, can be
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Figure 2.22:Biological circuitry. The cell on the left is a bovine pulmonary cell, stained s
that the nucleus, actin and chromatin are visible. The figure on the rigks$ gn overview
of the process by which proteins in the cell are made. RNA is transcribed DNA by an
RNA polymerase enzyme. The RNA is then translated into a protein by ameltg called

a ribosome.

written as

dmy Oab dpa
dt 1+ k:bpﬂab 00 = YaMay g = faMa — daPe, (2:33)

whereaa,+ 040 IS the unregulated transcription rajg represents the rate of degra-
dation of MRNA b, Kap andngy, are parameters that describe how B represses A,
[a represents the rate of production of the protein from itsesponding mRNA
andod, represents the rate of degradation of the protein A. The petexian,g de-
scribes the “leakiness” of the promoter, amg is called the Hill coefficient and
relates to the cooperativity of the promoter.

A similar model can be used when a protein activates the ptaiuof another
protein rather than repressing it. In this case, the equsaitiave the form

dms  aabkappp™ dpa
at 11 Zab F;Dtr)]ab + 0ta0 — YaMa, at BaMa — Ja Pa, (2.34)

where the variables are the same as described previoudly.thit in the case of
the activator, ifpy is zero, then the production ratedigy (Versusoap + a9 for the
repressor). Ay gets large, the first term in the expressionrigy approaches 1
and the transcription rate becomes + a0 (Versusago for the repressor). Thus
we see that the activator and repressor act in oppositeofasiom each other.

As an example of how these models can be used, we consideroithel of a
“repressilator,” originally due to Elowitz and Leibler [ELOOThe repressilator is
a synthetic circuit in which three proteins each represshesmon a cycle. This is
shown schematically in Figure 2.23a, where the three protia TetR/ cl and
Lacl. The basic idea of the repressilator is that if TetR is@neghen it represses
the production ofi cl. If Acl is absent, then Lacl is produced (at the unregulated
transcription rate), which in turn represses TetR. OncR Tetepressed, thercl is
no longer repressed, and so on. If the dynamics of the ciaceitiesigned properly,
the resulting protein concentrations will oscillate.

We can model this system using three copies of equation ), 288t A and
B replaced by the appropriate combination of TetR, cl and L&ké state of the
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Figure 2.23: The repressilator genetic regulatory network. (a) A schematic diagfahe o
repressilator, showing the layout of the genes in the plasmid that holds¢hé as well as
the circuit diagram (center). (b) A simulation of a simple model for theaggilator, showing
the oscillation of the individual protein concentrations. (Figure courtesklbwitz.)

system is then given by = (Mretr, Pretr, Mel> Pel> Miact, Prac)- Figure 2.23b
shows the traces of the three protein concentrations fanpetersy = 2,a = 0.5,
k=625x10% 0p=5x 104y =58x 1073, =012ands = 1.2 x 1073
with initial conditionsx(0) = (1, 0, 0, 200, 0, 0) (following [ELQO]). \%

Example 2.14 Wave propagation in neuronal networks

The dynamics of the membrane potential in a cell are a fundeherechanism

in understanding signaling in cells, particularly in news@nd muscle cells. The
Hodgkin—Huxley equations give a simple model for studyinggagation waves in

networks of neurons. The model for a single neuron has the form

C— = —Ina— Ik — lieak+ linputs
dt Na K leak input

whereV is the membrane potentid, is the capacitancéy, andl are the current
caused by the transport of sodium and potassium across theaabrane | jgax
is a leakage current arlghy, is the external stimulation of the cell. Each current
obeys Ohm’s law, i.e.,

I =g(V - E),

where g is the conductance and is the equilibrium voltage. The equilibrium
voltage is given by Nernst's law,

RT Ce
E= nF log G’
whereRis Boltzmann’s constant, is the absolute temperatufejs Faraday’s con-
stant,n is the charge (or valence) of the ion anjéindc, are the ion concentrations
inside the cell and in the external fluid. At 2C we haveRT/F = 20 mV.
The Hodgkin—Huxley model was originally developed as a méapsedict the
gquantitative behavior of the squid giant axon [HH52]. Hoitigknd Huxley shared
the 1963 Nobel Prize in Physiology (along with J. C. Eccles) falgsis of the
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electrical and chemical events in nerve cell dischargesvohage clamp described
in Section 1.3 was a key element in Hodgkin and Huxley’s expenis. \Y%

2.5 Further Reading

Modeling is ubiquitous in engineering and science and hasghistory in applied
mathematics. For example, the Fourier series was intratlogd-ourier when he
modeled heat conduction in solids [Fou07]. Models of dyranfiave been de-
veloped in many different fields, including mechanics [Arn@l53], heat con-
duction [CJ59], fluids [BRS60], vehicles [Abk69, Bla91, Ell9djbotics [MLS94,
SV89], circuits [Gui63], power systems [Kun93], acoustiBelb4] and microme-
chanical systems [Sen01]. Control theory requires moddtiogn many differ-
ent domains, and most control theory texts contain sevégters on modeling
using ordinary differential equations and difference digus (see, for example,
[FPENO5S]). A classic book on the modeling of physical systerapgeially me-
chanical, electrical and thermofluid systems, is Cannon (@prThe book by
Aris [Ari94] is highly original and has a detailed discussiaf the use of dimension-
free variables. Two of the authors’ favorite books on maugtif biological systems
are J. D. Murray [Mur04] and Wilson [Wil99].

Exercises

2.1 (Chain of integrators form) Consider the linear ordinarffedential equa-
tion (2.7). Show that by choosing a state space represemtaith x; = vy, the
dynamics can be written as

0 1 0 0
. . 0
A=] O 0 B=| . C:[l .0 o].
0 0 1 :
—a, —an_1 —a 1

This canonical form is called thehain of integratordorm.

2.2(Inverted pendulum) Use the equations of motion for a baaystem to derive
a dynamic model for the inverted pendulum described in Exar@® and verify
that for smalld the dynamics are approximated by equation (2.10).

2.3 (Disrete-time dynamics) Consider the following discriétee system
X[k + 1] = AX[K] + Bu[k], y[k] = Cx[K],

where

_Ix _ |aun a2 _ |0 —
X_[XZ]’ A_[O azz]’ B_[ll, C_[l o].
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In this problem, we will explore some of the properties o$ttliscrete-time system
as a function of the parameters, the initial conditions duednputs.

(a) For the case wheay, = 0 andu = 0, give a closed form expression for the
output of the system.

(b) A discrete system is iaquilibriumwhenx[k + 1] = x[K] for all k. Letu =r

be a constant input and compute the resulting equilibriumtgor the system.
Show that if|a; | < 1 for alli, all initial conditions give solutions that converge to
the equilibrium point.

(c) Write a computer program to plot the output of the systenesponse to a unit
step inputu[k] = 1,k > 0. Plot the response of your system wifld] = 0 andA
given bya;; = 0.5,a;, = 1 anday, = 0.25.

2.4(Keynesian economics) Keynes’ simple model for an econangyvien by
Y[k] = C[K] + I [K] + G[K],

whereY, C, | andG are gross national product (GNP), consumption, investment
and government expenditure for ygaiConsumption and investment are modeled
by difference equations of the form

Clk+1] =aY[kl, I[k+1]=b(C[k+ 1] — C[K]),

wherea andb are parameters. The first equation implies that consumptiveases
with GNP but that the effect is delayed. The second equatipfiésthat investment
is proportional to the rate of change of consumption.

Show that the equilibrium value of the GNP is given by

1
Ye = 1_ a(|e+ Ge),

where the parameter/ (1 — a) is the Keynes multiplier (the gain fromor G to
Y). With a = 0.25 an increase of government expenditure will result in aftdd
increase of GNP. Also show that the model can be written a®tlosving discrete-
time state model:

[(I:[[Ilfill]]] [ab a ab] [(f[[;'f]]]+[§‘b] GIKI,
Y[K] = C[k] + I [K] + G[K].

2.5(Least squares system identification) Consider a nonlin&areintial equation
that can be written in the form

M
= > ai fi(x),
i1

where f;(x) are known nonlinear functions and are unknown, but constant,
parameters. Suppose that we have measurements (or esfiofdtes full statex
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at time instantd,, t, ..., ty, with N > M. Show that the parametess can be
determined by finding the least squares solution to a lineaatéan of the form
Ha = b,

wherea € RM is the vector of all parameters amtl ¢ RN*M andb € RN are
appropriately defined.

2.6(Normalized oscillator dynamics) Consider a damped spiimass system with
dynamics
mdg + cq + kg =F.

Let wp = +/k/m be the natural frequency ard= c/(2~/km) be the damping
ratio.

(a) Show that by rescaling the equations, we can write therdiazin the form
G + 2¢ wod + whg = w3, (2.35)

whereu = F/k. This form of the