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Preface

This book provides an introduction to the basic principled &ols for the design
and analysis of feedback systems. It is intended to serveeasdi audience of
scientists and engineers who are interested in undersigadd utilizing feedback
in physical, biological, information and social systems Néve attempted to keep
the mathematical prerequisites to a minimum while beingft&mnot to sacri ce
rigor in the process. We have also attempted to make use ofza from a
variety of disciplines, illustrating the generality of nyaof the tools while at the
same time showing how they can be applied in speci ¢ applicatiomains.

A major goal of this book is to present a concise and insightiew of the
current knowledge in feedback and control systems. The eldaritrol started
by teaching everything that was known at the time and, as mawledge was
acquired, additional courses were developed to cover nelmitgues. A conse-
guence of this evolution is that introductory courses haeained the same for
many years, and it is often necessary to take many individoaises in order to
obtain a good perspective on the eld. In developing this haek have attempted
to compactify the current knowledge by emphasizing fundataleconcepts. We
believe that it is important to understand why feedback ifuls to know the
language and basic mathematics of control and to grasp thedmdigms that
have been developed over the past half century. It is alsoritapt to be able to
solve simple feedback problems using back-of-the-eneetephniques, to recog-
nize fundamental limitations and dif cult control probleraad to have a feel for
available design methods.

This book was originally developed for use in an experimecoalrse at Cal-
tech involving students from a wide set of backgrounds. Thesmwas offered to
undergraduates at the junior and senior levels in traditiengineering disciplines,
as well as rst- and second-year graduate students in engiirgeend science. This
latter group included graduate students in biology, compsitience and physics.
Over the course of several years, the text has been classested at Caltech and
at Lund University, and the feedback from many students alidagues has been
incorporated to help improve the readability and accel#tsilof the material.

Because of its intended audience, this book is organizedslightly unusual
fashion compared to many other books on feedback and coirphrticular, we
introduce a number of concepts in the text that are normabgnved for second-
year courses on control and hence often not available t@stadvho are not con-
trol systems majors. This has been done at the expense ohdeat@itional top-
ics, which we felt that the astute student could learn inddpatly and are often
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explored through the exercises. Examples of topics that we inaluded are non-
linear dynamics, Lyapunov stability analysis, the matsip@nential, reachability
and observability, and fundamental limits of performancd eobustness. Topics
that we have deemphasized include root locus techniqued/|dg compensation
and detailed rules for generating Bode and Nyquist plotsamdh

Several features of the book are designed to facilitate asfduction as a basic
engineering text and as an introduction for researcheratural, information and
social sciences. The bulk of the material is intended to bd vsgardless of the
audience and covers the core principles and tools in theysisadnd design of
feedback systems. Advanced sections, marked by the “dengé&end” symbol
shown here, contain material that requires a slightly mechnical background,
of the sort that would be expected of senior undergraduatesgineering. A few
sections are marked by two dangerous bend symbols and anelet for readers
with more specialized backgrounds, identi ed at the begigrof the section. To
limit the length of the text, several standard results aridresions are given in the
exercises, with appropriate hints toward their solutions.

To further augment the printed material contained here napamion web site
has been developed:

http://www.cds.caltech.edunhurray/amwiki

The web site contains a database of frequently asked quessiopplemental ex-
amples and exercises, and lecture material for coursed baghis text. The mate-
rial is organized by chapter and includes a summary of themnpajints in the text
as well as links to external resources. The web site also icentize source code
for many examples in the book, as well as utilities to implatribe techniques
described in the text. Most of the code was originally writtesing MATLAB
M- les but was also tested with LabView MathScript to ensure patibility with
both packages. Many les can also be run using other scrigtinguages such as
Octave, SciLab, SysQuake and Xmath.

The rst half of the book focuses almost exclusively on stat@cgpcontrol sys-
tems. We begin in Chapter 2 with a description of modelingtofgical, biolog-
ical and information systems using ordinary differentiquations and difference
equations. Chapter 3 presents a number of examples in sdaik demarily as a
reference for problems that will be used throughout the teallowing this, Chap-
ter 4 looks at the dynamic behavior of models, including deams of stability
and more complicated nonlinear behavior. We provide ad@isections in this
chapter on Lyapunov stability analysis because we nd thistlitseful in a broad
array of applications and is frequently a topic that is nataduced until later in
one's studies.

The remaining three chapters of the rst half of the book focndioear sys-
tems, beginning with a description of input/output behaindChapter 5. In Chap-
ter 6, we formally introduce feedback systems by demonistrditow state space
control laws can be designed. This is followed in Chapter 7 byemial on output
feedback and estimators. Chapters 6 and 7 introduce thedkeepts of reacha-
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bility and observability, which give tremendous insighbitthe choice of actuators
and sensors, whether for engineered or natural systems.

The second half of the book presents material that is oftesidered to be
from the eld of “classical control.” This includes the traesfunction, introduced
in Chapter 8, which is a fundamental tool for understandegdback systems.
Using transfer functions, one can begin to analyze thel#tabi feedback systems
using frequency domain analysis, including the abilitygason about the closed
loop behavior of a system from its open loop characterisiitss is the subject of
Chapter 9, which revolves around the Nyquist stabilityseran.

In Chapters 10 and 11, we again look at the design problenusiog rst
on proportional-integral-derivative (PID) controllersdatien on the more general
process of loop shaping. PID control is by far the most commemigmh technique
in control systems and a useful tool for any student. The enapi frequency
domain design introduces many of the ideas of modern cotiteary, including
the sensitivity function. In Chapter 12, we combine the itssinom the second
half of the book to analyze some of the fundamental tradefmtween robustness
and performance. This is also a key chapter illustrating tvegp of the techniques
that have been developed and serving as an introductiondioe advanced studies.

The book is designed for use in a 10- to 15-week course in fekdbstems
that provides many of the key concepts needed in a varietigoijdines. For a 10-
week course, Chapters 1-2, 4-6 and 8-11 can each be covareteiek's time,
with the omission of some topics from the nal chapters. A mieisurely course,
spread out over 14-15 weeks, could cover the entire book, 2witeeks on mod-
eling (Chapters 2 and 3)—patrticularly for students withowtch background in
ordinary differential equations—and 2 weeks on robustgrarince (Chapter 12).

The mathematical prerequisites for the book are modest akdeaping with
our goal of providing an introduction that serves a broadienck. We assume
familiarity with the basic tools of linear algebra, incladi matrices, vectors and
eigenvalues. These are typically covered in a sophomoeg-tewurse on the sub-
ject, and the textbooks by Apostol [Apo69], Arnold [Arn8HdaStrang [Str88]
can serve as good references. Similarly, we assume basiddagevof differ-
ential equations, including the concepts of homogeneodgarticular solutions
for linear ordinary differential equations in one variablapostol [Apo69] and
Boyce and DiPrima [BDO04] cover this material well. Finally, \w&kso make use
of complex numbers and functions and, in some of the advaseetions, more
detailed concepts in complex variables that are typicailyeced in a junior-level
engineering or physics course in mathematical methodss#p\po67] or Stew-
art [Ste02] can be used for the basic material, with AhlforsIf&], Marsden and
Hoffman [MH98] or Saff and Snider [SS02] being good referencestfe more
advanced material. We have chosen not to include apperslicesarizing these
various topics since there are a number of good books alailab

One additional choice that we felt was important was thedi@cinot to rely
on a knowledge of Laplace transforms in the book. While the& is by far the
most common approach to teaching feedback systems in emgigemany stu-
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dents in the natural and information sciences may lack thessary mathematical
background. Since Laplace transforms are not required in ssgnéial way, we
have included them only in an advanced section intendecetthiings together
for students with that background. Of course, we make treimes use ofrans-
fer functions which we introduce through the notion of response to exptiale
inputs, an approach we feel is more accessible to a broayl afiscientists and
engineers. For classes in which students have already hdddeapansforms, it
should be quite natural to build on this background in therepate sections of
the text.
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Chapter One
Introduction

Feedback is a central feature of life. The process of feedback goliemsve grow, respond
to stress and challenge, and regulate factors such as body temperbakowoel, pressure and
cholesterol level. The mechanisms operate at every level, from thedtiteraf proteins in
cells to the interaction of organisms in complex ecologies.

M. B. Hoagland and B. Dodsoithe Way Life Works1995 [HD95].

In this chapter we provide an introduction to the basic cphoéfeedbackand
the related engineering discipline adntrol. We focus on both historical and cur-
rent examples, with the intention of providing the cont@xtdurrent tools in feed-
back and control. Much of the material in this chapter is aeldfrom [Mur03],
and the authors gratefully acknowledge the contributidnRager Brockett and
Gunter Stein to portions of this chapter.

1.1 What Is Feedback?

A dynamical systeris a system whose behavior changes over time, often in re-
sponse to external stimulation or forcing. The tdeadbackefers to a situation
in which two (or more) dynamical systems are connected kegetuch that each
system in uences the other and their dynamics are thus diyaugipled. Simple
causal reasoning about a feedback system is dif cult becthesest system in-
uences the second and the second system in uences the rstirigdo a circular
argument. This makes reasoning based on cause and eff&gt &l it is neces-
sary to analyze the system as a whole. A consequence of thiatithe behavior
of feedback systems is often counterintuitive, and it iséf@re necessary to resort
to formal methods to understand them.

Figure 1.1 illustrates in block diagram form the idea of festlb We often use

u y r u y
System 1——»| System 2 — System 1—»{ System 2—»
(a) Closed loop (b) Open loop

Figure 1.1: Open and closed loop systems. (a) The output of system 1 is used aguhefin
system 2, and the output of system 2 becomes the input of system tingr@alosed loop
system. (b) The interconnection between system 2 and system 1 is idraodethe system
is said to be open loop.
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Figure 1.2: The centrifugal governor and the steam engine. The centrifugatigaven the
left consists of a set of yballs that spread apart as the speed of tieemcreases. The
steam engine on the right uses a centrifugal governor (above andlefttbéthe ywheel)
to regulate its speed. (Figures courtesy Richard Adamek [copyrigi@]Ehd Cambridge
University.)

the termsopen loopandclosed loopwhen referring to such systems. A system
is said to be a closed loop system if the systems are inteecb@ah in a cycle, as
shown in Figure 1.1a. If we break the interconnection, wertteféhe con guration
as an open loop system, as shown in Figure 1.1b.

As the quote at the beginning of this chapter illustratesagonsource of ex-
amples of feedback systems is biology. Biological systerakewse of feedback
in an extraordinary number of ways, on scales ranging frorteoubes to cells to
organisms to ecosystems. One example is the regulatiorucbgg in the blood-
stream through the production of insulin and glucagon byptrgcreas. The body
attempts to maintain a constant concentration of glucosgchwis used by the
body's cells to produce energy. When glucose levels riger(@fating a meal, for
example), the hormone insulin is released and causes tlyetdstbre excess glu-
cose in the liver. When glucose levels are low, the pancrearetes the hormone
glucagon, which has the opposite effect. Referring to Figutewe can view the
liver as system 1 and the pancreas as system 2. The outputfedivndr is the glu-
cose concentration in the blood, and the output from theneasds the amount of
insulin or glucagon produced. The interplay between insaifid glucagon secre-
tions throughout the day helps to keep the blood-glucoseeardmation constant,
at about 90 mg per 100 mL of blood.

An early engineering example of a feedback system is a éegdligovernor,
in which the shaft of a steam engine is connected to a yballlmetsm that is
itself connected to the throttle of the steam engine, astithted in Figure 1.2. The
system is designed so that as the speed of the engine inergesbaps because
of a lessening of the load on the engine), the yballs spreaattaand a linkage
causes the throttle on the steam engine to be closed. Thisnrslaws down the
engine, which causes the yballs to come back together. Wertcadtel this system
as a closed loop system by taking system 1 as the steam emgisgstem 2 as the



1.2. WHAT IS CONTROL? 3

governor. When properly designed, the yball governor maiim$ a constant speed
of the engine, roughly independent of the loading cond#tiofThe centrifugal
governor was an enabler of the successful Watt steam englmieh fueled the
industrial revolution.

Feedback has many interesting properties that can be egblimitdesigning
systems. As in the case of glucose regulation or the yballegour, feedback can
make a system resilient toward external in uences. It can ks used to create
linear behavior out of nonlinear components, a common ambrdn electronics.
More generally, feedback allows a system to be insensititle to external distur-
bances and to variations in its individual elements.

Feedback has potential disadvantages as well. It can crgasenic instabili-
ties in a system, causing oscillations or even runaway behanother drawback,
especially in engineering systems, is that feedback candnte unwanted sensor
noise into the system, requiring careful Itering of signalsis for these reasons
that a substantial portion of the study of feedback systerdsvoted to developing
an understanding of dynamics and a mastery of techniqueggigical systems.

Feedback systems are ubiquitous in both natural and engimegstems. Con-
trol systems maintain the environment, lighting and poweour buildings and
factories; they regulate the operation of our cars, cons@heetronics and manu-
facturing processes; they enable our transportation amghemications systems;
and they are critical elements in our military and spaceesyst For the most part
they are hidden from view, buried within the code of embeduéttoprocessors,
executing their functions accurately and reliably. Feelllbas also made it pos-
sible to increase dramatically the precision of instruraenitch as atomic force
microscopes (AFMs) and telescopes.

In nature, homeostasis in biological systems maintaingrtak chemical and
biological conditions through feedback. At the other enthef size scale, global
climate dynamics depend on the feedback interactions leetee atmosphere,
the oceans, the land and the sun. Ecosystems are lled with ghesmf feedback
due to the complex interactions between animal and plaat Even the dynam-
ics of economies are based on the feedback between indisidod corporations
through markets and the exchange of goods and services.

1.2 What Is Control?

The termcontrol has many meanings and often varies between communities. In
this book, we de ne control to be the use of algorithms and beett in engi-
neered systems. Thus, control includes such examples dsafdebbops in elec-
tronic ampli ers, setpoint controllers in chemical and m&ks processing, “ y-
by-wire” systems on aircraft and even router protocols ttwitrol traf c ow

on the Internet. Emerging applications include high-con cesoftware systems,
autonomous vehicles and robots, real-time resource maragesystems and bi-
ologically engineered systems. At its core, control iSrdnrmationscience and
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external disturbances noise

D/IA (= Computer | AD |« Filter

A

e I ,,,,,,,,,,,,,,,,,,,, Controller _ .

operator input

Figure 1.3: Components of a computer-controlled system. The upper dasheé@sents
the process dynamics, which include the sensors and actuators in addlitiendynamical
system being controlled. Noise and external disturbances can peréudytilamics of the
process. The controller is shown in the lower dashed box. It consiatdtef and analog-to-
digital (A/D) and digital-to-analog (D/A) converters, as well as a compiltarimplements
the control algorithm. A system clock controls the operation of the contysijachronizing
the A/D, D/A and computing processes. The operator input is also fed tmthputer as an
external input.

includes the use of information in both analog and digitptesentations.

A modern controller senses the operation of a system, canpbagainst the
desired behavior, computes corrective actions based ordalrabthe system's re-
sponse to external inputs and actuates the system to dféedesired change. This
basicfeedback loof sensing, computation and actuation is the central cdncep
in control. The key issues in designing control logic are einguthat the dy-
namics of the closed loop system are stable (bounded distaes give bounded
errors) and that they have additional desired behaviordgbsturbance attenua-
tion, fast responsiveness to changes in operating poijt, €hese properties are
established using a variety of modeling and analysis tegles that capture the
essential dynamics of the system and permit the explorafipossible behaviors
in the presence of uncertainty, noise and component failure

A typical example of a control system is shown in Figure 1.3. Basic ele-
ments of sensing, computation and actuation are clearly. deemodern control
systems, computation is typically implemented on a digitehputer, requiring the
use of analog-to-digital (A/D) and digital-to-analog (D/¢onverters. Uncertainty
enters the system through noise in sensing and actuati@ysteins, external dis-
turbances that affect the underlying system operation awéntain dynamics in
the system (parameter errors, unmodeled effects, etc). [goethm that com-
putes the control action as a function of the sensor valuefies called aontrol
law. The system can be in uenced externally by an operator whodicescom-
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mand signaldo the system.

Control engineering relies on and shares tools from phy&ygeamics and
modeling), computer science (information and software) @perations research
(optimization, probability theory and game theory), buisitalso different from
these subjects in both insights and approach.

Perhaps the strongest area of overlap between control aeddisiziplines is in
the modeling of physical systems, which is common acrogse#ls of engineering
and science. One of the fundamental differences betweemnota@niented mod-
eling and modeling in other disciplines is the way in whictemactions between
subsystems are represented. Control relies on a type dfaypput modeling that
allows many new insights into the behavior of systems, ssaisiurbance attenu-
ation and stable interconnection. Model reduction, whesiengler (lower- delity)
description of the dynamics is derived from a high- delity d®d, is also naturally
described in an input/output framework. Perhaps most imapdst, modeling in a
control context allows the design adbustinterconnections between subsystems,
a feature that is crucial in the operation of all large engiad systems.

Control is also closely associated with computer scienneesvirtually all
modern control algorithms for engineering systems areempinted in software.
However, control algorithms and software can be very diffeifrom traditional
computer software because of the central role of the dyrsofithe system and
the real-time nature of the implementation.

1.3 Feedback Examples

Feedback has many interesting and useful properties. Itsngfessible to design

precise systems from imprecise components and to makearglguantities in a

system change in a prescribed fashion. An unstable systetnecstabilized using

feedback, and the effects of external disturbances candueed. Feedback also
offers new degrees of freedom to a designer by exploitingiagnactuation and

computation. In this section we survey some of the impor&mlications and

trends for feedback in the world around us.

Early Technological Examples

The proliferation of control in engineered systems occupmaharily in the latter
half of the 20th century. There are some important exceptismsh as the cen-
trifugal governor described earlier and the thermostatuffeidL.4a), designed at
the turn of the century to regulate the temperature of bujgli

The thermostat, in particular, is a simple example of feekllcantrol that ev-
eryone is familiar with. The device measures the temperatuaebuilding, com-
pares that temperature to a desired setpoint and usdsdtiback errobetween
the two to operate the heating plant, e.g., to turn heat omvithe temperature
is too low and to turn it off when the temperature is too high.isTéxplanation
captures the essence of feedback, but it is a bit too simgle f&r a basic device
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Movement Load
opens Spring  Accderator
throttle \ Peal

Speed-
Adjusimert

Knob
Gowernor

Contads Latching

Button
Flyball

Motor Gowernor

(a) Honeywell thermostat, 1953 (b) Chrysler cruise control, 1958

Figure 1.4: Early control devices. (a) Honeywell T87 thermostat originally intralic
in 1953. The thermostat controls whether a heater is turned on by comphe current

temperature in a room to a desired value that is set using a dial. (b) Qheysiee control

system introduced in the 1958 Chrysler Imperial [Row58]. A centrifggaernor is used

to detect the speed of the vehicle and actuate the throttle. The refererezkisspeci ed

through an adjustment spring.

such as the thermostat. Because lags and delays exist iediadnplant and sen-
sor, a good thermostat does a bit of anticipation, turnirghater off before the
error actually changes sign. This avoids excessive temperatvings and cycling
of the heating plant. This interplay between the dynamichiefgrocess and the
operation of the controller is a key element in modern cdrslystems design.

There are many other control system examples that have ¢geclover the
years with progressively increasing levels of sophisiticatAn early system with
broad public exposure was tleuise controloption introduced on automobiles in
1958 (see Figure 1.4b). Cruise control illustrates the dyadmhavior of closed
loop feedback systems in action—the slowdown error as tstesyclimbs a grade,
the gradual reduction of that error due to integral actiotmecontroller, the small
overshoot at the top of the climb, etc. Later control systemawutomobiles such
as emission controls and fuel-metering systems have ahi@ajor reductions of
pollutants and increases in fuel economy.

Power Generation and Transmission

Access to electrical power has been one of the major driveteahnological
progress in modern society. Much of the early developmenbafrol was driven
by the generation and distribution of electrical power. €alris mission critical
for power systems, and there are many control loops in iddali power stations.
Control is also important for the operation of the whole powetwork since it is
dif cult to store energy and it is thus necessary to match potidn to consump-
tion. Power management is a straightforward regulation Ilprolfor a system
with one generator and one power consumer, but it is more wif im a highly
distributed system with many generators and long distapetgeen consumption
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Figure 1.5: A portion of the European power network. By 2008 European powgplsu
ers will operate a single interconnected network covering a region frenAthtic to the
Mediterranean and from the Atlantic to the Urals. In 2004 the installed powsrmore
than 700 GW (7 101 w).

and generation. Power demand can change rapidly in an uotabli manner
and combining generators and consumers into large netwoakes it possible
to share loads among many suppliers and to average consungstiong many
customers. Large transcontinental and transnational psystems have therefore
been built, such as the one show in Figure 1.5.

Most electricity is distributed by alternating current (A@=cause the transmis-
sion voltage can be changed with small power losses usingftramers. Alternat-
ing current generators can deliver power only if the gemesatre synchronized
to the voltage variations in the network. This means that ¢hers of all genera-
tors in a network must be synchronized. To achieve this waitiall decentralized
controllers and a small amount of interaction is a challeggiroblem. Sporadic
low-frequency oscillations between distant regions haaenbobserved when re-
gional power grids have been interconnected [KWO05].

Safety and reliability are major concerns in power systemgrdmay be dis-
turbances due to trees falling down on power lines, liglgminequipment failures.
There are sophisticated control systems that attempt to tkeegpystem operating
even when there are large disturbances. The control acteonbeto reduce volt-
age, to break up the net into subnets or to switch off linespaweker users. These
safety systems are an essential element of power distsibalistems, but in spite
of all precautions there are occasionally failures in lgpgeer systems. The power
system is thus a nice example of a complicated distributstesywhere control is
executed on many levels and in many different ways.
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(a) F/A-18 “Hornet” (b) X-45 UCAV

Figure 1.6: Military aerospace systems. (a) The F/A-18 aircraft is one of the rstp
duction military ghters to use “ y-by-wire” technology. (b) The X-45 (©AV) unmanned
aerial vehicle is capable of autonomous ight, using inertial measuresensors and the
global positioning system (GPS) to monitor its position relative to a desiredtoaye (Pho-
tographs courtesy of NASA Dryden Flight Research Center.)

Aerospace and Transportation

In aerospace, control has been a key technological catyatpdicing back to the
beginning of the 20th century. Indeed, the Wright brotheesarrectly famous
not for demonstrating simply powered ight babntrolledpowered ight. Their
early Wright Flyer incorporated moving control surfacegiieal ns and canards)
and warpable wings that allowed the pilot to regulate theraft's ight. In fact,
the aircraft itself was not stable, so continuous pilot ections were mandatory.
This early example of controlled ight was followed by a fasaiimg success story
of continuous improvements in ight control technology, uihating in the high-
performance, highly reliable automatic ight control syste we see in modern
commercial and military aircraft today (Figure 1.6).

Similar success stories for control technology have ocduimemany other
application areas. Early World War 1l bombsights and re cohervo systems
have evolved into today's highly accurate radar-guidedsgamd precision-guided
weapons. Early failure-prone space missions have evolvedrautine launch
operations, manned landings on the moon, permanently rdaspece stations,
robotic vehicles roving Mars, orbiting vehicles at the ougkanets and a host of
commercial and military satellites serving various sutaate, communication,
navigation and earth observation needs. Cars have advaooednanually tuned
mechanical/pneumatic technology to computer-contrafipdration of all major
functions, including fuel injection, emission controluie control, braking and
cabin comfort.

Current research in aerospace and transportation sysgeimgestigating the
application of feedback to higher levels of decision makingluding logical reg-
ulation of operating modes, vehicle con gurations, paylaah gurations and
health status. These have historically been performed byahwperators, but to-
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Figure 1.7: Materials processing. Modern materials are processed under lbaio-
trolled conditions, using reactors such as the metal organic chemical dgposition
(MOCVD) reactor shown on the left, which was for manufacturing sepeducting thin
Ims. Using lithography, chemical etching, vapor deposition and othenriggies, com-
plex devices can be built, such as the IBM cell processor shown on thte (Rhotographs
courtesy of Bob Kee and IBM.)

day that boundary is moving and control systems are inarghsiaking on these
functions. Another dramatic trend on the horizon is the uskarge collections
of distributed entities with local computation, global aormication connections,
little regularity imposed by the laws of physics and no poidity of imposing
centralized control actions. Examples of this trend incltidenational airspace
management problem, automated highway and traf c manageamehcommand
and control for future battle elds.

Materials and Processing

The chemical industry is responsible for the remarkable q@sxyin developing
new materials that are key to our modern society. In addiothe continuing
need to improve product quality, several other factors & hocess control in-
dustry are drivers for the use of control. Environmentalutést continue to place
stricter limitations on the production of pollutants, fiorg the use of sophisticated
pollution control devices. Environmental safety consitierss have led to the de-
sign of smaller storage capacities to diminish the risk ofomehemical leakage,
requiring tighter control on upstream processes and, irestases, supply chains.
And large increases in energy costs have encouraged emgittedesign plants
that are highly integrated, coupling many processes thed tsoperate indepen-
dently. All of these trends increase the complexity of thpesecesses and the
performance requirements for the control systems, makamiral system design
increasingly challenging. Some examples of materials [@sing technology are
shown in Figure 1.7.

As in many other application areas, new sensor technologeating new op-
portunities for control. Online sensors—including lasackscattering, video mi-
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Figure 1.8: The voltage clamp method for measuring ion currents in cells. A pipet tstose
place an electrode in a cell (left and middle) and maintain the potential okthata xed
level. The internal voltage in the cell ig, and the voltage of the external uid i&. The
feedback system (right) controls the curreirito the cell so that the voltage drop across the
cellmembran®v=v; Veisequalto its reference vally,. The current is then equal to
the ion current.

croscopy and ultraviolet, infrared and Raman spectroseapyg becoming more
robust and less expensive and are appearing in more mamurfgcprocesses.
Many of these sensors are already being used by currentgsrcoatrol systems,
but more sophisticated signal-processing and controhigales are needed to use
more effectively the real-time information provided by dkesensors. Control en-
gineers also contribute to the design of even better senshish are still needed,
for example, in the microelectronics industry. As elsewhére challenge is mak-
ing use of the large amounts of data provided by these nevoreimsan effective
manner. In addition, a control-oriented approach to modele essential physics
of the underlying processes is required to understand theéafmental limits on
observability of the internal state through sensor data.

Instrumentation

The measurement of physical variables is of prime interestisnce and engineer-
ing. Consider, for example, an accelerometer, where easlyuments consisted
of a mass suspended on a spring with a de ection sensor. Thisioreof such an
instrument depends critically on accurate calibratiorhefspring and the sensor.
There is also a design compromise because a weak spring giresdmsitivity
but low bandwidth.

A different way of measuring acceleration is to tieee feedbackThe spring
is replaced by a voice coil that is controlled so that the mes®ins at a constant
position. The acceleration is proportional to the currenbulgh the voice coil.
In such an instrument, the precision depends entirely orc#fieration of the
voice coil and does not depend on the sensor, which is usgdasrthe feedback
signal. The sensitivity/bandwidth compromise is also a@didT his way of using
feedback has been applied to many different engineering afttl has resulted in
instruments with dramatically improved performance. Edeedback is also used
in haptic devices for manual control.

Another important application of feedback is in instrunagion for biological
systems. Feedback is widely used to measure ion currentdsruseng a device
called avoltage clampwhich is illustrated in Figure 1.8. Hodgkin and Huxley
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used the voltage clamp to investigate propagation of agaiantials in the axon
of the giant squid. In 1963 they shared the Nobel Prize in Mediwith Eccles
for “their discoveries concerning the ionic mechanism®ived in excitation and
inhibition in the peripheral and central portions of theveecell membrane.” A
re nement of the voltage clamp calledpatch clampmade it possible to measure
exactly when a single ion channel is opened or closed. Thisdessloped by
Neher and Sakmann, who received the 1991 Nobel Prize in Mediéan their
discoveries concerning the function of single ion chanmetzlls.”

There are many other interesting and useful applicationsexflfack in scien-
ti c instruments. The development of the mass spectrometen isarly example.
In a 1935 paper, Nier observed that the de ection of ions ddpemn both the
magnetic and the electric elds [Nie35]. Instead of keepimghb elds constant,
Nier let the magnetic eld uctuate and the electric eld was doolled to keep the
ratio between the elds constant. Feedback was implemented vacuum tube
ampli ers. This scheme was crucial for the development of nsgextroscopy.

The Dutch engineer van der Meer invented a clever way to usthéei to
maintain a good-quality high-density beam in a particlestam@ator [MPTvdM80].
The idea is to sense particle displacement at one point inctederator and apply
a correcting signal at another point. This scheme, catedhastic coolingwas
awarded the Nobel Prize in Physics in 1984. The method was edsientthe
successful experiments at CERN where the existence of thelparw and Z
associated with the weak force was rst demonstrated.

The 1986 Nobel Prize in Physics—awarded to Binnig and Rohretheir
design of the scanning tunneling microscope—is anothenpi@of an innovative
use of feedback. The key idea is to move a narrow tip on a ceetileeam across
a surface and to register the forces on the tip [BR86]. The d®rof the tip is
measured using tunneling. The tunneling current is used bgadblack system to
control the position of the cantilever base so that the tlimgeurrent is constant,
an example of force feedback. The accuracy is so high thatithdil atoms can
be registered. A map of the atoms is obtained by moving the bihe cantilever
horizontally. The performance of the control system is diyere ected in the
image quality and scanning speed. This example is describadditional detail
in Chapter 3.

Robotics and Intelligent Machines

The goal of cybernetic engineering, already articulatethin940s and even be-
fore, has been to implement systems capable of exhibitighiyiexible or “in-
telligent” responses to changing circumstances. In 198MIT mathematician
Norbert Wiener gave a widely read account of cybernetice8]. A more math-
ematical treatment of the elements of engineering cybiesetas presented by
H. S. Tsien in 1954, driven by problems related to the controhisiiles [Tsi54].
Together, these works and others of that time form much ofrtedlectual basis
for modern work in robotics and control.
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Figure 1.9: Robotic systems. (a) Spirit, one of the two Mars Exploratory Rovers thedelh
on Mars in January 2004. (b) The Sony AIBO Entertainment Robot,obtige rst enter-
tainment robots to be mass-marketed. Both robots make use of féeobaeen sensors,
actuators and computation to function in unknown environments. (Plagbgrcourtesy of
Jet Propulsion Laboratory and Sony.)

Two accomplishments that demonstrate the successes ofltharethe Mars
Exploratory Rovers and entertainment robots such as the S8§,Ashown in
Figure 1.9. The two Mars Exploratory Rovers, launched by thEgiulsion Lab-
oratory (JPL), maneuvered on the surface of Mars for more tharars starting in
January 2004 and sent back pictures and measurementsraditieonment. The
Sony AIBO robot debuted in June 1999 and was the rst “entem@int” robot to
be mass-marketed by a major international corporation.ak particularly note-
worthy because of its use of arti cial intelligence (Al) taatiogies that allowed it
to act in response to external stimulation and its own judgmehis higher level
of feedback is a key element in robotics, where issues suobstacle avoidance,
goal seeking, learning and autonomy are prevalent.

Despite the enormous progress in robotics over the lastcealfury, in many
ways the eld is still in its infancy. Today's robots still eitsit simple behaviors
compared with humans, and their ability to locomote, intetrjgomplex sensory
inputs, perform higher-level reasoning and cooperateth@gen teams is limited.
Indeed, much of Wiener's vision for robotics and intelligenachines remains
unrealized. While advances are needed in many elds to aehiei¢ vision—
including advances in sensing, actuation and energy sterdlge opportunity to
combine the advances of the Al community in planning, adaptand learning
with the techniques in the control community for modelingalgsis and design of
feedback systems presents a renewed path for progress.

Networks and Computing Systems

Control of networks is a large research area spanning maugstancluding con-

gestion control, routing, data caching and power managerBeveral features of
these control problems make them very challenging. The damifeature is the
extremely large scale of the system; the Internet is probtia largest feedback
control system humans have ever built. Another is the dealeed nature of the
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Figure 1.10: A multitier system for services on the Internet. In the complete system shown
schematically in (a), users request information from a set of cong(iter 1), which in turn
collect information from other computers (tiers 2 and 3). The individealer shown in (b)

has a set of reference parameters set by a (human) system opeititdeedback used to
maintain the operation of the system in the presence of uncertainty. Badéellerstein et

al. [HDPTO04].

control problem: decisions must be made quickly and basktborocal informa-
tion. Stability is complicated by the presence of varyingdilags, as information
about the network state can be observed or relayed to ctang@nly after a de-
lay, and the effect of a local control action can be felt tlyloout the network only
after substantial delay. Uncertainty and variation in teework, through network
topology, transmission channel characteristics, traf ended and available re-
sources, may change constantly and unpredictably. Otmeplézating issues are
the diverse traf c characteristics—in terms of arrival &#ts at both the packet
and ow time scales—and the different requirements for qualf service that the
network must support.

Related to the control of networks is control of the servbas sit on these net-
works. Computers are key components of the systems of sjuteb servers and
database servers used for communication, electronic cooanadvertising and
information storage. While hardware costs for computingetdecreased dramati-
cally, the cost of operating these systems has increasedibeof the dif culty in
managing and maintaining these complex interconnectedrsgs The situation is
similar to the early phases of process control when feedbask rst introduced
to control industrial processes. As in process controliettage interesting pos-
sibilities for increasing performance and decreasingscbgtapplying feedback.
Several promising uses of feedback in the operation of coenmystems are de-
scribed in the book by Hellerstein et al. [HDPTO04].

A typical example of a multilayer system for e-commerce isvah in Fig-
ure 1.10a. The system has several tiers of servers. The edge aecepts incom-
ing requests and routes them to the HTTP server tier where tleegaased and
distributed to the application servers. The processing ififerént requests can
vary widely, and the application servers may also accessmadtservers managed
by other organizations.

Control of an individual server in a layer is illustrated img&ie 1.10b. A quan-
tity representing the quality of service or cost of opematiesuch as response time,
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throughput, service rate or memory usage—is measured totheuter. The con-
trol variables might represent incoming messages acceptixdities in the oper-
ating system or memory allocation. The feedback loop thenrgits to maintain
quality-of-service variables within a target range of esu

Economics

The economy is a large, dynamical system with many actorsergovents, orga-
nizations, companies and individuals. Governments cbtiteoeconomy through
laws and taxes, the central banks by setting interest ras@mpanies by set-
ting prices and making investments. Individuals contreléconomy through pur-
chases, savings and investments. Many efforts have beea tmaalodel the sys-
tem both at the macro level and at the micro level, but thisetiogd is dif cult
because the system is strongly in uenced by the behaviorsentlifferent actors
in the system.

Keynes [Key36] developed a simple model to understandioasitbetween
gross national product, investment, consumption and govent spending. One
of Keynes' observations was that under certain conditierg, during the 1930s
depression, an increase in the investment of governmentdspe could lead to
a larger increase in the gross national product. This ideausad by several
governments to try to alleviate the depression. Keynesisdmn be captured by a
simple model that is discussed in Exercise 2.4.

A perspective on the modeling and control of economic systeam be ob-
tained from the work of some economists who have receive®tieeiges Riks-
bank Prize in Economics in Memory of Alfred Nobel, popularlyiea the Nobel
Prize in Economics. Paul A. Samuelson received the prize in i@7the scien-
ti c work through which he has developed static and dynamiareenic theory and
actively contributed to raising the level of analysis inegmic science.” Lawrence
Klein received the prize in 1980 for the development of ladgaamical models
with many parameters that were tted to historical data [KEG%5g., a model of
the U.S. economy in the period 1929-1952. Other researcheesrhodeled other
countries and other periods. In 1997 Myron Scholes sharegribhe with Robert
Merton for a new method to determine the value of derivative&ey ingredient
was a dynamic model of the variation of stock prices that delyi used by banks
and investment companies. In 2004 Finn E. Kydland and Edward €stdertt
shared the economics prize “for their contributions to agitamacroeconomics:
the time consistency of economic policy and the driving ésrbehind business
cycles,” a topic that is clearly related to dynamics and amnt

One of the reasons why it is dif cult to model economic systamthat there
are no conservation laws. A typical example is that the vaftecompany as ex-
pressed by its stock can change rapidly and erratically. erasx, however, some
areas with conservation laws that permit accurate modeldwge example is the
ow of products from a manufacturer to a retailer as illustéihtn Figure 1.11. The
products are physical quantities that obey a conservadandnd the system can
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Figure 1.11: Supply chain dynamics (after Forrester [For61]). Products owfrihe pro-
ducer to the customer through distributors and retailers as indicated bylithdirees. The
dashed lines show the upward ow of orders. The numbers in the cirefgesent the delays
in the ow of information or materials. Multiple feedback loops are preseneach agent
tries to maintain the proper inventory level.

be modeled by accounting for the number of products in tHergiht inventories.
There are considerable economic bene ts in controlling syppains so that prod-
ucts are available to customers while minimizing producés are in storage. The
real problems are more complicated than indicated in theednacause there may
be many different products, there may be different factahat are geographically
distributed and the factories may require raw material beasgemblies.

Control of supply chains was proposed by Forrester in 196i9H. Consid-
erable economic bene ts can be obtained by using models tamza invento-
ries. Their use accelerated dramatically when informagahnology was applied
to predict sales, keep track of products and enable justrie-manufacturing.
Supply chain management has contributed signi cantly to tteeving success of
global distributors.

Advertising on the Internet is an emerging application afteal. With network-
based advertising it is easy to measure the effect of differearketing strategies
quickly. The response of customers can then be modeled, adfdek strategies
can be developed.

Feedback in Nature

Many problems in the natural sciences involve understandggregate behavior
in complex large-scale systems. This behavior emerges fnenmteraction of a
multitude of simpler systems with intricate patterns obimhation ow. Repre-
sentative examples can be found in elds ranging from emlmypko seismology.
Researchers who specialize in the study of speci ¢ complstesys often develop
an intuitive emphasis on analyzing the role of feedbackr{tarconnection) in fa-
cilitating and stabilizing aggregate behavior.

While sophisticated theories have been developed by domauarts for the
analysis of various complex systems, the development @faaus methodology
that can discover and exploit common features and essemiilematical struc-
ture is just beginning to emerge. Advances in science arohtéogy are creating
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Figure 1.12: The wiring diagram of the growth-signaling circuitry of the mammalian
cell [HWOQ]. The major pathways that are thought to play a role in caaceindicated

in the diagram. Lines represent interactions between genes and piiotéescell. Lines
ending in arrowheads indicate activation of the given gene or pathwass énding in a
T-shaped head indicate repression.

a new understanding of the underlying dynamics and the itapoe of feedback
in a wide variety of natural and technological systems. We yphighlight three
application areas here.

Biological SystemsA major theme currently of interest to the biology com-
munity is the science of reverse (and eventually forward)jregering of biological
control networks such as the one shown in Figure 1.12. Thera atide variety
of biological phenomena that provide a rich source of exaspf control, includ-
ing gene regulation and signal transduction; hormonal,umafogical and cardio-
vascular feedback mechanisms; muscular control and lotomactive sensing,
vision and proprioception; attention and consciousneass;p@pulation dynamics
and epidemics. Each of these (and many more) provide oppiegito gure out
what works, how it works, and what we can do to affect it.

One interesting feature of biological systems is the frequese of positive
feedback to shape the dynamics of the system. Positive fekdiaa be used to
create switchlike behavior through autoregulation of aegemd to create oscilla-
tions such as those present in the cell cycle, central pegemerators or circadian
rhythm.

Ecosystemdn contrast to individual cells and organisms, emergenp@ries
of aggregations and ecosystems inherently re ect seleatiechanisms that act on
multiple levels, and primarily on scales well below that loé system as a whole.
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Because ecosystems are complex, multiscale dynamicamsgsthey provide a
broad range of new challenges for the modeling and analy&®dback systems.
Recent experience in applying tools from control and dyrahsystems to bac-
terial networks suggests that much of the complexity of¢hestworks is due to
the presence of multiple layers of feedback loops that gewbbust functionality
to the individual cell. Yet in other instances, events at¢b# level bene t the
colony at the expense of the individual. Systems level aigban be applied to
ecosystems with the goal of understanding the robustnesscbfsystems and the
extent to which decisions and events affecting individyalcses contribute to the
robustness and/or fragility of the ecosystem as a whole.

Environmental Sciencelt is now indisputable that human activities have al-
tered the environment on a global scale. Problems of enorcmugplexity chal-
lenge researchers in this area, and rst among these is tastade the feedback
systems that operate on the global scale. One of the cheléngleveloping such
an understanding is the multiscale nature of the problei, d@tailed understand-
ing of the dynamics of microscale phenomena such as midagpéal organisms
being a necessary component of understanding global phermeyreuch as the car-
bon cycle.

1.4 Feedback Properties

Feedback is a powerful idea which, as we have seen, is usatsedly in natural
and technological systems. The principle of feedback is leimipase correcting
actions on the difference between desired and actual peaface. In engineering,
feedback has been rediscovered and patented many timesindiierent con-
texts. The use of feedback has often resulted in vast impremesnin system ca-
pability, and these improvements have sometimes beernuteMmdry, as discussed
above. The reason for this is that feedback has some trulyrkaivla proper-
ties. In this section we will discuss some of the propertfdeedback that can be
understood intuitively. This intuition will be formalized subsequent chapters.

Robustness to Uncertainty

One of the key uses of feedback is to provide robustness teriamsty. By mea-
suring the difference between the sensed value of a regudageal and its desired
value, we can supply a corrective action. If the system wgakss some change that
affects the regulated signal, then we sense this changenatalforce the system
back to the desired operating point. This is precisely thecethat Watt exploited
in his use of the centrifugal governor on steam engines.

As an example of this principle, consider the simple feelllsgstem shown in
Figure 1.13. In this system, the speed of a vehicle is coetitdlly adjusting the
amount of gas owing to the engine. Simppeoportional-integral(Pl) feedback
is used to make the amount of gas depend on both the error dretive current
and the desired speed and the integral of that error. The pltteright shows
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Figure 1.13: A feedback system for controlling the speed of a vehicle. In the blockaliag
on the left, the speed of the vehicle is measured and compared to theldgsiesl within the
“Compute” block. Based on the difference in the actual and desiresispéhe throttle (or
brake) is used to modify the force applied to the vehicle by the enginetcain and wheels.
The gure on the right shows the response of the control system to anemued change
in speed from 25 m/s to 30 m/s. The three different curves corresjodiffering masses
of the vehicle, between 1000 and 3000 kg, demonstrating the robustinthesclosed loop
system to a very large change in the vehicle characteristics.

the results of this feedback for a step change in the desireeldsand a variety of
different masses for the car, which might result from havandifferent number

of passengers or towing a trailer. Notice that independénihe mass (which

varies by a factor of 3!), the steady-state speed of the \ehiways approaches
the desired speed and achieves that speed within appr@intats. Thus the

performance of the system is robust with respect to this nizicey.

Another early example of the use of feedback to provide rimass is the neg-
ative feedback ampli er. When telephone communicationsendaveloped, am-
pli ers were used to compensate for signal attenuation irgltnes. A vacuum
tube was a component that could be used to build ampli erstditisn caused by
the nonlinear characteristics of the tube ampli er togethigh ampli er drift were
obstacles that prevented the development of line ampli eraflong time. A ma-
jor breakthrough was the invention of the feedback ampliret 27 by Harold S.
Black, an electrical engineer at Bell Telephone Laborasorigdack usedhegative
feedbackwhich reduces the gain but makes the ampli er insensitiveatdations
in tube characteristics. This invention made it possibleuitdistable ampli ers
with linear characteristics despite the nonlinearitiethefvacuum tube ampli er.

Design of Dynamics

Another use of feedback is to change the dynamics of a systdmough feed-
back, we can alter the behavior of a system to meet the neeais application:
systems that are unstable can be stabilized, systems &slugigish can be made
responsive and systems that have drifting operating poenisbe held constant.
Control theory provides a rich collection of techniquesnalsize the stability and
dynamic response of complex systems and to place bounds txeliavior of such
systems by analyzing the gains of linear and nonlinear ¢per¢hat describe their
components.
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An example of the use of control in the design of dynamics coimam the
area of ight control. The following quote, from a lecture peased by Wilbur
Wright to the Western Society of Engineers in 1901 [McF53] silfates the role
of control in the development of the airplane:

Men already know how to construct wings or airplanes, whittemw
driven through the air at suf cient speed, will not only sustéhe
weight of the wings themselves, but also that of the engind, af
the engineer as well. Men also know how to build engines arehsc
of suf cient lightness and power to drive these planes atanstg
speed. ... Inability to balance and steer still confrontslents of the
ying problem. ... When this one feature has been worked s, t
age of ying will have arrived, for all other dif culties are ofinor
importance.

The Wright brothers thus realized that control was a key iss@mable ight.
They resolved the compromise between stability and manahiigy by building
an airplane, the Wright Flyer, that was unstable but maneiner The Flyer had
a rudder in the front of the airplane, which made the plang waneuverable. A
disadvantage was the necessity for the pilot to keep adgithie rudder to y the
plane: if the pilot let go of the stick, the plane would craghther early aviators
tried to build stable airplanes. These would have been etsigr but because
of their poor maneuverability they could not be brought up ithe air. By using
their insight and skillful experiments the Wright brotherade the rst successful
ight at Kitty Hawk in 1905.

Since it was quite tiresome to y an unstable aircraft, thers aaong motiva-
tion to nd a mechanism that would stabilize an aircraft. Suakesice, invented
by Sperry, was based on the concept of feedback. Sperry used-atgypilized
pendulum to provide an indication of the vertical. He theraaged a feedback
mechanism that would pull the stick to make the plane go upwas pointing
down and vice versa. The Sperry autopilot was the rst use ofifaeklin aeronau-
tical engineering, and Sperry won a prize in a competitiorttiersafest airplane
in Paris in 1914. Figure 1.14 shows the Curtiss seaplane an8pgkrry autopi-
lot. The autopilot is a good example of how feedback can be tesethbilize an
unstable system and hence “design the dynamics” of theadtircr

One of the other advantages of designing the dynamics of imeléyvthat it
allows for increased modularity in the overall system desiBy using feedback
to create a system whose response matches a desired pro teynwede the com-
plexity and variability that may be present inside a sulmystThis allows us to
create more complex systems by not having to simultanedusty/ the responses
of a large number of interacting components. This was oneeativantages of
Black's use of negative feedback in vacuum tube ampli er& ithsulting device
had a well-de ned linear input/output response that did reggehd on the individ-
ual characteristics of the vacuum tubes being used.
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Figure 1.14: Aircraft autopilot system. The 1912 Curtiss (left) used an autopilot talstab
the pitch of the aircraft. The Sperry autopilot (right) contained a setwfdgros coupled to
a set of air valves that controlled the wing surfaces. The Sperry autegkable to correct
for errors in roll, pitch and yaw [Hug93].

Higher Levels of Automation

A major trend in the use of feedback is its application to kigbvels of situational
awareness and decision making. This includes not only toadit logical branch-
ing based on system conditions but also optimization, adiapt, learning and
even higher levels of abstract reasoning. These problenia #re domain of the
arti cial intelligence community, with an increasing rolé dynamics, robustness
and interconnection in many applications.

An example of this trend is the DARPA Grand Challenge, a sesfecompe-
titions sponsored by the U.S. government to build vehiclas¢an autonomously
drive themselves in desert and urban environments. Catt@tipeted in the 2005
and 2007 Grand Challenges using a modi ed Ford E-350 offroadnieknamed
“Alice.” It was fully automated, including electronicalyontrolled steering, throt-
tle, brakes, transmission and ignition. Its sensing systieiuded multiple video
cameras scanning at 10-30 Hz, several laser ranging uaitisg at 10 Hz and
an inertial navigation package capable of providing posi@nd orientation es-
timates at 5 ms temporal resolution. Computational ressuiecluded 12 high-
speed servers connected together through a 1 Gb/s Etheiitedt.sWhe vehicle is
shown in Figure 1.15, along with a block diagram of its consn@hitecture.

The software and hardware infrastructure that was develepatled the ve-
hicle to traverse long distances at substantial speedsstimg), Alice drove itself
more than 500 km in the Mojave Desert of California, with thdity to follow dirt
roads and trails (if present) and avoid obstacles alongdtte [gpeeds of more than
50 km/h were obtained in the fully autonomous mode. Substatining of the
algorithms was done during desert testing, in part becalge dack of systems-
level design tools for systems of this level of complexityth€ competitors in
the race (including Stanford, which won the 2005 competjtiesed algorithms
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Figure 1.15: DARPA Grand Challenge. “Alice,” Team Caltech's entry in the 2005 arn@i720
competitions and its networked control architecture [CFG+06]. Thebfeeldsystem fuses
data from terrain sensors (cameras and laser range nders) tordet¢ea digital elevation
map. This map is used to compute the vehicle's potential speed over thanteand an
optimization-based path planner then commands a trajectory for the véhifddow. A
supervisory control module performs higher-level tasks suchrdling sensor and actuator
failures.

for adaptive control and learning, increasing the cap@sliof their systems in
unknown environments. Together, the competitors in then@G2hallenge demon-
strated some of the capabilities of the next generation wirobsystems and high-
lighted many research directions in control at higher kel decision making.

Drawbacks of Feedback

While feedback has many advantages, it also has some drlsvb@bief among
these is the possibility of instability if the system is nastgned properly. We
are all familiar with the effects opositive feedbackvhen the ampli cation on
a microphone is turned up too high in a room. This is an exampfeeamlback
instability, something that we obviously want to avoid. Tisisricky because we
must design the system not only to be stable under nominalittoms but also to
remain stable under all possible perturbations of the dycam

In addition to the potential for instability, feedback imaetly couples different
parts of a system. One common problem is that feedback affeots measure-
ment noise into the system. Measurements must be carefudlyed so that the
actuation and process dynamics do not respond to them, ahilee same time
ensuring that the measurement signal from the sensor i€pgyapupled into the
closed loop dynamics (so that the proper levels of perfonaamne achieved).

Another potential drawback of control is the complexity afleedding a con-
trol system in a product. While the cost of sensing, comptaand actuation
has decreased dramatically in the past few decades, theefaains that control
systems are often complicated, and hence one must carbéliince the costs and
bene ts. An early engineering example of this is the use ofrapcocessor-based
feedback systems in automobiles.The use of microprocessatgomotive appli-
cations began in the early 1970s and was driven by increlgsstigct emissions
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standards, which could be met only through electronic cisitrEarly systems
were expensive and failed more often than desired, leadifigguent customer
dissatisfaction. It was only through aggressive improvaimén technology that
the performance, reliability and cost of these systemsvaiibthem to be used in a
transparent fashion. Even today, the complexity of theseessis such that it is
dif cult for an individual car owner to x problems.

Feedforward

Feedback is reactive: there must be an error before coreeatittons are taken.
However, in some circumstances it is possible to measurstardance before it
enters the system, and this information can then be use#ecactarective action
before the disturbance has in uenced the system. The effettteoflisturbance
is thus reduced by measuring it and generating a controfbtbat counteracts it.
This way of controlling a system is calléeledforward Feedforward is particularly
useful in shaping the response to command signals becaoseamd signals are
always available. Since feedforward attempts to match tgoads, it requires
good process models; otherwise the corrections may havwerthgg size or may
be badly timed.

The ideas of feedback and feedforward are very general arghappmany dif-
ferent elds. In economics, feedback and feedforward ardoguais to a market-
based economy versus a planned economy. In business, arigadf strategy
corresponds to running a company based on extensive strategning while a
feedback strategy corresponds to a reactive approach.ologyj feedforward has
been suggested as an essential element for motion contiahirans that is tuned
during training. Experience indicates that it is often adagrous to combine feed-
back and feedforward, and the correct balance requireghinand understanding
of their respective properties.

Positive Feedback

In most of this text, we will consider the role okgative feedbackn which we
attempt to regulate the system by reacting to disturbamcasnay that decreases
the effect of those disturbances. In some systems, paatlgdiological systems,
positive feedbackan play an important role. In a system with positive fee@&bac
the increase in some variable or signal leads to a situati@rhich that quantity is
further increased through its dynamics. This has a destatgjlieffect and is usu-
ally accompanied by a saturation that limits the growth efdgmantity. Although
often considered undesirable, this behavior is used irbical (and engineering)
systems to obtain a very fast response to a condition orlsigna

One example of the use of positive feedback is to create Biwgcbehavior,
in which a system maintains a given state until some inpussa® a threshold.
Hysteresis is often present so that noisy inputs near tlesliotd do not cause the
system to jitter. This type of behavior is callbtstability and is often associated
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Figure 1.16: Input/output characteristics of on-off controllers. Each plot showgniet on
the horizontal axis and the corresponding output on the vertical axdal toh-off control is
shown in (a), with modi cations for a dead zone (b) or hysteresis (a)teNhat for on-off
control with hysteresis, the output depends on the value of past inputs.

with memory devices.

1.5 Simple Forms of Feedback

The idea of feedback to make corrective actions based on fieeettice between
the desired and the actual values of a quantity can be impietdén many differ-

ent ways. The bene ts of feedback can be obtained by very sifepigback laws
such as on-off control, proportional control and proparéibintegral-derivative
control. In this section we provide a brief preview of somehd topics that will

be studied more formally in the remainder of the text.

On-O Control

A simple feedback mechanism can be described as follows:

(
if e>
U= Umax ?fe 0 (1.1)
Umin If €< 0,

where thecontrol error e= v yis the difference between the reference signal (or
command signal) and the output of the systeyrandu is the actuation command.
Figure 1.16a shows the relation between error and controé cdmitrol law implies
that maximum corrective action is always used.

The feedback in equation (1.1) is called-off control One of its chief advan-
tages is thatitis simple and there are no parameters to eh@usoff control often
succeeds in keeping the process variable close to the mefgrsuch as the use of
a simple thermostat to maintain the temperature of a roonypitally results in
a system where the controlled variables oscillate, whiaiftesn acceptable if the
oscillation is suf ciently small.

Notice that in equation (1.1) the control variable is not dednwhen the error
is zero. Itis common to make modi cations by introducing eitta dead zone or
hysteresis (see Figure 1.16b and 1.16c¢).
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PID Control

The reason why on-off control often gives rise to oscillasios that the system
overreacts since a small change in the error makes the edtuatiable change
over the full range. This effect is avoidedpnoportional contro] where the char-
acteristic of the controller is proportional to the contalor for small errors. This
can be achieved with the c%ntrol law

2 Unax if €  emax
u= S Kpe  if emin < €< €émax (1.2)
" Umin ife  enin;

wherek; is the controller gaingmin = Umin=Kp andemax= Umax=Kp. The interval
(emin; €max) is called theproportional bandbecause the behavior of the controller
is linear when the error is in this interval:

u=kp(r y)= kpe if @nin €  Emax (1.3)

While a vast improvement over on-off control, proportioraitrol has the
drawback that the process variable often deviates fronefes@nce value. In par-
ticular, if some level of control signal is required for thgseem to maintain a
desired value, then we must hae€ 0 in order to generate the requisite input.

This can be avoided by making the control action proportidodhe integral
of the error: zZ,

un =k et)dt: (1.4)

This control form is calledntegral control andk; is the integral gain. It can
be shown through simple arguments that a controller witkgral action has zero
steady-state error (Exercise 1.5). The catch is that therenotaiways be a steady
state because the system may be oscillating.

An additional re nement is to provide the controller with anti@ipative abil-
ity by using a prediction of the error. A simple predictiongisen by the linear
extrapolation

de(t) |

oft+T) e+ Ta—

which predicts the errdfy time units ahead. Combining proportional, integral and
derivative control, we obtain a controller that can be egpeel mathematically as

follows: z,
w0 = e+ ket dt+ kg

The control action is thus a sum of three terms: the past agsepted by the
integral of the error, the present as represented by theogiopal term and the
future as represented by a linear extrapolation of the dther derivative term).
This form of feedback is called@oportional-integral-derivative (P1D) controller
and its action is illustrated in Figure 1.17.

(1.5)
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Figure 1.17: Action of a PID controller. At timd, the proportional term depends on the
instantaneous value of the error. The integral portion of the feedbaelsed on the integral

of the error up to time (shaded portion). The derivative term provides an estimate of the
growth or decay of the error over time by looking at the rate of changhetrror. Ty
represents the approximate amount of time in which the error is projemtedrd (see text).

A PID controller is very useful and is capable of solving a widlege of control
problems. More than 95% of all industrial control problenms solved by PID
control, although many of these controllers are actyaibportional-integral(PI)
controllers because derivative action is often not included [DM02]. Ehare
also more advanced controllers, which differ from PID colidrs by using more
sophisticated methods for prediction.

1.6 Further Reading

The material in this section draws heavily from the reporthef Panel on Future
Directions on Control, Dynamics and Systems [Mur03]. Sewvadditional papers
and reports have highlighted the successes of control [N&8@]new vistas in
control [Bro00, KumO01, Wis07]. The early development of e¢ohts described
by Mayr [May70] and in the books by Bennett [Ben86a, Ben88Wjich cover
the period 1800-1955. A fascinating examination of somehefdarly history of
control in the United States has been written by Mindell [MihQA popular book
that describes many control concepts across a wide rangsaplihes isOut of
Control by Kelly [Kel94]. There are many textbooks available thatalié® con-
trol systems in the context of speci c disciplines. For erggrs, the textbooks by
Franklin, Powell and Emami-Naeini [FPENO5], Dorf and Bishop [DB®4io and
Golnaraghi [KG02] and Seborg, Edgar and Mellichamp [SEMO03] adely used.
More mathematically oriented treatments of control theocjude Sontag [Son98]
and Lewis [Lew03]. The book by Hellerstein et al. [HDPT04] prod@dedescrip-
tion of the use of feedback control in computing systems. Alber of books
look at the role of dynamics and feedback in biological systeincluding Mil-
horn [Mil66] (now out of print), J. D. Murray [Mur04] and Ellmeand Gucken-
heimer [EGO05]. The book by Fradkov [Fra07] and the tutorial ety Bechhoe-
fer [Bec05] cover many speci ¢ topics of interest to the plegstommunity.
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Exercises

1.1(Eye motion) Perform the following experiment and explainiy@sults: Hold-
ing your head still, move one of your hands left and right ionfrof your face,
following it with your eyes. Record how quickly you can moveuwy hand before
you begin to lose track of it. Now hold your hand still and skhgkur head left to
right, once again recording how quickly you can move befoosing track.

1.2 Identify ve feedback systems that you encounter in yourrgglay environ-
ment. For each system, identify the sensing mechanismatimtumechanism and
control law. Describe the uncertainty with respect to witioh feedback system
provides robustness and/or the dynamics that are changmdytihthe use of feed-
back.

1.3 Balance yourself on one foot with your eyes closed for 15 sndJBigure 1.3
as a guide, describe the control system responsible forirkgepu from falling
down. Note that the “controller” will differ from that in thdiagram (unless you
are an android reading this in the far future).

1.4 Download the MATLAB code used to produce simulations for thesg con-
trol system in Figure 1.13 from the companion web site. Usira &nd error,
change the parameters of the control law so that the overghspeed is not more
than 1 m/s for a vehicle with mass= 1000 kg.

1.5 We say that a system with a constant input reaches steadyifdtat output of

the system approaches a constant value as time increases.tt&ti@ controller

with integral action, such as those given in equations (&) (1.5), gives zero
error if the closed loop system reaches steady state.



Chapter Two
System Modeling

. | asked Fermi whether he was not impressed by the agreemewtdye our calculated
numbers and his measured numbers. He replied, “How many arbipargmeters did you
use for your calculations?” | thought for a moment about our cut-offgedures and said,
“Four” He said, “l remember my friend Johnny von Neumann usedayp svith four param-
eters | can tan elephant, and with ve | can make him wiggle his trunk”

Freeman Dyson on describing the predictions of his model for mesatospscattering to
Enrico Fermi in 1953 [Dys04].

A model is a precise representation of a system's dynamied ts answer
guestions via analysis and simulation. The model we chogsendks on the ques-
tions we wish to answer, and so there may be multiple models fingle dy-
namical system, with different levels of delity depending the phenomena of
interest. In this chapter we provide an introduction to theaept of modeling and
present some basic material on two speci ¢ methods commasey in feedback
and control systems: differential equations and diffeeesguations.

2.1 Modeling Concepts

A modelis a mathematical representation of a physical, biologicahformation
system. Models allow us to reason about a system and make&twad about
how a system will behave. In this text, we will mainly be irgsted in models of
dynamical systems describing the input/output behavi@gystems, and we will
often work in state space form.

Roughly speaking, a dynamical system is one in which theceffef actions
do not occur immediately. For example, the velocity of a caesinot change
immediately when the gas pedal is pushed nor does the tetupeia a room
rise instantaneously when a heater is switched on. Similarlyeadache does
not vanish right after an aspirin is taken, requiring time ifado take effect. In
business systems, increased funding for a developmerdqgirdpes not increase
revenues in the short term, although it may do so in the long i@ it was a
good investment). All of these are examples of dynamicalesys, in which the
behavior of the system evolves with time.

In the remainder of this section we provide an overview of safithe key
concepts in modeling. The mathematical details introduesed are explored more
fully in the remainder of the chapter.
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Figure 2.1: Spring—mass system, with nonlinear damping. The position of the mass is
denoted byg, with g= 0 corresponding to the rest position of the spring. The forces on
the mass are generated by a linear spring with spring conlstamd a damper with force
dependent on the velocity

The Heritage of Mechanics

The study of dynamics originated in attempts to describegtéag motion. The
basis was detailed observations of the planets by TychoeBaak the results of
Kepler, who found empirically that the orbits of the plan&tsild be well described
by ellipses. Newton embarked on an ambitious program tmtexplain why the
planets move in ellipses, and he found that the motion coeldXplained by his
law of gravitation and the formula stating that force equadss times acceleration.
In the process he also invented calculus and differentiahtons.

One of the triumphs of Newton's mechanics was the obsenvatiat the mo-
tion of the planets could be predicted based on the curresitipos and velocities
of all planets. It was not necessary to know the past motioe.stateof a dynam-
ical system is a collection of variables that completelyrabterizes the motion of
a system for the purpose of predicting future motion. Forsiesy of planets the
state is simply the positions and the velocities of the gané/e call the set of all
possible states thstate space

A common class of mathematical models for dynamical systisnesdinary
differential equations (ODES). In mechanics, one of the &@stsuch differential
equations is that of a spring—mass system with damping:

mg+ c(q) + kq= 0 (2.1)

This system is illustrated in Figure 2.1. The varia)2 R represents the position
of the masan with respect to its rest position. We use the notatioio denote
the derivative ofg with respect to time (i.e., the velocity of the mass) antb ~
represent the second derivative (acceleration). The sjsiagsumed to satisfy
Hooke's law, which says that the force is proportional to diplacement. The
friction element (damper) is taken as a nonlinear funct@), which can model
effects such as stiction and viscous drag. The posdiand velocityq represent
the instantaneous state of the system. We say that thisnsystasecond-order
systensince the dynamics depend on the rst two derivatives.of

The evolution of the position and velocity can be describadgusither a time
plot or a phase plot, both of which are shown in Figure 2.2. fiilme plot on
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Figure 2.2: lllustration of a state model. A state model gives the rate of change of tige sta
as a function of the state. The plot on the left shows the evolution of the statéuaction

of time. The plot on the right shows the evolution of the states relative to e, with

the velocity of the state denoted by arrows.

the left, shows the values of the individual states as a fonaif time. Thephase
plot, on the right, shows theector eld for the system, which gives the state
velocity (represented as an arrow) at every point in the Saace. In addition, we
have superimposed the traces of some of the states frometiffeonditions. The
phase plot gives a strong intuitive representation of theatgn as a vector eld
or a ow. While systems of second order (two states) can beesagrted in this
way, unfortunately it is dif cult to visualize equations ofgher order using this
approach.

The differential equation (2.1) is called antonomousystem because there
are no external in uences. Such a model is natural for use iestiel mechanics
because it is dif cult to in uence the motion of the planets. trany examples, it
is useful to model the effects of external disturbances atrotied forces on the
system. One way to capture this is to replace equation (8.1) b

mg+ c(q)+ kq=u; (2.2)

whereu represents the effect of external inputs. The model (2.2llsa aforced

or controlled differential equatioit. implies that the rate of change of the state
can be in uenced by the input(t). Adding the input makes the model richer and
allows new questions to be posed. For example, we can examfiaein uence
external disturbances have on the trajectories of a sys@min the case where
the input variable is something that can be modulated in &ralbed way, we can
analyze whether it is possible to “steer” the system from poiat in the state
space to another through proper choice of the input.

The Heritage of Electrical Engineering

A different view of dynamics emerged from electrical engineg, where the de-
sign of electronic ampli ers led to a focus on input/outpubbeior. A system was
considered a device that transforms inputs to outputs|uesdrited in Figure 2.3.
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Figure 2.3: lllustration of the input/output view of a dynamical system. The gure on the
left shows a detailed circuit diagram for an electronic ampli er; the onghenright is its
representation as a block diagram.

Conceptually an input/output model can be viewed as a gaoié tof inputs and
outputs. Given an input signal(t) over some interval of time, the model should
produce the resulting outpuft).

The input/output framework is used in many engineering dis@s since it
allows us to decompose a system into individual componestisected through
their inputs and outputs. Thus, we can take a complicate@msystich as a radio
or a television and break it down into manageable pieces aadie receiver,
demodulator, ampli er and speakers. Each of these pieces sesa inputs and
outputs and, through proper design, these components cardoeonnected to
form the entire system.

The input/output view is particularly useful for the spedikss oflinear time-
invariant systemsThis term will be de ned more carefully later in this chapter,
but roughly speaking a system is linear if the superpos{@aidition) of two inputs
yields an output that is the sum of the outputs that wouldespond to individual
inputs being applied separately. A system is time-invaiiigiie output response
for a given input does not depend on when that input is applied

Many electrical engineering systems can be modeled bytlitve-invariant
systems, and hence a large number of tools have been dede¢topralyze them.
One such tool is thetep responsewhich describes the relationship between an
input that changes from zero to a constant value abruptlyef@ isput) and the
corresponding output. As we shall see later in the text, the sponse is very
useful in characterizing the performance of a dynamicaksysand it is often used
to specify the desired dynamics. A sample step responsevasin Figure 2.4a.

Another way to describe a linear time-invariant system isejoresent it by
its response to sinusoidal input signals. This is calledftbguency response
and a rich, powerful theory with many concepts and strongfulgesults has
emerged. The results are based on the theory of complex lewiahd Laplace
transforms. The basic idea behind frequency response isvihaan completely
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Figure 2.4: Input/output response of a linear system. The step response (& gf@autput
of the system due to an input that changes from O to 1 at timeb s. The frequency
response (b) shows the amplitude gain and phase change due to &sihnpat at different
frequencies.

characterize the behavior of a system by its steady-stafonse to sinusoidal
inputs. Roughly speaking, this is done by decomposing abirary signal into
a linear combination of sinusoids (e.g., by using the Faourensform) and then
using linearity to compute the output by combining the resgoto the individual
frequencies. A sample frequency response is shown in Figdbe 2

The input/output view lends itself naturally to experimémtatermination of
system dynamics, where a system is characterized by recpitdi response to
particular inputs, e.g., a step or a set of sinusoids ovengeraf frequencies.

The Control View

When control theory emerged as a discipline in the 1940sppeoach to dynam-
ics was strongly in uenced by the electrical engineeringtioutput) view. A
second wave of developments in control, starting in the 18&0s, was inspired
by mechanics, where the state space perspective was useeinéngence of space
ight is a typical example, where precise control of the oudiita spacecraft is es-
sential. These two points of view gradually merged into wkabday the state
space representation of input/output systems.

The development of state space models involved modifyingrtbdels from
mechanics to include external actuators and sensors dimingtimore general
forms of equations. In control, the model given by equati@) was replaced by
31(: f(x;u); y= h(x;u); (2.3)
wherex is a vector of state variables,is a vector of control signals andis a
vector of measurements. The tedx=dt represents the derivative »fvith respect
to time, now considered a vector, aficindh are mappings of their arguments to
vectors of the appropriate dimension. For mechanical systthe state consists of
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the position and velocity of the system, so thkat( g;q) in the case of a damped
spring—mass system. Note that in the control formulatiomveelel dynamics as
rst-order differential equations, but we will see that tlesn capture the dynamics
of higher-order differential equations by appropriate déam of the state and the
mapsf andh.

Adding inputs and outputs has increased the richness ofdlsical problems
and led to many new concepts. For example, it is natural taf gelssible statex
can be reached with the proper choicaigfeachability) and if the measurement
contains enough information to reconstruct the state fohbdity). These topics
will be addressed in greater detail in Chapters 6 and 7.

A nal development in building the control point of view wasglemergence of
disturbances and model uncertainty as critical elementsernheory. The simple
way of modeling disturbances as deterministic signalsdik@s and sinusoids has
the drawback that such signals can be predicted preciselynore realistic ap-
proach is to model disturbances as random signals. This viedvgives a natural
connection between prediction and control. The dual viewspiit/output rep-
resentations and state space representations are ttiaideful when modeling
uncertainty since state models are convenient to descnbenal model but un-
certainties are easier to describe using input/output tleddéen via a frequency
response description). Uncertainty will be a constant #hémoughout the text
and will be studied in particular detail in Chapter 12.

An interesting observation in the design of control systentisat feedback sys-
tems can often be analyzed and designed based on complgraimple models.
The reason for this is the inherent robustness of feedbat&rags However, other
uses of models may require more complexity and more accu€y example is
feedforward control strategies, where one uses a modektmprpute the inputs
that cause the system to respond in a certain way. Anotharissystem valida-
tion, where one wishes to verify that the detailed respoh#eeosystem performs
as it was designed. Because of these different uses of madslsommon to use
a hierarchy of models having different complexity and dglit

Multidomain Modeling

Modeling is an essential element of many disciplines, aditions and methods
from individual disciplines can differ from each other, Hsstrated by the previ-
ous discussion of mechanical and electrical engineeringlif Aulty in systems
engineering is that it is frequently necessary to deal wétefogeneous systems
from many different domains, including chemical, ele@tjanechanical and in-
formation systems.

To model such multidomain systems, we start by partitiorangystem into
smaller subsystems. Each subsystem is represented by éalgunations for mass,
energy and momentum, or by appropriate descriptions ofrimftion processing
in the subsystem. The behavior at the interfaces is captyrete$cribing how
the variables of the subsystem behave when the subsystenistenrconnected.
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These interfaces act by constraining variables within tdéidual subsystems to
be equal (such as mass, energy or momentum uxes). The conmptetel is then
obtained by combining the descriptions of the subsysterdgtaninterfaces.

Using this methodology it is possible to build up librarigssabsystems that
correspond to physical, chemical and informational conepts: The procedure
mimics the engineering approach where systems are buift $rdosystems that are
themselves built from smaller components. As experiengmiised, the compo-
nents and their interfaces can be standardized and callectaodel libraries. In
practice, it takes several iterations to obtain a good fibthat can be reused for
many applications.

State models or ordinary differential equations are noabletfor component-
based modeling of this form because states may disappear eameponents are
connected. This implies that the internal description of @mponent may change
when it is connected to other components. As an illustratienconsider two
capacitors in an electrical circuit. Each capacitor has & st@rresponding to the
voltage across the capacitors, but one of the states wapgisar if the capacitors
are connected in parallel. A similar situation happens with rotating inertias,
each of which is individually modeled using the angle of tiotaand the angular
velocity. Two states will disappear when the inertias anegd by a rigid shatft.

This dif culty can be avoided by replacing differential eqiaais bydifferential
algebraic equationswhich have the form

F(z2= 0
wherez2 R". A simple special case is

x= f(xy); a(xy) = 0; (2.4)

wherez=(x;y) andF = (x f(xy);9(x;y)). The key property is that the deriva-
tive zis not given explicitly and there may be pure algebraic iefst between the
components of the vectar

The model (2.4) captures the examples of the parallel caa@nd the linked
rotating inertias. For example, when two capacitors areeoted, we simply add
the algebraic equation expressing that the voltages athessapacitors are the
same.

Modelicais a language that has been developed to support compoased-b
modeling. Differential algebraic equations are used as#sec description, and
object-oriented programming is used to structure the nsodébdelica is used to
model the dynamics of technical systems in domains such akanéal, electri-
cal, thermal, hydraulic, thermo uid and control subsysteiMedelica is intended
to serve as a standard format so that models arising in éiffedomains can be
exchanged between tools and users. A large set of free ancheanal Model-
ica component libraries are available and are used by a ggomimber of people
in industry, research and academia. For further informagibout Modelica, see
http://www.modelica.org.
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2.2 State Space Models

In this section we introduce the two primary forms of modélsttwe use in this
text: differential equations and difference equationsthBoake use of the notions
of state, inputs, outputs and dynamics to describe the ahafva system.

Ordinary Di erential Equations

The state of a system is a collection of variables that sunzmdhe past of a
system for the purpose of predicting the future. For a playsgstem the state
is composed of the variables required to account for stooaAgeass, momentum
and energy. A key issue in modeling is to decide how accuyraltes storage has
to be represented. The state variables are gathered in a weztR" called the
state vector The control variables are represented by another vec2oRP and
the measured signal by the vecyd? RY. A system can then be represented by the
differential equation

dx _ o . oy
Fri f(x;u); y= h(x;u); (2.5)

wheref : R" RP! R"andh:R" RP! RYare smooth mappings. We call a
model of this form astate space model

The dimension of the state vector is called thder of the system. The sys-
tem (2.5) is calledime-invariantbecause the functions andh do not depend
explicitly on timet; there are more general time-varying systems where the func
tions do depend on time. The model consists of two functidrmsfunctionf gives
the rate of change of the state vector as a function of statel control, and the
functionh gives the measured values as functions of statied controlu.

A system is called dnear state space system if the functiohandh are linear
in x andu. A linear state space system can thus be represented by

31(: Ax+ Bu; y= Cx+ Du; (2.6)

whereA, B, C andD are constant matrices. Such a system is said imbar and
time-invariant or LTI for short. The matrixXA is called thedynamics matrixthe
matrix B is called thecontrol matrix the matrixC is called thesensor matrixand
the matrixD is called thedirect term Frequently systems will not have a direct
term, indicating that the control signal does not in uence tlutput directly.
A different form of linear differential equations, geneézalg the second-order
dynamics from mechanics, is an equation of the form
n n 1
dt" den 1
wheret is the independent (time) variabl}) is the dependent (output) variable
andu(t) is the input. The notatiodXy=dt¥ is used to denote thkth derivative
of y with respect td, sometimes also written 389. The controlled differential
equation (2.7) is said to be ath-order system. This system can be converted into

+ tayy=u; (2.7)
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state space form by de ning

8 9 8 9
X1 d" ly=dth 1
X2 d" 2y=dt" 2
X= . = : ;
2 X 1 _ dy=dt
Xn y ’
and the state space equations become
8 9 8 9 8 9
X1 arxq AnXn u
I ! 3 .
a : = : + : ’ y: Xn.
Xn 1 O
" Xn "0

With the appropriate de nitions o, B, C andD, this equation is in linear state
space form.

An even more general system is obtained by letting the olipatlinear com-
bination of the states of the system, i.e.,

y=bixg+ boxo+  + boxp+ du:

This system can be modeled in state space as

8 9 8 9 8 9
X1 a1 a an 1 an 1
Xo 1 o 0 0
453 _3 0 1 0 03y
at s s (2.8)
Xn' 0 0 o
8
y=: by by ::: bn, X+ du;

This particular form of a linear state space system is catbedhable canonical
formand will be studied in more detail in later chapters.

Example 2.1 Balance systems

An example of a class of systems that can be modeled usingasyddifferen-
tial equations is the class bhlance systemsA balance system is a mechanical
system in which the center of mass is balanced above a pivot. pgpome com-
mon examples of balance systems are shown in Figure 2.5. Thea@dgunan
transportation system (Figure 2.5a) uses a motorized ptatfo stabilize a per-
son standing on top of it. When the rider leans forward, thHaaoke propels itself
along the ground but maintains its upright position. Anotseample is a rocket
(Figure 2.5b), in which a gimbaled nozzle at the bottom of theket is used to
stabilize the body of the rocket above it. Other examplesatdirice systems in-
clude humans or other animals standing upright or a perslam&iag a stick on
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p I
(a) Segway (b) Saturn rocket (c) Cart—pendulum system

Figure 2.5: Balance systems. (a) Segway human transportation system, (b) Sadtken
and (c) inverted pendulum on a cart. Each of these examples uses &iritie bottom of the
system to keep it upright.

their hand.
Balance systems are a generalization of the spring—mates1syse saw earlier.
We can write the dynamics for a mechanical system in the géfeam

M(a)G+ C(qg;q) + K(g) = B(q)u;

whereM(q) is the inertia matrix for the systen@(q;q) represents the Coriolis
forces as well as the dampinig§(q) gives the forces due to potential energy and
B(q) describes how the external applied forces couple into theawcs. The
speci ¢ form of the equations can be derived using Newtoniatmanics. Note
that each of the terms depends on the con guration of the sygtend that these
terms are often nonlinear in the con guration variables.

Figure 2.5¢c shows a simpli ed diagram for a balance systemisting of an
inverted pendulum on a cart. To model this system, we chdase wariables that
represent the position and velocity of the base of the sygpeand p, and the an-
gle and angular rate of the structure above the basadg. We letF represent
the force applied at the base of the system, assumed to be hotizontal direc-
tion (aligned withp), and choose the position and angle of the system as outputs.
With this set of de nitions, the dynamics of the system can beputed using

Newtonian mechanics and have the form
98 9 8

8 9 8 9
2 (M+m) mlcosgz 3 Pz L 3cop+t mising g%z _3F3. (2.9)
micosg (J+ml?)’ g ~° gg mglsing’ ~ 0’ '

whereM is the mass of the bas®m,andJ are the mass and moment of inertia of the
system to be balancelis the distance from the base to the center of mass of the
balanced body; andg are coef cients of viscous friction anglis the acceleration
due to gravity.

We can rewrite the dynamics of the system in state space fgrde Iming the
state ax = ( p;q;p;q), the input asu= F and the output ag=( p;q). If we
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de ne the total mass and total inertia as
M= M+ m; J=J+ml?

the equations of motion then become
8

9
8 9 8 §
d § q§ _ mls; g%+ mgmi?=))s;cq cp gmcgg+u £
di3 ps ~ M m(mP=3)cg ’
q mi?sgcqq?+ Miglsy  clcgp  g(Mi=m)g + Icqu
é 9 J(Mi=m) m(Icg)? ’
y=20%

where we have used the shorthaid= cosq andsy = sing.

In many cases, the angte will be very close to 0, and hence we can use
the approximations sip g and cogy 1. Furthermore, ifg is small, we can
ignore quadratic and higher termsgn Substituting these approximations into our
equations, we see that we are left witlireear state space equation

8 Io9 8 0 0 1 0 98 pg 8 0 9
dt2 p 0 mAl?g=m c}=m gkIm= p J=mg
g 0 MmgEm clmem  gMi=m’ 4 Im=m
8 9
.31 00 G
Y>"0100%
wherem= Mg n?l2. N

Example 2.2 Inverted pendulum

A variation of the previous example is one in which the lomaif the base does

not need to be controlled. This happens, for example, if wardesested only
in stabilizing a rocket's upright orientation without weging about the location of
base of the rocket. The dynamics of this simpg ed system avergby

8 9
dsq3 _ 3 !/ 3
—7 > =2mgl__ g_ | ; y=g; (2.10)
dt T ——sing =g+ —cosqu;
q 3 q 3 q 3 sq
whereg is the coef cient of rotational friction,; = J+ ml? andu is the force
applied at the base. This system is referred to asarted pendulum N

Di erence Equations

In some circumstances, it is more natural to describe thugen of a system
at discrete instants of time rather than continuously iretintf we refer to each
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of these times by an integ&r= 0;1;2;:::, then we can ask how the state of the
system changes for ea&h Just as in the case of differential equations, we de ne
the state to be those sets of variables that summarize thefghs system for the
purpose of predicting its future. Systems described in trdamer are referred to
asdiscrete-time systems

The evolution of a discrete-time system can be written in ¢t f

xk+ 1] = f(x[k]; u[k]); YKl = h(x[K]; u[K]); (2.11)

wherex[k] 2 R" is the state of the system at tirkgan integer)u[k] 2 RP is the
input andy[k] 2 R% is the output. As beforef andh are smooth mappings of the
appropriate dimension. We call equation (2.1Hjiféerence equatiosince it tells
us howx[k+ 1] differs fromx[k]. The statex|[k] can be either a scalar- or a vector-
valued quantity; in the case of the latter we weijk] for the value of thgth state
at timek.

Just as in the case of differential equations, it is ofterctse that the equations
are linear in the state and input, in which case we can destitdsystem by

x[k+ 1] = AXK] + BUK]; yik] = CX[K] + Du[K]:

As before, we refer to the matricés B, C andD as the dynamics matrix, the
control matrix, the sensor matrix and the direct term. Theitsm of a linear

k1
X[kl = A%+ g A 1 1BUj];
= k> O: (2.12)
y[k] = CA%+ § CA* 1 BU[j]+ DulK];
j=0

Difference equations are also useful as an approximatiafifiefrential equa-
tions, as we will show later.

Example 2.3 Predator—prey
As an example of a discrete-time system, consider a simptiehior a predator—
prey system. The predator—prey problem refers to an ecalbgystem in which
we have two species, one of which feeds on the other. This tggstem has
been studied for decades and is known to exhibit interesitymgmics. Figure 2.6
shows a historical record taken over 90 years for a populaifdynxes versus a
population of hares [Mac37]. As can been seen from the gthptannual records
of the populations of each species are oscillatory in nature

A simple model for this situation can be constructed usingsardte-time
model by keeping track of the rate of births and deaths of spekies. Lettingd
represent the population of hares dnepresent the population of lynxes, we can
describe the state in terms of the populations at discretedseof time. Lettingk



2.2. STATE SPACE MODELS 39

Figure 2.6: Predator versus prey. The photograph on the left shows a Canadiaaryl

a snowshoe hare, the lynx's primary prey. The graph on the rightsittoe populations of
hares and lynxes between 1845 and 1935 in a section of the Canadidesydtac37]. The
data were collected on an annual basis over a period of 90 yearsto@Pdnoh courtesy of
Rudolfo's Usenet Animal Pictures Gallery.)

be the discrete-time index (e.g., the month number), we céa w

Hik+ 1] = H[K]+ b (uH[K] aLkH[K];
L[k+ 1] = L[K]+ cL[KH[K] d¢L[K];

whereby (u) is the hare birth rate per unit period and as a function of toal f
supplyu, ds is the lynx mortality rate and andc are the interaction coef cients.
The interaction ternaL[k]H[k] models the rate of predation, which is assumed to
be proportional to the rate at which predators and prey megtsahence given
by the product of the population sizes. The interaction tekfR]H[k] in the lynx
dynamics has a similar form and represents the rate of grofitie lynx popula-
tion. This model makes many simplifying assumptions—sudha&$act that hares
decrease in number only through predation by lynxes—bufténads suf cient to
answer basic questions about the system.

To illustrate the use of this system, we can compute the nuofidgnxes and
hares at each time point from some initial population. Thidagse by starting
with x[0] = ( Ho; Lo) and then using equation (2.13) to compute the populations in
the following period. By iterating this procedure, we camgete the population
over time. The output of this process for a speci ¢ choice obpagters and initial
conditions is shown in Figure 2.7. While the details of theldation are different
from the experimental data (to be expected given the siitylaf our assump-
tions), we see qualitatively similar trends and hence weusanthe model to help
explore the dynamics of the system. N

(2.13)

Example 2.4 E-mail server
The IBM Lotus server is an collaborative software system tHatinisters users'
e-mail, documents and notes. Client machines interactevithusers to provide
access to data and applications. The server also handlesadth@istrative tasks.
In the early development of the system it was observed tlegpénformance was
poor when the central processing unit (CPU) was overloadeause of too many
service requests, and mechanisms to control the load wereftine introduced.
The interaction between the client and the server is in thra fifremote proce-
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Figure 2.7: Discrete-time simulation of the predator—prey model (2.13). Using thenpe:
tersa= c= 0:.014,b;(u) = 0:6 andd = 0:7 in equation (2.13), the period and magnitude of
the lynx and hare population cycles approximately match the data in Fidure 2.

dure calls (RPCs). The server maintains a log of statisticowipteted requests.
The total number of requests being served, caRéd (RPCs in server), is also
measured. The load on the server is controlled by a paranmadted MaxUsers ,
which sets the total number of client connections to theeserhis parameter is
controlled by the system administrator. The server can bardegl as a dynami-
cal system wittMaxUsers as the input an®IS as the output. The relationship
between input and output was rst investigated by explorimg $teady-state per-
formance and was found to be linear.

In [HDPTO04] a dynamic model in the form of a rst-order differenequation
is used to capture the dynamic behavior of this system. Usjiatgm identi cation
techniques, they construct a model of the form

ylk+ 1] = ayfk]+ bulk];

whereu = MaxUsers MaxUsers andy= RIS RIS. The parametera =
0:43 andb = 0:47 are parameters that describe the dynamics of the systemdar
the operating point, anMaxUsers = 165 andRIS = 135 represent the nomi-
nal operating point of the system. The number of requests weraged over a
sampling period of 60 s. N

Simulation and Analysis

State space models can be used to answer many questions. heexadst com-
mon, as we have seen in the previous examples, involvesctiregthe evolution
of the system state from a given initial condition. While &mple models this
can be done in closed form, more often it is accomplishedutfitacomputer sim-
ulation. One can also use state space models to analyzedhaldehavior of the
system, without making direct use of simulation.

Consider again the damped spring—mass system from Seclign2 this time
with an external force applied, as shown in Figure 2.8. We waspredict the
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m ——> u(t) =Asinwt

k

Figure 2.8: A driven spring—mass system with damping. Here we use a linear damping
element with coef cient of viscous friction. The mass is driven with a sinusoidal force of
amplitudeA.

motion of the system for a periodic forcing function, withigem initial condition,
and determine the amplitude, frequency and decay rate oéthdting motion.

We choose to model the system with a linear ordinary difféakequation.
Using Hooke's law to model the spring and assuming that thrapda exerts a
force that is proportional to the velocity of the system, vagén

mg+ cg+ kgq=u; (2.14)

wherem is the massq is the displacement of the massjs the coef cient of
viscous friction k is the spring constant andis the applied force. In state space
form, usingx = ( g; q) as the state and choosigg g as the output, we have

8 9

dx _ g X2 % _ o

dt % Sy, Kyaus YT

m m m

We see that this is a linear second-order differential egnatith one input and
one output.

We now wish to compute the response of the system to an inpieaform
u= Asinwt. Although it is possible to solve for the response analilticave
instead make use of a computational approach that does Igatrréhe speci c
form of this system. Consider the general state space system

Given the state at timet, we can approximate the value of the state at a short
time h> 0 later by assuming that the rate of changd ©f u) is constant over the
intervalt tot + h. This gives

X(t+ h)y= x(t)+ hf(x(t);u(t)): (2.15)

Iterating this equation, we can thus solve as a function of time. This approxi-
mation is known as Euler integration and is in fact a diffeeeaguation if we leh
represent the time increment and weifk] = x(kh). Although modern simulation
tools such as MATLAB and Mathematica use more accurate metihaasEuler
integration, they still have some of the same basic tratke-of
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Figure 2.9: Simulation of the forced spring—mass system with different simulation time
constants. The dashed line represents the analytical solution. The sdiddpresent the
approximate solution via the method of Euler integration, using decreasipgiges.

Returning to our speci ¢ example, Figure 2.9 shows the resfltsomputing
X(t) using equation (2.15), along with the analytical compotatiWe see that as
h gets smaller, the computed solution converges to the exadian. The form
of the solution is also worth noticing: after an initial tea@nt, the system settles
into a periodic motion. The portion of the response after thedient is called the
steady-state response the input.

In addition to generating simulations, models can also lee trs answer other
types of questions. Two that are central to the methods ibestin this text con-
cern the stability of an equilibrium point and the inputfowttfrequency response.
We illustrate these two computations through the examptsband return to the
general computations in later chapters.

Returning to the damped spring—mass system, the equafiomstion with no
input forcing are given by

8

9
dx _ X2 _
o 3 o 2. (2.16)

wherex; is the position of the mass (relative to the rest positiorg ®nis its
velocity. We wish to show that if the initial state of the sstis away from the
rest position, the system will return to the rest positioergually (we will later
de ne this situation to mean that the rest positiom$ymptotically stable While
we could heuristically show this by simulating many, mangiah conditions, we
seek instead to prove that this is true &myinitial condition.

To do so, we construct a functidh: R"! R that maps the system state to a
positive real number. For mechanical systems, a convenlasite is the energy
of the system,

V(X) = %kx%+ %mx%: (2.17)
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If we look at the time derivative of the energy function, we deat

T = owxat miexe = koaxg + mig( %Xz rl;xl) = oG
which is always either negative or zero. Henbg«(t)) is never increasing and,
using a bit of analysis that we will see formally later, thdiindual states must
remain bounded.

If we wish to show that the states eventually return to thginriwe must use
a slightly more detailed analysis. Intuitively, we can m@ass follows: suppose
that for some period of timé&/(x(t)) stops decreasing. Then it must be true that
V(x(t)) = 0, which in turn implies thaxy(t) = 0 for that same period. In that case,
x2(t) = 0, and we can substitute into the second line of equatiob)20lobtain

0= X% = Cx kx— X1:
=Xo= X2 —X1= —Xu
m m m

Thus we must have thaj also equals zero, and so the only time t#é&x(t)) can
stop decreasing is if the state is at the origin (and hensesfstem is at its rest
position). Since we know that(x(t)) is never increasing (because 0), we
therefore conclude that the origin is stable @oryinitial condition).

This type of analysis, called Lyapunov stability analyss;onsidered in detail
in Chapter 4 but shows some of the power of using models fomattaysis of
system properties.

Another type of analysis that we can perform with models isdmpute the
output of a system to a sinusoidal input. We again considesfiiing—mass sys-
tem, but this time keeping the input and leaving the systeits ioriginal form:

mg+ cg+ kg= u: (2.18)

We wish to understand what the response of the system is tmaadal input of
the form
u(t) = Asinwt:

We will see how to do this analytically in Chapter 6, but fomnave make use of
simulations to compute the answer.

We rst begin with the observation thatg(t) is the solution to equation (2.18)
with inputu(t), then applying an input{t) will give a solution 2)(t) (this is easily
veri ed by substitution). Hence it suf ces to look at an inpuitivunit magnitude,
A= 1. A second observation, which we will prove in Chapter 5hat the long-
term response of the system to a sinusoidal input is itselfigssid at the same
frequency, and so the output has the form

q(t) = g(w) sin(wt + j (w));

whereg(w) is called thegain of the system and (w) is called thephase(or phase
offset).
To compute the frequency response numerically, we can atmtihe system
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Figure 2.10: A frequency response (gain only) computed by measuring the respain
individual sinusoids. The gure on the left shows the response ofystem as a function
of time to a number of different unit magnitude inputs (at differentdiestries). The gure
on the right shows this same data in a different way, with the magnitude oktiponse
plotted as a function of the input frequency. The lled circles corresptnthe particular
frequencies shown in the time responses.

frequencies. An example of this type of computation is showkigure 2.10.

2.3 Modeling Methodology

To deal with large, complex systems, it is useful to haveedént representations
of the system that capture the essential features and haleviant details. In all
branches of science and engineering it is common practiaegsome graphical
description of systems, callegthematic diagramsThey can range from stylistic
pictures to drastically simpli ed standard symbols. Thesgyes make it possi-
ble to get an overall view of the system and to identify thevilsiial components.
Examples of such diagrams are shown in Figure 2.11. Schematjcains are
useful because they give an overall picture of a system, isigoalfferent subpro-
cesses and their interconnection and indicating variahlgtiscan be manipulated
and signals that can be measured.

Block Diagrams

A special graphical representation calletlack diagramhas been developed in
control engineering. The purpose of a block diagram is to exsigle the informa-
tion ow and to hide details of the system. In a block diagrariffedent process
elements are shown as boxes, and each box has inputs depditesshwith arrows
pointing toward the box and outputs denoted by lines witbwasrgoing out of the
box. The inputs denote the variables that in uence a procesbstlae outputs de-
note the signals that we are interested in or signals thatimce other subsystems.
Block diagrams can also be organized in hierarchies, winelieidual blocks may
themselves contain more detailed block diagrams.
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Figure 2.11: Schematic diagrams for different disciplines. Each diagram is used ttélles
the dynamics of a feedback system: (a) electrical schematics for ergystem [Kun93],
(b) a biological circuit diagram for a synthetic clock circuit [ASMNO3}) @ process dia-
gram for a distillation column [SEMO03] and (d) a Petri net description adrmmunication
protocol.

Figure 2.12 shows some of the notation that we use for blogkaias. Signals
are represented as lines, with arrows to indicate inputsoarputs. The rst di-
agram is the representation for a summation of two signalsinfiut/output re-
sponse is represented as a rectangle with the system nameafoematical de-
scription) in the block. Two special cases are a proportigas, which scales the
input by a multiplicative factor, and an integrator, whiaktputs the integral of the
input signal.

Figure 2.13 illustrates the use of a block diagram, in thie dasmodeling the
ight response of a y. The ight dynamics of an insect are incrblji intricate,
involving careful coordination of the muscles within the g maintain stable ight
in response to external stimuli. One known characterigti®s is their ability to
y upwind by making use of the optical ow in their compound eyas a feedback
mechanism. Roughly speaking, the y controls its orientato that the point of
contraction of the visual eld is centered in its visual eld.
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Figure 2.12: Standard block diagram elements. The arrows indicate the the inputs &nd ou
puts of each element, with the mathematical operation corresponding ttked labeled

at the output. The system block (f) represents the full input/output nsspof a dynamical
system.

To understand this complex behavior, we can decompose tralbdynamics
of the system into a series of interconnected subsystentddcky. Referring to
Figure 2.13, we can model the insect navigation system tirangnterconnection
of ve blocks. The sensory motor system (a) takes the inforomafrom the visual
system (e) and generates muscle commands that attempeitdrstey so that the
point of contraction is centered. These muscle command®axeded into forces
through the apping of the wings (b) and the resulting aeraayit forces that are
produced. The forces from the wings are combined with the dratpe y (d) to
produce a net force on the body of the y. The wind velocity estimwrough the
drag aerodynamics. Finally, the body dynamics (c) describethe y translates
and rotates as a function of the net forces that are appligdTbe insect position,
speed and orientation are fed back to the drag aerodynamitsision system
blocks as inputs.

Each of the blocks in the diagram can itself be a complicatbdysiem. For
example, the visual system of a fruit y consists of two compted compound
eyes (with about 700 elements per eye), and the sensory syitem has about
200,000 neurons that are used to process information. A detseled block dia-
gram of the insect ight control system would show the intencections between
these elements, but here we have used one block to repraeserthé motion of
the y affects the output of the visual system, and a secondiilo represent how
the visual eld is processed by the y's brain to generate masmbmmands. The
choice of the level of detail of the blocks and what elememteparate into differ-
ent blocks often depends on experience and the questidrahaants to answer
using the model. One of the powerful features of block diagrs their ability to
hide information about the details of a system that may natdexled to gain an
understanding of the essential dynamics of the system.
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Figure 2.13: A block diagram representation of the ight control system for an inggag
against the wind. The mechanical portion of the model consists of thelyigt dynamics
of the vy, the drag due to ying through the air and the forces generatethb wings. The
motion of the body causes the visual environment of the y to changettaie information
is then used to control the motion of the wings (through the sensory mattersy, closing
the loop.

Modeling from Experiments

Since control systems are provided with sensors and act,ditds also possible
to obtain models of system dynamics from experiments on thegss. The mod-
els are restricted to input/output models since only thepeats are accessible to
experiments, but modeling from experiments can also be owdhlwith modeling
from physics through the use of feedback and interconnectio

A simple way to determine a system's dynamics is to obsemedhponse to a
step change in the control signal. Such an experiment begisstting the control
signal to a constant value; then when steady state is estadlithe control signal
is changed quickly to a new level and the output is observede eéX}periment
gives the step response of the system, and the shape of frensesgives useful
information about the dynamics. Itimmediately gives andation of the response
time, and it tells if the system is oscillatory or if the regge is monotone.

Example 2.5 Identi cation of a spring—mass system
Consider the spring—mass system from Section 2.1, whoserdgaare given by

mg+ cq+ kg= u: (2.19)

We wish to determine the constamis ¢ andk by measuring the response of the
system to a step input of magnituBg
We will show in Chapter 6 that whed? < 4km, the step response for this
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Figure 2.14: Step response for a spring—mass system. The magnitude of the stefsinpu
Fo = 20 N. The period of oscillatiofT is determined by looking at the time between two
subsequent local maxima in the response. The period combined wittetty sstate value
g(¥) and the relative decrease between local maxima can be used to estinpeetneters

in a model of the system.

system from the rest con guration is given by
P 4km 2

_ Fo ct . . . Wd 2m ’
q(t) = M 1 exp >m sin(wgt+j ) ;

p__
j=tan!  4km ¢

From the form of the solution, we see that the form of the respas determined
by the parameters of the system. Hence, by measuring céstures of the step
response we can determine the parameter values.

Figure 2.14 shows the response of the system to a step of mdgRit= 20 N,
along with some measurements. We start by noting that tlaelgtstate position
of the mass (after the oscillations die down) is a functiothefspring constark

aee)= 7, (2.20)
whereFy is the magnitude of the applied fordg (= 1 for a unit step input). The
parameter 2k is called thegain of the system. The period of the oscillation can
be measured between two peaks and must satisfy

2p _ P 4km c?
T  2m
Finally, the rate of decay of the oscillations is given by tkpanential factor in

the solution. Measuring the amount of decay between twogeed have (using
Exercise 2.6)

(2.21)

F
og o) T log ) © =Sk v (222)

Using this set of three equations, we can solve for the paemsand determine
that for the step response in Figure 2.14 we hawve 250 kg,c 60 Ns/m and
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k 40 N/m. N

Modeling from experiments can also be done using many oigeals. Si-
nusoidal signals are commonly used (particularly for systevith fast dynamics)
and precise measurements can be obtained by exploitinglation techniques.
An indication of nonlinearities can be obtained by repaat@rperiments with in-
put signals having different amplitudes.

Normalization and Scaling

Having obtained a model, it is often useful to scale the Wéem by introducing
dimension-free variables. Such a procedure can often dintpk equations for a
system by reducing the number of parameters and reveadstieg properties of
the model. Scaling can also improve the numerical conditigmif the model to
allow faster and more accurate simulations.

The procedure of scaling is straightforward: choose unitsefich indepen-
dent variable and introduce new variables by dividing théatdes by the chosen
normalization unit. We illustrate the procedure with twamples.

Example 2.6 Spring—mass system
Consider again the spring—mass system introduced eaXeglecting the damp-
ing, the system is described by

mg+ kg= u:
The model has two parametarsandk. To normalize the gnodel we introduce
dimension-free variables= g=l andt = wpt, wherewp = k=mand| is the

chosen length scale. We scale forcerbbwg and introducer = u=(m|w§). The
scaled equation then becomes

d’x _ d?g=l 1
= = ka+ = +

a2~ d(won? - miwgl <ATWE XtV
which is the normalized undamped spring—mass system. &ltitat the normal-
ized model has no parameters, while the original model hadparametersn
andk. Introducing the scaled, dimension-free state variables x = g=l and

2 = dx=dt = g=(Iwp), the model can be written as
8 98 9 8 9

dzzz 30 Lxzznz 303,
dt” z’ 10z v

This simple linear equation describes the dynamics of anpgpmass system,

independent of the particular parameters, and hence gs/gssight into the fun-

damental dynamics of this oscillatory system. To recoverphysical frequency

of oscillation or its magnitude, we must invert the scaling mave applied. N

Example 2.7 Balance system
Consider the balance system described in Section 2.1. Negletamping by
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puttingc = 0 andg= 0 in equation (2.9), the model can be written as

d’q d’q _dg2_ _

(M+ m)W mlcosq@+ mlsing e F;
d’q 2 dq A
mlcosqﬁ+(\]+ mi )W maglsing = O:

pP— .
Letwo= mgl=(J+ ml2), choose the length scalelaset the time scale be=lay,
choose the force scale @gl + m)l Wg and introduce the scaled variables wpt,
x= g= andu= F=((M + m)Iwg). The equations then become

dx d?q dg 2 d’x  d%q

— — T4 1 7 = u — 4+ T
4i? acosth2 asing dt u; bcosth2 4i2
wherea = m=(M + m) andb = mI°=(J+ ml?). Notice that the original model has
ve parametersn, M, J, | andg but the normalized model has only two parameters
aandb. fM mandml? J, we geta Oandb 1 andthe model can be

approximated by

sing =0;

d>x d?q
az- " arz
The model can be interpreted as a mass combined with an idvpemsdulu~m
driven by the same input. N

sing = ucosq:

Model Uncertainty

Reducing uncertainty is one of the main reasons for usirgjf@ek, and it is there-
fore important to characterize uncertainty. When makingsneements, there is a
good tradition to assign both a nominal value and a measuwecddrtainty. It is
useful to apply the same principle to modeling, but unfaatety it is often dif cult
to express the uncertainty of a model quantitatively.

For a static system whose input/output relation can be cheniaed by a func-
tion, uncertainty can be expressed by an uncertainty baritliagated in Fig-
ure 2.15a. At low signal levels there are uncertainties dugensor resolution,
friction and quantization. Some models for queuing systentelts are based on
averages that exhibit signi cant variations for small pagidns. At large signal
levels there are saturations or even system failures. Thlsignges where a
model is reasonably accurate vary dramatically betweehcapipns, but it is rare
to nd models that are accurate for signal ranges larger tftdn 1

Characterization of the uncertainty of a dynamic model isimnmore dif cult.
We can try to capture uncertainties by assigning uncergsind parameters of the
model, but this is often not suf cient. There may be errors dug@henomena
that have been neglected, e.g., small time delays. In datmieoultimate test is
how well a control system based on the model performs, anel diefays can be
important. There is also a frequency aspect. There are slonopiena, such as
aging, that can cause changes or drift in the systems. Thestsarhigh-frequency
effects: a resistor will no longer be a pure resistance at kighh frequencies, and
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Figure 2.15: Characterization of model uncertainty. Uncertainty of a static system is il-
lustrated in (a), where the solid line indicates the nominal input/output relatpasd the
dashed lines indicate the range of possible uncertainty. The uncertairay lantb) is one

way to capture uncertainty in dynamical systems emphasizing that a risoggid only in

some amplitude and frequency ranges. In (c) a model is repred@ntedominal modeM

and another modéb representing the uncertainty analogous to the representation of param-
eter uncertainty.

a beam has stiffness and will exhibit additional dynamicemkubject to high-
frequency excitation. Thencertainty lemorshown in Figure 2.15b is one way to
conceptualize the uncertainty of a system. It illustrakeg & model is valid only
in certain amplitude and frequency ranges.

We will introduce some formal tools for representing unaigitly in Chapter 12
using gures such as Figure 2.15c. These tools make use of tleepbaf a trans-
fer function, which describes the frequency response ohantioutput system.
For now, we simply note that one should always be carefuldogrize the limits
of a model and not to make use of models outside their rangppbicability. For
example, one can describe the uncertainty lemon and thek thenake sure that
signals remain in this region. In early analog computingysiesm was simulated
using operational ampli ers, and it was customary to giverakwhen certain sig-
nal levels were exceeded. Similar features can be includédyital simulation.

2.4 Modeling Examples

In this section we introduce additional examples thatitlate some of the differ-
ent types of systems for which one can develop differentjabéion and difference
equation models. These examples are speci cally chosen freemge of differ-
ent elds to highlight the broad variety of systems to whicledback and control
concepts can be applied. A more detailed set of applicatlmatsserve as running
examples throughout the text are given in the next chapter.
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Figure 2.16: Vehicle steering dynamics. The left gure shows an overhead viewehicle
with four wheels. The wheel basehisand the center of mass at a distaaderward of the
rear wheels. By approximating the motion of the front and rear pairshefels by a single
front wheel and a single rear wheel, we obtain an abstraction callddidyxee modeglshown
on the right. The steering angledsand the velocity at the center of mass has the aagle
relative the length axis of the vehicle. The position of the vehicle is givefxjyy and the
orientation (heading) by.

Motion Control Systems

Motion control systems involve the use of computation amdiback to control the
movement of a mechanical system. Motion control systemged@mom nanopo-
sitioning systems (atomic force microscopes, adaptivesptto control systems
for the read/write heads in a disk drive of a CD player, to nfacturing systems
(transfer machines and industrial robots), to automotor@rol systems (antilock
brakes, suspension control, traction control), to air guate ight control systems
(airplanes, satellites, rockets and planetary rovers).

Example 2.8 Vehicle steering—the bicycle model

A common problem in motion control is to control the trajegtof a vehicle

through an actuator that causes a change in the orientdtisteering wheel on an
automobile and the front wheel of a bicycle are two examdassimilar dynam-
ics occur in the steering of ships or control of the pitch dyies of an aircraft.
In many cases, we can understand the basic behavior of theteens through the
use of a simple model that captures the basic geometry of/gters.

Consider a vehicle with two wheels as shown in Figure 2.16.tlk@purpose
of steering we are interested in a model that describes hewselocity of the
vehicle depends on the steering angdleTo be speci ¢, consider the velocityat
the center of mass, a distarc&om the rear wheel, and letbe the wheel base, as
shown in Figure 2.16. Let andy be the coordinates of the center of magshe
heading angle and the angle between the velocity vectoand the centerline of
the vehicle. Sincé = rytand anda = rytana, it follows that tara = (a=b) tanb
and we get the following relation betweanand the steering angté

atand

a(d) = arctan (2.23)

Assume that the wheels are rolling without slip and that telecity of the rear



2.4. MODELING EXAMPLES 53

wheel isvp. The vehicle speed at its center of mass #s vp=cosa, and we nd
that the motion of this point is given by

ZI;(= vecos(a + q) = VOCOSC((?S; q);

g in( ) (2.24)
y_ . _ sin(a+q).

pri vsin(a+ q) = Voicosa :

To see how the angle is in uenced by the steering angle, we observe from Fig-

ure 2.16 that the vehicle rotates with the angular velogityr, around the point

O. Hence dg vo Vo
oo b tand: (2.25)

Equations (2.23)—(2.25) can be used to model an automohilerthne assump-
tions that there is no slip between the wheels and the roadhatdhe two front
wheels can be approximated by a single wheel at the centéreoddr. The as-
sumption of no slip can be relaxed by adding an extra statahlar giving a more
realistic model. Such a model also describes the steeringndigs of ships as
well as the pitch dynamics of aircraft and missiles. It igiessible to place the
coordinates of the car at the rear wheels (correspondingttioga = 0), a model
often referred to as thBubins car[Dub57].

Figure 2.16 represents the situation when the vehicle mavesgafd and has
front-wheel steering. The case when the vehicle reversdstésned by changing
the sign of the velocity, which is equivalent to a vehiclehwiear-wheel steering.

N

Example 2.9 Vectored thrust aircraft

Consider the motion of vectored thrust aircraft, such asHbgier “jump jet”
shown Figure 2.17a. The Harrier is capable of vertical takbpffedirecting its
thrust downward and through the use of smaller maneuvehingters located on
its wings. A simpli ed model of the Harrier is shown in FigurelZb, where we
focus on the motion of the vehicle in a vertical plane throtigl wings of the
aircraft. We resolve the forces generated by the main dowshtteuster and the
maneuvering thrusters as a pair of foréegndF; acting at a distancebelow the
aircraft (determined by the geometry of the thrusters).

Let (x;y;q) denote the position and orientation of the center of massef t
aircraft. Letm be the mass of the vehicld,the moment of inertiag the gravi-
tational constant andthe damping coef cient. Then the equations of motion for
the vehicle are given by

mX= Fpcosq F»sing c¢x;
my= F;sing+ F,cosq mg cy; (2.26)
Jg = rFy:

It is convenient to rede ne the inputs so that the origin is guikbrium point
of the system with zero input. Lettingg = F; andu, = F, mg, the equations
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(a) Harrier “jump jet” (b) Simpli ed model

Figure 2.17: Vectored thrust aircraft. The Harrier AV-8B military aircraft (a) resdits its
engine thrust downward so that it can “hover” above the ground.eSzinfrom the engine
is diverted to the wing tips to be used for maneuvering. As shown in (bpehéhrust on
the aircraft can be decomposed into a horizontal féicand a vertical forcé, acting at a
distance from the center of mass.

become . . ,
MX= mgsing Cx+ UujCcoSq UySing;
my= mg(cosq 1) cy+ uiSing+ UpC0sq; (2.27)
Jg = rug:

These equations describe the motion of the vehicle as a $eteftoupled second-
order differential equations. N

Information Systems

Information systems range from communication systemsthkenternet to soft-
ware systems that manipulate data or manage enterpriseesderces. Feed-
back is present in all these systems, and designing steatémirouting, ow con-
trol and buffer management is a typical problem. Many resultqjueuing theory
emerged from design of telecommunication systems andftatardevelopment of
the Internet and computer communication systems [BG87/%I&ch87]. Man-
agement of queues to avoid congestion is a central probleimvarwill therefore
start by discussing the modeling of queuing systems.

Example 2.10 Queuing systems
A schematic picture of a simple queue is shown in Figure 2.18qugsts arrive
and are then queued and processed. There can be large variatiarrival rates
and service rates, and the queue length builds up when tivalaate is larger
than the service rate. When the queue becomes too larg&eserdenied using
an admission control policy.

The system can be modeled in many different ways. One way isoidem
each incoming request, which leads to an event-based mdusievihe state is



2.4. MODELING EXAMPLES 55

) m
—_—
incoming outgoing
messages messages

-
X

message queue

Figure 2.18: Schematic diagram of a queuing system. Messages arrive at ratel are
stored in a queue. Messages are processed and removed fromethe ajuraten The
average size of the queue is givembty R.

an integer that represents the queue length. The queue chamga a request
arrives or a request is serviced. The statistics of arrivdlsanvicing are typically
modeled as random processes. In many cases it is possitééetonine statistics
of quantities like queue length and service time, but thepaations can be quite
complicated.

A signi cant simpli cation can be obtained by using aw model Instead
of keeping track of each request we instead view service agdests as ows,
similar to what is done when replacing molecules by a contimwhen analyzing
uids. Assuming that the average queue lengik a continuous variable and that
arrivals and services are ows with ratésand m the system can be modeled by
the rst-order differential equation

dx _
dt
where mhax is the maximum service rate arfdx) is a number between 0 and 1
that describes the effective service rate as a functioneofjtteue length.
Itis natural to assume that the effective service rate dépen the queue length
because larger queues require more resources. In steddywstehavef (x) =
I =mhax and we assume that the queue length goes to zero WhegRax goes to
zero and that it goes to in nity wheh=mnax goes to 1. This implies th&t(0) =
0 and thatf(¥) = 1. In addition, if we assume that the effective service rate
deteriorates monotonically with queue length, then thetion f(x) is monotone
and concave. A simple function that satis es the basic resguénts isf(x) =
x=(1+ x), which gives the model

I m=1 maxf(X); x O (2.28)

X X
(:jt: | mnaxx+ 1: (2.29)

This model was proposed by Agnew [Agn76]. It can be shown thatrival
and service processes are Poisson processes, the averagdaqggh is given by
equation (2.29) and that equation (2.29) is a good apprdiomaven for short
gueue lengths; see Tipper [TS90].

To explore the properties of the model (2.29) we will rst itigate the equi-
librium value of the queue length when the arrival ratés constant. Setting the
derivativedx=dt to zero in equation (2.29) and solving fqrwe nd that the queue
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Figure 2.19: Queuing dynamics. (a) The steady-state queue length as a funcliempfy.
(b) The behavior of the queue length when there is a temporary overldhd system. The
solid line shows a realization of an event-based simulation, and the dasheshtws the
behavior of the ow model (2.29).

lengthx approaches the steady-state value

.
Mhax |~
Figure 2.19a shows the steady-state queue length as a furwdtio=n,ax, the
effective service rate excess. Notice that the queue langtbases rapidly ak
approachesgiax To have a queue length less than 20 requiraghax< 0:95. The
average time to service a requestds ( X+ 1)=mnax and it increases dramatically
as/ approachespax.

Figure 2.19b illustrates the behavior of the server in a Blggerload situation.
The maximum service rate ighax= 1, and the arrival rate starts at= 0:5. The
arrival rate is increased to = 4 at time 20, and it returns to = 0:5 at time 25.
The gure shows that the queue builds up quickly and clears stemyly. Since the
response time is proportional to queue length, it meanshieaquality of service
is poor for a long period after an overload. This behavior Iedaherush-hour
effectand has been observed in web servers and many other quesiegisysuch
as automobile traf c.

The dashed line in Figure 2.19b shows the behavior of the ow rhadeich
describes the average queue length. The simple model cafeihavior qualita-
tively, but there are signi cant variations from sample torgde when the queue
length is short. N

Xe = (2.30)

Many complex systems use discrete control actions. Suclragstan be mod-
eled by characterizing the situations that correspond ¢b eantrol action, as il-
lustrated in the following example.

Example 2.11 Virtual memory paging control

An early example of the use of feedback in computer systenssapplied in the
operating system OS/VS for the IBM 370 [BG68, Cro75]. The sysatised virtual
memory, which allows programs to address more memory thalmyisically avail-
able as fast memory. Data in current fast memory (randonsaacoemory, RAM)
is accessed directly, but data that resides in slower me(dasly) is automatically
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Figure 2.20: lllustration of feedback in the virtual memory system of the IBM/370. (a¢ T
effect of feedback on execution times in a simulation, following [BG68gsits with no
feedback are shown with, and results with feedback with Notice the dramatic decrease
in execution time for the system with feedback. (b) How the three statedbtaimed based
on process measurements.

loaded into fast memory. The system is implemented in suchyahed it appears
to the programmer as a single large section of memory. Thersyperformed
very well in many situations, but very long execution timesrgzencountered in
overload situations, as shown by the open circles in Figu28a2. The dif culty
was resolved with a simple discrete feedback system. Thedbtw central pro-
cessing unit (CPU) was measured together with the numbeigef paaps between
fast memory and slow memory. The operating region was clagsissbeing in one
of three states: normal, underload or overload. The norm&t & characterized
by high CPU activity, the underload state is characterizedioly CPU activity
and few page replacements, the overload state has modetate CPU load but
many page replacements; see Figure 2.20b. The boundariesdretiae regions
and the time for measuring the load were determined fromlsitions using typ-
ical loads. The control strategy was to do nothing in the nbtosd condition,
to exclude a process from memory in the overload conditiahtarallow a new
process or a previously excluded process in the underloaditean. The crosses
in Figure 2.20a show the effectiveness of the simple feedbgstiem in simulated
loads. Similar principles are used in many other situatieng., in fast, on-chip
cache memory. N

Example 2.12 Consensus protocols in sensor networks

Sensor networks are used in a variety of applications whergvarg to collect
and aggregate information over a region of space using pheilsiensors that are
connected together via a communications network. Examptdsde monitoring
environmental conditions in a geographical area (or inaidailding), monitoring
the movement of animals or vehicles and monitoring the nesoloading across
a group of computers. In many sensor networks the compuotdtresources for
the system are distributed along with the sensors, and ibeamportant for the
set of distributed agents to reach a consensus about ancprtguierty, such as the
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Figure 2.21: Consensus protocols for sensor networks. (a) A simple sensor tketvith
ve nodes. In this network, node 1 communicates with node 2 and noder@nunicates
with nodes 1, 3, 4, 5, etc. (b) A simulation demonstrating the converggfibe consensus
protocol (2.31) to the average value of the initial conditions.

average temperature in a region or the average computhli@bamong a set of
computers.

We model the connectivity of the sensor network using a grapth nodes
corresponding to the sensors and edges corresponding ¢xiitence of a direct
communications link between two nodes. We use the notdtioto represent the
set of neighbors of a node For example, in the network shown in Figure 2.21a
N, = f1;3;4;5g andN 3 = f 2;4g.

To solve the consensus problem, wexebe the state of thigh sensor, corre-
sponding to that sensor's estimate of the average valuevidaire trying to com-
pute. We initialize the state to the value of the quantity soeed by the individual
sensor. Our consensus protocol can now be realized as auljpdate law of the

form o
xi[k+ 1= xi[Kl+ g @ (xj[k] xi[K]): (2.31)
j2N;
This protocol attempts to compute the average by updatingptfa state of each
agent based on the value of its neighbors. The combined dgsashall agents
can be written in the form

xk+ 1]= x[k] g(D A)xK]; (2.32)

whereA is the adjacency matrix and is a diagonal matrix whose entries cor-
respond to the number of neighbors of the corresponding.ndtie constang
describes the rate at which we update our own estimate ofvitliage based on
the information from our neighbors. The matktix= D Ais called theLaplacian
of the graph.

The equilibrium points of equation (2.32) are the set of statech thake[k +

the system, corresponding to each sensor having an ideastimmatea for the
average. Furthermore, we can show thais precisely the average value of the
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RNA
,/olymerase

Figure 2.22: Biological circuitry. The cell on the left is a bovine pulmonary cell, stained s
that the nucleus, actin and chromatin are visible. The gure on the riglesgan overview
of the process by which proteins in the cell are made. RNA is transcribed DNA by an
RNA polymerase enzyme. The RNA is then translated into a protein by ameltg called

a ribosome.

initial states.  Since there can be cycles in the graph, it $sipte that the state
of the system could enter into an in nite loop and never cogeeo the desired
consensus state. A formal analysis requires tools thatbeilintroduced later in
the text, but it can be shown that for any connected graph welveays nd ag
such that the states of the individual agents converge tavbege. A simulation
demonstrating this property is shown in Figure 2.21b. N

Biological Systems

Biological systems provide perhaps the richest sourceanftiack and control ex-
amples. The basic problem of homeostasis, in which a quasitiz as tempera-
ture or blood sugar level is regulated to a xed value, is bug ohthe many types
of complex feedback interactions that can occur in moleauliachines, cells, or-
ganisms and ecosystems.

Example 2.13 Transcriptional regulation

Transcription is the process by which mRNA is generated fasagment of DNA.
The promoter region of a gene allows transcription to be otiett by the presence
of other proteins, which bind to the promoter region andegitiepress or activate
RNA polymerase, the enzyme that produces an mRNA trandooipt DNA. The
MRNA is then translated into a protein according to its notitee sequence. This
process is illustrated in Figure 2.22.

A simple model of the transcriptional regulation processhimugh the use
of a Hill function [dJ02, Mur04]. Consider the regulation afprotein A with
concentration given by, and a corresponding mRNA concentratiog. Let B
be a second protein with concentratipymthat represses the production of protein
A through transcriptional regulation. The resulting dynesrf p, andm, can be
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Figure 2.23: The repressilator genetic regulatory network. (a) A schematic diagfdhe o
repressilator, showing the layout of the genes in the plasmid that holdg¢bé as well as

the circuit diagram (in the center). (b) A simulation of a simple model forépeessilator

appears, showing the oscillation of the individual protein concentratidasameter values
taken from [ELOQ].

- (R

written as

dmy _ dab ) dpa _
dt 1+ kappp® T GMa dt

whereagp + ayo is the unregulated transcription ratg, represents the rate of
degradation of mMRNAagp, Kap andng, are parameters that describe how B re-
presses Ab, represents the rate of production of the protein from itsespond-
ing mMRNA andd, represents the rate of degradation of the protein A. The pa-
rameteragy describes the “leakiness” of the promoter ang is called the Hill
coef cient and relates to the cooperativity of the promoter.

A similar model can be used when a protein activates the ptamuof another
protein rather than repressing it. In this case, the equatiave the form

dme _ @apkapPp®
T = 1+ kab[;Eab t a0 GilM; ot bama  dapa; (2.34)
where the variables are the same as described previousig.thit in the case of
the activator, ifp, is zero, then the production ratedgy (versusagp+ ayo for the
repressor). A9y, gets large, the rst term in the expression fog approaches 1
and the transcription rate becomeg,+ ago (versusagg for the repressor). Thus
we see that the activator and repressor act in oppositeofaéitim each other.

As an example of how these models can be used, we consideraithel of a
“repressilator,” originally due to Elowitz and Leibler [ELOOThe repressilator is
a synthetic circuit in which three proteins each represshamnon a cycle. This is
shown schematically in Figure 2.23a, where the three protia TetR/ cl and
Lacl. The basic idea of the repressilator is that if TetR is@neghen it represses
the production of cl. If | cl is absent, then Lacl is produced (at the unregulated
transcription rate), which in turn represses TetR. OncR Tetepressed, thencl

bamy  dapa; (2.33)

dpa _
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is no longer repressed, and so on. If the dynamics of the itiaze designed
properly, the resulting protein concentrations will olsté.

We can model this system using three copies of equation W8t A and
B replaced by the appropriate combination of TetR, cl and L&ké state of the
system is then given by= ( Myetr; Pretr; Mel; Pel; Miacl; PLact) - Figure 2.23b shows
the traces of the three protein concentrations for parasete 2, a = 0:5, k=
6:25 104 ap=5 104 g=58 103 b= 0:12andd= 1:2 10 3with
initial conditionsx(0) = (' 1;0; 0;200; 0; 0) (following [ELOQ]). N

Example 2.14 Wave propagation in neuronal networks
The dynamics of the membrane potential in a cell are a fundeharechanism
in understanding signaling in cells, particularly in news@nd muscle cells. The
Hodgkin—Huxley equations give a simple model for studyingpagation waves
in networks of neurons. The model for a single neuron has tme fo

C(?Zi\t/ = Ina Ik lieak™ linput;
whereV is the membrane potentidl,is the capacitancey, andlk are the current
caused by the transport of sodium and potassium across ltheemabrane Jieax
is a leakage current arlgp is the external stimulation of the cell. Each current
obeys Ohm's law, i.e.,

=gV E);

whereg is the conductance arf is the equilibrium voltage. The equilibrium
voltage is given by Nernst's law

RT
E= —Flog(ce=a);

whereR is Boltzmann's constanfl is the absolute temperaturg,is Faraday's
constantn is the charge (or valence) of the ion anié@ndc are the ion concentra-
tions inside the cell and in the external uid. At 2€ we haveRT=F = 20 mV.
The Hodgkin—Huxley model was originally developed as a méapsedict the
guantitative behavior of the squid giant axon [HH52]. Hoaghnd Huxley shared
the 1963 Nobel Prize in Physiology (along with J. C. Eccles) falgsis of the
electrical and chemical events in nerve cell discharges. viitage clamp de-
scribed in Section 1.3 (see Figure 1.8) was a key element in kilmdgd Huxley's
experiments. \

2.5 Further Reading

Modeling is ubiquitous in engineering and science and hamg history in ap-
plied mathematics. For example, the Fourier series waedatred by Fourier
when he modeled heat conduction in solids [Fou07]. Modeldyofamics have
been developed in many different elds, including mecharjigm78, Gol53],
heat conduction [CJ59], uids [BRS60], vehicles [Abk69, Bla%¥Il94], circuit
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theory [Gui63], acoustics [Ber54] and micromechanicatesys [Sen01]. Control
theory requires modeling from many different domains, amdteontrol theory
texts contain several chapters on modeling using ordindfgrential equations
and difference equations (see, for example, [FPENO5]). A icdssok on the

modeling of physical systems, especially mechanical teted and thermo uid

systems, is Cannon [Can03]. The book by Aris [Ari94] is higblyginal and

has a detailed discussion of the use of dimension-freeblasa Two of the au-
thors' favorite books on modeling of biological systems &r®. Murray [Mur04]

and Wilson [Wil99]. For readers interested in learning mafveut object-oriented
modeling and Modelica, Tiller [Til01] provides an excellemtroduction.

Exercises

2.1 Consider the linear ordinary differential equation (2 Show that by choosing
a state space representation with= y, the dynamics can be written as
9 8 9

o 1 0 0
. . 0 8 9
A= 0 . 0%, B=EE%, C=!1:: 0 0:
0 0 1 :

an a1 ar v
This canonical form is called thehain of integratorgorm.

2.2 Use the equations of motion for a balance system to derivenardic model
for the inverted pendulum described in Example 2.2 and véndy for smallg the
dynamics are approximated by equation (2.10).

2.3 Consider the following discrete-time system

x[k+ 1] = AxXK] + BulK]; y[kl = CXK];
where 8 9 8 9 8 9 8 9
Xz.gxl’g; Az;all 6112’3; Bz.BO’B; C=:1 0
Xo 0 ax» 1

In this problem, we will explore some of the properties o$ttliscrete-time system
as a function of the parameters, the initial conditions d&edputs.

() For the case whem> = 0 andu= 0, give a closed form expression for the
output of the system.

(b) A discrete system is iaquilibriumwhenx[k+ 1] = x[K] for all k. Letu= r be

a constant input and compute the resulting equilibrium fgfointhe system. Show
that if ja;ij < 1 for all i, all initial conditions give solutions that converge to the
equilibrium point.

(c) Write a computer program to plot the output of the systenesponse to a unit
step inputulk] = 1,k 0. Plot the response of your system wid®] = 0 andA
given bya;1 = 0:5,a12 = 1 anday, = 0:25.
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2.4 Keynes' simple model for an economy is given by
Y[K] = CIK]+ I[k]+ GIK];

whereY, C, | andG are gross national product (GNP), consumption, investment
and government expenditure for yéatConsumption and investment are modeled
by difference equations of the form

Clk+ 1]= aY[k];  I[k+ 1] = b(Clk+ 1] CIK]);

wherea and b are parameters. The rst equation implies that consumptien in
creases with GNP but that the effect is delayed. The secoratiequmplies that
investment is proportional to the rate of change of consionpt

Show that the equilibrium value of the GNP is given by

1
1l a

where the parameter=(1 a) is the Keynes multiplier (the gain fromor G to
Y). With a= 0:25 an increase of government expenditure will result in aftdd
increase of GNP. Also show that the model can be written a®tlosving discrete-
time state mgdel 98 9 8 9

sClkrllz _ 3 a  azzCldzy | 3 az

"olk+ 1) "ab a ab " Ik’ -~ ab '

Y[K] = C[K]+ I[K]+ GIK]:

Ye=

(le+ Ge);

2.5 (Eye and head motion) Consider Exercise 1.1 in Chapter 1. Qidhsuweb
or a book in physiology that describes the system. Conshiock diagram that
captures the essence of the experiments and discuss theeddés between the
two cases qualitatively.

2.6(Second-order system identi cation) Verify that equatior?@ in Example 2.5
is correct and use this formula and the others in the exaropternpute the pa-
rameters corresponding to the step response in Figure 2.14.

2.7 (Least squares system identi cation) Consider a nonlingéeréintial equation
that can be written in the form

wherefj(x) are known nonlinear functions ar are unknown, but constant, pa-
rameters. Suppose that we have measurements (or estimfths)fall statex
determined by nding the least squares solution to a lineaaégn of the form

Ha = b;

wherea 2 RM is the vector of all parameters atti2 RN M andb 2 RN are
appropriately de ned.
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2.8(Normalized oscillator dynamics) Consider a damped sprimass system with
dynamics
mg+ cq+ kq= F:
Let wp = P k=m be the undamped natural frequency ang c=(2p km) be the
damping ratio.
(&) Show that by rescaling the equations, we can write therdigsain the form
G+ 2zwoq+ Weq= Wiu (2.35)

whereu= F=k. This form of the dynamics is that of a linear oscillator witktural
frequencywy and damping ratia.
(b) Show that the system can be further normalized and wiiittéme form

a ~ 2 dt

We thus see that the essential dynamics of the system arengolvby a single
damping parametear. TheQ-valuede ned asQ= 1=2z is sometimes used instead
of z.

1 2Zn+ V. (2.36)

2.9(State space model for a balance systems) Show that the dysfmméacbalance
system using normalized coordinates can be written in sfgee form as

8 9
X3

Xa
dx axZz asinxcosx+ u

dt 1 abcoEx ;
ab cospx2  sinxy+ b cosxu
1 abcogx

wherex=(g4;q;04;q).

2.10 An electric generator connected to a strong power grid candmdeled by a
momentum balance for the rotor of the generator:

d?j
dt?
wherel is the effective moment of inertia of the generajothe angle of rotation,
P the mechanical power that drives the generdidhe generator voltag®, the
grid voltage andX the reactance of the liné% is the active electrical power and,
assuming that the line dynamics are much faster than the dyteamics, it is
given byP. = VI = ( EV=X) sinj , wherel is the current component in phase with
the voltageE andj is the phase angle between voltageandV. Show that the
dynamics of the electric generator have a normalized foreh i similar to the

inverted pendulum in Example 2.2 (note that damping has beglected in the
model above).

EV . .
J =PFPn Pe=hn 75”11 ;
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2.11(Admission control for a queue) The long delays created byteary over-
loads can be reduced by rejecting requests when the quesiagg. This allows
requests that are accepted to be serviced quickly and rsotives cannot be ac-
commodated to receive a rejection quickly so they can tryterserver. Consider
a simple proportional control with saturation, describgd b

u= Sako;l)(k(r X)) ; (2.37)

where satp, is de ned in equation (3.9) and is the desired (reference) queue
length. Use a simulation to show that this controller redube rush-hour effect
and explain how the choice ofeffects the system dynamics.

2.12 (Biological switch) A genetic switch can be formed by contimeg two re-
pressors connected together in a cycle as shown below.

A m—
YN
ul_|g§._uZ
L—//
B

LUZ

Using the models from Example 2.13, under the assumptiorthieaparameters
are the same for both genes, and further assuming that theAnecBhEentrations
reach steady state quickly, show that the dynamics for tfstem can be written
in normalized coordinates as

dz m dz m

el 2y Vi, el

dt 1+ 2 dt  1+2)
wherez; andz, are scaled versions of the protein concentrations andrtteedcale
has also been changed. Show that 200 using the parameters in Example 2.13,
and use simulations to demonstrate the switch-like behavithe system.

Vo (2.38)

2.13 (Motor drive) Consider a system consisting of a motor dgviwo masses
that are connected by a torsional spring, as shown in theatiagelow.

J1 J2

_— Motor

wy wp
J Jp

This system can represent a motor with a exible shaft thatedria load. Assum-
ing that the motor delivers a torque that is proportionahtdurrent, the dynamics
of the system can be described by the equations

2. . .
M+Cm % +k(jl j2):kll;

dt2 dt dt (2.39)

d2j 2 dj 2 dj 1 . .
Ze -4 = Ty
JZ dt dt k(j 2 ) 1) d

J

az T ¢
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Similar equations are obtained for a robot with exible armsl &or the arms of
DVDs and optical disk drives.
Derive a state space model for the system by introducing riber(alized)
Btate variables = j 1, X2 = j 2, X3 = W=, and x4 = wWo=wp, wherewy =
k(J1+ J)=(J1Jp) is the undamped natural frequency of the system when the
control signal is zero.




Chapter Three
Examples

. Don't apply any model until you understand the simplifying assumgt@nwhich it
is based, and you can test their validity. Catch phrase: use only as dire@en't limit
yourself to a single model: More than one model may be useful for ulageliag different
aspects of the same phenomenon. Catch phrase: legalize polygamy.”

Saul Golomb, “Mathematical Models—Uses and Limitations,” 1970 [Gol70]

In this chapter we present a collection of examples spanmiagy different
elds of science and engineering. These examples will be usedighout the text
and in exercises to illustrate different concepts. Firsketireaders may wish to
focus on only a few examples with which they have had the mast pxperience
or insight to understand the concepts of state, input, dudpd dynamics in a
familiar setting.

3.1 Cruise Control

The cruise control system of a car is a common feedback systeouatered in
everyday life. The system attempts to maintain a constantitglin the presence
of disturbances primarily caused by changes in the slopaad@ The controller
compensates for these unknowns by measuring the speed @irthed adjusting
the throttle appropriately.

To model the system we start with the block diagram in Figule 8etv be
the speed of the car angl the desired (reference) speed. The controller, which
typically is of the proportional-integral (Pl) type des@ibbrie y in Chapter 1,
receives the signalg andv; and generates a control signathat is sent to an
actuator that controls the throttle position. The throttléurn controls the torque
T delivered by the engine, which is transmitted through trergiand the wheels,
generating a forc& that moves the car. There are disturbance fofgedue to
variations in the slope of the road, the rolling resistanua aerodynamic forces.
The cruise controller also has a human—machine interfadeattoavs the driver
to set and modify the desired speed. There are also functiahslisconnect the
cruise control when the brake is touched.

The system has many individual components—actuator, engaresmission,
wheels and car body—and a detailed model can be very cortgalicén spite of
this, the model required to design the cruise controllertaguite simple.

To develop a mathematical model we start with a force balfordbe car body.
Let v be the speed of the canthe total mass (including passengefs}he force
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Fq
Throtte& | T | Gears& | F v
> . > Body >
Engine Wheels
u
Actuator |- Controller = ‘
J l«—— on/off
Vr Human |« set/decel
Interface~— resume/accel
l«—— cancel

Figure 3.1: Block diagram of a cruise control system for an automobile. The throttle-
controlled engine generates a torquéhat is transmitted to the ground through the gearbox
and wheels. Combined with the external forces from the environmettt,asiaerodynamic
drag and gravitational forces on hills, the net force causes the car\e.niche velocity

of the carv is measured by a control system that adjusts the throttle through an actuation
mechanism. A human interface allows the system to be turned on anddofi@meference
speedy; to be established.

generated by the contact of the wheels with the road Farie disturbance force
due to gravity, friction and aerodynamic drag. The equationation of the car is
simply
Vo g (3.1)
mdt = d- .

The forceF is generated by the engine, whose torque is proportiondido t
rate of fuel injection, which is itself proportional to a ¢osl signal0 u 1
that controls the throttle position. The torque also dep@mdsngine speed. A
simple representation of the torque at full throttle is gilay the torque curve

|
W 2
Tw)=Tn 1 b — 1 ; (3.2)
Wm
where the maximum torquRy, is obtained at engine speag,. Typical parameters
are T, = 190 Nm, wiy, = 420 rad/s (about 4000 RPM) arid= 0:4. Letn be
the gear ratio and the wheel radius. The engine speed is related to the velocity
through the expression

n
w= sz apV,
and the driving force can be written as
nu
F= TT(W)Z anpuT(anv):

Typical values ofa, for gears 1 through 5 a;, = 40,a, = 25,a3= 16,a4= 12
andas = 10. The inverse o&, has a physical interpretation as thfgective wheel
radius. Figure 3.2 shows the torque as a function of engine speed emdle
speed. The gure shows that the effect of the gear is to “ attdre torque curve
so that an almost full torque can be obtained almost over ti@aerspeed range.
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Figure 3.2: Torque curves for typical car engine. The graph on the left showsotigeie
generated by the engine as a function of the angular velocity of the engiile,the curve
on the right shows torque as a function of car speed for differemsgea

The disturbance forcBy has three major componentsg, the forces due to
gravity; F, the forces due to rolling friction; arfe, the aerodynamic drag. Letting
the slope of the road be, gravity gives the forcéy = mgsing, as illustrated in
Figure 3.3a, wherg = 9.8 m/$ is the gravitational constant. A simple model of
rolling friction is

Fr = mgG sgn(v);

whereC; is the coef cient of rolling friction and sgfv) is the sign ofv ( 1) or
zero if v= 0. A typical value for the coef cient of rolling friction i€, = 0:01.
Finally, the aerodynamic drag is proportional to the squatbespeed:

1
Fa= SrCAV;

wherer is the density of airCy is the shape-dependent aerodynamic drag coef-
cient and A is the frontal area of the car. Typical parametersrare 1.3 kg/n¥,
Cq= 0:32andA= 2.4 n?.

Summarizing, we nd that the car can be modeled by

m(;l/ = apuT(apv) mgG sgnv) %r CsAV  mgsing; (3.3)
where the functiorm is given by equation (3.2). The model (3.3) is a dynamical
system of rst order. The state is the car velooitywhich is also the output. The
input is the signal that controls the throttle position, and the disturbanciés
force Ry, which depends on the slope of the road. The system is nonlimeeause
of the torque curve and the nonlinear character of rolliigjiém and aerodynamic
drag. There can also be variations in the parameters; eggm#ss of the car
depends on the number of passengers and the load beingldartie car.

We add to this model a feedback controller that attemptsgolage the speed
of the car in the presence of disturbances. We shall use agi@pal-integral
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Figure 3.3: Car with cruise control encountering a sloping road. A schematic diagram
is shown in (a), and (b) shows the response in speed and throttle wHepeads 4 is
encountered. The hill is modeled as a net change af 4ill angle g, with a linear change

in the angle between= 5 andt = 6. The PI controller has proportional gainkig = 0.5,

and the integral gain i = 0:1.

controller, which has the form
Z

u= e+ k0t

This controller can itself be realized as an input/outputadgital system by de n-
ing a controller state and implementing the differential equation
dz _
dt
wherey;, is the desired (reference) speed. As discussed brie y in &@gdti5, the
integrator (represented by the stayensures that in steady state the error will be
driven to zero, even when there are disturbances or modetiogs. (The design
of PI controllers is the subject of Chapter 10.) Figure 3.3mshine response of
the closed loop system, consisting of equations (3.3) adq,(@hen it encounters
a hill. The gure shows that even if the hill is so steep that theottle changes
from 0.17 to almost full throttle, the largest speed errdess than 1 m/s, and the
desired velocity is recovered after 20 s.

Many approximations were made when deriving the model (3t3)ay seem
surprising that such a seemingly complicated system cares$eritbed by the sim-
ple model (3.3). Itis important to make sure that we restiigtuse of the model
to the uncertainty lemon conceptualized in Figure 2.15b. Thdehis not valid
for very rapid changes of the throttle because we have ightbre details of the
engine dynamics, neither is it valid for very slow changesaose the properties
of the engine will change over the years. Nevertheless theeiris very useful
for the design of a cruise control system. As we shall seetar lehapters, the
reason for this is the inherent robustness of feedbackragsteven if the model
is not perfectly accurate, we can use it to design a contratid make use of the
feedback in the controller to manage the uncertainty in yiséesn.

ViV u=kp(vr V)+ kiz, (3.4)
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resume

Figure 3.4: Finite state machine for cruise control system. The gure on the left show
some typical buttons used to control the system. The controller can be iof éour modes,
corresponding to the nodes in the diagram on the right. Transition betweenoites is con-
trolled by pressing one of the ve buttons on the cruise control interfaocgoff, set/accel,
resume or cancel.

The cruise control system also has a human—machine intdtfatallows the
driver to communicate with the system. There are many diftaneys to imple-
ment this system; one version is illustrated in Figure 3.4. 3ysem has four
buttons: on-off, set/decelerate, resume/accelerateamzbt The operation of the
system is governed by a nite state machine that controls tbeas of the Pl con-
troller and the reference generator. Implementation otrotiars and reference
generators will be discussed more fully in Chapter 10.

The use of control in automotive systems goes well beyondithpls cruise
control system described here. Modern applications ireleichissions control,
traction control and power control (especially in hybridhiges). Many automo-
tive applications are discussed in detail in the book by Kkerand Nielsen [KNOO]
and in the survey papers by Powers et al. [BP96, PNOO].

3.2 Bicycle Dynamics

The bicycle is an interesting dynamical system with the fesatinat one of its key
properties is due to a feedback mechanism that is createtiebgdsign of the
front fork. A detailed model of a bicycle is complex because ¢ystem has many
degrees of freedom and the geometry is complicated. Howavgreat deal of
insight can be obtained from simple models.

To derive the equations of motion we assume that the bicytie on the hor-
izontal xy plane. Introduce a coordinate system that is xed to the bé&ydth
the x-axis through the contact points of the wheels with the gdouhe h-axis
horizontal and the-axis vertical, as shown in Figure 3.5. lwtbe the velocity of
the bicycle at the rear whedd,the wheel basg, the tilt angle andd the steering
angle. The coordinate system rotates around the @intth the angular veloc-
ity w = vpd=b, and an observer xed to the bicycle experiences forces dtieeto
motion of the coordinate system.

The tilting motion of the bicycle is similar to an inverted geum, as shown
in the rear view in Figure 3.5b. To model the tilt, considertiged body obtained
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Figure 3.5: Schematic views of a bicycle. The steering angld,isnd the roll angle ig .
The center of mass has heighand distance from a vertical through the contact poirg
of the rear wheel. The wheel basejsand the trail i.

when the wheels, the rider and the front fork assembly are tethe bicycle
frame. Letm be the total mass of the systeththe moment of inertia of this
body with respect to the-axis andD the product of inertia with respect to the
xz axes. Furthermore, let the and z coordinates of the center of mass with
respect to the rear wheel contact poiB{, be a and h, respectively. We have

J mi? andD = mah The torques acting on the system are due to gravity and
centripetal action. Assuming that the steering argjlis small, the equation of
motion becomes

ﬂ DVodd_ .. m\%h
dt2 b dt

The termmghsinj is the torque generated by gravity. The terms containiagd
its derivative are the torques generated by steering, Wéherm(Dvy=b) dd=dt
due to inertial forces and the ter(rmv(%h=b) d due to centripetal forces.

The steering angle is in uenced by the torque the rider appbethe handle
bar. Because of the tilt of the steering axis and the shapkeofront fork, the
contact point of the front wheel with the ro&d is behind the axis of rotation of
the front wheel assembly, as shown in Figure 3.5c. The distatetween the
contact point of the front whed®, and the projection of the axis of rotation of
the front fork assembly; is called thetrail. The steering properties of a bicycle
depend critically on the trail. A large trail increases #tghbut makes the steering
less agile.

A consequence of the design of the front fork is that the sigeangled is
in uenced both by steering torque and by the tilt of the framg . This means
that a bicycle with a front fork is #&eedback systems illustrated by the block
diagram in Figure 3.6. The steering anglen uences the tilt anglg , and the
tilt angle in uences the steering angle, giving rise to thecglar causality that is

d: (3.5)



3.3. OPERATIONAL AMPLIFIER CIRCUITS 73

] j
B —»@—» Frame

Figure 3.6: Block diagram of a bicycle with a front fork. The steering torque appliethéo
handlebars iF, the roll angle i and the steering angle & Notice that the front fork
creates a feedback from the roll angléo the steering anglé that under certain conditions
can stabilize the system.

characteristic of reasoning about feedback. For a frorik fath a positive trail,
the bicycle will steer into the lean, creating a centrifuffate that attempts to
diminish the lean. Under certain conditions, the feedbackactually stabilize the
bicycle. A crude empirical model is obtained by assuming tihe blockB can be
modeled as the static system

d= kT koj: (3.6)

This model neglects the dynamics of the front fork, the tioaerinteraction and
the fact that the parameters depend on the velocity. A mangrate model, called
theWhipple modelis obtained using the rigid-body dynamics of the front fark
the frame. Assuming small angles, this model becomes

8.9 8.9 9 8 9

) . . .
MELE + w3l (ko k)3 2 =303 (3.7)

where the elements of the 22 matriceaMl, C, Ko andK, depend on the geome-
try and the mass distribution of the bicycle. Note that thas b form somewhat
similar to that of the spring—mass system introduced in @repand the balance
system in Example 2.1. Even this more complex model is inatelrecause the
interaction between the tire and the road is neglectedndgtkiis into account re-
quires two additional state variables. Again, the uncetydemon in Figure 2.15b
provides a framework for understanding the validity of thedel under these as-
sumptions.

Interesting presentations on the development of the kécgoé given in the
books by D. Wilson [Wil04] and Herlihy [Her04]. The model (3 was presented
in a paper by Whipple in 1899 [Whi99]. More details on bicyaledeling are
given in the paperAKLO5], which has many references.

3.3 Operational Ampli er Circuits

An operational ampli er (op amp) is a modern implementatibBlack's feedback
ampli er. It is a universal component that is widely used festrumentation, con-
trol and communication. It is also a key element in analogmatimg. Schematic
diagrams of the operational ampli er are shown in Figure 3.7e @mpli er has
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Figure 3.7: An operational ampli er and two schematic diagrams. (a) The ampli er pin
connections on an integrated circuit chip. (b) A schematic with all conrmetig) Only the
signal connections.

one inverting inputy ), one noninverting input; ) and one outputv,yy). There
are also connections for the supply voltages,ande., and a zero adjustment
(offset null). A simple model is obtained by assuming that ithput currents
andi, are zero and that the output is given by the static relation

Vout = Saky,,vma) K(V+ V) 5 (3.8)
where sat denotes the saturation fugction
2a ifx<a
Safap) (X) = S X ifa x b (3.9)
b ifx>h:

We assume that the galiris large, in the range of $81C, and the voltagesnn
andvpmax satisfy
€  Vmin< Vmax €+

and hence are in the range of the supply voltages. More decoradels are ob-
tained by replacing the saturation function with a smooticfion as shown in
Figure 3.8. For small input signals the ampli er charact&si€?.8) is linear:

Vout
Vmax

Vmin

Figure 3.8: Input/output characteristics of an operational ampli er. The differéimjaut is
givenbyv: v . The output voltage is a linear function of the input in a small range around
0, with saturation a¥in, andvmax. In the linear regime the op amp has high gain.
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Figure 3.9: Stable ampli er using an op amp. The circuit (a) uses negative feédiracind
an operational ampli er and has a corresponding block diagram (i.ré&sistor&; andR»
determine the gain of the ampli er.

Vour= K(v+ Vv )=: kv (3.10)

Since the open loop gakis very large, the range of input signals where the system
is linear is very small.

A simple ampli er is obtained by arranging feedback arounel tlasic opera-
tional ampli er as shown in Figure 3.9a. To model the feedbatiplaer in the
linear range, we assume that the currigrt i + i, is zero and that the gain of
the ampli er is so large that the voltage= v v; Is also zero. It follows from
Ohm's law that the currents through resistBisandR, are given by

\% Vo
RR R’
and hence the closed loop gain of the ampli er is
%22 Kel; where kg = Re. (3.11)
Vi Ry
A more accurate model is obtained by continuing to negleetdinrrentip but
assuming that the voltagas small but not negligible. The current balance is then

Vi V_V Vo
RR R’
Assuming that the ampli er operates in the linear range anagusquation (3.10),
the gain of the closed loop system becomes
_ V2 Ry le
ket = V1_ R R+ R+ kR
If the open loop gairk of the operational ampli er is large, the closed loop gain
ke is the same as in the simple model given by equation (3.11}ic&lthat the
closed loop gain depends only on the passive componentshahddriations in
k have only a marginal effect on the closed loop gain. For exarfgk = 10°
and R,=R; = 100, a variation ok by 100% gives only a variation of 0.01% in
the closed loop gain. The drastic reduction in sensitivitg isice illustration of
how feedback can be used to make precise systems from uncestaponents.
In this particular case, feedback is used to trade high gail@v robustness for
low gain and high robustness. Equation (3.13) was the forthalainspired Black

(3.12)

(3.13)
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Figure 3.10: Circuit diagram of a PI controller obtained by feedback around aratipesl
ampli er. The capacito€ is used to store charge and represents the integral of the input.

when he invented the feedback ampli er [Bla34] (see the qabtde beginning
of Chapter 12).

It is instructive to develop a block diagram for the feedbaakpli er in Fig-
ure 3.9a. To do this we will represent the pure ampli er withuhv and outpui,
as one block. To complete the block diagram, we must deshates depends on
vy andv,. Solving equation (3.12) for gives

V= Re Vi + Ry Vo = Ry &V + Vo
_R1+R21 Ri+ R 2 Ri+ R Rll 2

and we obtain the block diagram shown in Figure 3.9b. The diagtaarly shows
that the system has feedback and that the gain frotovis Ri=(R; + R»), which
can also be read from the circuit diagram in Figure 3.9a. Ifdog is stable and
the gain of the ampli er is large, it follows that the erreis small, and we nd that
Vo = (Rx=Ry)vi. Notice that the resistdR; appears in two blocks in the block
diagram. This situation is typical in electrical circuitsdait is one reason why
block diagrams are not always well suited for some types g$jglal modeling.

The simple model of the ampli er given by equation (3.10) po®s qualitative
insight, but it neglects the fact that the ampli er is a dynaatisystem. A more
realistic model is

dVout _
dt

The parametdr that has dimensions of frequency and is calledythia-bandwidth
productof the ampli er. Whether a more complicated model is used ddpen
the questions to be answered and the required size of thetaimtg lemon. The
model (3.14) is still not valid for very high or very low fregocies since drift
causes deviations at low frequencies and there are adaliignamics that appear
at frequencies close tm The model is also not valid for large signals—an upper
limit is given by the voltage of the power supply, typicalfythe range of 5-10 V—
neither is it valid for very low signals because of electrit@ise. These effects can
be added, if needed, but increase the complexity of the aisaly

The operational ampli er is very versatile, and many diffdreystems can be
built by combining it with resistors and capacitors. In fay linear system can
be implemented by combining operational ampli ers with sésis and capacitors.
Exercise 3.5 shows how a second-order oscillator is impléadeand Figure 3.10
shows the circuit diagram for an analog proportional-irsegontroller. To de-

aV0ut bV (3 14)
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velop a simple model for the circuit we assume that the ctirges zero and that
the open loop gaif is so large that the input voltages negligible. The currerit
through the capacitor iss Cdw.=dt, wherev, is the voltage across the capacitor.
Since the same current goes through the resigtowe get

_vi_
- Ry C T dt
which implies that
12 1 %t

The output voltage is thus given by
R» 1 %t
Vo(t) = Ral V= alvl(t) RC o vi(t)dt;

which is the input/output relation for a PI controller.

The development of operational ampli ers was pioneered bydPilak [Lun05,
Phi48], and their usage is described in many textbooks (€g§75]). Good in-
formation is also available from suppliers [Jun02, Man02].

3.4 Computing Systems and Networks

The application of feedback to computing systems followsstérae principles as
the control of physical systems, but the types of measurevaard control inputs
that can be used are somewhat different. Measurement(sgm@se typically
related to resource utilization in the computing system etsvork and can in-
clude quantities such as the processor load, memory usaggwork bandwidth.
Control variables (actuators) typically involve settiimgits on the resources avail-
able to a process. This might be done by controlling the amoumemory, disk
space or time that a process can consume, turning on or afepsong, delaying
availability of a resource or rejecting incoming requests tserver process. Pro-
cess modeling for networked computing systems is alsoamgilhg, and empirical
models based on measurements are often used when a rsigbemmodel is not
available.

Web Server Control

Web servers respond to requests from the Internet and gravidrmation in the

form of web pages. Modern web servers start multiple praxess respond to
requests, with each process assigned to a single sourtaafirther requests are
received from that source for a prede ned period of time. Psses that are idle
become part of a pool that can be used to respond to new requ@sprovide a

fast response to web requests, it is important that the wefersprocesses do not
overload the server's computational capabilities or eshasimemory. Since other
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Figure 3.11: Feedback control of a web server. Connection requests arriven ampat
queue, where they are sent to a server process. A nite state macbéps krack of the
state of the individual server processes and responds to requestmtrdl algorithm can
modify the server's operation by controlling parameters that affecieitgbior, such as the
maximum number of requests that can be serviced at a single kitmeQlients ) or the
amount of time that a connection can remain idle before it is dropgedgAlive ).

processes may be running on the server, the amount of aegiledcessing power
and memory is uncertain, and feedback can be used to prowitt gerformance
in the presence of this uncertainty.

Figure 3.11 illustrates the use of feedback to modulate threxadipon of an
Apache web server. The web server operates by placing ingpognnection
requests on a queue and then starting a subprocess to hegdésts for each ac-
cepted connection. This subprocess responds to requestafgiven connection
as they come in, alternating betweeBuasy state and &Vait state. (Keeping the
subprocess active between requests is known agdtsistencef the connection
and provides a substantial reduction in latency to requestswultiple pieces of
information from a single site.) If no requests are receifigd suf ciently long
period of time, controlled by thEeepAlive parameter, then the connection is
dropped and the subprocess enterkiéan state, where it can be assigned another
connection. A maximum diaxClients  simultaneous requests will be served,
with the remainder remaining on the incoming request queue.

The parameters that control the server represent a tradeetfeen perfor-
mance (how quickly requests receive a response) and resosage (the amount
of processing power and memory utilized on the server) elasing thévlaxClients
parameter allows connection requests to be pulled off ofjtreie more quickly
but increases the amount of processing power and memorg tisagis required.
Increasing th&eepAlive timeout means that individual connections can remain
idle for a longer period of time, which decreases the prangdsad on the ma-
chine but increases the size of the queue (and hence the aofdime required
for a user to initiate a connection). Successful operaticalafisy server requires
a proper choice of these parameters, often based on triadramd

To model the dynamics of this system in more detail, we craaliscrete-time
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model with states given by the average processor lgg¢land the percentage
memory usag&mem 1he inputs to the system are taken as the maximum number
of clientsumc and the keep-alive timey,. If we assume a linear model around the
egumbrlum point, the dynamics can be written as

9 8 938 9 8

2 Xepdk+ 1] 3 _ 3 A1 A2z 3 XepdKl3 | 3B BlZB 3 Uka[k]B . (3.15)

* XmemlK+ 1" T 7 Az Az’ XmemlK' B2 B2 " Umck]’
where the coef cients of th& andB matrices must be determined based on empiri-
cal measurements or detailed modeling of the web servaxtsssing and memory
usage. Using system identi cation, Diao et al. [DGH+02, HDPTidénti ed the
linearized dynamics as

9
A= 3 0:54 011z . B= g 85 443
0:026 063’ 25 28

where the system was linearized about the equilibrium point
Xepu= 0:58, Uka= 115 Xmem= 0:55 Umc = 600

This model shows the basic characteristics that were destabove. Look-
ing rst at the B matrix, we see that increasing tieepAlive timeout ( rst
column of theB matrix) decreases both the processor usage and the memory us
age since there is more persistence in connections and tieacErver spends
a longer time waiting for a connection to close rather tha&mgon a new ac-
tive connection. ThédlaxClients connection increases both the processing and
memory requirements. Note that the largest effect on thegssor load is the
KeepAlive timeout. TheA matrix tells us how the processor and memory us-
age evolve in a region of the state space near the equiligpint. The diagonal
terms describe how the individual resources return to #xgjisim after a transient
increase or decrease. The off-diagonal terms show that ieripling between
the two resources, so that a change in one could cause ahategein the other.

Although this model is very simple, we will see in later exdespthat it can
be used to modify the parameters controlling the serverahtime and provide
robustness with respect to uncertainties in the load on tehime. Similar types
of mechanisms have been used for other types of servers.intipisrtant to re-
member the assumptions on the model and their role in daterghiwhen the
model is valid. In particular, since we have chosen to useagequantities over
a given sample time, the model will not provide an accurapgesentation for
high-frequency phenomena.

10 4

Congestion Control

The Internet was created to obtain a large, highly decenédlief cient and ex-
pandable communication system. The system consists of ahangber of inter-
connected gateways. A message is split into several packéth are transmitted
over different paths in the network, and the packages aoinez] to recover the
message at the receiver. An acknowledgment (“ack”) messaggnt back to the
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Figure 3.12: Internet congestion control. (a) Source computers send informatiuters,
which forward the information to other routers that eventually connecigtogbeiving com-
puter. When a packet is received, an acknowledgment packetisagathrough the routers
(not shown). The routers buffer information received from thersesiand send the data
across the outgoing link. (b) The equilibrium buffer sizefor a set ofN identical comput-
ers sending packets through a single router with drop probability

sender when a packet is received. The operation of the systgaverned by a
simple but powerful decentralized control structure thes @volved over time.

The system has two control mechanisms capeatocols the Transmission
Control Protocol (TCP) for end-to-end network communicatiod ¢he Internet
Protocol (IP) for routing packets and for host-to-gateway ategay-to-gateway
communication. The current protocols evolved after sometapalar congestion
collapses occurred in the mid 1980s, when throughput uriéegly could drop by
a factor of 1000 [Jac95]. The control mechanism in TCP is basetbaserving
the number of packets in the loop from the sender to the recaivd back to the
sender. The sending rate is increased exponentially whea ih@o congestion,
and it is dropped to a low level when there is congestion.

To derive an overall model for congestion control, we motlet¢ separate
elements of the system: the rate at which packets are semidbydual sources
(computers), the dynamics of the queues in the links (reptmnd the admission
control mechanism for the queues. Figure 3.12a is a blockalagf the system.

The current source control mechanism on the Internet is a@obknown as
TCP/Reno [LPDO02]. This protocol operates by sending packets éceiver and
waiting to receive an acknowledgment from the receivertti@packet has arrived.
If no acknowledgment is sent within a certain timeout pertbe packet is retrans-
mitted. To avoid waiting for the acknowledgment before $segdhe next packet,
Reno transmits multiple packets up to a xedthdowaround the latest packet that
has been acknowledged. If the window length is chosen plgpeackets at the
beginning of the window will be acknowledged before the seuransmits pack-
ets at the end of the window, allowing the computer to comtiraly stream packets
at a high rate.

To determine the size of the window to use, TCP/Reno uses adekadbech-
anism in which (roughly speaking) the window size is incesbigy 1 every time a
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packet is acknowledged and the window size is cut in half wreerkets are lost.
This mechanism allows a dynamic adjustment of the window isizehich each
computer acts in a greedy fashion as long as packets are delingred but backs
off quickly when congestion occurs.

A model for the behavior of the source can be developed byrithésg the
dynamics of the window size. Suppose we h&lveomputers and lety; be the
current window size (measured in number of packets) forittheomputer. Let
g represent the end-to-end probability that a packet will igpped someplace
between the source and the receiver. We can model the dysaiice window
size by the differential equation

dw _ ri(t t)

Wi
at =( Qi) W

+ Gi( %ri(t t)); = (3.16)

i
wheret; is the end-to-end transmission time for a packet to reackdshtion and
the acknowledgment to be sent back and the resulting rate at which packets
are cleared from the list of packets that have been receilkd. rst term in the
dynamics represents the increase in window size when a peckeceived, and
the second term represents the decrease in window size wpankat is lost.
Notice thatr; is evaluated at time t;, representing the time required to receive
additional acknowledgments.

The link dynamics are controlled by the dynamics of the rogtezue and the
admission control mechanism for the queue. Assume that welhbnks in the
network and usé to index the individual links. We model the queue in terms of
the current number of packets in the router's bufieand assume that the router
can contain a maximum df.max packets and transmits packets at a catequal
to the capacity of the link. The buffer dynamics can then bétamias

d o
d? =3 ¢ s= a ri( t”f); (3.17)
fi: 12Lig

wherel; is the set of links that are being used by soum.*tﬁI is the time it takes a
packet from sourceto reach linkl ands is the total rate at which packets arrive
atlink .

The admission control mechanism determines whether a gigekep is ac-
cepted by a router. Since our model is based on the averagétpsain the net-
work and not the individual packets, one simple model is suage that the proba-
bility that a packet is dropped depends on how full the buffep, = my(by; bmay) .
For simplicity, we will assume for now thag = r by (see Exercise 3.6 for a more
detailed model). The probability that a packet is dropped given link can be
used to determine the end-to-end probability that a paskest in transmission:

g=1 O@ p) & npt td; (3.18)
121 2L

wheretl? is the backward delay from linkto sourcel and the approximation is
valid as long as the individual drop probabilities are smdle use the backward
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delay since this represents the time required for the aclatmyment packet to be
received by the source.

Together, equations (3.16), (3.17) and (3.18) represermaehof congestion
control dynamics. We can obtain substantial insight by g a special case
in which we havelN identical sources and 1 link. In addition, we assume for the
moment that the forward and backward time delays can be éghan which case
the dynamics can be reduced to the form

dw 1 rb2+wd) db_ Yw b

-= - — 7 — = — = —: i

dt 1 2 @ &7 ¢ Ty (3.19)
wherew; 2 R, i = 1;:::;N, are the window sizes for the sources of d&t2, R

is the current buffer size of the router, controls the rate at which packets are
dropped and is the capacity of the link connecting the router to the cotarsu
The variablet represents the amount of time required for a packet to beepsec
by a router, based on the size of the buffer and the capadihedink. Substituting

t into the equations, we write the state space dynamics as

w2 db_ Y ow
—=— rc 1+ - ; —=a —
dt b 2 dt =4 b
More sophisticated models can be found in [HMTGO0O, LPDO02].
The nominal operating point for the system can be found binge#; = b= O:

dw _ ¢ (3.20)

_c w2 _ dew
0_5 rc 1+7 ; O—aT

i=1
Exploiting the fact that all of the source dynamics are idsadfiit follows that all
of thew; should be the same, and it can be shown that there is a unigilibagm
satisfying the equations
_ be _ cte, 1 3 .
Wi;e— N - W, W(f be) +( rbe) 1— 0 (321)
The solution for the second equation is a bit messy but catydssidetermined
numerically. A plot of its solution as a function of(2r 2N?) is shown in Fig-
ure 3.12b. We also note that at equilibrium we have the falignadditional
equalities:
be NWe We
te= —= ; = Npe= Nrbg; re= —:
e= ¢ c Oe Pe e e o
Figure 3.13 shows a simulation of 60 sources communicatingsa@ single
link, with 20 sources dropping out dt = 20 ms and the remaining sources in-
creasing their rates (windowsizes) to compensate. Notethieabuffer size and
window sizes automatically adjust to match the capacitheflink.

A comprehensive treatment of computer networks is givemmeénbaum [Tan96].
A good presentation of the ideas behind the control priesigbr the Internet
is given by one of its designers, Van Jacobson, in [Jac95]Kelly [Kel85]
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Figure 3.13: Internet congestion control fd¥ identical sources across a single link. As
shown on the left, multiple sources attempt to communicate through a rautessa single
link. An “ack” packet sent by the receiver acknowledges that thesagss was received,;
otherwise the message packet is resent and the sending rate is slowedtdbe source.
The simulation on the right is for 60 sources starting random rates, witbi#@es dropping
out att = 20 ms. The buffer size is shown at the top, and the individual soutes fer 6 of
the sources are shown at the bottom.

presents an early effort on the analysis of the system. Thk& bpdellerstein
et al. [HDPTO04] gives many examples of the use of feedback irpcoen systems.

3.5 Atomic Force Microscopy

The 1986 Nobel Prize in Physics was shared by Gerd Binnig andidleiRohrer
for their design of thescanning tunneling microscop&he idea of the instrument
is to bring an atomically sharp tip so close to a conductingase that tunneling
occurs. Animage is obtained by traversing the tip acrossdh&ple and measuring
the tunneling current as a function of tip position. This imien has stimulated
the development of a family of instruments that permit vigagion of surface
structure at the nanometer scale, including dh@mic force microscopéAFM),
where a sample is probed by a tip on a cantilever. An AFM canatpén two
modes. Intapping moddhe cantilever is vibrated, and the amplitude of vibration
is controlled by feedback. Inontact modehe cantilever is in contact with the
sample, and its bending is controlled by feedback. In basksa&ontrol is actuated
by a piezo element that controls the vertical position ofdastilever base. The
control system has a direct in uence on picture quality arahsing rate.

A schematic picture of an atomic force microscope is showrignre 3.14a. A
microcantilever with a tip having a radius of the order of X0 is placed close to
the sample. The tip can be moved vertically and horizontalggia piezoelectric
scanner. It is clamped to the sample surface by attractivelga\Waals forces and
repulsive Pauli forces. The cantilever tilt depends on thedoaphy of the surface
and the position of the cantilever base, which is contraigdhe piezo element.
The tiltis measured by sensing the de ection of the laser besingua photodiode.
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Figure 3.14: Atomic force microscope. (a) A schematic diagram of an atomic forceamnic
scope, consisting of a piezo drive that scans the sample under the AFM lager re ects
off of the cantilever and is used to measure the detection of the tip throuegdadck con-
troller. (b) An AFM image of strands of DNA. (DNA image courtesy Veddetrology
Inc.)

The signal from the photodiode is ampli ed and sent to a coldrahat drives
the ampli er for the vertical position of the cantilever. Bwymtrolling the piezo
element so that the de ection of the cantilever is constdr,gignal driving the
vertical de ection of the piezo element is a measure of thenitdorces between
the cantilever tip and the atoms of the sample. An image o$tinface is obtained
by scanning the cantilever along the sample. The resolutiakemit possible to
see the structure of the sample on the atomic scale, agalladtin Figure 3.14b,
which shows an AFM image of DNA.

The haorizontal motion of an AFM is typically modeled as a sprmgss sys-
tem with low damping. The vertical motion is more complicatd@ model the
system, we start with the block diagram shown in Figure 3.1&n&s that are eas-
ily accessible are the input voltageto the power ampli er that drives the piezo
element, the voltage applied to the piezo element and the output voltagéthe
signal ampli er for the photodiode. The controller is a Pl catigr implemented
by a computer, which is connected to the system by analaligital (A/D) and
digital-to-analog (D/A) converters. The de ection of the Giaverj is also shown
in the gure. The desired reference value for the de ection isrgut to the com-
puter.

There are several different con gurations that have diffedymamics. Here
we will discuss a high-performance system frorA[5+07] where the cantilever
base is positioned vertically using a piezo stack. We bdggnniodeling with a
simple experiment on the system. Figure 3.16a shows a stepnss of a scanner
from the input voltage: to the power ampli er to the output voltageof the signal
ampli er for the photodiode. This experiment captures theaiyits of the chain
of blocks fromu toy in the block diagram in Figure 3.15. Figure 3.16a shows that
the system responds quickly but that there is a poorly danogeilatory mode
with a period of about 35 us. A primary task of the modelingisihderstand the
origin of the oscillatory behavior. To do so we will exploigetsystem in more
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Figure 3.15: Block diagram of the system for vertical positioning of the cantilever for an
atomic force microscope in contact mode. The control system attempepaike cantilever
de ection equal to its reference value. Cantilever de ection is measuaetpli ed and
converted to a digital signal, then compared with its reference value. ratorg signal

is generated by the computer, converted to analog form, ampli ed andtsehe piezo
element.

detail.

The natural frequency of the clamped cantilever is typicalyeral hundred
kilohertz, which is much higher than the observed oscdlavf about 30 kHz. As
a rst approximation we will model it as a static system. Sinbe te ections
are small, we can assume that the bendirgj the cantilever is proportional to the
difference in height between the cantilever tip at the pfxkthe piezo scanner. A
more accurate model can be obtained by modeling the cagttiteva spring—mass
system of the type discussed in Chapter 2.

Figure 3.16a also shows that the response of the power ampifast. The
photodiode and the signal ampli er also have fast responsésan thus be mod-
eled as static systems. The remaining block is a piezo systdmsuspension. A
schematic mechanical representation of the vertical matidthe scanner is shown
in Figure 3.16b. We will model the system as two masses sa&uhigt an ideal
piezo element. The mass; is half of the piezo system, and the mawssis the
other half of the piezo system plus the mass of the support.

A simple model is obtained by assuming that the piezo crgemérates a force
F between the masses and that there is a dangaimtghe spring. Let the positions
of the center of the masses heandz,. A momentum balance gives the following
model for the system:

d?z d?z, dz

m—— = F; — = C—

Latz T 2 dt

Let the elongation of the piezo elemdnt zz 2 be the control variable and

the heightz; of the cantilever base be the output. Eliminating the vagi&bin
equations (3.22) and substituting | for z, gives the model

k222 F:

2

d’z dz dl dl
ot cp—+ = Mh——s + Co— + kol: ,
a2 Co at kozx mzdtz Czdt kol (3 22)

Summarizing, we nd that a simple model of the system is obimg mod-

(my+ np)
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Piezo cryst:

Z Z

(a) Step response (b) Mechanical model

Figure 3.16: Modeling of an atomic force microscope. (a) A measured step respdine
top curve shows the voltageapplied to the drive ampli er (50 mV/div), the middle curve
is the outpud/p of the power ampli er (500 mV/div) and the bottom curve is the output
of the signal ampli er (500 mV/div). The time scale is 2&/div. Data have been supplied
by Georg Schitter. (b) A simple mechanical model for the vertical pogtiamd the piezo
crystal.

eling the piezo by (3.22) and all the other blocks by statidet®. Introducing
the linear equations= kzu andy = kyz1, we now have a complete model relat-
ing the outputy to the control signall. A more accurate model can be obtained
by introducing the dynamics of the cantilever and the poweplaer. As in the
previous examples, the concept of the uncertainty lemonguargi2.15b provides
a framework for describing the uncertainty: the model wdldccurate up to the
frequencies of the fastest modeled modes and over a rangetamin which
linearized stiffness models can be used.

The experimental results in Figure 3.16a can be explainedtatinaly as fol-
lows. When a voltage is applied to the piezo, it expandkpthe massm moves
up and the massy, moves down instantaneously. The system settles after aypoorl
damped oscillation.

It is highly desirable to design a control system for theigattmotion so that
it responds quickly with little oscillation. The instrumedésigner has several
choices: to accept the oscillation and have a slow respamge to design a con-
trol system that can damp the oscillations or to redesigmikehanics to give
resonances of higher frequency. The last two alternatives agifaster response
and faster imaging.

Since the dynamic behavior of the system changes with theepiep of the
sample, it is necessary to tune the feedback loop. In simysems this is cur-
rently done manually by adjusting parameters of a Pl comtrollhere are interest-
ing possibilities for making AFM systems easier to use byoticing automatic
tuning and adaptation.

The book by Sarid [Sar91] gives a broad coverage of atomic forcestopes.
The interaction of atoms close to surfaces is fundamentallio state physics, see
Kittel [Kit95]. The model discussed in this section is basedsehitter [Sch01].
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Figure 3.17: Abstraction used to compartmentalize the body for the purpose of desgrib
drug distribution (based on Teorell [Teo37]). The body is abstracyeal tumber of com-
partments with perfect mixing, and the complex transport processeapgroximated by
assuming that the ow is proportional to the concentration differencesacéimpartments.
The constant&; parameterize the rates of ow between different compartments.

3.6 Drug Administration

The phrase “Take two pills three times a day” is a recommeodatith which we
are all familiar. Behind this recommendation is a solutibamopen loop control
problem. The key issue is to make sure that the concentrafiannzedicine in
a part of the body is suf ciently high to be effective but not lsigh that it will
cause undesirable side effects. The control action is cgesthtake two pills and
sampledevery 8 hoursThe prescriptions are based on simple models captured in
empirical tables, and the dose is based on the age and wéitjiet patient.

Drug administration is a control problem. To solve it we mustlerstand how
a drug spreads in the body after it is administered. This tagiltedpharmacoki-
netics is now a discipline of its own, and the models used are calbeapartment
models They go back to the 1920s when Widmark modeled the propagafio
alcohol in the body [WT24]. Compartment models are now imgudrifor the
screening of all drugs used by humans. The schematic diagrdfigure 3.17
illustrates the idea of a compartment model. The body is wiea® a number
of compartments like blood plasma, kidney, liver and tisstieat are separated
by membranes. It is assumed that there is perfect mixing afottie drug con-
centration is constant in each compartment. The complesp@hprocesses are
approximated by assuming that the ow rates between the campats are pro-
portional to the concentration differences in the compartis.

To describe the effect of a drug it is necessary to know begtlianhcentration
and how it in uences the body. The relation between conceapftratand its effect
eis typically nonlinear. A simple model is

Co
: 3.23
Cot Cemax ( )
The effect is linear for low concentrations, and it saturatgsigh concentrations.
The relation can also be dynamic, and it is then cglledrmacodynamics
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Compartment Models

The simplest dynamic model for drug administration is olgdiby assuming that
the drug is evenly distributed in a single compartment afteas been adminis-
tered and that the drug is removed at a rate proportionaktadhcentration. The
compartments behave like stirred tanks with perfect mixiogt c be the concen-
tration,V the volume andj the out ow rate. Converting the description of the
system into differential equations gives the model

gf: qc, ¢ O (3.24)

This equation has the solutiaft) = cpe 9V = coe X, which shows that the con-
centration decays exponentially with the time consfamtV =g after an injection.

The input is introduced implicitly as an initial conditiontine model (3.24). More
generally, the way the input enters the model depends onmewrtig is adminis-
tered. For example, the input can be represented as a masstowhe compart-

ment where the drug is injected. A pill that is dissolved clo &e interpreted as
an input in terms of a mass ow rate.

The model (3.24) is called aane-compartment modet asingle-pool model
The parameteg=V is called the elimination rate constant. This simple model
often used to model the concentration in the blood plasmangsuring the con-
centration at a few times, the initial concentration canlit@imed by extrapolation.
If the total amount of injected substance is known, the va@ifrcan then be de-
termined a%/ = m~cp; this volume is called thapparent volume of distribution
This volume is larger than the real volume if the concentratiothe plasma is
lower than in other parts of the body. The model (3.24) is vampe, and there
are large individual variations in the parameters. The patargV andq are often
normalized by dividing by the weight of the person. Typicatgmeters for aspirin
areV = 0.2 L/kg andg = 0.01(L/h)/kg. These numbers can be compared with a
blood volume of 0.07 L/kg, a plasma volume of 0.05 L/kg, an icethular uid
volume of 0.4 L/kg and an out ow of 0.0015 L/min/kg.

The simple one-compartment model captures the gross belddoug distri-
bution, but it is based on many simpli cations. Improved misdsan be obtained
by considering the body as composed of several compartnexdsnples of such
systems are shown in Figure 3.18, where the compartmentsaesented as cir-
cles and the ows by arrows.

Modeling will be illustrated using the two-compartment rebish Figure 3.18a.
We assume that there is perfect mixing in each compartmehtheat the transport
between the compartments is driven by concentration diffees. We further as-
sume that a drug with concentratiogis injected in compartment 1 at a volume
ow rate of uand that the concentration in compartment 2 is the outputcilabd
c2 be the concentrations of the drug in the compartments ang kendV, be the

S
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(a) Two compartment model (b) Thyroid hormone model

Figure 3.18: Schematic diagrams of compartment models. (a) A simple two-compairtme
model. Each compartment is labeled by its volume, and arrows indicat®thef chemical
into, out of and between compartments. (b) A system with six compartrasatbto study
the metabolism of thyroid hormone [God83]. The notatigndenotes the transport from
compartmeng to compartmeni.

volumes of the compartments. The mass balances for the congras are

dc
w2%=q®zcﬂ QoCi+ Col; ¢ O;
dc
VZTE =q(ci ©); ¢ O (3.25)
y= G

Introducing the variableky = qo=V4, k1 = 9=V, ko = g=V» andbg = ¢p=V; and
using matrix notation, the model can be written as

dc 3 ko ki ks ohbos 8 9
s 2 1 13 2 Doz . - Doy
T ko ko C+toor U y 0 1L x (3.26)

Comparing this model with its graphical representation iguFé 3.18a, we nd
that the mathematical representation (3.26) can be wiilyanspection.

It should also be emphasized that simple compartment msdelsas the one
in equation (3.26) have a limited range of validity. Low-foeqcy limits exist
because the human body changes with time, and since the dongpadmodel uses
average concentrations, they will not accurately reprasgid changes. There are
also nonlinear effects that in uence transportation betwie compartments.

Compartment models are widely used in medicine, engingenitd environ-
mental science. An interesting property of these systentaisvariables like
concentration and mass are always positive. An essenfialildy in compart-
ment modeling is deciding how to divide a complex system gdmpartments.
Compartment models can also be nonlinear, as illustratdteinext section.
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Figure 3.19: Insulin—glucose dynamics. (a) Sketch of body parts involved in the alooitr
glucose. (b) Schematic diagram of the system. (c) Responses of iasdliglucose when
glucose in injected intravenously. From [PB86].

Insulin{glucose Dynamics

It is essential that the blood glucose concentration in theyls kept within a
narrow range (0.7-1.1 g/L). Glucose concentration is in weehby many factors
like food intake, digestion and exercise. A schematic petf the relevant parts
of the body is shown in Figures 3.19a and b.

There is a sophisticated mechanism that regulates glucosewcwation. Glu-
cose concentration is maintained by the pancreas, whiatetescthe hormones
insulin and glucagon. Glucagon is released into the bleedst when the glucose
level is low. It acts on cells in the liver that release glueognsulin is secreted
when the glucose level is high, and the glucose level is ledidry causing the
liver and other cells to take up more glucose. In diseaseguikenile diabetes the
pancreas is unable to produce insulin and the patient mjesitimsulin into the
body to maintain a proper glucose level.

The mechanisms that regulate glucose and insulin are coagdicdynamics
with time scales that range from seconds to hours have besamaa. Models of
different complexity have been developed. The models aredijp tested with
data from experiments where glucose is injected intravelgoand insulin and
glucose concentrations are measured at regular time ai$erv

Arelatively simple model called thainimal modelas developed by Bergman
and coworkers [Ber89]. This models uses two compartmenéstepresenting the
concentration of glucose in the bloodstream and the otlpeesenting the concen-
tration of insulin in the interstitial uid. Insulin in the lblodstream is considered
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an input. The reaction of glucose to insulin can be modeledhéyetuations

s (ot pos SC= potplu i) (327)
wherege andie represent the equilibrium values of glucose and insudinis the
concentration of glucose and is proportional to the concentration of interstitial
insulin. Notice the presence of the temsx; in the rst equation. Also notice
that the model does not capture the complete feedback locgube it does not
describe how the pancreas reacts to the glucose. Figure 8hb9¢s a t of the
model to a test on a normal person where glucose was injecteyénously at
timet = 0. The glucose concentration rises rapidly, and the pancesgponds
with a rapid spikelike injection of insulin. The glucose amgulin levels then
gradually approach the equilibrium values.

Models of the type in equation (3.27) and more complicatedetwhaving
many compartments have been developed and tted to expetaidsta. A dif -
culty in modeling is that there are signi cant variations imdel parameters over
time and for different patients. For example, the parampten equation (3.27)
has been reported to vary with an order of magnitude for hgatdividuals. The
models have been used for diagnosis and to develop schentbg fimeatment of
persons with diseases. Attempts to develop a fully autarati cial pancreas
have been hampered by the lack of reliable sensors.

The papers by Widmark and Tandberg [WT24] and Teorell [TeoB¥tkssics
in pharmacokinetics, which is now an established disoipliith many textbooks
[Dos68, Jac72, GP82]. Because of its medical importancenpokinetics is
now an essential component of drug development. The bookdysRRig63] is a
good source for the modeling of physiological systems, ambee mathematical
treatment is given in [KSO01]. Compartment models are disgligs[God83]. The
problem of determining rate coef cients from experimentatalis discussed in
[BA70] and [God83]. There are many publications on the insglincose model.
The minimal model is discussed in [CT84, Ber89] and more reicdatences are
[MLKO6, FCF+06].

3.7 Population Dynamics

Population growth is a complex dynamic process that involliesnteraction of
one or more species with their environment and the largesystem. The dynam-
ics of population groups are interesting and important imyndifferent areas of
social and environmental policy. There are examples whewespecies have been
introduced into new habitats, sometimes with disastrosslt® There have also
been attempts to control population growth both througlenmtiges and through
legislation. In this section we describe some of the mod®s tan be used to
understand how populations evolve with time and as a funaifatheir environ-
ments.
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Logistic Growth Model

Letx be the population of a species at timé\ simple model is to assume that the
birth rates and mortality rates are proportional to thel totgulation. This gives
the linear model

dx
at = bx dx=(b d)x=rx; x 0 (3.28)
where birth rateb and mortality rated are parameters. The model gives an ex-
ponential increase i > d or an exponential decreasebik d. A more realistic
model is to assume that the birth rate decreases when théagiopus large. The
following modi cation of the model (3.28) has this property:

dx X
pr rx(1 K

wherek is thecarrying capacityof the environment. The model (3.29) is called
thelogistic growth model

) X 0 (3.29)

Predator{Prey Models

A more sophisticated model of population dynamics inclutieseffects of com-
peting populations, where one species may feed on anothisrsitumtion, referred
to as thepredator—prey problemwas introduced in Example 2.3, where we devel-
oped a discrete-time model that captured some of the featdifgistorical records
of lynx and hare populations.

In this section, we replace the difference equation modsd tisere with a more
sophisticated differential equation model. léft) represent the number of hares
(prey) and leL(t) represent the number of lynxes (predator). The dynamicseof th
system are modeled as

dL aHL ’ (3.30)
— = L; L :
dt bc+H dt; 0

In the rst equation,r represents the growth rate of the haresepresents the
maximum population of the hares (in the absence of lynx@spresents the in-
teraction term that describes how the hares are diminishadunction of the lynx
population and: controls the prey consumption rate for low hare population.
the second equatiob,represents the growth coef cient of the lynxes ahcepre-
sents the mortality rate of the lynxes. Note that the hareadyos include a term
that resembles the logistic growth model (3.29).

Of particular interest are the values at which the poputatelues remain con-
stant, calledequilibrium points The equilibrium points for this system can be
determined by setting the right-hand side of the above @mmsto zero. Letting
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Figure 3.20: Simulation of the predator—prey system. The gure on the left shows a sim
ulation of the two populations as a function of time. The gure on the rightshthe
populations plotted against each other, starting from different valugeqgfopulation. The
oscillation seen in both gures is an example dfrait cycle The parameter values used for
the simulations ara= 3:2,b= 0:6,c= 50,d = 0:56,k= 125 and = 1:6.

He andLe represent the equilibrium state, from the second equatmhave
cd
Le= Ho= ——: 31
e=0 or Hg 5 d (3.32)
Substituting this into the rst equation, we have that for= 0 eitherHe = 0 or
He = k. ForLe 6 0, we obtain
rHe(c+ He) 1 He _ bcr(abk cd dk) .
aHe k (ab d)%k
Thus, we have three8possible equilibrium poixds ( Le; He):
9 8 9 8 9

ks _3Hex .
01 Xe—- e,1

L= (3.32)

: -3
Xe - 01 ’ Xe - . o
whereH, andL, are given in equations (3.31) and (3.32). Note that the #jiuiim
populations may be negative for some parameter valuegdtidg a nonachiev-
able equilibrium point.

Figure 3.20 shows a simulation of the dynamics starting frasetaof popula-
tion values near the nonzero equilibrium values. We seddhalis choice of pa-
rameters, the simulation predicts an oscillatory popatatiount for each species,
reminiscent of the data shown in Figure 2.6.

Volume | of the two-volume set by J. D. Murray [Mur04] give abd coverage
of population dynamics.

Exercises

3.1 Consider the cruise control example described in SectionBild a simula-
tion that re-creates the response to a hill shown in Figutte @18 show the effects
of increasing and decreasing the mass of the car by 25%. Reades controller
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(using trial and error is ne) so that it returns to within 10%tbe desired speed
within 3 s of encountering the beginning of the hill.

3.2 Show that the dynamics of a bicycle frame given by equatioB) (8an be
written in state space form as

9 8 98 9 8 9
dzxiz _30 mghedz 3xa3 313
dt le . 1 0 1 . X21 . 01 1 (3 33)
_>DVO mvSh> . .
y=7"—— 97X
bl bJ

where the input is the torque applied to the handle bars and the outpsithe
title anglej . What do the stateg andx, represent?

3.3 Combine the bicycle model given by equation (3.5) and theehfad steering
kinematics in Example 2.8 to obtain a model that describegditie of the center
of mass of the bicycle.
3.4 Consider the op amp circuit shown below.

V2

O—MWA—T— AT —————
Ry Ra | Ro

R
V1 C— VTANTO
C2 V3

(e, —|_ O

Show that the dynamics can be written in state space form as

1 1 0 9 8 19 s
dx _ RICi RCy % %Rlcé ) _ - .
dt_g R 1 1 x+- , u; y=-0 1 x
Ra RC; RoCo

whereu = vi andy = vs. (Hint: Usev, andvs as your state variables.)
3.5 The op amp circuit shown below is an implementation of an lzoil.

G Ra C
i w i

RZ . R3 . Rl .
AW A
+ V2 + V3 + Vi

Show that the dynamics can be written in state space form as
8 9

0
dX_% R1R3C]_§ .
= X,
dt- % 1 0

RiC1 ’
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where the state variables represent the voltages acrosaplaeitorsg = vy and
Xo = Vo.

3.6 (Congestion control using RED [LPW+02]) A number of improvenseran
be made to the model for Internet congestion control preseimt Section 3.4.
To insure that the router's buffer size remains positive,car modify the buffer
dynamics to satisfy

(

db _ s ¢ b >0
dt safgy)(s ¢) b =0

In addition, we can model the drop probability of a packelasn how close we
are to the buffer limits, a mechanism known as random eatlyatien (RED):

8
0 a.(t) blower
o= m@)= O N b < a(h) < b
! 3hri(t) (1 20" PP a(t) < 20"
"1 a(t) 2pPP

da _ .
at - aic(a by);

whereay, b;"*P®, bloVer and p/'PP*" are parameters for the RED protocol.
Using the model above, write a simulation for the system andl anset of
parameter values for which there is a stable equilibriunmipand a set for which

the system exhibits oscillatory solutions. The followingssef parameters should
be explored:

N = 20:30;:::;60; blower = 40 pkts ry = 01;
c= 8;9;:::;15 pktsms PP’ = 540 pkts a =10 4
t = 55/60;:::;100 ms

3.7 A schematic diagram of an AFM where the vertical scanner issagtube
with preloading is shown below.

1F my
Y
My
ky || ¢
L5
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Show that the dynamics can be written as
2 I

d221 le d4l d
+ —+ + —+(ky+ k = —+ Cr— + kol:
(M+ mp) - +(at C)mr kit k)z=m 5+ Co o+ ke

Are there parameter values that make the dynamics partigsianple?

3.8(Drug administration) The metabolism of alcohol in the bodp be modeled
by the nonlinear compartment model

Vbolﬁo =q(c  Co)* G VICL? =dq(ce ©) ClmaxCOi| 5
whereV, = 48 L andV, = 0.6 L are the apparent volumes of distribution of body
water and liver waterg, andc are the concentrations of alcohol in the compart-
ments,qy andqg are the injection rates for intravenous and gastrointaistin
take,q = 1.5L/min is the total hepatic blood owWgmax = 2.75 mmol/min and
Co = 0.1 mmol/L. Simulate the system and compute the concentritithre blood
for oral and intravenous doses of 12 g and 40 g of alcohol.

+ Qgis

3.9 (Population dynamics) Consider the model for logistic gtogiven by equa-
tion (3.29). Show that the maximum growth rate occurs whensike of the
population is half of the steady-state value.

3.10 (Fisheries management) The dynamics of a commercial sherybeade-
scribed by the following simple model:

% = f(X) h(xu); y= bh(x;u) cu
wherex is the total biomasd,(x) = rx(1 x=k) is the growth rate anki(x; u) = axu
is the harvesting rate. The outpuis the rate of revenue, and the parametgils
andc are constants representing the price of sh and the cost ohghShow that
there is an equilibrium where the steady-state biomagg¥sc=(ab). Compare
with the situation when the biomass is regulated to a cohs&loe and nd the
maximum sustainable return in that case.



Chapter Four
Dynamic Behavior

It Don't Mean a Thing If It Ain't Got That Swing.
Duke Ellington (1899-1974)

In this chapter we present a broad discussion of the behakymamical sys-
tems focused on systems modeled by nonlinear differergizons. This allows
us to consider equilibrium points, stability, limit cyclead other key concepts in
understanding dynamic behavior. We also introduce somaadstfor analyzing
the global behavior of solutions.

4.1 Solving Di erential Equations

In the last two chapters we saw that one of the methods of rimgpdynamical sys-
tems is through the use of ordinary differential equatiddBESs). A state space,
input/output system has the form

dx

T f(x;u); y= h(x;u); (4.1)

output. The smooth maps: R" RP! R"andh:R" RP! RYrepresent the
dynamics and measurements for the system. We will somefioeeis on single-
input, single-output (SISO) systems, for whipk g= 1.

We begin by investigating systems in which the input has Ise¢to a function
of the statey = a(x). This is one of the simplest types of feedback, in which the
system regulates its own behavior. The differential equatio this case become

dx _
dt

To understand the dynamic behavior of this system, we neeshatyze the
features of the solutions of equation (4.2). While in somepd¢ situations we can
write down the solutions in analytical form, often we mugdy ren computational
approaches. We begin by describing the class of solutiarthifoproblem.

We say thatx(t) is a solution of the differential equation (4.2) on the time
intervaltg 2 Rtots 2 Rif

d’(;(tt) - F(x(t) forallty< t< t.

f(x;a(x))=:F(X): (4.2)
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A given differential equation may have many solutions. Wé miost often be
interested in thenitial value problem wherex(t) is prescribed at a given time
to 2 R and we wish to nd a solution valid for afuturetimet > tg.

We say thak(t) is a solution of the differential equation (4.2) with inltislue
X0 2 R"attg 2 R if

dx(t)
dt

For most differential equations we will encounter, theraisiquesolution that is
de ned forty < t < t;. The solution may be de ned for all time> tg, in which
case we takér = ¥. Because we will primarily be interested in solutions of the
initial value problem for ODEs, we will usually refer to thisrgly as the solution
of an ODE.

We will typically assume thap is equal to 0. In the case wheéris independent
of time (as in equation (4.2)), we can do so without loss ofegelity by choosing
a new independent (time) variabtez t to (Exercise 4.1).

X(tp) = Xo and = F(x(t)) foralltg<t< t;.

Example 4.1 Damped oscillator
Consider a damped linear oscillator with dynamics of thenfor

G+ 2zwpq+ qu: o:

whereq s the displacement of the oscillator from its rest positibhese dynamics
are equivalent to those of a spring—mass system, as showreitigx 2.8. We

assume that < 1, corresponding to a lightly damped system (the reasorhfer t
particular choice will become clear later). We can rewitiis in state space form
by settingx; = qandx, = g=wp, giving

dxg ) dxp
ar - e dat -

In vector form, the right-hand si8de can be Writtengas

WoX1  2Z WoXo:

=3 |, M2 3
WoX1  2ZWoXo
The solution to the initial value problem can be written in anter of different
ways and will be explored in more detail in Chapter 5. Here ingoky assert that
the solution can be written as

1 .
x((t) = e 2"t xjocoswgyt + Wd(WOZX10+ X20) SiNWgt
— Z Wt 1 W2 ; .
X(t)= e X20COSWgyt Wd( HX10+ WoZX20) SiNWgt ;

wherexg = ( X10; X20) is the initial condition andyy = Wop 1 Zz2. This solution

can be veri ed by substituting it into the differential eqigat. We see that the so-
lution is explicitly dependent on the initial condition,dait can be shown that this
solution is unique. A plot of the initial condition resporiseshown in Figure 4.1.
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Figure 4.1: Response of the damped oscillator to the initial conditigr+ ( 1;0). The
solution is unique for the given initial conditions and consists of an oscillatohytion for
each state, with an exponentially decaying magnitude.

We note that this form of the solution holds only fork0z < 1, corresponding to
an “underdamped” oscillator. N

Without imposing some mathematical conditions on the fiondt, the differ-
ential equation (4.2) may not have a solution fortaland there is no guarantee
that the solution is unique. We illustrate these possieditvith two examples.

Example 4.2 Finite escape time
Letx 2 R and consider the differential equation

dax

— = 4.

g = X (4.3)
with the initial conditionx(0) = 1. By differentiation we can verify that the func-
tion 1

= — 4.4
X(t)= 7 (4.4)

satis es the differential equation and that it also satis be tnitial condition. A
graph of the solution is given in Figure 4.2a; notice that thiat®on goes to in nity
ast goes to 1. We say that this system haite escape time Thus the solution
exists only in the time interval 0 t < 1. N

Example 4.3 Nonunique solution

Letx 2 R and consider the differential equation
dx _
ai-

with initial conditionx(0) = 0. We can show that the function

P x

0 ifO t a

XO= ¢ 22 itt>a

satis es the differential equation for all values of the pagdera 0. To see this,
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Figure 4.2: Existence and uniqueness of solutions. Equation (4.3) has a solutiofioonly
timet < 1, at which point the solution goes ¥, as shown in (a). Equation (4.4) is an
example of a system with many solutions, as shown in (b). For each vaklene get a
different solution starting from the same initial condition.

we differentiatex(t) to obtain

(
% _ 0 ifoO t a
dt 2t a) ift>a,
and hencex = 2p xforallt 0 with x(0) = 0. A graph of some of the possible
solutions is given in Figure 4.2b. Notice that in this caseets¥e many solutions
to the differential equation. N

These simple examples show that there may be dif culties eviém simple
differential equations. Existence and uniqueness can beugiged by requiring
that the functior has the property that for some xex? R,

kKF(x) F(y)k< ckx yk forallxy;

which is calledLipschitz continuity A suf cient condition for a function to be
Lipschitz is that the JacobidfF=1x is uniformly bounded for atk. The dif culty
in Example 4.2 is that the derivativilF=1x becomes large for large and the
dif culty in Example 4.3 is that the derivativfF=1x is in nite at the origin.

4.2 Qualitative Analysis

The qualitative behavior of nonlinear systems is importantriderstanding some
of the key concepts of stability in nonlinear dynamics. W4 feicus on an im-
portant class of systems known as planar dynamical sysfEhese systems have
two state variables 2 R?, allowing their solutions to be plotted in they; xo)
plane. The basic concepts that we describe hold more ggnaralican be used
to understand dynamical behavior in higher dimensions.
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Figure 4.3: Phase portraits. (a) This plot shows the vector eld for a planar dyr@mic
system. Each arrow shows the velocity at that point in the state spacehigly)lot includes
the solutions (sometimes called streamlines) from different initial conditieitis the vector
eld superimposed.

Phase Portraits

A convenient way to understand the behavior of dynamicalesys with state
x 2 R? is to plot the phase portrait of the system, brie y introduéedhapter 2.
We start by introducing the concept ofvactor eld. For a system of ordinary

differential equations
dx
4t = PO
the right-hand side of the differential equation de nes atrgw 2 R" a velocity
F(x) 2 R". This velocity tells us how changes and can be represented as a vector
F(x) 2 R".

For planar dynamical systems, each state corresponds tmaipdohe plane
and F(X) is a vector representing the velocity of that state. We cam thlese
vectors on a grid of points in the plane and obtain a visuagienaf the dynamics
of the system, as shown in Figure 4.3a. The points where theitiebare zero
are of particular interest since they de ne stationary pooftthe ow: if we start
at such a state, we stay at that state.

A phase portraitis constructed by plotting the ow of the vector eld corre-
sponding to the planar dynamical system. That is, for a setithli conditions,
we plot the solution of the differential equation in the @d&?. This corresponds
to following the arrows at each point in the phase plane aagvithg the result-
ing trajectory. By plotting the solutions for several ditfat initial conditions, we
obtain a phase portrait, as show in Figure 4.3b.

Phase portraits give us insight into the dynamics of the sy&te showing us
the solutions plotted in the (two-dimensional) state spefdbe system. For ex-
ample, we can see whether all trajectories tend to a singfe as time increases
or whether there are more complicated behaviors as thensystelves. In the ex-
ample in Figure 4.3, corresponding to a damped oscillatersthutions approach
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Figure 4.4: Equilibrium points for an inverted pendulum. An inverted pendulum is a hode
for a class of balance systems in which we wish to keep a system uprightasia rocket
(a). Using a simpli ed model of an inverted pendulum (b), we can dgvelphase plane
diagram that shows the dynamics of the system (c). The system has metiglérium
points, marked by the solid dots along thae= O line.

the origin for all initial conditions. This is consistent Wwibur simulation in Fig-
ure 4.1, but it allows us to infer the behavior for all init@dnditions rather than
a single initial condition. However, the phase portraitsloet readily tell us the
rate of change of the states (although this can be infermad the lengths of the
arrows in the vector eld plot).

Equilibrium Points and Limit Cycles

An equilibrium pointof a dynamical system represents a stationary condition for

the dynamics. We say that a stages an equilibrium point for a dynamical system

dx
g~ F®
if F(xeg) = 0. If a dynamical system has an initial conditigf®) = xe, then it will
stay at the equilibrium poin&(t) = x for allt 0, where we have takdp= 0.
Equilibrium points are one of the most important features dfaamical sys-
tem since they de ne the states corresponding to constamatipg conditions. A
dynamical system can have zero, one or more equilibriumtgoin

Example 4.4 Inverted pendulum
Consider the inverted pendulum in Figure 4.4, which is a dfdhebalance system
we considered in Chapter 2. The inverted pendulum is a simpbNersion of the
problem of stabilizing a rocket: by applying forces at thedaf the rocket, we
seek to keep the rocket stabilized in the upright positione Jtate variables are
the angleq = x; and the angular velocitgig=dt = x,, the control variable is the
acceleratioru of the pivot and the output is the angje

For simplicity we assume thatgl=} = 1 andml=} = 1, where) = J+ ml?,



4.2. QUALITATIVE ANALYSIS 103

15
1
0.5
2 <
><\—|
0.5
-1
-15 )
-1 0 1 0 10 20 30
X Timet

(@) (b)

Figure 4.5: Phase portrait and time domain simulation for a system with a limit cycle. The
phase portrait (a) shows the states of the solution plotted for different icotiaitions. The
limit cycle corresponds to a closed loop trajectory. The simulation (b) slaasingle solution
plotted as a function of time, with the limit cycle corresponding to a steady dswillaf

xed amplitude.

so that the dynamics (equat8ion (2.10)) become

dX_ B X2 3.
dt ~ " SinXg  gXo+ ucosxy’ (4.5)
This is a nonlinear time-invariant system of second orders Shime set of equa-
tions can also be obtained by appropriate normalizatioh@gystem dynamics as
illustrated in Example 2.7.
We consider the open loop dynamics by settirrg 0. The equilibrium points
for the system are given by 8 9

wheren = 0;1;2;:::. The equilibrium points fon even correspond to the pendu-
lum pointing up and those farodd correspond to the pendulum hanging down. A
phase portrait for this system (without corrective inpugsghown in Figure 4.4c.
The phase portrait shows2p x;  2p, so ve of the equilibrium points are
shown. N

Nonlinear systems can exhibit rich behavior. Apart fromilitopia they can
also exhibit stationary periodic solutions. This is of grpedctical value in gen-
erating sinusoidally varying voltages in power systemsnogénerating periodic
signals for animal locomotion. A simple example is given ireExse 4.11, which
shows the circuit diagram for an electronic oscillator. Amalized model of the
oscillator is given by the equation

d d
%zx% x(l X x3); di)?: xi+x(l X4 ) (4.6)

The phase portrait and time domain solutions are given in Eigus. The gure
shows that the solutions in the phase plane converge towdanittajectory. In the



104 CHAPTER 4. DYNAMIC BEHAVIOR

Statex

Timet

Figure 4.6: lllustration of Lyapunov's concept of a stable solution. The solutionespnted
by the solid line is stable if we can guarantee that all solutions remain within acfube
diametere by choosing initial conditions suf ciently close the solution.

time domain this corresponds to an oscillatory solutionthdenatically the circle
is called dimit cycle More formally, we call an isolated solutiot) a limit cycle
of periodT > Oif x(t+ T) = x(t) forallt 2 R.

There are methods for determining limit cycles for secorgkpsystems, but
for general higher-order systems we have to resort to caatipotl analysis. Com-
puter algorithms nd limit cycles by searching for periodi@jectories in state
space that satisfy the dynamics of the system. In many minsgtstable limit
cycles can be found by simulating the system with differaitial conditions.

4.3 Stability

The stability of a solution determines whether or not sohgioearby the solution
remain nearby, get closer or move further away. We now giveradl de nition
of stability and describe tests for determining if a solnti® stable.

De nitions

Let x(t;a) be a solution to the differential equation with initial cétah a. A
solution isstableif other solutions that start nearstay close to(t;a). Formally,
we say that the solutiox(t;a) is stable if for alle> 0, there exists @ > 0 such
that

kb ak<d =) Kk x(t;b) x(t;ak< e forallt> 0:

Note that this de nition does not imply tha(t; b) approaches(t; a) as time in-
creases but just that it stays nearby. Furthermore, the wdldemay depend on
e, so that if we wish to stay very close to the solution, we mayeha start very,
very close @  €). This type of stability, which is illustrated in Figure 4.6,also
calledstability in the sense of Lyapuno¥f a solution is stable in this sense and
the trajectories do not converge, we say that the solutioeusrally stable

An important special case is when the solutigtta) = X is an equilibrium
solution. Instead of saying that the solution is stable, wwly say that the equi-
librium pointis stable. An example of a neutrally stableigljium point is shown
in Figure 4.7. From the phase portrait, we see that if we stat e equilibrium
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Figure 4.7: Phase portrait and time domain simulation for a system with a single stable
equilibrium point. The equilibrium pointe at the origin is stable since all trajectories that
start neawe stay neaxe.

point, then we stay near the equilibrium point. Indeed, ids eExample, given any
ethat de nes the range of possible initial conditions, we ciampty choosed = e
to satisfy the de nition of stability since the trajectoriage perfect circles.

A solutionx(t; a) is asymptotically stablé it is stable in the sense of Lyapunov
and alsox(t;b) ! x(t;a) ast! ¥ for b suf ciently close toa. This corresponds to
the case where all nearby trajectories converge to theessahltion for large time.
Figure 4.8 shows an example of an asymptotically stable ibguin point. Note
from the phase portraits that not only do all trajectoriey stear the equilibrium
point at the origin, but that they also all approach the aragt gets large (the di-
rections of the arrows on the phase plot show the directiavhich the trajectories
move).

A solutionx(t; a) is unstableif it is not stable. More speci cally, we say that a
solutionx(t;a) is unstable if given some > 0, there doesot exist ad > 0 such
thatifkb ak< d,thenkx(t;b) x(t;a)k< eforallt. An example of an unstable
equilibrium point is shown in Figure 4.9.

1
X1 = X2
05 \ X2= X1 X2

X Timet

Figure 4.8: Phase portrait and time domain simulation for a system with a single asymptoti-
cally stable equilibrium point. The equilibrium poixt at the origin is asymptotically stable
since the trajectories converge to this point s ¥.
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Figure 4.9: Phase portrait and time domain simulation for a system with a single unstable
equilibrium point. The equilibrium pirte at the origin is unstable since not all trajectories
that start neaxe stay neaxe. The sample trajectory on the right shows that the trajectories
very quickly depart from zero.

The de nitions above are given without careful descriptiorttadir domain of
applicability. More formally, we de ne a solution to Hecally stable(or locally
asymptotically stablef it is stable for all initial condition 2 B;(a), where

Br(a)= fx:kx ak<rg

is a ball of radiug arounda andr > 0. A system igglobally stableif it is sta-
ble for allr > 0. Systems whose equilibrium points are only locally stalale c
have interesting behavior away from equilibrium pointswasexplore in the next
section.

For planar dynamical systems, equilibrium points have kmEsigned names
based on their stability type. An asymptotically stableiopium point is called
a sink or sometimes amttractor. An unstable equilibrium point can be either
a source if all trajectories lead away from the equilibrium point, @saddle if
some trajectories lead to the equilibrium point and othepsaraway (this is the
situation pictured in Figure 4.9). Finally, an equilibriumipithat is stable but not
asymptotically stable (i.e., neutrally stable, such atein Figure 4.7) is called
acenter

Example 4.5 Congestion control
The model for congestion control in a network consistinlafientical computers
connected to a single router, introduced in Section 3.4 yvisrgby

dw_c l+W2 _ db_ we

dt b 2 dt b 7
wherew is the window size ant s the buffer size of the router. Phase portraits are
shown in Figure 4.10 for two different sets of parameter \&llile each case we see
that the system converges to an equilibrium point in whighkbffer is below its
full capacity of 500 packets. The equilibrium size of the bufepresents a balance
between the transmission rates for the sources and theiapkibe link. We see
from the phase portraits that the equilibrium points arergsptically stable since
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Figure 4.10: Phase portraits for a congestion control protocol running iWith 60 identical
source computers. The equilibrium values correspond to a xed wiraddle source, which
results in a steady-state buffer size and corresponding transmist@oAfaster link (b) uses
a smaller buffer size since it can handle packets at a higher rate.

all initial conditions result in trajectories that converp these points. N

Stability of Linear Systems

A linear dynamical system has the form

dx _ o
G- A X=X (4.7)

whereA2 R" " is a square matrix, corresponding to the dynamics matrix of a
linear control system (2.6). For a linear system, the stghaf the equilibrium at
the origin can be determined from the eigenvalues of theixAtr

I (A)=fs2 C:def(sl A)= 0g:

The polynomial ddsl A) is the characteristic polynomiahnd the eigenvalues
are its roots. We use the notatibpfor the jth eigenvalue oA, so thatl ; 2 | (A).
In generall can be complex-valued, althoughAfis real-valued, then for any
eigenvalud , its complex conjugaté will also be an eigenvalue. The origin is
always an equilibrium for a linear system. Since the stabiita linear system
depends only on the matri&, we nd that stability is a property of the system.
For a linear system we can therefore talk about the stalufityhe system rather
than the stability of a particular solution or equilibriuript.

The easiest class of linear systems to analyze are those sy&teen matrices
are in diagonal form. In this ca8se, the dynamics have the form

9

I 0

dx P

pri %x. (4.8)
-0 I
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It is easy to see that the state trajectories for this systenmdependent of each
other, so that we can write the solution in termsafidividual systems; = [ jx;.
Each of these scalar solutions is of the form

xj(t) = € i'x(0):

We see that the equilibrium poing = O is stable if/ ; 0 and asymptotically
stable if/ j < 0.
Another simple case is when the dynamics are in the bloclodialgiorm

S1 Wq 0 0

wp S 0 0
x_g 0 T
dt 0 o . : : .

0 0 Sm  Wm

0 0 Wm Sm’

In this case, the eigenvalues can be shown tbjze s; iwj. We once again can
separate the state trajectories into independent sofufiimreach pair of states, and
the solutions are of the form

Xoj 1(t) = €' x5 1(0) coswjt + X;(0) sinwjt ;
Xj(t) = €1 xp; 1(0)sinwjt  x2;(0) coswt ;

wherej = 1;2;:::;m. We see that this system is asymptotically stable if and only
if sj= Rel j < 0. Itis also possible to combine real and complex eigensgailue
(block) diagonal form, resulting in a mixture of solutiorfstioe two types.

Very few systems are in one of the diagonal forms above, buiessystems
can be transformed into these forms via coordinate tramsfhons. One such
class of systems is those for which the dynamics matrix hetisdt (nonrepeating)
eigenvalues. In this case there is a mairi2 R" " such that the matrix AT *
is in (block) diagonal form, with the block diagonal elem®brresponding to
the eigenvalues of the original matri (see Exercise 4.14). If we choose new
coordinategz = Tx, then

92_ Tx= TAx= TAT 1z

dt
and the linear system has a (block) diagonal dynamics mafuxthermore, the
eigenvalues of the transformed system are the same as ¢feabsystem since if
vis an eigenvector ok, thenw = Tvcan be shown to be an eigenvecto@T 1.
We can reason about the stability of the original system ktyngahat x(t) =
T 1Z(t), and so if the transformed system is stable (or asymptbtistble), then
the original system has the same type of stability.

This analysis shows that for linear systems with distincerigilues, the sta-
bility of the system can be completely determined by exangjrihe real part of
the eigenvalues of the dynamics matrix. For more generasys we make use
of the following theorem, proved in the next chapter:
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Theorem 4.1(Stability of a linear system)The system

dx
a—Ax

is asymptotically stable if and only if all eigenvalues of IAheve a strictly neg-
ative real part and is unstable if any eigenvalue of A has &thyrpositive real
part.

Example 4.6 Compartment model
Consider the two-compartment module for drug deliveryodtrced in Section 3.6.
Using concentrations as state variables and denotingdke\atctor by, the sys-
tem dynamics are given by
0 3 k ki ki3 . obos & 9
- 1 Kt 03 . _ ©

Frial ko Ky X+ 7 0’ u; y=-0 1 x
where the inpuu is the rate of injection of a drug into compartment 1 and the
concentration of the drug in compartment 2 is the measurguloy We wish to
design a feedback control law that maintains a constanubgipen byy = yy.

We choose an output feedback control law of the form

u= k(y vya)* Ug;

whereuy is the rate of injection required to maintain the desiredcemtration
andk is a feedback gain that should be chosen such that the clospgystem is
stable. Substituting the control law into the system, weiabta

8 9 8 9
%_ 3 ko ki klbokg X+gbog
dt | k; ko o

8 9

y=:0 1 x=:Cx

Uq =: Ax+ Buy;

The equilibrium concentratiox: 2 R? is given byxe= A 1Buy and
boka "

kokz + kko+ Kkakabo

Choosingug such thatye = yq provides the constant rate of injection required to

maintain the desired output. We can now shift coordinatg@éace the equilibrium

point at the origin, which yieI%s o
dz_ 3 ko ki kiboks
dat ko ko ’

wherez= X X.. We can now apply the results of Theorem 4.1 to determine the

stability of the system. The eigenvalues of the system aendiy the roots of the
characteristic polynomial

1 (9= &+ (ko+ ki+ kp)s+(ko+ ky+ kikobok):

While the speci ¢ form of the roots is messy, it can be showrt tha roots are

Ye= CA By=

Z
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positive as long as the linear term and the constant termatredositive (Exer-
cise 4.16). Hence the system is stable for kryO. N

Stability Analysis via Linear Approximation

An important feature of differential equations is that ibiten possible to deter-
mine the local stability of an equilibrium point by approxting the system by a
linear system. The following example illustrates the badéai

Example 4.7 Inverted pendulum
Consider again an inverted pendglum whoseé)pen loop dyisaamecgiven by

dx_3z  x 3.
dt = osinxg gxo’

where we have de ned the statexas (q;q). We rst consider the equilibrium
point atx = ( 0; 0), corresponding to the straight-up position. If we assuraéttie
angleq = x; remains small, then we can replacexsinvith x; and cox; with 1,

which gives the approximat?3 system

dx 8 0 1 2
-3 X 3_32 2.
d "X % 1 g X (4.9)

Intuitively, this system should behave similarly to the m@omplicated model
as long ax is small. In particular, it can be veri ed that the equilibmupoint
(0;0) is unstable by plotting the phase portrait or computing therevalues of the
dynamics matrix in equation (4.9)

We can also approximate the system around the stable eduitipoint atx =
(p;0). In this case we have to expand sirand cox; aroundx; = p, according
to the expansions

si(p+q)= sing q; cogp+q)= cogq) L
Ifwedenez; = x; pandz = x, the resulting approximate dynamics are given
by 4 8 9 8 0 1 9

daz_ 3 2 2 _3 2. 4.1

@t- oz gz T 1 g z (4.10)
Note thatz= ( 0;0) is the equilibrium point for this system and that it has thmea
basic form as the dynamics shown in Figure 4.8. Figure 4.11 stiosyphase por-
traits for the original system and the approximate systeyarat the corresponding
equilibrium points. Note that they are very similar, altgbunot exactly the same.
It can be shown that if a linear approximation has either gugtically stable or
unstable equilibrium points, then the local stability of thriginal system must be
the same (Theorem 4.3). N

More generally, suppose that we have a nonlinear system
dx

dat = F(x)
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Figure 4.11: Comparison between the phase portraits for the full nonlinear systgrasda
its linear approximation around the origin (b). Notice that near the equilibpaimt at the
center of the plots, the phase portraits (and hence the dynamics) ars alerdical.

that has an equilibrium point at. Computing the Taylor series expansion of the
vector eld, we can write
dx F : .
— = F(X) + IF (X Xe)+ higher-order terms iix  Xg):
dt X &
SinceF (xg) = 0, we can approximate the system by choosing a new statéleria
Z= X X and writing
F
d—Z: Az where A= IF X (4.11)
dt X
We call the system (4.11) thieear approximatiorof the original nonlinear system
or thelinearizationat Xe.

The fact that a linear model can be used to study the behaviarrafnlin-
ear system near an equilibrium point is a powerful one. Iddee can take this
even further and use a local linear approximation of a nealirsystem to design
a feedback law that keeps the system near its equilibriumtgdesign of dy-
namics). Thus, feedback can be used to make sure that seluéorain close to
the equilibrium point, which in turn ensures that the lingpproximation used to
stabilize it is valid.

Linear approximations can also be used to understand thiéitgtabnonequi-
librium solutions, as illustrated by the following example

Example 4.8 Stable limit cycle
Consider the system given by equation (4.6),
dx _ ot x1(1 X X3); de _ X1+ Xl X X3);
dt dt
whose phase portrait is shown in Figure 4.5. The differentjab&on has a peri-
odic solution
x1(t) = x1(0) cost + x2(0) sint; (4.12)
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with x2(0) + x3(0) = 1.
To explore the stability of this solution, we introduce pataordinates and
J , which are related to the state variabkesandx, by

X1 = rcoy ; X2 = rsinj :
Differentiation gives the following linear equations foand;j :
X1 = rcos rj sinj ; Xo=rsinj +rj cog :
Solving this linear system farand;j gives, after some calculation,

dr dj _

R 2\ . Yo
a4

Notice that the equations are decoupled; hence we can atalyztability of each
state separately.

The equation for has three equilibriar = 0,r = 1 andr = 1 (not realiz-
able sinca must be positive). We can analyze the stability of theselibagiai by
linearizing the radial dynamics witR(r) = r(1 r?). The corresponding linear
dynamics are given by

dr JF

azﬁrerz(l 29 re=0;1;

1:

where we have abused notation and usdd represent the deviation from the
equilibrium point. It follows from the sign ofl  2r2) that the equilibriunt = 0

is unstable and the equilibrium= 1 is asymptotically stable. Thus for any initial
conditionr > 0 the solution goes to= 1 as time goes to in nity, but if the system
starts withr = 0, it will remain at the equilibrium for all times. This impkahat
all solutions to the original system that do not starkat X, = 0 will approach
the circlex? + x3 = 1 as time increases.

To show the stability of the full solution (4.12), we must éstigate the be-
havior of neighboring solutions with different initial cditions. We have al-
ready shown that the radiuswill approach that of the solution (4.12) as long
asr(0) > 0. The equation for the angje can be integrated analytically to give
j (t)= t+j (0), which shows that solutions starting at different anglewill
neither converge nor diverge. Thus, the unit circlaigacting but the solu-
tion (4.12) is only stable, not asymptotically stable. Thbaaor of the system is
illustrated by the simulation in Figure 4.12. Notice that $iméutions approach the
circle rapidly, but that there is a constant phase shift betwthe solutions. N

4.4 Lyapunov Stability Analysis

We now return to the study of the full nonlinear system

%: F(X); x2R™ (4.13)
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Figure 4.12: Solution curves for a stable limit cycle. The phase plane plot on the lefisho
that the trajectory for the system rapidly converges to the stable limit cydie. starting
points for the trajectories are marked by circles in the phase portrait. Teelmain plots
on the right show that the states do not convert to the solution but insteathima constant
phase error.

Having de ned when a solution for a nonlinear dynamical sysie stable, we
can now ask how to prove that a given solution is stable, asyticplly stable
or unstable. For physical systems, one can often argue alahitity based on
dissipation of energy. The generalization of that techniguarbitrary dynamical
systems is based on the use of Lyapunov functions in placeertg.

In this section we will describe techniques for determinting stability of so-
lutions for a nonlinear system (4.13). We will generally heerested in stability
of equilibrium points, and it will be convenient to assumattk, = 0 is the equi-
librium point of interest. (If not, rewrite the equationsamew set of coordinates
Z= X Xe.)

Lyapunov Functions

A Lyapunov function V R"! R is an energy-like function that can be used to
determine the stability of a system. Roughly speaking, itae nd a nonnegative
function that always decreases along trajectories of thtesy, we can conclude
that the minimum of the function is a stable equilibrium gdiocally).

To describe this more formally, we start with a few de nition&/e say that a
continuous functiofV is positive de niteif V(x) > O for allx6 0 andV(0) = 0.
Similarly, a function isnegative de nitef V(x) < O forallx6 0 andv(0) = 0. We
say that a functioW is positive semide nitéf V(x) O for all x, butV(x) can be
zero at points other than just= 0.

To illustrate the difference between a positive de nite ftioc and a positive
semide nite function, suppose tha2 R? and let

Vi) = X8, Vo(X) = X+ X3

Both V; andV, are always nonnegative. However, it is possibleMpto be zero
even ifx& 0. Speci cally, if we setx=( 0;c), wherec 2 R is any nonzero number,



114 CHAPTER 4. DYNAMIC BEHAVIOR

V(X)=c1<¢C

Figure 4.13: Geometric illustration of Lyapunov's stability theorem. The closed contours
represent the level sets of the Lyapunov functiti) = c. If dx=dt points inward to these
sets at all points along the contour, then the trajectories of the system vayslvaus¥ (x)

to decrease along the trajectory.

thenVy(X) = 0. On the other hand/>(x) = 0 if and only ifx=(0;0). ThusVy is
positive semide nite and; is positive de nite.

We can now characterize the stability of an equilibrium poin= 0 for the
system (4.13).

Theorem 4.2(Lyapunov stability theorem)Let V be a nonnegative function on
R" and letV represent the time derivative of V along trajectories @& #fystem

dynamicg4.13

Ix dt  fx '
Let B = B/(0) be a ball of radius r around the origin. If there exists$r0 such
thatV is positive de nite an¥ is negative semide nite for all® B, then x= Ois
locally stable in the sense of Lyapunov. If V is positive dte andV is negative
de nite in By, then x= 0is locally asymptotically stable.

If V satis es one of the conditions above, we say tds a (local)Lyapunov
functionfor the system. These results have a nice geometric intetjmet The
level curves for a positive de nite function are the curvesneée by V(x) = c,
c> 0, and for eaclt this gives a closed contour, as shown in Figure 4.13. The
condition thatv(x) is negative simply means that the vector eld points toward
lower-level contours. This means that the trajectories ntowenaller and smaller
values ofv and ifV is negative de nite thex must approach 0.

Example 4.9 Stability of equilibria of a simple nonlinear system
Consider the scalar nonlinear system
dx 2
dt 1+x
This system has equilibrium points)at 1 andx= 2. We consider the equilib-
rium point atx= 1 and rewrite the dynamics usizg x 1:
dz 2
—=_-_ 7z 1
dt 2+7z ’
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which has an equilibrium point &= 0. Now consider the candidate Lyapunov
function 1
V(X) = 522;

which is globally positive de nite. The derivative &f along trajectories of the
system is given by
V(2= z= E
2+z

If we restrict our analysis to a ba,, wherer < 2, then 2+ z> 0 and we can
multiply through by 2+ zto obtain

2z (Z+2(2+2= 2 37P= ZA(z+3)<0  z2B;r<2

It follows thatV(z) < O forallz2 By, z6 0, and hence the equilibrium poixg= 1
is locally asymptotically stable. N

A slightly more complicated situation occursvfis negative semide nite. In
this case it is possible th¥{(x) = 0 whenx & 0, and hence could stop decreasing
in value. The following example illustrates this case.

Example 4.10 Hanging pendulum
A normalized model for a hanging pendulum is

ng[l = Xo; Ogiz = sinxg;
wherex; is the angle between the pendulum and the vertical, withtigest;
corresponding to counterclockwise rotation. The equatasan equilibriunx; =
X2 = 0, which corresponds to the pendulum hanging straight ddwmexplore the
stability of this equilibrium we choose the total energy dyapunov function:
1., 15

IxE+ x5
X1t 5%

The Taylor series approximation shows that the function sitpe de nite for
smallx. The time derivative of/ (x) is

1
V(X)= 1 cosx+ éxg

V = X1SinX1 + XoXo = XoSiNX;  XpSinxg = O:

Since this function is positive semide nite, it follows fromy&apunov's theorem

that the equilibrium is stable but not necessarily asyniqatly stable. When per-

turbed, the pendulum actually moves in a trajectory thatesponds to constant
energy. N

Lyapunov functions are not always easy to nd, and they areumique. In
many cases energy functions can be used as a starting ppiwgsadone in Ex-
ample 4.10. It turns out that Lyapunov functions can alwag<dund for any
stable system (under certain conditions), and hence on&kitimat if a system
is stable, a Lyapunov function exists (and vice versa). Re@sults using sum-
of-squares methods have provided systematic approachesdiog Lyapunov
systems [PPP02]. Sum-of-squares techniques can be applieddadcvariety of
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systems, including systems whose dynamics are describg@alipgomial equa-
tions, as well as hybrid systems, which can have differendetofor different
regions of state space.

For a linear dynamical system of the form

dx

— = A

at - ™
it is possible to construct Lyapunov functions in a systeenaanner. To do so,
we consider quadratic functions of the form

V(X) = X' Px

whereP 2 R" "is a symmetric matrix® = PT). The condition tha¥/ be positive
de nite is equivalent to the condition th&be apositive de nite matrix

x"Px> 0; forallx6 O,

which we write ag? > 0. It can be shown that P is symmetric, thef® is positive
de nite if and only if all of its eigenvalues are real and pogt

Given a candidate Lyapunov functidf(x) = x"Px, we can now compute its
derivative along ows of the system:

v= Vdx
x dt
The requirement that be negative de nite (for asymptotic stability) becomes a
condition that the matriXQ be positive de nite. Thus, to nd a Lyapunov func-
tion for a linear system it is suf cient to choose@> 0 and solve thé.yapunov
equation

= x"(ATP+ PAXx=: x"Qx

ATP+PA= Q (4.14)

This is a linear equation in the entries Bf and hence it can be solved using
linear algebra. It can be shown that the equation always rsaduéion if all of
the eigenvalues of the matri are in the left half-plane. Moreover, the solution
P is positive de nite if Q is positive de nite. It is thus always possible to nd
a quadratic Lyapunov function for a stable linear system. wiWedefer a proof
of this until Chapter 5, where more tools for analysis of éinsystems will be
developed.

Knowing that we have a direct method to nd Lyapunov functidaslinear
systems, we can now investigate the stability of nonlingatesns. Consider the

system
dx

g = FO9=:Ax+ F(X); (4.15)
whereF (0) = 0 andF(X) contains terms that are second order and higher in the
elements ok. The functionAxis an approximation df (X) near the origin, and we
can determine the Lyapunov function for the linear appr@tion and investigate

if it is also a Lyapunov function for the full nonlinear sysie The following
example illustrates the approach.
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(a) Circuit diagram (b) Equilibrium points
Figure 4.14: Stability of a genetic switch. The circuit diagram in (a) represents two pitein
that are each repressing the production of the other. The inp@sdu, interfere with this

repression, allowing the circuit dynamics to be modi ed. The equilibriurmtsofor this
circuit can be determined by the intersection of the two curves shown.in (b)

Example 4.11 Stability of a genetic switch
Consider the dynamics of a set of repressors connectedhtrgiet a cycle, as
shown in Figure 4.14a. The normalized dynamics for this systeme given in

Exercise 2.12: dz m | dz_ m

= oo Al o= oo &
dt 1+ 2z ! dt 1+ 2 2

wherez; andz are scaled versions of the protein concentrationand mare
parameters that describe the interconnection betweeneiesgand we have set
the external inputs; andu, to zero.

The equilibrium points for the system are found by equatirggtiine deriva-
tives to zero. We de ne

df _— mu 1

m
W=y =G @rwe

and the equilibrium points are de ned as the solutions of tiga¢ions

(4.16)

un=1(z), zn=f(n):

If we plot the curvegz;; f(z1)) and(f(z);z) on a graph, then these equations
will have a solution when the curves intersect, as shown inr€i¢.14b. Because
of the shape of the curves, it can be shown that there willydvea three solutions:
one atzie = Zpe, ONE Withzie < Zpe and one withzge > z0e. If m 1, then we can
show that the solutions are given approximately by

Ze m (4.17)

Zie N Zpe Z1e = Zog; Z1e

- 1 .

m 1 m 1

To check the stability of the system, we writéu) in terms of its Taylor series
expansion aboule:

f(u) = f(ue)+ fYue)-(u ue)+ f%Rue)-(u ue)?+ higher-order terms



118 CHAPTER 4. DYNAMIC BEHAVIOR

where frepresents the rst derivative of the function, affthe second. Using
these approximations, the dynamics can then be written as

8 9
aw_3 1 fAze)3
dt - fo(zle) 1

wherew= z zis the shifted state arfé(w) represents quadratic and higher-order
terms.
We now use equation (4.14) to search for a Lyapunov funct@mosingQ = |
and lettingP 2 R? 2 have elementsgj, we search for a solution of the equation
8 98 9 8 98 9 8 9
2 1 f33pu piz,3Pu pzz 1 ff3_3 1 03,
SR T pi2 op2 T pi2z P2 1T 0 1

wheref?= fqze) andff= f{z). Note that we have sgb; = pi2 to forceP to
be symmetric. Multiplying out the matrices, we obtain

w+ F(w);

. . 9 8 9
3 2p1a+ 2f9p12 puf? 2pia+ pofis -3 1 03,
©opuaf? 2pio+ paof? 2p22+ 2f0p1 7 T 0 1

which is a set ofinear equations for the unknowns;. We can solve these linear

equations to obtain

fE  £9f0+ 2.
AR 1)

fir 2 . = 19 g+ 2
4019 1)’ 4019 1)

p11= p12=

To check thav (w) = w'Pwis a Lyapunov function, we must verify the(w) is
positive de nite function or equivalently thd& > 0. SincePisa 2 2 symmetric
matrix, it has two real eigenvaluég and/ , that satisfy
[1+ | ,= tracdP); [1:12=det(P):

In order forP to be positive de nite we must have thet and/ , are positive, and
we thus require that
fE 21910+ t8+ 4

4 4199

fE 21960+ {5+ 4

> 0.
16 16070 0

tracgP) = >0, de(P)=

We see that tra¢®) = 4de(P) and the numerator of the expressions is [t
f2)2+ 4> 0, so it suf ces to check the sign of 1 2. In particular, forP to be
positive de nite, we require that

fo(zle) fckZZe) <l

We can now make use of the expressionsffode ned earlier and evaluate at
the approximate locations of the equilibrium points dettiireequation (4.17). For
the equilibrium points where, 6 2, we can show that

mm' 1 mm©® v
(1+ nM)2 "1+ mnn D nm :

Qo) 2 (I IYT )=
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Figure 4.15: Dynamics of a genetic switch. The phase portrait on the left shows that
the switch has three equilibrium points, corresponding to protein A havirmpeentration
greater than, equal to or less than protein B. The concentration with prptaln concen-
trations is unstable, but the other equilibrium points are stable. The simulatithreaight
shows the time response of the system starting from two different initialitons. The

initial portion of the curve corresponds to initial concentratig(® = ( 1;5) and coverges to

the equilibrium whereye < zpe. At timet = 10, the concentrations are perturbed+® in

73 and 2 in 2z, moving the state into the region of the state space whose solutions converge
to the equilibrium point wherepe < zje.

Usingn= 2 andm 200 from Exercise 2.12, we see thf&zc) f4ze) 1 and
henceP is a positive de nite. This implies that is a positive de nite function and
hence a potential Lyapunov function for the system.

To determine if the system (4.16) is stable, we now compuge the equilib-
rium point. By construction,

V = wH(PA+ ATP)w+ FT(W)Pw+ W PF(W) = wiw+ FT(w)Pw+ w'PF(w):

Since all terms irF are quadratic or higher order im, it follows thatF T (w)Pw
andw' PF(w) consist of terms that are at least third ordemin Therefore ifw
is suf ciently close to zero, then the cubic and higher-oragems will be smaller
than the quadratic terms. Hence, suf ciently closevte 0,V is negative de nite,
allowing us to conclude that these equilibrium points aréhlstable.

Figure 4.15 shows the phase portrait and time traces for ammysith m= 4,
illustrating the bistable nature of the system. When thiintondition starts with
a concentration of protein B greater than that of proteinh&,golution converges
to the equilibrium point at (approximately)=n' ;m and if A is greater than
B, then it goes tqm 1=nt" 1). The equilibrium point withz;e = 2 is seen to be
unstable. N

More generally, we can investigate what the linear appration tells about
the stability of a solution to a nonlinear equation. The felleg theorem gives a
partial answer for the case of stability of an equilibriunirpo

Theorem 4.3. Consider the dynamical systef@.15)with F(0) = 0 and F such
thatlimkF(x)k=kxk! 0Qaskxk! O. If the real parts of all eigenvalues of A are
strictly less than zero, thernyx 0 is a locally asymptotically stable equilibrium
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point of equation(4.15)

This theorem implies that asymptotic stability of the linegproximation im-
plies local asymptotic stability of the original nonlinear system. Thedrem is
very important for control because it implies that stahilian of a linear approxi-
mation of a nonlinear system results in a stable equilibfionthe nonlinear sys-
tem. The proof of this theorem follows the technique used innfp{a 4.11. A
formal proof can be found in [KhaO1].

Krasovski{Lasalle Invariance Principle

For general nonlinear systems, especially those in symfmiin, it can be dif cult
to nd a positive de nite functionV whose derivative is strictly negative de nite.
The Krasovski—Lasalle theorem enables us to conclude thepstimstability of
an equilibrium point under less restrictive conditionanedy, in the case whehé
is negative semide nite, which is often easier to constrtitwever, it applies only
to time-invariant or periodic systems. This section make&saisome additional
concepts from dynamical systems; see Hahn [Hah67] or Klidi&01] for a more
detailed description.

We will deal with the time-invariant case and begin by introithg a few more
de nitions. We denote the solution trajectories of the timeariant system

dx

i F(X) (4.18)

asx(t : a), which is the solution of equation (4.18) at tirhestarting froma at

to = 0. Thew limit setof a trajectoryx(t; a) is the set of all pointg 2 R" such

that there exists a strictly increasing sequence of titgesich thatx(t,;a) ! z

asn! ¥. AsetM R"is said to be amnvariant setif for all b2 M, we have
X(t;b) 2 M forallt 0. It can be proved that the limit set of every trajectory is
closed and invariant. We may now state the Krasovski—Lapailteiple.

Theorem 4.4(Krasovski-Lasalle principle)LetV: R"! R be a locally positive
de nite function such that on the compact $t= fx2 R":V(x) rgwe have

V(x) 0. Dene
S=fx2W:V(X)= 0g:

Ast! ¥ the trajectory tends to the largest invariant set inside.&; itsw limit
set is contained inside the largest invariant set in S. Irtipatar, if S contains no
invariant sets other thanx 0, then 0 is asymptotically stable.

Proofs are given in [Kra63] and [LaS60].

Lyapunov functions can often be used to design stabilizmgfrollers, as is
illustrated by the following example, which also illusgathow the Krasovski—
Lasalle principle can be applied.

Example 4.12 Stabilization of an inverted pendulum
Following the analysis in Example 2.7, an inverted pendulamloe described by
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the following normalized model:

dd)f[l = Xo; O(Ij)f[z = Sinxy+ UCOSXy; (4.19)
wherex; is the angular deviation from the upright position ang the (scaled)
acceleration of the pivot. The system has an equilibriumyat x, = 0, which
corresponds to the pendulum standing upright. This eqiuliis unstable.

To nd a stabilizing controller we consider the following adidate for a Lya-
punov function:

1 1 1
V(X)=(cosxy 1)+ a(l cosxg)+ éxg a 3 X2+ éxg:
The Taylor series expansion shows that the function is pesite nite near the
origin if a> 0:5. The time derivative o¥ (x) is

V = XgSinxg+ 2ax; SiNXp COSXg + XoXo = Xo(U+ 2aSinX;) COSXy:
Choosing the feedback law
u= 2asinX; X»2Co0SXp

gives
V= x3cogx:

It follows from Lyapunov's theorem that the equilibrium ischlly stable. How-
ever, since the function is only negative semide nite, wergarconclude asymp-
totic stability using Theorem 4.2. However, note thiat 0 implies thatx, = 0 or
X1= p=2 np.
If we restrict our analysis to a small neighborhood of thgiori\;, r - p=2,
then we can de ne
S=f(X1;%) 2 W : X = Og

and we can compute the largest invariant set inSidéor a trajectory to remain
in this set we must have, = 0 for all t and hence(t) = 0 as well. Using the
dynamics of the system (4.19), we see thét) = 0 andxy(t) = O impliesxy(t)= 0
as well. Hence the largest invariant set ins&is (x;;Xx2) = 0, and we can use the
Krasovski—Lasalle principle to conclude that the originasdlly asymptotically
stable. A phase portrait of the closed loop system is shovirigare 4.16.

N

4.5 Parametric and Nonlocal Behavior

Most of the tools that we have explored are focused on thd lmelaavior of a
xed system near an equilibrium point. In this section we lyrimtroduce some
concepts regarding the global behavior of nonlinear systena the dependence
of a system'’s behavior on parameters in the system model.
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Figure 4.16: Phase portrait for a stabilized inverted pendulum. The shaded regicates!
the set of initial conditions that converge to the origin. The ellipse corredpto a level
set of a Lyapunov functiol' (x) for whichV(x) > 0 andV(x) < O for all points inside the
ellipse. This can be used as an estimate of the region of attraction of the gquiljmoint.

Regions of Attraction

To get some insight into the behavior of a nonlinear systemamestart by nding

the equilibrium points. We can then proceed to analyze tbal loehavior around
the equilibria. The behavior of a system near an equilibriwwimipis called the
local behavior of the system.

The solutions of the system can be very different far away faonequilibrium
point. This is seen, for example, in the stabilized pendulufexample 4.12. The
inverted equilibrium point is stable, with small oscillatis that eventually con-
verge to the origin. But far away from this equilibrium pothere are trajectories
that converge to other equilibrium points or even cases iithwthe pendulum
swings around the top multiple times, giving very long datibns that are topo-
logically different from those near the origin.

To better understand the dynamics of the system, we can agaim set of all
initial conditions that converge to a given asymptoticaligble equilibrium point.
This set is called theegion of attractionfor the equilibrium point. An example is
shown by the shaded region in Figure 4.16. In general, comgpuégions of at-
traction is dif cult. However, even if we cannot determinestiegion of attraction,
we can often obtain patches around the stable equilibriaatteaattracting. This
gives partial information about the behavior of the system.

One method for approximating the region of attraction i®tigh the use of
Lyapunov functions. Suppose thétis a local Lyapunov function for a system
around an equilibrium pointy. Let W be a set on whicW (x) has a value less
thanr,

W =fx2R":V(X) rg;

and suppose that(x) 0 for all x 2 W, with equality only at the equilibrium
pointxg. ThenW,; is inside the region of attraction of the equilibrium poiSince

this approximation depends on the Lyapunov function andlioéce of Lyapunov
function is not unique, it can sometimes be a very consemvaistimate.
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It is sometimes the case that we can nd a Lyapunov functisuch thav/ is
positive de nite and/ is negative (semi-) de nite for ak2 R". In this case it can
be shown that the region of attraction for the equilibriuninp@s the entire state
space, and the equilibrium point is said todiebally stable.

Example 4.13 Stabilized inverted pendulum
Consider again the stabilized inverted pendulum from Examdpl2. The Lya-
punov function for the system was

1
V() =(cosxy 1)+ a(l cosxg)+ Ex%;
andV was negative semide nite for aland nonzero whexy 6 p=2. Hence for
anyx such thajxyj < p=2,V(x) > 0 will be inside the invariant set de ned byNthe
level curves oW/ (x). One of these level sets is shown in Figure 4.16. N

Bifurcations

Another important property of nonlinear systems is howrthehavior changes as
the parameters governing the dynamics change. We can stisdiy the context
of models by exploring how the location of equilibrium pantheir stability, their
regions of attraction and other dynamic phenomena, suchmitscycles, vary
based on the values of the parameters in the model.
Consider a differential equation of the form

d

d%(: Foom: x2 R", m2 RK, (4.20)
wherex is the state andnis a set of parameters that describe the family of equa-
tions. The equilibrium solutions satisfy

F(x;m= 0;

and asmis varied, the corresponding solutiorg m) can also vary. We say that
the system (4.20) hadwsfurcationat m= m if the behavior of the system changes
gualitatively atm . This can occur either because of a change in stability ty@e or
change in the number of solutions at a given valueof

Example 4.14 Predator—prey
Consider the predator—prey system described in SectioT&& dynamics of the
system are given by
dH H aHL dL aHL
-t K orR At Porn
whereH andL are the numbers of hares (prey) and lynxes (predatorspahd
¢, d, k andr are parameters that model a given predator—prey systerorioes
in more detail in Section 3.7). The system has an equilibriumt@i He > 0 and
Le > 0 that can be found numerically.

dL; (4.21)
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Figure 4.17: Bifurcation analysis of the predator—prey system. (a) Parametric stadidity
gram showing the regions in parameter space for which the system is gtatBefurcation
diagram showing the location and stability of the equilibrium point as a funcfien he
solid line represents a stable equilibrium point, and the dashed line refreseanstable
equilibrium point. The dashed-dotted lines indicate the upper and lowedksdanthe limit
cycle at that parameter value (computed via simulation). The nominawalithe parame-
ters in the model ara= 3:2,b= 0:6,c= 50,d = 0:56,k= 125 andr = 1:6.

To explore how the parameters of the model affect the behavithe system,
we choose to focus on two speci ¢ parameters of interasthe interaction coef-
cient between the populations amgla parameter affecting the prey consumption
rate. Figure 4.17a is a numerically compupatametric stability diagranshow-
ing the regions in the chosen parameter space for which thidlem point is
stable (leaving the other parameters at their nominal galug/e see from this
gure that for certain combinations & andc we get a stable equilibrium point,
while at other values this equilibrium point is unstable.

Figure 4.17b is a numerically computédurcation diagramfor the system.
In this plot, we choose one parameter to vaay §nd then plot the equilibrium
value of one of the statesl] on the vertical axis. The remaining parameters are
set to their nominal values. A solid line indicates that tla@ikbrium point is
stable; a dashed line indicates that the equilibrium paintistable. Note that the
stability in the bifurcation diagram matches that in thegpaetric stability diagram
for c= 50 (the nominal value) amalvarying from 1.35 to 4. For the predator—prey
system, when the equilibrium point is unstable, the sofutionverges to a stable
limit cycle. The amplitude of this limit cycle is shown by thashed-dotted line in
Figure 4.17b. N

A particular form of bifurcation that is very common when tmtling linear
systems is that the equilibrium remains xed but the stapitif the equilibrium
changes as the parameters are varied. In such a case it aimgvi® plot the
eigenvalues of the system as a function of the parameterdh [Sats are called
root locus plotsbecause they give the locus of the eigenvalues when pareamete
change. Bifurcations occur when parameter values are fiatlihere are eigen-
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Figure 4.18: Stability plots for a bicycle moving at constant velocity. The left plot shows
the real part of the system eigenvalues as a function of the bicycle velocityhen one

or more eigenvalues have positive real part, the system is unstablegdreeon the right
shows the locus of eigenvalues on the complex plane as the velasityaried and gives a
different view of the stability of the system. This type of plot is calledat locus plot

values with zero real part. Computing environments such LBBY MATLAB
and Mathematica have tools for plotting root loci.

Example 4.15 Root locus plot for a bicycle model

Consider the linear bicycle model given by equation (3. Beation 3.2. Introduc-
ing the state variableg = j , Xx» = d, X3 = j andxs = d and setting the steering
torqueT = 0, the equations can be written as

8 0 | 9
% = § § X=:AX
dt M l(K0+ KzV%) M 1CV0’
wherel isa2 2 identity matrix ands is the velocity of the bicycle. Figure 4.18a
shows the real parts of the eigenvalues as a function of wgloEigure 4.18b
shows the dependence of the eigenvaluesarf the velocityy. The gures show
that the bicycle is unstable for low velocities because twemvalues are in the
right half-plane. As the velocity increases, these eigemsgamove into the left
half-plane, indicating that the bicycle becomes selfiirahg. As the velocity is
increased further, there is an eigenvalue close to themathgit moves into the right
half-plane, making the bicycle unstable again. Howevas, ¢éigenvalue is small
and so it can easily be stabilized by a rider. Figure 4.18a sthibat the bicycle is
self-stabilizing for velocities between 6 and 10 m/s. N

Parametric stability diagrams and bifurcation diagranmsgravide valuable in-
sights into the dynamics of a nonlinear system. It is usuadigessary to carefully
choose the parameters that one plots, including combihiegatural parameters
of the system to eliminate extra parameters when possibtenpQter programs
such aAUTQ LOCBIF andXPPAUTprovide numerical algorithms for producing
stability and bifurcation diagrams.
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Figure 4.19: Headphones with noise cancellation. Noise is sensed by the exterior micro-
phone (a) and sent to a lter in such a way that it cancels the noise thatrpés the head
phone (b). The Iter parameteesandb are adjusted by the controllé.represents the input
signal to the headphones.

Design of Nonlinear Dynamics Using Feedback

In most of the text we will rely on linear approximations tosg feedback laws
that stabilize an equilibrium point and provide a desirectleof performance.
However, for some classes of problems the feedback comtrollist be nonlinear
to accomplish its function. By making use of Lyapunov fuaons we can often
design a nonlinear control law that provides stable bemas®we saw in Exam-
ple 4.12.

One way to systematically design a nonlinear controlleripégin with a
candidate Lyapunov functioW (x) and a control system = f(x;u). We say
thatV(x) is acontrol Lyapunov functionf for every x there exists al such that
V(X) = %f(x; u) < 0. In this case, it may be possible to nd a functiarfx)
such thatu = a(x) stabilizes the system. The following example illustratess th
approach.

Example 4.16 Noise cancellation

Noise cancellation is used in consumer electronics anddastrial systems to re-
duce the effects of noise and vibrations. The idea is to lpceliiuce the effect
of noise by generating opposing signals. A pair of headpfoevith noise can-
cellation such as those shown in Figure 4.19a is a typical pl@anf schematic
diagram of the system is shown in Figure 4.19b. The system lastarophones,
one outside the headphones that picks up exterior no&®d another inside the
headphones that picks up the sigaalvhich is a combination of the desired signal
and the external noise that penetrates the headphone. Ttz &@m the exterior
microphone is ltered and sent to the headphones in such a keyttcancels the
external noise that penetrates into the headphones. Thegtns of the Iter are
adjusted by a feedback mechanism to make the noise sigrted internal micro-
phone as small as possible. The feedback is inherently reanllmecause it acts by
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changing the parameters of the lter.

To analyze the system we assume for simplicity that the gaipen of external
noise into the headphones is modeled by a rst-order dyndrejctem described
by

(cjltzz agz+ bon; (4.22)

wherezis the sound level and the paramet&s: 0 andbg are not known. Assume
that the lter is a dynamical system of the same type:

dw
- = + 3
at aw+ bn

We wish to nd a controller that updates and b so that they converge to the
(unknown) parametei® andbg. Introducex; = e=w 2z X = a apandxg=
b bg; then

dX1

azao(w 2+(a ag)w+(b bo)n=agxy xow+ Xan: (4.23)

We will achieve noise cancellation if we can nd a feedback fawchanging the
parameters andb so that the erroe goes to zero. To do this we choose

1
Vixixeixe) = 5 axg+ x5+ 3

as a candidate Lyapunov function for (4.23). The derivatiVé &
V = axiXy+ XoXo+ XgXg = aa0x§+ Xo(X2 + axgw) + Xz(Xz+ X1n):

Choosing
Xo = awxg = aew X3 = axin= aen (4.24)

we ndthatV = aagx < 0, and it follows that the quadratic function will decrease
aslong aze= x31=w z6 0. The nonlinear feedback (4.24) thus attempts to
change the parameters so that the error between the sighthe@mnoise is small.
Notice that feedback law (4.24) does not use the model (£2)citly.

A simulation of the system is shown in Figure 4.20. In the satioh we have
represented the signal as a pure sinusoid and the noisezabtiand noise. The g-
ure shows the dramatic improvement with noise cancellafidre sinusoidal sig-
nal is not visible without noise cancellation. The lter parat®rs change quickly
from their initial valuesa= b= 0. Filters of higher order with more coef cients
are used in practice. N

4.6 Further Reading

The eld of dynamical systems has a rich literature that chiarézes the possi-
ble features of dynamical systems and describes how patarchanges in the
dynamics can lead to topological changes in behavior. Readatroductions to
dynamical systems are given by Strogatz [Str94] and the hitjbstrated text by
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Figure 4.20: Simulation of noise cancellation. The top left gure shows the headphone
signal without noise cancellation, and the bottom left gure shows the kigita noise
cancellation. The right gures show the paramet@endb of the Iter.

Abraham and Shaw [AS82]. More technical treatments includdrémov, Vitt
and Khaikin [AVK87], Guckenheimer and Holmes [GH83] and \iits [Wig90].
For students with a strong interest in mechanics, the tex#srbold [Arn87] and
Marsden and Ratiu [MR94] provide an elegant approach usialg from differ-
ential geometry. Finally, good treatments of dynamicalesyst methods in biol-
ogy are given by Wilson [Wil99] and Ellner and Guckenheimer (55 There
is a large literature on Lyapunov stability theory, inclglithe classic texts by
Malkin [Mal59], Hahn [Hah67] and Krasovski [Kra63]. We higlrecommend
the comprehensive treatment by Khalil [Kha01].

Exercises

4.1 Show that if we have a solution of the differential equatioril)4iven by
X(t) with initial conditionx(tg) = X, thenxX{t) = x(t tp) Xois a solution of the
differential equation d%

X

E:F(i)

with initial conditionX{0) = 0.
4.2 A cylindrical tank has cross sectidom?, effective outlet area mzﬁmd the in-
ow gin m3=s. An energy balance shows that the outlet velocityss 2ghms=s,

whereg m=s? is the acceleration of gravity artum is the distance between the
outlet and the water level in the tank. Show that the systenbeanodeled by

dh aPb — 1 p_—
a= A 2gh inn; JQout= @ 2gh:

Use the parametefs= 0:2,a. = 0.01. Simulate the system when the in ow is zero
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and the initial level is1= 0:2. Do you expect any dif culties in the simulation?

4.3 Consider the cruise control system described in SectionGherate a phase
portrait for the closed loop system on at grourgi£ 0), in third gear, using a Pl
controller (withkp, = 0:5 andk; = 0:1), m= 1000 kg and desired speed 20 m/s.
Your system model should include the effects of saturatigibput between 0
and 1.

4.4 Consider the second-order system

dxq dx

— = ax,; —= Db CXp:

dt X1, dt X1 CX
wherea; b;c> 0. Investigate if the functions

1, 1, 1, 1 b 2

= — + —X5: = — + — -
Vi(X) Xt 5% V2(X) 5% 2(X2 c aXl)

are Lyapunov functions for the system and give any conditibat must hold.

4.5 (Damped spring—mass system) Consider a damped spring-sysies with «
dynamics

mg+ cg+ kg= O:
A natural candidate for a Lyapunov function is the total ggef the system, given
by

1 5, 1
= — + — .

V= omg 2kq2
Use the Krasovski—Lasalle theorem to show that the systesyistotically sta-
ble.

4.6 The following simple model for an electric generator conaddb a strong
power grid was given in Exercise 2.10:

d?j EV . .
Jd—tjzz Pn Pe= By 7slnj :
The parameter b Ev
max
= = —— 4.25
Pn XPBy ( )

is the ratio between the maximum deliverable poRgsx = EV=X and the me-
chanical poweRy.

(a) Considem a bifurcation parameter and discuss how the equilibria iie: e
a.
(b) Forthe case whea> 1, show that there is a centerjat= arcsi{1=a) and a
saddleaf = p jo.
(c) Show that there is a solution through the saddle that eatis
1dj 2
2 dt

p
j +jo acos a2 1=0: (4.26)
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Use simulation to show that the stability region is the iiaieof the area enclosed
by this solution. Investigate what happens if the system isquilibrium with a
value ofathat is slightly larger than 1 aralsuddenly decreases, corresponding to
the reactance of the line suddenly increasing.

4.7 Show that Lyapunov equation (4.14) always has a solution dfahe eigen-
values ofA are in the left half-plane. (Hint: Use the fact that the Lyapuequation
is linear inP and start with the case whefehas distinct eigenvalues.)

4.8 (Congestion control) Consider the congestion control lemmbdescribed in
Section 3.4. Con rm that the equilibrium point for the systesrgiven by equa-
tion (3.21) and compute the stability of this equilibriuminqousing a linear ap-
proximation.

4.9 (Swinging up a pendulum) Consider the inverted penduluntudised in Ex-
ample 4.4, that is described by

g = sing + ucosq;

whereq is the angle between the pendulum and the vertical and thteotsignal
u is the acceleration of the pivot. Using the energy function

V(g:a)= cosq 1+ >

show that the state feedback k(Vp V)gcosqg causes the pendulum to “swing
up” to upright position.

4.10(Root locus plot) Consider the linear system

dx 50 13 .3 13 8 9
7)(:B B g g . = ) .
gqi-- 0 3 X+ - 4 u; y 1 0 x

with the feedbacki= ky. Plot the location of the eigenvalues as a function the
parametek.

4.11 An op amp circuit for an oscillator was shown in Exercise 3.5 @&cillatory
solution for that linear circuit was stable but not asymigptity stable. A schematic
of a modi ed circuit that has nonlinear elements is shown & tjure below.
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The modi cation is obtained by making a feedback around ea@raipnal am-
pli er that has capacitors using multipliers. The sigr@al= v+ v3 V3 is the
amplitude error. Show that the system is modeled by

dV1 _ R4 1 .
dt R1R3C1V2+ R11C1V1(V% MoV
d 1 1

—2= V2 Vi V)

Vi +
dt RC; © RuCo

Show that the circuit gives an oscillation with a stable ligyitle with amplitude
Vp. (Hint: Use the results of Example 4.8.)

4.12 (Discrete-time Lyapunov function) Consider a nonlineacdete-time sys-
tem with dynamicx[k+ 1] = f(x[k]) and equilibrium poinks = 0. Suppose there
exists a positive de nite functiol : R"! R"such tha¥/(x[k+ 1]) V(x[k]) < 0
for x[kK] 6 0. Show thak, = 0 is asymptotically stable.

4.13 (Self-activating genetic circuit) Consider the dynamicsaafenetic circuit
that implementself-activation the protein produced by the gene is an activator
for the protein, thus stimulating its own production. Usthg models presented
in Example 2.13, the dynamics for the system can be written as

dm  ap? dp

i S — X == : 4.27

dt  1rkp 20 9" at - bmodp (4.27)
for pm 0. Find the equilibrium points for the system and analyze tuoall
stability of each using Lyapunov analysis.

4.14 LetA2 R" " be a matrix with real eigenvalués;:::; I , and corresponding

(a) Show that if the eigenvalues are distinkt& [ ; for i 6 j), thenv; 6 v; for
i6 j.

(b) Show that the eigenvectors form a basis Rirso that any vectok can be
written asx= & ajv; for a; 2 R.
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8 9
(c) LetT="v; Vv, ::: vy andshowthalT AT !lis adiagonal matrix of the
form (4.8).
(d) Show that if some of thg; are complex numbers, théncan be written as
8 9
L 0 8 9
Azgo % where Li=/ 2R or Li:;s W,B:
: w s
0 Ly

in an appropriate set of coordinates.
This form of the dynamics of a linear system is often refersedsmodal form

4.15(Furuta pendulum) The Furuta pendulum, an inverted penduluarotating
arm, is shown to the left in the gure below.

=p

o
3]

Pendulum angle
o

o
= o

0 5 10 15 20
Angular velocityw

Consider the situation when the pendulum arm is spinning @onstant rate. The
system has multiple equilibrium points that depend on tlguban velocityw, as
shown in the bifurcation diagram on the right.

The equations of motion for the system are given by

Jpg  Jpwgsingcosq mpglsing = O;

whereJ, is the moment of inertia of the pendulum with respect to it®pimy is
the pendulum mass,is the distance between the pivot and the center of mass of
the pendulum andy is the the rate of rotation of the arm.

(a) Determine the equilibria for the system and the conulftip for stability of
each equilibrium point (in terms of).

(b) Consider the angular velocity as a bifurcation paramete verify the bifur-
cation diagram given above. This is an example pitehfork bifurcation

4.16 (Routh-Hurwitz criterion) Consider a linear differentieqjuation with the
characteristic polynomial

| (9= S+ as+ a; | (5= S+ ayS°+ @S+ ag:
Show that the system is asymptotically stable if and onlylitte coef cientsa;
are positive and igyay > as.



Chapter Five
Linear Systems

Few physical elements display truly linear characteristics. For examplesthéon between
force on a spring and displacement of the spring is always nonlinear t@ stegree. The
relation between current through a resistor and voltage drop acrosksd deviates from a
straight-line relation. However, if in each case the relatioméasonablyinear, then it will
be found that the system behavior will be very close to that obtained bynaggan ideal,
linear physical element, and the analytical simpli cation is so enormouswuteatake linear
assumptions wherever we can possibly do so in good conscience.

Robert H. CannorDynamics of Physical Systeyi®67 [Can03].

In Chapters 2—4 we considered the construction and anatysigferential
equation models for dynamical systems. In this chapter weiafize our results
to the case of linear, time-invariant input/output systenmiwo central concepts
are the matrix exponential and the convolution equatiorguth which we can
completely characterize the behavior of a linear system.alse describe some
properties of the input/output response and show how tooxppate a nonlinear
system by a linear one.

5.1 Basic De nitions

We have seen several instances of linear differential @qsain the examples in
the previous chapters, including the spring—mass systamged oscillator) and
the operational ampli er in the presence of small (nonsdingd input signals.
More generally, many dynamical systemsllinear can be naabi@tcurately by lin-
ear differential equations. Electrical circuits are onenegle of a broad class of
systems for which linear models can be used effectively. daimeodels are also
broadly applicable in mechanical engineering, for examatemodels of small
deviations from equilibria in solid and uid mechanics. Sitipaocessing sys-
tems, including digital Iters of the sort used in CD and MP3y#ss, are another
source of good examples, although these are often best etburetiscrete time
(as described in more detail in the exercises).

In many cases, wereatesystems with a linear input/output response through
the use of feedback. Indeed, it was the desire for lineanbehthat led Harold S.
Black to the invention of the negative feedback ampli er. Alstall modern signal
processing systems, whether analog or digital, use fe&dbgeroduce linear or
near-linear input/output characteristics. For theseesyst it is often useful to
represent the input/output characteristics as lineagrigg the internal details
required to get that linear response.
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For other systems nonlinearities cannot be ignored, eslbedi one cares
about the global behavior of the system. The predator—pmylgm is one exam-
ple of this: to capture the oscillatory behavior of the idegendent populations
we must include the nonlinear coupling terms. Other examplelude switch-
ing behavior and generating periodic motion for locomotiBlowever, if we care
about what happens near an equilibrium point, it often suf ¢@ approximate
the nonlinear dynamics by their local linearization, as Weaaly explored brie y
in Section 4.3. The linearization is essentially an appro%ionaof the nonlinear
dynamics around the desired operating point.

Linearity

We now proceed to de ne linearity of input/output systems enfarmally. Con-
sider a state space system of the form

dx_ f(x;u); y= h(x;u); (5.1)
dt

wherex 2 R", u2 RP andy 2 RY. As in the previous chapters, we will usually
restrict ourselves to the single-input, single-outpukdag takingp= q= 1. We
also assume that all functions are smooth and that for amaakoclass of inputs
(e.g., piecewise continuous functions of time) the sohgiof equation (5.1) exist
for all time.

It will be convenient to assume that the origir 0, u= 0 is an equilibrium
point for this systemX = 0) and thath(0;0) = 0. Indeed, we can do so without
loss of generality. To see this, suppose {xatue) 6 ( 0;0) is an equilibrium point
of the system with outpufe = h(Xe;Ueg). Then we can de ne a new set of states,
inputs and outputs,

£= X Xe 0d=u ug Y=Y VYe

and rewrite the equations of motion in terms of these vagibl

;jtf(= f(R+ Xe; 0+ Ug) = : f(K00);

¥= h(X+ Xe; 0+ Ug)  Ye=: O(X;0):

In the new set of variables, the origin is an equilibrium pauith output 0, and
hence we can carry out our analysis in this set of variablese@e have obtained
our answers in this new set of variables, we simply “traesl#tem back to the
original coordinates using= X+ X, U= 0+ Ug andy = J+ Ve.

Returning to the original equations (5.1), now assumindneuit loss of gen-
erality that the origin is the equilibrium point of intergste write the outpuy(t)
corresponding to the initial conditiox{0) = Xxg and inputu(t) asy(t; xo;u). Using
this notation, a system is said to béirrear input/output systentf the following
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conditions are satis ed:
() y(t;axa+ bxz;0) = ay(t;xi;0)+ by(t;x2;0);
(i) y(t;axo;du) = ay(t;xo;0)+ dy(t; O;u); (5.2)
(i) y(t;0;dug + gup) = dy(t; 0;us) + gy(t; 0; up):

Thus, we de ne a system to be linear if the outputs are jointigdir in the initial
condition responseau(= 0) and the forced responsgQ) = 0). Property (iii) is a
statement of th@rinciple of superpositionthe response of a linear system to the
sum of two inputsu; andus is the sum of the outputg andy, corresponding to
the individual inputs.

The general form of a linear state space system is

31( = Ax+ By; y= Cx+ Du; (5.3)
whereA2 R" " B2 R" P, C2 RY "andD 2 R% P. In the special case of a
single-input, single-output systerB,is a column vectorC is a row vector and

is scalar. Equation (5.3) is a system of linear rst-ordereatintial equations with
inputu, statex and outpul. It is easy to show that given solutiorgt) andxx(t)
for this set of equations, they satisfy the linearity coiodis.

We de nexu(t) to be the solution with zero input (theomogeneous solutipn
and the solutiorxy(t) to be the solution with zero initial condition (@articular
solution). Figure 5.1 illustrates how these two individual soluti@as be super-
imposed to form the complete solution.

It is also possible to show that if a nite-dimensional dynaalisystem is in-
put/output linear in the sense we have described, it canyalva represented by a
state space equation of the form (5.3) through an apprepciatice of state vari-
ables. In Section 5.2 we will give an explicit solution of egoa (5.3), but we
illustrate the basic form through a simple example.

Example 5.1 Scalar system
Consider the rst-order differential equation

9(—ax+U' = X;
dt ’ y=x

with x(0) = xo. Letu; = Asinwit andu, = Bcoswst. The homogeneous solution
is xp(t) = €xg, and two particular solutions witk(0) = 0 are

wi e+ wy coswyt + asinwat

Xp1(t) = A X
wi(V) a2+ wl
ac®l  acoswnt + whrsinwst
Xp2(t) = B > ;
a2+ w3

Suppose that we now choog€)) = axp andu= u;+ Up. Then the resulting
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Figure 5.1: Superposition of homogeneous and particular solutions. The rst fows

the input, state and output corresponding to the initial condition resporesé&cond row
shows the same variables corresponding to zero initial condition buenmimput. The third
row is the complete solution, which is the sum of the two individual solutions.

solution is the weighted sum of the individual solutions:

Awq + Ba
a2+ w? a2+ wi

x(t)= e axp+
(5.4)

wy coswat + asinwit +B acoswst + wa sinwat
a2+ w2 a2+ ws '

To see this, substitute equation (5.4) into the differ¢etimation. Thus, the prop-
erties of a linear system are satis ed. N

Time Invariance

Time invarianceas an important concept that is used to describe a systemewvhos
properties do not change with time. More precisely, for aetimvariant system
if the input u(t) gives outputy(t), then if we shift the time at which the input
is applied by a constant amouat u(t + a) gives the outpuiy(t + a). Systems
that are linear and time-invariant, often calledl systemshave the interesting
property that their response to an arbitrary input is coteplecharacterized by
their response to step inputs or their response to shortlises.”

To explore the consequences of time invariance, we rst cdmfhe response
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Figure 5.2: Response to piecewise constant inputs. A piecewise constant signbecan
represented as a sum of step signals (a), and the resulting output isrtteé the individual
outputs (b).

to a piecewise constant input. Assume that the system ialipiat rest and con-
sider the piecewise constant input shown in Figure 5.2a. Tt inas jumps at
timesty, and its values after the jumps anfty). The input can be viewed as a
combination of steps: the rst step at tinkghas amplitudeu(ty), the second step
at timet; has amplitudeu(t;) u(tp), etc.

Assuming that the system is initially at an equilibrium pqiso that the initial
condition response is zero), the response to the input cabtagned by superim-
posing the responses to a combination of step inputsHi(Btbe the response to
a unit step applied at time 0. The response to the rst step islthg to)u(to),

the response to the second stepi@  t1) u(t;) u(tp) , and we nd that the
complete response is given by

y(t) = H(t to)u(to)+ H(t t1) u(ty) u(to) +
H(t to) H(t t) u(to)+ H(t t1) H(t t2) u(t)+

5 H(t t)) H(t the1) u(tn)

n=0
¥
H(t t H(t t
= é_ ( n) ( s l) U(tn) th+1 th:
n=0 the1 tn

An example of this computation is shown in Figure 5.2b.
The response to a continuous input signal is obtained by datkia limit as
tw1 th! O, which gives
Zy
y(t) = , HYt t)u(t)dt; (5.5)
whereH?is the derivative of the step response, also calledrtipilse response

The response of a linear time-invariant system to any inpuoticas be computed
from the step response. Notice that the output depends ortlyeinput since we
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assumed the system was initially at re$0) = 0. We will derive equation (5.5) in
a slightly different way in the Section 5.3.

5.2 The Matrix Exponential

Equation (5.5) shows that the output of a linear system carritewas an integral
over the inputsi(t). In this section and the next we derive a more general version
of this formula, which includes nonzero initial condition&e begin by exploring
the initial condition response using the matrix exponéntia

Initial Condition Response

Although we have shown that the solution of a linear set dedgtial equations
de nes a linear input/output system, we have not fully congputhe solution of
the system. We begin by considering the homogeneous respongsponding to

the system
dx _

G
For thescalardifferential equation

dx
— = ax 2R;a2 R;
at - &

the solution is given by the exponential

x(t) = €®x(0):

Ax (5.6)

We wish to generalize this to the vector case, witgbecomes a matrix. We de ne
the matrix exponentiaés the in nite series
1 1

=1+ X+ X2+ —X3+ =
eXIXZX 3!x k

ilx"; (5.7)

Do

0

whereX 2 R" "is a square matrix anidis then nidentity matrix. We make use
of the notation
X0=1; Xx?=xX; X"=x"1Ix;

which de nes what we mean by the “power” of a matrix. Equatiorv}ss easy
to remember since it is just the Taylor series for the scalpoeential, applied to
the matrixX. It can be shown that the series in equation (5.7) convelyeany
matrix X 2 R" " in the same way that the normal exponential is de ned for any
scalara2 R.
ReplacingX in equation (5.7) byAt, wheret 2 R, we nd that
t— 122, 1,33 _ 31
=1+ A+ AL A = E‘ok!

Akt k;



5.2. THE MATRIX EXPONENTIAL 139

and differentiating this expression with respect gives
d _a 2, L3 $ 1k t
—eM= A+ A2+ ZAMP+ = A A= A (5.8)
dt 2 oK

Multiplying by x(0) from the right, we nd that(t) = €*x(0) is the solution to the
differential equation (5.6) with initial conditiox(0). We summarize this important
result as a proposition.

Proposition 5.1. The solution to the homogeneous system of differential equa-
tions(5.6)is given by
x(t) = €\x(0):

Notice that the form of the solution is exactly the same aséatar equations,
but we must put the vectoX0) on the right of the matrie™.

The form of the solution immediately allows us to see that tietion is linear
in the initial condition. In particular, ik, (t) is the solution to equation (5.6) with
initial condition x(0) = Xp1 andXn2(t) with initial condition x(0) = Xo2, then the
solution with initial conditionx(0) = axp1+ bXo2 is given by

x(t)= & axoi+ bxoz = a€xo1+ bexgr) = axm(t)+ bxno(t):
Similarly, we see that the corresponding output is given by

y(t) = CX(t) = ayni(t) + byna(t);

whereyn (t) andyp(t) are the outputs correspondingxq (t) andxyo(t).
We illustrate computation of the matrix exponential by twamples.

Example 5.2 Double integrator
A very simple linear system that is useful in understandiagi®concepts is the
second-order system given by

a=u y=q
This system is called double integratobecause the inputis integrated twice to

determine the output
In state space form, we write= ( g;q) and

dx_ 30 ]'3x+.3(:2B u:

d "0 0
The dynamics matrix of a double integrator is
8 9
_30 1z
A_ . o Ol '

and we nd by direct calculation that? = 0 and hence

81 t9
t_ 2 3.
eA—.Ol,.



140 CHAPTER 5. LINEAR SYSTEMS

Thus the homogeneogs soluéticm:( 0) for the double integrator is given by

8 9
)= 31 133x(03 _3x(0)+ (03 .
T0 T T x(0) T %0

y(t) = x1(0) + tx2(0):

Example 5.3 Undamped oscillator
A simple model for an oscillator, such as the spring—mas®sysvith zero damp-
ing, is

G+ wia= u
Putting the system into state space form, the dynamics nfatrikis system can
be written as
i 8 9 8 9
A:_B 0 Wo? and e/“:_g co_swot smwot,g .
w O sinwgt coswt

This expression foeAt8can be veri ed by differengation:

d a_ 3 wosinwet  wocoswet 3

dt 8 WoCOSVI@tS Wo Sinupt’
_2 0 w3z coswpt sinwtxz _ , A
=: > . > = AdM:
w O sinwgt coswt

The solution is then given by

98 9
At _ 3 coswpt sinwptz 3 x1(0)3 .
X()= &X(0)= 2 sinwpt  coswpt’ * Xo(0)'

If the system has damping,
G+ 2zwoq+ Weq= u;

the solution is more complicated, but the matrix exponéntia be shown to be

8 . . . . . 9

zele\t ze gt N elet+ e wgt elet e wgt

r.l — S —

2 72 1 2 2 72 1

e Wozt
e int eint ze int Zeint eint+ e int
p +
d ’
2 z2 1 2 z2 1 2

p .
wherewy = wg z2 1. Notethawwyand z2 1 can be either real or complex,
but the combinations of terms will always yield a real valoethe entries in the
matrix exponential. N

An important class of linear systems are those that can beecied into diag-
onal form. Suppose that we are given a system
dx

7:A
at -
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such that all the eigenvalues Afare distinct. It can be shown (Exercise 4.14) that
we can nd an invertible matriX such thaff AT !is diagonal. If we choose a set
of coordinatez = Tx, then in the new coordinates the dynamics become

dz_ 18X _ 1 ax= TAT iz

dt dt
By construction ofT, this system will be diagonal.

Now consider a diagonal matri& and the correspondingth power of At,

which is also diagonal:

8 9 8 9
I 1 0 |tk 0
/ | Xtk
A=§ . é (At)k=§ = é
0 I T 0 | kg
It follows from the series expansion that the matrix expaia¢is given by
8 9
gt 0
t
M= % ¢ % :
"0 ent’

A similar expansion can be done in the case where the eigewalre complex,
using a block diagonal matrix, similar to what was done in Bect.3.

Jordan Form

Some matrices with equal eigenvalues cannot be transformdadgonal form.
They can, however, be transformed to a closely related foeied theJordan
form, in which the dynamics matrix has the eigenvalues alongitdgothal. When
there are equal eigenvalues, there may be 1's appearing sugherdiagonal indi-
cating that there is coupling between the states.

More speci cally, we de ne a matrix to be in Jordan form if it cdoe written
as

8 9 8 9
gy 0 ::: 0 0 li 1 0 ::: O
0 J O 0O O 0 Iy 1 0
J=3: e, 1B where J = o
0 O 1 O 0 0 i 1
0O 0 ::: 0 X "0 O o Iy
(5.9)

Each matrixJ; is called aJordan block and/; for that block corresponds to
an eigenvalue of. A rst-order Jordan block can be represented as a system
consisting of an integrator with feedbakck A Jordan block of higher order can be
represented as series connections of such systems, a=ttidsin Figure 5.3.
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X1 X1 X2 X1 R X2 R/ X2

Ve g B L

Figure 5.3: Representation of a linear system where the dynamics matrix is a Joradn blo
A rst-order Jordan block can be represented as an integrator witbek/ , as shown on
the left. Second- and third-order Jordan blocks can be representatias connections of
integrators with feedback, as shown on the right.

p)
P
p)
P

Theorem 5.2(Jordan decompositionAny matrix A2 R" " can be transformed
into Jordan form with the eigenvalues of A determiningn the Jordan form.

Proof. See any standard text on linear algebra, such as Strang [STit88kpecial
case where the eigenvalues are distinct is examined in Exedcl4. Ol

Converting a matrix into Jordan form can be complicatedicalgh MATLAB
can do this conversion for numerical matrices usingjdrdan function. The
structure of the resulting Jordan form is particularly ieting since there is no
requirement that the individudl's be unique, and hence for a given eigenvalue
we can have one or more Jordan blocks of different sizes.

Once a matrix is in Jordan form, the exponential of the mataix be computed
in terms of the Jordan blocks:

el 0 0 9
J :
=20 ¢ L5 (5.10)
: . 0
0 ::: 0 ek’

This follows from the block diagonal form af. The exponentials of the Jordan
blocks can in turn be written as

8 ) 9
dit teit %e’it e it

(n 1)
0o it tedit i (rt]—z)!e’it
elt = : dit . : : (5.11)
. telit
0 0 git ’

When there are multiple eigenvalues, the invariant sulespassociated with
each eigenvalue correspond to the Jordan blocks of thexratriNote that/
may be complex, in which case the transformafiothat converts a matrix into
Jordan form will also be complex. Wheénhas a nonzero imaginary component,
the solutions will have oscillatory components since

St = eS(cosut + i sinwt):
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We can now use these results to prove Theorem 4.1, which shatiethe equilib-
rium pointxe = 0 of a linear system is asymptotically stable if and only iffiRe O.

Proof of Theorem 4.1LetT 2 C" " be an invertible matrix that transforndsinto
Jordan form,J = TAT 1. Using coordinatez= T x, we can write the solutior(t)
as

z(t) = e''z(0):

Since any solution(t) can be written in terms of a solutiat) with z(0) = T x(0),
it follows that it is suf cient to prove the theorem in the tisformed coordinates.
The solutionz(t) can be written as a combination of the elements of the matrix
exponential, and from equation (5.11) these elements adlyd® zero for arbitrary
z(0) if and only if Relj < 0. Furthermore, if any; has positive real part, then
there exists an initial conditior(0) such that the corresponding solution increases
without bound. Since we can scale this initial condition tcabgtrarily small, it
follows that the equilibrium point is unstable if any eigafue has positive real
part. O

The existence of a canonical form allows us to prove many ptigseof linear
systems by changing to a set of coordinates in whichtimatrix is in Jordan form.
We illustrate this in the following proposition, which follvs along the same lines
as the proof of Theorem 4.1.

Proposition 5.3. Suppose that the system

dx
2= A
at -

has no eigenvalues with strictly positive real part and omemmre eigenvalues
with zero real part. Then the system is stable if and only if dbrelan blocks
corresponding to each eigenvalue with zero real part ardasdd 1) blocks.

Proof. See Exercise 5.7b. O
The following example illustrates the use of the Jordan form.

Example 5.4 Linear model of a vectored thrust aircraft
Consider the dynamics of a vectored thrust aircraft suchatsdescribed in Ex-
ample 2.9. Suppose that we chooge up = 0 so that the dynamics of the system

become 8 9
Z4
q 5
2z B : (5.12)
dt gsinzz ;24
glcoszzs 1) 5z
O 1

wherez = (Xx;V;q;X;y;q). The equilibrium points for the system are given by
setting the velocitiex, y and g to zero and choosing the remaining variables to
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satisfy
gsinzze= 0

g(coszze 1)=0

This corresponds to the upright orientation for the aircrédote thatxe andye
are not speci ed. This is because we can translate the systenméw (upright)
position and still obtain an equilibrium point.

To compute the stability of the equilibrium point, we comgptite linearization
using equation (4.11):

=) Z3e= Qe= O

8 9
0 0 O 1 0
0 0 O 0 1
AzE _ 0 0 O 0 0
1z 00 g =-m O
00 O 0 c=m O
"0 0 O 0 0 0

The eigenvalues of the system can be computed as
I (A)= f0;0;0;,0; c=m; c=mg:

We see that the linearized system is not asymptoticallylestsibce not all of the
eigenvalues have strictly negative real part.

To determine whether the system is stable in the sense olubgapwe must
make use of the Jordan form. It can be shown that the JordamdbA is given by

80000 o o?:
0/0 1 0] © 0 5
~_30/00 1 O 0o 3
V£ 0loool o | o £
0[O0 O Of] c=m| O =B
0{0 0 Of O c=m’

Since the second Jordan block has eigenvalue 0 and is not ke®igpnvalue, the
linearization is unstable. N

Eigenvalues and Modes

The eigenvalues and eigenvectors of a system provide a pesorof the types of
behavior the system can exhibit. For oscillatory systeims térmmodeis often
used to describe the vibration patterns that can occur. &i§ut illustrates the
modes for a system consisting of two masses connected mgsp®ne pattern is
when both masses oscillate left and right in unison, andremas when the masses
move toward and away from each other.

The initial condition response of a linear system can be @mrith terms of a
matrix exponential involving the dynamics matix The properties of the matrix
A therefore determine the resulting behavior of the systerwerGa matrixA 2
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—

-

(a) Mode 1

_—

Wil-

(b) Mode 2

Figure 5.4: Modes of vibration for a system consisting of two masses connectedimgsp
In (a) the masses move left and right in synchronization in (b) they rteward or against
each other.

R" " recall thatvis an eigenvector of with eigenvalud if
Av= | v.

In generall andv may be complex-valued, althoughAfis real-valued, then for
any eigenvalue its complex conjugaté will also be an eigenvalue (with as
the corresponding eigenvector).

Suppose rstthat andv are a real-valued eigenvalue/eigenvector pairXor
If we look at the solution of the differential equation (0) = v, it follows from
the de nition of the matrix exponential that

1 242
ey = I+At+§A2t2+ v=v+ltv+?v+ =€l

The solution thus lies in the subspace spanned by the eigenvébe eigenvalue
| describes how the solution varies in time, and this solusaften called anode
of the system. (In the literature, the term “mode” is als@poftised to refer to the
eigenvalue rather than the solution.)
If we look at the individual elements of the vectorandy, it follows that
xi(t) _ € _ v

Xj(t) - 6’th vj’

and hence the ratios of the components of the staiee constants for a (real)
mode. The eigenvector thus gives the “shape” of the solutiwhis also called
a mode shapef the system. Figure 5.5 illustrates the modes for a secodero
system consisting of a fast mode and a slow mode. Noticelieattate variables
have the same sign for the slow mode and different signs éofatst mode.

The situation is more complicated when the eigenvalued afe complex.
SinceA has real elements, the eigenvalues and the eigenvectorsrapex con-
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1
\ o Slow mode X1
FaSt >:_' 05 ~ - - — = X2
0.5 X S
0
%o 0 10 20 30 40 50
0
1
o~ \ Fast mode
-0.5 % 05
x \
. S/Iow ol ~=
-1 -0.5 0 0.5 1 0 10 20 30 40 50
X1 Timet

Figure 5.5: The notion of modes for a second-order system with real eigenvallies.
left gure shows the phase plane and the modes corresponding to sldtiat start on the
eigenvectors (bold lines). The corresponding time functions are shawime right.

jugatesl = s iwandv=u iw, which implies that
U= V+ Vo W= V Vo
2 2

Making use of the matrix exponential, we have
fv= €& {(u+iw) = et (ucoswt wsinwt)+ i(usinwt + wcoswt) ;

from which it follows that
1 .
fMu= > v+ My = uelcosmt  wetlsinut;

1
e\w= > v ey
A solution with initial conditions in the subspace spanngdte real paru and
imaginary partv of the eigenvector will thus remain in that subspace. Thetswiu
will be a logarithmic spiral characterized syandw. We again call the solution
corresponding té a mode of the system, anthe mode shape.

= ue’lsinwt + we*t coswt:

sponse can be written as a linear combination of the modesedahis, suppose
for simplicity that we have all real eigenvalues with copesding unit eigenvec-
. From linear algebra, these eigenvectors are linearly ieégnt,
and we can write the initial conditiox(0) as
X(0)= aivi+ axvo+  + apvp:
Using linearity, the initial condition response can be tentas
X(t) = ar€ vy + axe 2o+ + ane vy

Thus, the response is a linear combination of the modes ofydters, with the
amplitude of the individual modes growing or decayingeds The case for dis-
tinct complex eigenvalues follows similarly (the case fondistinct eigenvalues is
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more subtle and requires making use of the Jordan form disdua the previous
section).

Example 5.5 Coupled spring—mass system
Consider the spring—mass system shown in Figure 5.4. Theiegsiaf motion
of the system are

MG = 2k cgr+ Kop; Mol = ko 2kep  cop:

In state space form, we de ne the state tadse( q1; dp; g1; 02), and we can rewrite
the equations as

¢ 0 0 1 09
0 0 0 1
dx_2 2k k C 5 Ex
dt m m m
Koo o
m m m

We now de ne a transformation= T x that puts this system into a simpler form.
Letz1= 3(u+ %), 22= 21,23= 3(h ) andz; = zg, so that

8 9
1 1 0 O
z= Tx= 1§0 0 1 1%x:
2
1 7

1 1 0 O
"0 O
In the new coordinates, the dynamics become
0 1 0 0 9
k C
iz Em m 2 °©
dt 0 0 0 1
0 0 % <
m m

and we see that the system is in block diagonahfoda) form.

In the z coogdinates, jhe states andz, parameterize one mode with eigen-
valuBsI C:(B km) i k=m, and the stateg andz, another mode wit
c=(2 3km) i 3k=m. From the form of the transformatich we see that these
modes correspond exactly to the modes in Figure 5.4, in wdpietmdg, move ei-
ther toward or against each other. The real and imaginarg pathe eigenvalues
give the decay rates and frequenciew for each mode. N

5.3 Input/Output Response

In the previous section we saw how to compute the initial dodresponse using
the matrix exponential. In this section we derive the coatioh equation, which
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includes the inputs and outputs as well.

The Convolution Equation

We return to the general input/output case in equation (EeBeated here:

gi(z Ax+ Bu; y= Cx+ Du: (5.13)

Using the matrix exponential, the solution to equation $p.dan be written as
follows.

Theorem 5.4. The solution to the linear differential equati¢®.13)is given by
4

x(t) = e"x(0)+ Ote/*(t DBu(t)dt: (5.14)

Proof. To prove this, we differentiate both sides and use the ptp[§&r8) of the

matrix exponential. This gives
Z

d t
d%(: A0+ ANt DBY()dE + Bu(t) = Ax+ B
0
which proves the result. Notice that the calculation is esaly the same as for
proving the result for a rst-order equation. Ol

It follows from equations (5.13) and (5.14) that the inputfut relation for a

linear system is given by
Z

y(t) = CeMx(0) + Otce‘\(t DBy(t)dt + Du(t): (5.15)

It is easy to see from this equation that the output is joititigar in both the
initial conditions and the state, which follows from thedarity of matrix/vector
multiplication and integration.

Equation (5.15) is called thmonvolution equatioyand it represents the general
form of the solution of a system of coupled linear differahgquations. We see
immediately that the dynamics of the system, as charaetbiizy the matrixA,
play a critical role in both the stability and performancetiod system. Indeed,
the matrix exponential describésth what happens when we perturb the initial
condition and how the system responds to inputs.

Another interpretation of the convolution equation can ivergusing the concept
of theimpulse responsef a system. Consider the application of an input signal
u(t) given by the following equation:

8

20 t<O0
u(t) = pe(t) = S l1=e 0 t<e (5.16)
"0 t e

This signal is gulseof duratione and amplitude e, as illustrated in Figure 5.6a.
We de ne animpulsed(t) to be the limit of this signal ag! O:
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(a) Pulse and impulse functions (b) Pulse and impulse responses

Figure 5.6: Pulse response and impulse response. (a) The rectangles shosvqiusdth

5, 25 and 08, each with total area equal to 1. The arrow denotes an implt3ede ned

by equation (5.17). The corresponding pulse responses for a fgstmm with eigenvalues

I =f 0:08 0:62g are shown in (b) as dashed lines. The solid line is the true impulse
response, which is well approximated by a pulse of duratin 0

d(t) = IilmO Pe(t): (5.17)
el

This signal, sometimes calleddelta function,is not physically achievable but

provides a convenient abstraction in understanding thporese of a system. Note

that the integral of an impulse is 1:

z t Z t z t
d(t)dt = lim pe(t)dt = lim  pe(t)dt
0 oe 0 e 00
Z e
=lim l=edt =1 t>0:
el 0o
In particular, the integral of an impulse over an arbitsashort period of time is

identically 1.
We de ne theimpulse responsef a systenh(t) to be the output corresponding
to having an impulse as its input:
VA t
ht)=  cet UBd(t)dt = CE'B; (5.18)
0
where the second equality follows from the fact thiét) is zero everywhere ex-
cept the origin and its integral is identically 1. We can novitevthe convolution
equation in terms of the initial condition response, thevotution of the impulse
response and the input signal, and the direct term:
Zy
y(t)= CX(0)+  h(t t)u(t)dt + Du(t): (5.19)
0
One interpretation of this equation, explored in Exercigk . that the response
of the linear system is the superposition of the response o aite set of shifted
impulses whose magnitudes are given by the inftit. This is essentially the
argument used in analyzing Figure 5.2 and deriving equafids).( Note that the
second term in equation (5.19) is identical to equation)(=bd it can be shown

that the impulse response is formally equivalent to thevdévie of the step re-
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sponse.

The use of pulses as approximations of the impulse functism pitovides a
mechanism for identifying the dynamics of a system from daigure 5.6b shows
the pulse responses of a system for different pulse widttatic®lthat the pulse
responses approach the impulse response as the pulse wigdht@ zero. As
a general rule, if the fastest eigenvalue of a stable systesrdal part Smax,
then a pulse of lengtle will provide a good estimate of the impulse response if
esmax 1. Note that for Figure 5.6, a pulse width@fE 1 s givesesSmax= 0:62
and the pulse response is already close to the impulse r&spon

Coordinate Invariance

The components of the input vectorand the output vectoy are given by the
chosen inputs and outputs of a model, but the state varidielesnd on the coor-
dinate frame chosen to represent the state. This choice oficates affects the
values of the matrices, B andC that are used in the model. (The direct tebm
is not affected since it maps inputs to outputs.) We now itigate some of the
consequences of changing coordinate systems.
Introduce new coordinatesby the transformatioz = Tx, whereT is an in-

vertible matrix. It follows from equation (5.3) that

%fz T(Ax+ Bu)= TAT z+ TBu=:Az+ Bu;

y= Cx+ Du= CT !z+ Du=:Cz+ Du:

The transformed system has the same form as equation (5t3hebmatrice,
B andC are different:

A=TAT % B=TB, C=cCT % (5.20)

There are often special choices of coordinate systems fbat a to see a partic-
ular property of the system, hence coordinate transfoomattan be used to gain
new insight into the dynamics.

We can also compare the solution of the system in transfooeddinates to
that in the original state coordinates. We make use of aniitapbproperty of the
exponential map,

1
ST = TET 1

which can be veri ed by substitution in the de nition of the expential map.
Using this property, it is easy to show that
- Zy -
Xx(t) =T zt)= T M)+ T * & DBut)dt:
0

From this form of the equation, we see that if it is possibleréam$formA into
a form A for which the matrix exponential is easy to compute, we canthat
computation to solve the general convolution equationteruntransformed state
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— 1 — A2

— i
K % u(t) = sinwt

k k

Figure 5.7: Coupled spring mass system. Each mass is connected to two springs with
stiffnessk and a viscous damper with damping coef cientThe mass on the right is drive
through a spring connected to a sinusoidally varying attachment.

x by simple matrix multiplications. This technique is illustied in the following
example.

Example 5.6 Coupled spring—mass system

Consider the coupled spring—mass system shown in Figurels& input to this

system is the sinusoidal motion of the end of the rightmosghgpand the output

is the position of each masg, andgp. The equations of motion are given by
M= 2kop  cOr+ Kop; Mt = kan 2k cgp+ ku:

In state space form, we de ne the state todze( q1; d2; 01; 02), and we can rewrite
the equations as

8 0 0 1 o9 809
0 0 0 1 0
dx _ 2k k c :
= = = = 0O Bx+=2 03 uw
dt m m m
. k ﬂ‘ 0 E, E
m m m m

This is a coupled set of four differential equations and iseqcdmplicated to solve
in analytical form.

The dynamics matrix is the same as in Example 5.5, and we cameis®or-
dinate transformation de ned there to put the system in méatah:

8O 1 0 09 8 09
K¢ o5 9 LS

dz _ m m N 2m
dd 20 o o 187% o 3!
0 0 % C; : k,

m m 2m

Note that the resulting matrix equations are block diagamal hence decoupled.
We can solve for the solutions by computing the solutionsaaf $ets of second-
order systems represented by the stétgs,) and(zs; z4). Indeed, the functional
form of each set of equations is identical to that of a singléng—mass system.
(The explicit solution is derived in Section 6.3.)
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Figure 5.8: Transient versus steady-state response. The input to a linear sysieowis in
(a), and the corresponding output witf0) = 0 is shown in (b). The output signal initially
undergoes a transient before settling into its steady-state behavior.

Once we have solved the two sets of independent second-egdations, we
can recover the dynamics in the original coordinates byrtmg the state trans-
formation and writingc= T 1z We can also determine the stability of the system
by looking at the stability of the independent second-osystems. N

Steady-State Response

Given a linear input/output system

(;1(: Ax+ Bu:; y= Cx+ Du; (5.21)

the general form of the solution to equation (5.21) is givgnthe convolution
equation: z,
y(t) = CeM'x(0)+  C\t UBuy(t)dt + Du(t):
0

We see from the form of this equation that the solution cassisan initial condi-
tion response and an input response.

The input response, corresponding to the last two terms iedbation above,
itself consists of two components—thransient responsand thesteady-state re-
sponse The transient response occurs in the rst period of time dfterinput
is applied and re ects the mismatch between the initial coodiand the steady-
state solution. The steady-state response is the portidreaiutput response that
re ects the long-term behavior of the system under the givguis. For inputs
that are periodic the steady-state response will often begbe, and for constant
inputs the response will often be constant. An example oftriduesient and the
steady-state response for a periodic input is shown in Fig@e

A particularly common form of input is step inputwhich represents an abrupt
change in input from one value to another. uAit step(sometimes called the
Heaviside step function) is de ned as
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Figure 5.9: Sample step response. The rise time, overshoot, settling time and statay-s
value give the key performance properties of the signal.

The step responsef the system (5.21) is de ned as the outp(t) starting from
zero initial condition (or the appropriate equilibrium piand given a step input.
We note that the step input is discontinuous and hence is nactigally imple-
mentable. However, it is a convenient abstraction that delyiused in studying
input/output systems.

We can compute the step response to a linear system usingitirelation
equation. Settingk(0) = 0 and using the de nition of the step input above, we
have Z Z

t t
y(t) ct OByt)dt + Dut)= C &t DBdt+ D

0
t
C éBds+D=C A B
0

= CA &"B CA B+ D:

=t
:O+ D

If A has eigenvalues with negative real part (implying that thgim is a stable
equilibrium point in the absence of any input), then we cavrite the solution as

Y= CAGEB+p _CA'E  t>0 (5.22)

transient steady state

The rst term is the transient response and decays to zetd a¥. The second
term is the steady-state response and represents the Vahee @utput for large
time.

A sample step response is shown in Figure 5.9. Several termsadewhen
referring to a step response. Theady-state valuesyof a step response is the
nal level of the output, assuming it converges. Titige time T is the amount of
time required for the signal to go from 10% of its nal value t69% of its nal
value. It is possible to de ne other limits as well, but in thieok we shall use
these percentages unless otherwise indicated oVeaeshoot M is the percentage
of the nal value by which the signal initially rises above theal value. This
usually assumes that future values of the signal do not bwetghe nal value
by more than this initial transient, otherwise the term carambiguous. Finally,



154 CHAPTER 5. LINEAR SYSTEMS

N
N

c
ConcentratiorC,
o r
ConcentratiorC,
=

o

o

20 40

o

20 40

0
0 20 40 0 20 40

Timet [min] Timet [min]

(a) Schematic (b) Step input (c) Pulse input

©
»~

I
[N}
I
)

Input dosage
o
N

Input dosage

Figure 5.10: Response of a compartment model to a constant drug infusion. A simple
diagram of the system is shown in (a). The step response (b) shoveteéhaf concentration
buildup in compartment 2. In (c) a pulse of initial concentration is used ¢edpp the
response.

the settling time T is the amount of time required for the signal to stay within
2% of its nal value for all future times. The settling time issal sometimes
de ned as reaching 1% or 5% of the nal value (see Exercise 5.1 )general
these performance measures can depend on the amplitudeioptti step, but for
linear systems the last three quantities de ned above aependent of the size of
the step.

Example 5.7 Compartment model

Consider the compartment model illustrated in Figure 5.10d@scribed in more
detail in Section 3.6. Assume that a drug is administered Imgtemt infusion in
compartmenY; and that the drug has its effect in compartméntTo assess how
quickly the concentration in the compartment reaches gtstate we compute the
step response, which is shown in Figure 5.10b. The step respemgiite slow,
with a settling time of 39 min. Itis possible to obtain thesghg-state concentration
much faster by having a faster injection rate initially, &swn in Figure 5.10c.
The response of the system in this case can be computed byrambio step
responses (Exercise 5.9). N

Another common input signal to a linear system is a sinusmid combination
of sinusoids). Théequency responsg an input/output system measures the way
in which the system responds to a sinusoidal excitation @dits inputs. As we
have already seen for scalar systems, the particular snlagisociated with a sinu-
soidal excitation is itself a sinusoid at the same frequeHeyce we can compare
the magnitude and phase of the output sinusoid to the inpotegenerally, if a
system has a sinusoidal output response at the same frgoagtie input forcing,
we can speak of the frequency response of the system.

To see this in more detail, we must evaluate the convolutipragon (5.15) for
u= coswt. This turns out to be a very messy calculation, but we can ma&ef
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the fact that the system is linear to simplify the derivatitm particular, we note
that

1 .
coswt = 5 gM4 g M -

Since the system is linear, it suf ces to compute the respohigecsystem to the
complex inputu(t) = € and we can then reconstruct the input to a sinusoid by
averaging the responses correspondingtawt ands=iwt.
Applying the convolution equation to the input € we have
Zy
y(t) = Cx(0)+ Cet DBetdt + Det
0
VA t
= CeMx(0)+ Ce  eS! ABdt + De:
0

If we assume that none of the eigenvaluesfdadire equal tes=  iw, then the
matrixsl Ais invertible, and we can write

y() = CPx(0)+ Cet (sl A) L& At ;+ D&
= CeMx(0)+ Cefl(sl A) 1 &' At | B+ De
= Cé'%%(0)+ C(sl A) B CeV(sl A) B+ De:;

and we obtain

y(t)= CN x(0) (sl A) B + C(sl A) B+D e (5.23)
I t {Z' t } | t {(:jz tat }
ransien steaay state

Notice that once again the solution consists of both a tesigiomponent and a
steady-state component. The transient component decagsadf zthe system is
asymptotically stable and the steady-state componenbsoptional to the (com-
plex) inputu = €.

We can simplify the form of the solution slightly further bswriting the steady-
state response as

ys(t) = Me9e% = Melstia);
where _
M9 = C(sl A) B+D (5.24)

andM and g represent the magnitude and phase of the complex nu@(sér
A) 1B+ D. Whens= iw, we say thaM is thegainandg is thephaseof the system
at a given forcing frequencw. Using linearity and combining the solutions for

s=+ iwands= iw, we can show that if we have an input A, sin(wt + y)
and an outpuy = Aysin(wt + j ), then
. Ay :
gainw)= == M;  phas¢w)=j y=q:
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Figure 5.11: Response of a linear system to a sinusoid. (a) A sinusoidal input ofitndgn
Ay (dashed) gives a sinusoidal output of magnitégesolid), delayed byDT seconds. (b)
Frequency response, showing gain and phase. The gain is givee batith of the output
amplitude to the input amplitud®) = Ay=A,. The phase lag is given hy= 2pDT=T; it
is negative for the case shown because the output lags the input.

The steady-state solution for a sinusaid coswt is now given by

Yss(t) = Mcogut + q):

If the phaseq is positive, we say that the outpletadsthe input, otherwise we say
it lagsthe input.

A sample sinusoidal response is illustrated in Figure 5.10fe dashed line
shows the input sinusoid, which has amplitude 1. The outputssid is shown
as a solid line and has a different amplitude plus a shiftetsgh The gain is the
ratio of the amplitudes of the sinusoids, which can be ddtexthby measuring
the height of the peaks. The phase is determined by compdrangatio of the
time between zero crossings of the input and output to theatiyeeriod of the

sinusoid:
q= Zp T

A convenient way to view the frequency response is to plot Hmvgain and
phase in equation (5.24) depend wrn(throughs = iw). Figure 5.11b shows an
example of this type of representation.

Example 5.8 Active band-pass Iter
Consider the op amp circuit shown in Figure 5.12a. We can @iy dynamics of
the system by writing theodal equationswhich state that the sum of the currents
at any node must be zero. Assuming that= v, = 0, as we did in Section 3.3,
we have

Vi Vo dV2 de V3 dV3 dV3 V3 dV2 .

Ci— 0=C——+ -+C—= 0=C—=+ Ci—-

0= =R at at R, at a R, “rdt
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Figure 5.12: Active band-pass Iter. The circuit diagram (a) shows an op amp withR@o
Iters arranged to provide a band-pass Iter. The plot in (b) shows thie@ @nd phase of the
Iter as a function of frequency.

Choosingv, andvs as our states and using the rst and last equations, we obtain

dw _vi v, dn_ vz ViV
dt RiCy '’ dt R.Co RiC,
Rewriting these in linear state space form, we obtain
8 9 8 9
1 1
dx_ % RiCy ’ % x+§ R1C1§ u; = ?0 l'9 X; (5.25)
at 8 1 1 18Y y= % '
RC, RCo RiCo’

wherex = (V2;Vv3), u= vy andy = vs.

The frequency response for the system can be computed usiatj@y(5.24):
& R1Cis .
Ry (1+ RiC19)(1+ RoCps)’
The magnitude and phase are plotted in Figure 5.12Rfer 100W, R, = 5 kW
andC; = C, = 100 pF. We see that the circuit passes through signals wijdre
cies at about 10 rad/s, but attenuates frequencies belo#/$aad above 50 rad/s.
At 0.1 rad/s the input signal is attenuated by 20X (0.05). Ty of circuit is

called aband-pass ltersince it passes through signals in the band of frequencies
between 5 and 50 rad/s. N

s=iw;

Mel9=C(sl A) B+D=

As in the case of the step response, a number of standardrpes@ee de ned
for frequency responses. The gain of a system at0 is called thezero frequency
gainand corresponds to the ratio between a constant input arsieady output:

Mg= CA B+ D:

The zero frequency gain is well de ned only K is invertible (and, in partic-
ular, if it does not have eigenvalues at 0). It is also impdrta note that the
zero frequency gain is a relevant quantity only when a syssestable about the



158 CHAPTER 5. LINEAR SYSTEMS

corresponding equilibrium point. So, if we apply a constapuitu = r, then the
corresponding equilibrium point= A 1Br must be stable in order to talk about
the zero frequency gain. (In electrical engineering, the irrquency gain is often
called theDC gain DC stands for direct current and re ects the common separa-
tion of signals in electrical engineering into a direct euwtr(zero frequency) term
and an alternating current (AC) term.)

The bandwidthw, of a system is thg frequency range over which the gain has
decreased by no more than a factor sf 2 from its reference value. For systems
with nonzero, nite zero freguency gain, the bandwidth is frequency where
the gain has decreased by 12 from the zero frequency gain. For systems that
attenuate low frequencies but pass through high frequenttie reference gain
is taken as the high-frequency gain. For a system such asatiebass lter in
Example 5.8, bandwidth is de ned as the range of frequenciesrevthe gain is
largerthan £ 2 of the gain at the center of the band. (For Example 5.8 thiddvou
give a bandwidth of approximately 50 rad/s.)

Another important property of the frequency response isghenant peak M
the largest value of the frequency response, ang#ak frequencyy,, the fre-
quency where the maximum occurs. These two properties tdestre frequency
of the sinusoidal input that produces the largest possilieut and the gain at the
frequency.

Example 5.9 AFM dynamics

Consider the model for the vertical dynamics of the atomrcéamicroscope in
contact mode, discussed in Section 3.5. The basic dynamiag\ene by equa-
tion (3.22). The piezo stack can be modeled by a second-oydesrs with un-
damped natural frequenays and damping rati@s. The dynamics are then de-
scribed by the linear system

9 8 9
0 1 0 0 0
dX_% kx(m+mp)  cx(m+mp) 1=mp 0 é‘é 0?"
dt 0 0 0 w3 03 ™
0 0 W 273Wg' ws'
3 93 3W3 3
m >

_ myk m.C 10 x

Mm+mM Mm+m m+nm

where the input signal is the drive signal to the ampli er @iy the piezo stack
and the output is the elongation of the piezo. The frequengyarse of the sys-
tem is shown in Figure 5.13. The zero frequency gain of the syseMy = 1.
There are two resonant poles with pedks = 2:12 atwy,1 = 238 krads and
M2 = 4:29 atwmre = 746 krads. sThe bandwidth of the system, de ned as the
lowest frequency where the gain i less than the zero frequency gainvis=
292 krads. There is also a dip in the gdify = 0:556 forwy,g= 268 krads. This
dip (sometimes called amntiresonanckis associated with a dip in the phase and
limits the performance when the system is controlled by &napntrollers, as we
will see in Chapter 10. N
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Figure 5.13: AFM frequency response. (a) A block diagram for the vertical dyinamf an
atomic force microscope in contact mode. The plot in (b) shows the galipbase for the
piezo stack. The response contains two frequency peaks at ressrafithe system, along
with an antiresonance at = 268 krad/s. The combination of a resonant peak followed by
an antiresonance is common for systems with multiple lightly damped modes.

Sampling

It is often convenient to use both differential and differerequations in modeling
and control. For linear systems it is straightforward tm$farm from one to the
other. Consider the general linear system described bytiequa.13) and assume
that the control signal is constant over a sampling inteofalonstant lengtim. It
follows from equation (5.14) of Theorem 5.4 that

Z t4h
x(t+ h) = eAx(t) + é* Bu(k)dt = Fx(t)+ Qu(t); (5.26)
t
where we have assumed that the discontinuous control sigeahtinuous from
the right. The behavior of the system at the sampling titrekh is described by
the difference equation

x[k+ 1] = FxK]+ QuK]; y[k] = CYk] + Du[K]: (5.27)
Notice that the difference equation (5.27) is an exact spr&ation of the behavior
of the system at the sampling instants. Similar expressiansatso be obtained if
the control signal is linear over the sampling interval.

The transformation from (5.26) to (5.27) is calleampling The relations be-
tween the system matrices in the continuous and sampledsemiations are as

follows:

ehh:

4 Z

h 1
fldt G (5.28)
0

h
F= G= e'%ds B; A= %IogF; B=
0



160 CHAPTER 5. LINEAR SYSTEMS

Notice that ifA is invertible, we have
G=AleM |

All continuous-time systems have a discrete-time versiatithere are discrete-
time systems that do not have a continuous-time equivaldm precise condition
is that the matri¥= cannot have real eigenvalues on the negative real axis.

Example 5.10 Differential equation for an IBM Lotus server
In Example 2.4 we described how the dynamics of an IBM Lotusesemwere
obtained as the discrete-time system

ylk+ 1] = ay{k] + bulk];

wherea = 0:43, b= 0:47 and the sampling period = 60s. A differential
equation model is needed if we would like to design contratems based on
continuous-time theory. Such a model is obtained by applgiqgation (5.28);
hence | Z, N

A= %‘: 00141 B= &dt b= 0:014]
and we nd that the difference equation can be interpretedsasygled version of
the ordinary differential equation

dx

at 0:0141x+ 0:0141u:

5.4 Linearization

As described at the beginning of the chapter, a common sairieear system
models is through the approximation of a nonlinear systera loyear one. These
approximations are aimed at studying the local behavior ®fstem, where the
nonlinear effects are expected to be small. In this sectierdiscuss how to lo-
cally approximate a system by its linearization and what loarsaid about the
approximation in terms of stability. We begin with an illcegion of the basic
concept using the cruise control example from Chapter 3.

Example 5.11 Cruise control
The dynamics for the cruise control system were derived ini@eét1 and have
the form

m(;::anuT(anv) mgG sgn(V) %rCVsz mgsing; (5.29)

where the rst term on the right-hand side of the equation &ftirce generated
by the engine and the remaining three terms are the rollinggdn, aerodynamic
drag and gravitational disturbance force. There is an dauitn (Ve; Ug) when the

force applied by the engine balances the disturbance forces
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Figure 5.14: Simulated response of a vehicle with Pl cruise control as it climbs a hill with a
slope of 4. The solid line is the simulation based on a nonlinear model, and the dashed line
shows the corresponding simulation using a linear model. The controltes geekp = 0.5

andk; = 0:1.

To explore the behavior of the system near the equilibriumvlidinearize the
system. A Taylor series expansion of equation (5.29) ard@@quilibrium gives

d(\/dtve) =a(v Vo) by(g ge)+ b(u ue)+ higherorderterms, (5.30)
where
2
. ueanTO(an\r/;) I’CVAVe; by = gcosge; b= M: (5.31)

Notice that the term corresponding to rolling friction gipaars ifv6 0. For a car
in fourth gear withve = 25 m/s,ge = 0 and the numerical values for the car from
Section 3.1, the equilibrium value for the throttlelis= 0:1687 and the parameters
area= 0:0101,b= 1:32 andc = 9:8. This linear model describes how small
perturbations in the velocity about the nominal speed evoltime.

Figure 5.14 shows a simulation of a cruise controller witledinand nonlinear
models; the differences between the linear and nonlineatetlscare small, and
hence the linearized model provides a reasonable approgima N

Jacobian Linearization Around an Equilibrium Point
To proceed more formally, consider a single-input, sirgiéput nonlinear system

31(: f(xu); x2RMUu2R;

y=h(xu); Y2R;

(5.32)
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with an equilibrium point ak = X, U= Ue. Without loss of generality we can
assume thate = 0 andue = 0, although initially we will consider the general case
to make the shift of coordinates explicit.

To study thdocal behavior of the system around the equilibrium pdgiqt ue),
we suppose that xe andu U are both small, so that nonlinear perturbations
around this equilibrium point can be ignored compared with(tower-order) lin-
ear terms. This is roughly the same type of argument that id wéen we do
small-angle approximations, replacing ginvith g and cosgy with 1 for g near
zero.

As we did in Chapter 4, we de ne a new set of state varialzless well as
inputsv and outputsv:

Z=X Xeo V=U Uy W=y h(XeUe):

These variables are all close to zero when we are near thebemum point, and so
in these variables the nonlinear terms can be thought ofeakitfiner-order terms
in a Taylor series expansion of the relevant vector eldsagag for now that
these exist).

Formally, theJacobian linearizatiorof the nonlinear system (5.32) is

dz

It = Az+ By, w= Cz+ Dv, (5.33)
where
A= ﬂ—f ;. B= ﬁ—f ; C= ﬂ—h ;. D= ﬂ—h (5.34)
fx (Xe:Ue) fu (Xe:Ue) fix (Xe:Ue) fu (Xe:Ue)

The system (5.33) approximates the original system (5.32nwte are near the
equilibrium point about which the system was linearized.

Itis important to note that we can de ne the linearization af/atem only near
an equilibrium point. To see this, consider a polynomiateys

(;If[(= ao+ arx+ apX’ + agC+ u;

whereag 6 0. A family of equilibrium points for this system is given §x; ue) =

(Xe; ap aXe azxg agxg), and we can linearize around any of them. Suppose
that we try to linearize around the origin of the system 0, u= 0. If we drop the
higher-order terms i, then we get

%_ + g X+ U,
dt—aO 1 ’

which isnotthe Jacobian linearization & 6 0. The constant term must be kept,
and itis not present in (5.33). Furthermore, even if we kepttinstant term in the
approximate model, the system would quickly move away frioisippoint (since it
is “driven” by the constant terrag), and hence the approximation could soon fail
to hold.

Software for modeling and simulation frequently has faetitfor performing
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linearization symbolically or numerically. The MATLAB commaitrim  nds
the equilibrium, andinmod  extracts linear state space models from a SIMULINK
system around an operating point.

Example 5.12 Vehicle steering

Consider the vehicle steering system introduced in Exam@e 2he nonlinear
equations of motion for the system are given by equatior3}2(2.25) and can
be written as

8,0 Sveos(a(d)+ o)
EE y§ % vsm(a(d)+ qé a(d) = arctan atand :
dt: Ytand b
b
wherex, y and g are the position and orientation of the center of mass of the
vehicle,v is the velocity of the rear whed,is the distance between the front and
rear wheels and is the angle of the front wheel. The functiar{d) is the angle
between the velocity vector and the vehicle's length axis.
We are interested in the motion of the vehicle about a sttdigé path ¢ = qo)
with xed velocity vo 6 0. To nd the relevant equilibrium point, we rstsef= 0
and we see that we must hadle= 0, corresponding to the steering wheel being
straight. This also yielda = 0. Looking at the rst two equations in the dynamics,
we see that the motion in they direction is by de nitionnot at equilibrium since
x?+ h? = v3 6 0. Therefore we cannot formally linearize the full model.
Suppose instead that we are concerned with the lateral asviztthe vehicle
from a straight line. For simplicity, we lege = 0, which corresponds to driving
along thex axis. We can then focus on the equations of motion inytlaad g
directions. With some abuse of notation we introduce theesta (y;q) and
u= d. The system is then in standard form with

8 . 9
% vsin(a(u) + xz)§ atanu
Vo ; a(u) = arctan ;
—tanu b
b
The equilibrium point of interest is given by= (0;0) andu= 0. To compute
the linearized model around this equilibrium point, we malke of the formu-
las (5.34). A straightforward calculation yields
8

f(xu) = h(x;u) = x1:

9 8 9
as T _30ws. o 1T _sawshs
ﬂX )(:8 ) 0 0, ’ ﬂu x:8 ’ VO:b’ ’
u= u=
8 9
fh . . fh
C= ¢ =110 ; D= =0
X x=0 Tu x=0
u=0 u=0

and the linearized system
fracdxdt= Ax+ Bu; y= Cx+ Du (5.35)

thus provides an approximation to the original nonlinearaiyics.
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The linearized model can be simpli ed further by introducirggmalized vari-
ables, as discussed in Section 2.3. For this system, we clio@seheel basé
as the length unit and the unit as the time required to trawgheel base. The
normalized state is thus= ( x;=b; X2), and the new time variable is= vpt=b. The
model (5.35%then begcomgs

z 015 Sg 8 9
dz_z2+tg0uz _3 303 = . Z
T u "0 o T U y=-1 0 z (5.36)
whereg= a=b. The normalized linear model for vehicle steering with ngomshg
wheels is thus a linear system with only one parameter. N

Feedback Linearization

Another type of linearization is the use of feedback to cointree dynamics of a
nonlinear system into those of a linear one. We illustragslihsic idea with an
example.

Example 5.13 Cruise control
Consider again the cruise control system from Example 5.hbse dynamics are
given in equation (5.29):

m(il\t/: apuT(anv) mgG sgnv) %ersz mgsing:

If we chooseu as a feedback law of the form

1 0 1
u aT(an) u’+ mgG sgn(v) 2rC\,Av2 X (5.37)
then the resulting dynamics become
dv_
— = + a: .
mdt u+ d; (5.38)

whered = mgsing is the disturbance force due the slope of the road. If we
now de ne a feedback law fan® (such as a proportional-integral-derivative [PI1D]
controller), we can use equation (5.37) to compute the nplirthat should be
commanded.

Equation (5.38) is a linear differential equation. We hawseasally “inverted”
the nonlinearity through the use of the feedback law (5.3IMis requires that
we have an accurate measurement of the vehicle veleas/well as an accurate
model of the torque characteristics of the engine, geangatirag and friction
characteristics and mass of the car. While such a model igarwrally available
(remembering that the parameter values can change), if sigrda good feedback
law for u®, then we can achieve robustness to these uncertainties. N

More generally, we say that a system of the form

dx

i f(x;u); y= h(x);
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Figure 5.15: Feedback linearization. A nonlinear feedback of the farm a(x;v) is used
to modify the dynamics of a nonlinear process so that the responsetimputv to the
outputy is linear. A linear controller can then be used to regulate the system's dgsiam

is feedback linearizablé we can nd a control lawu = a(x;v) such that the
resulting closed loop system is input/output linear withuhv and outputy, as
shown in Figure 5.15. To fully characterize such systems y®te the scope of
this text, but we note that in addition to changes in the injna general theory also
allows for (nonlinear) changes in the states that are use@goribe the system,
keeping only the input and output variables xed. More datafl this process can
be found in the textbooks by Isidori [Isi95] and Khalil [KhEO0

One case that comes up relatively frequently, and is hencthwpecial mention,e
is the set of mechanical systems of the form

M(g)g+ C(qg;q) = B(g)u:

Hereq 2 R" is the con guration of the mechanical systemM(q) 2 R" " is the
con guration-dependent inertia matri€(q; q) 2 R" represents the Coriolis forces
and additional nonlinear forces (such as stiffness antdrirandB(qg) 2 R" Pis

the input matrix. Ifp = n, then we have the same number of inputs and con g-
uration variables, and if we further have ti&() is an invertible matrix for all
con gurationsg, then we can choose

u=B (g M(qv C(gq) : (5.39)
The resulting dynamics become

M(a)4= M(q)v =) a=v

which is a linear system. We can now use the tools of lineatesysheory to
analyze and design control laws for the linearized systemembering to apply
equation (5.39) to obtain the actual input that will be agqbtio the system.

This type of control is common in robotics, where it goes byrtame ofcom-
puted torque and in aircraft ight control, where it is calledynamic inversion
Some modeling tools like Modelica can generate the code inverse model
automatically. One caution is that feedback linearizatian often cancel out ben-
e cial terms in the natural dynamics, and hence it must be wgddcare. Exten-
sions that do not require complete cancellation of nonlitiea are discussed in
Khalil [Kha01] and Krstt et al. [KKK95].
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5.5 Further Reading

The majority of the material in this chapter is classical aad be found in most
books on dynamics and control theory, including early warkscontrol such as
James, Nichols and Phillips [JNP47] and more recent textbso&ls as Dorf and
Bishop [DB04], Franklin, Powell and Emami-Naeini [FPENO5] and @g@ga01].
An excellent presentation of linear systems based on therexygial matrix is
given in the book by Brockett [Bro70], a more comprehensigatiment is given by
Rugh [Rug95] and an elegant mathematical treatment is givSontag [Son98].
Material on feedback linearization can be found in booksamlinear control the-
ory such as Isidori [Isi95] and Khalil [Kha01]. The idea of cheterizing dynam-
ics by considering the responses to step inputs is due toisidayhe also intro-
duced an operator calculus to to analyze linear systems. fiihstap is therefore
also called theHeaviside step functionAnalysis of linear systems was simpli-
ed signi cantly, but Heaviside's work was heavily criticisebecause of lack of
mathematical rigor, as described in the biography by NakahB8]. The dif cul-
ties were cleared up later by the mathematician Laurent S¢hwéno developed
distribution theoryin the late 1940s. Schwartz was awarded the Fields Medal for
this work in 1950. In engineering, linear systems have tiauklly been analyzed
using Laplace transforms as described in Gardner and Ba@®42]. Use of
the matrix exponential started with developments of cdrlreory in the 1960s,
strongly stimulated by a textbook by Zadeh and Desoer [ZD63e bf matrix
techniques expanded rapidly when the powerful methods wfenie linear alge-
bra were packaged in programs like LabVIEW, MATLAB, and Mathdozat

Exercises

5.1 Show that ify(t) is the output of a linear system corresponding to irugtix,
then the output corresponding to an inudt) is given byy(t). (Hint: Use the
de nition of the derivative:y(t) = limg o y(t+ €) y(t) =€)

5.2 Show that a signal(t) can be decomposed in terms of the impulse function

d(t) as z,

uh= dt Hu)d

and use this decomposition plus the principle of superiposio show that the
response of a linear system to an inp(t) (assuming a zero initial condition) can
be written as z,

y(t) = Oh(t t)u(t)dt;

whereh(t) is the impulse response of the system.
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[ I
5.3 Assumethar < 1andletwy= wg 1 Zz2. Show that
8 9
ZWot ZWot o
exp.g Zw Wy 3 ,_3 € coswgt e sinwgt 3

Wy ZWp’ T e tsinugt e 2%t coswgt’

p
5.4 Assumethaz < 1andletwg= wy 1 z2. Show that the systems

8 8 9
dx_ 3 zwp Wy 3 . dz_x O W =
e - ) X1 - El
dt Wy ZWp dt Wo  2ZWp
are related through= T xwhere
8 p p 9
T=32z+ 1 z2 z 1 z%% .
' 1 1 T

5.5 Consider a linear system= Axwith Rel j < 0 for all eigenvalues ; of the
matrix A. Show that the matrix

Zy
P= & fQévdt
0
de nes a Lyapunov function of the forv(x) = x" Px.

5.6 Using the computation for the matrix exponential, show gwaiation (5.11)
holds for the case of a 33 Jordan block. (Hint: Decompose the matrix into the
form S+ N, whereSis a diagonal matrix.)

5.7 Consider a linear system with a Jordan form that is non-diago

(&) Show that there exists a periodic input does not produegiadgic output.

(b) Prove Proposition 5.3 by showing that if the system costaireal eigenvalue
| = 0 with a nontrivial Jordan block, then there exists an ihitiandition with a
solution that grows in time. Extend this argument to the cdsemplex eigenval-

ues with Ré = 0 by using the block Jordan form
8 9

O w 1 O
3= % w 0 O 1§
'"2 0 0 0 w

' 0 w 0
5.8 Using the convolution equation, write down the completesoh for a second-
order linear system with sinusoidal input:
%+ 2ZWox+ WEx = Asinwt:
Make sure to describe any cases in which the form of the solufhanges.

5.9 Consider the compartment model given in Example 5.7. Comihatestep
response for the system and compare it with Figure 5.10b. hiserinciple of
superposition to compute the response to the pulse inputrsimoFigure 5.10c.
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5.10 Consider a stable linear system with monotone step res@gtsel et the
input signal be boundedu(t)] umax. Assuming that the initial conditions are
zero, show thaty(t)] S(¥)umax. (Hint: Use the convolution integral.)

5.11 Consider a rst-order system of the form
dx _
dt
y=Xx
We say that the parameteis thetime constantor the system since the zero input
system approaches the origin@d™. For a rst-order system of this form, show

that the rise time for a step response of the system is appadgly 2, and that
1%, 2%, and 5% settling times approximately correspondsab, 4t and 2 .

t X+ u

5.12 Consider a linear discrete-time system of the form
x[k+ 1] = AXK] + BU[K]; y[k] = Cxk] + DulK]:

(@) Show that the general form of the output of a discrete-fimgar system is
given by the discrete-time convolution equation:

k 1 _
y[k] = CA%+ § CA* 1 BU[j]+ DulK]:
i=0

(b) Show that a discrete-time linear system is asymptoyica#ible if and only if
all the eigenvalues o0& have a magnitude strictly less than 1.

(c) Letulk] = Asin(wk) represent an oscillatory input with frequeney< p (to
avoid “aliasing”). Show that the steady-state componenhefresponse has gain
M and phase, where

Mel = C(é%l A) B+ D:

(d) Show that if we have a nonlinear discrete-time system

XK= f(x[kulkl);  XKI2 R u2R;
yIK = h(x[KJ;u[K]);  y2R;

then we can linearize the system around an equilibrium faite) by de ning
the matrices\, B, C andD as in equation (5.34).

5.13 Consider the following simple Keynesian macroeconomic ehodthe form

of a linear discrete-time system discussed8 in E)éercige 5912:
sClrllz _ 3 a  azzClz | 3 a3 o,
e+ 1) "ab a ab " I[t]’ - ab '

Y[t] = C[t]+ I[t]+ G[t]:
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Determine the eigenvalues of the dynamics matrix. Whenterertagnitudes of
the eigenvalues less than 1? Assume that the system is iibeigui with constant
values capital spending, investment and government expenditu@ Explore

what happens when government expenditure increases by 13#.the values
a= 0:25andb= 0:5.

5.14 Consider a scalar system

ax
— =1 3+ :
at X u

Compute the equilibrium points for the unforced systers (0) and use a Taylor
series expansion around the equilibrium point to compugditiearization. Verify
that this agrees with the linearization in equation (5.33).

5.15 Consider the dynamics of a genetic circuit that implemesetsrepression
the protein produced by a gene is a repressor for that gemereistricting its own
production. Using the models presented in Example 2.13, yhardics for the
system can be written as

dm_ a dp

Pl kp2+ ag gm u; a: bm dp; (5.40)

whereu is a disturbance term that affects RNA transcription epgp 0. Find
the equilibrium points for the system and use the lineartdygthmics around each
equilibrium point to determine the local stability of theuddprium point and the
step response of the system to a disturbance.






Chapter Six
State Feedback

Intuitively, the state may be regarded as a kind of information storage oramean accu-
mulation of past causes. We must, of course, demand that the setrofirgtatesS be
suf ciently rich to carry all information about the past history fto predict the effect of the
past upon the future. We do not insist, however, that the state igdisésuch information
although this is often a convenient assumption.

R. E. Kalman, P. L. Falb and M. A. Arbiippics in Mathematical System Thegt969 [KFA69].

This chapter describes how the feedback of a system's statdbeaised to
shape the local behavior of a system. The concept of readigabihtroduced and
used to investigate how to design the dynamics of a systemnghrassignment of
its eigenvalues. In particular, it will be shown that undertain conditions it is
possible to assign the system eigenvalues arbitrarily ipycgpiate feedback of
the system state.

6.1 Reachability

One of the fundamental properties of a control system is whiabf points in the
state space can be reached through the choice of a contutl Ibjfurns out that the
property of reachability is also fundamental in undersiagdhe extent to which
feedback can be used to design the dynamics of a system.

De nition of Reachability

We begin by disregarding the output measurements of thersyaihd focusing on
the evolution of the state, given by

((;f[(z Ax+ Bu, (6.1)

wherex2 R", u2 R, Ais ann nmatrix andB a column vector. A fundamental
guestion is whether it is possible to nd control signals sattéiny point in the state
space can be reached through some choice of input. To stigjywh de ne the
reachable seR (xg; T) as the set of all pointgs such that there exists an input
u(t), 0 t T that steers the system frax(0) = xg to X(T) = Xy, as illustrated in
Figure 6.1a.

De nition 6.1 (Reachability) A linear system iseachableif for any xg; xs 2 R"
there existsd@ > Oandu: [0; T]! R suchthatthe corresponding solution satis es
X(0) = xp andx(T) = X;.
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A A
' ' '
i S AN,
1 1

Xo
R(xo; T) : :

(a) Reachable set (b) Reachability through control

Figure 6.1: The reachable set for a control system. TheR¢xg; T) shown in (a) is
the set of points reachable froxg in time less tharT. The phase portrait in (b) shows the
dynamics for a double integrator, with the natural dynamics drawn asdmal arrows and
the control inputs drawn as vertical arrows. The set of achievablié@gqum points is thex
axis. By setting the control inputs as a function of the state, it is possible totk&egystem
to the origin, as shown on the sample path.

The de nition of reachability addresses whether it is pogsiblreach all points
in the state space inteansientfashion. In many applications, the set of points that
we are most interested in reaching is the set of equilibriwmntp of the system
(since we can remain at those points once we get there). Thd aitpossible
equilibria for constant controls is given by

E = fXe: A%+ bue = 0 for someue 2 Rg:

This means that possible equilibria lie in a one- (or posditigjrer) dimensional
subspace. If the matrii is invertible, this subspace is spannedyB.
The following example provides some insight into the podisids.

Example 6.1 Double integrator
Consider a linear system consisting of a double integratowse dynamics are
given by

dxp dxp

at @ dt
Figure 6.1b shows a phase portrait of the system. The open lowndcs (1= 0)
are shown as horizontal arrows pointed to the right¢or O and to the left for
X2 < 0. The control input is represented by a double-headed arrdtei vertical
direction, corresponding to our ability to set the value,ofThe set of equilibrium
pointsE corresponds to the axis, withue = 0.

Suppose rst that we wish to reach the origin from an initial dibion (a; 0).
We can directly move the state up and down in the phase plah&dmust rely
on the natural dynamics to control the motion to the left agttr If a> 0, we
can move the origin by rst setting< 0, which will causex; to become negative.
Oncex, < 0, the value ofk; will begin to decrease and we will move to the left.
After a while, we can sai, to be positive, moving, back toward zero and slowing
the motion in theq direction. If we bringx, > 0, we can move the system state in
the opposite direction.
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Figure 6.1b shows a sample trajectory bringing the systememtigin. Note
that if we steer the system to an equilibrium point, it is plolesto remain there
inde nitely (sincex; = 0 whenxp = 0), but if we go to any other point in the state
space, we can pass through the point only in a transientdfashi N

To nd general conditions under which a linear system is reddd, we will
rst give a heuristic argument based on formal calculatioithwnpulse functions.
We note that if we can reach all points in the state space gifirgome choice of
input, then we can also reach all equilibrium points.

Testing for Reachability

When the initial state is zero, the response of the state toitestep(t) in the
input is given by
z t
xg(t)= AU OBdt = A Y 1)B (6.2)
0

(see equation (5.22)). The derivative of a unit step funcigotine impulse func-
tion d(t) de ned in Section 5.3. Since derivatives are linear operatigrisllows
(see Exercise 5.1) that the response of the system to an ienfuristion is the
derivative of equation (6.2):

X = Og(f’: ¢'B:

(Note that the state changes instantaneously in respotise impulse.) Similarly
we nd that the response to the derivative of a impulse funcis

Xy = d;txzs = Ad'B:
Continuing this process and using the linearity of the systae input
u(t) = a1d(t)+ a-d(t)+ ad(t)+ + and™ V(1)
gives the state
X(t) = a1"B+ a,A'B+ azA% B+ + ap,A” teMB:
Taking the limit ad goes to zero through positive values, we get

lim x(t) = a1B+ a,AB+ asA’B+  + apA” 'B:
On the right is a linear combination of the columns of the iratr
8 9
W,='B AB A" 1B (6.3)

To reach an arbitrary point in the state space, we thus rethat there ara linear
independent columns of the matid. The matrixW; is called thereachability
matrix.
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An input consisting of a sum of impulse functions and themasgives is a very
violent signal. To see that an arbitrary point can be reagbigtdsmoother signals
we can make use of the convolution equation. Assuming tkeairitial condition
is zero, the state of a linear system is given by

Zt Zt
x(t)= L DBYt)dt = MBut t)dt:
0 0

It follows from the theory of matrix functions, speci calljhe Cayley—Hamilton
theorem (see Exercise 6.11), that

A = lag(t)+ Aay(t)+ + A" la, 1(t);

whereaj(t) are scalar functions, and we nd that
z t Z t
Xt)= B ap(t)u(t t)dt+AB ap(t)u(t t)dt
0 0
Z t
+ +A"1B a, 1(t)ut t)dt:
0

Again we observe that the right-hand side is a linear contisinaf the columns
of the reachability matri¥\f given by equation (6.3). This basic approach leads to
the following theorem.

Theorem 6.1 (Reachability rank condition)A linear system is reachable if and
only if the reachability matrix Wis invertible.

The formal proof of this theorem is beyond the scope of this bex follows
along the lines of the sketch above and can be found in mogstmolinear control
theory, such as Callier and Desoer [CD91] or Lewis [Lew03]. Westirate the
concept of reachability with the following example.

Example 6.2 Reachability of balance systems
Consider the balance system introduced in Example 2.1 andnsimoFigure 6.2.
Recall that this system is a model for a class of examples ictwthe center of
mass is balanced above a pivot point. One example is the Segavesportation
system shown in Figure 6.2a, about which a natural questiaskas whether we
can move from one stationary point to another by appropagdication of forces
through the wheels.

The nonlinear equations of motion for the system are givergiragon (2.9)
and repeated here:

(M+m)p mlcosgg= cp misingg?+ F; (6.4)
(J+ mi®)g mlcosgp= gg+ mglsing: '

For simplicity, we takec = g= 0. Linearizing around the equilibrium poirg =



6.1. REACHABILITY 175

(a) Segway (b) Cart-pendulum system

Figure 6.2: Balance system. The Segway human transportation system shown disiar{a
example of a balance system that uses torque applied to the wheels todeieietupright.
A simpli ed diagram for a balance system is shown in (b). The systemistsnsf a massn
on arod of length connected by a pivot to a cart with mads

(p; 0;0;0), the dynamics matrix and the control matrix are

0 0 10 9
0 0 0
_ mél g : _
A= X B=
O W maz © = rr12I2
M¢mgl _
-0 Mk mal2 00 Mt-]t rr12l2
whereM; = M+ mandJ, = J+ ml2. The reachability matrix is
: 0 I S 0 gl :
Mg mel2 (Mg 122
Im 0 gl?m?(m+ M)
_ M P2 (Mg mPl12)2
W = 3 . NE (6.5)
Mg P2 (M mPl2)2
Im 0 g?12mé(m+ M)
M nel2 (M mPl2)2
This matrix has determinant
g?l4m?
dettW) = mﬁ 0

and we can conclude that the system is reachable. This inthbésve can move
the system from any initial state to any nal state and, in igatar, that we can
always nd an input to bring the system from an initial stateato equilibrium
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Figure 6.3: An unreachable system. The cart—pendulum system shown on the dedt ha
single input that affects two pendula of equal length and mass. Sincertesfaffecting
the two pendula are the same and their dynamics are identical, it is not disp@tcatrol the
state of the system. The gure on the right is a block diagram represemtsttbis situation.

point. N

It is useful to have an intuitive understanding of the medras that make a
system unreachable. An example of such a system is given urd-§y3. The
system consists of two identical systems with the same inplgarly, we cannot
separately cause the rst and the second systems to do sometiffierent since
they have the same input. Hence we cannot reach arbitraegséand so the system
is not reachable (Exercise 6.3).

More subtle mechanisms for nonreachability can also ocear.example, if
there is a linear combination of states that always remainstant, then the system
is not reachable. To see this, suppose that there exists eemarH such that

0= EHx= H(Ax+ Bu); forall u:

dt
ThenH is in the left null space of botA andB and it follows that
8 9
HW =H' B AB A" 1B =0

Hence the reachability matrix is not full rank. In this cadeye have an initial
conditionxg and we wish to reach a stake for which Hxg 6 Hxs, then since
Hx(t) is constant, no input can move fronxg to x;.

Reachable Canonical Form

As we have already seen in previous chapters, it is oftenesvent to change
coordinates and write the dynamics of the system in the fiotamgd coordinates
z= Tx One application of a change of coordinates is to converistesyinto a
canonical form in which it is easy to perform certain typesuoélysis.

A linear state space system isreachable canonical fornf its dynamics are
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d bl b2 bn1 bn
R R R R
u © VAl %) . Zn 1 Zn
1 a ap an 1 an
1 P 1

Figure 6.4: Block diagram for a system in reachable canonical form. The indiVistates
of the system are represented by a chain of integrators whose inpridiepn the weighted
values of the states. The output is given by an appropriate combinattbe sf/stem input
and other states.

given by 8 9 8 9

ag a az i & 1
1 0 0O @ O 0

dZ_2 0 1 0 1 0E,450E,

a g SRR ; (6.6)
0 1 0’ 0

8 9
y=+: by by bz ::: by z+du

A block diagram for a system in reachable canonical form @shin Figure 6.4.
We see that the coef cients that appear in thandB matrices show up directly
in the block diagram. Furthermore, the output of the systei $émple linear
combination of the outputs of the integration blocks.

The characteristic polynomial for a system in reachable e@abform is given

by

[(s)= '+ a1 '+  +ay 1S+ an: (6.7)
The reachability matrix also has a relatively simple strrestu
9
1 & & &
8 9 0 1 a1
W=:'B AB ::: A"IB =%: P

0O O 0 1
"0 0 0 1

where indicates a possibly nonzero term. This matrix is full ramcsino col-
umn can be written as a linear combination of the others lsecatithe triangular
structure of the matrix.

We now consider the problem of changing coordinates sudhhibadynamics
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of a system can be written in reachable canonical form. A;& represent the
dynamics of a given system aAgB be the dynamics in reachable canonical form.
Suppose that we wish to transform the original system intohalale canonical
form using a coordinate transformatiasr TXx. As shown in the last chapter, the
dynamics matrix and the control matrix for the transformgstesm are

A=TAT Y, B=TB
The reachability matrix for th8e transformed systerg then bexo
W=:8 A A6
Transforming each element individually, we have
AB= TAT TB= TAB
A’B=(TAT Y2TB= TAT TAT TB= TA%B;

A'B= TA"B;
and hence the reachabilityématrix for the transfgrmed sy $te
W, =T B AB A" BT = TW: (6.8)
SinceW; is invertible, we can thus solve for the transformatibrthat takes the
system into reachable canonical form:
T=Ww &
The following example illustrates the approach.

Example 6.3 Transformation to reachable form
Consider a simple two-dimensional system of the form

%=.B a Wws x+.803 u:
dt w a’ 1
We wish to nd the transformation that converts the systero netachable canon-
ical form: 8 9 8 19
XA_% a &z 5_ 313
A=~ 1 0 B=": o -
The coef cientsa; anda, can be determined from the characteristic polynomial
for the original system:

a;= 2a;
(9= de(sl A= 2as+(a’+w?) =) T
a=a -+ w-.
The reachability matrix for each system is
8 0 9 8 1 9
= a
w=30 7%, Ww=3, ™3

1 a’’
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The transformatio becomes

8 9 8 9
arta % 1
T=Ww != 1W =5 ;
. - 0, N O,
w w
and hence the coordinates
8 9 8 a . 9
343 _g,- 8,07 %8
Vi) . Xo )
put the system in reachable canonical form. N

We summarize the results of this section in the followingtieen.

Theorem 6.2(Reachable canonical form).et A and B be the dynamics and con-
trol matrices for a reachable system. Then there exists asframation z= Tx
such that in the transformed coordinates the dynamics antf@lanatrices are in
reachable canonical forr(6.6) and the characteristic polynomial for A is given by

de(sl A)= '+ as" '+ +a, 15+ an

One important implication of this theorem is that for anyateable system, we
can assume without loss of generality that the coordinaieshisen such that the
system is in reachable canonical form. This is particulaskgful for proofs, as we
shall see later in this chapter. However, for high-ordetesys, small changes in
the coef cientsg can give large changes in the eigenvalues. Hence, the fgacha
canonical form is not always well conditioned and must belwgi¢gh some care.

6.2 Stabilization by State Feedback

The state of a dynamical system is a collection of variablasghrmits prediction
of the future development of a system. We now explore the afedesigning
the dynamics of a system through feedback of the state. Weagglume that the
system to be controlled is described by a linear state madkehas a single input
(for simplicity). The feedback control law will be developstgp by step using a
single idea: the positioning of closed loop eigenvaluesaisired locations.

State Space Controller Structure

Figure 6.5 is a diagram of a typical control system using gegdback. The full
system consists of the process dynamics, which we take fodwr] the controller
elementsK andk;, the reference input (or command signaland process dis-
turbancesd. The goal of the feedback controller is to regulate the outiiuhe
systemy such that it tracks the reference input in the presence tfrthances and
also uncertainty in the process dynamics.
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d
Controller Process
; i K X= Ax+ Bu
y= Cx+ Du y

,,,,,,,,,,,,,,,,,

Figure 6.5: A feedback control system with state feedback. The controller useystens
statex and the reference inputto command the process through its inputWe model
disturbances via the additive inpait

An important element of the control design is the perforneasgeci cation.
The simplest performance speci cation is that of stability:the absence of any
disturbances, we would like the equilibrium point of theteys to be asymptoti-
cally stable. More sophisticated performance speci caitypically involve giv-
ing desired properties of the step or frequency responskeoystem, such as
specifying the desired rise time, overshoot and settlimg tof the step response.
Finally, we are often concerned with the disturbance attémuaroperties of the
system: to what extent can we experience disturbance impatsl still hold the
outputy near the desired value?

Consider a system described by the linear differential tgua

%z Ax+ Bu; y= Cx+ Du; (6.9)

where we have ignored the disturbance sigh&r now. Our goal is to drive the
outputy to a given reference valueand hold it there. Notice that it may not be
possible to maintain all equilibria; see Exercise 6.8.

We begin by assuming that all components of the state veotomaasured.
Since the state at timecontains all the information necessary to predict the futur
behavior of the system, the most general time-invariantrobraw is a function
of the state and the reference input:

u=a(xr):
If the feedback is restricted to be a linear, it can be wrigen
u=  Kx+kr; (6.10)

wherer is the reference value, assumed for now to be a constant.

This control law corresponds to the structure shown in Figuse Bhe nega-
tive sign is a convention to indicate that negative feedlistie normal situation.
The closed loop system obtained when the feedback (6.10pigeddo the sys-

tem (6.9) is given by
dx

dt
We attempt to determine the feedback gkliiso that the closed loop system has

=(A BK)x+ Bkr: (6.11)
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the characteristic polynomial
p(s)= '+ p1s" 1+ + pn 1S+ po: (6.12)

This control problem is called theigenvalue assignment probleampole place-
ment problenfwe will de ne poles more formally in Chapter 8).

Note thatk, does not affect the stability of the system (which is detasdiby
the eigenvalues ok BK) but does affect the steady-state solution. In particular,
the equilibrium point and steady-state output for the adsep system are given
by

Xe= (A BK) Bkr,  ye= Cxe+ Dug;

hencek; should be chosen such that= r (the desired output value). Sinkeis a
scalar, we can easily solve to show thaDif 0 (the most common case),

k= 1=C(A BK) !B: (6.13)

Notice thatk, is exactly the inverse of the zero frequency gain of the cldsep
system. The solution fdd € 0 is left as an exercise.

Using the gainK andk;, we are thus able to design the dynamics of the closed
loop system to satisfy our goal. To illustrate how to corstauch a state feedback
control law, we begin with a few examples that provide somsdimtuition and
insights.

Example 6.4 Vehicle steering
In Example 5.12 we derived a normalized linear model for Vehsteering. The
dynamics describing the lateral deviation were given by

9 8 9

=30 1z -303.
A_ . O 0’ ’ B_ 1
8 9
C="10 ; D=0:
The reachability matrix for the system is thus
8 g 8 19
_ - _ 320 1z
W= B AB "1 0"

The system is reachable sincegt= 16 0.

We now want to design a controller that stabilizes the dycanaind tracks
a given reference value of the lateral position of the vehicle. To do this we
introduce the feedback

u= Kx+kr= kixg kxo+ kr;
and the closed loop system becomes

d 8 9 8 9
X_ (A BRx+BKr=3 a1 9k23x+?gkf'?

; r
dt g o Kk (6.14)

y=Cx+Du=:-1 0 x
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Figure 6.6: State feedback control of a steering system. Step responses obtéineomy
trollers designed witlec = 0.7 andw. = 0:5, 1 and 2 [rad/s] are shown in (a). Notice that
response speed increases with increagigdout that largea, also give large initial control
actions. Step responses obtained with a controller designedmyithl andz. = 0:5, 0.7
and 1 are shown in (b).

The closed loop system has the characteristic polynomial

det(sl A+ BK)= def® s+kg‘1 9o 13 _ 20 de s ko)st ke
1 s+ ky
Suppose that we would like to use feedback to design the dysashithe system
to have the characteristic polynomial

p(s) = S+ 27 Wes+ W2

Comparing this polynomial with the characteristic polynahof the closed loop
system, we see that the feedback gains should be chosen as

ki= w2 ko= 2zewe  gwe:
Equation (6.13) givek: = k; = w2, and the control law can be written as
u= ki(r x1) koxo= w2(r x1) (22w gwe)xo:

The step responses for the closed loop system for differémesa@f the design
parameters are shown in Figure 6.6. The effectwpfis shown in Figure 6.6a,
which shows that the response speed increases with inegaasi The responses
for w; = 0:5 and 1 have reasonable overshoot. The settling time is alBocérl
lengths forw, = 0:5 (beyond the end of the plot) and decreases to about 6 car
lengths foru, = 1. The control signadl is large initially and goes to zero as time
increases because the closed loop dynamics have an itedrae initial value of
the control signal i% = wZr, and thus the achievable response time is limited by
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the available actuator signal. Notice in particular thentl#ic increase in control
signal whenw; changes from 1 to 2. The effect &af is shown in Figure 6.6b. The
response speed and the overshoot increase with decreasimgirg). Using these
plots, we conclude that reasonable values of the desigmedeas are to haver,
in the range of 0.5t0 1 angk  0:7. N

The example of the vehicle steering system illustrates hate $eedback can
be used to set the eigenvalues of a closed loop system toeaybialues.

State Feedback for Systems in Reachable Canonical Form

The reachable canonical form has the property that the paeasnef the system

are the coef cients of the characteristic polynomial. Ithetefore natural to con-

sider systems in this form when solving the eigenvalue assant problem.
Consider a system Ei;n reachable canonical form,gi.e,

9
a1 a ag an 1
| 1 0 0 0 0
92_Rz+Bu=3 0 1 0 i 0EE Ey
dt ; SRR 0 (6.15)
0] 1 0 0
8 9
y=Cz=" by by bn z

It follows from(6.7) that the open loop system has the charéatic polynomial
de(sl A)= '+ as" '+ +a, 15+ an

Before making a formal analysis we can gain some insight bgstigating the
block diagram of the system shown in Figure 6.4. The charatiepolynomial
is given by the parametegg in the gure. Notice that the parameteg can be
changed by feedback from statgto the inputu. It is thus straightforward to
change the coef cients of the characteristic polynomial tatesfeedback.

Returning to equations, introducing the control law

u= Kz+kr= kz kz Knzn+ KiT; (6.16)

the closed loop system becomes
8

- ~ - ~ 9 8 9
ap ki a ke a3 ks i an ki Kr
1 0 0 o 0 0
dz_ 0 1 0o 0 E,+503,
dt : : : (6.17)
' 1 o o’
8 9
y="+ by b, by z

The feedback changes the elements of the rst row ofAhmeatrix, which corre-
sponds to the parameters of the characteristic polynofired.closed loop system
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thus has the characteristic polynomial
S+(a+ k)" T+ (apt k)" P+ H(an 1tk 1)st ant k.
Requiring this polynomial to be equal to the desired closeg lpolynomial
p(e) =S+ pis’ T+ + pn 1S+ py;

we nd that the controller gains should be chosen as
ki=p1 a;  ke=p a kn=pn an
This feedback simply replaces the parametgris the system (6.17) by;. The
feedback gain for a system in reachable canonical form is thu
8 9

K="pL a4 pp @ Pn an (6.18)

To have zero frequency gain equal to unity, the paranietehould be chosen

as ‘
ant Pn
= = —: 6.19
br by (6.19)
Notice that it is essential to know the precise values of ppatarsa, andby in
order to obtain the correct zero frequency gain. The zeraigegy gain is thus
obtained by precise calibration. This is very different frobstaining the correct

steady-state value by integral action, which we shall ségt@n sections.

K

Eigenvalue Assignment

We have seen through the examples how feedback can be usesdign the dy-
namics of a system through assignment of its eigenvaluesolVe the problem in
the general case, we simply change coordinates so that $kensys in reachable
canonical form. Consider the system

dx

at = Ax+ Bu; y= Cx+ Du: (6.20)

We can change the coordinates by a linear transformatioi x so that the trans-
formed system is in reachable canonical form (6.15). Fohsasystem the
feedback is given by equation (6.16), where the coef ciem&s given by equa-
tion (6.18). Transforming back to the original coordinagases the feedback

us Kz+kr= KTx+kr
The results obtained can be summarized as follows.

Theorem 6.3 (Eigenvalue assignment by state feedbadRpnsider the system
given by equatioi6.20), with one input and one output. Lefs) = s"+ a;s" 1+
+ an 1S+ a, be the characteristic polynomial of A. If the system is reabtha
then there exists a feedback
u= Kx+ kr
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that gives a closed loop system with the characteristicrptyial
p(s)= "+ pis” T+ + py 1S+ py
and unity zerén frequency gain between r and y. The feedbaokiggiven by

9

K=KT='"p. a1 p» @ P an Ww 4 ke = %; (6.21)

where q are the coef cients of the characteristic polynomial of thatrix A and
the matrices \WandW; are given by

8 9 ,
1l a1 & an 1
8 9 01 & an 2
W=:B AB A"IB s W=E Lo
00 1 &
"0 0 O 1

For simple problems, the eigenvalue assignment problenbeaolved by in-
troducing the elementg of K as unknown variables. We then compute the char-
acteristic polynomial

I (s) = def(sl A+ BK)

and equate coef cients of equal powerssib the coef cients of the desired char-
acteristic polynomial

p(s) = s+ plsn v 4 Pn 1+ Pn:

This gives a system of linear equations to deternkind he equations can always
be solved if the system is reachable, exactly as we did in El@afg.

Equation (6.21), which is called Ackermann's formula [Ack/Ak85], can
be used for numeric computations. It is implemented in theTM®B function
acker . The MATLAB function place is preferable for systems of high order
because it is better conditioned numerically.

Example 6.5 Predator—prey

Consider the problem of regulating the population of an gstesn by modulating
the food supply. We use the predator—prey model introduce®kition 3.7. The
dynamics for the system are given by

dH H aHL

am s n ) )
at (r+uH 1 " oy H O
dL aHL

— = L; L :

dt bc+ H d& 0

We choose the following nominal parameters for the systemciwcorrespond to
the values used in previous simulations:

a= 3.2 b= 0:6; c= 50
d = 0:56; k= 125 r= 1.6
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We take the parameteycorresponding to the growth rate for hares, as the input to
the system, which we might modulate by controlling a foodrsedor the hares.
This is re ected in our model by the ter(n + u) in the rst equation. We choose
the number of lynxes as the output of our system.

To control this system, we rst linearize the system aroune dguilibrium
point of the systen(He;Le), which can be determined numerically to ke
(20:6;29:5). This yields a linear dynamical system

8 9 8 98 9 8 9 8 98 9

dzzz _ 3013 093 323, 31723 w=:o0 1 343,

dt’ z’ " 0:57 o’ "z -~ 07 2 U
wherezz = L Le,zz=H Heandv= u. Itis easy to check that the system
is reachable around the equilibriugg v) = ( 0;0), and hence we can assign the
eigenvalues of the system using state feedback.

Determining the eigenvalues of the closed loop system regjlialancing the
ability to modulate the input against the natural dynamiahe system. This can
be done by the process of trial and error or by using some ahthre systematic
techniques discussed in the remainder of the text. For nevgimiply choose the
desired closed loop poles to belat f 0:1; 0:2g. We can then solve for the
feedback gains using the techgiques describe%earliechmhisults in

K=- 0:025 0:052

Finally, we solve for the reference gakn, using equation (6.13) to obtaky =
0:002.
Putting these steps together, our control law becomes

v=  Kz+ kr:

In order to implement the control law, we must rewrite it wsthe original coor-
dinates for the system, yielding

U=ute KX Xe)+ Kke(r, VYe)
) 8

9
=. 0025 0052 : L 295

+ 0:002(r 295):

This rule tells us how much we should modulageas a function of the current
number of lynxes and hares in the ecosystem. Figure 6.7a shewsulation of
the resulting closed loop system using the parameters deabede and starting
with an initial population of 15 hares and 20 lynxes. Notd tha system quickly
stabilizes the population of lynxes at the reference value @0). A phase por-
trait of the system is given in Figure 6.7b, showing how otimétial conditions
converge to the stabilized equilibrium population. Notibat the dynamics are
very different from the natural dynamics (shown in Figure(3.2 N

The results of this section show that we can use state feedbaiisign the
dynamics of a system, under the strong assumption that wmeasure all of the
states. We shall address the availability of the statesam#éxt chapter, when we
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Figure 6.7: Simulation results for the controlled predator—prey system. The population
lynxes and hares as a function of time is shown in (a), and a phaseipfrtthe controlled
system is shown in (b). Feedback is used to make the population state=af0:6 and
Le= 20.

consider output feedback and state estimation. In addifibeorem 6.3, which
states that the eigenvalues can be assigned to arbitraydos, is also highly ide-
alized and assumes that the dynamics of the process are kndvigh precision.
The robustness of state feedback combined with state estisnatconsidered in
Chapter 12 after we have developed the requisite tools.

6.3 State Feedback Design

The location of the eigenvalues determines the behavioredtltised loop dynam-
ics, and hence where we place the eigenvalues is the maigndascision to be
made. As with all other feedback design problems, thereradetoffs among the
magnitude of the control inputs, the robustness of the sy$steperturbations and
the closed loop performance of the system. In this sectioexeenine some of
these trade-offs starting with the special case of secodédraystems.

Second-Order Systems

One class of systems that occurs frequently in the analpsisiasign of feedback
systems is second-order linear differential equationsaBse of their ubiquitous
nature, it is useful to apply the concepts of this chaptehst speci ¢ class of
systems and build more intuition about the relationshipveen stability and per-
formance.

The canonical second-order system is a differential equatiohe form

g+ 2zwog+ wiq= ku; y=q (6.22)
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In state space form, this system can be represented as

q 8 0 9 8 0 9 8 9
ax_z Wo 3 3 3, — -
o w2z X+ - k=wo u; y=-1 0 x (6.23)

The eigenvalues of this system are given by

q___
I = zw wi(z2 1);

and we see that the origin is a stable equilibrium poimgf 0 andz > 0. Note
that the eigenvalues are complexzif< 1 and real otherwise. Equations (6.22)
and (6.23) can be used to describe many second-order systetasing damped
oscillators, active lters and exible structures, as showrthie examples below.

The form of the solution depends on the valuezpivhich is referred to as the
damping ratiofor the system. I > 1, we say that the systemaserdampegdand
the natural response € 0) of the system is given by

y(t) = bxio+ Xo0 4t @Xw0t X204 bt.
b a b a '

p
wherea = wo(z+ z2 1) andb = wy(z z2 1). We see that the response
consists of the sum of two exponentially decaying signafsz ¥ 1, then the
system i<ritically dampedand solution becomes

y(t) = e 2" X109+ (Xo0+ ZWoX1o)t :

Note that this is still asymptotically stable as longvas> 0, although the second
term in the solution is increasing with time (but more slowan the decaying
exponential that is multiplying it).

Finally, if 0< z < 1, then the solution is oscillatory and equation (6.22) id sa
to beunderdamped The parametewy is referred to as theatural frequencyof
the system, stemming from the fact that for snzlthe eigenvalues of the system
are approximately = zwp jwp. The natural response of the system is given

by

ZW 1 .
y(t) = e M xiocosmgt+ T 2xqo+ —Xoo SiNWgt
Wd Wd

wherewy = Wop 1 Zz2iscalled thedamped frequencyforz 1,wy W de-
nes the oscillation frequency of the solution amdjives the damping rate relative
to wp.

Because of the simple form of a second-order system, it isiplesto solve
for the step and frequency responses in analytical form. ©haisn for the step
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Figure 6.8: Step response for a second-order system. Normalized step respdns the
system (6.23) foz = 0 (dashed), 0.1, 0.2, 0.5, 0.707 (dashed- dotted) and 1, 2, 3@&nd
(dotted). As the damping ratio is increased, the rise time of the system ggts,lbnt there
is less overshoot. The horizontal axis is in scaled ungfs higher values ofyg result in a
faster response (rise time and settling time).

response depends on the magnitude:of
!

k .
y(t) = o 1 e "' coswyt + p%e Wt sinugt ; z < 1;
0 z
k
yt)= — 1 e "™ @+wt) ; z=1;
o o (6.24)
= = z wot(z 22 1)
1 Z pTl
+- pZ_ 1 ewWiEzr 22D . S5
2  z21

where we have takex(0) = 0. Note that for the lightly damped case<€ 1) we
have an oscillatory solution at frequengy.

Step responses of systems whthk W§ and different values af are shown in
Figure 6.8. The shape of the response is determined, land the speed of the
response is determined Iy (included in the time axis scaling): the response is
faster ifwy is larger.

In addition to the explicit form of the solution, we can alsmpute the proper-
ties of the step response that were de ned in Section 5.3. Fmple, to compute
the maximum overshoot for an underdamped system, we retlvdteutput as

|

k 1
)= — 1 ol sin(wgt + j ) 6.25
y(t) Wg pﬁe sin(wgt + j ) ( )

wherej = arccoz. The maximum overshoot will occur at the rst time in which
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Property Value z=05 z= 1:p 2 z=1
Steady-state value k=wj k=wZ  k=w? k=3
Rise time T = 1=wp -& =@ 1:8=wp  2:2=wp 2:7=up
Overshoot Mp= e P T7 16 aw 0%
Settling time (2%) Ts 4=zw 8.0=ny 5:9=wp 5:8=wy

the derivative ofy is zero, which can be shown to be
P—
Mp=e PZ= 1 2%

Similar computations can be done for the other charactesisfia step response.
Table 6.3 summarizes the calculations.

The frequency response for a second-order system can alsmniuted ex-
plicitly and is given by

Meld = k = K :
(iw)2+ 2zwp(iw) + w2 w3 w2+ 2izwew

A graphical illustration of the frequency response is giirefrigure 6.9. Notice
the resonant peak that increases with decreasifighe peak is often characterized
by is Q-value de ned asQ = 1=2z. The properties of the frequency response for
a second-order system are summarized in Table 6.1.

Example 6.6 Drug administration
To illustrate the use of these formulas, consider the twogartment model for
drug administrgltion, describedgin Seé:tiog 3.6. The dynanfitiseosystem are

8 9
dc_3 ko ki kiz _ 3boz _ - D
dt ko ko’ cr: o U y=-0 1 x

wherec; andcp are the concentrations of the drug in each compartmentz

compartment 1 angis the concentration of the drug in compartment 2. We assume

Table 6.1: Properties of the frequency response for a second-order systajey< 1.

Property Value z=0:1 z=05 z= 1=p 2
Zero frequency gain Mg k=wj k=w3 k=w2
Bandwidth Wh 1:54wy 1:27wp Wo
Resonant peak gain M, 1:54k=wZ  127k=wg k=wj

Resonant frequency Wmr %) 0:707wp 0
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Figure 6.9: Frequency response of a second-order system (6.23). (a)Malges as a func-
tion of z. (b) Frequency response as a functioreofThe upper curve shows the gain ratio
M, and the lower curve shows the phase shiftFor smallz there is a large peak in the
magnitude of the frequency response and a rapid change in phasesceatw = wy. As
zetais increased, the magnitude of the peak drops and the phase changesmoothly
between 0 and -180.

that we can measure the concentrations of the drug in eachartment, and we
would like to design a feedback law to maintain the output given reference

valuer.
We choosez = 0:9 to minimize the overshoot and choose the rise time to be

T, = 10 min. Using the formulas in Table 6.3, this gives a valuevipr= 0:22.
We can now compute the gain to place the eigenvalues at thagidm. Setting
u= Kx+ kr, the closed loop eigenvalues for the system satisfy

(9= 0:198 0:0959:

Choosingk; = 0:2027 andk, = 0:2005 gives the desired closed loop behavior.
Equation (6.13) gives the reference g&jir= 0:0645. The response of the con-
troller is shown in Figure 6.10 and compared with an open ld@iegy involving
administering periodic doses of the drug. N

Higher-Order Systems

Our emphasis so far has considered only second-order systewn higher-order
systems, eigenvalue assignment is considerably more dlif especially when
trying to account for the many trade-offs that are preseatfeedback design.
One of the other reasons why second-order systems play suchpmrtant
role in feedback systems is that even for more complicatstksys the response is
often characterized by thdominant eigenvaluesio de ne these more precisely,

for a complex eigenvaluk to be
Rel
iy
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Figure 6.10: Open loop versus closed loop drug administration. Comparison betwegn d
administration using a sequence of doses versus continuously monttegingncentrations
and adjusting the dosage continuously. In each case, the concentraf@mpisximately)
maintained at the desired level, but the closed loop system has substansaat@bility

in drug concentration.

We say that a complex conjugate pair of eigenvalugs is adominant pairif it
has the lowest damping ratio compared with all other eigergof the system.

Assuming that a system is stable, the dominant pair of e&jaag tends to be
the most important element of the response. To see thisinasthat we have a
system in Jordan form with a simple Jordan block correspanth the dominant
pair of eigenvalues:

8 9
l

dz
— = \]2 + Bu =
at z+ By, y=Cz

J

(Note that the statemay be complex because of the Jordan transformation.) The
response of the system will be a linear combination of thearses from each
of the individual Jordan subsystems. As we see from Figurefér& < 1 the
subsystem with the slowest response is precisely the ohdlvdtsmallest damping
ratio. Hence, when we add the responses from each of thadodivsubsystems,
it is the dominant pair of eigenvalues that will be the priynfaictor after the initial
transients due to the other terms in the solution die out.I&this simple analysis
does not always hold (e.g., if some nondominant terms hagenaoef cients
because of the particular form of the system), it is oftercéme that the dominant
eigenvalues determine the (step) response of the system.

The only formal requirement for eigenvalue assignment i tiea system be
reachable. In practice there are many other constrain@suisecthe selection of
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eigenvalues has a strong effect on the magnitude and rateafje of the control
signal. Large eigenvalues will in general require large argignals as well as
fast changes of the signals. The capability of the actuatdrsherefore impose
constraints on the possible location of closed loop eigega These issues will
be discussed in depth in Chapters 11 and 12.

We illustrate some of the main ideas using the balance syassesn example.

Example 6.7 Balance system
Consider the problem of stabilizing a balance system, whigaamics were given
in Example 6.2. The dynamics are given by

80 0 1 0 9 8 09
0 0 0 1 0
A=Eo ml?2g ¢k  gm . B= N ;
m m m m
0 Mimgl  cim gt Im
' m m m ' m

whereM; = M+ m, = J+ ml2, m= MJ, P12 and we have left andgnonzero.
We use the following parameters for the system (correspgnaiughly to a human
being balanced on a stabilizing cart):

M = 10 kg m= 80 kg c=0.1Ns/m
J = 100 kg nf/s; l=1m; g= 0.01Nms

The eigenvalues of the open loop dynamics are giveh by0;4:7; 1.9 2:7i.
We have veri ed already in Example 6.2 that the system is realeh@and hence
we can use state feedback to stabilize the system and praviésired level of
performance.

To decide where to place the closed loop eigenvalues, wethaté¢he closed
loop dynamics will roughly consist of two components: a sefast dynamics
that stabilize the pendulum in the inverted position andta&slower dynamics
that control the position of the cart. For the fast dynamigs ook to the natural

eriod of the pendulum (in the hanging-down position), WhiE given bywg =
mgl=(J+ ml2) 2.1rad/s. To provide a fast response we choose a damping
ratio of z = 0:5 and try to place the rst pair of poles &t.» Zwy W
1 2i, where we have used the approximation that z2 1. For the slow
dynamics, we choose the damping ratio to bétd provide a small overshoot and
choose the natural frequency to b& @o give a rise time of approximately 5 s.
This gives eigenvaluglsss =  0:35 0:35.

The controller consists of a feedback on the state and a ferealfd gain for

the reference input. The éeedback gain is given by

g= 9.8m/$:

K=- 188 4500 597 876 ;

which can be computed using Theorem 6.3 or using the MATlpA&e com-
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Figure 6.11: State feedback control of a balance system. The step responserfealleo
designed to give fast performance is shown in (a). Although the nsgpoharacteristics
(top left) look very good, the input magnitude (bottom left) is very large. s laggressive
controller is shown in (b). Here the response time is slowed down, but plg magnitude
is much more reasonable. Both step responses are applied to the lidetizanics.

mand. The feedforward gain ls = 1=(C(A BK) 'B)= 155. The step
response for the resulting controller (applied to the Il system) is given in
Figure 6.11a. While the step response gives the desiredathestics, the input
required (bottom left) is excessively large, almost thiees the force of gravity
at its peak.

To provide a more realistic response, we can redesign theotlen to have
slower dynamics. We see that the peak of the input force samuithe fast time
scale, and hence we choose to slow this down by a factor oa@inig the damp-
ing ratio unchanged. We also slow down the second set of wadjezs, with the
intuition that we should move the position of the cart mokeny than we sta-
bilize the pendulum dynamics. Leaving the damping ratio lier slow dynamics
unchanged at:@ and changing the frequency to 1 (corresponding to a rise ¢im
approximately 10 s), the desired eigenvalues become

| =f 033 0:66; 0:18 0:18ig:
The performance of the resulting controller is shown in Figudel b. N

As we see from this example, it can be dif cult to determine véhi® place the
eigenvalues using state feedback. This is one of the prihliipgiations of this
approach, especially for systems of higher dimension.r@gtcontrol techniques,
such as the linear quadratic regulator problem discusskt] aee one approach
that is available. One can also focus on the frequency respfon performing the
design, which is the subject of Chapters 8-12.
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Linear Quadratic Regulators

As an alternative to selecting the closed loop eigenvaloations to accomplish
a certain objective, the gains for a state feedback controlin instead be chosen
is by attempting to optimize a cost function. This can be paldrly useful in
helping balance the performance of the system with the nhadmiof the inputs
required to achieve that level of performance.

The in nite horizon, linear quadratic regulator (LQR) problésmone of the
most common optimal control problems. Given a multi-inpragér system

dx
a= Ax+ Bu; x2 R™u2 RP;
we attempt to minimize the quadratic cost function
Zy

J= X' Qux+ u'Quu dt;
0

whereQx 0 andQy > 0 are symmetric, positive (semi-) de nite matrices of
the appropriate dimensions. This cost function represetresde-off between the
distance of the state from the origin and the cost of the obimtput. By choosing
the matriceQx andQ, we can balance the rate of convergence of the solutions
with the cost of the control.

The solution to the LQR problem is given by a linear control ldthe form

u= Q,B™Px
whereP 2 R" "is a positive de nite, symmetric matrix that satis es the etioa
PA+ ATP  PBQ,'BTP+ Q= O: (6.26)

Equation (6.26) is called thalgebraic Riccati equatioand can be solved numer-
ically (e.g., using thégr command in MATLAB).

One of the key questions in LQR design is how to choose the wsei@hand
Qu. To guarantee that a solution exists, we must @ye 0 andQu > 0. In
addition, there are certain “observability” conditions Qg that limit its choice.
Here we assum@y > 0 to ensure that solutions to the algebraic Riccati equation
always exist.

To choose speci ¢ values for the cost function weigQisandQ,, we must use
our knowledge of the system we are trying to control. A paittidy simple choice

is to use diagonal weights
9 8 9

Qx=§ql O%: Qﬁ?l 0?

0 On’ "0 rn’

For this choice of), andQy, the individual diagonal elements describe how much
each state and input (squared) should contribute to thalbeest. Hence, we can
take states that should remain small and attach higher weddjes to them. Sim-
ilarly, we can penalize an input versus the states and atiperts through choice
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of the corresponding input weight

Example 6.8 Vectored thrust aircraft
Consider the original dynamics of the system (2.26), writtestate space form as

8 9 8 o 9
z
0
% 0
dz _ Z 1 1
ai gsing Sz +3 2cosqFy  IsingF
gcosq %25. LsingFi+ LcosgF
0 - %Fl 1

(see Example 5.4). The system parametersvare4 kg, J = 0.0475kgm, r =
0.25m,g= 9.8 m/€, c= 0.05 Ns/m, which corresponds to a scaled model of the
system. The equilibrium point for the system is givenmy= 0, /, = mgand

Ze = (Xe; Ye; 0;0;0;0). To derive the linearized model near an equilibrium point,
we compute the linearization according to equation (5.34):

8 9 8 9
00 O 1 0 0 0
00 O 0 1 0 0
30 0 O 0 0 , _ 0 03,
A=Z0 o g cm O ’ B=21-m 0%’
00 O 0 cem O 0 1=
00 O 0 0 0 =3 0
8 9 8 9
c=3 10000 &, D=3 0 Oz,
"0 10000" S0 0 -
Lettingz= z 2z andv= U U, the linearized system is given by
gtz: Az+ By, y=Cx

It can be veri ed that the system is reachable.

To compute a linear quadratic regulator for the system, vigevire cost func-
tion as Zy
J= . (Z' Qz+ vIQu)dt;

wherez=z z.andv= u Uerepresent the local coordinates around the desired
equilibrium point(z; ue). We begin with diagonal matrices for the state and input

costs: 3 9
10000

01000 8 o

200100 G 31 03

L=29 0010 XTTo 1"
00001
000001
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Figure 6.12: Step response for a vectored thrust aircraft. The plot in (a) showsdhdy
positions of the aircraft when it is commanded to move 1 m in each direchin(b) thex
motion is shown for control weights = 1, 1%, 10*. A higher weight of the input term in
the cost function causes a more sluggish response.

This gives a control law of the form= Kz which can then be used to derive the
control law in terms of the original variables:

u=v+ue= K(z z)+ Ug

As computed in Example 5.4, the equilibrium points haye ( 0;mg) andz, =
(Xe; Ye; 0;0;0;0). The response of the controller to a step change in the desired
position is shown in Figure 6.12a. The response can be tunedjbgtag the
weights in the LQR cost. Figure 6.12b shows the response ix thieection for
different choices of the weight. \

Linear quadratic regulators can also be designed for dest¢ie systems, as
illustrated by the following example.

Example 6.9 Web server control

Consider the web server example given in Section 3.4, wheseeete-time model
for the system was given. We wish to design a control law tkéd the server
parameters so that the average server processor load isaimaah at a desired
level. Since other processes may be running on the serveweheserver must
adjust its parameters in response to changes in the load.

A block diagram for the control system is shown in Figure 6.18e focus
on the special case where we wish to control only the procdsad using both
theKeepAlive andMaxClients parameters. We also include a “disturbance”
on the measured load that represents the use of the progesgiles by other
processes running on the server. The system has the samestoastare as the
generic control system in Figure 6.5, with the variation thatdisturbance enters
after the process dynamics.

The dynamics of the system are given by a set of differencetiemsaof the
form

X[k+ 1] = AXK] + BULK]; YepulKl = CepuX[K] + depulKI;

wherex = ( Xcpu; Xmem) iS the statey = ( Uka; Umc) is the inputdepyis the processing
load from other processes on the computer yagglis the total processor load.
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Figure 6.13: Feedback control of a web server. The controller sets the values ofehe
server parameters based on the difference between the nominalgtera (determined by
kr-r) and the current loagkpy. The disturbance represents the load due to other processes
running on the server. Note that the measurement is taken after thebdisterso that we
measure the total load on the server.

We choose our controller to be a state feedback controlldreoform
8 9

u= K-g X{;Z:{B + Kelepu;
wherercpy is the desired processor load. Note that we have used theuradas
processor loadcpy instead of the state to ensure that we adjust the system op-
eration based on the actual load. (This modi cation is neggssacause of the
nonstandard way in which the disturbance enters the pralygssnics.)
The feedback gain matrix can be chosen by any of the methods described in

this chapter. Here we use a linear quadratic regulator, théltost function given
by 8 9 8 9

_35 03, _ 3 1507 0 3.
=70 10 QT 9 1=00¢

The cost function for the stai®y is chosen so that we place more emphasis on
the processor load versus the memory use. The cost functidhdanputsQy is
chosen so as to normalize the two inputs, wikeepAlive timeout of 50 s hav-
ing the same weight asMaxClients value of 1000. These values are squared
since the cost associated with the inputs is givend@,u. Using the dynamics in
Section 3.4 and thdlgr command in MATLAB, the resulting gains become

8 9
K=3 223 101z .
© 3827 T1TT

As in the case of a continuous-time control system, the eefa gairk; is
chosen to yield the desired equilibrium point for the systedettingx[k+ 1] =
X[K] = Xe, the steady-state equilibrium point and output for a givefenence input
r are given by

Xe=(A BK)xe+ Bkr, Ye= CXe!

This is a matrix differential equation in whidQ is a column vector that sets the
two inputs values based on the desired reference. If we hekddsired output to
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Figure 6.14: Web server with LQR control. The plot in (a) shows the state of the system
under a change in external load applieckat 10 ms. The corresponding web server pa-
rameters (system inputs) are shown in (b). The controller is able toedtaceffect of the
disturbance by approximately 40%.

be of the formye = (r;0), then we must solve
8 19
2% =C(A BK 1) 'Bk:

Solving this equation fok,, we obtain

8 9
2 4933 .

9
3
: © 5395

1z _
o=

8
k= CA BK ) 3

The dynamics of the closed loop system are illustrated in Eigur4. We apply
a change in load dfi.p, = 0:3 at timet = 10 s, forcing the controller to adjust the
operation of the server to attempt to maintain the desirad k&t 057. Note that
both theKeepAlive andMaxClients parameters are adjusted. Although the
load is decreased, it remains approximately 0.2 above thegediesteady state.
(Better results can be obtained using the techniques ofeakiesection.) N

6.4 Integral Action

Controllers based on state feedback achieve the corredysttate response to
command signals by careful calibration of the gginHowever, one of the primary
uses of feedback is to allow good performance in the presenaecertainty, and
hence requiring that we have amactmodel of the process is undesirable. An
alternative to calibration is to make use of integral featthan which the controller
uses an integrator to provide zero steady-state error. Téie bancept of integral
feedback was given in Section 1.5 and in Section 3.1; here wddar@ more
complete description and analysis.

The basic approach in integral feedback is to create a st#tewhe controller
that computes the integral of the error signal, which is theed as a feedback
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term. We do this by alégrgentigg the degcriptéon of thegsyste'ﬂmavnew state:

dxxz _ 3 Ax+Buz _ 3 Ax+ Buz |

i yoro T ox o (6.27)

The statez is seen to be the integral of the error between the desirguibuaind

the actual outpuy. Note that if we nd a compensator that stabilizes the system,

then we will necessarily have= 0 in steady state and henge r in steady state.
Given the augmented system, we design a state space centrothe usual

fashion, with a control law of the form

u= Kx kz+kr, (6.28)

whereK is the usual state feedback terknjs the integral term anl; is used to
set the nominal input for the desired steady state. The negudguilibrium point
for the system is given as

Xe= (A BK) 'B(kr kiz):

Note that the value dof; is not speci ed but rather will automatically settle to the
value that makeg=y r = 0, which implies that at equilibrium the output will
equal the reference value. This holds independently of tkeispvalues of A,
B andK as long as the system is stable (which can be done througlo@gte
choice ofK andk;).

The nal compensator is given by

dz

dt
where we have now included the dynamics of the integratoaasgb the speci -
cation of the controller. This type of compensator is knowa dgnamic compen-
satorsince it has its own internal dynamics. The following examililistrates the
basic approach.

u= Kx kz+kr; =y n

Example 6.10 Cruise control
Consider the cruise control example introduced in SectitraBd considered fur-
ther in Example 5.11. The linearized dynamics of the processnar an equilib-
rium pointve, Ue are given by

d—;(=ax bgg + bw, Y= V= X+ Vg,

wherex=v Ve, W= U Ue, Misthe mass of the car amglis the angle of the road.
The constana depends on the throttle characteristic and is given in Examll.
If we augment the system with an integrator, the processrdigsabecome

dx _ dz _ 3 _
a—ax bgg + bw, a—y Vi = Vet X Vg

or, in state space f%rm,

) Q289 89 8 9 8 9
Uzxz _za Uz3Xxz 203 3 Dg3 3 3.
-z 10 7z Tt U oo ATty v
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Figure 6.15: Velocity and throttle for a car with cruise control based on proportional
(dashed) and PI control (solid). The PI controller is able to adjust tlodtlhito compensate
for the effect of the hill and maintain the speed at the reference valgeoR5 m/s.

Note that when the system is at equilibrium, we have zka0, which implies that
the vehicle speed= v+ x should be equal to the desired reference speedur
controller will be of the form
az_ y W u= kpx kizt+ kv
dt
and the gaing,, ki andk; will be chosen to stabilize the system and provide the
correct input for the reference speed.

Assume that we wish to design the closed loop system to havehtracteristic
polynomial

| (9= S+ ais+ a:

Setting the disturbancg = 0, the characteristic polynomial of the closed loop
system is given by

detsl (A BK) = s*+(bk, a)s+ bk;
and hence we set

at+a C — — 1p — <.

b k=1 k= 15C(A BK) B =
The resulting controller stabilizes the system and henagbr=y V; to zero,
resulting in perfect tracking. Notice that even if we havenzah error in the
values of the parameters de ning the system, as long as tisedllmop poles are
still stable, then the tracking error will approach zero. Flte exact calibration
required in our previous approach (usikg is not needed here. Indeed, we can
even choos& = 0 and let the feedback controller do all of the work.

Integral feedback can also be used to compensate for comssinrbances.
Figure 6.15 shows the results of a simulation in which the caoenters a hill
with angleq = 4 att = 8s. The stability of the system is not affected by this
external disturbance, and so we once again see that thevetosity converges
to the reference speed. This ability to handle constantritiafices is a general
property of controllers with integral feedback (see Exer&t). N

a

Kp=
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6.5 Further Reading

The importance of state models and state feedback was distirsthe seminal
paper by Kalman [Kal60], where the state feedback gain wadd by solving
an optimization problem that minimized a quadratic lossfiom. The notions of
reachability and observability (Chapter 7) are also due atntén [Kal61b] (see
also [Gil63, KHN63]). Kalman de nes controllability and relaability as the abil-
ity to reach the origin and an arbitrary state, respectifi€f§A69]. We note that
in most textbooks the term “controllability” is used ingdeaf “reachability,” but
we prefer the latter term because it is more descriptivesfuhdamental property
of being able to reach arbitrary states. Most undergradieatbooks on control
contain material on state space systems, including, fanpie Franklin, Powell
and Emami-Naeini [FPENO5] and Ogata [Oga01]. Friedland's teo&l&ri04]
covers the material in the previous, current and next cihapt®nsiderable detail,
including the topic of optimal control.

Exercises

6.1 Consider the double integrator. Find a piecewise constaritastrategy that
drives the system from the origin to the state ( 1;1).

6.2 Extend the argument in Section 6.1 to show that if a system &hedde from
an initial state of zero, it is reachable from a nonzeroahgtate.

6.3 Consider the system shown in Figure 6.3. Write the dynamidheftwo
systems as

% = Ax+ Bu; d—zz Az+ Bu:
dt dt

Observe that ik andz have the same initial condition, they will always have the
same state regardless of the input that is applied. Showhisatiblates the def-
inition of reachability and further show that the reachi&binatrix W; is not full
rank.

6.4 Consider a linear system of the form

dx_ Ax+ Bu+ Fd;
dt

whered is a disturbance that enters the system through a distuebzwtorF 2
R". Show that integral feedback can be used to compensate farstacw distur-
bance by giving zero steady-state error even wihén0.

6.5(Rear-steered bicycle) A simple model for a bicycle wasmgiwgequation (3.5)
in Section 3.2. A model for a bicycle with rear-wheel steeimgbtained by re-
versing the sign of the velocity in the model. Determine tbaditions under
which this systems is reachable and explain any situatiomgich the system is
not reachable.
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6.6 Show that the characteristic polynomial for a system in rabhcanonical
form is given by equation (6.7) and that

d" dn 1 d d" ku
dtik"‘al % + an 1j+an2k= -

+ L
dtn 1 dt dtn K
wherez, is thekth state.

6.7 Consider a system in reachable canonical form. Show thahtleese of the
reachability matrix is given by

1 a3 a an
0 1 a an 1

Wil=30 0 1

9

: a
"0 0 O 1’
6.8 (Non-maintainable equilibria) Consider the normalizeddelmof a pendulum
on a cart
> d?q
gz~ o dt2
wherex is cart position andj is pendulum angle. Can the equilibriugm= g for
Qo 8 0 be maintained?

= gty

6.9 Equation (6.13) gives the gain required to maintain a givéereace value for
a system with no direct term. Compute the reference gaireicgise wher® 6 0.

6.10(An unreachable system) Consider the system
dx 8O 1,2 S 19 8 J
dt'OO’X+'O’u' y 1 0 x
with the control law
u=kixg koxo+ ke

Show that eigenvalues of the system cannot be assigned tragyhialues.

6.11 (Cayley—Hamilton theorem) LeA 2 R" " be a matrix with characteristic
polynomial/ (s) = def(sl A)= "+ a;s” 1+ + a, 1S+ a,. Show that the
matrix satis es

I(A)= A"+ a1A" '+ +a, 1A+ anl = 0;

and use this this to show thaK, k n, can be rewritten in terms of powers Af
of order less than.

6.12 Consider the normalized model of the motor drive in Exercid&2 Verify
that the eigenvalues of the open loop system afe 00:05 i. Design a state
feedback that gives a closed loop system with eigenvalugs 1 and 1 .
This choice implies that the oscillatory eigenvalues willvibell damped and that
the eigenvalues at the origin are replaced by eigenvaluéiseomegative real axis.
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Simulate the responses of the closed loop system to stepehanthe command
signal and a step change in a disturbance torque on the seatond

6.13(The Whipple bicycle model) Consider the Whipple bicycle miogiven by
equation (3.7) in Section 3.2. The model is unstable at thecitglo= 5 m=s and
the open loop eigenvalues are -1.84, -14.29 aB0 1 4:60i. Find the gains of a
controller that stabilizes the bicycle and gives closeglemenvalues at -2, -10
and 1 i. Simulate the response of the system to a step change in gringte
reference of 0.002 rad.

6.14 Consider the model of an AFM in contact mode given in Example 5.9

8 0 1 0 o 2 8,42
W_§ k=(m+mp)  c=(mu+np) 1=mp O §X+§0§u
dt 0 0 0 Wa 08 "™

' % 0 |éV3 223W3’ ' Wg’

y= m > mk mc . @ X

M+ My Mgt My
Use the MATLAB scriptafm_data.m from the companion web site to generate
the system matrices.

(&) Compute the reachability matrix of the system and ddtegrits rank. Scale
the model by using milliseconds instead of seconds as tinis.uiRepeat the
calculation of the reachability matrix and its rank.

(b) Find a state feedback that gives a closed loop system witiptex poles have
damping ratio 0.707. Use the scaled model for the compusitio

(c) Compute state feedback gains using linear quadratitraorExperiment by
using different weights. Compute the gainsde= g2 = 0;03= g4 = 1 R= 1 and

r = 0:1 and explain the result. Chooge= g2 = g3 = g4 = r1 = 1 and explore
what happens to the feedback gains and closed loop eigesvatien you change
r . Use the scaled system for this computation.

6.15(Second-order systems) Consider the second-order system

d?y _ _dy

Let the initial conditions be zero.

_ a99+ U
y=ag Y

(&) Show that the initial slope of the unit step response Biscuss what it means
whena< 0.

(b) Show that there are points on the step response that amaint/witha. Dis-
cuss qualitatively the effect of the paramedam the solution.

(c) Simulate the system and explore the effeca oh the rise time.



Chapter Seven
Output Feedback

One may separate the problem of physical realization into two stages: wtatign of the
“best approximation”X(t;) of the state from knowledge dftyfort t; and computation of
u(ty) givenx(ty).

R. E. Kalman, “Contributions to the Theory of Optimal Control,” 1960 [K3I6

In this chapter we show how to use output feedback to moddydgmamics of
the system through the use of observers. We introduce threepbof observability
and show that if a system is observable, it is possible tovescthe state from
measurements of the inputs and outputs to the system. Westimm how to
design a controller with feedback from the observer stateirdportant concept is
the separation principle quoted above, which is also proVédm structure of the
controllers derived in this chapter is quite general andbisioed by many other
design methods.

7.1 Observability

In Section 6.2 of the previous chapter it was shown that it isside to nd a
state feedback law that gives desired closed loop eigeesghuovided that the
system is reachable and that all the states are measurednaryr situations, it
is highly unrealistic to assume that all the states are nredsun this section we
investigate how the state can be estimated by using a maticainaodel and a
few measurements. It will be shown that computation of théstcan be carried
out by a dynamical system called abserver

De nition of Observability

Consider a system described by a set of differential equsitio

Zi(z Ax+ Bu; y= Cx+ Du; (7.0

wherex 2 R" is the stateu 2 RP the input andy 2 RY the measured output. We
wish to estimate the state of the system from its inputs amplubs, as illustrated

in Figure 7.1. In some situations we will assume that theranig one measured
signal, i.e., that the signglis a scalar and th& is a (row) vector. This signal may
be corrupted by noise, although we shall start by considering the noise-free.case
We write X for the state estimate given by the observer.
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n

Process
u x=Ax+Bu | Y X
- Observer —

y= Cx+ Du

A

Figure 7.1: Block diagram for an observer. The observer uses the processireezent

(possibly corrupted by nois®) and the inputi to estimate the current state of the process,
denotedk”

De nition 7.1 (Observability) A linear system iobservabldf forany T > Qitis
possible to determine the state of the systéin) through measurements wft)
andu(t) on the interval0; T].

The de nition above holds for nonlinear systems as well, arerésults dis-
cussed here have extensions to the nonlinear case.

The problem of observability is one that has many importaptiegtions, even
outside feedback systems. If a system is observable, tleza dre no “hidden”
dynamics inside it; we can understand everything that isgan through ob-
servation (over time) of the inputs and outputs. As we stesdl she problem of
observability is of signi cant practical interest becauswill determine if a set of
sensors is suf cient for controlling a system. Sensors coedbiith a mathemat-
ical model can also be viewed as a “virtual sensor” that gisésmation about
variables that are not measured directly. The process ohaditw signals from
many sensors with mathematical models is also calétsor fusion

Testing for Observability

When discussing reachability in the last chapter, we néggdethe output and fo-
cused on the state. Similarly, it is convenient here to iltizeglect the input and
focus on the autonomous system

dx _
dt
We wish to understand when it is possible to determine the &tam observations
of the output.
The output itself gives the projection of the state on vediwasare rows of the
matrixC. The observability problem can immediately be solved if tregrm C is

invertible. If the matrix is not invertible, we can take detives of the output to
obtain

AX y=Cx (7.2)

dy _dx _
pr Ca— CAXx

From the derivative of the output we thus get the projectiotihefstate on vectors
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that are rows of the matri€A. Proceeding in this way, we get

8 9
y 8 C
y CA
y =% CA Z (7.3)
VORI R
We thus nd that the state can be determined if tfiservability matrix
8 9
C
CA
W,= 8 CA (7.4)
T Coan U

hasn independent rows. It turns out that we need not consider anyalives
higher thann 1 (this is an application of the Cayley—Hamilton theorem [Exe
cise 6.11] ).

The calculation can easily be extended to systems with inpiis state is then
given by a linear combination of inputs and outputs and thigjher derivatives.
The observability criterion is unchanged. We leave this essan exercise for the
reader.

In practice, differentiation of the output can give largeoes when there is
measurement noise, and therefore the method sketched ebowe particularly
practical. We will address this issue in more detail in thetisection, but for now
we have the following basic result.

Theorem 7.1(Observability rank condition)A linear system of the forify.1) is
observable if and only if the observability matrix ¥ full rank.

Proof. The suf ciency of the observability rank condition followsoin the analy-«
sis above. To prove necessity, suppose that the systemasvabse but/, is not
full rank. Letv2 R",v6 0, be a vector in the null space\f, so that\pv = 0. If
we letx(0) = v be the initial condition for the system and choase 0, then the
output is given byy(t) = CeMv. Sincee™ can be written as a power seriesAn
and sinceA" and higher powers can be rewritten in terms of lower powers (bfy
the Cayley—Hamilton theorem), it follows that the outputl e identically zero
(the reader should Il in the missing steps if this is not cled&towever, if both the
input and output of the system are 0, then a valid estimateen$tate ix= 0 for
all time, which is clearly incorrect sino€0) = v6 0. Hence by contradiction we
must have thal\; is full rank if the system is observable. O

Example 7.1 Compartment model
Consider the two-compartment model in Figure 3.18a, butasghat the concen-
tration in the rst compartment can be measured. The systeragsribed by the
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] S V1
R Ro

Figure 7.2: An unobservable system. Two identical subsystems have outputs thab-ad
gether to form the overall system output. The individual states of theystdm cannot be
determined since the contributions of each to the output are not distinblésfde circuit
diagram on the right is an example of such a system.

linear system
dc S ko ki k S S b S 8 9
de_ 3 1 K3, 3003 _ o
qi - ko K (o o W y 1 0 x

The rst compartment represents the drug concentration ibkhed plasma, and
the second compartment the drug concentration in the tisheee it is active. To
determine if it is possible to nd the concentration in thestis compartment from
a measurement of blood plasma, we investigate the obsétyalbithe system by
forming the observability matrix

8 9 8 9
we3C3_3 1 03
°7 - CA ko ki ky’

The rows are linearly independentkf 6 0, and under this condition it is thus
possible to determine the concentration of the drug in thigeacompartment from
measurements of the drug concentration in the blood. N

It is useful to have an understanding of the mechanisms tl#&em system
unobservable. Such a system is shown in Figure 7.2. The systeamigosed
of two identical systems whose outputs are added. It seemisively clear that
it is not possible to deduce the states from the output sineeannot deduce
the individual output contributions from the sum. This casodbe seen formally
(Exercise 7.2).

Observable Canonical Form

As in the case of reachability, certain canonical forms Wéluseful in studying
observability. A linear single-input, single-output &ta&pace system is imbserv-
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Figure 7.3: Block diagram of a system in observable canonical form. The statesof th
system are represented by individual integrators whose inputs areghtag combination
of the next integrator in the chain, the rst state (rightmost integrator)taacgystem input.

The output is a combination of the rst state and the input.

able canonical fornif its dynamics are given by

8 9 8 9
ag 1 0 0 bl
a 01 b
dz_& _ Zé .éu.
dt : - : ’
an1 00 i bn 1
g o 00 9 0 bn
y=+1 0 0 0 z+ Du:

The de nition can be extended to systems with many inputs; thg difference is

that the vector multiplyingi is replaced by a matrix.

Figure 7.3 is a block diagram for a system in observable caabform. As
in the case of reachable canonical form, we see that the deefsin the system
description appear directly in the block diagram. The charatic polynomial for

a system in observable canonical form is

[ (9= '+ as" 1+  +a, 15+ an:

(7.5)

It is possible to reason about the observability of a systeabservable canonical
form by studying the block diagram. If the inputand the outpuy are available,
the statez; can clearly be computed. Differentiatiag we obtain the input to the

integrator that generates, and we can now obtam = z;+ a1z

biu. Proceed-

ing in this way, we can compute all states. The computatioh) molvever, require

that the signals be differentiated.

To check observability more formally, we compute the obakitity matrix for



210 CHAPTER 7. OUTPUT FEEDBACK

a system in observable canonical form, which is given by

8 9
1 0O 0 ::: O
a1 1 0 ::: O
W = 2 ma, a 1 :
ll

where * represents an entry whose exact value is not imgort&he rows of
this matrix are linearly independent (since it is lowerngalar), and henc¥y, is
full rank. A straightforward but tedious calculation shotlat the inverse of the
observability matrix has a simple form given by

9

1 0 0 0

a1 1 0 0

W01: ao a1 1 0
"@n 1 @ 2 an 3 r

As in the case of reachability, it turns out that if a systernbservable then
there always exists a transformatidnthat converts the system into observable
canonical form. This is useful for proofs since it lets us assthat a system is in
reachable canonical form without any loss of generality. idaehable canonical
form may be poorly conditioned numerically.

7.2 State Estimation

Having de ned the concept of observability, we now returntte juestion of how
to construct an observer for a system. We will look for obsesvthat can be
represented as a linear dynamical system that takes thesiapd outputs of the
system we are observing and produces an estimate of thersystmite. That is,
we wish to construct a dynamical system of the form

dx
— = FX+ Gu+ Hy;,
dt v
whereu andy are the input and output of the original system arl R" is an
estimate of the state with the property tRé) T x(t) ast! ¥.

The Observer

We consider the system in equation (7.1) wittset to zero to simplify the expo-
sition:

dx

at = Ax+ Bu; y=Cx (7.6)



7.2. STATE ESTIMATION 211

We can attempt to determine the state simply by simulatiegetiuations with the
correct input. An estimate of the state is then given by
dx

at = AX+ Bu: (7.7)

To nd the properties of this estimate, introduce the estioraerrorg= x X. It
follows from equations (7.6) and (7.7) that

de

i Ar:
If matrix A has all its eigenvalues in the left half-plane, the erwiill go to zero,
and hence equation (7.7) is a dynamical system whose outpnerges to the
state of the system (7.6).

The observer given by equation (7.7) uses only the process inghe mea-
sured signal does not appear in the equation. We must alsogdhat the system
be stable, and essentially our estimator converges betia@istate of both the ob-
server and the estimator are going zero. This is not very seéucontrol design
context since we want to have our estimate converge quiokdyrtonzero state so
that we can make use of it in our controller. We will therefateempt to modify
the observer so that the output is used and its convergeogenies can be de-
signed to be fast relative to the system's dynamics. Thisaessill also work for
unstable systems.

Consider the observer

dx

at = AX+ Bu+ L(y CX): (7.8)

This can be considered as a generalization of equation (Feégdback from the
measured output is provided by adding the téffy CX), which is proportional
to the difference between the observed output and the optpdicted by the ob-
server. It follows from equations (7.6) and (7.8) that

de
a (A LOg

If the matrixL can be chosen in such a way that the ma#ix LC has eigenval-
ues with negative real parts, the ermwill go to zero. The convergence rate is
determined by an appropriate selection of the eigenvalues.

Notice the similarity between the problems of nding a statedback and
nding the observer. State feedback design by eigenvalugmasent is equivalent
to nding a matrixK so thatA BK has given eigenvalues. Designing an observer
with prescribed eigenvalues is equivalent to nding a matriso thatA LC has
given eigenvalues. Since the eigenvalues of a matrix andhitspose are the same
we can establish the following equivalences:

A$ AT, B$C;, K$ L, Ws$w:

The observer design problem is theal of the state feedback design problem.
Using the results of Theorem 6.3, we get the following theooerabserver design.
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Theorem 7.2(Observer design by eigenvalue assignme@®nsider the system
given by
dx
dt

with one input and one output. Lé(s) = "+ a;s" '+  + a, 1S+ a, be the
characteristic polynomial for A. If the system is observalihen the dynamical
system

= Ax+ Bu; y= Cx (7.9)

dx

at = AX+ Bu+ L(y CX) (7.10)
is an observer for the system, with L chosen as
8 9
Pp1 a1
P2 a2
L=W, 1\%% . § (7.11)
" pn &
and the matrices Wand\&, given by
8 9 1
8 9 1 0 0 0
C a 1 0 0
CA ap al 1 0
W, = . ; &G = . .
cA b 2anh 2 a3 an 4 1 G
a1 @ 2 an 3 a 1

The resulting observer erréf= x X is governed by a differential equation having
the characteristic polynomial

p(9 =+ ps” T+ +pp

The dynamical system (7.10) is called alpserverfor (the states of) the sys-
tem (7.9) because it will generate an approximation of tlgestof the system
from its inputs and outputs. This form of an observer is a muohenuseful form
than the one given by pure differentiation in equation (7.3)

Example 7.2 Compartment model
Consider the compartment model in Example 7.1, which is ctaraed by the
matrices

8 9 8 9

9
-3 kb k kxz, _ 3 boz . - :
A= ko Ky B=- 0r C=-120

The observability matrix was computed in Example 7.1, whereoveeluded that
the system was observablekif & 0. The dynamics matrix has the characteristic
polynomial

9
stkotki  kiz _

8
- de®
I (s) = det; ko s+ ko

S+ (ko+ ki + kp)s+ koke:
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Figure 7.4: Observer for a two compartment system. A two compartment modebisrsh
on the left. The observer measures the input concentratiom output concentration= c;
to determine the compartment concentrations, shown on the right. Theangentrations
are shown by solid lines and the estimates generated by the observestiegldiaes.

Let the desired characteristic polynomial of the observegbe p;s+ p2, and
equation (7.1) gives the observer gain

8 9 ,8 9 ,8 9

=3 1 0z "3 1 O 3p1 ko ki kez
'8 Ko ki ki’ " kot k19+ ke 10 P2 koko
3 pr ko ki ko 3.

" (P2 prket kiko+ K3)=kq’

Notice that the observability conditioky 6 O is essential. The behavior of the
observer is illustrated by the simulation in Figure 7.4b. ibeyhow the observed
concentrations approach the true concentrations. N

The observer is a dynamical system whose inputs are the jgriogegu and the
process output. The rate of change of the estimate is composed of two terms. On
term, AX+ Bu, is the rate of change computed from the model witubstituted
for x. The other terml.(y V), is proportional to the difference=y ybetween
measured output and its estimatg = CX. The estimator gaih is a matrix that
tells how the erroe is weighted and distributed among the states. The observer
thus combines measurements with a dynamical model of thermysA block
diagram of the observer is shown in Figure 7.5.

Computing the Observer Gain

For simple low-order problems it is convenient to introddice elements of the
observer gairk as unknown parameters and solve for the values required/¢o gi
the desired characteristic polynomial, as illustratedchanfbllowing example.

Example 7.3 Vehicle steering
The normalized linear model for vehicle steering derived iafBgples 5.12 and 6.4
gives the following state space model dynamics relatirgyéipath deviationy to
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y
L 1l |«

x>

Figure 7.5: Block diagram of the observer. The observer takes the sigraislu as inputs
and produces an estimate Notice that the observer contains a copy of the process model
that is driven byy ¥ through the observer galn

steering angle:

q 80 :Lg 8 9 8 9
ax_ 202 . — oy
G0 O X+ 00U y 1 0 x (7.12)

Recall that the state; represents the lateral path deviation and thaepresents
the turning rate. We will now derive an observer that usessistem model to
determine the turning rate from the measured path deviation

The observability matrix is

81 9
WOZ-BO g_),gv

i.e., the identity matrix. The system is thus observable thacigenvalue assign-
ment problem can be solved. We have

8 | 19
-3 hh 1z
A LC=: , O

which has the characteristic polynomial

9
det(sl A+ LC)= def SJI“Z'l Sl? = @+ lis+ Iy

Assuming that we want to have an observer with the charatitepolynomial
S+ p1S+ P = S+ 2ZgWoS+ W2
the observer gains should be chosen as
1= p1= 2ZoWp; 2= p2= wg:
The observer is then

dx

9 89
S = A%+ But L(y =37 ]’3>“<+.3g5u+.3|;3(y 2):
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Figure 7.6: Simulation of an observer for a vehicle driving on a curvy road (lefthe T
observer has an initial velocity error. The plots on the middle show the latevationx,,
the lateral velocity, by solid lines and their estimates andx, by dashed lines. The plots
on the right show the estimation errors.

A simulation of the observer for a vehicle driving on a curegd is simulated
in Figure 7.6. The vehicle length is the time unit in the norzedi model. The
gure shows that the observer error settles in about 8 velhrigths. N

For systems of high order we have to use numerical calcakatidhe duality
between the design of a state feedback and the design of arvebmeans that the
computer algorithms for state feedback can also be usediéooliserver design;
we simply use the transpose of the dynamics matrix and thgubuatatrix. The
MATLAB commandacker , which essentially is a direct implementation of the
calculations given in Theorem 7.2, can be used for systenfsamié output. The
MATLAB commandplace can be used for systems with many outputs. Itis also
better conditioned numerically.

7.3 Control Using Estimated State

In this section we will consider a state space system of thra fo

dx
— = Ax+ By;
at X+ Bu

Notice that we have assumed that there is no direct term isyteem D = 0).
This is often a realistic assumption. The presence of a dieeat in combination
with a controller having proportional action creates arehlgic loop, which will
be discussed in Section 8.3. The problem can be solved eveerd th a direct
term, but the calculations are more complicated.

We wish to design a feedback controller for the system whahg the output
is measured. As before, we will assume thandy are scalars. We also assume
that the system is reachable and observable. In Chapter 6wnel fa feedback of
the form

y=Cx (7.13)

u=  Kx+ kr
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for the case that all states could be measured, and in SecBowe? developed
an observer that can generate estimates of thestaised on inputs and outputs.
In this section we will combine the ideas of these sectionadaa feedback that
gives desired closed loop eigenvalues for systems wheyeootputs are available
for feedback.

If all states are not measurable, it seems reasonable togrfgedback

u= KX+ kr, (7.14)
wherexis the output of an observer of the state, i.e.,
dx . o
at = AX+ Bu+ L(y CX): (7.15)

Since the system (7.13) and the observer (7.15) are bothtefditaensiom, the
closed loop system has state dimensio&h state &, X). The evolution of the
states is described by equations (7.13)—(7.15). To an#hgzelosed loop system,
the state variablg is replaced by

X=x X (7.16)
Subtraction of equation (7.15) from equation (7.13) gives
dx
dt
Returning to the process dynamics, introducinfrom equation (7.14) into
equation (7.13) and using equation (7.16) to elimineg@/és
dx

pm = Ax+ Bu= Ax BKX+ Bkr= Ax BK(x X)+ Bkr

=(A BK)x+ BK&+ Bkr:

= AX AR L(Cx CR=AX LCX=(A LO)X

The closed loop system is thus governed by
89 8 9

9
dxxz _3A BK BK 2 3x3  3Bkx |
rr 0 A LC - % + - 0 I (7.17)

Notice that the state, fepresenting the observer error, is not affected by the-com
mand signalr. This is desirable since we do not want the reference signal to
generate observer errors.

Since the dynamics matrix is block diagonal, we nd that therahgeristic
polynomial of the closed loop system is

I ()= det(sl A+ BK)det(sl A+ LC):

This polynomial is a product of two terms: the characteriptitynomial of the

closed loop system obtained with state feedback and thacteaistic polynomial

of the observer error. The feedback (7.14) that was motivagedtistically thus

provides a neat solution to the eigenvalue assignmentgmbl'he result is sum-
marized as follows.
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Figure 7.7: Block diagram of an observer-based control system. The obseses the
measured outpytand the inputi to construct an estimate of the state. This estimate is used
by a state feedback controller to generate the corrective input. Theolentonsists of the
observer and the state feedback; the observer is identical to that ireHidur

Theorem 7.3(Eigenvalue assignment by output feedbadBpnsider the system

dx
— Ax+ BUr — Oy
at Ax+ Bu; y=Cx
The controller described by
3): = AX+ Bu+ L(y CX)=(A BK LC)X+ Ly,

u= KX+ kr
gives a closed loop system with the characteristic polyabmi
I ()= det(sl A+ BK)det(sl A+ LC):

This polynomial can be assigned arbitrary roots if the sysiemeachable and
observable.

The controller has a strong intuitive appeal: it can be thoofas being com-
posed of two parts, one state feedback and one observer. Tianibs of the
controller are generated by the observer. The feedbackkyaian be computed
as if all state variables can be measured, and it dependslgprAcemdB. The
observer gair. depends on onhA andC. The property that the eigenvalue as-
signment for output feedback can be separated into an elgenassignment for
a state feedback and an observer is callecg#paration principle

A block diagram of the controller is shown in Figure 7.7. Nettbat the con-
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Figure 7.8: Simulation of a vehicle driving on a curvy road with a controller based de sta
feedback and an observer. The upper plot shows the road maikiatied), the vehicle
position (solid) and its estimate (dashed), the middle plot shows the velogligf)(and its
estimate (dashed) and the bottom plot shows the nominal value of theligtral required
to follow the road (solid) versus the output of the controller using feddbathe estimated
state (dashed).

troller contains a dynamical model of the plant. This is @htleeinternal model
principle: the controller contains a model of the process being ctetto

Example 7.4 Vehicle steering

Consider again the normalized linear model for vehiclersigan Example 6.4.
The dynamics relating the steering angke the lateral path deviatiopis given by

the state space model (7.12). Combining the state feedleaitled in Example 6.4
with the observer determined in Example 7.3, we nd that thetradler is given

b
Y 8 9 8 9 8 9

ax _ . a-30 1z, 202 2 hiz o)
a-Ax+ Bu+ L(y CX)=: 0 o XtTqrut: I (y X1);
u= KX+ Kkr=Kky(r X)) koXo:

Elimination of the variablel gives

d—xz(A BK LC)%+ Ly+ Bkr

dt g " g 1 ng 8|9 8 9
-2 h 1 22 o, 21z 203, .
=7 ki o ky ° X+ 7 X y+ 1 kqr:

The controller is a dynamical system of second order, withitbwatsy andr and
one outputu. Figure 7.8 shows a simulation of the system when the vehicle i
driven along a curvy road. Since we are using a normalized mdtue length
unit is the vehicle length and the time unit is the time it ®k@travel one vehicle
length. The estimator is initialized with all states equatéoo but the real system
has an initial velocity of 0.5. The gures show that the estiesatonverge quickly
to their true values. The vehicle tracks the desired pathghwisiin the middle of
the road, but there are errors because the road is irrediiartracking error can
be improved by introducing feedforward (Section 7.5). N
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7.4 Kalman Filtering

One of the principal uses of observers in practice is to edérthe state of a sys-
tem in the presence afoisymeasurements. We have not yet treated noise in our
analysis, and a full treatment of stochastic dynamicalesyistis beyond the scope
of this text. In this section, we present a brief introductio the use of stochastic
systems analysis for constructing observers. We work piiynia discrete time
to avoid some of the complications associated with contisttome random pro-
cesses and to keep the mathematical prerequisites to a amninThis section
assumes basic knowledge of random variables and stoclpastiesses; see Ku-
mar and Varaiya [KV86] oAstrom [Ast06] for the required material.

Consider a discrete-time linear system with dynamics

x[k+ 1] = AXK] + Bulk] + FV[K]; y[K] = CXK] + WK]; (7.18)
wherev[k] andwlk] are Gaussian white noise processes satisfying
Efviklg = ((); Efwiklg = ?;
o 6 | Tet 6 |
Efviklv' [jlg= R k= j: Efwklw' [jlg= Ry k= - (7.19)

Ef vikw'[jlg= O:

Ef v[K]g represents the expected value/fi] andEf v[k]v'[j]g the correlation ma-
trix. The matricesR, andR,, are the covariance matrices for the process distur-
bancev and measurement noise We assume that the initial condition is also
modeled as a Gaussian random variable with

Ef x[0]g = Xo; Ef X[0]x"[0]g = Po: (7.20)

We wish to nd an estimat&[K] that minimizes the mean square er&fi(x[K]
RKD(x[K] RK])"g given the measurementy(t) :0 t tg. We consider an
observer in the same basic form as derived previously:

K[k+ 1] = AX[K]+ BulKk]+ L[K](y[k] CX[K]): (7.21)
The following theorem summarizes the main result.

Theorem 7.4(Kalman, 1961) Consider a random procesgkkwith dynamicg7.18)
and noise processes and initial conditions described batopis(7.19)and(7.20)
The observer gain L that minimizes the mean square error sngby

LIK = APKICT (Ru+ CPIKICT) %

where
Plk+ 1]=(A LC)PK](A LC)"+ FRFT+ LR,LT

Po = Efx[0]x"[0]g: (722)

Before we prove this result, we re ect on its form and functidfirst, note
that the Kalman Iter has the form of eecursive lter. given mean square error
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Pkl = Ef (x[k] RK])(X[K] X[K])"g at timek, we can compute how the estimate
and errorchange Thus we do not need to keep track of old values of the output.
Furthermore, the Kalman lter gives the estimadd] ‘and the error covariance
P[k], so we can see how reliable the estimate is. It can also berstiav the
Kalman lter extracts the maximum possible information aboutput data. If we
form the residual between the measured output and the @stroatput,

ekl = y[k] CX[K];
we can show that for the Kalman lter the correlation r?atrix is
R(j:K = Efejle'Kg= WiKidy:  dye= + 1%
B J g iK» ik 0 j@ k:

In other words, the error is a white noise process, so thereismaining dynamic
information content in the error.

The Kalman lter is extremely versatile and can be used evehefgrocess,
noise or disturbances are nonstationary. When the systetatisnary andf P[K]
converges, then the observer gain is constant:

L= APC'(R,+ CPC");
whereP satis es
P= APA' + FRFT APC' R,+CPCT 'CPA':

We see that the optimal gain depends on both the processaruisine measure-
ment noise, but in a nontrivial way. Like the use of LQR to chostsge feedback
gains, the Kalman Iter permits a systematic derivation @& tibserver gains given
a description of the noise processes. The solution for thetaohgain case is
solved by thadlge command in MATLAB.

Proof (of theorem).We wish to minimize the mean square of the eed(x[k]
RKD(xK]  K[K)Tg. We will de ne this quantity asP[k] and then show that it
satis es the recursion given in equation (7.22). By de nition

Plk+ 1] = Ef (xk+ 1] sk+ 1])(x{k+ 1] f[k+ 1)7g
=(A LC)PK(A LC)T+FRFT+LR,L"
= APKIAT  APKICTLT LCPKAT + L(Ry+ CPKICT)LT:
Letting Re = ( Ry + CP[KICT), we have
Plk+ 1] = APKJAT APKICTLT LCPKAT + LReLT
= APKAT+ L APKIC'R,: R. L APKCTR,: '
APKICTR, 'CPT[KIAT:

To minimize this expression, we chooke= APKICTR,?!, and the theorem is
proved. Ol
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The Kalman lIter can also be applied to continuous-time staticgrocesses.
The mathematical derivation of this result requires morenstigated tools, but
the nal form of the estimator is relatively straightforward

Consider a continuous stochastic system

dx T
at = Ax+ Bu+ Fyv Efv(gv' ()g= R/(t)d(t 9);
y=Cx+w, Efw(sw' (t)g= Ra(t)d(t 9);

whered(t) is the unit impulse function. Assume that the disturbanead noise
w are zero mean and Gaussian (but not necessarily stationary)

1 1,7 1 1 1,Tp 1
df(v) = p—p——e 2V RV, df(w) = p—p——e W RsW
pdf(v) "2p detR, pdf(w) "2p detRy

We wish to nd the estimate(f) that minimizes the mean square eridn(x(t)
RO)(x(t) R()Tggivenfy(t):0 t tg.

Theorem 7.5(Kalman—Bucy, 1961) The optimal estimator has the form of a lin-
ear observer

ag .
di)t( = AX+ Bu+ L(y CX);
where I(t) = P(t)CTR,* and Rt) = Ef (x(t) X(1))(x(t) X(t))Tgand satis es
%f = AP+ PAT  PCTR, (t)CP+ FR/(t)F; P[0] = Ef X[0]x" [0]g:

As in the discrete case, when the system is stationary d@d)itonverges, the
observer gain is constant:

L=PC'R,}  where AP+ PA"T PC'R,'CP+FRFT=0:
The second equation is tladgebraic Riccati equation

Example 7.5 Vectored thrust aircraft
We consider the lateral dynamics of the system, consistinthe subsystems
whose states are given by ( x; g;x; g). To design a Kalman Iter for the system,
we must include a description of the process disturbanatf@sensor noise. We
thus augment the system to have the form

dz

at = Az+ Bu+ Fv, y=Cz+ w,

whereF represents the structure of the disturbances (includiegtiects of non-
linearities that we have ignored in the linearizationy,epresents the disturbance
source (modeled as zero mean, Gaussian white noisey eemtesents that mea-
surement noise (also zero mean, Gaussian and white).

For this example, we choos$eas the identity matrix and choose disturbances

Rj= 0,i6 j. The sensor noise is a single random variable which we model as
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Figure 7.9: Kalman lIter design for a vectored thrust aircraft. In the rst desigh ¢aly
the lateral position of the aircraft is measured. Adding a direct meammeof the roll
angle produces a much better observer (b). The initial condition for fiathlations is
(0:1;0:01750:01,0).

having covarianc®, = 10 #. Using the same parameters as before, the resulting

Kalman gain is given by 8
37.0
= § 46: 9§

185

316’
The performance of the estimator is shown in Figure 7.9a. Wehsgevhile the
estimator converges to the system state, it contains signt overshoot in the
state estimate, which can lead to poor performance in actlosg setting.

To improve the performance of the estimator, we explorerti@aict of adding

a new output measurement. Suppose that instead of measusinth¢ output
positionx, we also measure the orientation of the airceafi he output becomes

810002 8 s
_3 3 Wi |
Y="0 10 0 " w

and if we assume that; andw, are independent noise sources each with covari-
anceRy, = 10 “, then the optimal estimator gain matrix becomes

9
0:150 0:150 326327 97793 .

; 326
L= 316 ’

0:0033

These gains provide good immunity to noise and high perfoomaas illustrated
in Figure 7.9b.
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Figure 7.10: Block diagram of a controller based on a structure with two degreeseifdra
which combines feedback and feedforward. The controller condiattrajectory generator,
state feedback and an observer. The trajectory generation subsysteutes a feedforward
commandy; along with the desired staxg. The state feedback controller uses the estimated
state and desired state to compute a corrective ingut

7.5 A General Controller Structure

State estimators and state feedback are important comookatcontroller. In
this section, we will add feedforward to arrive at a geneostoller structure that
appears in many places in control theory and is the heart st modern control
systems. We will also brie y sketch how computers can be usddhplement a
controller based on output feedback.

Feedforward

In this chapter and the previous one we have emphasizeddekdls a mechanism
for minimizing tracking error; reference values were idoed simply by adding
them to the state feedback through a dgainA more sophisticated way of doing
this is shown by the block diagram in Figure 7.10, where therotlar consists of
three parts: an observer that computes estimates of tles $ased on a model and
measured process inputs and outputs, a state feedback tiajelctory generator
that generates the desired behavior of all stageand a feedforward signak.
Under the ideal conditions of no disturbances and no moglemors the signal
Uf generates the desired behavigrwhen applied to the process. The signal
X4 can be generated by a system that gives the desired respotisestate. To
generate the the signat, we must also have a model of the inverse of the process
dynamics.

To get some insight into the behavior of the system, we assatéhere are no
disturbances and that the system is in equilibrium with estaomt reference signal
and with the observer stateeqjual to the process state When the command
signal is changed, the signalg andxy will change. The observer tracks the state
perfectly because the initial state was correct. The estidhsiiatex is thus equal
to the desired statey, and the feedback signaj, = L(xq X) will also be zero.
All action is thus created by the signals from the trajectpeperator. If there are
some disturbances or some modeling errors, the feedbacklsigll attempt to
correct the situation.
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This controller is said to havevo degrees of freedolmecause the responses
to command signals and disturbances are decoupled. Dasicelbresponses are
governed by the observer and the state feedback, while spemse to command
signals is governed by the trajectory generator (feedfaijva

For an analytic description we start with the full nonlineimamics of the

process g
X

at = f(xu); y= h(x;u): (7.23)

Assume that the trajectory generator is able to generatsigeddrajectoryxy; Usg)

that satis es the dynamics (7.23) and satises h(xq;us). To design the con-

troller, we construct the error system. lest X xq andv=u ug and compute

the dynamics for the error:

e=Xx Xg= f(xu) f(xq;us)
= f(e+ xa;v+ ug)  f(xa) = F(evixa(t); g (t)):

In general, this system is time-varying.

For trajectory tracking, we can assume that small (if our controller is doing
a good job), and so we can linearize aro@¥ O:

d—e A(t)e+ B(t)v, At) = TF X B(t) = TF :

dt Te (ainty V' oo
It is often the case tha4(t) andB(t) depend only oixgq, in which case it is conve-
nient to writeA(t) = A(xq) andB(t) = B(Xq).

Assume now thaty andug are either constant or slowly varying (with respect
to the performance criterion). This allows us to consider flus (constant) linear
system given byA(Xq); B(Xq)) . If we design a state feedback controlkgixy) for
eachxy, then we can regulate the system using the feedback

v= K(xg)e
Substituting back the de nitions afandv, our controller becomes
u= K(xa)(x Xg)+ Ug:

This form of controller is called gain scheduledinear controller withfeedfor-
ward U.

Finally, we consider the observer. The full nonlinear dynanc&n be used for
the prediction portion of the observer and the linearizestesy for the correction
term: .

dx . - .
i feEu+ L)Y h(xu);
whereL(X) is the observer gain obtained by linearizing the systemratdiie cur-
rently estimated state. This form of the observer is knowmasxgended Kalman
lter and has proved to be a very effective means of estimatingidite af a non-

linear system.
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Figure 7.11: Trajectory generation for changing lanes. We wish to change from the lef
lane to the right lane over a distance of 30 m in 4 s. The planned trajectorg iy filane

is shown in (a) and the lateral positigrand the steering angie over the maneuver time
interval are shown in (b).

There are many ways to generate the feedforward signal, amnd Hre also
many different ways to compute the feedback giimnd the observer gaib.
Note that once again the internal model principle applies:controller contains a
model of the system to be controlled through the observer.

Example 7.6 Vehicle steering

To illustrate how we can use a two degree-of-freedom desigmprove the per-
formance of the system, consider the problem of steering tbaz@nange lanes on
aroad, as illustrated in Figure 11.4a.

We use the non-normalized form of the dynamics, where werteatkin Exam-
ple 2.8. Using the center of the rear wheels as the referense()), the dynamics
can be written as

dx _ dy . dg 1 .

i cosqy, at - singv, it b tand,
wherev is the forward velocity of the vehicle and is the steering angle. To
generate a trajectory for the system, we note that we cam $ohthe states and
inputs of the system givex y by solving the following sets of equations:

X = VC0SsQ; X=vcosg vsingq;
y = vsing; y = vsing + vcosqq; (7.24)
g = v=ltand:

This set of ve equations has ve unknowng,(q, v, vandd) that can be solved
using trigonometry and linear algebra. It follows that wa campute a feasible
trajectory for the system given any patft), y(t). (This special property of a
system is known agdifferential atnesgFLMR92, FLMR95].)

To nd a trajectory from an initial statéxo; yo; go) to a nal state(xs;ys;gs) at
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atimeT, we look for a path(t); y(t) that satis es

X(0) = Xo; X(T) = xt;

y(0) = yo; y(T)=ys; (7.25)
x(0) singp + y(0) cosgo = O; X(T)singr + y(T) cosgr = O;

y(0) singo + y(0) cosqo = 0; y(T) singr + y(T) cosgr = 0:

One such trajectory can be found by choosi(iy andy(t) to have the form
Xq(t) = ap+ ast+ azt2+ a3t3; ya(t) = bo+ bit+ b2t2+ bgtsi

Substituting these equations into equation (7.25), we dravith a set of linear
equations that can be solved &, b;, i = 0;1; 2;3. This gives a feasible trajectory
for the system by using equation (7.24) to solvedgrvyg anddy.

Figure 11.4b shows a sample trajectory generated by a seajtedhorder equa-
tions that also set the initial and nal steering angle to z&totice that the feedfor-
ward input is quite different from 0, allowing the contralte command a steering
angle that executes the turn in the absence of errors. N

Kalman's Decomposition of a Linear System

In this chapter and the previous one we have seen that twafoendtal properties
of a linear input/output system are reachability and olzdality. It turns out that
these two properties can be used to classify the dynamicssgéteam. The key
result is Kalman's decomposition theorem, which says tHetesar system can be
divided into four subsystem&;, which is reachable and observatfgs which is
reachable but not observabf&g which is not reachable but is observable &qgl
which is neither reachable nor observable.

We will rst consider this in the special case of systems whbaeematrixA has
distinct eigenvalues. In this case we can nd a set of cootdmauch that th&
matrix is diagonal and, with some additional reorderingh® states, the system
can be written as

8 9 8_ 9
Ao 0 0 O Bro
dx % 0O Ag O O§ %Bré
- = =+ -
d" 50 0 Ay 03775 038" (7.26)
é 0O 0 O gAm’ 0’ '

y=:-GCo 0 Cip 0O x+Du

All statesx, such thatB, 6 0 are reachable, and all states such a6 0 are
observable. If we set the initial state to zero (or equivilyelook at the steady-
state response A is stable), the states given By, andxqs will be zero andxg
does not affect the output. Hence the outpaoan be determined from the system

= AroXro + BroU; y = CioXo+ DU:
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(a) Distinct eigenvalues (b) General case

Figure 7.12: Kalman's decomposition of a linear system. The decomposition in (a) is for
a system with distinct eigenvalues and the one in (b) is the general cagesy$tem is
broken into four subsystems, representing the various combinatioreacfiable and ob-
servable states. The input/output relationship only depends on the sidilstates that are
both reachable and observable.

Thus from the input/output point of view, it is only the reableaand observable
dynamics that matter. A block diagram of the system illusigathis property is
given in Figure 7.12a.

The general case of the Kalman decomposition is more congticand re-
guires some additional linear algebra; see the originatphp Kalman, Ho and
Narendra [KHNG63]. The key result is that the state space ¢hibstdecomposed
into four parts, but there will be additional coupling sotttiee equations have the

form 8 9 8 9
% Aro 0 0 Bro
dt 0 0 A, 03 203" 7.27)
'8 0 0 9ArF’ 0’ '

y:: Cro O Cr_o 0’ X

where denotes block matrices of appropriate dimensions. The fopydut re-
sponse of the system is given by

d
Do _ AroXro + BroU; y = CroXo + DU; (7.28)

which are the dynamics of the reachable and observable stgins$.,. A block
diagram of the system is shown in Figure 7.12b.
The following example illustrates Kalman's decomposition.

Example 7.7 System and controller with feedback from observer state
Consider the system
dx
— Ax+ BUr — oy
at Ax+ Bu; y=Cx

The following controller, based on feedback from the obsestate, was given in
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Theorem 7.3:
3),[( = AX+ Bu+ L(y CX); u= Kx+kr:

Introducm% the statesandx X X thegclos8ed Iogp system can be written as

8 9
"% ~° 0 A LC % " ’

which is a Kalman decomposition like the one shown in Figue@.with only
two subsystem$&,, and Syp. The subsystens;,, with statex, is reachable and
observable, and the subsyst&g, with statex; is not reachable but observable.
It is natural that the state i8 not reachable from the command signddecause
it would not make sense to design a system where changes iiefédrence signal
could generate observer errors. The relationship betweereference and the
outputy is given by

gi(z(A BK)x+ Bkr; y= Cx

which is the same relationship as for a system with full stegelback. N

Computer Implementation

The controllers obtained so far have been described by axdditierential equa-

tions. They can be implemented directly using analog compisng/hether elec-
tronic circuits, hydraulic valves or other physical degc&ince in modern engi-
neering applications most controllers are implementedgusomputers, we will

brie y discuss how this can be done.

A computer-controlled system typically operates periatiyc every cycle, sig-
nals from the sensors are sampled and converted to digital iy the A/D con-
verter, the control signal is computed and the resultinguiuis converted to ana-
log form for the actuators, as shown in Figure 7.13. To illgtithe main princi-
ples of how to implement feedback in this environment, wesater the controller
described by equations (7.14) and (7.15), i.e.,

3): = AX+ Bu+ L(y CX); u=  Kx+Kkr:

The rst equation consists only of additions and multiplicais and can thus be
implemented directly on a computer. The second equationeamplemented by
approximating the derivative by a difference

dR - X(tke1) K(t) _

G e T s A0+ BU* Ly (W) ;

wherety are the sampling instants ahek ty. 1ty is the sampling period. Rewrit-
ing the equation to isolatgty+ 1), we get the difference equation

X(te+ 1) = X(t) + h AR(te) + Bu(t) + L y(t) CX(t) (7.29)



7.5. A GENERAL CONTROLLER STRUCTURE 229

external disturbances
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| Clock :
! Y y v |
| D/IA |= Computer AD | Filter |- :
e IContro"er

operator input

Figure 7.13: Components of a computer-controlled system. The controller consists of
analog-to-digital (A/D) and digital-to-analog (D/A) converters, as welaaomputer that
implements the control algorithm. A system clock controls the operation afah#oller,
synchronizing the A/D, D/A and computing processes. The operatot ispiso fed to the
computer as an external input.

The calculation of the estimated state at tiag requires only addition and mul-
tiplication and can easily be done by a computer. A sectigmsefidocode for the
program that performs this calculation is

% Control algorithm - main loop

r = adin(chl) % read reference

y = adin(ch2) % get process output

u = -Kxxhat + Kr =*r % compute control variable
daout(chl, u) % set analog output

xhat = xhat + h *(A*x+Bxu+L*(y-C *X)) % update state estimate

The program runs periodically at a xed rate Notice that the number of
computations between reading the analog input and setimgrialog output has
been minimized by updating the state after the analog oltasitbeen set. The
program has an array of statdsat that represents the state estimate. The choice
of sampling period requires some care.

There are more sophisticated ways of approximating a differeequation
by a difference equation. If the control signal is constagtineen the sampling
instants, it is possible to obtain exact equations; 5&¥97].

There are several practical issues that also must be dehlt Mor example, it
is necessary to Iter measured signals before they are sahsole¢hat the ltered
signal has little frequency content abofge2, wherefs is the sampling frequency.
This avoids a phenomena knowsaisising. If controllers with integral action are
used, it is also necessary to provide protection so thahtegial does not become
too large when the actuator saturates. This issue, caltedrator windup is
studied in more detail in Chapter 10. Care must also be taighat parameter
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changes do not cause disturbances.

7.6 Further Reading

The notion of observability is due to Kalman [Kal61b] and, ¢coned with the dual
notion of reachability, it was a major stepping stone towestblishing state space
control theory beginning in the 1960s. The observer rst appeas the Kalman
Iter, in the paper by Kalman [Kal61a] on the discrete-timeseand Kalman and
Bucy [KB61] on the continuous-time case. Kalman also cdnjed that the con-
troller for output feedback could be obtained by combinirgjae feedback with
an observer; see the quote in the beginning of this chaptes.r&ult was formally
proved by Josep and Tou [JT61] and Gunckel and Franklin [GF7H.cbimbined
result is known as the linear quadratic Gaussian contrarihea compact treat-
ment is given in the books by Anderson and Moore [AM90] &stidm [Ast06].
Much later it was shown that solutions to robust control peois also had a sim-
ilar structure but with different ways of computing obseraad state feedback
gains [DGKF89]. The general controller structure discusaeskiction 7.5, which
combines feedback and feedforward, was described by Hrawi 963 [Hor63].
The particular form in Figure 7.10 appeared A\W97], which also treats digital
implementation of the controller. The hypothesis that motontrol in humans
is based on a combination of feedback and feedforward wgsopea by Ito in
1970 [Ito70].

Exercises

7.1 (Coordinate transformations) Consider a system under edowde transfor-
mationz= Tx, whereT 2 R" "is an invertible matrix. Show that the observability
matrix for the transformed system is given\8ly= W, T *and hence observability
is independent of the choice of coordinates.

7.2 Show that the system depicted in Figure 7.2 is not observable.

7.3 Show that if a system is observable, then there exists a cldraggordinates
z= Txthat puts the transformed system into observable candioical

7.4(Bicycle dynamics) The linearized model for a bicycle is gisveequation (3.5),
which has the form
d’j Dvpdd . m3h
A - = + =
i b oa "It
wherej is the tilt of the bicycle andl is the steering angle. Give conditions under

which the system is observable and explain any specialtginsgawhere it loses
observability.

d,
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7.5(State space control of a balance system) A normalized métiet pendulum
on a cart is described by the equations

X=u  g=qg+uy

where it has been assumed that the cart is very heavy; see Exammip Assume
that cart positiorx and the pendulum angteare measured, but that there is a bias
in the measurement of the angle, which is modeledby g+ qo, whereqo is

a constant bias, henap = 0. Introduce state variableg = X, X2 = @, X3 = X,

X4 = q andxs = gp. Show that the system is observable. What is the engineering
implication of the result?

7.6 (Vectored thrust aircraft) The lateral dynamics of the vesdiathrust aircraft
example considered in Example 6.8 can be obtained by coirgidiére motion
described by the states= ( x; g;x; q). Construct an estimator for these dynamics
by setting the eigenvalues of the observer intBudterworth patterrwith I, =

3:83 9:24i, 9:24 3:.83. Using this estimator combined with the state space
controller computed in Example 6.8, plot the step responsthefclosed loop
system.

7.7 (Uniqueness) Show that the design of an observer by eigenaakignment is
unique for single-output systems. Construct examplesstiai that the problem
is not necessarily unique for systems with many outputs.

7.8 (Observer for Teorell's compartment model) Teorell's cariment model.
shown in Figure 3.17 has the following state space reprets@mta

8 Ky 0 0 0 D 819

dx Ky ko ks O k3 % 0
— = 0 Ka 0 0 X+ 3202 u;

dt 0 kk O ki ks O 0

0 0 0 ks 0} O

where representative parameters e 0:02, ko = 0:1, k3 = 0:05, kg = kg =
0:005. The concentration of a drug which is active in compartrbéa measured
in the bloodstream (compartment 2). Determine the compartsthat are ob-
servable from measurement of concentration in the bloedstrand design an es-
timator for these concentrations base on eigenvalue assigin Choose the closed
loop eigenvalues 0:03, 0:05and 0:1. Simulate the system when the input is
a pulse injection and illustrate the effect of modeling esro

7.9(Observer design for motor drive) Consider the normalizedehof the motor
drive in Exercise 2.13 where the open loop system has thewales 00; 0:05
i. A state feedback that gave a closed loop system with eigggwin 2, 1 and

1 iwas designed in Exercise 6.12. Design an observer for theraytbiat has
eigenvalues 4, 2and 2 2i. Combine the observer with the state feedback
from Exercise 6.12 to obtain an output feedback and simuiateamplete system.
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7.10(Feedforward design for motor drive) Consider the normdlizedel of the
motor drive in Exercise 2.13. Design the dynamics of the blabkled trajectory
generation in Figure 7.10 so that the dynamics relating thgubh to the reference
signalr has the dynamics

d3ym d?ym dym

—+ ——+ —+ = : 7.
with parameteray = 2:5Wm, ame = 2:5W32 andang = WS, Discuss how the largest
value of the command signal for a unit step in the commandséidgpends omm,.

7.11 (Whipple's bicycle model) Consider the Whipple bicycle mebdjiven by
equation (3.7) in Section 3.2. A state feedback for the systas designed in
Exercise 6.13. Design an observer and an output feedbadkd@ystem.

7.12 (Discrete-time random walk) Suppose that we wish to estirteeosition
of a particle that is undergoing a random walk in one dimam§ie., along a line).
We model the position of the patrticle as

x[k+ 1] = x[K]+ u[K]

wherexis the position of the particle ands a white noise processes wfi ufi]g =
O andEf ufilu[jlogRud(i j). We assume that we can measxigeibject to additive,
zero-mean, Gaussian white noise with covariance 1.

(a) Compute the expected value and covariance of the paatich function ok.

(b) Construct a Kalman Iter to estimate the position of thetjuée given the
noisy measurements of its position. Compute the steadg-sipected value and
covariance of the error of your estimate.

(c) Suppose thdEf u[0]g= mé 0 but is otherwise unchanged. How would your
answers to parts (a) and (b) change?

7.13(Kalman decomposition) Consider a linear system charaetby the ma-

trices
2 1 1 29 829
§ 1 3 0 2% §2§ 8 9
A= 1 1 4 2 . B= 2; C=-01 10 ; D=0
"0 1 1 71 K

Construct a Kalman decomposition for the system. (Hint: tdrgiagonalize.)



Chapter Eight

Transfer Functions

The typical regulator system can frequently be described, in essentyadfférential equa-
tions of no more than perhaps the second, third or fourth order. ..olmtrast, the order
of the set of differential equations describing the typical negative fe&dimapli er used in

telephony is likely to be very much greater. As a matter of idle curiosity, ¢ aocnted to
nd out what the order of the set of equations in an ampli er | had jussigaed would have
been, if | had worked with the differential equations directly. It turnedtoute 55.

Henrik Bode, 1960 [Bod60].

This chapter introduces the concept of tfamsfer functionwhich is a compact
description of the input/output relation for a linear systeCombining transfer
functions with block diagrams gives a powerful method foaldey with complex
linear systems. The relationship between transfer funstod other descriptions
of system dynamics is also discussed.

8.1 Frequency Domain Modeling

Figure 8.1 is a block diagram for a typical control system,ststing of a process
to be controlled and a controller that combines feedbackfeedforward. We
saw in the previous two chapters how to analyze and desigm sygtems using
state space descriptions of the blocks. As mentioned in €h&p an alternative
approach is to focus on the input/output characteristiagh@fsystem. Since it is
the inputs and outputs that are used to connect the systemsoold expect that

i reference feedback d process n
' shaping controller, dynamics
ro e ru n h y
— F C P —
| 1 |
! Controller |

Figure 8.1: A block diagram for a feedback control system. The reference kigisafed
through a reference shaping block, which produces the signal thdientitbcked. The error
between this signal and the output is fed to a controller, which producesgbeto the
process. Disturbances and noise are included as external signadsigph and output of
the process dynamics.



234 CHAPTER 8. TRANSFER FUNCTIONS

this point of view would allow an understanding of the ovetshavior of the
system. Transfer functions are the main tool in implementinis point of view
for linear systems.

The basic idea of the transfer function comes from lookinghatftequency
response of a system. Suppose that we have an input signé geatodic. Then
we can decompose this signal into the sum of a set of sinesasites,

¥
ut) = & acsin(kwt) + b cogkwt);
k=0
wherew is the fundamental frequency of the periodic input. Each eftdrms
in this input generates a corresponding sinusoidal outpustéady state), with
possibly shifted magnitude and phase. The gain and phaselafreguency are
determined by the frequency response given in equatiod)5.2

G(s)= C(sl A) B+ D; (8.1)

where we ses= i(kw) foreachk= 1;:::;¥ andi = P 1. If we know the steady-
state frequency respon&¥s), we can thus compute the response to any (periodic)
signal using superposition.

The transfer function generalizes this notion to allow a desalass of input
signals besides periodic ones. As we shall see in the nekibsgethe transfer
function represents the response of the system texgonential inpytu = €.

It turns out that the form of the transfer function is prebisthe same as that
of equation (8.1). This should not be surprising since wevadrequation (8.1)
by writing sinusoids as sums of complex exponentials. Fdymthe transfer

function is the ratio of the Laplace transforms of output amgli, although one
does not have to understand the details of Laplace transfararder to make use
of transfer functions.

Modeling a system through its response to sinusoidal andrexptial signals is
known asfrequency domain modelind his terminology stems from the fact that
we represent the dynamics of the system in terms of the géereztdrequencys
rather than the time domain varialileThe transfer function provides a complete
representation of a linear system in the frequency domain.

The power of transfer functions is that they provide a paldidy convenient
representation in manipulating and analyzing complexalifeedback systems.
As we shall see, there are many graphical representatiaresnsfer functions that
capture interesting properties of the underlying dynamiicansfer functions also
make it possible to express the changes in a system becausededing error,
which is essential when considering sensitivity to proogstations of the sort
discussed in Chapter 12. More speci cally, using transfeicfions, it is possible
to analyze what happens when dynamic models are approxdrgtstatic models
or when high-order models are approximated by low-orderetgdOne conse-
guence is that we can introduce concepts that express theedefjstability of a
system.

While many of the concepts for state space modeling and sisadypply di-
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rectly to nonlinear systems, frequency domain analysi$iegpprimarily to linear
systems. The notions of gain and phase can be generalizedlioesr systems
and, in particular, propagation of sinusoidal signals digio a nonlinear system
can approximately be captured by an analog of the frequersponse called the
describing function. These extensions of frequency respuailsbe discussed in
Section 9.5.

8.2 Derivation of the Transfer Function

As we have seen in previous chapters, the input/output dipgsaof a linear sys-
tem have two components: the initial condition responseth@dorced response.
In addition, we can speak of the transient properties of yiséesn and its steady-
state response to an input. The transfer function focuseseost¢ady-state forced
response to a given input and provides a mapping betweetsiapd their corre-
sponding outputs. In this section, we will derive the trangtinction in terms of
the exponential response of a linear system.

Transmission of Exponential Signals

To formally compute the transfer function of a system, wd wiake use of a
special type of signal, called axponential signalpf the forme®, wheres =

s + iw is a complex number. Exponential signals play an importaetirolinear
systems. They appear in the solution of differential equati@and in the impulse
response of linear systems, and many signals can be refrdsenexponentials
or sums of exponentials. For example, a constant signahiglgie?* with a = 0.
Damped sine and cosine signals can be represented by

elS+HIMt = eStdW = eSt(cogut + i sinwt);

wheres < 0 determines the decay rate. Figure 8.2 gives examples odlsign
that can be represented by complex exponentials; many sitieals can be repre-
sented by linear combinations of these signals. As in the cBsinusoidal signals,
we will allow complex-valued signals in the derivation tiialows, although in
practice we always add together combinations of signatsrésalt in real-valued
functions.

To investigate how a linear system responds to an expohéngiat u(t) = e
we consider the state space system

dx

at = Ax+ Bu; y= Cx+ Du: (8.2)

I'j(A) is the jth eigenvalue of. The state is then given by

- t z t
x(t)= Mx(0)+ Nt DBt dt = Mx(0)+ M S AlBdt:
0 0
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Figure 8.2: Examples of exponential signals. The top row corresponds to expahsig-
nals with a real exponent, and the bottom row corresponds to those witiieoexponents.
The dashed line in the last two cases denotes the bounding envelope dsciltegtory sig-
nals. In each case, if the real part of the exponent is negative theigtied decays, while if
the real part is positive then it grows.

As we saw in Section 5.3, §6 | (A), the integral can be evaluated and we get

x(t) = x(0)+ (sl A) 1 A | B

= x(0) (sl A B +(sl A Bet:
The output of equation (8.2) is thus
y(t) = Cx(t) + Du(t)

=Cé x(0) (sl A B + C(sl A) B+D e (8.3)
a linear combination of the exponential functiog® ande™. The rst term in
equation (8.3) is the transient response of the system.|IRease™ can be written
in terms of the eigenvalues @f (using the Jordan form in the case of repeated
eigenvalues), and hence the transient response is a liogdniation of terms of
the formée it, wherel j are eigenvalues @k If the system is stable, theAt! 0
ast! ¥ and this term dies away.

The second term of the output (8.3) is proportional to thetimgt) = €. This
term is called thepure exponential responsH the initial state is chosen as

x(0)=(sl A) B;

then the output consists of only the pure exponential respamd both the state



8.2. DERIVATION OF THE TRANSFER FUNCTION 237

and the output are proportional to the input:
x(t)=(sl A Betl=(sl A But);
y(t)= C(sl A) B+D e'= C(sl A) B+ D u(t):

This is also the output we see in steady state, when the trassigpresented by
the rstterm in equation (8.3) have died out. The map from thiirto the output,

Gyu(9) = C(sl A) B+ D; (8.4)

is thetransfer functionfrom u to y for the system (8.2), and we can wrifft) =
Gyu(s)u(t) for the case that(t) = e, Compare with the de nition of frequency
response given by equation (5.24).

An important point in the derivation of the transfer functis the fact that
we have restricted so thats6 [ j(A), the eigenvalues oA. At those values of
s, we see that the response of the system is singular (sincé\ will fail to be
invertible). Ifs=1(A), the response of the system to the exponential input
eitisy= p(t)eit, wherep(t) is a polynomial of degree less than or equal to the
multiplicity of the eigenvalué j (see Exercise 8.3).

Example 8.1 Damped oscillator
Consider the response of a damped linear oscillator, whase space dynamics
were studied in Section 6.:3:

dx_x 0w 3 .3 Og. _;8109. 8.5
T w 22Wo,x " kewo' u; y= X: (8.5)

This system is stable # > 0, and so we can look at the steady-state response to
an inputu= e,

8 98 9 ,8 0 9
_ lhotq 335 W 3 3 03
Gu(s)=C(sl A B=-1 0 - W S+ 276 - ke
8 9 8 9 8 9
-1 0 ! 3 S w 3 3 03 g4
S+ 2zwps+ Wi Wo St 2Zwp’ T k=wp’

- K :
= 5!
P+ 2zwps+ W

To compute the steady-state response to a step functioretse=0 and we see
that «

u=1 =) y= Gy(O)u= Wg:

If we wish to compute the steady-state response to a sinugeidrite

. 1. i
u= sinw = - e et

y:% iGyu( iw)e ™ iGy(iw)e™ :
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We can now write5(s) in terms of its magnitude and phase,
K .
G(iw) = = M€Y;
(iw) S+ 2ZWps+ WS

where the magnitudil and phase satisfy
Kk ) sing _ 2zwpw
cosg w2 w2’

M= g

(w3 W2)2+(22W0W)21

We can also make use of the fact ti&t iw) is given by its complex conjugate
G (iw), and it follows thatG( iw) = Me '9. Substituting these expressions into
our output equation, we obtain

y= % i(Me 9)e ™ i(Me9)e™
= M-% ie (M) M0 = Msin(wt+ q):

The responses to other signals can be computed by writingithe as an appro-
priate combination of exponential responses and usingtitye N

Coordinate Changes

The matricesA, B andC in equation (8.2) depend on the choice of coordinate
system for the states. Since the transfer function relapes o outputs, it should
be invariant to coordinate changes in the state space. W ghs, consider the
model (8.2) and introduce new coordinatdsy the transformatioz= T x, where

T is a nonsingular matrix. The system is then described by

gtzz T(Ax+ Bu) = TAT z+ TBu=:Az+ Bu;

y= Cx+ DU = CT 1z+ Du=:Cz+ Du:

This system has the same form as equation (8.2), but the es4i®& andC are

different: . . .
A=TAT Y B=71B, C=cCT % (8.7)

Computing the transfer function of the transformed model get
G(s= C(sl A) B+D=CT ¥sI TAT 1) TB+D
=CT Xsl TAT YT 'B+D=C(sl A) B+D= G(9);

which is identical to the transfer function (8.4) computexhi the system descrip-
tion (8.2). The transfer function is thus invariant to chanmgéthe coordinates in
the state space.

Another property of the transfer function is that it corresgs to the portion of
the state space dynamics that is both reachable and obkentalparticular, if
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we make use of the Kalman decomposition (Section 7.5), thetrémsfer func-
tion depends only on the dynamics in the reachable and ddislersubspac8g;,
(Exercise 8.2).

Transfer Functions for Linear Systems

Consider a linear input/output system described by therotbed differential equa-
tion

dy d"ly _odMu d™ 1y _
dtn + al dtn 1 + + any— bO dtm + bl dtm 1 + + bmu1 (88)

whereu is the input andy is the output. This type of description arises in many
applications, as described brie y in Section 2.2; bicycle ayics and AFM mod-
eling are two speci c examples. Note that here we have gemerhbur previous
system description to allow both the input and its derivegito appear.

To determine the transfer function of the system (8.8),Hetibput beu(t) =
e’l. Since the system is linear, there is an output of the systemighalso an
exponential functioy(t) = yoe®™. Inserting the signals into equation (8.8), we nd

("+as” '+ +an)yoe=(bos"+ bis" b+ bye

and the response of the system can be completely describepolynomials
a(9)= S+ as '+ +ay b(s) = bos™+ bys™ 1+ + by (8.9)

The polynomiah(s) is the characteristic polynomial of the ordinary diffeiaht
equation. Ifa(s) 6 0, it follows that

b(s)
— t t.
y(t) = yoe' = —a(s)es. (8.10)
The transfer function of the system (8.8) is thus the ratifunattion
_ b(s).
G(s) = a9 (8.11)

where the polynomials(s) andb(s) are given by equation (8.9). Notice that
the transfer function for the system (8.8) can be obtaineth&yection since the
coef cients of a(s) andb(s) are precisely the coef cients of the derivativesiof
andy.

Equations (8.8)—(8.11) can be used to compute the trangietifuns of many
simple ordinary differential equations. Table 8.1 givesmef the more common
forms. The rst ve of these follow directly from the analysidave. For the
proportional-integral-derivative (PID) controller, we keause of the fact that the
integral of an exponential input is given y=s)e®.

The last entry in Table 8.1 is for a pure time delay, in whichdah#put is iden-
tical to the input at an earlier time. Time delays appear imyrgystems: typical
examples are delays in nerve propagation, communicatidnress transport. A
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Table 8.1: Transfer functions for some common ordinary differential equations

Type ODE Transfer Function
Integrator y=u é
Differentiator y=u s
First-order system y+ ay=u i
s+ a
1

Double integrator y=u 5

(7]

1

Damped oscillator y+ 2zwpy+ w2y=u ———
p y ny ny 82+ 22Wn5+ W%

R A
PID controller y= Kpu+ Kgu+ ki U kp+ kys+ %

Time delay yt)= ut t) e fs

system with a time delay has the input/output relation

yit)= u(t t): (8.12)

As before, let the input be(t) = €. Assuming that there is an output of the form
y(t) = yoe™ and inserting into equation (8.12), we get

y(t) = yoett= eXt =g Set= e Su(t):

The transfer function of a time delay is thG§s) = e ', which is not a rational
function but is analytic except at in nity. (A complex funot is analyticin a
region if it has no singularities in the region.)

Example 8.2 Electrical circuit elements
Modeling of electrical circuits is a common use of transtardtions. Consider, for
example, a resistor modeled by Ohm's l&iw IR, whereV is the voltage across
the resister] is the current through the resistor aRds the resistance value. If
we consider current to be the input and voltage to be the dutipel resistor has
the transfer functiorZ(s) = R. Z(s) is also called thempedanceof the circuit
element.

Next we consider an inductor whose input/output charestieris given by

L—-=V
dt
Letting the current bé(t) = €%, we nd that the voltage i¥/(t) = Lse and the
transfer function of an inductor is thZgs) = Ls. A capacitor is characterized by
dv
C f—

i
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Figure 8.3: Stable ampli er based on negative feedback around an operatiorai @m

The block diagram on the left shows a typical ampli er with low-frequegeyn R,=R;. If

we model the dynamic response of the op am@és = ak=(s+ a), then the gain falls off

at frequencyw = a, as shown in the gain curves on the right. The frequency response is
computed fok = 107, a= 100 rad/sR, =10 W, andR; = 1, 1%, 10* and 16 W,

and a similar analysis gives a transfer function from curtervoltage ofZ(s) =
1=(C9). Using transfer functions, complex electrical circuite te analyzed alge-
braically by using the complex impedangés) just as one would use the resistance
value in a resistor network. N

Example 8.3 Operational ampli ers

To further illustrate the use of exponential signals, wesider the operational
ampli er circuit introduced in Section 3.3 and reproduced iglte 8.3a. The
model introduced in Section 3.3 is a simpli cation because lthear behavior
of the ampli er was modeled as a constant gain. In reality ehare signi cant
dynamics in the ampli er, and the static modgl;= kv (equation (3.10)) should
therefore be replaced by a dynamic model. In the linear rafitfee ampli er, we
can model the operational ampli er as having a steady-statpiency response

Vout _ ak _

v = a =: G(s): (8.13)

This response corresponds to a rst-order system with timesteort Fa. The
parametek is called theopen loop gainand the producék is called thegain-
bandwidth producttypical values for these parameters kre 10’ andak= 10'—
10° rad/s.

Since all of the elements of the circuit are modeled as benwali if we drive
the inputv; with an exponential signa®™, then in steady state all signals will
be exponentials of the same form. This allows us to manipufeeequations
describing the system in an algebraic fashion. Hence we cié@ w

Vi V_V V
R R
using the fact that the current into the ampli er is very smab we did in Sec-
tion 3.3. Eliminatingv between these equations gives the following transfer func-
tion of the system
\" RzG(S) _ Rzak .
Vi R+ R+ RiG(s) Riak+(Ri+ Ry)(s+a)

and w= G(9V, (8.14)
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The low-frequency gain is obtained by settigg 0, hence

kR R,
(k+ DR+ Ry Ry’

which is the result given by (3.11) in Section 3.3. The bandwaltthe ampli er
circuit is

szvl (O) =

aRl(k+ D+ R aR—lk'
Ri+ R Ry’

where the approximation holds f&=R; 1. The gain of the closed loop system
drops off at high frequencies &k=(w(R; + Ry)). The frequency response of the
transfer function is shown in Figure 8.3b fo= 107, a= 100 rad/sR, = 10° W
andRy = 1, 1¢, 10* and 16 W.

Note that in solving this example, we bypassed explicitliting the signals as
v= Ve and instead worked directly with assuming it was an exponential. This
shortcut is handy in solving problems of this sort and whemimaating block
diagrams. A comparison with Section 3.3, where we made the sahculation
whenG(s) was a constant, shows analysis of systems using transfetidos is
as easy to deal with as using static systems. The calculaienthe same if the
resistance®; andR; are replaced by impedances, as discussed in Example 8.2.

N

VVb:

Although we have focused thus far on ordinary differentigli&ions, transfer
functions can also be used for other types of linear systevids.illustrate this
via an example of a transfer function for a partial diffefahequation.

Example 8.4 Transfer function for heat propagation

Consider the problem of one-dimensional heat propagatiarsemi-in nite metal
rod. Assume that the input is the temperature at one end anthin output is the
temperature at a point along the rod. Iggi;t) be the temperature at positicn
and timet. With a proper choice of length scales and units, heat praayis

described by the partial differential equation

Tq_ T%q.

ft 72
and the point of interest can be assumed to havel. The boundary condition
for the partial differential equation is

q(0;t) = u(t):

To determine the transfer function we choose the inpufs= €. Assume that
there is a solution to the partial differential equationtw formg(x;t) = y (x)e™
and insert this into equation (8.15) to obtain

(8.15)

d?y

sy (x) = W;
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with boundary conditiory (0) = e€®. This ordinary differential equation (with
independent variabbg) has the solution

P P
y(X)= A€’ 5+ Be * %
Matching the boundary conditions givass 0 andB = €™, so the solution is
P P
yi)= q(Lt)= y(Det=e Set=e Su(t):

P _ .
The system thus has the transfer funct®{s) = e °. As in the case of a time
delay, the transfer function is not a rational function t®iin analytic function.
N

Gains, Poles and Zeros

The transfer function has many useful interpretations aadeatures of a transfer
function are often associated with important system pittgser Three of the most
important features are the gain and the locations of thesgaid zeros.

The zero frequency gaiof a system is given by the magnitude of the transfer
function ats= 0. It represents the ratio of the steady-state value of thgubwith
respect to a step input (which can be representec=as™ with s= 0). For a state
space system, we computed the zero frequency gain in eguati2R):

G(0)= D CA !B:
For a system written as a linear differential equation
dy d" 1y d™u d™ tu
—+ a + o+ =bp—+b—+
din a1 Y= Boggm T Prgm 1
if we assume that the input and output of the system are ausgtaandug, then
we nd thata,yo = bmug. Hence the zero frequency gain is

Yo _ bm
G(0)= —= —: 8.16
@=L (8.16)

Next consider a linear system with the rational transfectiom

G(s) = 223:

+ bmu;

The roots of the polynomial(s) are called thgolesof the system, and the roots
of b(s) are called theerosof the system. Ifp is a pole, it follows thay(t) = e

is a solution of equation (8.8) with= 0 (the homogeneous solution). A pgte
corresponds to eodeof the system with corresponding modal solut&h The
unforced motion of the system after an arbitrary excitatfoa weighted sum of
modes.

Zeros have a somewhat different interpretation. Since the pyponential
output corresponding to the inpuft) = €% with a(s) 6 0is G(s)e™, it follows that
the pure exponential output is zerdofs) = 0. Zeros of the transfer function thus
block transmission of the corresponding exponential dgyna
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For a state space system with transfer func®fs) = C(sl A) B+ D, the
poles of the transfer function are the eigenvalues of theixnatin the state space
model. One easy way to see this is to notice that the valu&gfis unbounded
whensis an eigenvalue of a system since this is precisely the gebiots where
the characteristic polynomidl(s) = def(sl A)= 0 (and hencesl A is non-
invertible). It follows that the poles of a state space systiepend only on the
matrix A, which represents the intrinsic dynamics of the system. #yetkat a
transfer function is stable if all of its poles have negatal part.

To nd the zeros of a state space system, we observe that the aex complex
numberss such that the inputi(t) = upe™ gives zero output. Inserting the pure
exponential responsét) = xge™ andy(t) = 0 in equation (8.2) gives

s€ = Axpe™ + Bupe™ 0= Ce'xy+ De’lug;
which can be written as
8 98 9
sl A Bz 3 X% -0
" e D U :

This equation has a solution with nonzeg) ug only if the matrix on the left does
not have full rank. The zeros arg: thus the \éalﬂesch that the matrix
3sl A By

¢ (8.17)

looses rank.

Since the zeros depend @&y B, C andD, they therefore depend on how the
inputs and outputs are coupled to the states. Notice inqodatithat if the matrixB
has full rank, then the matrix in equation (8.17) hdimearly independent rows for
all values ofs. Similarly there aren linearly independent columns if the matfix
has full rank. This implies that systems where the maroc C is full rank do not
have zeros. In particular it means that a system has no Zetas fully actuated
(each state can be controlled independently) or if the fatiesis measured.

A convenient way to view the poles and zeros of a transfertiongs through
apole zero diagramas shown in Figure 8.4. In this diagram, each pole is marked
with a cross, and each zero with a circle. If there are mdtgmles or zeros at
a xed location, these are often indicated with overlappimgsses or circles (or
other annotations). Poles in the left half-plane corresgorstable modes of the
system, and poles in the right half-plane correspond toaltestmodes. We thus
call a pole in the left-half plane stable poleand a pole in the right-half plane an
unstable pole A similar terminology is used for zeros, even though thezeto
not directly related to stability or instability of the sgst. Notice that the gain
must also be given to have a complete description of thefeafimction.

Example 8.5 Balance system
Consider the dynamics for a balance system, shown in Figlre The transfer
function for a balance system can be derived directly froensacond-order equa-
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Figure 8.4: A pole zero diagram for a transfer function with zeros &and 1 and poles

at 3and 2 2j. The circles represent the locations of the zeros, and the crosses the
locations of the poles. A complete characterization requires we also gpleeifain of the
system.

tions, given in Example 2.1:

d?p d?q dp . dg 2 _
MIW mlwcosq+ ca+ mising e F;
d’p , . d%q - .

mlcoqu+ Jt@ mglsing+ gq = O:

If we assume thad) andq are small, we can approximate this nonlinear system by
a set of linear second-order differential equations,

¢p d’q_ dp_
Mg ™ Car -
d’p, ,d’q dg .
"o " rae t g mII=0

If we let F be an exponential signal, the resulting response satis es
Mi?p missqg+ csp= F;
kg mis’p+ gsqg mglg=0;

where all signals are exponential signals. The resultingstea functions for the
position of the cart and the orientation of the pendulum arergby solving forp
andq in terms ofF to obtain

o= mls .
7T (ML M) (gMi+ c)P+(mgIM - cg)s+ mgic’
oo = %s* g+ mgl .
PPZ "Mk A1)t (g + ch)SP+(mgIM cg)s+ mglcs

where each of the coef cients is positive. The pole zero diagréor these two
transfer functions are shown in Figure 8.5 using the paramétamn Example 6.7.
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(a) Cart—pendulum system (c) Pole zero diagram fdtlpr

Figure 8.5: Poles and zeros for a balance system. The balance system (a) camékedn
around its vertical equilibrium point by a fourth order linear system. Tdlegpand zeros for
the transfer functionblgr andHpr are shown in (b) and (c), respectively.

If we assume the damping is small andset 0 andg= 0, we obtain

— mI .
HoF = (M 92+ mgiv
Js*+ mgl .
£ (M ml2)s?+ mglM -

HpF:

This gives nonzero poles and zeros at
r—
mgl

r—
_ mglM 68 - 09
P= w3 wz 288 z= 3 209

We see that these are quite close to the pole and zero losatiiigure 8.5. N

8.3 Block Diagrams and Transfer Functions

The combination of block diagrams and transfer functions @waerful way to
represent control systems. Transfer functions relatiffgreéint signals in the sys-
tem can be derived by purely algebraic manipulations of titwesfer functions of
the blocks usindplock diagram algebraTo show how this can be done, we will
begin with simple combinations of systems.

Consider a system that is a cascade combination of systetinghei transfer
functionsG1(s) andGx(s), as shown in Figure 8.6a. Let the input of the system
beu= €. The pure exponential output of the rst block is the exporargignal
G1u, which is also the input to the second system. The pure expiahentput of
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(8) Gyu= G,G1 (b) Gyu= G1+ G N C
©Gwu= 13 e

Figure 8.6: Interconnections of linear systems. Series (a), parallel (b) and&e&dc)
connections are shown. The transfer functions for the compositensysten be derived by
algebraic manipulations assuming exponential functions for all signals.

the second system is
y= G2(G1u) = ( G2Gy)ur:

The transfer function of the series connection is tBus G,Gy, i.e., the product
of the transfer functions. The order of the individual tramdiinctions is due to
the fact that we place the input signal on the right-hand efdilis expression,
hence we rst multiply byG; and then byG,. Unfortunately, this has the opposite
ordering from the diagrams that we use, where we typicalixehibe signal ow
from left to right, so one needs to be careful. The orderingnigdrtant if either
G; or Gy is a vector-valued transfer function, as we shall see in sexaeples.

Consider next a parallel connection of systems with thesfearfunctionsG;
and Gy, as shown in Figure 8.6b. Letting= € be the input to the system, the
pure exponential output of the rst system is thar= Giu and the output of the
second system i = G,u. The pure exponential output of the parallel connection
is thus

y= Giu+ Gou= (G + Go)u;

and the transfer function for a parallel connectiosis G1+ G».

Finally, consider a feedback connection of systems withriduesfer functions
G: andGgy, as shown in Figure 8.6¢c. Let= €% be the input to the systeng,be
the pure exponential output, ardbe the pure exponential part of the intermediate
signal given by the sum afi and the output of the second block. Writing the
relations for the different blocks and the summation uné, md

y= G1€ e=u Gy
Elimination ofe gives

Gy

y=Gi(u Gyy) =) (1+ G1Gr)y= Gu =) y= mw
The transfer function of the feedback connection is thus
Gy

G= 2+ .
1+ GGy
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r e u n h y
— F(9) C(9) g—» P(s) a(%Fa

1 |

Figure 8.7: Block diagram of a feedback system. The inputs to the system are thenege
signalr, the process disturbanceand the process noise The remaining signals in the
system can all be chosen as possible outputs, and transfer functiobs oged to relate the
system inputs to the other labeled signals.

These three basic interconnections can be used as the basisrfputing transfer
functions for more complicated systems.

Control System Transfer Functions

Consider the system in Figure 8.7, which was given at the beggrof the chapter.
The system has three blocks representing a prdtesteedback controlle€® and a
feedforward controlleF. TogetherC andF de ne thecontrol lawfor the system.
There are three external signals: the reference (or commigndlkr, the load
disturbanced and the measurement noiseA typical problem is to nd out how
the errore s related to the signals d andn.

To derive the relevant transfer functions we assume thatigtlals are expo-
nential signals, drop the arguments of signals and tramsfetions and trace the
signals around the loop. We begin with the signal in which weeiaterested, in
this case the control errey given by

e=Fr v
The signaly is the sum oh andh, whereh is the output of the process:
y=n+ h; h = P(d+ u); u= Ce
Combining these equations gives
e=Fr y=Fr (n+h)=Fr n+P(d+u)
=Fr n+P(d+Ce ,;

and hence
e=Fr n Pd PCe

Finally, solving this equation foe gives

e= F r ! n P
" 1+PC  1+PC 1+PC
and the error is thus the sum of three terms, depending orefeeencer, the

d - Gerr + Genn+ Gedd, (818)
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r e y r 1Y
- F PC = - F ™ T+PC

(b)

PCF
T+PC

(@) ©

Figure 8.8: Example of block diagram algebra. The results from multiplying the psoaed
controller transfer functions (from Figure 8.7) are shown in (a).l&=pg the feedback loop
with its transfer function equivalent yields (b), and nally multiplying the twemaining
blocks gives the reference to output representation in (c).

measurement noiseand the load disturbanak The functions

-— F . -— 1 . -

~ 1+ PC’ T 1+ PC "~ 1+ PC
are transfer functions from referencenoisen and disturbancd to the errore.

We can also derive transfer functions by manipulating tleekodiagrams di-
rectly, as illustrated in Figure 8.8. Suppose we wish to comthe transfer func-
tion between the referenceand the outpuy. We begin by combining the process
and controller blocks in Figure 8.7 to obtain the diagram inuFég8.8a. We can
now eliminate the feedback loop using the algebra for a faeklmterconnection
(Figure 8.8b) and then use the series interconnection rudbtin

er ed

(8.19)

PCF
v = 17 pC (8.20)
Similar manipulations can be used to obtain the other trarigfections (Exer-

cise 8.8).

The derivation illustrates an effective way to manipulategfuations to obtain
the relations between inputs and outputs in a feedbackraydtke general idea is
to start with the signal of interest and to trace signalsiaddbe feedback loop until
coming back to the signal we started with. With some practggiations (8.18)
and (8.19) can be written directly by inspection of the bld@gram. Notice, for
example, that all terms in equation (8.19) have the samendigxadors and that the
numerators are the blocks that one passes through when djogagly from input
to output (ignoring the feedback). This type of rule can beluseompute transfer
functions by inspection, although for systems with muéifdedback loops it can
be tricky to compute them without writing down the algebraleitly.

Example 8.6 Vehicle steering

Consider the linearized model for vehicle steering intiatlin Example 5.12. In
Examples 6.4 and 7.3 we designed a state feedback compeasdtstate estima-
tor for the system. A block diagram for the resulting consgstem is given in
Figure 8.9. Note that we have split the estimator into two congmts Gg(s) and
Gzy(s), corresponding to its inputsandy. The controller can be described as the
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Figure 8.9: Block diagram for a steering control system. The control system is wesigp
maintain the lateral position of the vehicle along a reference curve (I¢f§ sfructure of the
control system is shown on the right as a block diagram of transfetifunsc The estimator
consists of two components that compute the estimated»steden the combination of the
input u and outputy of the process. The estimated state is fed through a state feedback
controller and combined with a reference gain to obtain the commandethgtaagleu.

sum of two (open loop) transfer functions
u= Guy(s)y+ Gur(9)r:

The rst transfer function,Gyy(s), describes the feedback term and the second,
Gur(9), describes the feedforward term. We call thepen looptransfer functions
because they represent the relationships between thdssigitlhout considering
the dynamics of the process (e.g., removi{g) from the system description). To
derive these functions, we compute the transfer functiongdch block and then
use block diagram algebra.

We begin with the estimator, which takesindy as its inputs and produces an
estimatex” The dynamics for this process were derived in Example 7.3 amd a
given by

(;tz (A LC)X+ Ly+ By,
. 1 1
Xx= sl (A _LC) Bu+ sl (A _LC) 'Ly
| {z P {z }
Gsu G)”(y
Using the expressions féy, B, C andL from Example 7.3, we obtain
gs+ 1 9 8 l1s+ I
S+ l1s+ I P+ l1s+ 1o
Gxu(S) = ; Gyy(9) = ;
>sth g s
S+ s+ Iy S+ lystlp

wherel; andl, are the observer gains amds the scaled position of the center
of mass from the rear wheels. The controller was a state fekdtmmpensator,
which can be viewed as a constant, multi-input, single-auttnsfer function of
the formu=KX.
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We can now proceed to compute the transfer function for trezadlvcontrol
system. Using block diagram algebra, we have

KGgy(s) _ S(kal1+ kol2) + Kal2

G = =
() 1+ KGgy(9) S+ (gt kot 1)+ kit Ia+ kol gkola

and

Ke _ ki(S?+ l1s+ 1) .
1+ KGgy(9) 2+ S(gka+ ko 1)+ ko + o+ koly  ghol’

wherek; andk; are the controller gains.

Finally, we compute the full closed loop dynamics. We begirdbyiving the
transfer function for the proce$¥s). We can compute this directly from the state
space description of the dynamics, which was given in Exafadl2. Using that
description, we have

Gur(s) =

8 98 9 ,8 9

: : 1 +1
P(9= Gyu(9=C(sl A B+D='1 0 .38 S; ;ilgzgssz :

The transfer function for the full closed loop system betwteninputr and the
outputy is then given by

oo KPS _ ki(gs+ 1)
7 1+ P(9Gu(s) 2+ (kag+ ko)s+ ki

Note that the observer gaihsandl, do not appear in this equation. This is because
we are considering steady-state analysis and, in steatdy e estimated state
exactly tracks the state of the system assuming perfect Isiodé will return to
this example in Chapter 12 to study the robustness of thigpéar approach. N

Pole/Zero Cancellations

Because transfer functions are often polynomials,iit can sometimes happen
that the numerator and denominator have a common factoghwdan be can-
celed. Sometimes these cancellations are simply algebimapti €ations, but in
other situations they can mask potential fragilities intte@del. In particular, if a
pole/zero cancellation occurs because terms in separatkdihat just happen to
coincide, the cancellation may not occur if one of the systerslightly perturbed.
In some situations this can result in severe differencesdsat the expected be-
havior and the actual behavior.

To illustrate when we can have pole/zero cancellationssiden the block dia-
gram in Figure 8.7 wittF = 1 (no feedforward compensation) a@Ga&ndP given
by
ne(S) .
de(s)’

Mp().
do(9)’

C(s) = P(s) =
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The transfer function from to eis then given by
1 d(9dp(9
1+ PC  de()dp(s)+ ne(s)np(s)

If there are common factors in the numerator and denominatignomials, then
these terms can be factored out and eliminated from bothuheerator and de-
nominator. For example, if the controller has a zers=ata and the process has a
pole ats= a, then we will have

(s+ a)d9)dp(s) _ dA(9)dp(9)
(s+ a)de(5)d3(9)+ ( s+ a)nAINnp(9) ~ de(5)d3() + NASNp(s)’

wherenY(s) anddg(s) represent the relevant polynomials with the tesa fac-
tored out. In the case wherx 0 (so that the zero or pole is in the right half-plane),
we see that there is no impact on the transfer fundBgn

Suppose instead that we compute the transfer functiondrtome, which repre-
sents the effect of a disturbance on the error between theerefe and the output.
This transfer function is given by

Ger(9) =

Ger(9) =

dA9np(9) :
(s+ a)de(s)di(s) + ( s+ An()np(s)”

Notice thatifa< 0, then the pole is in the right half-plane and the transfecfion
Geq is unstable Hence, even though the transfer function froto e appears to be
okay (assuming a perfect pole/zero cancellation), thesteairiunction fromd to e
can exhibit unbounded behavior. This unwanted behaviopis#y of anunstable
pole/zero cancellation

It turns out that the cancellation of a pole with a zero cao &ks understood
in terms of the state space representation of the systenahRility or observ-
ability is lost when there are cancellations of poles andz€Exercise 8.10). A
consequence is that the transfer function represents trenaigs only in the reach-
able and observable subspace of a system (see Section 7.5).

Ged(s) =

Example 8.7 Cruise control with pole/zero cancellation

The input/output response from throttle to velocity for thmearized model for a
car has the transfer functigs(s) = b=(s a), a< 0. A simple (but not necessarily
good) way to design a PI controller is to choose the paramet¢ing Pl controller
so that the controller zero at=  k=kp cancels the process polesst a. The
transfer function from reference to velocity @ (s) = bkpy=(s+ bkp), and con-
trol design is simply a matter of choosing the g The closed loop system
dynamics are of rst order with the time constartok,.

Figure 8.10 shows the velocity error when the car encounteirscaease in the
road slope. A comparison with the controller used in FiguBb3reproduced in
dashed curves) shows that the controller based on poletaeellation has very
poor performance. The velocity error is larger, and it takiemg time to settle.

Notice that the control signal remains practically constdtert = 15 even if
the error is large after that time. To understand what happenwill analyze the
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Figure 8.10: Car with PI cruise control encountering a sloping road. The velocity ésro
shown on the left and the throttle is shown on the right. Results with a Pl contvatle

kp = 0:5 andk; = 0:0051, where the process pale 0:101, is shown by solid lines, and a
controller withkp = 0:5 andk; = 0:5 is shown by dashed lines. Compare with Figure 3.3b.

system. The parameters of the systemare 0:0101 andb = 1:32, and the
controller parameters akg = 0.5 andk; = 0:0051. The closed loop time constant
is 1=(bkp) = 2.5's, and we would expect that the error would settle in athOust
(4 time constants). The transfer functions from road slopestocity and control
signals are

bgkps :
(s a)(s+ bky)’
Notice that the canceled mode= a= 0:0101 appears iG,q but not inGyq.
The reason why the control signal remains constant is thaidhgoller has a zero

ats= 0:0101, which cancels the slowly decaying process mode. bittiat the
error would diverge if the canceled pole was unstable. N

Gug(s) = oo _.

Gug(9) = s+ bk’

The lesson we can learn from this example is that it is a bad tolégy to
cancel unstable or slow process poles. A more detailed skgmu of pole/zero
cancellations is given in Section 12.4.

Algebraic Loops

When analyzing or simulating a system described by a bloafgrdim, it is neces-
sary to form the differential equations that describe thegete system. In many
cases the equations can be obtained by combining the diffekequations that
describe each subsystem and substituting variables. Thesprocedure cannot
be used when there are closed loops of subsystems that alétdikect connection
between inputs and outputs, known asatgebraic loop

To see what can happen, consider a system with two blockst-®rder non-
linear system,

dx

qt foxu);  y=h(x); (8.21)
and a proportional controller described by ky. There is no direct term since
the functionh does not depend am In that case we can obtain the equation for
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the closed loop system simply by replacimgy Kkyin (8.21) to give

dx

i f(x; ky);  y=h(x):

Such a procedure can easily be automated using simple formautgulation.

The situation is more complicated if there is a direct termy 3f h(x; u), then
replacingu by Kkygives

D foo k) y=hoo k)
To obtain a differential equation fot, the algebraic equation= h(x; ky) must
be solved to givey = a(x), which in general is a complicated task.

When algebraic loops are present, it is necessary to sajeblic equations
to obtain the differential equations for the complete syst®esolving algebraic
loops is a nontrivial problem because it requires the symisolution of algebraic
equations. Most block diagram-oriented modeling langsagenot handle alge-
braic loops, and they simply give a diagnosis that such l@psresent. In the
era of analog computing, algebraic loops were eliminatethtvpducing fast dy-
namics between the loops. This created differential equsitiath fast and slow
modes that are dif cult to solve numerically. Advanced madgllanguages like
Modelica use several sophisticated methods to resolvéi@mpeoops.

8.4 The Bode Plot

The frequency response of a linear system can be computedtétransfer func-
tion by settings= iw, corresponding to a complex exponential

ut) = €™ = cogwt)+ isin(wt):
The resulting output has the form
y(t) = G(iw)e™ = Me™*/ = Mcogwt+ j )+ iMsin(wt+j );
whereM andj are the gain and phase Gf

ImG(iw)
"ReG(iw)’

The phase of is also called thargumenbf G, a term that comes from the theory
of complex variables.

It follows from linearity that the response to a single swids(sin or cos) is
ampli ed by M and phase-shifted bjy. Note that p<j p, so the arctangent
must be taken respecting the signs of the numerator and deatum It will often
be convenient to represent the phase in degrees rathemthians. \We will use the
notation\ G(iw) for the phase in degrees and &(@w) for the phase in radians.
In addition, while we always take a@(iw) to be in the rangé p;p], we will

M = jG(iw)j; j = arcta
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Figure 8.11: Bode plot of the transfer functid(s) = 20+ 10=s+ 10s corresponding to an
ideal PID controller. The top plot is the gain curve and the bottom plot is theghurve.
The dashed lines show straight-line approximations of the gain curve amttiesponding
phase curve.

take\ G(iw) to be continuous, so that it can take on values outside thgerah
180 to 180.

The frequency respon$&(iw) can thus be represented by two curves: the gain
curve and the phase curve. Téen curvegivesjG(iw)j as a function of frequency
w, and thephase curvegives\ G(iw). One particularly useful way of drawing
these curves is to use a log/log scale for the gain plot ang/krlear scale for the
phase plot. This type of plot is calledBmde plotand is shown in Figure 8.11.

Sketching and Interpreting Bode Plots

Part of the popularity of Bode plots is that they are easy &ickand interpret.
Since the frequency scale is logarithmic, they cover thedehaf a linear system

over a wide frequency range.
Consider a transfer function that is a rational functiomaf form

_ by(9)ba(9) .
9= a®a®

We have
logjG(s)j = logjbi(s)j + logjba(s)j logjai(s)j logjax(s)j;

and hence we can compute the gain curve by simply adding drichsting gains
corresponding to terms in the numerator and denominatorile8iyn

\ G(g) =\ by(9)+ \ () \a(s) \ ax(s);

and so the phase curve can be determined in an analogousrfashince a poly-
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Figure 8.12: Bode plots of the transfer functioi®(s) = & for k= 2; 1;0;1;2. On a
log-log scale, the gain curve is a straight line with sldpeUsing a log-linear scale, the
phase curves for the transfer functions are constants, with phagkte®@® k

nomial can be written as a product of terms of the type
ki s s+a &+ 2zas+a’

it suf ces to be able to sketch Bode diagrams for these terms. Bdde plot of a

complex system is then obtained by adding the gains and ploAsiee terms.
The simplest term in a transfer function is one of the fawherek > 0 if

the term appears in the numerator &d O if the term is in the denominator. The
gain and phase of the term are given by

logjG(iw)j = klogw: \ G(iw)= 90k:

The gain curve is thus a straight line with sldpend the phase curve is a constant

at90 k. The case whek= 1 corresponds to a differentiator and has slope 1 with

phase 90. The case whek= 1 corresponds to an integrator and has slofe

with phase 90 . Bode plots of the various powerslofire shown in Figure 8.12.
Consider next the transfer function of a rst-order systeiveqg by

a .
G(9) = st a
We have ial
1G(9) = o aj; \G(9=\(a) \(s+a);
and hence

logjG(iw)j = loga %Iog(w2+ a’); \ G(iw) = 1psoarctang:

The Bode plot is shown in Figure 8.13a, with the magnitude nbzed by the
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Figure 8.13: Bode plots for rst- and second-order systems. (a) The rst-orsigstem

G(s) = a=(s+ a) can be approximated by asymptotic curves (dashed) in both the gain and
the frequency, with the breakpoint in the gain curvevat a and the phase decreasing by 90
over a factor of 100 in frequency. (b) The second-order sys¥¢sh= W§=(52+ 2ZWps+

wg) has a peak at frequeneyand then a slope of 2 beyond the peak; the phase decreases
from O to 180. The height of the peak and the rate of change of phase depending on th
damping ratiaz (z = 0:02, 0.1, 0.2, 0.5 and 1.0 shown).

zero frequency gain. Both the gain curve and the phase carvbe approximated
by the following straight lines

. loga if w< a
g G(iw) ?ogw if w> g;
8 el
20 if w< a=10
\ G(iw) S 45 4Y5logw loga) a=10< w< 10a
90 if w> 10a.

The approximate gain curve consists of a horizontal line ujpeiguencyw = a,
called thebreakpointor corner frequencyafter which the curve is a line of slope
1 (on a log-log scale). The phase curve is zero up to frequant§ and then
decreases linearly by 4&lecade up to frequency 40at which point it remains
constant at 90 Notice that a rst-order system behaves like a constantdor |
frequencies and like an integrator for high frequenciesngare with the Bode

plot in Figure 8.12.
Finally, consider the transfer function for a second-orgstem,

2
Wa

G(9= 5
= 33 azs+ w3
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for which we have
logjG(iw)j = 2logwg %Iog wh+ 2W3wA (222 1)+ wf ;

. 1 2
\ G(iw) = E)arcta EWOWZ:
p w5 w

The gain curve has an asymmptote with zero slopesfor wp. For large val-
ues ofw the gain curve has an asymptote with slop2. The largest gaiQ =
maxy jG(iw)]  1=(2z), called theQ-value is obtained fow  wp. The phase
is zero for low frequencies and approaches 180 large frequencies. The curves
can be approxirFated with the following piecewise Iin(%arrexpions

ogiG(iw)j  ° fw= o\ giwy 0 TTwo

2logw ifw  wp; 180 ifw wp:

The Bode plotis shown in Figure 8.13b. Note that the asympapjizoximation is
poor neaw = a and that the Bode plot depends stronglyzonear this frequency.

Given the Bode plots of the basic functions, we can now skistetirequency
response for a more general system. The following exampistiites the basic
idea.

Example 8.8 Asymptotic approximation for a transfer function
Consider the transfer function given by

&= k(s+ b)

= X a b w:
(s+ a)(+ 2zwps+ W) 0

The Bode plot for this transfer function appears in Figure 8wlith the complete
transfer function shown as a solid line and the asymptofic@pmation shown as
a dashed line.

We begin with the gain curve. At low frequency, the magnitisigiven by
kb
G(0) ang
When we reach the pole at a, the gain begins to decrease with slop& until
it reaches the zero at= b. At that point, we increase the slope by 1, leaving the
asymptote with net slope 0. This slope is used until we reaekélond-order pole
ats= w, at which point the asymptote changes to slof We see that the gain
curve is fairly accurate except in the region of the peak efgacond-order pole
(since for this case is reasonably small).

The phase curve is more complicated since the effect of thegpbteetches out
much further. The effect of the pole beginssat a=10, at which point we change
from phase 0 to a slope of45 /decade. The zero begins to affect the phase at
s= b=10, producing a at section in the phase. gt 10a the phase contributions
from the pole end, and we are left with a slope of #d&cade (from the zero). At
the location of the second-order pote, iw;, we get a jump in phase of180.
Finally, ats= 10b the phase contributions of the zero end, and we are left with a
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Figure 8.14: Asymptotic approximation to a Bode plot. The thin line is the Bode plot for
the transfer functiol(s) = k(s+ b)=(s+ a)(s?+ 2zwps+ WS), wherea b wp. Each
segment in the gain and phase curves represents a separate pottienapproximation,
where either a pole or a zero begins to have effect. Each segmentagpheximation is a
straight line between these points at a slope given by the rules for comphéreffects of
poles and zeros.

phase of 180 degrees. We see that the straight-line approximatiothéophase
is not as accurate as it was for the gain curve, but it doesizafite basic features
of the phase changes as a function of frequency. N

The Bode plot gives a quick overview of a system. Since any bicgna be
decomposed into a sum of sinusoids, it is possible to viseidlie behavior of a
system for different frequency ranges. The system can beedes a lter that can
change the amplitude (and phase) of the input signals aicgptad the frequency
response. For example, if there are frequency ranges whergdin curve has
constant slope and the phase is close to zero, the actior afygiem for signals
with these frequencies can be interpreted as a pure gainla8imior frequencies
where the slope is +1 and the phase close tq 8@ action of the system can be
interpreted as a differentiator, as shown in Figure 8.12.

Three common types of frequency responses are shown in Figlse he
system in Figure 8.15a is called@w-pass lter because the gain is constant for
low frequencies and drops for high frequencies. Notice tiratphase is zero for
low frequencies and 180 for high frequencies. The systems in Figure 8.15b and
c are called dand-pass Iterandhigh-pass lterfor similar reasons.

To illustrate how different system behaviors can be reachftibe Bode plots
we consider the band-pass lter in Figure 8.15h. For frequesmaroundy = wy,
the signal is passed through with no change in gain. Howéweirequencies well
below or well aboveny, the signal is attenuated. The phase of the signal is also
affected by the lter, as shown in the phase curve. For fregisgsnbelowa=100
there is a phase lead of 9Gand for frequencies above l®€here is a phase lag
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Figure 8.15: Bode plots for low-pass, band-pass and high-pass Iters. The top aletthe
gain curves and the bottom plots are the phase curves. Each systess foragsencies in a
different range and attenuates frequencies outside of that range.

of 90 . These actions correspond to differentiation and integnadf the signal in
these frequency ranges.

Example 8.9 Transcriptional regulation in a biological circuit

Consider a genetic circuit consisting of a single gene. W&hwo study the re-
sponse of the protein concentration to uctuations in the MRlynamics. We
consider two cases: eonstitutive promotefno regulation) and self-repression
(negative feedback), illustrated in Figure 8.16. The dynamicthe system are
given by

dm _ . dp_ :

g - a gm u gt = pm dp;

whereu is a disturbance term that affects mMRNA transcription.

For the case of no feedback we havgp) = ag, and the system has an equi-
librium point atme = ag=g, pe = b=d-ap=g. The transfer function fromrto pis
given by
b

ol — .
9= v g a)
For the case of negative regulation, we have

a(p)= lf’f(pq

+ ao;

and the equilibrium points satisfy

_d__a . _gd
me— bpev 1+ km O_grrb_ b

Pe:
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Figure 8.16: Noise attenuation in a genetic circuit. The open loop system (a) consists
of a constitutive promoter, while the closed loop circuit (b) is self-regdlatgh negative
feedback (repressor). The frequency response for eachitégstown in (c).

The resulting transfer function is given by

b ) o= 2bakpe
(s+ g)(st d)+ bs’ -~ (Q+kp)?

Figure 8.16c shows the frequency response for the two cicie see that the
feedback circuit attenuates the response of the systensturloiances with low-
frequency content but slightly ampli es disturbances atHiggquency (compared
to the open loop system). Notice that these curves are vmilasito the frequency
response curves for the op amp shown in Figure 8.3b.

SYCE

N

Transfer Functions from Experiments

The transfer function of a system provides a summary of thetloptput response
and is very useful for analysis and design. However, modeiiom rst prin-
ciples can be dif cult and time-consuming. Fortunately, van often build an
input/output model for a given application by directly maasg the frequency re-
sponse and tting a transfer function to it. To do so, we pdrttire input to the
system using a sinusoidal signal at a xed frequency. Wheadststate is reached,
the amplitude ratio and the phase lag give the frequencynsspfor the excitation
frequency. The complete frequency response is obtained &gEng over a range
of frequencies.

By using correlation techniques it is possible to deterntireefrequency re-
sponse very accurately, and an analytic transfer functionbe obtained from the
frequency response by curve tting. The success of this amprdas led to in-
struments and software that automate this process, cgectrum analyzerdhVe
illustrate the basic concept through two examples.



262 CHAPTER 8. TRANSFER FUNCTIONS

Gain

Laser

Cantilever

Sweep Piezo 0
geneata [ x,y| drive Z
2 90t
Amplifier —|Controller—| Amplifier g
-180 Measured
Deflection reference—I 270} = — —Model \
10° 10° 10'
Frequency [Hz]
(a) AFM block diagram (b) Frequency response

Figure 8.17: Frequency response of a preloaded piezoelectric drive for an aforn&mi-
croscope. (a) A schematic indicating the measured input (the voltage doitkeampli er)

and output (the output of the ampli er measuring beam de ection). (lBadte plot of the
measured transfer function (solid) and the tted transfer functionHeld}s

Example 8.10 Atomic force microscope

To illustrate the utility of spectrum analysis, we considee dynamics of the
atomic force microscope, introduced in Section 3.5. Expantaledetermination
of the frequency response is particularly attractive fds #ystem because its dy-
namics are very fast and hence experiments can be doneyuicktpical exam-
ple is given in Figure 8.17, which shows an experimentalledained frequency
response (solid line). In this case the frequency respoaseoltained in less than
a second. The transfer function

KWawswz(s?+ 2zywys+ WE)(S%+ 2zawgs+ w2)e ST _
W2AWE(S?+ 2ZoWos+ W3)(SP+ 2Z3Wss+ W3)(SP+ 2ZsWes+ W2)'

G(9) =

with wg = 2pfx and fy = 2.42 kHz,z; = 0:03, f, = 2.55kHz,z, = 0:03, f3 =
6.45 kHz,z3 = 0:042, f4 = 8.25 kHz,z4 = 0:025, fs = 9.3 kHz,z5 = 0:032,T =
10 4 andk = 5, was t to the data (dashed line). The frequencies associated
with the zeros are located where the gain curve has mininththanfrequencies
associated with the poles are located where the gain cus/bal maxima. The
relative damping ratios are adjusted to give a good t to maxiamd minima.
When a good t to the gain curve is obtained, the time delay jsstdd to give a
good t to the phase curve. The piezo drive is preloaded, andhalsi model of
its dynamics is derived in Exercise 3.7. The pole at 2.42 kHresponds to the
trampoline mode derived in the exercise; the other res@sae higher modes.
N

Example 8.11 Pupillary light re ex dynamics
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Figure 8.18: Light stimulation of the eye. In (a) the light beam is so large that it always
covers the whole pupil, giving closed loop dynamics. In (b) the light isi$ed into a beam
which is so narrow that it is not in uenced by the pupil opening, givingiojpop dynamics.

In (c) the light beam is focused on the edge of the pupil opening, whishtheeffect of
increasing the gain of the system since small changes in the pupil openiegtarge effect

on the amount of light entering the eye. From Stark [Sta68].

The human eye is an organ that is easily accessible for exgetanit has a control
system that adjusts the pupil opening to regulate the ligienisity at the retina.

This control system was explored extensively by Stark in th@0$gSta68].
To determine the dynamics, light intensity on the eye wagedaginusoidally and
the pupil opening was measured. A fundamental dif culty iattthe closed loop
system is insensitive to internal system parameters, slysasa@f a closed loop
system thus gives little information about the internalpenies of the system.
Stark used a clever experimental technique that allowed bdimviestigate both
open and closed loop dynamics. He excited the system byngiie intensity
of a light beam focused on the eye and measured pupil arefysisated in Fig-
ure 8.18. By using a wide light beam that covers the wholelptiy@ measurement
gives the closed loop dynamics. The open loop dynamics wegenaal by using
a narrow beam, which is small enough that it is not in uencedhsypupil open-
ing. The result of one experiment for determining open loopadfyics is given
in Figure 8.19. Fitting a transfer function to the gain curveegia good t for
G(s) = 0:17=(1+ 0:08s). This curve gives a poor t to the phase curve as shown
by the dashed curve in Figure 8.19. The t to the phase curve isaagu by
adding a time delay, which leaves the gain curve unchangel@ whbstantially
modifying the phase curve. The nal t gives the model

0:17 0:2s.

G(s) = me

The Bode plot of this is shown with solid curves in Figure 8.1%ddling of the
pupillary re ex from rst principles is discussed in detail [KS01]. N

Notice that for both the AFM drive and pupillary dynamics itrist easy to
derive appropriate models from rst principles. In practigeis often fruitful
to use a combination of analytical modeling and experinmedtnti cation of
parameters. Experimental determination of frequency mespds less attractive
for systems with slow dynamics because the experiment &l time.
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Figure 8.19: Sample curves from an open loop frequency response of the et)eafef a
Bode plot for the open loop dynamics (right). The solid curve showsodithe data using a
third-order transfer function with time delay. The dashed curve in theeBdat is the phase
of the system without time delay, showing that the delay is needed to pragagtyre the
phase. (Figure redrawn from the data of Stark [Sta68].)

8.5 Laplace Transforms

Transfer functions are conventionally introduced usinglaeg@ transforms, and in
this section we derive the transfer function using this faliem. We assume basic
familiarity with Laplace transforms; students who are nobifaar with them can
safely skip this section. A good reference for the matherahtnaterial in this
section is the classic book by Widder [Wid41].

Traditionally, Laplace transforms were used to computearses of linear
systems to different stimuli. Today we can easily generagerésponses using
computers. Only a few elementary properties are neededafic lcontrol appli-
cations. There is, however, a beautiful theory for Laplacesfiams that makes
it possible to use many powerful tools from the theory of fiores of a complex
variable to get deep insights into the behavior of systems.

Consider a functiorf(t), f : R* | R, that is integrable and grows no faster
thane®! for some nite sp 2 R and larget. The Laplace transform magfsto a
functionF =L f:C! C ofacomplexvariable. Itis de ned by

Zy
F(= e Stf(t)dt; Res> s (8.22)
0

The transform has some properties that makes it well suitetbéd with linear
systems.
First we observe that the transform is linear because
Zy
L (af+ bg)= e Si(af(t)+ bg(t)) dt
% Zy (8.23)
=a e Stf(t)dt+ b N Stg(t)dt = aL f+ bL g
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Next we calculate the Laplace transform of the derivative fofnetion. We have

¥
g= e Sfqt)dt=e Sf(t) +s e Sf(t)dt= f(0)+ sL f;
dt 0 0 0
where the second equality is obtained using integrationasisp\We thus obtain
L (;I =sL f f(0)= sF(s) f(0): (8.24)

This formula is particularly simple if the initial conditisrare zero because it fol-
lows that differentiation of a function corresponds to riplitation of the trans-
form bys.

Since differentiation corresponds to multiplication §ywe can expect that
integration corresponds to division ByThis is true, as can be seen by calculating
the Laplace transform of an integral. Using integration bstgpave get

Zt Z¥ Zt
L f(t)dt= e St f(t)dt dt
0 0 0
e stZt y Lyt 14 ¥ o
= — f(t)dt + f(t)dt = = f(t)dt;
o, fodt o+ S f(n)de= o e “H(ydt;
hence Z, 1 1
L f(t)dt=-L f= ZF(9: (8.25)
0 s S

Next consider a linear time-invariant system with zeroahistate. We saw in
Section 5.3 that the relation between the inp@nd the outpuy is given by the
convolution integral Zy

y(t) = o h(t t)u(t)dt;

whereh(t) is the impulse response for the system. Taking the Laplaosfoem
of this expression, we have

¥ Zy Zy
Y(9= e Syt)dt= e St ht t)u(t)dtdt
ZO 7 0 0
¥-t
= e St De Sht  t)u(t)dt dt
2, ° Zy

, € Stu(t) dt , € Sth(t) dt = H(s)U(s):

Thus, the input/output response is givenYas) = H(s)U(s), whereH, U and

Y are the Laplace transforms bf u andy. The system theoretic interpretation
is that the Laplace transform of the output of a linear syste product of two
terms, the Laplace transform of the inpuifs) and the Laplace transform of the
impulse response of the systdafi{s). A mathematical interpretation is that the
Laplace transform of a convolution is the product of the tfammss of the functions
that are convolved. The fact that the formilés) = H(s)U(s) is much simpler
than a convolution is one reason why Laplace transforms hewerbe popular in
engineering.
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We can also use the Laplace transform to derive the trangfetifun for a state
space system. Consider, for example, a linear state spatsyescribed by
dx

—— = Ax+ Bu; = Cx+ Du:
dt y

Taking Laplace transformsnder the assumption that all initial values are zero
gives
SX(s) = AX(s)+ BU(s) Y(s) = CX(s)+ DU(9):

Elimination of X(s) gives
Y(s)= C(sl A) B+ D U(s): (8.26)

The transfer function i§(s) = C(sl A) B+ D (compare with equation (8.4)).

8.6 Further Reading

The idea of characterizing a linear system by its steadg-sé&ponse to sinusoids
was introduced by Fourier in his investigation of heat cantigun in solids [FouO7].
Much later, it was used by the electrical engineer Steinmétz wtroduced thew
method for analyzing electrical circuits. Transfer funos were introduced via
the Laplace transform by Gardner Barnes [GB42], who also tissa to calcu-
late the response of linear systems. The Laplace transformvergsimportant
in the early phase of control because it made it possible totradsients via ta-
bles (see, e.g., [INP47]). Combined with block diagramsy teeve a powerful
technigue of dealing with complex systems. Calculationesponses based on
Laplace transform is less important today, when responsésear systems can
easily be generated using computers. There are many exdatieks on the use
of Laplace transforms and transfer functions for modelind analysis of linear
input/output systems. Traditional texts on control sucfDa304], [FPENO5] and
[Oga01l] are representative examples. Pole/zero cancellais one of the mys-
teries of early control theory. It is clear that common fastocan be canceled in
a rational function, but cancellations have system the&mletonsequences that
were not clearly understood until Kalman's decompositiba tnear system was
introduced [KHNG63]. In the following chapters, we will useshsfer functions
extensively to analyses stability and to describe modeéraimty.

Exercises

8.1 Let G(9s) be the transfer function for a linear system. Show that if we ap
ply an inputu(t) = Asin(wt), then the steady-state output is given W) =
jG(iw)jAsin(wt + argG(iw)). (Hint: Start by showing that the real part of a com-
plex number is a linear operation and then use this fact.)
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8.2 Show that the transfer function of a system depends only omyhamics
in the reachable and observable subspace of the Kalman gesition. (Hint:
Consider the representation given by equation (7.27).)

8.3 Consider the system

dx_ ax+ u:
dt '

Compute the exponential response of the system and use thesive the transfer
function fromu to y. Show that whers= a, a pole of the transfer function, the
response to the exponential inpugt) = e is x(t) = e*x(0) + te.

8.4 A model for an inverted pendulum was introduced in Example [R&lecting
damping and linearizing the pendulum around the uprighitiposgives a linear
system chargcterized b)é the matrgces

a=3 0 1 B—go; c=t10; D=0
_mglz\][ o’ 1 _.1:\][, ’ - ’ -
Determine the transfer function of the system.
8.5 Consider the differential equation
dny dan ly B dn 1u dan 2u .
am P Agm T tayE bigem bt bl

() Letl be aroot of the characteristic polynomial
S+ s '+ +a,=0
Show that ifu(t) = 0 the differential equation has the solutig(t) = € t.
(b) Letk be a zero of the polynomial
b(s) = bis" 1+ bos" 2+ + by

Show that if the input isu(t) = €<t, then there is a solution to the differential
equation that is identically zero.

8.6 Consider the operational ampli er introduced in Section 318 analyzed in
Example 8.1. A PI controller can be constructed using an op gnmpdacing the
resistorR; with a resistor and capacitor in series, as shown in Figur@. 3The
resulting transfer function of the circuit is given by

i kCs
Cs (KRiC+ R,C)s+ 1

wherek is the gain of the op am|®; andR; are the resistances in the compensation
network andC is the capacitance.

G(s) = Ry +

(a) Sketch the Bode plot for the system under the assumptaikth R, > R;.
You should label the key features in your plot, including ¢fagn and phase at low
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frequency, the slopes of the gain curve, the frequenciehitwhe gain changes
slope, etc.

(b) Suppose now that we include some dynamics in the ampligQulined in
Example 8.1. This would involve replacing the g&iwith the transfer function

k
(9= 1+ sT’
Compute the resulting transfer function for the system, (igplacek with G(s))
and nd the poles and zeros assuming the following parametieles

R
2=-100 k=10, RC=1 T=00L

(c) Sketch the Bode plot for the transfer function in part (bing straight line
approximations and compatre this to the exact plot of thesfearfunction (using
MATLAB). Make sure to label the important features in your plot
8.7 Consider the linear state space system
dx
— = Ax+ Bu; =Cx
dt y
Show that the transfer function is
bis" 1+ bps" 2+ + by
ST+ a1+ +a,

G(s) =

where
by = CB; by=CAB+aCB; :::; by=CA" !B+ aCA" 1B+ +a, |CB
and/ (s)= "+ ays” 1+  + a, is the characteristic polynomial féx.

8.8 Using block diagram algebra, show that the transfer funstioomd to y and
ntoyin Figure 8.7 are given by
d = y n 1 y
1;+;PC 1;,+;PC

8.9 Consider the lateral dynamics of a vectored thrust airaaftescribed in
Example 2.9. Show that the dynamics can be described usingltbeihg block

diagram:
m ! 71 — X
J? - M % m&+ cs

r q

Up -

Use this block diagram to compute the transfer functionsifog to g andx and
show that they satisfy

oo oo = J$ mgr
N T I2(mE+ ¢y
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8.10 (Pole/zero cancellation) Consider a closed loop systemeofdahm of Fig-
ure 8.7, withF = 1 andP andC having a common pole. Show that if each system
is written in state space form, the resulting closed loopesyss not reachable and
not observable.

8.11 Consider the TCP/AQM model described in Section 3.4. Show tlealirih
earized model can be described by the transfer functions

Nwee fS N _
+ th’ GWq(S) = t + ’
teSt+ € Oe(teS+ OeWe)

where(we; be) is the equilibrium point for the systery, is the number of sources,
te is the steady-state round-trip time andis the forward propagation time.

Gpw(s) = Gon(9 = T

8.12(Inverted pendulum with PD control) Consider the normalizeerted pen-
dulum system, whose transfer function is giverfgg) = 1=(s> 1) (Exercise 8.4).
A proportional-derivative control law for this system hearisfer functiorC(s) =
Kp+ kgs (see Table 8.1). Suppose that we choGég) = a(s 1). Compute the
closed loop dynamics and show that the system has good rigaokireference
signals but does not have good disturbance rejection pieper

8.13(Vehicle suspension [HB90]) Active and passive dampinguae in cars to
give a smooth ride on a bumpy road. A schematic diagram of ithra damping
system in shown in the gure below.

This model is called guarter car modeland the car is approximated with two
masses, one representing one fourth of the car body andliee atwheel. The
actuator exerts a forde between the wheel and the body based on feedback from
the distance between the body and the center of the wheeak(tespace.

Let xy, Xy andx; represent the heights of body, wheel and road measured from
their equilibria. A simple model of the system is given by Nemws equations for
the body and the wheel,

mp¥p = F; My¥w = F+ k(X Xw);
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wheremy is a quarter of the body massy, is the effective mass of the wheel
including brakes and part of the suspension systemutisprung magsandk; is
the tire stiffness. For a conventional damper consisting spring and a damper,
we haveF = k(xy Xp)+ c(Xw Xp). For an active damper the forée can be
more general and can also depend on riding conditions. Ridefort can be
characterized by the transfer functi@a,, from road height, to body accelera-
tion a= X,. Show that this transfer function has the propésty, (iwt) = k=my,
wherewt = = k=m\,, (thetire hop frequency The equation implies that there are
fundamental limitations to the comfort that can be achievigd any damper.

8.14(Vibration absorber) Damping vibrations is a common engjiimg problem.
A schematic diagram of a damper is shown below:

1
=

F
my
C1 [==] Ky
=

—

X1

T

The disturbing vibration is a sinusoidal force acting on magsand the damper
consists of the mass, and the sprind.. Show that the transfer function from
disturbance force to height of the massn, is

mps? + kp _
mmpst+ mpeys3+ (meko + ma(ky + k2)) 2+ kocys+ kika '
How should the massy and the stiffnes&, be chosen to eliminate a sinusoidal

oscillation with frequencywy. (More details are vibration absorbers is given in the
classic text by Den Hartog [DH85, pp. 87-93].)

GXlF =



Chapter Nine
Frequency Domain Analysis

Mr. Black proposed a negative feedback repeater and proved by tedti fflossessed the
advantages which he had predicted for it. In particular, its gain was condtam high
degree, and it was linear enough so that spurious signals caused bgtéraction of the
various channels could be kept within permissible limits. For best resultfe#uback factor
mbhad to be numerically much larger than unity. The possibility of stability with atfeek
factor larger than unity was puzzling.

Harry Nyquist, “The Regeneration Theory,” 1956 [Nyq56].

In this chapter we study how the stability and robustnestostd loop systems
can be determined by investigating how sinusoidal signadiéfierent frequencies
propagate around the feedback loop. This technique allowts vsason about
the closed loop behavior of a system through the frequennyagoproperties of
the open loop transfer function. The Nyquist stability thesoris a key result that
provides a way to analyze stability and introduce measurdegrees of stability.

9.1 The Loop Transfer Function

Determining the stability of systems interconnected bylbeek can be tricky be-
cause each system in uences the other, leading to potgntimtiular reasoning.
Indeed, as the quote from Nyquist above illustrates, thaehof feedback sys-
tems can often be puzzling. However, using the mathemdtaalework of trans-
fer functions provides an elegant way to reason about sustbsyg, which we call
loop analysis

The basic idea of loop analysis is to trace how a sinusoidab$jgropagates in
the feedback loop and explore the resulting stability byestigating if the prop-
agated signal grows or decays. This is easy to do becauseatisartission of
sinusoidal signals through a linear dynamical system isactarized by the fre-
quency response of the system. The key result is the Nyquaisilist theorem,
which provides a great deal of insight regarding the stighdf a system. Unlike
proving stability with Lyapunov functions, studied in Chiap4, the Nyquist crite-
rion allows us to determine more than just whether a systestalde or unstable.
It provides a measure of the degree of stability through thaitlon of stability
margins. The Nyquist theorem also indicates how an unstaisters should be
changed to make it stable, which we shall study in detail iagiérs 10-12.

Consider the system in Figure 9.1a. The traditional way torgeie if the
closed loop system is stable is to investigate if the cloeeg tharacteristic poly-
nomial has all its roots in the left half-plane. If the prae@sd the controller have
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r e u y B A
C(9) P(s) - — —= O

Y

(@) (b)

Figure 9.1: The loop transfer function. The stability of the feedback system (a) ean b
determined by tracing signals around the loop. Letting PC represent the loop transfer
function, we break the loop in (b) and ask whether a signal injected atadiiné A& has the
same magnitude and phase when it reaches point B.

rational transfer function®(s) = np(s)=dp(s) andC(s) = n¢(s)=d.(s), then the
closed loop system has the transfer function

PC _ Np(S)Ne(9) :
1+ PC dp(9de(9) + np(9nc(s)’

and the characteristic polynomial is
I (s)= dp(9)dc(s) + np(s)nc(s):

To check stability, we simply compute the roots of the chi@nastic polynomial
and verify that they each have negative real part. This apgprisestraightforward
but it gives little guidance for design: it is not easy to taiv the controller should
be modi ed to make an unstable system stable.

Nyquist's idea was to investigate conditions under whiatilizgions can occur
in a feedback loop. To study this, we introduce kbep transfer function (s) =
P(s)C(s), which is the transfer function obtained by breaking thedbsek loop,
as shown in Figure 9.1b. The loop transfer function is simpéyttansfer function
from the input at position A to the output at position B muigg by 1 (to account
for the usual convention of negative feedback).

We will rst determine conditions for having a periodic odation in the loop.
Assume that a sinusoid of frequenwy is injected at point A. In steady state the
signal at point B will also be a sinusoid with the frequemgy It seems reasonable
that an oscillation can be maintained if the signal at B hast#ime amplitude and
phase as the injected signal because we can then disconeéujeicted signal and
connect A to B. Tracing signals around the loop, we nd thatdtymals at A and
B are identical if

Gyr(9) =

Liiwg) = 1 (9.1)

which then provides a condition for maintaining an osditlat The key idea of
the Nyquist stability criterion is to understand when thas diappen in a general
setting. As we shall see, this basic argument becomes mbtie suhen the loop
transfer function has poles in the right half-plane.

Example 9.1 Loop transfer function for an operational ampli er circui t
Consider the op amp circuit in Figure 9.2a, whgfeandZ, are the transfer func-
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Z3
| vV Z e Z \% Vo
" —- S G
—WW— v 71 21+ 2o
V1 Vo
(a) Ampli er circuit (b) Block diagram

Figure 9.2: Loop transfer function for an op amp. The op amp circuit (a) has aimam
transfer functiorvo=v; = Z»(s)=Z1(s), whereZ; andZ, are the impedances of the circuit
elements. The system can be represented by its block diagram (b wkerow include
the op amp dynamidS(s). The loop transfer function is= 2,G=(Z; + Z5).

tions of the feedback elements from voltage to current. Tisefleedback because
voltagevs is related to voltage through the transfer functionG describing the op
amp dynamics and voltageis related to voltage, through the transfer function
Z1=(Z1 + Z). The loop transfer function is thus

Gz

Z1+ Zzl

Assuming that the currethtis zero, the current through the elemetsandZ; is
the same, which implies

(9.2)

Vi V V. Vo
Z; Z,

Solving forv gives
_ Zov+ Z1Vo _ Zovq Z]_GV_ Zo L

= = —=vi Lwv
Z1+ 2 Zi+2Z, 721G
Sincev, =  Gvthe input/output relation for the circuit becomes
I
GVZVl - Zm

A block diagram is shown in Figure 9.2b. It follows from (9.hat the condition

for oscillation of the op amp circuit is
Zy(iw)G(iw) _

Zy(iw) + Zo(iw)

L(iw) = (9.3)

~

N

One of the powerful concepts embedded in Nyquist's appraastability anal-
ysis is that it allows us to study the stability of the feedbagstem by looking at
properties of the loop transfer function. The advantage aiglthis is that it is
easy to see how the controller should be chosen to obtainisedédsop transfer
function. For example, if we change the gain of the contrptiee loop transfer
function will be scaled accordingly. A simple way to stat@lian unstable system
is then to reduce the gain so that th& point is avoided. Another way is to in-
troduce a controller with the property that it bends the lbapsfer function away
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(a) Nyquist D contour (b) Nyquist plot

Figure 9.3: The Nyquist contouG and the Nyquist plot. The Nyquist contour (a) encloses
the right half-plane, with a small semicircle around any polels(ef on the imaginary axis
(illustrated here at the origin) and an arc at in nity, representedRily ¥. The Nyquist
plot (b) is the image of the loop transfer functibfs) whens traversessin the clockwise
direction. The solid line corresponds > 0, and the dashed line tw < 0. The gain
and phase at the frequenayareg = jL(iw)j andj =\ L(iw). The curve is generated for
L(s) = L1:4e S=(s+ 1)2.

from the critical point, as we shall see in the next sectioiiffeBent ways to do
this, called loop shaping, will be developed and will be digged in Chapter 11.

9.2 The Nyquist Criterion

In this section we present Nyquist's criterion for deterimgnthe stability of a
feedback system through analysis of the loop transfer fomctVe begin by intro-
ducing a convenient graphical tool, the Nyquist plot, angshow it can be used
to ascertain stability.

The Nyquist Plot

We saw in the last chapter that the dynamics of a linear sysganbe represented
by its frequency response and graphically illustrated byodeBplot. To study
the stability of a system, we will make use of a different esg@ntation of the
frequency response calledNyquist plot The Nyquist plot of the loop transfer
functionL(s) is formed by tracing 2 C around the Nyquist “D contour,” consist-
ing of the imaginary axis combined with an arc at in nity comwtiag the endpoints
of the imaginary axis. The contour, denoted33 C, is illustrated in Figure 9.3a.
The image ofL(s) whens traversess gives a closed curve in the complex plane
and is referred to as the Nyquist plot fiofs), as shown in Figure 9.3b. Note that
if the transfer functioriL(s) goes to zero as gets large (the usual case), then the
portion of the contour “at in nity” maps to the origin. Furthapore, the portion of
the plot corresponding to < 0 is the mirror image of the portion witiv > 0.

There is a subtlety in the Nyquist plot when the loop transterction has
poles on the imaginary axis because the gain is in nite at thleg To solve this
problem, we modify the contoto include small deviations that avoid any poles
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on the imaginary axis, as illustrated in Figure 9.3a (assgraipole ofL(s) at the
origin). The deviation consists of a small semicircle to tightr of the imaginary
axis pole location.

The condition for oscillation given in equation (9.1) imithat the Nyquist
plot of the loop transfer function go through the point 1, which is called
thecritical point. Let w; represent a frequency at whith (iwe) = 180, corre-
sponding to the Nyquist curve crossing the negative real. driuitively it seems
reasonable that the system is stablg (iwg)j < 1, which means that the critical
point 1 is on the left-hand side of the Nyquist curve, as indicatefigure 9.3b.
This means that the signal at point B will have smaller amgétthan the in-
jected signal. This is essentially true, but there are séget#leties that require
a proper mathematical analysis to clear up. We defer thélsl&danow and state
the Nyquist condition for the special case whe(s) is a stable transfer function.

Theorem 9.1(Simpli ed Nyquist criterion) Let L(s) be the loop transfer function
for a negative feedback system (as shown in Figure 9.1a) asdnae that L has
no poles in the closed right half-plan®¢s 0) except for single poles on the
imaginary axis. Then the closed loop system is stable if arygl ibthe closed
contour given byW= fL(iw) : ¥ < w< ¥g C has no net encirclements of
s= L

The following conceptual procedure can be used to deternhiaethere are
no encirclements. Fix a pin at the critical pos®t 1, orthogonal to the plane.
Attach a string with one end at the critical point and the ptrethe Nyquist plot.
Let the end of the string attached to the Nyquist curve travdre whole curve.
There are no encirclements if the string does not wind up opithehen the curve
is encircled.

Example 9.2 Nyquist plot for a third-order system
Consider a third-order transfer function
1
L(g = —:

To compute the Nyquist plot we start by evaluating pointslaniimaginary axis
s= iw, which yields

1 (a iw?® _ a 3aw? i w? 322w
(iw+ a)3 - (@2+ w?)3 - (@2+ w?)3 (@2+ w?)3’
This is plotted in the complex plane in Figure 9.4, with the p®itorresponding
tow> 0drawn as a solid line anat < 0 as a dashed line. Notice that these curves
are mirror images of each other.

To complete the Nyquist plot, we computés) for s on the outer arc of the

Nyquist D contour. This arc has the foss Red for R! ¥. This gives
i 1
L(Ré) = —— | R! ¥:
(ReY) (Ré7+ a)3 0 as

Thus the outer arc of thB contour maps to the origin on the Nyquist plot. N

L(iw) =
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A ImL(iw)

\ \ Rel(iw)

Figure 9.4: Nyquist plot for a third-order transfer function. The Nyquist plot sists of a
trace of the loop transfer functidr(s) = 1=(s+ a)3. The solid line represents the portion
of the transfer function along the positive imaginary axis, and the ddsiethe negative
imaginary axis. The outer arc of the D contour maps to the origin.

An alternative to computing the Nyquist plot explicitly s determine the plot
from the frequency response (Bode plot), which gives thelistagurve fors= iw,
w > 0. We start by plottings(iw) from w = 0 to w = ¥, which can be read off
from the magnitude and phase of the transfer function. We pitet G(R€9) with
g 2 [p=2] andR! ¥, which almost always maps to zero. The remaining parts
of the plot can be determined by taking the mirror image ofdaheve thus far
(normally plotted using a dashed line). The plot can then beléd with arrows
corresponding to a clockwise traversal around the D con(itier same direction
in which the rst portion of the curve was plotted).

Example 9.3 Nyquist plot for a third-order system with a pole at the orign
Consider the transfer function

LI
s(s+ )%’

where the gain has the nominal vakre 1. The Bode plot is shown in Figure 9.5a.

The system has a single polesat 1 and a double pole at= 1. The gain curve

of the Bode plot thus has the slopd. for low frequencies, and at the double pole

s= 1 the slope changes to3. For smallswe havel.  k=s, which means that the

low-frequency asymptote intersects the unit gain linevat k. The phase curve

starts at 90 for low frequencies, it is 180 at the breakpointv = 1 and it is
270 at high frequencies.

Having obtained the Bode plot, we can now sketch the Nyqudatt phown
in Figure 9.5b. It starts with a phase oB0 for low frequencies, intersects the
negative real axis at the breakpomt= 1 wherelL(i) = 0:5 and goes to zero along
the imaginary axis for high frequencies. The small halfleif the G contour at
the origin is mapped on a large circle enclosing the right-plne. The Nyquist
curve does not encircle the critical point, and it followarfrthe simpli ed Nyquist
theorem that the closed loop is stable. Sih¢d = k=2, we nd the system
becomes unstable if the gain is increasek 02 or beyond. N

L(g) =

The Nyquist criterion does not require thhtiw:)j < 1 for all w correspond-
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(a) Bode plot (b) Nyquist plot

Figure 9.5: Sketching Nyquist and Bode plots. The loop transfer functidr{$p= 1=(s(s+

1)2). The large semicircle is the map of the small semicircle of@montour around the
pole at the origin. The closed loop is stable because the Nyquist cursendbencircle the
critical point. The point where the phase i480 is marked with a circle in the Bode plot.

ing to a crossing of the negative real axis. Rather, it sagsttie number of en-
circlements must be zero, allowing for the possibility ttiest Nyquist curve could
cross the negative real axis and cross back at magnitudategtban 1. The fact
that it was possible to have high feedback gains surpriseednly designers of
feedback ampli ers, as mentioned in the quote in the begmoirthis chapter.

One advantage of the Nyquist criterion is that it tells us fesystem is in-
uenced by changes of the controller parameters. For exantgkevery easy to
visualize what happens when the gain is changed since 8tisgales the Nyquist
curve.

Example 9.4 Congestion control
Consider the Internet congestion control system desciib8dction 3.4. Suppose
we haveN identical sources and a disturbandeepresenting an external data
source, as shown in Figure 9.6a. We also include a time delayeke the router
and the senders, representing the time delays betweenrtersend receiver.

To analyze the stability of the system, we use the transfestions computed
in Exercise 8.11:

Nwee {fS N

m; Gwg(s) = m; Gpn(9) = r;

Gow(S) =

where(we; be) is the equilibrium point for the systerl, is the number of sources,
te Is the steady-state round-trip time andis the forward propagation time.
The loop transfer function is given by

N 1 tes
: : e les:
tes+ e 'S Qe(teS+ QeWe)

L(g=r

Using the fact thatle 2N=w32 = 2N3=(t¢C)2 andwe = be=N = t.c=N, we can
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Figure 9.6: Internet congestion control. A set Nfsources using TCP/Reno send messages
through a single router with admission control (left). Link delays are iregiifdr the forward
and backward directions. The Nyquist plot for the loop transfer funasashown on the
right.

show that
N C3te3 tes.

tes+ e 1S 2N3(ct2s+ 2N?)

L(s=r-

Note that we have chosen the signlLdf) to use the same sign convention as in
Figure 9.1b. The exponential term representing the time dgiags signi cant
phase abovev = 1=t,, and the gain at the crossover frequency will determine
stability.

To check stability, we require that the gain be suf cientlyahat crossover. If
we assume that the pole due to the queue dynamics is suf gita#l that the TCP
dynamics are dominant, the gain at the crossover frequencygiven by

St rcdte
2NSctdw,  2Nwg

Using the Nyquist criterion, the closed loop system will Instable if this quantity

is greater than 1. In particular, for a xed time delay, thetsys will become un-
stable as the link capacityis increased. This indicates that the TCP protocol may
not be scalable to high-capacity networks, as pointed oulitdwy et al. [LPD02].
Exercise 9.8 provides some ideas of how this might be overcome

jL(iwg)j=r -N-

N

Conditional Stability

Normally, we nd that unstable systems can be stabilized by reducing the
loop gain. There are, however, situations where a systemeaiabilized by in-
creasing the gain. This was rst encountered by electricalrezggs in the design
of feedback ampli ers, who coined the teroonditional stability The problem
was actually a strong motivation for Nyquist to develop lhisdry. We will illus-
trate by an example.
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Figure 9.7: Nyquist curve for the loop transfer functid(s) = L4z The plot on the

right is an enlargement of the area around the origin of the plot on theTé#. Nyquist
curve intersections the negative real axis twice but has no net encincterof 1.

Example 9.5 Conditional stability for a third-order system
Consider a feedback system with the loop transfer function

3(s+ 6)2
L(s)=s((§+1))2:

The Nyquist plot of the loop transfer function is shown in Fig8r7. Notice that
the Nyquist curve intersects the negative real axis twice Tdt intersection oc-
cursatL = 12 forw = 2, and the second &t= 4:5 for w = 3. The intuitive
argument based on signal tracing around the loop in Figutei9.4trongly mis-
leading in this case. Injection of a sinusoid with frequeBegd/s and amplitude 1
at A gives, in steady state, an oscillation at B that is in phvaish the input and has
amplitude 12. Intuitively it is seems unlikely that closingthe loop will result
in a stable system. However, it follows from Nyquist's stéicriterion that the
system is stable because there are no net encirclements oftical point. Note,
however, that if welecreaseéhe gain, then we can get an encirclement, implying
that the gain must be suf ciently large for stability. N

(9.4)

General Nyquist Criterion

Theorem 9.1 requires thais) have no poles in the closed right half-plane. In
some situations this is not the case and a more general iesetjuired. Nyquist
originally considered this general case, which we sumreadrizhe following the-
orem.

Theorem 9.2(Nyquist's stability theorem) Consider a closed loop system with
the loop transfer function (s) that has P poles in the region enclosed by the
Nyquist contour. Let N be the net number of clockwise enairetgs of 1 by
L(s) when s encircles the Nyquist contdaim the clockwise direction. The closed
loop system then has=Z N+ P poles in the right half-plane.

The full Nyquist criterion states thatlif(s) hasP poles in the right half-plane,
then the Nyquist curve foL(s) should haveP counterclockwise encirclements
of 1 (sothatN= P). In particular, thigequiresthatjL(iw)j > 1 for somew,
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Figure 9.8: PD control of an inverted pendulum. (a) The system consists of a maisis th
balanced by applying a force at the pivot point. A proportional-déxigacontroller with
transfer functiorC(s) = k(s+ 2) is used to command based org. (b) A Nyquist plot of
the loop transfer function for gaikn= 2. There is one counterclockwise encirclement of the
critical point, givingN = 1 clockwise encirclements.

corresponding to a crossing of the negative real axis. Gasé¢dbe taken to get the
right sign of the encirclements. The Nyquist contour has twdeersed clockwise,
which means thatv moves from ¥ to ¥ andN is positive if the Nyquist curve
winds clockwise. If the Nyquist curve winds countercloc&eyi thenN will be
negative (the desired caseR$ 0).

As in the case of the simpli ed Nyquist criterion, we use sns&iicircles of
radiusr to avoid any poles on the imaginary axis. By letting O, we can use
Theorem 9.2 to reason about stability. Note that the imagleeo$inall semicircles
generates a section of the Nyquist curve whose magnitudeagies in nity,
requiring care in computing the winding number. When phattNyquist curves
on the computer, one must be careful to see that such polgsarerly handled,
and often one must sketch those portions of the Nyquist glbgimd, being careful
to loop the right way around the poles.

Example 9.6 Stabilization of an inverted pendulum

The linearized dynamics of a normalized inverted pendulumbearepresented by
the transfer functio(s) = 1=(s> 1), where the input is acceleration of the pivot
and the output is the pendulum anglgas shown in Figure 9.8 (Exercise 8.4). We
attempt to stabilize the pendulum with a proportionalgsive (PD) controller
having the transfer functio@(s) = k(s+ 2). The loop transfer function is

k(s+ 2)
£ 1
The Nyquist plot of the loop transfer function is shown in Fig@.8b. We have
L(0)= kandL(¥)= 0, and the Nyquist curve is actually an ellipsek # 1, the
Nyquist curve encircles the critical poist 1 in the counterclockwise direction
when the Nyquist contouyis encircled in the clockwise direction. The number of
encirclements is thud = 1. Since the loop transfer function has one pole in the
right half-plane P= 1), we ndthatZ= N+ P= 0 and the system is thus stable
fork> 1. If k< 1, there is no encirclement and the closed loop will have ahe p

L(s) =
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in the right half-plane. N

Derivation of Nyquist's Stability Theorem

We will now prove the Nyquist stability theorem for a gendaoap transfer func-
tion L(s). This requires some results from the theory of complex végkfor
which the reader can consult Ahlfors [Ahl66]. Since some igien is needed in
stating Nyquist's criterion properly, we will use a more imamatical style of pre-
sentation. We also follow the mathematical convention afntimg encirclements
in the counterclockwise direction for the remainder of g8stion. The key result
is the following theorem about functions of complex varesbl

Theorem 9.3(Principle of variation of the argumentl.et D be a closed region in
the complex plane and I& be the boundary of the region. Assume the function
f:C! Cisanalyticin D and orG, except at a nite number of poles and zeros.
Then thewinding numbemv, is given by
151,
2pi (2
whereDg is the net variation in the angle along the contddrZ is the number
of zeros and P is the number of poles in D. Poles and zeros dipticity m are
counted m times.

1
Wh = EDeargf(Z)— N P

Proof. Assume thatz= ais a zero of multiplicitym. In the neighborhood af= a

we have
f(9=(z a"g(2);

where the functiom is analytic and different from zero. The ratio of the derivati
of f to itself is then given by

f9_ m  d@
f z a 9@

and the second term is analyticzt a. The functionf®f thus has a single pole
atz= awith the residuen. The sum of the residues at the zeros of the function is
Z. Similarly, we nd that the sum of the residues of the poles of B, and hence

Z Z
P= focz(zz)) dz= G(;jzlog f(2)dz= Dglog f(2);
whereDg again denotes the variation along the cont@uve have
logf(2) = logjf(2)j+ iargf(2);
and since the variation ¢f (2)j around a closed contour is zero it follows that
Dglog f(2) = iDgargf(2);

and the theorem is proved. O
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This theorem is useful in determining the number of poles amdsof a func-
tion of complex variables in a given region. By choosing aprapriate closed
regionD with boundaryG, we can determine the difference between the number
of poles and zeros through computation of the winding number

Theorem 9.3 can be used to prove Nyquist's stability theorgchloosingGas
the Nyquist contour shown in Figure 9.3a, which enclosesigte half-plane. To
construct the contour, we start with part of the imaginangaxR s jRanda
semicircle to the right with radiuB. If the functionf has poles on the imaginary
axis, we introduce small semicircles with radiio the right of the poles as shown
in the gure. The Nyquist contour is obtained by lettiR ¥ andr! 0. Note
that G has orientatioroppositethat shown in Figure 9.3a. (The convention in
engineering is to traverse the Nyquist contour in the cldskwdirection since this
corresponds to moving upwards along the imaginary axisghvitiakes it easy to
sketch the Nyquist contour from a Bode plot.)

To see how we use the principle of variation of the argumenbtopute stabil-
ity, consider a closed loop system with the loop transfecfiam L(s). The closed
loop poles of the system are the zeros of the funcfiG= 1+ L(s). To nd the
number of zeros in the right half-plane, we investigate tlmedimg number of the
function f(s) = 1+ L(s) ass moves along the Nyquist conto@in the counter-
clockwisedirection. The winding number can conveniently be deteradhifiem
the Nyquist plot. A direct application of Theorem 9.3 gives tyquist criterion,
taking care to ip the orientation. Since the image of L(s) is a shifted version
of L(s), we usually state the Nyquist criterion as net encirclemehthe 1 point
by the image oL (9).

9.3 Stability Margins

In practice itis not enough that a system is stable. There atsizsbe some margins
of stability that describe how stable the system is and isiIsthess to perturba-
tions. There are many ways to express this, but one of the rooshon is the use
of gain and phase margins, inspired by Nyquist's stabilittecion. The key idea
is that it is easy to plot the loop transfer functib(s). An increase in controller
gain simply expands the Nyquist plot radially. An increasdhe phase of the
controller twists the Nyquist plot. Hence from the Nyquikitpwe can easily pick
off the amount of gain or phase that can be added without cguke system to
become unstable.

Formally, thegain margin g, of a system is de ned as the smallest amount that
the open loop gain can be increased before the closed lotgnsygpes unstable.
For a system whose phase decreases monotonically as aofuétirequency
starting at 0, the gain margin can be computed based on the smallest fregue
where the phase of the loop transfer functig(s) is 180 . Let wpc represent
this frequency, called thghase crossover frequencihen the gain margin for the
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Figure 9.9: Stability margins. The gain margi, and phase margihy, are shown on the
the Nyquist plot (a) and the Bode plot (b). The gain margin correspémdhe smallest
increase in gain that creates an encirclement, and the phase margin risalfesschange
in phase that creates an encirclement. The Nyquist plot also shows bilgystaargin sy,
which is the shortest distance to the critical poirit.

system is given by
1

- jL(inc)j .

Similarly, thephase margins the amount of phase lag required to reach the sta-
bility limit. Let wyc be thegain crossover frequencthe smallest frequency where
the loop transfer functioh(s) has unit magnitude. Then for a system with mono-
tonically decreasing gain, the phase margin is given by

Om (9.5)

Jm= p+ argL(iwg); (9.6)

These margins have simple geometric interpretations on ylogiilst diagram
of the loop transfer function, as shown in Figure 9.9a, wheeehave plotted
the portion of the curve corresponding w> 0. The gain margin is given by
the inverse of the distance to the nearest point betwekand 0 where the loop
transfer function crosses the negative real axis. The phasgimis given by the
smallest angle on the unit circle betweerd and the loop transfer function. In
the case when the gain or phase is monotonic, this geometeipretation agrees
with the formulas above.

A drawback with gain and phase margins is that it is necedsagive both of
them in order to guarantee that the Nyquist curve is not dioske critical point.
An alternative way to express margins is by a single numhbeistability margin
Sm, Which is the shortest distance from the Nyquist curve tactitecal point. This
number is related to disturbance attenuation, as will beudised in Section 11.3.

For many systems, the gain and phase margins can be detdrfmme the
Bode plot of the loop transfer function. To nd the gain margie rst nd the
phase crossover frequenay,. where the phase is180. The gain margin is
the inverse of the gain at that frequency. To determine tlas@imargin we rst
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Figure 9.10: Stability margins for a third-order transfer function. The Nyquist plottos
left allows the gain, phase and stability margins to be determined by megtiueidistances
of relevant features. The gain and phase margins can also be fedidhef Bode plot on the

right.

determine the gain crossover frequengy, i.e., the frequency where the gain of
the loop transfer function is 1. The phase margin is the phadedoop transfer
function at that frequency plus 180Figure 9.9b illustrates how the margins are
found in the Bode plot of the loop transfer function. Notetthi@e Bode plot
interpretation of the gain and phase margins can be indafréere are multiple
frequencies at which the gain is equal to 1 or the phase id émud80 .

Example 9.7 Third-order transfer function

Consider a loop transfer functidr(s) = 3=(s+ 1)3. The Nyquist and Bode plots
are shown in Figure 9.10. To compute the gain, phase andistabdrgins, we
can use the Nyquist plot shown in Figure 9.10. This yields tlleviang values:

Om= 2:67, Jm=41.7; Sn= 0:464
The gain and phase margins can also be determined from thedutde N

The gain and phase margins are classical robustness metsairaave been
used for a long time in control system design. The gain magyimeall de ned if
the Nyquist curve intersects the negative real axis oncealagously, the phase
margin is well de ned if the Nyquist curve intersects the uriittle at only one
point. Other more general robustness measures will bedintexd in Chapter 12.

Even if both the gain and phase margins are reasonable, ttersysay still
not be robust, as is illustrated by the following example.

Example 9.8 Good gain and phase margins but poor stability margins
Consider a system with the loop transfer function

0:38(+ 0:1s+ 0:55)
S(s+ 1)(s?+ 0:06s+ 0:5)

A numerical calculation gives the gain margingas= 266, and the phase margin
is 70 . These values indicate that the system is robust, but the islyqurve is

L(s) =
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Figure 9.11: System with good gain and phase margins but a poor stability margin. Nyquis
(a) and Bode (b) plots of the loop transfer function and step respahser (@ system with
good gain and phase margins but with a poor stability margin. The Nydoissipows on

the portion of the curve correspondingwo> O.

still close to the critical point, as shown in Figure 9.11. Tkebdity margin is
Sm = 0:27, which is very low. The closed loop system has two resonaues,
one with damping rati@ = 0:81 and the other witlz = 0:014. The step response
of the system is highly oscillatory, as shown in Figure 9.11c. N

The stability margin cannot easily be found from the Bode pliothe loop
transfer function. There are, however, other Bode plotsifibgive sy; these will
be discussed in Chapter 12. In general, it is best to use tl@iblyplot to check
stability since this provides more complete informatioarttthe Bode plot.

When designing feedback systems, it will often be usefuleme the robust-
ness of the system using gain, phase and stability margireseTimumbers tell us
how much the system can vary from our nominal model and stibtable. Rea-
sonable values of the margins are phase mgrgir 30 —60 , gain margingy, =
2-5 and stability margisy,, = 0.5-0.8.

There are also other stability measures, such adeksy margin which is the
smallest time delay required to make the system unstablelobp transfer func-
tions that decay quickly, the delay margin is closely reldtethe phase margin,
but for systems where the gain curve of the loop transfertiontas several peaks
at high frequencies, the delay margin is a more relevant uneas

Example 9.9 AFM nanopositioning system

Consider the system for horizontal positioning of the samplan atomic force
microscope. The system has oscillatory dynamics, and asimptel is a spring—
mass system with low damping. The normalized transfer fands given by

a2

2+ 2zas+ az; (9.7)

P(s) =

where the damping ratio typically is a very small number,,eg 0:1.
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Figure 9.12: Nyquist and Bode plots of the loop transfer function for the AFM systeif) (9
with an integral controller. The frequency in the Bode plot is normalized. bhe parame-
ters arez = 0:01 andk; = 0:008.

We will start with a controller that has only integral actiorhe resulting loop
transfer function is )
kia

S(s?+ 2zas+ a?) !

wherek; is the gain of the controller. Nyquist and Bode plots of thepldransfer
function are shown in Figure 9.12. Notice that the part of tlyguNst curve that is
close to the critical point 1 is approximately circular.

From the Bode plot in Figure 9.12b, we see that the phase crastequency
IS Wpe = @, which will be independent of the gaky. Evaluating the loop transfer
function at this frequency, we hat€ia) = k=(2za), which means that the gain
marginisgn= 1 k=(2za). To have a desired gain margingy the integral gain
should be chosen as

L(s) =

ki=2az(1 gm):

Figure 9.12 shows Nyquist and Bode plots for the system with gergingmy, =
0:60 and stability margisy, = 0:597. The gain curve in the Bode plot is almost
a straight line for low frequencies and has a resonant peak=ata. The gain
crossover frequency is approximately equakitoThe phase decreases monotoni-
callyfrom 90 to 270:itisequalto 180 atw= a. The curve can be shifted
vertically by changind;: increasings; shifts the gain curve upward and increases
the gain crossover frequency. Since the phaseli80 at the resonant peak, it is
necessary that the peak not touch the jingw)j = 1. N

9.4 Bode's Relations and Minimum Phase Systems

An analysis of Bode plots reveals that there appears to blatiore between the

gain curve and the phase curve. Consider, for example, tlie Ptots for the

differentiator and the integrator (shown in Figure 8.12)r #he differentiator the

slope is+ 1 and the phase is a constari2 radians. For the integrator the slope is
1 and the phase isp=2. For the rst-order systern®(s) = s+ a, the amplitude
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Figure 9.13: Bode plots of systems that are not minimum phase. (a) Time d&{gy=

e ST, (b) system with a right half-plane (RHP) ze@&(s) = (a s)=(a+ s) and (c) sys-
tem with right half-plane pole. The corresponding minimum phase sysssnthie transfer
functionG(s) = 1 in all cases, the phase curves for that system are shown as dassed lin

curve has the slope 0 for small frequencies and the stdpor high frequencies,

and the phase is 0 for low frequencies aox® for high frequencies.
Bode investigated the relations between the curves foesystvith no poles
and zeros in the right half-plane. He found that the phaseunagiely given by

the shape of the gain curve, and vice versa:
z T o
o pT¥ dlogjG(iw)j p dlogjG(iw);
argG(iwp) = 5 f(W)idIOgW dlogw 2 diogw (9.8)
wheref is the weighting kernel
w+ wo
wo oWy

2
f(w)= PIog

The phase curve is thus a weighted average of the derivatitreeafain curve. If
the gain curve has constant slapehe phase curve has constant vaipe?2.

Bode's relations (9.8) hold for systems that do not havegated zeros in the
right half-plane. Such systems are caliethimum phase systerbecause systems
with poles and zeros in the right half-plane have a largeseleg. The distinction
is important in practice because minimum phase systemsarer¢o control than
systems with a larger phase lag. We will now give a few exampi@onminimum
phase transfer functions.

The transfer function of a time delay ofunits isG(s) = e . This transfer
function has unit gaifG(iw)j = 1, and the phase is a@{iw) = wt. The corre-
sponding minimum phase system with unit gain has the trahgfetionG(s) = 1.
The time delay thus has an additional phase lag/bf Notice that the phase lag
increases linearly with frequency. Figure 9.13a shows theeRBxot of the transfer
function. (Because we use a log scale for frequency, theepladls off exponen-

tially in the plot.)
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Consider a system with the transfer functé¢s) =(a s)=(a+ s) witha> 0,
which has a zerg= ain the right half-plane. The transfer function has unit gain
jG(iw)j = 1, and the phase is a@{iw) = 2arctar{w=a). The corresponding
minimum phase system with unit gain has the transfer fundé¢s) = 1. Fig-
ure 9.13b shows the Bode plot of the transfer function. A lsimanalysis of the
transfer functionG(s) = ( s+ a)=s a) with a> 0, which has a pole in the right
half-plane, shows that its phase is @&@w) = 2arctarfa=w). The Bode plot is
shown in Figure 9.13c.

The presence of poles and zeros in the right half-plane ingoemeere limita-
tions on the achievable performance. Dynamics of this tyyoeilsl be avoided by
redesign of the system whenever possible. While the poéemainsic properties
of the system and they do not depend on sensors and actuameeros depend
on how inputs and outputs of a system are coupled to the s#tess can thus be
changed by moving sensors and actuators or by introduciwgseasors and ac-
tuators. Nonminimum phase systems are unfortunately qaitamon in practice.

The following example gives a system theoretic interpretatif the common
experience that it is more dif cult to drive in reverse geadalfustrates some of
the properties of transfer functions in terms of their pealed zeros.

Example 9.10 Vehicle steering
The nonnormalized transfer function from steering anglateral velocity for the
simple vehicle model is
avps+ V3
bs

wherevg is the velocity of the vehicle aralb> 0 (see Example 5.12). The transfer
function has a zero at= vp=a. In normal driving this zero is in the left half-plane,
but it is in the right half-plane when driving in reversg, < 0. The unit step
response is

G(s) =

_ A, vt
y(t) = b+ b -

The lateral velocity thus responds immediately to a steexamymand. For reverse
steeringvp is negative and the initial response is in the wrong directtobehavior
that is representative for nonminimum phase systems. FRjareshows the step
response for forward and reverse driving. In this simutatiee have added an
extra pole with the time constamtto approximately account for the dynamics in
the steering system. The parametersareb= 1, T = 0:1, v = 1 for forward
driving andvp = 1 for reverse driving. Notice that far> tg = a=vp, wheretg

is the time required to drive the distanagthe step response for reverse driving
is that of forward driving with the time delaly. The position of the zereg=a
depends on the location of the sensor. In our calculationave hssumed that the
sensor is at the center of mass. The zero in the transfer undisappears if the
sensor is located at the rear wheel. The dif culty with zerothimright half-plane
can thus be visualized by a thought experiment where we drivar in forward
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Figure 9.14: Vehicle steering in reverse. (a) Step responses from steering angteral la
translation for a simple kinematics model when driving forward (dasaed reverse (solid).
Notice that the with rear-wheel steering the center of mass rst movegiwtbng direction
and that the overall response with rear-wheel steering is signi cantiydd compared with
that for front-wheel steering. The response in rear steering lagespemse in forward steer-
ing by 4 s. (b) Frequency response for driving forward (dashed)reverse (solid). Notice
that the gain curves are identical, but the phase curve for driving @se\has nonminimum
phase.

and reverse and observe the lateral position through a hdkeei oor of the car.
N

9.5 Generalized Notions of Gain and Phase

A key idea in frequency domain analysis is to trace the behmafisinusoidal sig-
nals through a system. The concepts of gain and phase refg@dsrihe transfer
function are strongly intuitive because they describe #oge and phase relations
between input and output. In this section we will see how termc the concepts
of gain and phase to more general systems, including sonimeansystems. We
will also show that there are analogs of Nyquist's stabidititerion if signals are
approximately sinusoidal.

System Gain

We begin by considering the case of a static linear systemAu, whereA is

a matrix whose elements are complex numbers. The matrix dutdsane to be
square. Letthe inputs and outputs be vectors whose elenterdsraplex numbers
and use the Euclidean norm q

kuk=  Sjuj: (9.9)

The norm of the output is
kyk?= u A Au;
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where denotes the complex conjugate transpose. The mAt#xis symmetric
and positive semide nite, and the right-hand side is a quazfarm. The square
root of eigenvalues of the matri A are all real, and we have

kyk? | max(A A)kuk?:

The gain of the system can then be de ned as the maximum ratieeabttput to
the input over all possible inputs:

g= mljaxkzk = P I max(A A): (9.10)

The square root of the eigenvalues of the maiiA are called thesingular values
of the matrixA, and the largest singular value is denosd@).

To generalize this to the case of an input/output dynamigstesn, we need
to think of the inputs and outputs not as vectors of real numbaet as vectors of
signals For simplicity, consider rst the case of scalar signals étdhe signal
spacel, be square-integrable functions with the norm

r Z¥—
kuky = . jui?(t)dt:

This de nition can be generalized to vector signals by repigt¢he absolute value
with the vector norm (9.9). We can now formally de ne the gaimaystem taking
inputsu 2 L, and producing outputg? L, as

g= Sup%-

; 9.11
u2L, kuk ( )

where sup is thesupremumgde ned as the smallest number that is larger than its
argument. The reason for using the supremum is that the maximay not be
de ned foru 2 L. This de nition of the system gain is quite general and can even
be used for some classes of nonlinear systems, though owkls mede careful
about how initial conditions and global nonlinearities headled.

It turns out that the norm (9.11) has some very nice propeitie¢he case of
linear systems. In particular, given a stable linear sysigth transfer function
G(9), it can be shown that the norm of the system is given by

g= supG(iw)j = : kGky: (9.12)
w

In other words, the gain of the system corresponds to the palale of the fre-
quency response. This corresponds to our intuition that patiproduces the
largest output when we are at the resonant frequencies cfystem. kGky is
called thein nity norm of the transfer functio®(s).

This notion of gain can be generalized to the multi-input, timalitput case as
well. For a linear multivariable system with a real ratiotrahsfer function matrix
G(s) we can de ne the gain as

g= kGky = sups (G(iw)): (9.13)
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Figure 9.15: A feedback connection of two general nonlinear systétpsandH,. The
stability of the system can be explored using the small gain theorem.

Thus we can combine the idea of the gain of a matrix with the afehe gain of
a linear system by looking at the maximum singular value alldrequencies.

Small Gain and Passivity

For linear systems it follows from Nyquist's theorem that tosed loop is stable
if the gain of the loop transfer function is less than 1 forflEdfuencies. This result
can be extended to a larger class of systems by using themafthe system gain
de ned in equation (9.11).

Theorem 9.4(Small gain theorem)Consider the closed loop system in Figure 9.15,
where H and H are stable systems and the signal spaces are properly de ned
Let the gains of the systemsg Bnd H, be gt andg. Then the closed loop system
is input/output stable ifyg < 1, and the gain of the closed loop system is

& :
1 qo

Notice that if systembl; andH; are linear, it follows from the Nyquist stability
theorem that the closed loop is stable becausggf < 1, the Nyquist curve is
always inside the unit circle. The small gain theorem is thusxension of the
Nyquist stability theorem.

Although we have focused on linear systems, the small geiorém also holds
for nonlinear input/output systems. The de nition of gain guation (9.11) holds
for nonlinear systems as well, with some care needed in anttie initial condi-
tion.

The main limitation of the small gain theorem is that it does cunsider the
phasing of signals around the loop, so it can be very consegvalo de ne the
notion of phase we require that there be a scalar product.sdicare-integrable
functions this can be de ned as

hu;yi = 0¥ u(t)y(t)dt:

g:

The phasg between two signals can now be de ned as
hu;yi = kukkykcogj ):

Systems where the phase between inputs and outputs iar3@ss for all inputs
are calledpassive systemdt follows from the Nyquist stability theorem that a
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B A A Im
— — L(S)
Re
N(-) = 1=N(3)
G(iw)
(a) Block diagram (b) Nyquist plot

Figure 9.16: Describing function analysis. A feedback connection between a statimnon
earity and a linear system is shown in (a). The linear system is charadtesits transfer
functionL(s), which depends on frequency, and the nonlinearity by its describingifum
N(a), which depends on the amplitudef its input. The Nyquist plot oE(iw) and the plot

of the 1=N(a) are shown in (b). The intersection of the curves represents a possifile lim
cycle.

closed loop linear system is stable if the phase of the loapster function is
between p andp. This result can be extended to nonlinear systems as wedl. Iti
called thepassivity theorenand is closely related to the small gain theorem. See
Khalil [Kha01] for a more detailed description.

Additional applications of the small gain theorem and itplejation to robust
stability are given in Chapter 12.

Describing Functions

For special nonlinear systems like the one shown in Figuréa which consists
of a feedback connection between a linear system and a silmearity, it is
possible to obtain a generalization of Nyquist's stabititigerion based on the idea
of describing functionsFollowing the approach of the Nyquist stability condition
we will investigate the conditions for maintaining an ofstibn in the system. If
the linear subsystem has low-pass character, its outpppi®gimately sinusoidal
even if its input is highly irregular. The condition for odation can then be found
by exploring the propagation of a sinusoid that correspaoadise rst harmonic.

To carry out this analysis, we have to analyze how a sinuksigaal prop-
agates through a static nonlinear system. In particularnwvestigate how the
rst harmonic of the output of the nonlinearity is related te {sinusoidal) input.
Letting F represent the nonlinear function, we expdn@ ') in terms of its
harmonics: v

F(ae ") = § Mp(a)e™ /n@:
n=0

whereM,(a) andj n(a) represent the gain and phase of tile harmonic, which
depend on the input amplitude since the functioms nonlinear. We de ne the
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Figure 9.17: Describing function analysis for a relay with hysteresis. The input/output
relation of the hysteresis is shown in (a) and the input, the output and itearshonic are
shown in (b). The Nyquist plots of the transfer functigis) = ( s+ 1) 4 and the negative of
the inverse describing function for the relay witlks 1 andc = 1 are shown in (c).

describing function to be the complex gain of the rst harnmoni
N(a) = My(a)e’/ n@: (9.14)

The function can also be computed by assuming that the inpusisusoid and
using the rst term in the Fourier series of the resulting aiitp

Arguing as we did when deriving Nyquist's stability criten, we nd that an
oscillation can be maintained if

Liw)N(@) = 1 (9.15)

This equation means that if we inject a sinusoid at A in Figufes9the same
signal will appear at B and an oscillation can be maintaingadnnecting the
points. Equation (9.15) gives two conditions for nding theduencyw of the
oscillation and its amplitude: the phase must be 180and the magnitude must
be unity. A convenient way to solve the equation is to piotw) and 1=N(a) on
the same diagram as shown in Figure 9.16b. The diagram is siimilhe Nyquist
plot where the critical point 1 is replaced by the curve 1=N(a) anda ranges
from O to¥.

It is possible to de ne describing functions for types of itpwther than si-
nusoids. Describing function analysis is a simple methad,itois approximate
because it assumes that higher harmonics can be neglecteelldak treatments
of describing function techniques can be found in the teyt&therton [Ath75]
and Graham and McRuer [GM61].

Example 9.11 Relay with hysteresis

Consider a linear system with a nonlinearity consisting oélay with hystere-
sis. The output has amplitudieand the relay switches when the input is, as
shown in Figure 9.17a. Assuming that the inputuis asin(wt), we nd that
the output is zero ik ¢, and ifa> c, the output is a square wave with ampli-
tudeb that switches at timest = arcsir{c=a) + np. The rst harmonic is then
y(t) = ( 4b=p)sin(wt a), where sirm = c=a. Fora > c the describing function
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and its inverse are

r— P——0s3
2 2 2
N@= 2 &S, Lo PE O
ap a a N(a) 4b 4b
where the inverse is obtained after simple calculationsur€i@®.17b shows the
response of the relay to a sinusoidal input with the rst hannof the output
shown as a dashed line. Describing function analysis istitated in Figure 9.17c,
which shows the Nyquist plot of the transfer functibfs) = 2=(s+ 1)* (dashed
line) and the negative inverse describing function of ayrelih b= 1 andc= 0:5.
The curves intersect fa= 1 andw = 0.77 rads, indicating the amplitude and
frequency for a possible oscillation if the process and #h@yrare connected in a
a feedback loop. N

9.6 Further Reading

Nyquist's original paper giving his now famous stabilityiterion was published
in the Bell Systems Technical Jourrnal 1932 [Nyq32]. More accessible versions
are found in the book [BK64], which also includes other iatting early papers
on control. Nyquist's paper is also reprinted in an IEEE caitecof seminal pa-
pers on control [BasO1]. Nyquist usedL as the critical point, but Bode changed
it to 1, which is now the standard notation. Interesting persgeston early
developments are given by Black [Bla77], Bode [Bod60] andridt [Ben86b].
Nyquist did a direct calculation based on his insight inte pinopagation of sinu-
soidal signals through systems; he did not use results frenthieory of complex
functions. The idea that a short proof can be given by usingtimeiple of vari-
ation of the argument is presented in the delightful book tgc®loll [Mac45].
Bode made extensive use of complex function theory in hikpBod45], which
laid the foundation for frequency response analysis whHaabtion of minimum
phase was treated in detail. A good source for complex fandfeory is the
classic by Ahlfors [Ahl66]. Frequency response analysis avksy element in the
emergence of control theory as described in the early tgxiaimes et al. [JNP47],
Brown and Campbell [BC48] and Oldenburger [Old56], and itdoae one of the
cornerstones of early control theory. Frequency responderurent a resurgence
when robust control emerged in the 1980s, as will be discliss€hapter 12.

Exercises
9.1 Consider an op amp circuit with, = Z, that gives a closed loop system with
nominally unit gain. Let the transfer function of the opevatil ampli er be
kagap .
(s+ a)(s+ a)(s+ &)’
wherea;;a; a. Show that the condition for oscillation ks< P aia.

G(9) =
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9.2 (Loop transfer function with right half-plane pole) Congiddeedback system
with the loop transfer function
k :
s(s 1)(s+5)
This transfer function has a pole st 1, which is inside the Nyquist contour.

Draw the Nyquist plot for this system and determine if theselb loop system is
stable.

L(s) =

9.3 The dynamics of the tapping mode of an atomic force microsempelomi-
nated by the damping of the cantilever vibrations and theegyshat averages the
vibrations. Modeling the cantilever as a spring—mass syst&h low damping,
we nd that the amplitude of the vibrations decays as(expwt), wherez is the
damping ratio andv is the undamped natural frequency of the cantilever. The
cantilever dynamics can thus be modeled by the transfetiumc

b

9% s

wherea= zwp. The averaging process can be modeled by the input/outjatitone|
Z t
Y= 7 uwdy
bttt

where the averaging time is a multipief the period of the oscillation2=w. The
dynamics of the piezo scanner can be neglected in the rstoxppation because

it is typically much faster thaa. A simple model for the complete system is thus
given by the transfer function

_al ed),
P(s) = S a)

Plot the Nyquist curve of the system and determine the gain mfoaortional
controller that brings the system to the boundary of stigbili

9.4 A simple model for heat conduction in a solid is given by ttasfer function

p_
P(s)= ke =

Sketch the Nyquist plot of the system. Determine the frequevitere the phase

of the process is 180 and the gain at that frequency. Show that the gain required

to bring the system to the stability boundankis €°.

9.5 (Stability margins for congestion control using TCP/Reno)rfeérized model
of the dynamics for a congestion control mechanism on thertet is given in
Example 9.4, following [LPD02] and [HMTGOO]. A linearized vewsi of the
model is represented by the transfer function

3;3
N Ctg tes.

L(s)=r - . e &
) tes+ e t's 2N3(ctZs+ 2N2?)
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wherec is the link capacity in packets/mBl| is the load factor (number of TCP
sessions)r is the drop probability factor antlis the round-trip time in seconds.
Consider the situation with the parametiirs 80,c= 4,r = 10 2andt. = 0:25.
Find the stability margin of the system and also determinestability margin if
the time delay becomdsg = 0:5.

9.6 (Vectored thrust aircraft) Consider the state space cbetrdesigned for the
vectored thrust aircraft in Examples 6.8 and 7.5. The comirabnsists of two
components: an optimal estimator to compute the state cfytstem from the out-
put and a state feedback compensator that computes thegimpotthe (estimated)
state. Compute the loop transfer function for the systemdatermine the gain,
phase and stability margins for the closed loop dynamics.

9.7 Consider the linearized model for vehicle steering with ataaler based on
state feedback discussed in Example 7.4. The transfer funatithe process is

g+ 1
g
and the controller has the transfer function
S(kilp+ kol2) + kil _
P+ s(gkit kot 1)+ kit o+ kol gkol”
as computed in Example 8.6. Let the process parametgr=b0:5 and assume

that the state feedback gains &fe= 1 andky = 0:914 and that the observer gains
arel; = 2:828 and, = 4. Compute the stability margins numerically.

P(s) =

C(s) =

9.8 (Congestion control in overload conditions) A strongly glhed ow model
of a TCP loop under overload conditions is given by the loopdfer function

k
L — q St.
(9= Se %,

where the queuing dynamics are modeled by an integratof, @frewindow con-

trol is atime delayt and the controller is simply a proportional controller. Ajora

dif culty is that the time delay may change signi cantly dugrthe operation of
the system. Show that if we can measure the time delay, it isilpleso choose a
gain that gives a stability margin gf >= 0:6 for all time delay< .

9.9 (Stability margins for second order systems) A process wiiysamics is
described by a double integrator is controlled by an ideal Biroller with the
transfer functiorC(s) = kqs+ kp, where the gains arky = 2zwp andkp = w3.
Determine phase, gain and stability margins. Plot the mamgénfunctions of the
parameter.

9.10 Consider Bode's formula (9.8) for the relation between gaid phase for a
transfer function that has all its singularities in the ledtf-plane. Plot the weight-
ing function and make an assessment of the frequencies wieepproximation
argG (p=2)dlogjGj=dlogw is valid.
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9.11(Pack approximation to a time delay) Consider the transfer fonet

a s
Gi(9) = e ¥; Go(9) = ——:
1(9 2A9= e
Use the approximation
« 1 st=2 (9.16)
1+ st=2 '

to show that the minimum phase properties of the transfestions are similar if
t = 2=a. A long time delayt is thus equivalent to a small right half-plane zero.
The approximation (9.16) is called a rst-ordeaceé approximation

9.12 Consider the system
6( s+1)

(5= s+ 5s+ 6’
which has a zero in the right half-plane. Compute the stgmorese for the system,
and show that the output goes in the wrong direction injtiahhich is also referred
to as aninverse response Compare the response to a minimum phase system
obtained by replacing the zerost 1 with a zero as= 1.

9.13(Describing function analysis) . Consider the system withtilock diagram
shown on the left below.

R(-) —=| P(s) - b

I\

The blockR is a relay with hysteresis whose characteristics is showthemnight
and the process transfer functionAigs) = e  =s. Use describing function anal-
ysis to determine frequency and amplitude of possible loyiies. Simulate the
system and compare with the results of the describing fon@tnalysis.






Chapter Ten
PID Control

Based on a survey of over eleven thousand controllers in the re nivgnécals and pulp and
paper industries, 97% of regulatory controllers utilize PID feedback.

L. Desborough and R. Miller, 2002 [DMO02].

This chapter treats the basic properties of proportionagiml-derivative (PID)
control and the methods for choosing the parameters of thiallers. We also
analyze the effects of actuator saturation and time dedayjrhportant features of
many feedback systems, and describe methods for compemn$atithese effects.
Finally, we will discuss the implementation of PID controfleas an example of
how to implement feedback control systems using analoggitadlicomputation.

10.1 Basic Control Functions

PID control, which was introduced in Section 1.5 and has beed imsseveral ex-
amples, is by far the most common way of using feedback innemging systems.
It appears in simple devices and in large factories with siaods of controllers.
PID controllers appear in many different forms: as stanav@lmontrollers, as part
of hierarchical, distributed control systems and builbietnbedded components.
Most PID controllers do not use derivative action, so theyusdhetrictly speaking
be called PI controllers; we will, however, use PID as a gerterin for this class
of controller. There is also growing evidence that PID cordpgdears in biological
systems [YHSDOO].

Block diagrams of closed loop systems with PID controlleessdirown in Fig-
ure 10.1. The control signai for the system in Figure 10.1a is formed entirely
from the errore; there is no feedforward term (which would correspond;toin
the state feedback case). A common alternative in whichgtigmal and deriva-
tive action do not act on the reference is shown in Figure 1@dimbinations of
the schemes will be discussed in Section 10.5. The commandlsighcalled
the reference value in regulation problems, orgbgpointin the literature of PID
control. The input/output relation for an ideal PID controlgth error feedback
is

Z, 12t
u= kpe+ ki 0e(t)dt+kdzlf[a: Kp e+?i 0e(t)dt+TdC;$ : (10.1)
The control action is thus the sum of three terms: proportiteedback, the in-
tegral term and derivative action. For this reason PID cdlet®were originally
calledthree-term controllersThe controller parameters are the proportional gain
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(a) PID using error feedback (b) PID using two degrees of freedom

Figure 10.1: Block diagrams of closed loop systems with ideal PID controllers. Both con
trollers have one output, the control sigmalThe controller in (a), which is based on error
feedback, has one input, the control ereer r y. For this controller proportional, integral
and derivative action acts on the erest r y. The two degree-of-freedom controller in (b)
has two inputs, the referencend the process output Integral action acts on the error, but
proportional and derivative action act on the process output

kp, the integral gairk; and the derivative gaiky. The time constant$; and Ty,
called integral time (constant) and derivative time (cangt are sometimes used
instead of the integral and derivative gains.

The controller (10.1) represents an idealized controlleis & useful abstrac-
tion for understanding the PID controller, but several modtions must be made
to obtain a controller that is practically useful. Beforsalissing these practical
issues we will develop some intuition about PID control.

We start by considering pure proportional feedback. FigOr2d.shows the re-
sponses of the process output to a unit step in the referehge for a system with
pure proportional control at different gain settings. la #&bsence of a feedforward
term, the output never reaches the reference, and henceavieftawith nonzero
steady-state error. Letting the process and the contradtee transfer functions
P(s) andC(s), the transfer function from reference to output is

__PC .
1+ PC
and thus the steady-state error for a unit step is
1 .
1+ kpP(0)
For the system in Figure 10.2a with gaigs= 1, 2 and 5, the steady-state error is
0.5, 0.33 and 0.17. The error decreases with increasing lpatirihe system also
becomes more oscillatory. Notice in the gure that the initialue of the control

signal equals the controller gain.
To avoid having a steady-state error, the proportional ambe changed to

u(t) = kpe(t)+ ug, (10.3)

whereus is a feedforward term that is adjusted to give the desireddststate

(10.2)

1 Gy(0)=
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Figure 10.2: Responses to step changes in the reference value for a system withoa pro
tional controller (a), Pl controller (b) and PID controller (c). The msx has the transfer
functionP(s) = 1=(s+ 1), the proportional controller has parametiegs 1, 2and 5, the PI
controller has parametekg = 1,k = 0, 0.2, 0.5 and 1, and the PID controller has parameters
arekp = 2.5,k = L:5andky = 0, 1, 2 and 4.

value. If we choosel = r=P(0) = kr, then the output will be exactly equal to
the reference value, as it was in the state space case, edothdt there are no
disturbances. However, this requires exact knowledge efptiocess dynamics,
which is usually not available. The paramatgr calledresetin the PID literature,
must therefore be adjusted manually.

As we saw in Section 6.4, integral action guarantees that itheeps output
agrees with the reference in steady state and provides ematt/e to the feed-
forward term. Since this result is so important, we will pd®ia general proof.
Consider the controller given by equation (10.1). Assuraétihere exists a steady
state withu = up ande = ey. It then follows from equation (10.1) that

Uo = Kpeo+ Ki€ot;

which is a contradiction unlesg ork; is zero. We can thus conclude that with inte-
gral action the error will be zero if it reaches a steady stst#ice that we have not
made any assumptions about the linearity of the processaldifturbances. We
have, however assumed that an equilibrium exists. Usiegiat action to achieve
zero steady-state error is much better than using feedfdywehich requires a
precise knowledge of process parameters.

The effect of integral action can also be understood fromueegy domain
analysis. The transfer function of the PID controller is

qg=m+%+ms (10.4)
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Figure 10.3: Implementation of Pl and PD controllers. The block diagram in (a) shows
how integral action is implemented usipgsitive feedbaclith a rst-order system, some-
times called automatic reset. The block diagram in (b) shows how degvatition can be
implemented by taking differences between a static system and a rst-sygiem.

The controller has in nite gain at zero frequendy(Q) = ¥), and it then follows
from equation (10.2) thaBy,(0) = 1, which implies that there is no steady-state
error for a step input.

Integral action can also be viewed as a method for genertigfeedforward
termug in the proportional controller (10.3) automatically. Onaywto do this
is shown in Figure 10.3a, where the controller output is l@ssp Itered and fed
back with positive gain. This implementation, calladtomatic resetwas one
of the early inventions of integral control. The transferdtion of the system in
Figure 10.3a is obtained by block diagram algebra; we have

1+ sT o+ ﬁ;
ST sTy

which is the transfer function for a PI controller.

The properties of integral action are illustrated in Figure2hGor a step input.
The proportional gain is constark, = 1, and the integral gains ake= 0, 0.2,
0.5and 1. The cade = 0 corresponds to pure proportional control, with a steady-
state error of 50%. The steady-state error is eliminated vifitegral gain action
is used. The response creeps slowly toward the referencenfdrgalues ok; and
goes faster for larger integral gains, but the system alsorhes more oscillatory.

The integral gairk; is a useful measure for attenuation of load disturbances.
Consider a closed loop system under PID control and assurh¢éhthaystem is
stable and initially at rest with all signals being zero. Appunit step disturbance
at the process input. After a transient the process outpes ¢ zero and the
controller output settles at a value that compensates éodi$turbance. It follows
from (10.1) that Zy

u¥)= ket

The integrated error is thus inversely proportional to thegral gairk;. The inte-
gral gain is thus a measure of the effectiveness of distadatienuation. A large
gaink; attenuates disturbances effectively, but too large a gasgscillatory
behavior, poor robustness and possibly instability.

We now return to the general PID controller and consider tlecebf the
derivative ternmky. Recall that the original motivation for derivative feedkavas
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to provide predictive or anticipatory action. Notice thiae tcombination of the
proportional and the derivative terms can be written as

de de
u= kpe+ kda = kp e+ Tda = Kp€p;

whereep(t) can be interpreted as a prediction of the error at timély by linear
extrapolation. The prediction tim& = ky=kp is the derivative time constant of
the controller.

Derivative action can be implemented by taking the diffeeebetween the
signal and its low-pass Itered version as shown in Figure &0.3he transfer
function for the system is

1 STy
= kp :
1+ STy 1+ sTy

The system thus has the transfer funct®fs) = sTq=(1+ sTy), which approxi-
mates a derivative for low frequencigsg < Ty).

Figure 10.2c illustrates the effect of derivative actiore flystem is oscillatory
when no derivative action is used, and it becomes more dampéuke derivative
gain is increased. Performance deteriorates if the dere/gtin is too high. When
the input is a step, the controller output generated by thizatee term will be
an impulse. This is clearly visible in Figure 10.2c. The impulae be avoided by
using the controller con guration shown in Figure 10.1b.

Although PID control was developed in the context of engimegspplications,
it also appears in nature. Disturbance attenuation by #&din biological sys-
tems is often calleddaptation A typical example is the pupillary re ex discussed
in Example 8.11, where it is said that the eye adapts to chgrigjht intensity.
Analogously, feedback with integral action is called petrtdaptation [YHSDOQ].
In biological systems proportional, integral and deriv@taction is generated by
combining subsystems with dynamical behavior similarlyvuat is done in en-
gineering systems. For example, Pl action can be generatttebgteraction of
several hormones [ESGMO02].

Gue(9) = kp 1 (10.5)

Example 10.1 PD action in the retina
The response of cone photoreceptors in the retina is an egavhgire proportional
and derivative action is generated by a combination of caneshorizontal cells.
The cones are the primary receptors stimulated by light, viridurn stimulate
the horizontal cells, and the horizontal cells give intibjt (negative) feedback
to the cones. A schematic diagram of the system is shown inr&igd.4a. The
system can be modeled by ordinary differential equationsepyesenting neuron
signals as continuous variables representing the averdse m@ate. In [Wil99] it is
shown that the system can be represented by the differeufigtions
X 1 1

ddtl= ?C( X1 kxo+ u); (1;2= -ITh(Xl X2);
whereu is the light intensity anc; andx, are the average pulse rates from the
cones and the horizontal cells. A block diagram of the sysgeshown in Fig-
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Figure 10.4: Schematic diagram of cone photoreceptors (C) and horizontal cellin(H)
the retina. In the schematic diagram in (a), excitatory feedback is indibgtadrows and
inhibitory feedback by circles. A block diagram is shown in (b) and the gsponse in (c).

ure 10.4b. The step response of the system shown in Figure 4iodes that the
system has a large initial response followed by a lower, tamtsteady-state re-
sponse typical of proportional and derivative action. Theapeeters used in the
simulation ar&k = 4, T, = 0:025 andT, = 0:08. N

10.2 Simple Controllers for Complex Systems

Many of the design methods discussed in previous chapteses the property
that the complexity of the controller is directly re ected tye complexity of the
model. When designing controllers by output feedback ingfdrar, we found for
single-input, single-output systems that the order of tr@roller was the same as
the order of the model, possibly one order higher if integlon was required.
Applying similar design methods for PID control will requitieat we have low-
order models of the processes to be able to easily analyzeshks.

Low-order models can be obtained from rst principles. Anybétasystem
can be modeled by a static system if its inputs are suf ciestbw. Similarly
a rst-order model is suf cient if the storage of mass, momentar energy can
be captured by only one variable; typical examples are thecitg of a car on
a road, angular velocity of a stiff rotational system, theeldn a tank and the
concentration in a volume with good mixing. System dynamiesa second
order if the storage of mass, energy and momentum can beredpiy two state
variables; typical examples are the position of a car on tlaelrthe stabilization
of stiff satellites, the levels in two connected tanks and-t@mpartment models.
A wide range of techniques for model reduction are also als&él In this chapter
we will focus on design techniques where we simplify the niede capture the
essential properties that are needed for PID design.

We begin by analyzing the case of integral control. A staip$tesn can be con-
trolled by an integral controller provided that the reqaients on the closed loop
system are modest. To design the controller we assume #hatathsfer function
of the process is a constakit= P(0). The loop transfer function under integral
control then becomesk;=s, and the closed loop characteristic polynomial is sim-
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ply s+ Kk;. Specifying performance by the desired time constgnf the closed
loop system, we nd that the integral gain is given by

ki = 1=(TaP(0)):

The analysis requires th& be suf ciently large that the process transfer function
can be approximated by a constant.

For systems that are not well represented by a constant gairtan obtain
a better approximation by using the Taylor series expansidhe loop transfer
function:

L(s) = = kPY0)+

kP(s)  ki(P(0)+ sPX0)) kiP(0) .
s s s

ChoosingiPY0)= 0:5 gives a system with good robustness, as will be discussed
in Section 12.5. The controller gain is then given by
L
2P{0)’
and the expected closed loop time constaftis  2P{0)=P(0). This approach

is useful when the process has a pole at the origin, as @itestrin the following
example.

ki = (10.6)

Example 10.2 Integral control of AFM in tapping mode

A simpli ed model of the dynamics of the vertical motion of atomic force
microscope in tapping mode was discussed in Exercise 9.3.r&hsfér function
for the system dynamics is

Cal e )
PO= v a)

wherea= zwp, t = 2pn=wp and the gain has been normalized to 1. We have
P(0)= 1andP{0)= t=2 1=a, and it follows from (10.6) that the integral gain
can be chosen d¢ = a=(2+ at). Nyquist and Bode plots for the resulting loop
transfer function are shown in Figure 10.5. N

A rst-order system has the transfer function

b
P(s) = et

With a PI controller the closed loop system has the charatiepolynomial
(s+ @)+ bkys+ bks= *+(a+ bky)s+ bk:

The closed loop poles can thus be assigned arbitrary valugsaper choice of
the controller gains. Requiring that the closed loop sydtexe the characteristic
polynomial

p(s) = S+ ars+ aj;
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Figure 10.5: Integral control for AFM in tapping mode. An integral controller is desidn
based on the slope of the process transfer function at 0. The congioksrgood robustness
properties based on a very simple analysis.

we nd that the controller parameters are
a; a, _ a2,
b+ KT
If we require a response of the closed loop system that iseslthran that of the
open loop system, a reasonable choicajis a+ a anda, = aa. If a response
faster than that of the open loop system is required, it isceable to choose
a1 = 2zwp andap = Wg, wherewy and z are undamped natural frequency and
damping ratio of the dominant mode. These choices have signi anpact on
the robustness of the system and will be discussed in Se@idn An upper limit
to wp is given by the validity of the model. Large valueswd will require fast
control actions, and actuators may saturate if the valuedsarge. A rst-order

model is unlikely to represent the true dynamics for highjfiencies. We illustrate
the design by an example.

kp = (10.7)

Example 10.3 Cruise control using Pl feedback

Consider the problem of maintaining the speed of a car asdas gp a hill. In
Example 5.14 we found that there was little difference betwbe linear and non-
linear models when investigating PI control, provided thatthrottle did not reach
the saturation limits. A simple linear model of a car was giireExample 5.11:

wz alv ve)+ b(u ue) 9g; (10.8)

wherev is the velocity of the can is the input from the engine arglis the slope
of the hill. The parameters weee= 0:0101,b = 1:3203,g= 9.8, ve = 20 and

Ue = 0:1616. This model will be used to nd suitable parameters of aiateh
speed controller. The transfer function from throttle tooedly is a rst-order

system. Since the open loop dynamics is so slow, it is natargpécify a faster
closed loop system by requiring that the closed loop systeroflsecond-order
with damping ratioz and undamped natural frequenay. The controller gains
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Figure 10.6: Cruise control using PI feedback. The step responses for theardoinput
illustrate the effect of parametezs= 1 andwg on the response of a car with cruise control.
A change in road slope from Qo 4 is applied betweenh= 5 and 6 s. (a) Responses for
Wp = 0:5andz = 0:5, 1 and 2. Choosing = 1 gives no overshoot. (b) ResponsesAcer 1
andwp = 0:2,0.5and 1.0.

are given by (10.7).

Figure 10.6 shows the velocity and the throttle for a car thaiaily moves
on a horizontal road and encounters a hill with a slope cdtdtimet = 6s. To
design a Pl controller we chooge= 1 to obtain a response without overshoot, as
shown in Figure 10.6a. The choicew is a compromise between response speed
and control actions: a large value gives a fast responsét, faafuires fast control
action. The trade-off is is illustrated in Figure 10.6b. Theyéet velocity error
decreases with increasing, but the control signal also changes more rapidly. In
the simple model (10.8) it was assumed that the force respiosthntaneously to
throttle commands. For rapid changes there may be additiynamics that have
to be accounted for. There are also physical limitationseadte of change of the
force, which also restricts the admissible valuaawgf A reasonable choice ofp
is in the range 0.5-1.0. Notice in Figure 10.6 that even wigl= 0:2 the largest
velocity error is only 1 m/s. \

A Pl controller can also be used for a process with secondraggemics, but
there will be restrictions on the possible locations of tlwsed loop poles. Using
a PID controller, it is possible to control a system of secordépin such a way
that the closed loop poles have arbitrary locations; seediseel0.2.

Instead of nding a low-order model and designing contrdléosr them, we
can also use a high-order model and attempt to place only ademnant poles.
An integral controller has one parameter, and it is posgibleosition one pole.
Consider a process with the transfer functi®{s). The loop transfer function with
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Figure 10.7: Ziegler—Nichols step and frequency response experiments. Thetepites
sponse in (a) is characterized by the parametersdt . The frequency response method (b)
characterizes process dynamics by the point where the Nyquist ofitve process transfer
function rst intersects the negative real axis and the frequemcyhere this occurs.

an integral controller ik (s) = kjP(s)=s. The roots of the closed loop characteristic
polynomial are the roots af+ kiP(s) = 0. Requiring thas= a be a root, we
nd that the controller gain should be chosen as
a
= : 10.9

. P( a) (10.9)
The poles= awill be dominant ifais small. A similar approach can be applied
to Pl and PID controllers.

10.3 PID Tuning

Users of control systems are frequently faced with the tdsidjusting the con-
troller parameters to obtain a desired behavior. There arg miidferent ways to

do this. One approach is to go through the conventional siépsodeling and

control design as described in the previous section. Sire®lIb controller has
so few parameters, a number of special empirical methods &lso been devel-
oped for direct adjustment of the controller parameters. fidtéuning rules were

developed by Ziegler and Nichols [ZN42]. Their idea was to penfa simple

experiment, extract some features of process dynamics tihenexperiment and
determine the controller parameters from the features.

Ziegler{Nichols' Tuning

In the 1940s, Ziegler and Nichols developed two methods fatrofier tuning
based on simple characterization of process dynamics itirtteeand frequency
domains.

The time domain method is based on a measurement of part optreloop
unit step response of the process, as shown in Figure 10.7ast@heesponse is



10.3. PID TUNING 309

Table 10.1: Ziegler—Nichols tuning rules. (a) The step response methods giverttimpters
in terms of the interce@ and the apparent time delay (b) The frequency response method
gives controller parameters in termsasitical gain k. andcritical period Te.

Type  kp Ti Ty Type  kp T Ty

P 1/a P 0.5

PI 09a 3 PI 0.4 0.8T¢
PID 12/a 2 0.5t PID 0.&k 0.5T¢ 0.1257;
(a) Step response method (b) Frequency response method

measured by applying a unit step input to the process anddiagathe response.

The response is characterized by parameieasdt, which are the intercepts of
the steepest tangent of the step response with the coadiras. The parameter
t is an approximation of the time delay of the system antl is the steepest

slope of the step response. Notice that it is not necessavgitaintil steady state

is reached to nd the parameters, it suf ces to wait until thepense has had an
in ection point. The controller parameters are given in Tatlel. The parameters
were obtained by extensive simulation of a range of reptaetigea processes. A

controller was tuned manually for each process, and an pttess then made to

correlate the controller parameters watlndt .

In the frequency domain method, a controller is connectetiegrocess, the
integral and derivative gains are set to zero and the prigpaitgain is increased
until the system starts to oscillate. The critical value & groportional gairk;
is observed together with the period of oscillatigyn It follows from Nyquist's
stability criterion that the loop transfer functian= k:P(s) intersects the critical
point at the frequency, = 2p=T.. The experiment thus gives the point on the
Nyquist curve of the process transfer function where thespHag is 180, as
shown in Figure 10.7b.

The Ziegler—Nichols methods had a huge impact when they wémadinced
in the 1940s. The rules were simple to use and gave initialidond for manual
tuning. The ideas were adopted by manufacturers of contsdite routine use.
The Ziegler—Nichols tuning rules unfortunately have two sewdrawbacks: too
little process information is used, and the closed loopesystthat are obtained
lack robustness.

The step response method can be improved signi cantly by chkeniaing the
unit step response by parametirs andT in the model

K
1+ sT
The parameters can be obtained by tting the model to a meastepdesponse.
Notice that the experiment takes a longer time than the @xpet in Figure 10.7a

because to determinié it is necessary to wait until the steady state has been
reached. Also notice that the intercepin the Ziegler—Nichols rule is given by

P(s) = e !s (10.10)
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a= Kt=T.

The frequency response method can be improved by measurimgpoimts on
the Nyquist curve, e.g., the zero frequency ddior the point where the process
has a 90 phase lag. This latter point can be obtained by connectingtegrial
controller and increasing its gain until the system reat¢hesstability limit. The
experiment can also be automated by using relay feedbackilldse discussed
later in this section.

There are many versions of improved tuning rules. As an ithisin we give
the following rules for Pl control, based oAH05]:

K = 0:15t + 0:35T 0:9T K = 0:46t + 0:02T 0:3T

P Kt Kt - Kt2 Kt2
(10.11)

o 0:07 _ ) _ 007k , 08 0:5k;

kp = 0:22k. e 0:4k; ; ki = T + KT, T

The values for the Ziegler—Nichols rule are given in parerghedNotice that the
improved formulas typically give lower controller gainsaththe Ziegler—Nichols
method. The integral gain is higher for systems whose dyraanedelay-dominated,
t .

Example 10.4 PI control of AFM in tapping mode

A simpli ed model of the dynamics of the vertical motion of atomic force
microscope in tapping mode was discussed in Example 10.2 rahsfer function

is normalized by choosing=a as the time unit. The normalized transfer function

is
1 e Sh

ST(s+ 1)’

whereT, = 2npa=wp = 2npz. The Nyquist plot of the transfer function is shown
in Figure 10.8a forz= 0:002 andn = 20. The leftmost intersection of the Nyquist
curve with the real axis occurs at Re  0:0461 forw = 13:1. The critical gain
is thusk; = 21:7 and the critical period i3; = 0:48. Using the Ziegler—Nichols
tuning rule, we nd the parameteks, = 8:87 andk; = 22:6 (T; = 0:384) for a PI
controller. With this controller the stability margin g, = 0:31, which is quite
small. The step response of the controller is shown in Figur8.10lotice in
particular that there is a large overshoot in the contraialig

The modi ed Ziegler—Nichols rule (10.11) gives the controli@rameter& =
3:47 andk; = 8:73 (T; = 0:459) and the stability margin becomgs= 0:61. The
step response with this controller is shown in Figure 10.8.0fparison of the
responses obtained with the original Ziegler—Nichols rhlengs that the overshoot
has been reduced. Notice that the control signal reachetedsly-state value al-
most instantaneously. It follows from Example 10.2 that sepategral controller
has the normalized galg = 1=(2+ T,) = 0:44. Comparing this with the gains of
a Pl controller, we can conclude that a PI controller gives niatter performance
than a pure integral controller. N

P(s) =
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Figure 10.8: PI control of an AFM in tapping mode. Nyquist plots (a) and step resgmons
(b) for PI control of the vertical motion of an atomic force microscoptpping mode. The
averaging parameter is= 20. Results with Ziegler—Nichols tuning are shown by dashed
lines, and modi ed Ziegler—Nichols tuning is shown by solid lines. The Nytpiist of the
process transfer function is shown by dotted lines.

Relay Feedback

The Ziegler—Nichols frequency response method increasegaineof a propor-
tional controller until oscillation to determine the cc#l gaink; and the corre-
sponding critical periodl; or, equivalently, the point where the Nyquist curve
intersects the negative real axis. One way to obtain theginétion automatically
is to connect the process in a feedback loop with a nonliniesnent having a
relay function as shown in Figure 10.9a. For many systeme thél then be an
oscillation, as shown in Figure 10.9b, where the relay outpista square wave
and the process outpuyts close to a sinusoid. Moreover the input and the output
are out of phase, which means that the system oscillateghattritical periodTe,
where the process has a phase lag of 18tice that an oscillation with constant
period is established quickly.

The critical period is simply the period of the oscillationo dietermine the
critical gain we expand the square wave relay output in aiEpseries. Notice

2
r € u y Input — — - Output
=G(S) 1*—| r= - - [l -7
> Py 8t
S gl N N N
T T
1 1_!|_| |_‘4| !.-' ‘I__l 1
0 10 20 30
Time [s]
(a) Relay feedback (b) Oscillatory response

Figure 10.9: Block diagram of a process with relay feedback (a) and typical sighpal3 be
process outputis a solid line, and the relay outpuis a dashed line. Notice that the signals
u andy have opposite phases.
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in the gure that the process output is practically sinusbliecause the process
attenuates higher harmonics effectively. It is then suitito consider only the
rst harmonic component of the input. Lettirdjbe the relay amplitude, the rst
harmonic of the square wave input has amplitudep! If a is the amplitude
of the process output, the process gain at the critical &Bquw, = 2p=T; is
jP(ing)j = pa=(4d) and the critical gain is
_ A,
ap
Having obtained the critical gaild; and the critical periodg, the controller pa-
rameters can then be determined using the Ziegler—Nichigs.rtmproved tuning
can be obtained by tting a model to the data obtained from éh@yrexperiment.
The relay experiment can be automated. Since the amplitude afscillation
is proportional to the relay output, it is easy to control yt ddjusting the relay
output. Automatic tuningpased on relay feedback is used in many commercial PID
controllers. Tuning is accomplished simply by pushing @diuthat activates relay
feedback. The relay amplitude is automatically adjustedepkthe oscillations
suf ciently small, and the relay feedback is switched to a Ptintcoller as soon
as the tuning is nished.

Ke (10.12)

10.4 Integrator Windup

Many aspects of a control system can be understood fronrlmedels. There are,
however, some nonlinear phenomena that must be taken intmaic These are
typically limitations in the actuators: a motor has limitguked, a valve cannot be
more than fully opened or fully closed, etc. For a system dlpatrates over a wide
range of conditions, it may happen that the control variabsehes the actuator
limits. When this happens, the feedback loop is broken aadsytstem runs in
open loop because the actuator remains at its limit indegrghdof the process
output as long as the actuator remains saturated. The ihtegrawill also build
up since the error is typically nonzero. The integral term éwgdcontroller output
may then become very large. The control signal will then rensaiturated even
when the error changes, and it may take a long time beforentegrator and the
controller output come inside the saturation range. Theeaxumence is that there
are large transients. This situation is referred tmgegrator windup illustrated in
the following example.

Example 10.5 Integrator windup in cruise control

The windup effect is illustrated in Figure 10.10a, which shavhat happens when
a car encounters a hill that is so steep) tBat the throttle saturates when the cruise
controller attempts to maintain speed. When encountehieglope at timé= 5,
the velocity decreases and the throttle increases to gemame torque. However,
the torque required is so large that the throttle saturdtes.error decreases slowly
because the torque generated by the engine is just a literlghan the torque
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Figure 10.10: Simulation of PI cruise control with windup (a) and anti-windup (b). The
gure shows the speedand the throttlei for a car that encounters a slope that is so steep that
the throttle saturates. The controller output is a dashed line. The contrateempters are

kp = 0:5 andk; = 0:1. The anti-windup compensator eliminates the overshoot by preventing
the error for building up in the integral term of the controller.

required to compensate for gravity. The error is large andritegral continues
to build up until the error reaches zero at time 30, but therodier output is still
larger than the saturation limit and the actuator remaimsrated. The integral
term starts to decrease, and at time 45 and the velocitesaeitiickly to the desired
value. Notice that it takes considerable time before thérotlar output comes into
the range where it does not saturate, resulting in a largesbget. N

There are many ways to avoid windup. One method is illustrateBig-
ure 10.11: the system has an extra feedback path that isajeddsy measuring
the actual actuator output, or the output of a mathematicalehof the saturating
actuator, and forming an error sigral as the difference between the output of
the controllerv and the actuator output The signales is fed to the input of the
integrator through gaik. The signaksis zero when there is no saturation and the
extra feedback loop has no effect on the system. When thatactsaturates, the
signales is fed back to the integrator in such a way tbagoes toward zero. This
implies that controller output is kept close to the satoratimit. The controller
output will then change as soon as the error changes sigméegtal windup is
avoided.

The rate at which the controller output is reset is governedhkyfeedback
gaink;; a large value ok; gives a short reset time. The paraméd¢erannot be too
large because measurement error can then cause an unigasisalh. A reasonable
choice is to choosk as a fraction of £T;. We illustrate how integral windup can
be avoided by investigating the cruise control system.
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Figure 10.11: PID controller with a ltered derivative and anti-windup. The input to the
integrator (%s) consists of the error term plus a “reset” based on input saturation.eIf th
actuator is not saturated, then= u n, otherwisees will decrease the integrator input to
prevent windup.

Example 10.6 Cruise control with anti-windup compensation

Figure 10.10b shows what happens when a controller withvaintlup is applied
to the system simulated in Figure 10.10a. Because of the &&dbom the ac-
tuator model, the output of the integrator is quickly reseatvalue such that the
controller output is at the saturation limit. The behaviodiastically different
from that in Figure 10.10a and the large overshoot is avoidikd.tracking gain is
k = 2 in the simulation. N

10.5 Implementation

There are many practical issues that have to be consideradimpé&menting PID
controllers. They have been developed over time based otiqaleexperience. In
this section we consider some of the most common. Similariderations also
apply to other types of controllers.

Filtering the Derivative

A drawback with derivative action is that an ideal derivatinas high gain for high-
frequency signals. This means that high-frequency measmemoise will gener-
ate large variations in the control signal. The effect of measment noise may be
reduced by replacing the terkgs by kys=(1+ sT;), which can be interpreted as
an ideal derivative of a low-pass ltered signal. For snsthe transfer function
is approximatelykys and for larges it is equal toky=T;. The approximation acts
as a derivative for low-frequency signals and as a constntfgr high-frequency
signals. The ltering time is chosen ds = ( kg=k)=N, with N in the range 2—20.
Filtering is obtained automatically if the derivative is ilemented by taking the
difference between the signal and its Itered version as shiowrigure 10.3b (see
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equation (10.5)).

Instead of Itering just the derivative, it is also possibte use an ideal con-
troller and Iter the measured signal. The transfer functidrsiach a controller
with a Iter is then

1 1
C(s)=kp 1+ —+5sT ;
(9= ko st o9 1xsT, +(sTp)2=2

(10.13)

where a second-order lter is used.

Setpoint Weighting

Figure 10.1 shows two con gurations of a PID controller. The systin Fig-
ure 10.1a has a controller witgtrror feedbackwhere proportional, integral and
derivative action acts on the error. In the simulation of Ptintecollers in Fig-
ure 10.2c there is a large initial peak in the control signdiich is caused by the
derivative of the reference signal. The peak can be avoidessiog the controller
in Figure 10.1b, where proportional and derivative actiots aoly on the process
output. An intermediate form is given by

u=k, br +kiZ¥r(t) (t) dt + kq ﬂ Q
= Kp y o y gdt at

(10.14)
where the proportional and derivative actions act on foastb and g of the ref-
erence. Integral action has to act on the error to make satdtlth error goes to
zero in steady state. The closed loop systems obtained fereatit values ob
andg respond to load disturbances and measurement noise inrtteevgay. The
response to reference signals is different because it dsmenthe values df and
g, which are calledeference weightsr setpoint weightsWe illustrate the effect
of setpoint weighting by an example.

Example 10.7 Cruise control with setpoint weighting

Consider the PI controller for the cruise control systemwaetin Example 10.3.
Figure 10.12 shows the effect of setpoint weighting on thparse of the system
to a reference signal. With = 1 (error feedback) there is an overshoot in velocity
and the control signal (throttle) is initially close to thegtgration limit. There is no
overshoot withb = 0 and the control signal is much smaller, clearly a much bette
drive comfort. The frequency responses gives another viethefsame effect.
The parameteb is typically in the range 0-1, ang is normally zero to avoid
large transients in the control signal when the referenchasged. \

The controller given by equation (10.14) is a special cas@é@fgeneral con-
troller structure having two degrees of freedom, which wasubsed in Sec-
tion 7.5.
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Figure 10.12: Time and frequency responses for Pl cruise control with setpointhtie
Step responses are shown in (a), and the gain curves of the frggesponses in (b). The
controller gains aré&p = 0:74 andk; = 0:19. The setpoint weights ate= 0, 0.5 and 1, and

g=0.

Implementation Based on Operational Ampli ers

PID controllers have been implemented in different techgiel® Figure 10.13
shows how Pl and PID controllers can be implemented by feeddaxiknd oper-

ational ampli ers.
To show that the circuit in Figure 10.13b is a PID controller wi# use the

approximate relation between the input voltagend the output voltage of the
operational ampli er derived in Example 8.3,

Z

e

Z1

In this equationZ; is the impedance between the negative input of the ampli er

u=

Co
o—W——W— — o A W—|
Ro| Rt ¢ Ro Ri C
e L— 0 e L 0o
u u
o o) o ‘o)
(a) PI controller (b) PID controller

Figure 10.13: Schematic diagrams for Pl and PID controllers using op amps. Thetdircu
(a) uses a capacitor in the feedback path to store the integral of the Enecircuit in (b)
adds a lter on the input to provide derivative action.
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and the input voltage, andZ; is the impedance between the zero input of the
ampli er and the output voltagae. The impedances are given by

Ry 1
—_—; Z3(9) = R+ —;
1+ RiCys 2( ) 2 Cys

and we nd the following relation between the input voltagiand the output volt-
ageu:

Z3(s) =

ée_ & (1+ R]_C]_S)(1+ RzCzS) o
Z R R.Cos '
This is the input/output relation for a PID controller of therfo(10.1) with pa-
rameters R
Kp = = Ti = RCy; Ta = RiCy:

R
The corresponding results for a Pl controller are obtainedetiyng C, = 0 (re-
moving the capacitor).

u=

Computer Implementation

In this section we brie y describe how a PID controller may bglemented us-
ing a computer. The computer typically operates periodicalith signals from
the sensors sampled and converted to digital form by the Afverter, and the
control signal computed and then converted to analog fomth®actuators. The
sequence of operation is as follows:

1. Wait for clock interrupt 4. Send output to the actuator
2. Read input from sensor 5. Update controller variables
3. Compute control signal 6. Repeat

Notice that an output is sent to the actuators as soon asvhikhle. The time
delay is minimized by making the calculations in step 3 astsi® possible and
performing all updates after the output is commanded. Thipks way of reduc-
ing the latency is, unfortunately, seldom used in commeésgistems.

As an illustration we consider the PID controller in Figure1lQ.which has
a ltered derivative, setpoint weighting and protection ig& integral windup.
The controller is a continuous-time dynamical system. Tolément it using a
computer, the continuous-time system has to be approxihigte discrete-time
system.

A block diagram of a PID controller with anti-windup is showrRigure 10.11.
The signalv is the sum of the proportional, integral and derivative &rand the
controller output is1 = sa{v), where sat is the saturation function that models the
actuator. The proportional terky(br y) is implemented simply by replacing
the continuous variables with their sampled versions. denc

P(t) = kp(br(t)  y(t); (10.15)

wheref tyg denotes the sampling instants, i.e., the times when the gtmnppeads
its input. We leth represent the sampling time, so that; = ty+ h. The integral
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term is obtained by approximating the integral with a sum,
[(ter 1) = 1(t) + kihe(ty) + TE sa(v) v ; (10.16)
t
whereT; = h=k; represents the anti-windup term. The Itered derivative t&rns
given by the differential equation
dD

Tfa"‘ D= ki

Approximating the derivative with a backward differencees
T, D(t) D(t 1) y(t) Yt 1),

H +D(t) = kg h
which can be rewritten as
_ T kd .
D(t) = T+ hD(tk 1) T+ h(y('[k) y(tk 1)) : (10.17)

The advantage of using a backward difference is that the pea®y=(T; + h)

is nonnegative and less than 1 for k- 0, which guarantees that the difference
equation is stable. Reorganizing equations (10.15)-{30the PID controller can
be described by the following pseudocode:

% Precompute controller coefficients
bi=ki *h

ad=Tf/(Tf+h)

bd=kd/(Tf+h)

br=h/Tt

% Control algorithm - main loop
while (running) {

r=adin(chl) % read setpoint from chl
y=adin(ch2) % read process variable from ch2
P=kp* (b *r-y) % compute proportional part
D=ad+* D-bd * (y-yold) % update derivative part

v=P+I+D % compute temporary output
u=sat(v,ulow,uhigh) % simulate actuator saturation
daout(chl) % set analog output chl

I=l+bi  *(r-y)+br  *(u-v) % update integral

yold=y % update old process output
sleep(h) % wait until next update interval

}

Precomputation of the coef cients , ad, bd andbr saves computer time in
the main loop. These calculations have to be done only whetnadlem parameters
are changed. The main loop is executed once every samplifagip@he program
has three stateyold , | , andD. One state variable can be eliminated at the cost
of less readable code. The latency between reading the amglogand setting
the analog output consists of four multiplications, foudiéidns and evaluation
of thesat function. All computations can be done using xed-point cddtions
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if necessary. Notice that the code computes the Itered dévig of the process
output and that it has setpoint weighting and anti-windugiqmtion.

10.6 Further Reading

The history of PID control is very rich and stretches back to lileginning of
the foundation of control theory. Very readable treatmemts given by Ben-
nett [Ben86a, Ben86b] and Mindel [Min02]. The Ziegler—Nichalles for tuning
PID controllers, rstpresented in 1942 [ZN42], were developaded on extensive
experiments with pneumatic simulators and Vannevar Budiffisrential analyzer
at MIT. An interesting view of the development of the Zieghiehols rules is
given in an interview with Ziegler [BIli90]. An industrial pgpective on PID con-
trol is given in [Bia95], [Shi96] and [YH91] and in the paperNm2] cited in the
beginning of this chapter. A comprehensive presentatidflDf control is given
in [AHO5]. Interactive learning tools for PID control can be dd@aded from
http://www.calerga.com/contrib.

Exercises

10.1 Consider the systems represented by the block diagramsumeFig.1. As-
sume that the process has the transfer fund®@h= b=(s+ a) and show that the
transfer functions from to y are

bkys? + bkys+ bk .
(1+ bky)s*+(a+ bky)s+ bk’

bk :

(1+ bky)s?+(a+ bky)s+ bk’
Pick some parameters and compare the step responses oftdrasys

(@ Gy(9)=

(b) Gy(9) =

10.2 Consider a second-order process with the transfer function

b .
S+ a1s+ ay’
The closed loop system with a Pl controller is a third-ordeteays Show that
it is possible to position the closed loop poles as long astime of the poles is

a;. Give equations for the parameters that give the closed dbapacteristic
polynomial

P(s) =

(s+ ag)(S*+ 2ZoWos+ WR):

10.3 Consider a system with the transfer functiB(s) = (s+ 1) 2. Find an
integral controller that gives a closed loop polesat aand determine the value
of a that maximizes the integral gain. Determine the other pofethe system
and judge if the pole can be considered dominant. Compatetist value of the
integral gain given by equation (10.6).
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10.4 Compartment models and many systems encountered in igicheste the
property that their impulse responses are positive orvetgritly, that their step
responses are monotone. Consider such a system with tiséetrdunctionP(s).
Show that the impulse responis€t) of the normalized systei(s)=P(0) has the
propertiesh,(t) 0 and S‘hn(t)dt= 1. The functionh,(t) can be interpreted as
a probability density function—the probability that a pelg entering the system
at time O will exit at timet. Let

¥
Taw=  tha(t)dt
0

be the average residence time. Show fiat PY{0)=P(0) and that the tuning
formula (10.6) can be written &g= 1=(T,P(0)).

10.5 Consider a system with the transfer functie(s) = e =s. Determine the
parameters of P, Pl and PID controllers using Ziegler—Nichiels and frequency
response methods. Compare the parameter values obtairted Hifferent rules
and discuss the results.

10.6 (Vehicle steering) Design a proportional-integral colrofor the vehicle
steering system that gives the closed loop characterigsjmpmial

SS+ 2wpS? + 2WesS+ WR:

10.7 (Congestion control) A simplied ow model for TCP transmissias de-
rived in [HMTGOO, LPDO02]. The linearized dynamics are modeledHgytransfer
function b

Carl9= o a(s+ a)

which describes the dynamics relating the expected quewgine to the ex-
pected packet drop. The parameters are given by = 2N?=(ct?2), a; = 1=t,
andb = c?=(2N). The parametet is the bottleneck capacity is the number of
sources feeding the link and is the round-trip delay time. Use the parameter
valuesN = 75 sourcesC = 1250 packets/s an = 0:15 and nd the parameters
of a PI controller using one of the Ziegler—Nichols rules arel ¢brresponding
improved rule. Simulate the responses of the closed loogsgsbbtained with
the PI controllers.

Ste.

’

10.8 (Motor drive) Consider the model of the motor drive in Exeeck13. De-
velop an approximative second order model of the system aadit o design an
ideal PD controller which gives a closed loop system with evgéues inzwy

iwp 1 Zz2. Add low-pass ltering as shown in equation (10.13) and explo
how largewy can be made while maintaining a good stability margin. Siteula
the closed loop system with the chosen controller and coeibarresults with the
controller based on state feedback in Exercise 6.12.

10.9(Derivative lter) Consider the system in Exercise 6.12 inigste what hap-
pens if the second-order Itering of the derivative is re@dxy a rst-order lter.
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10.10(Tuning rules) Apply the Ziegler—Nichols and the modi ed togirules to
design PI controllers for systems with the transfer funcion

e s e S
P=—: = S.
1 S K s+ 1

Also compute the stability margins. Analyze the results exmlore if you can see
some patterns.

10.11(Windup and antiwindup) Consider PI control wiflis) = 1+ 1=sof a pro-
cess such that the input saturates whgr 1, and whose linear dynamics is given
by the transfer functioP(s) = 1=s. Simulate the response of the system to step
changes in the reference signal. Repeat the simulation thieamindup protection
scheme in Figure 10.11 is used.

10.12 (Windup protection by conditional integration) Many medlschave been
proposed to avoid integral windup. One method catledditional integrationis
to update the integral only when the error is suf ciently smdlo illustrate this
method we consider a system with Pl control described by

dX1 _

dx dx e ifjg<1
dt -

u; u= satkpe+ kixo; Uo;Uo); —
(kpe+ kixz; - Lo o) dt 0 ifjg§ e

wheree=r x. Plot the phase portrait of the system for the parameter salue

kp= 1,ki= 1,up= 1 andey = 1 and discuss the properties of the system. The ex-

ample illustrates the dif culties of introducing ad hoc nim@arities without care-

ful analysis.






Chapter Eleven
Frequency Domain Design

Sensitivity improvements in one frequency range must be paid for with signsiéteriora-
tions in another frequency range, and the price is higher if the plant is -bpa&m unstable.
This applies to every controller, no matter how it was designed.

Gunter Stein in the inaugural IEEE Bode Lecture, 1989 [Ste03].

In this chapter we continue to explore the use of frequencyaio techniques
with a focus on the design of feedback systems. We begin witbra thorough de-
scription of the performance speci cations for control €t and then introduce
the concept of loop shaping as a mechanism for designingattans in the fre-
guency domain. We also introduce some fundamental liroitatio performance
for systems with time delays and right half-plane poles aTdz

11.1 Sensitivity Functions

In the previous chapter, we considered the use of propattiotegral-derivative
(PID) feedback as a mechanism for designing a feedback dientfor a given
process. In this chapter we will expand our approach to dekricher repertoire
of tools for shaping the frequency response of the closegl $ystem.

One of the key ideas in this chapter is that we can design thaviier of the
closed loop system by focusing on the open loop transfertimmc This same
approach was used in studying stability using the Nyquistrion: we plotted the
Nyquist plot for theopenloop transfer function to determine the stability of the
closedloop system. From a design perspective, the use of loop asabds is
very powerful: since the loop transfer functionliss PC, if we can specify the
desired performance in terms of propertied pfve can directly see the impact of
changes in the controll€. This is much easier, for example, than trying to reason
directly about the tracking response of the closed loopesystwhose transfer
function is given byGy, = PC=(1+ PC).

We will start by investigating some key properties of thedfesck loop. A
block diagram of a basic feedback loop is shown in Figure 11.DH](6 Jan
08) Reworded the third and fourth sentences. OK? The systemisocomposed
of two components: the process and the controller. The cletiitself has two
blocks: the feedback blodR and the feedforward block. There are two distur-
bances acting on the process, the load disturbdraocel the measurement noise
The load disturbance represents disturbances that driyertleess away from its
desired behavior, while the measurement noise represatiskshnces that cor-
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h Yy
P(s) =

Figure 11.1: Block diagram of a basic feedback loop with two degrees of freedone Th
controller has a feedback blo€kand a feedforward block. The external signals are the
command signal, the load disturbanca and the measurement noiseThe process output
is h, and the control signal is.

rupt information about the process given by the sensorshdngure, the load
disturbance is assumed to act on the process input. This isgi siation since
disturbances often enter the process in many different wayfsit allows us to
streamline the presentation without signi cant loss of geiity.

The process output is the real variable that we want to control. Control is
based on the measured siggalwhere the measurements are corrupted by mea-
surement noisa. The process is in uenced by the controller via the control-var
ableu. The process is thus a system with three inputs—the contri@hlau, the
load disturbance and the measurement noise-and one output—the measured
signaly. The controller is a system with two inputs and one output. Tipets are
the measured signgland the command signal (referencegand the output is the
control signalu. Note that the control signal is an input to the process and the
output of the controller, and that the measured signskthe output of the process
and an input to the controller.

The feedback loop in Figure 11.1 is in uenced by three exterigalas, the
referencer, the load disturbance and the measurement noise Any of the re-
maining signals can be of interest in controller designgeteling on the particular
application. Since the system is linear, the relations betvike inputs and the in-
teresting signals can be expressed in terms of the transfetibns. The following
relations are obtained from the block diagram in Figure 11.1:

8 pcE P 1 9
1+ PC 1+PC 1+PC
8 9 PCF P PC
% 1+PC 1+PC 1+PCE8 9
ng = CF 1 ¢ §d§ : (11.1)
U 1+PC 1+PC 1+PC3°
T CF PC C
1+ PC 1+PC 1+PC
F P 1

1+ PC 1+PC 1+ PC
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In addition, we can write the transfer function for the eretween the reference
r and the outpub (not an explicit signal in the diagram), which satis es

PCF P PC
r+ d+ n:
1+ PC 1+ PC 1+ PC
There are several interesting conclusions we can draw fr@setlequations.
First we can observe that several transfer functions areame &nd that the ma-

jority of the relations are given by the following set of siansfer functions, which
we call theGang of Six

e=r h=

PCF PC P
- 1+ PC’ T=1vpc PS= Tvpe
CF C 1 (11.2)
CFS=1ipe ST 1ipe ST ivec

The transfer functions in the rst column give the responsehefprocess output
and control signal to the setpoint. The second column givesdlponse of the
control variable to the load disturbance and the noise, ednal column gives
the response of the process output to those two inputs. &libtat only four trans-
fer functions are required to describe how the system reéadtsad disturbances
and measurement noise, and that two additional transfetituns are required to
describe how the system responds to setpoint changes.

The linear behavior of the system is determined by the sixsfearfunctions
in equation (11.2), and speci cations can be expressed mgef these transfer
functions. The special case where 1 is called a system with (pure) error feed-
back. In this case all control actions are based on feedlaokthe error only and
the system is completely characterized by four transfectfans, namely, the four
rightmost transfer functions in equation (11.2), whichénapeci ¢ names:

S= ! sensitivity function
1+ PC
PC o .
T= 1+ pC complementary sensitivity function
(11.3)
PS= 1+PP c load sensitivity function
CS= c noise sensitivity function
1+ PC

These transfer functions and their equivalent systems dezldhe Gang of Four
The load sensitivity function is sometimes called the ingusstivity function and
the noise sensitivity function is sometimes called the ouggnsitivity function.
These transfer functions have many interesting propettigswill be discussed
in detail in the rest of the chapter. Good insight into thesmoerties is essential
in understanding the performance of feedback systems &ptposes of both
analysis and design.
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Analyzing the Gang of Six, we nd that the feedback controllein uences
the effects of load disturbances and measurement noise&eeNbat measurement
noise enters the process via the feedback. In Section 12.@ ibevshown that
the controller in uences the sensitivity of the closed loapprocess variations.
The feedforward paif of the controller in uences only the response to command
signals.

In Chapter 9 we focused on the loop transfer function, andoved that its
properties gave a useful insight into the properties of éesys To make a proper
assessment of a feedback system it is necessary to cortedaoperties of all the
transfer functions (11.2) in the Gang of Six or the Gang of Faarillustrated in
the following example.

Example 11.1 The loop transfer function gives only limited insight

Consider a process with the transfer functR(s) = 1=(s a) controlled by a PI
controller with error feedback having the transfer fune@{s) = k(s a)=s. The
loop transfer function i& = k=s, and the sensitivity functions are

_ PC _ k . P s _

1+ PC stk ~1+PC (s a)(stKk'

. C K a. 1 s
cS= 1+ PC s+k ' S= 1+ PC  s+k

Notice that the factos ais canceled when computing the loop transfer function
and that this factor also does not appear in the sensitivitgtion or the comple-
mentary sensitivity function. However, cancellation af factor is very serious if
a> 0 since the transfer functioRSrelating load disturbances to process output
is then unstable. In particular, a small disturbadcean lead to an unbounded
output, which is clearly not desirable. N

The system in Figure 11.1 represents a special case becasisssuimed that
the load disturbance enters at the process input and thateheured output is the
sum of the process variable and the measurement noiserlizstes can enter in
many different ways, and the sensors may have dynamics. A& adustract way
to capture the general case is shown in Figure 11.2, which higstwo blocks
representing the procesB () and the controller@). The process has two inputs,
the control signali and a vector of disturbances and two outputs, the measured
signaly and a vector of signalsthat is used to specify performance. The system
in Figure 11.1 can be captured by choosimg (d;n) andz= ( h;n;ee). The
process transfer functio®d is a4 3 matrix, and the controller transfer function
Cisal 2 matrix; compare with Exercise 11.3.

Processes with multiple inputs and outputs can also be cenesldy regarding
u andy as vectors. Representations at these higher levels obabetr are useful
for the development of theory because they make it possilftectis on fundamen-
tals and to solve general problems with a wide range of agiics. However,
care must be exercised to maintain the coupling to the realveontrol problems
we intend to solve.
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C -

Figure 11.2: A more general representation of a feedback system. The progasgsuin
represents the control signal, which can be manipulated, and the piopesw represents
other signals that in uence the process. The process oytjsuihe measured variables and
zare other signals of interest.

11.2 Feedforward Design

Most of our analysis and design tools up to this point haveded on the role of
feedback and its effect on the dynamics of the system. Feedfdris a simple
and powerful technique that complements feedback. It canskd both to im-
prove the response to reference signals and to reduce #wt effmeasurable dis-
turbances. Feedforward compensation admits perfect etiomof disturbances,
but it is much more sensitive to process variations thanifaelkl compensation. A
general scheme for feedforward was discussed in Sectionsihg &igure 7.10.
A simple form of feedforward for PID controllers was discusée Section 10.5.
The controller in Figure 11.1 also has a feedforward block forovie response to
command signals. An alternative version of feedforwardhm in Figure 11.3,
which we will use in this section to understand some of thderaffs between
feedforward and feedback.

Controllers with two degrees of freedom (feedforward aratifeack) have the
advantage that the response to reference signals can lpael@sndependently of
the design for disturbance attenuation!design of comrsior and robustness. We
will rst consider the response to reference signals, and \ietlerefore initially
assume that the load disturbaratés zero. Letky, represent the ideal response
of the system to reference signals. The feedforward compamisacharacterized

Fu(s) Fa(s)

Ym e
Fm(9) C(9

Pi(s) P(s)

1l |

Figure 11.3: Block diagram of a system with feedforward compensation for impraeed
sponse to reference signals and measured disturbances (2 DOR)sy&tieee feedforward
elements are preserfEy(s) sets the desired output valug,(s) generates the feedforward
commandy andFy(s) attempts to cancel disturbances.
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by the transfer functiong, andF,. When the setpoint is changed, the transfer
function R, generates the signak, which is chosen to give the desired output
when applied as input to the process. Under ideal conditiea®utputy is then
equal toym, the error signal is zero and there will be no feedback actibtinere
are disturbances or modeling errors, the siggalandy will differ. The feedback
then attempts to bring the error to zero.

To make a formal analysis, we compute the transfer functiomfreference
input to process output:

P(CFn+ R) PR, Fn
———5~— = Fnt ——~
1+ PC 1+ PC
whereP = P,P;. The rstterm represents the desired transfer function. Therse
term can be made small in two ways. Feedforward compensagioie used to
makePF, Fysmall, or feedback compensation can be used to makedlarge.
Perfect feedforward compensation is obtained by choosing

Fm.

X

Design of feedforward using transfer functions is thus a/\&@mple task. No-
tice that the feedforward compensakgrcontains an inverse model of the process
dynamics.

Feedback and feedforward have different properties. Fesdfdraction is
obtained by matching two transfer functions, requiringcige knowledge of the
process dynamics, while feedback attempts to make the gmall by dividing it
by a large quantity. For a controller having integral actitre loop gain is large
for low frequencies, and it is thus suf cient to make sure ttie condition for
ideal feedforward holds at higher frequencies. This is edlsan trying to satisfy
the condition (11.5) for all frequencies.

We will now consider reduction of the effects of the load dlibanced in Fig-
ure 11.3 by feedforward control. We assume that the dishadaignal is mea-
sured and that the disturbance enters the process dynamadsiown way (cap-
tured byP; andP,). The effect of the disturbance can be reduced by feeding the
measured signal through a dynamical system with the trafisfetion Fy. As-
suming that the referenaes zero, we can use block diagram algebra to nd that
the transfer function from the disturbance to the procegsubis
_ P(1+ FygPy)

Cy= 1 pc (11.6)

whereP = PP,. The effect of the disturbance can be reduced by makindgd{P;
small (feedforward) or by making4 PC large (feedback). Perfect compensation
is obtained by choosing

Gyr(s) = (11.4)

Fu= (11.5)

Fa= P L (11.7)

requiring inversion of the transfer functid.
As in the case of reference tracking, disturbance attemiatan be accom-
plished by combining feedback and feedforward control. &low-frequency dis-
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Figure 11.4: Feedforward control for vehicle steering. The plot on the left shoesrtjec-
tory generated by the controller for changing lanes. The plots on thegtight the lateral
deviationy (top) and the steering angté(bottom) for a smooth lane change control using
feedforward (based on the linearized model).

turbances can be eliminated by feedback, we require thefudsedforward only
for high-frequency disturbances, and the transfer fundgin equation (11.7)
can then be computed using an approximatioRyddr high frequencies.

Equations (11.5) and (11.7) give analytic expressions ®fdékdforward com-
pensator. To obtain a transfer function that can be impléatenithout dif culties
we require that the feedforward compensator be stable atdt thoes not require
differentiation. Therefore there may be constraints oniptesshoices of the de-
sired responsg,, and approximations are needed if the process has zeros in th
right half-plane or time delays.

Example 11.2 Vehicle steering
A linearized model for vehicle steering was given in Exampde @he normalized
transfer function from steering angle to lateral deviat®R(s) = ( gs+ 1)=s°. For
a lane transfer system we would like to have a nice respong®utiovershoot,
and we therefore choose the desired response,@ = a’=(s+ a)?, where the
response speed or aggressiveness of the steering is go\wriiee parametea.
Equation (11.5) gives

— a’s’

= 0

P~ (g5+ I)(s+ a)?’

which is a stable transfer function as long@s 0. Figure 11.4 shows the re-
sponses of the system far= 0:5. The gure shows that a lane change is ac-
complished in about 10 vehicle lengths with smooth steesimgjes. The largest
steering angle is slightly larger than 0.1 rad)(6Using the scaled variables, the
curve showing lateral deviationg &s a function of) can also be interpreted as the
vehicle pathy as a function ok) with the vehicle length as the length unit. N

A major advantage of controllers with two degrees of freedbat combine
feedback and feedforward is that the control design proldambe split in two
parts. The feedback controll€ can be designed to give good robustness and
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effective disturbance attenuation, and the feedforwartigam be designed inde-
pendently to give the desired response to command signals.

11.3 Performance Speci cations

A key element of the control design process is how we spebiéydesired per-
formance of the system. It is also important for users to tstedad performance
speci cations so that they know what to ask for and how to teststem. Speci -
cations are often given in terms of robustness to procesatizars and responses
to reference signals and disturbances. They can be givemis @& both time and
frequency responses. Speci cations for the step responségrence signals were
given in Figure 5.9 in Section 5.3 and in Section 6.3. Robustspssi cations
based on the loop transfer function and the sensitivity tione were discussed
in Section 9.3 and will be considered further in Chapter 12. 3jmeci cations
discussed previously were based on the loop transfer fimc8ince we found in
Section 11.1 that a single transfer function did not alwayeratterize the prop-
erties of the closed loop completely, we will give a more ctatgdiscussion of
speci cations in this section, based on the full Gang of Six.

The transfer function gives a good characterization of thedr behavior of a
system. To provide speci cations it is desirable to captheecharacteristic prop-
erties of a system with a few parameters. Common featuresnier responses
are overshoot, rise time and settling time, as shown in Figle Common fea-
tures of frequency responses are resonant peak, peak M@qlgain crossover
frequency and bandwidth. Aesonant peaks a maximum of the gain, and the
peak frequency is the corresponding frequency. gaie crossover frequendg
the frequency where the open loop gain is equalone.bEmelwidthis de ned as
the frequency range where the closed loop gairris2 of the low-frequency gain
(low-pass), mid-frequency gain (band-pass) or high-fezmy gain (high-pass).
There are interesting relations between speci cations intithe and frequency
domains. Roughly speaking, the behavior of time resporeshiort times is re-
lated to the behavior of frequency responses at high frezjegnand vice versa.
The precise relations are not trivial to derive.

Response to Reference Signals

Consider the basic feedback loop in Figure 11.1. The resporsaimand signals
is described by the transfer functio@y, = PCF=(1+ PC) andG, = CF=(1+
PC) (F = 1 for systems with error feedback). Notice that it is usedutonsider
both the response of the output and that of the control sigimaparticular, the
control signal response allows us to judge the magnituderatedof the control
signal required to obtain the output response.

Example 11.3 Response to reference signals
Consider a process with the transfer functiefs) = ( s+ 1) °and a PI controller
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Figure 11.5: Reference signal responses. The responses in process pupdtcontrol
signalu to a unit step in the reference sigmadre shown in (a), and the gain curvesGj
and Gy, are shown in (b). Results with PI control with error feedback are shoyvsolid
lines, and the dashed lines show results for a controller with a feedfdweanpensator.

with error feedback having the gaikg= 0:6 andk; = 0:5. The responses are illus-
trated in Figure 11.5. The solid lines show results for a propoal-integral (PI1)
controller with error feedback. The dashed lines show redaita controller with
feedforward designed to give the transfer funct®p = (0:5s+ 1) 3. Looking
at the time responses, we nd that the controller with feedford gives a faster
response with no overshoot. However, much larger contgras are required
to obtain the fast response. The largest value of the coritnodkis 8, compared
to 1.2 for the regular PI controller. The controller with feadfard has a larger
bandwidth (marked with) and no resonant peak. The transfer functi&n also
has higher gain at high frequencies. N

Response to Load Disturbances and Measurement Noise

A simple criterion for disturbance attenuation is to conep#re output of the
closed loop system in Figure 11.1 with the output of the cpwading open loop
system obtained by setting= 0. If we let the disturbances for the open and
closed loop systems be identical, the output of the closep &ystem is then ob-
tained simply by passing the open loop output through a systih the transfer
function S. The sensitivity function tells how the variations in the uttare in-
uenced by feedback (Exercise 11.7). Disturbances with fezmies such that
jS(iw)j < 1 are attenuated, but disturbances with frequencies satj&w)j > 1
are ampli ed by feedback. The maximum sensitivill,, which occurs at the sen-
sitivity crossover frequencys, is thus a measure of the largest ampli cation of
the disturbances. The maximum magnitude gflt L) is also the minimum of
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Figure 11.6: Graphical interpretation of the sensitivity function. Gain curves of the loop
transfer function and the sensitivity function (a) can be used to calcuf@ tiperties of the
sensitivity function through the relatidd= 1=(1+ L). The sensitivity crossover frequency
Wsc and the frequencyyns where the sensitivity has its largest value are indicated in the
gure. The Nyquist plot (b) shows the same information in a differeartrf. All points
inside the dashed circle have sensitivities greater than 1.

j1+ Lj, which is precisely the stability margi, de ned in Section 9.3, so that
Ms = 1=sn. The maximum sensitivity is therefore also a robustness aneas

If the sensitivity function is known, the potential improwents by feedback
can be evaluated simply by recording a typical output anditig it through the
sensitivity function. A plot of the gain curve of the sensty function is a good
way to make an assessment of the disturbance attenuatioce ®i@ sensitivity
function depends only on the loop transfer function, itspemties can also be
visualized graphically using the Nyquist plot of the loogrtsfer function. This
is illustrated in Figure 11.6. The complex number L(iw) can be represented
as the vector from the point1 to the pointL(iw) on the Nyquist curve. The
sensitivity is thus less than 1 for all points outside a eimglth radius 1 and center
at 1. Disturbances with frequencies in this range are attenlda the feedback.

The transfer functiorGyq from load disturbance to process outpuy for the
system in Figure 11.1is

P T
Since load disturbances typically have low frequencies,rgitural to focus on the
behavior of the transfer function at low frequencies. Foystesm withP(0) 6 0
and a controller with integral action, the controller gaoeg to in nity for small
frequencies and we have the following approximation forlsma

T 1 s
C C k'
wherek; is the integral gain. Since the sensitivity functiSigoes to 1 for large,
we have the approximatiad@yy P for high frequencies.

Gyd = (11.9)
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Figure 11.7: Disturbance responses. The time and frequency responses efpraatpuy
to load disturbancd are shown in (a) and the responses of control sigitalmeasurement

noisen are shown in (b).

Measurement noise, which typically has high frequenciesggates rapid vari-
ations in the control variable that are detrimental bec#usg cause wear in many
actuators and can even saturate an actuator. It is thustampoo keep variations
in the control signal due to measurement noise at reasotelgls—a typical re-
guirement is that the variations are only a fraction of thenspf the control signal.
The variations can be in uenced by Itering and by proper desigrthe high-
frequency properties of the controller.

The effects of measurement noise are captured by the transieion from
the measurement noise to the control signal,

C T
Gun= 1+ pC- Cs= = (11.10)
The complementary sensitivity function is close to 1 for lawquenciesy <
Wyc), andGyn can be approximated by1=P. The sensitivity function is close to
1 for high frequenciesw > wyc), andGyn can be approximated byC.

Example 11.4 Response to disturbances

Consider a process with the transfer functi(s) = ( s+ 1) 2 and a proportional-
integral-derivative (PID) controller with gairk = 0:6, ki = 0:5 andkg = 2:0. We
augment the controller using a second-order noise Iter Witke 0:1, so that its

transfer function is
ke + ks+ ki
S(SPT?=2+ sTi + 1)

The system responses are illustrated in Figure 11.7. The resmdrthe output to
a step in the load disturbance in the top part of Figure 11.8ah@zeak of 0.28 at
timet = 2:73. The frequency response in Figure 11.7a shows that the gaia h

C(s) =
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maximum of 0.58 atv = 0:7.

The response of the control signal to a step in measuremesg ®ishown
in Figure 11.7b. The high-frequency roll-off of the transfanétion Gy(iw) is
due to ltering; without it the gain curve in Figure 11.7b woutdntinue to rise
after 20 rads. The step response has a peak of 18=at0:08. The frequency
response has its peak 20vat 14. Notice that the peak occurs far above the peak
of the response to load disturbances and far above the gassawer frequency
Wgc = 0:78. An approximation derived in Exercise 11.9 gives p&&iw)j

kg=T¢ = 20, which occurs atv= = 2=Tq = 14:1. N

11.4 Feedback Design via Loop Shaping

One advantage of the Nyquist stability theorem is that itisdal on the loop trans-
fer function, which is related to the controller transfendtion throughL = PC.

It is thus easy to see how the controller in uences the loopdfer function. To
make an unstable system stable we simply have to bend theidtymuve away
from the critical point.

This simple idea is the basis of several different design oulcollectively
calledloop shaping These methods are based on choosing a compensator that
gives a loop transfer function with a desired shape. Oneilpiigsis to determine
a loop transfer function that gives a closed loop system thigéhdesired properties
and to compute the controller &= L=P. Another is to start with the process
transfer function, change its gain and then add poles arab zetil the desired
shape is obtained. In this section we will explore differealp-shaping methods
for control law design.

Design Considerations

We will rst discuss a suitable shape for the loop transfercion that gives good
performance and good stability margins. Figure 11.8 showgiadl loop trans-
fer function. Good robustness requires good stability mar¢pr good gain and
phase margins), which imposes requirements on the loopfenafunction around
the crossover frequencieg,c andwy.. The gain ofl at low frequencies must be
large in order to have good tracking of command signals amd gétenuation of
low-frequency disturbances. Sin€e= 1=(1+ L), it follows that for frequencies
wherejLj > 101 disturbances will be attenuated by a factor of 100 anttalo&ing
error is less than 1%. It is therefore desirable to have a&largssover frequency
and a steep (negative) slope of the gain curve. The gain atriegquéncies can
be increased by a controller with integral action, which Isoeacalledlag com-
pensation To avoid injecting too much measurement noise into theesysthe
loop transfer function should have low gain at high frequescwhich is called
high-frequency roll-off The choice of gain crossover frequency is a compromise
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Figure 11.8: Gain curve of the Bode plot for a typical loop transfer function. The gain
crossover frequencyyyc and the slopagc of the gain curve at crossover are important pa-
rameters that determine the robustness of closed loop systems. Atdqueficy, a large
magnitude forL provides good load disturbance rejection and reference tracking, athile
high frequency a small loop gain is used to avoid amplifying measurenuise.

between attenuation of load disturbances, injection ofsmesment noise and ro-
bustness.

Bode's relations (see Section 9.4) impose restrictions ersttape of the loop
transfer function. Equation (9.8) implies that the slopeh&f gain curve at gain
crossover cannot be too steep. If the gain curve has a caosévpe, we have the
following relation between slop&c and phase marginm:

Nge= 2+ ijm[raq: (11.11)

This formula is a reasonable approximation when the gainecdoes not deviate
too much from a straight line. It follows from equation (11)lhat the phase
margins 30, 45 and 60 correspond to the slopess=3, 3=2 and 4=3.

Loop shaping is a trial-and-error procedure. We typicalbrtstvith a Bode
plot of the process transfer function. We then attempt t@shhe loop transfer
function by changing the controller gain and adding poles zeros to the con-
troller transfer function. Different performance speciticas are evaluated for
each controller as we attempt to balance many differentireapents by adjusting
controller parameters and complexity. Loop shaping isgitéorward to apply to
single-input, single-output systems. It can also be agpbesystems with one in-
put and many outputs by closing the loops one at a time stastith the innermost
loop. The only limitation for minimum phase systems is thegégphase leads and
high controller gains may be required to obtain closed loggiesns with a fast
response. Many speci ¢ procedures are available: they qilire experience, but
they also give good insight into the con icting requiremeniiere are fundamen-
tal limitations to what can be achieved for systems that ateminimum phase;
they will be discussed in the next section.
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Figure 11.9: Frequency response for lead and lag compens&is)s= k(s+ a)=(s+ b).
Lead compensation (a) occurs wheen b and provides phase lead betweer aandw = b.
Lag compensation (b) correspondsate b and provides low-frequency gain. Pl control is
a special case of lag compensation and PD control is a special caselafdsmpensation.
PI/PD frequency responses are shown by dashed curves.

Lead and Lag Compensation

A simple way to do loop shaping is to start with the transferction of the process
and add simple compensators with the transfer function
s+ a

s+ b’

The compensator is calledead compensatdf a< b, and alag compensatoif
a> b. The PI controller is a special case of a lag compensator lvith0, and
the ideal PD controller is a special case of a lead compengédtiora = 0. Bode
plots of lead and lag compensators are shown in Figure 11.9ctapensation,
which increases the gain at low frequencies, is typicallgdu® improve track-
ing performance and disturbance attenuation at low frecjgen Compensators
that are tailored to speci ¢ disturbances can be also dedigae shown in Exer-
cise 11.10. Lead compensation is typically used to improwaseimargin. The
following examples give illustrations.

C(9 = k (11.12)

Example 11.5 Atomic force microscope in tapping mode
A simple model of the dynamics of the vertical motion of annaitmforce micro-
scope in tapping mode was given in Exercise 9.3. The transfatitin for the
system dynamics is o
pg= 21 ¢,

st(s+ a)

wherea= zwp, t = 2pn=wy and the gain has been normalized to 1. A Bode
plot of this transfer function for the parameterss 1 andt 0:25 is shown in
dashed curves in Figure 11.10a. To improve the attenuatitwadfdisturbances
we increase the low-frequency gain by introducing an irgkegontroller. The loop
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Figure 11.10: Loop-shaping design of a controller for an atomic force microscopejirig
mode. (a) Bode plots of the process (dashed), the loop transfetidnrfor an integral
controller with critical gain (dotted) and a PI controller (solid) adjusted te gaasonable
robustness. (b) Gain curves for the Gang of Four for the system.

transfer function then becomés= k;P(s)=s, and we adjust the gain so that the
phase margin is zero, givirkg = 8:3. Notice the increase of the gain at low fre-
qguencies. The Bode plot is shown by the dotted line in Figur&Q&l,.where the
critical point is indicated by . To improve the phase margin we introduce propor-
tional action and we increase the proportional dgjrgradually until reasonable
values of the sensitivities are obtained. The vétgye 3.5 givesMs = 1.6 and

M; = 1:3. The loop transfer function is shown in solid lines in FigutelDa. No-
tice the signi cant increase of the phase margin comparekl thig purely integral
controller (dotted line).

To evaluate the design we also compute the gain curves afahsfer functions
in the Gang of Four. They are shown in Figure 11.10b. The peakeddnsitivity
curves are reasonable, and the plotP& shows that the largest value BSis
0.3, which implies that the load disturbances are well atiésd. The plot o€S
shows that the largest controller gain is 6. The controllerdgain of 3.5 at high
frequencies and hence we may consider adding high-fregueiteff. N

A common problem in the design of feedback systems is thagitihee margin
is too small, and phadead must then be added to the system. If weastb in
equation (11.12), we add phase lead in the frequency rarigeée the pole/zero
pair (and extending approximately 10n frequency in each direction). By appro-
priately choosing the location of this phase lead, we camigeoadditional phase
margin at the gain crossover frequency.

Because the phase of a transfer function is related to tpe siithe magnitude,
increasing the phase requires increasing the gain of theettaasfer function over
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Symbol  Description Value
m Vehicle mass 4.0kg
y J Vehicle inertiaj 3 axis  0.0475 kgrh
r Force moment arm 25.0cm
c Damping coef cient 0.05 kgm/s
g Gravitational constant 9.8 ntls

(b)

Figure 11.11:Roll control of a vectored thrust aircraft. (a) The roll anglés controlled by
applying maneuvering thrusters, resulting in a moment generatég. {{p) The table lists
the parameter values for a laboratory version of the system.

the frequency range in which the lead compensation is applieExercise 11.11
it is shown that the gain increases exponentially with the@mhof phase lead. We
can also think of the lead compensator as changing the sfape transfer func-

tion and thus shaping the loop transfer function in the @esssregion (although
it can be applied elsewhere as well).

Example 11.6 Roll control for a vectored thrust aircraft

Consider the control of the roll of a vectored thrust aircgafch as the one il-
lustrated in Figure 11.11. Following Exercise 8.9, we model gfistem with a
second-order transfer function of the form

r .
P(s) = J2+ cs’

with the parameters given in Figure 11.11b. We take as ouopa&nce speci-
cation that we would like less than 1% error in steady statd Bss than 10%
tracking error up to 10 rad/s.

The open loop transfer function is shown in Figure 11.12a. Toexe our
performance speci cation, we would like to have a gain of aslel0 at a frequency
of 10 rad/s, requiring the gain crossover frequency to behatzer frequency. We
see from the loop shape that in order to achieve the desiréatpence we cannot
simply increase the gain since this would give a very low phasrgin. Instead,
we must increase the phase at the desired crossover frggquenc

To accomplish this, we use a lead compensator (11.12)awitt2 andb = 50.
We then set the gain of the system to provide a large loop gaito the desired
bandwidth, as shown in Figure 11.12b. We see that this systsmalgain of
greater than 10 at all frequencies up to 10 rad/s and thasiti@e than 60of
phase margin. N

The action of a lead compensator is essentially the sametasf tha derivative
portion of a PID controller. As described in Section 10.5, werfuse a Iter for
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Figure 11.12: Control design for a vectored thrust aircraft using lead compensalibe
Bode plot for the open loop proceBds shown in (a) and the loop transfer functiosr PC
using a lead compensator in (b). Note the phase lead in the crossoi@r regarw =

100 rad/s.

the derivative action of a PID controller to limit the higrefuency gain. This
same effect is present in a lead compensator through theypete b.

Equation (11.12) is a rst-order compensator and can provioléocu90 of
phase lead. Larger phase lead can be obtained by using a-oigiegrlead com-

pensator (Exercise 11.11):
(sta)"

(stpp AP

C(9) = k

11.5 Fundamental Limitations

Although loop shaping gives us a great deal of exibility insigning the closed
loop response of a system, there are certain fundamentis lon what can be
achieved. We consider here some of the primary performamigtlions that can
occur because of dif cult dynamics; additional limitationslated to robustness

are considered in the next chapter.

Right Half-Plane Poles and Zeros and Time Delays

There are linear systems that are inherently dif cult to cohtfhe limitations are
related to poles and zeros in the right half-plane and tintayde To explore the
limitations caused by poles and zeros in the right half-@hlae factor the process

transfer function as
P(S) = Pmp(S)Pap(9); (11.13)
wherePnyp is the minimum phase part aidp is the nonminimum phase part. The
factorization is normalized so thg,p(iw)j = 1, and the sign is chosen so tiap
has negative phase. The transfer functigpis called arall-pass systerhecause
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it has unit gain for all frequencies. Requiring that the ghamrgin bg n, we get
argL(iwge) = argPap(iwgc) + argPmp(iwge) + argC(iwgc) p+jm (11.14)

whereC is the controller transfer function. Leg. be the slope of the gain curve
at the crossover frequency. Sin&gp(iw)j = 1, it follows that

_ dlogjL(iw)j _ dlogjPmp(iw)C(iw)]
" dlogw - dlogw

W= Wye W= Wye

gc

Assuming that the slopey is negative, it has to be larger thar2 for the system
to be stable. It follows from Bode's relations, equatior8j9that

argPmp(iw) + argC(iw) ngcg:

Combining this with equation (11.14) gives the followin@quality for the allow-
able phase lag of the all-pass part at the gain crossoverdrey:

argPap(ivge) P Jm*t ngcg::jl: (11.15)

This condition, which we call thgain crossover frequency inequalishows that
the gain crossover frequency must be chosen so that the pdgad the non-
minimum phase component is not too large. For systems wigh hbbustness
requirements we may choose a phase margin of (b@ = p=3) and a slope
ngc= 1, which gives an admissible phase fag= p=6= 0.52rad (30). For
systems where we can accept a lower robustness we may chpbss@margin
of 45 (j m= p=4) and the slopegc= 1=2, which gives an admissible phase lag
j1= p=2= 1.57rad (90).

The crossover frequency inequality shows that nonminimuas@lcomponents
impose severe restrictions on possible crossover frejgentt also means that
there are systems that cannot be controlled with suf cieabiity margins. We
illustrate the limitations in a number of commonly encouatksituations.

Example 11.7 Zero in the right half-plane
The nonminimum phase part of the process transfer functioa 8ystem with a

right half-plane zero is
z s
Pap(s) = ZTS;

wherez> 0. The phase lag of the nonminimum phase part is
argPap(iw) = 2arctarVHZV:

Since the phase lag &%, increases with frequency, the inequality (11.15) gives
the following bound on the crossover frequency:

Wyc < ztan(j |=2): (11.16)

With j | = p=3 we getwy: < 0:6z. Slow right half-plane zerogz&mall) therefore



11.5. FUNDAMENTAL LIMITATIONS 341

give tighter restrictions on possible gain crossover feggies than fast right half-
plane zeros. N

Time delays also impose limitations similar to those givgrzéros in the right
half-plane. We can understand this intuitively from the @agproximation
« 1 0Obst 2=t s
1+ 0:5st 2=t +s

A long time delay is thus equivalent to a slow right half-pareroz = 2=t .

Example 11.8 Pole in the right half-plane
The nonminimum phase part of the transfer function for a systéth a pole in
the right half-plane is

s+ p
P = ;
2p(S) s p
wherep > 0. The phase lag of the nonminimum phase part is

argPap(iw) = 2arctanv% ;

and the crossover frequency inequality becomes

p
Woe> ———
7 tanjj 1=2)

Right half-plane poles thus require that the closed loogesy$ave a suf ciently
high bandwidth. Witly | = p=3 we getwy. > 1:7p. Fast right half-plane poleg(
large) therefore give tighter restrictions on possiblegadssover frequencies than
slow right half-plane poles. The control of unstable systémsoses minimum
bandwidth requirements for process actuators and sensors. \

(11.17)

We will now consider systems with a right half-plane zerand a right half-
plane polep. If p= zthere will be an unstable subsystem that is neither reaehabl
and the system cannot be stabilized (see Section 7.5). Whegeidre expect that
the system is dif cult to control if the right half-plane posad zero are close. A
straightforward way to use the crossover frequency inéiyualto plot the phase
of the nonminimum phase fact®,, of the process transfer function. Such a plot,
which can be incorporated in an ordinary Bode plot, will inthagely show the
permissible gain crossover frequencies. An illustrat®given in Figure 11.13,
which shows the phase &% for systems with a right half-plane pole/zero pair
and systems with a right half-plane pole and a time delay. dfrequire that the
phase lag | of the nonminimum phase factor be less than @@ must require
that the ratiaz=p be larger than 6 or smaller than 1/6 for systems with right-hal
plane poles and zeros and that the produtcbe less than 0.3 for systems with a
time delay and a right half-plane pole. Notice the symmaetrihie problem for
Z> pandz< p: in either case the zeros and the poles must be suf cientlgifart
(Exercise 11.12). Also notice that possible values of tha geassover frequency
Wyc are quite restricted.
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Figure 11.13: Example limitations due to the gain crossover frequency inequality. The
gures show the phase lag of the all-pass fad®g as a function of frequency. Since the
phase lag oP,p at the gain crossover frequency cannot be too large, it is necdsszargose

the gain crossover frequency properly. All systems have a righigdtaitfe pole as= 1. The
system in (a) has zerosst 2, 5, 20 and 100 (solid lines) andst 0:5, 0.05, 0.2 and 0.01
(dashed lines). The system in (b) has time detays0:02 0.1, 0.5 and 1.

Using the theory of functions of complex variables, it canshewn that for
systems with a right half-plane popeand a right half-plane zem(or a time delay
t), any stabilizing controller gives sensitivity functiowgth the property

o . Ptz R .
sup(iw)j] ——; sup T(iw)j e: (11.18)
w P 7 w

This result is proven in Exercise 11.13.

As the examples above show, right half-plane poles and aggoscantly limit
the achievable performance of a system, hence one woultblékeoid these when-
ever possible. The poles of a system depend on the intrinsiardics of the sys-
tem and are given by the eigenvalues of the dynamics mAtoika linear system.
Sensors and actuators have no effect on the poles; the onlyon@ange poles
is to redesign the system. Notice that this does not imply thatable systems
should be avoided. Unstable system may actually have aatyesit one example
is high-performance supersonic aircratft.

The zeros of a system depend on how the sensors and actuacsugted to
the states. The zeros depend on all the maticéy C andD in a linear system.
The zeros can thus be in uenced by moving the sensors and auatby adding
sensors and actuators. Notice that a fully actuated syBterh does not have any
zeros.

Example 11.9 Balance system
As an example of a system with both right half-plane poleszsnds, consider the
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balance system with zero damping, whose dynamics are given b

oo = ml .
7T (Mg mRI2)$2+ mgiM’
Js?+ mol

2 (M m2)2+ mglM

Assume that we want to stabilize the pendulum by using thepeesition as the
measured signal. ghe transfer function from the input Wde the cart position
p has poled 0;0; mgIM=(M;J; m?l2)g and zerod mgl=Jg. Using the
parameters in Example 6.7, the right half-plane pole ip at2:68 and the zero
is atz= 2:09. Equation (11.18) then givgS(iw)] 8, which shows that it is not
possible to control the system robustly.

The right half-plane zero of the system can be eliminated laygimg the out-
put of the system. For example, if we choose the output tespond to a position
at a distance along the pendulum, we hayes p rsing and the transfer function
for the linearized output becomes

(mlr %)+ mgl

Hy;F = HpF I’HqF = 2 (MtJ[ IT'|2|2)SZ+ mgIM :

If we chooser suf ciently large, thenmlr J > 0 and we eliminate the right
half-plane zero, obtaining instead two pure imaginary gerbhe gain crossover
frequency inequality is then based just on the right hafplpole (Example 11.8).
If our admissible phase lag for the nonminimum phase pgrt s 45 , then our
gain crossover must satisfy

p

—— = 2:68
tanj |=2 68

If the actuators have suf ciently high bandwidth, e.g., atéaof 10 abovewy or
roughly 4 Hz, then we can provide robust tracking up to thesjfrency. N

Bode's Integral Formula

In addition to providing adequate phase margin for robustibty, a typical con-
trol design will have to satisfy performance conditions loa $ensitivity functions
(Gang of Four). In particular, the sensitivity functi®@= 1=(1+ PC) represents
the disturbance attenuation!relationship to sensitiftityction and also relates the
tracking errore to the reference signal: we usually want the sensitivityecimall
over the range of frequencies where we want small trackiray and good distur-
bance attenuation. A basic problem is to investigataén be made small over a
large frequency range. We will start by investigating annepke.

Example 11.10 System that admits small sensitivities
Consider a closed loop system consisting of a rst-order @ss@nd a proportional
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controller. Let the loop transfer function be

k
L(s)= PC= ——;
(9 —
where parametecis the controller gain. The sensitivity function is
s+1
) = s+ 1+ Kk
and we have S
. 1+ w2 _
IS(iw)j = 1+ 2k+ k2+ w2’

This implies thaj(iw)j < 1 for all nite frequencies and that the sensitivity can be
made arbitrarily small for any nite frequency by makikguf ciently large. N

The system in Example 11.10 is unfortunately an exception. Eyddature
of the system is that the Nyquist curve of the process is cetalyl contained in
the right half-plane. Such systems are calpedsive and their transfer functions
are positive real For typical control systems there are severe constramth®
sensitivity function. The following theorem, due to Bodepyides insights into
the limits of performance under feedback.

Theorem 11.1(Bode's integral formula) Assume that the loop transfer function
L(s) of a feedback system goes to zero faster thremas s! ¥, and let %9)
be the sensitivity function. If the loop transfer functiastpoles pin the right
half-plane, then the sensitivity function satis es thédwing integral:

Zy Zy

logj(iw)jdw= log w=pa pe (11.19)
0 0

j1+ L(iw)j d

Equation (11.19) implies that there are fundamental linutest to what can
be achieved by control and that control design can be viewedl r@distribution
of disturbance attenuation over different frequenciespadrticular, this equation
shows that if the sensitivity function is made smaller fomgdfrequencies, it must
increase at other frequencies so that the integral ¢f90g)j remains constant.
This means that if disturbance attenuation is improved infoggpiency range, it
will be worse in another, a property sometime referred tinasvaterbed effectit
also follows that systems with open loop poles in the right-pkne have larger
overall sensitivity than stable systems.

Equation (11.19) can be regarded asoaservation law if the loop transfer
function has no poles in thezright half-plane, the equatiomps es to

¥
logjiw)jdw = O:
0

This formula can be given a nice geometric interpretationllastiated in Fig-
ure 11.14, which shows Ig§(iw)]j as a function ofv. The area over the horizontal
axis must be equal to the area under the axis when the fregueptotted on a
linear scale. Thus if we wish to make the sensitivity smaller up toesfm@quency
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Figure 11.14:Interpretation of thevaterbed effectThe function log(iw)j is plotted versus
win linear scales in (a). According to Bode's integral formula (11.19 giea of logS(iw)]
above zero must be equal to the area below zero. Gunter Stein's et&ipn of design as a
trade-off of sensitivities at different frequencies is shown in (r(f{Ste03]).

Wse, We must balance this by increased sensitivity aboye Control system de-
sign can be viewed as trading the disturbance attenuageigd of controllers
for at some frequencies for disturbance ampli cation at ofhequencies. Notice
that the system in Example 11.10 violates the condition that ly sL(s) = 0 and
hence the integral formula doesn't apply.
There is result analogous to equation (11.19) for the comgeany sensitivity
function: Zy lodiT(iv);
9jT(iw)j o _ o 1
. 2 dw=pQq % (11.20)
where the summation is over all right half-plane zeros. &othat slow right half-
plane zeros are worse than fast ones and that fast righplaadé poles are worse
than slow ones.

Example 11.11 X-29 aircraft

As an example of the application of Bode's integral formul&, present an anal-
ysis of the control system for the X-29 aircraft (see Figurel®a), which has
an unusual con guration of aerodynamic surfaces that ariggded to enhance its
maneuverability. This analysis was originally carried outGunter Stein in his
article “Respect the Unstable” [Ste03], which is also thesewf the quote at the
beginning of this chapter.

To analyze this system, we make use of a small set of parasrtbegrdescribe
the key properties of the system. The X-29 has longitudinaladyics that are
very similar to inverted pendulum dynamics (Exercise 8.4), amparticular, have
a pair of poles at approximately= 6 and a zero at= 26. The actuators that
stabilize the pitch have a bandwidthwf = 40 rad/s and the desired bandwidth of
the pitch control loop isv; = 3 rad/s. Since the ratio of the zero to the pole is only
4.3, we may expect that it may be dif cult to achieve the speations.

To evaluate the achievable performance, we search for aotdaiv such that
the sensitivity function is small up to the desired bandtvidhd not greater than
Ms beyond that frequency. Because of the Bode integral formwtaknow that
Ms must be greater than 1 at high frequencies to balance the semitivity at
low frequency. We thus ask if we can nd a controller that has shape shown
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(a) X-29 aircraft (b) Sensitivity analysis

Figure 11.15: X-29 ight control system. The aircraft makes use of forward stwemgs
and a set of canards on the fuselage to achieve high maneuverabilifyh@jlesired sensi-
tivity for the closed loop system is shown in (b). We seek to use our canithbrity to shape
the sensitivity curve so that we have low sensitivity (good performamgéd frequency;
by creating higher sensitivity up to our actuator bandwiah

in Figure 11.15b with the smallest valueM. Note that the sensitivity above the
frequencywy; is not speci ed since we have no actuator authority at thafufemcy.
However, assuming that the process dynamics fall off at frigguency, the sensi-
tivity at high frequency will approach 1. Thus, we desire tsida a closed loop
system that has low sensitivity at frequencies belawand sensitivity that is not
too large betweems andws;.

From Bode's integral formula, we know that whatever con&wolve choose,
equation (11.19) must hold. We will assume that the seiitsifiunction is given

by ( WMg

W
S(iw)j= " '
Ms wi W Wy

corresponding Figure 11.15b. If we further assume jhég)j d=w? for fre-
guencies larger than the actuator bandwidth, Bode's intdmgcomes
z ¥ z Wy
. logj(iw)jdw = . logj(iw)jdw+ d
Z

Wy WM
= log
0

Wi

dw+(wy, wy)logMs+ d= pp:

If we ignore the small contribution frord, we can solve foMs in terms of the
remaining parameters of the system,

MS = e(pp+ Wl):Wa:

This formula tells us what the achievable valuevafwill be for the given control
speci cations. In particular, using = 6, wy = 3 andw, = 40 rad/s, we nd that
Ms = 1.75, which means that in the range of frequencies betweeand w;,
disturbances at the input to the process dynamics (suchrah will be ampli ed
by a factor of 175 in terms of their effect on the aircraft.

Another way to view these results is to compute the phaseimdrgt corre-
sponds to the given level of sensitivity. Since the peak sigitginormally occurs
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Figure 11.16: Contour used to prove Bode's theorem. For each right half-planewele
create a path from the imaginary axis that encircles the pole as showwoitbciutter we
have shown only one of the paths that enclose one right half-plane.

at or near the crossover frequency, we can compute the praggnsorrespond-

ing to Mg = 1:75. As shown in Exercise 11.15, the maximum achievable phase
margin for this system is approximately 3%vhich is below the usual design limit

of 45 in aerospace systems. The zereat26 limits the maximum gain crossover
the can be achieved. \

Derivation of Bode's Formula

We now derive Bode's integral formula (Theorem 11.1). Thistischnical section
that requires some knowledge of the theory of complex véshkn particular
contour integration. Assume that the loop transfer fumctias distinct poles at
s= pk in the right half-plane and that(s) goes to zero faster tharrd.for large
values ofs.

Consider the integral of the logarithm of the sensitivitpdtionS(s) = 1=(1+
L(s)) over the contour shown in Figure 11.16. The contour enclogesght half-
plane except for the poings= px where the loop transfer functidr(s) = P(s)C(9)
has poles and the sensitivity functi®s) has zeros. The direction of the contour
is counterclockwise.

The integral of the log of the sensitivity function aroundstbontour is given
by

z Z r z z
Glog(S(S)) ds= R log((s)) ds+ Rlog(S(S)) ds+§ log(X(s) ds
| k g

=1+ 1+ 13=0;

whereR is a large semicircle on the right argd is the contour starting on the
imaginary axis as= Im px and a small circle enclosing the pgbe. The integral
is zero because the function IS() is regular inside the contour. We have
Z R Zir
l1= i log(Y(iw))dw= 2i log(j(iw)j)dw
iR 0
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because the real part of I&w) is an even function and the imaginary part is an

odd function. Furthermore we have
Z Z Z

o= log(S(s)) ds= log(1+ L(s)) ds L(s)ds
R R R

SinceL(s) goes to zero faster tharrd.for larges, the integral goes to zero when
the radius of the circle goes to in nity.
Next we consider the integrh. For this purpose we split the contour into three

partsX., gandX , as indicated in Figure 11.16. We can then write the integral a
z z z

I3= logS(s)ds+ logS(s)ds+ logS(s)ds
X+ g X

The contourgis a small circle with radius around the polgy. The magnitude of
the integrand is of the order legand the length of the path ip2. The integral
thus goes to zero as the radiugoes to zero. Furthermore, making use of the fact

thatX is oriented oppositely fronX, , we have
z z z

logS(s) ds+ logS(s)ds= logS(s) logS(s 2pi) ds= 2p Repy:
X+ X X

+

SincejS(9)j = jS(s 2pi)j, we have

logS(s) logS(s 2pi)= argS(s) argSs 2pi)= 2pi;

and we nd that R
I3=2pi g Repk:
K

Letting the small circles go to zero and the large circle gantoity and adding
the contributions from all right half-plane poleg gives
ZR
li+ o+ 13= 2i  logjY(iw)jdw+ i § 2p Repx = O
0 k

Since complex poles appear as complex conjugate pairsan®thatd  Repy =
&k Pk, Which gives Bode's formula (11.19).

11.6 Design Example

In this section we present a detailed example that illussrdte main design tech-
niques described in this chapter.

Example 11.12 Lateral control of a vectored thrust aircraft

The problem of controlling the motion of a vertical take-offdalanding (VTOL)

aircraft was introduced in Example 2.9 and in Example 11.6,reviaee designed

a controller for the roll dynamics. We now wish to control thesition of the

aircraft, a problem that requires stabilization of both aittéude and the position.
To control the lateral dynamics of the vectored thrust aitciwve make use of

a “inner/outer” loop design methodology, as illustratedrigure 11.17. This dia-
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1 (=

Figure 11.17: Inner/outer control design for a vectored thrust aircraft. The innap
controls the roll angle of the aircraft using the vectored thrust. The dodgr controller
Co, commands the roll angle to regulate the lateral position. The processiymare de-
composed into inner lood?() and outer loopR,) dynamics, which combine to form the full
dynamics for the aircraft.

gram shows the process dynamics and controller dividedwiiaomponents: an
inner loopconsisting of the roll dynamics and control andaarer loopconsisting
of the lateral position dynamics and controller. This decosifion follows the
block diagram representation of the dynamics given in Eger8i9.

The approach that we take is to design a contr@dor the inner loop so that
the resulting closed loop systeh provides fast and accurate control of the roll
angle for the aircraft. We then design a controller for thera position that uses
the approximation that we can directly control the roll ang$ an input to the dy-
namics controlling the position. Under the assumptionttiatynamics of the roll
controller are fast relative to the desired bandwidth ofléteral position control,
we can then combine the inner and outer loop controllersta gagle controller
for the entire system. As a performance speci cation for thére system, we
would like to have zero steady-state error in the lateraltjpos a bandwidth of
approximately 1 rad/s and a phase margin of. 45

For the inner loop, we choose our design speci cation to mtevhe outer loop
with accurate and fast control of the roll. The inner loop dyitws are given by

r
Jg+ cs
We choose the desired bandwidth to be 10 rad/s (10 times thila¢ @uter loop)

and the low-frequency error to be no more than 5%. This spetionas satis ed
using the lead compensator of Example 11.6 designed préyisosve choose

R= Hqul =

s+a.

Ci(s) = ks+ b

a=2, b=25 k=1L

The closed loop dynamics for the system satisfy

e GR _ G(1 mgR)
W= 1icR M™ircR- 1+CR
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(a) Outer loop approximation (b) Actual roll dynamics

Figure 11.18: Outer loop control design for a vectored thrust aircraft. (a) The datgr
approximates the roll dynamics as a state gaing (b) The Bode plot for the roll dynamics,
indicating that this approximation is accurate up to approximately 10 rad/s.

A plot of the magnitude of this transfer function is shown iguie 11.18, and we
see that; mg= 39:2 is a good approximation up to 10 rad/s.

To design the outer loop controller, we assume the inner toticontrol is
perfect, so that we can takg as the input to our lateral dynamics. Following the
diagram shown in Exercise 8.9, the outer loop dynamics canriteemwas

mg '’

where we replaceli(s) with H;(0) to re ect our approximation that the inner loop
will eventually track our commanded input. Of course, thip@ximation may
not be valid, and so we must verify this when we complete osigie

Our control goal is now to design a controller that gives zeady-state error
in X and has a bandwidth of 1 rad/s. The outer loop process dynarécgiven
by a second-order integrator, and we can again use a singdectanpensator to
satisfy the speci cations. We also choose the design sudhthiealoop transfer
function for the outer loop hg&,j < 0:1 for w> 10 rad/s, so that thig; dynamics
can be neglected. We choose the controller to be of the form

Co(9= koo 20,

s+ by’

P(s) = Hi(0)Ps(s) =

with the negative sign to cancel the negative sign in theggedynamics. To nd

the location of the poles, we note that the phase lead attehatapproximately
b=10. We desire phase lead at crossover, and we desire th@weosd wy =
1rad/s, so this giveb, = 10. To ensure that we have adequate phase lead, we
must choose, such thatbh,=10< 10a, < b, which implies thata, should be
between 0.1 and 1. We chooag= 0:3. Finally, we need to set the gain of the
system such that at crossover the loop gain has magnitudeim@ie calculation
shows thak, = 0:8 satis es this objective. Thus, the nal outer loop controller
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Figure 11.19: Inner/outer loop controller for a vectored thrust aircraft. The Bode (@p
and Nyquist plot (b) for the transfer function for the combined innet @uter loop transfer
functions are shown. The system has a phase margin aif@a gain margin of 6.2.

becomes
s+ 0:3

s+ 10°

Finally, we can combine the inner and outer loop controllers gerify that
the system has the desired closed loop performance. The Bodsyajuist plots
corresponding to Figure 11.17 with inner and outer loop abletrs are shown in
Figure 11.19, and we see that the speci cations are satis eddtition, we show
the Gang of Four in Figure 11.20, and we see that the trangfietifuns between
all inputs and outputs are reasonable.

The approach of splitting the dynamics into an inner and aerdabp is com-
mon in many control applications and can lead to simplergiessior complex
systems. Indeed, for the aircraft dynamics studied in tkésvle, it is very chal-
lenging to directly design a controller from the lateral ifios x to the inputu;.
The use of the additional measuremengajreatly simpli es the design because
it can be broken up into simpler pieces. N

Co(s)= 0:8

11.7 Further Reading

Design by loop shaping was a key element in the early devedopof control, and
systematic design methods were developed; see James|\aciadP hillips [JNP47],
Chestnut and Mayer [CM51], Truxal [Tru55] and Thaler [Tha8®Joop shap-

ing is also treated in standard textbooks such as FranklinelP@nd Emami-

Naeini [FPENO5], Dorf and Bishop [DB04], Kuo and Golnaraghi [6Z} and

Ogata [Oga01]. Systems with two degrees of freedom were aleedlby Horowitz [Hor63],
who also discussed the limitations of poles and zeros inigfn half-plane. Fun-
damental results on limitations are given in Bode [Bod45¢renrecent presenta-

tions are found in Goodwin, Graebe and Salgado [GGSO01]. Theriesd in Sec-



352 CHAPTER 11. FREQUENCY DOMAIN DESIGN

10 .
10" F .
10"} .
— or
= o 2| i
—_ 10—3 i — 10
10° ‘ ‘ 10° ‘
10° 10° 10° 10° 10°
w [rad/s] w [rad/s]
10"
, 10
oy 107 .
2
2 16° 4 T1or ]
10'5 1 1 10’4 1 1
102 X 1 10° )
w [rad/s] w [rad/s]

Figure 11.20: Gang of Four for vectored thrust aircraft system.

tion 11.5 is based orAst00]. Much of the early work was based on the loop trans-
fer function; the importance of the sensitivity functiorgpaared in connection
with the development in the 1980s that resultetlindesign methods. A compact
presentation is given in the texts by Doyle, Francis and Tabaem [DFT92] and
Zhou, Doyle and Glover [ZDG96]. Loop shaping was integratedhthe robust
control theory in McFarlane and Glover [MG90] and Vinnicaan¥in01]. Com-
prehensive treatments of control system design are givblaoiejowski [Mac89]
and Goodwin, Graebe and Salgado [GGSO01].

Exercises

11.1 Consider the system in Figure 11.1. Give all signal pairs @inatrelated by
the transfer functions1+ PC), P=(1+ PC), C=(1+ PC) andPC=(1+ PC).

11.2 (Cancellation of an unstable process pole) Consider thesysn Exam-
ple 11.1. Choose the parameters 1 and compute the time and frequency
responses for all the transfer functions in the Gang of Fouicbntrollers with
k= 0:2andk= 5.

11.3 (Equivalence of Figures 11.1 and 11.2) Consider the systemgur&ill.1
and let the outputs of interest lae= ( h;n) and the major disturbances be=
(n;d). Show that the system can be represented by Figure 11.2 antthgikeatrix
transfer function® andC. Verify that the closed loop transfer functibl,, gives
the Gang of Four.

11.4(Feedforward design) Consider the spring mass system giwéh ) which
has the transfer function 1

P(s)= m< + cs+ k
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Design a feedforward compensator that gives a responsecwiital damping
(z=1).

11.5(Sensitivity of feedback and feedforward) Consider theesysn Figure 11.1
and letGy, be the transfer function relating the measured signalthe reference

r. Compute the sensitivities @y, with respect to the feedforward and feedback
transfer functiong andC (dGy,=dF anddGy,=dC).

11.6(Equivalence of controllers with two degrees of freedom) Shwat the sys-
tems in Figures 11.1 and 11.3 give the same responses to cahrsitarals if
FnC+ Fy= CF.

11.7(Disturbance attenuation) Consider the feedback systemrsim Figure 11.1.
Assume that the reference signal is constant.yldbe the measured output when
there is no feedback ang, be the output with feedback. Show théi(s) =
X9)Yoi(S), whereSis the sensitivity function.

11.8 Consider a problem in which an output variable has been medsa esti-
mate the potential for disturbance attenuation by feedb&elppose an analysis
shows that it is possible to design a closed loop system Wtlsénsitivity function

s

9= P+ s+ 1

Estimate the possible disturbance reduction when the megslisturbance is
y(t) = 5sin(0:1t) + 3sin(0:17t)+ 0:5c090:9t) + 0:1t:

11.9(Approximate expression for noise sensitivity) Show that ¢ffect of noise
on the control signal for the system in Exercise 11.4 can becappated by

kyqs

CS C= :
(sT)?=2+ sTyg+ 1

and that the largest value @ Siw)j is kg=Ts which occurs fow = P 2=T;.

11.10(Attenuation of low-frequency sinusoidal disturbancesgggral action elim-
inates constant disturbances and reduces low-frequestyridances because the
controller gainis in nite at zero frequency. A similar idearcbe used to reduce the
effects of sinusoidal disturbances of known frequengyy using the controller

kss )
S+ 2ZWps+ WS

C(9) = kp+

This controller has the galds(iw) = kp+ ks=(22) for the frequencywy, which can

be large by choosing a small value of Assume that the process has the transfer
function P(s) = 1=s. Determine the Bode plot of the loop transfer function and
simulate the system. Compare the results with PI control.

11.11 (Phase lead requires gain) Consider a lead compensator hvattransfer
function s+a n
Ca(9= RB=—
s k+a
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which has zero frequency gai{0) = 1 and high-frequency gaid(¥) = k. Show
that the gain required to give a given phase |gad
q__
k= 1+ 2tarf(j =n)+ 2tar(j =n) 1+ tar?(j =n) ;

and that limk= &% .
nl ¥
11.12(The pole/zero ratio) Consider a process with the loop tearfshction
z s
L(s) = k——
(9= kg

with positivez and p. Show that the system is stablepfz< k< 1 or 1< k<
p=z, and that the largest stability marginsg = jp Z=(p+ 2) is obtained for
k= 2p=(p+ 2). Determine the pole/zero ratios that gives the stabilitygima
Sm = 2=3.

11.13(Sensitivity inequalities) Prove the inequalities given loyation (11.18).
(Hint: Use the maximum modulus theorem.)

11.14(Limitations on achievable phase lag) Derive the analyficahulas corre-
sponding to the plots in Figure 11.13.

11.15(Phase margin formulas) Show that the relationship betwesptiase mar-
gin and the magnitude of the sensitivity function at crossas given by

s : 1

JSIWQC)J - 28“,(1 m=2) .

11.16(Stabilization of an inverted pendulum with visual feedbaCknsider sta-

bilization of an inverted pendulum based on visual feedhesikg a video camera
with a 50 Hz frame rate. Let the effective pendulum length béJse the gain

crossover frequency inequality to determine the minimumgile of the pendulum
that can be stabilized if we desire a phasejlagf no more than 9Q

11.17 (Rear-steered bicycle) Consider the simple model of a bcic Equa-

tion (3.5), which has one pole in the right half-plane. The eiad also valid

for a bicycle with rear wheel steering, but the sign of theoedy is then reversed
and the system also has a zero in the right half-plane. Useethdts of Exer-
cise 11.12 to give a condition on the physical parametetsaithaits a controller
with the stability margirsy,.

11.18(Integral formula for complementary sensitivity) Prove themula (11.20)
for the complementary sensitivity.



Chapter Twelve
Robust Performance

However, by building an ampli er whose gain is deliberately made, sayetibels higher
than necessary (10000 fold excess on energy basis), and then féeeliogtput back on the
input in such a way as to throw away that excess gain, it has been fowgsibpoto effect
extraordinary improvement in constancy of ampli cation and freedommfrmn-linearity.

Harold S. Black, “Stabilized Feedback Ampli ers,” 1934 [Bla34].

This chapter focuses on the analysis of robustness of fekdlyatems, a vast
topic for which we provide only an introduction to some of &®/ concepts. We
consider the stability and performance of systems whoseegsodynamics are
uncertain and derive fundamental limits for robust stibaind performance. To
do this we develop ways to describe uncertainty, both in tmenfof parameter
variations and in the form of neglected dynamics. We alse ymention some
methods for designing controllers to achieve robust paréorce.

12.1 Modeling Uncertainty

Harold Black's quote above illustrates that one of the keysusf feedback is to
provide robustness to uncertainty (“constancy of ampliaaf). It is one of the
most useful properties of feedback and is what makes it plesg design feed-
back systems based on strongly simpli ed models.

One form of uncertainty in dynamical systemspiarametric uncertaintyin
which the parameters describing the system are unknown.pisalyexample is
the variation of the mass of a car, which changes with the murobpassengers
and the weight of the baggage. When linearizing a nonlingstem, the parame-
ters of the linearized model also depend on the operatinditions. It is straight-
forward to investigate the effects of parametric uncetyagimply by evaluating
the performance criteria for a range of parameters. Suchcalasibn reveals the
consequences of parameter variations. We illustrate byplsiexample.

Example 12.1 Cruise control

The cruise control problem was described in Section 3.1, andcarRioller was
designed in Example 10.3. To investigate the effect of pammariations, we
will choose a controller designed for a nominal operatingdition corresponding
to massm= 1600, fourth geard = 12) and speed. = 25 m/s; the controller
gains arekp = 0:72 andk; = 0:18. Figure 12.1a shows the velociyand the

throttleu when encountering a hill with a 3lope with masses in the range 1600
m < 2000, gear ratios 3—-5a(= 10, 12 and 16) and velocity 10 v 40 m/s.
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Figure 12.1: Responses of the cruise control system to a slope increase(a) and the
eigenvalues of the closed loop system (b). Model parameters aré¢ sves@ wide range.

The simulations were done using models that were linearizmeha the different
operating conditions. The gure shows that there are vanatio the response
but that they are quite reasonable. The largest velocityr ésrim the range of
0.2-0.6 m/s, and the settling time is about 15 s. The contgoladiis marginally
larger than 1 in some cases, which implies that the thradthelly open. A full
nonlinear simulation using a controller with windup prdteo is required if we
want to explore these cases in more detail. Figure 12.1b stimvsigenvalues
of the closed loop system for the different operating caodg. The gure shows
that the closed loop system is well damped in all cases. N

This example indicates that at least as far as parametriatiars are con-
cerned, the design based on a simple nominal model will gitisfactory control.
The example also indicates that a controller with xed pararsetan be used in
all cases. Notice that we have not considered operatingtiamslin low gear and
at low speed, but cruise controllers are not typically usetthése cases.

Unmodeled Dynamics

It is generally easy to investigate the effects of parammefariations. However,
there are other uncertainties that also are important, suslied at the end of
Section 2.3. The simple model of the cruise control systemucaptonly the
dynamics of the forward motion of the vehicle and the torgharacteristics of
the engine and transmission. It does not, for example, dectudetailed model of
the engine dynamics (whose combustion processes are elyreamplex) or the
slight delays that can occur in modern electronically aalted engines (as a result
of the processing time of the embedded computers). Theseatedimechanisms
are calledunmodeled dynamics

Unmodeled dynamics can be accounted for by developing a cmrelex
model. Such models are commonly used for controller devedmpniout substan-
tial effort is required to develop them. An alternative isrieestigate if the closed



12.1. MODELING UNCERTAINTY 357

P (s)— P j@— (s) P
D J d L DPy, J
Figure 12.2: Unmodeled dynamics in linear systems. Uncertainty can be represesited u

additive perturbations (left), multiplicative perturbations (middle) or Beetk perturbations
(right). The nominal system B, andD, d = D=P andDy, represent unmodeled dynamics.

loop system is sensitive to generic forms of unmodeled dycanThe basic idea
is to describe the unmodeled dynamics by including a trafigfetion in the sys-

tem description whose frequency response is bounded betvae unspeci ed.

For example, we might model the engine dynamics in the crosgrol example

as a system that quickly provides the torque that is reqdebkteugh the throt-

tle, giving a small deviation from the simpli ed model, whiglssumed the torque
response was instantaneous. This technique can also berusehy instances
to model parameter variations, allowing a quite general@ggh to uncertainty
management.

In particular, we wish to explore if additional linear dyniasimay cause dif-
culties. A simple way is to assume that the transfer functafrthe process is
P(s)+ D, whereP(s) is the nominal simpli ed transfer function aridrepresents
the unmodeled dynamics in terms additive uncertainty Different representa-
tions of uncertainty are shown in Figure 12.2.

When Are Two Systems Similar? The Vinnicombe Metric

A fundamental issue in describing robustness is to determiren two systems are
close. Given such a characterization, we can then attengsdoribe robustness
according to how close the actual system must be to the modwider to still
achieve the desired levels of performance. This seeminglgcent problem is
not as simple as it may appear. A naive approach is to saywlasystems are
close if their open loop responses are close. Even if thisaappetural, there are
complications, as illustrated by the following examples.

Example 12.2 Similar in open loop but large differences in closed tp
The systems with the transfer functions

k
(s+ 1)(sT+ 1)2

have very similar open loop responses for small valuds af illustrated in the top
plot in Figure 12.3a, which is plotted far= 0:025 andk = 100. The differences
between the step responses are barely noticeable in the. Ghrestep responses
with unit gain error feedback are shown in the bottom plot iguF¢ 12.3a. Notice
that one closed loop system is stable and the other one iahlast \

Pu(s) = Po(s) = (12.1)

s+ 1’
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(a) Example 12.2 (b) Example 12.3

Figure 12.3: Determining when two systems are close. The plots in (a) show a situation
when the open loop responses are almost identical, but the closed kpamses are very
different. The processes are given by equation (12.1) with100 andT = 0:025. The
plots in (b) show the opposite situation: the systems are different in opprbldsimilar in
closed loop. The processes are given by equation (12.2)kwiti00.

Example 12.3 Different in open loop but similar in closed loop
Consider the systems

k k

o7 PO o (12.2)
The open loop responses are very different becRusestable and® is unstable,
as shown in the top plot in Figure 12.3b. Closing a feedbacf leith unit gain

around the systems, we nd that the closed loop transfer fanstare

Pi(s) =

Ti(s) = Ta(s) =

s+ k+ 1; s+ k 1;

which are very close for large as shown in Figure 12.3b. N

These examples show that if our goal is to close a feedback lbamay be
very misleading to compare the open loop responses of themsys

Inspired by these examples we introduce Yfienicombe metricwhich is a
distance measure that is appropriate for closed loop sgst€onsider two systems
with the transfer functionB, andP,, and de ne

v e PW) RW)
A = S PP T WP L+ W) (23

which is a metric with the property 0 d(P;;P) 1. The numbed(Py;P,) can
be interpreted as the difference between the complemeséasitivity functions
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Figure 12.4: Geometric interpretation ad(Pi;P,). At each frequency, the points on the
Nyquist curve forP, andP, shown in dashed curves are projected onto a sphere of radius
1 sitting at the origin of the complex plane. The projection of the poifit+ i is shown.

The distance between the two systems is de ned as the maximum distanoceehetfre
projections ofP; (iw) andP,(iw) over all frequenciess. The gure is plotted for the transfer
functionsPy(s) = 2=(s+ 1) andP,(s) = 2=(s 1). (Diagram courtesy G. Vinnicombe.)

for the closed loop systems that are obtained with unit faeklaround?, andP,;
see Exercise 12.3. The metric also has a nice geometric iatatjpn, as shown in
Figure 12.4, where the Nyquist plotsBf andP, are projected onto a sphere with
diameter 1 at the origin of the complex plane (called®@iemann spheje Points

in the complex plane are projected onto the sphere by a lnoei¢in the point and
the north pole (Figure 12.4). The distard{®;; P,) is the shortest chordal distance
between the projections & (iw) andP(iw). The distance is small wheéh and

P, are small or large, but it emphasizes the behavior aroundjdire crossover
frequency.

The distancal(Py; P,) has one drawback for the purpose of comparing the be-
havior of systems under feedback.Bf is perturbed continuously frota, to P,
there can be intermediate transfer functiénshered(Py; P) is 1 even ifd(Py; P,)
is small (see Exercise 12.4). To explore when this could happe observe that

(1+ PAw)P( iw))(1+ P( iw)Py(iw)) |

2 . —
1 d*(P;P)= (1+ jP(iw)j2)(1+ jP(iw)}?)

The right-hand side is zero, and herd{®;;P) = 1 if 1+ P(iw)P( iw) =0 for
somew. To explore when this could occur, we investigate the beaitavi the
function 1+ P(s)Py( s) whenP is perturbed froniP; to P. If the functionsfi(s) =
1+ P(9Pi( s) andfy(s)= 1+ P(s)Pi( ) do not have the same number of zeros
in the right half-plane, there is an intermedi&euch that &+ P(iw)P;( iw)= 0
for somew. To exclude this case we introduce the Geas all pairgPr;P>) such
that the functions; = 1+ Pi(g)Pi( s) andfy, = 1+ Py(9)Pi( ) have the same
number of zeros in the right half-plane.

TheVinnicombe metrior n-gap metricis de ned as

(
d(Pi;R); if (P;P)2C

ah(P;P) = :
h(PLiF2) 1; otherwise

(12.4)



360 CHAPTER 12. ROBUST PERFORMANCE

Vinnicombe [Vin01] showed thadl,(P;; P,) is a metric, he gave strong robustness
results based on the metric and he developed the theory $terag with many
inputs and many outputs. We illustrate its use by computirggrhetric for the
systems in the previous examples.

Example 12.4 Vinnicombe metric for Examples 12.2 and 12.3
For the systems in Example 12.2 we have

1+ Kk &

1 &£

1+ K2+ 2sT+(T? 1) 28T T2
(1 $2)(1+ 2sT+ sT?)

The function f; has one zero in the right half-plane. A numerical calcutatio
for k= 100 andT = 0:025 shows that the functiofy has the roots 46.3, -86.3,
20:0 60:0i. Both functions have one zero in the right half-plane, allmws

to compute the norm (12.4). Fadr= 0:025 this givesd,(Py;P>) = 0:98, which
is a quite large value. To have reasonable robustness \dimiie recommended
values less than 1/3.

For the system in Example 12.3 we have

1+ k> & 1 K 2s+ ¢
1 2 1+ R(9)Pi( 9) = T (st 1?2

These functions have the same number of zeros in the righplaie ifk > 1.
In this particular case the Vinnicombe metricdgP;;P>) = 2k=(1+ k%) (Exer-
cise 12.4) and withkk = 100 we getd,(P;;P,) = 0:02. Figure 12.4 shows the
Nyquist curves and their projections fe= 2. Notice thad(Py; ) is very small
for smallk even though the closed loop systems are very different.thidsefore
essential to consider the conditiRy; ) 2 C, as discussed in Exercise 12.4

fi(s)= 1+ Pu(9)P( 9=

fo(s) = 1+ Py(9)Pu( )=

1+ P(9Pi( 9=

12.2 Stability in the Presence of Uncertainty

Having discussed how to describe uncertainty and the gityilaetween two sys-

tems, we now consider the problem of robust stability: Whan we show that

the stability of a system is robust with respect to procesmtians? This is an

important question since the potential for instability reea@f the main drawbacks
of feedback. Hence we want to ensure that even if we have smaalturacies in

our model, we can still guarantee stability and performance

Robust Stability Using Nyquist's Criterion

The Nyquist criterion provides a powerful and elegant wayttag the effects
of uncertainty for linear systems. A simple criterion istttiee Nyquist curve be
suf ciently far from the critical point 1. Recall that the shortest distance from
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Im

(a) Nyquist plot (b) Additive uncertainty

Figure 12.5: Robust stability using the Nyquist criterion. (a) This plot shows that the dis-
tance to the critical point=V is a robustness measure. (b) This plot shows the Nyquist
curve of a nominal loop transfer function and its uncertainty causeddditize process
variationsD.

the Nyquist curve to the critical point &, = 1=Ms, whereMs is the maximum
of the sensitivity function angy, is the stability margin introduced in Section 9.3.
The maximum sensitivitys or the stability margirsy, is thus a good robustness
measure, as illustrated in Figure 12.5a.

We will now derive explicit conditions for permissible pexs uncertainties.
Consider a stable feedback system with a proéessid a controllelC. If the
process is changed fromto P+ D, the loop transfer function changes fra?@
to PC+ CD, as illustrated in Figure 12.5b. If we have a bound on the siZé o
(represented by the dashed circle in the gure), then theegysemains stable
as long as the process variations never overlap thg@oint, since this leaves the
number of encirclements of1 unchanged.

Some additional assumptions are required for the analyhisltb Most impor-
tantly, we require that the process perturbatibrize stable so that we do not in-
troduce any new right half-plane poles that would requiritamhal encirclements
in the Nyquist criterion.

We will now compute an analytical bound on the allowable psscdistur-
bances. The distance from the critical point to the loop transfer functioh is
j1+ Lj. This means that the perturbed Nyquist curve will not reaehdtitical
point 1 provided thajCDj < j1+ Lj, which implies

1+ PC D
D < jdj= = < —:
1D C or ja P = T]
This condition must be valid for all points on the Nyquist ceire, pointwise
for all frequencies. The condition for robust stability cang be written as

Diw) _ 1
P(iw)  jT(iw)j

Notice that the condition is conservative because it foid@m Figure 12.5 that
the critical perturbation is in the direction toward thetical point 1. Larger

(12.5)

jd(iw)j = forallw O. (12.6)
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perturbations can be permitted in the other directions.

The condition (12.6) allows us to reason about uncertainttyauit exact knowl-
edge of the process perturbations. Namely, we can verifylgyafor any uncer-
tainty Dthat satis es the given bound. From an analysis perspectiiggives us a
measure of the robustness for a given design. Conversalg, liequire robustness
of a given level, we can attempt to choose our contrdllesuch that the desired
level of robustness is available (by asking tialbe small) in the appropriate fre-
quency bands.

Equation (12.6) is one of the reasons why feedback systemk swmwell
in practice. The mathematical models used to design congstesis are often
simpli ed, and the properties of a process may change durperation. Equa-
tion (12.6) implies that the closed loop system will at Idaststable for substantial
variations in the process dynamics.

It follows from equation (12.6) that the variations can beyéafor those fre-
quencies wher& is small and that smaller variations are allowed for fregues
whereT is large. A conservative estimate of permissible processtians that
will not cause instability is given by

D(iw) _ 1.
P(iw) M’
whereM is the largest value of the complementary sensitivity
NP PC .

M = SvljpjT(IW)j = I3PC (22.7)
The value ofM; is in uenced by the design of the controller. For examplesit i
shown in Exercise 12.5 that M; = 2 then pure gain variations of 50% or pure
phase variations of 30are permitted without making the closed loop system un-
stable.

jd(iw)j =

Example 12.5 Cruise control
Consider the cruise control system discussed in Sectionf®d. model of the car
in fourth gear at speed 25 m/s is

1:38
s+ 0:0142

and the controller is a PI controller with gaikg = 0:72 andk; = 0:18. Fig-

ure 12.6 plots the allowable size of the process uncertaisiyg the bound in
equation (12.6). At low frequencie3,(0) = 1 and so the perturbations can be
as large as the original procegdj(= jD=Pj < 1). The complementary sensitiv-
ity has its maximumM; = 1:14 atwy, = 0:35, and hence this gives the minimum
allowable process uncertainty, wittj < 0:87 orjDj < 3:47. Finally, at high fre-
quencies,T ! 0 and hence the relative error can get very large. For example
atw = 5 we havgT(iw)j = 0:195, which means that the stability requirement is
jdj < 5:1. The analysis clearly indicates that the system has goagtiodss and
that the high-frequency properties of the transmissiotesysre not important for

P(s) =
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Figure 12.6: Robustness for a cruise controller. On the left the maximum relative Bxj
(dashed) and the absolute erjBj5Tj (solid) for the process uncertainB: The Nyquist
curve is shown on the right as a solid line. The dashed circles show pévheiperturbations
in the process dynamicg) = jPj5Tj, at the frequencies = 0, 0.0142 and 0.05.

the design of the cruise controller.

Another illustration of the robustness of the system is miwethe right dia-
gram in Figure 12.6, which shows the Nyquist curve of the fierfsinction of the
process and the uncertainty bouridls jPj5T]j for a few frequencies. Note that
the controller can tolerate large amounts of uncertaintysditl maintain stability
of the closed loop. N

The situation illustrated in the previous example is typmfainany processes:
moderately small uncertainties are required only arouedgiin crossover fre-
guencies, but large uncertainties can be permitted at hagiatlower frequencies.
A consequence of this is that a simple model that descritegtbcess dynam-
ics well around the crossover frequency is often suf cient design. Systems
with many resonant peaks are an exception to this rule bedhesprocess trans-
fer function for such systems may have large gains for hifflegiuencies also, as
shown for instance in Example 9.9.

The robustness condition given by equation (12.6) can bengivether inter-
pretation by using the small gain theorem (Theorem 9.4). Tdyaive theorem
we start with block diagrams of a closed loop system with #&pleed process and
make a sequence of transformations of the block diagramighkte the block
representing the uncertainty, as shown in Figure 12.7. Thatieghe two-block
interconnection shown in Figure 12.7¢, which has the loopsfier function

_ PC D_
"~ 1+PCP
Equation (12.6) implies that the largest loop gain is less thaand hence the
system is stable via the small gain theorem.
The small gain theorem can be used to check robust stabitityrfcertainty in
a variety of other situations. Table 12.1 summarizes a feth@common cases;
the proofs (all via the small gain theorem) are left as esexi

Td:
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D/ od
DP =
d
(s) = = 3
©)
T L PC
c c 1+ PC

Figure 12.7: lllustration of robustness to process perturbations. A system with additive
uncertainty (left) can be manipulated via block diagram algebra to one wiltipiraative
uncertaintyd = D=P (center). Additional manipulations isolate the uncertainty in a manner
that allows application of the small gain theorem (right)

@

The following example illustrates that it is possible to dessystems that are
robust to parameter variations.

Example 12.6 Bode's ideal loop transfer function

A major problem in the design of electronic ampli ers is to aint a closed loop
system that is insensitive to changes in the gain of the releict components.
Bode found that the loop transfer functitugs) = ks ", with 1 n 5=3, was

an ideal loop transfer function. The gain curve of the Bodé isla straight line
with slopen and that the phase is constantlafiw) = np=2. The phase mar-
gin is thusj » = 90(2 n) for all values of the gairk and the stability margin
issn= sinp(1 n=2). This exact transfer function cannot be realized with phys-
ical components, but it can be approximated over a giveruéeqgy range with

a rational function (Exercise 12.8). An operational ampliercuit that has the
approximate transfer functio®(s) = k=(s+ a) is a realization of Bode's ideal
transfer function with= 1, as described in Example 8.3. Designers of opera-
tional ampli ers go to great efforts to make the approximati@lid over a wide
frequency range. N

Youla Parameterization

Since stability is such an essential property, it is usefutharacterize all con-
trollers that stabilize a given process. Such a representatvhich is called a
Youla parameterizatignis very useful when solving design problems because it

Table 12.1: Conditions for robust stability for different types of uncertainty

Process Uncertainty Type  Robust Stability
P+ D Additive kCky < 1
P(1+ d) Multiplicative kTdky < 1

P=(1+ Dy, -P) Feedback kPDpky < 1
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(a) Stable process (b) Unstable process

Figure 12.8: Youla parameterization. Block diagrams of Youla parameterizations for a
stable system (a) and an unstable system (b). Notice that the signzgro in steady state.

makes it possible to search over all stabilizing contreligithout the need to test
stability explicitly.

We will rst derive Youla's parameterization for a stable pass with a rational
transfer functiorP. A system with the complementary sensitivity functibrcan
be obtained by feedforward control with the stable tranffectionQ if T = PQ.
Notice thatT must have the same right half-plane zeroPasinceQ is stable.
Now assume that we want to implement the complementaryfaafisnction T
by using unit feedback with the controll&: SinceT = PC=(1+ PC) = PQ, it
follows that the controller transfer function is

Q

C= 1 PQ:

(12.8)

A straightforward calculation gives
S=1 PQ PS=P(1 PQ); CS=Q; T=PQ

These transfer functions are all stabl®i&ndQ are stable and the controller given
by equation (12.8) is thus stabilizing. Indeed, it can beaghthat all stabilizing
controllers are in the form given by equation (12.8) for sarheice ofQ. The
parameterization is illustrated by the block diagrams irukégl2.8a.

A similar characterization can be obtained for unstabldéesys. Consider a
process with a rational transfer functigis) = a(s)=h(s), wherea(s) andb(s) are
polynomials. By introducing a stable polynomgdk), we can write

_als) _ Als).

"9 b T B
whereA(s) = a(s)=c(s) andB(s) = b(s)=c(s) are stable rational functions. Simi-
larly we introduce the controlleZy(s) = Fy(5)=Go(s), whereFy(s) andGy(s) are
stable rational functions. We have
_ AR . ._ BR . AG . _._ BG
S)_i’ PS)_ ’ COS)_AFO"‘BGO’ TO_AF0+BGO
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Figure 12.9: Block diagram of a basic feedback loop. The external signals are thmaad
signalr, the load disturbance and the measurement noiseThe process output ig and

the control signal is1. The proces® may include unmodeled dynamics, such as additive
perturbations.

The controlleiCy is stabilizing if and only if the rational functioARy + BGy does
not have any zeros in the right half plane. Kgbe a stable rational function and
consider the controller

Go+ QA
C= — < 12.9
Fo QB (29
The Gang of Four foP andC is
_ AR QB), _ B(Fo QB). _AlGo+ QA _ _ B(Go+ QA)
S= AR+ BGy ' PS= AR+ BGy ' CS= AR+ BGy ' T= AR+ BGy

All these transfer functions are stable if the rational fim AR + BGy does not
have any zeros in the right half plane and the contr@lgiven by (12.9) is there-
fore stabilizing for any stabl®. A block diagram of the closed loop system with
the controllerC is shown in Figure 12.8b. Notice that the transfer functipap-
pears af nely in the expressions for the Gang of Four, whiches/ useful if we
want to determine the transfer functi@Qnto obtain speci ¢ properties.

12.3 Performance in the Presence of Uncertainty

So far we have investigated the risk for instability and rabess to process un-
certainty. We will now explore how responses to load disindes, measurement
noise and command signal following are in uenced by procesgations. To do
this we will analyze the system in Figure 12.9, which is ideaitto the basic feed-
back loop analyzed in Chapter 11.

Disturbance Attenuation

The sensitivity functiors gives a rough characterization of the effect of feedback
on disturbances, as was discussed in Section 11.3. A moriedetharacteri-
zation is given by the transfer function from load distur@sto process output:

P

Gyd = ﬁ: = PS (1210)
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Load disturbances typically have low frequencies, and ftésgfore important that
the transfer function be small for low frequencies. For psses with constant low-
frequency gain and a controller with integral action we h@yg s=k;. Integral
gaink; is thus a simple measure of the attenuation of load distedmmn

To nd out how the transfer functiois,q is in uenced by small variations in
the process transfer function we differentiate (12.10hwatspect td® yielding

dGyqg _ 1 SP Gyd .

dP - (1+PO)? - P+ PC) P

and it follows that

dGyqg _ dP.
Giyd = SE (12.11)

The response to load disturbances is thus insensitive t@gso@riations for fre-
guencies whergS(iw)j is small, i.e., for frequencies where load disturbances are
important.

A drawback with feedback is that the controller feeds measent noise into
the system. In addition to the load disturbance rejectibis, thus also important
that the control actions generated by measurement noiseoateo large. It fol-
lows from Figure 12.9 that the transfer functi@g, from measurement noise to
controller output is given by

C T

Gun= ivpc- P (12.12)
Since measurement noise typically has high frequenciestahsfer functiorGyn
should not be too large for high frequencies. The loop tranfsfection PC is
typically small for high frequencies, which implies that, C for large s. To
avoid injecting too much measurement noise it is thereforpoirtant thaiC(s)
be small for larges. This property is calledhigh-frequency roll-off An example
is Itering of the measured signal in a PID controller to redube injection of
measurement noise; see Section 10.5.

To determine how the transfer functi@, is in uenced by small variations in
the process transfer, we differentiate equation (12.12):

dGun _ d C _ C c= T%'
dP  dP 1+PC  (1+PC2~ P’
Rearranging the terms gives
dGun _ dP.
G P (12.13)

Since the complementary sensitivity function is also sn@llHigh frequencies,
we nd that process uncertainty has little in uence on the sf@n functionG, for
frequencies where measurements are important.
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R+ Ry

Figure 12.10: Operational ampli er with uncertain dynamics. The circuit on the left is
modeled using the transfer functi@{s) to capture its dynamic properties and it has a load
at the output. The block diagram on the right shows the input/output relatfmmsThe load

is represented as a disturbamtapplied at the output dB(s).

Command Signal Following

The transfer function from reference to output is given by

PCF
yr = 71_{_ PC= TF (1214)

which contains the complementary sensitivity function.sé@ how variations in
P affect the performance of the system, we differentiate ggug12.14) with
respect to the process transfer function:
dGyr CF PCFC CF Gyr
= = = Si’
dP  1+PC (1+PC)2 (1+PO)?

and it follows that

dG, _ _dP,
5 * S5 (12.15)

The relative error in the closed loop transfer function thysads the product of the
sensitivity function and the relative error in the procebsparticular, it follows
from equation (12.15) that the relative error in the closmmpltransfer function is
small when the sensitivity is small. This is one of the usefaperties of feedback.

As in the last section, there are some mathematical assomsptinat are re-
quired for the analysis presented here to hold. As alreaatedt we require that
the perturbation® be small (as indicated by writingP). Second, we require that
the perturbations be stable, so that we do not introduce ewyright half-plane
poles that would require additional encirclements in theNst criterion. Also, as
before, this condition is conservative: it allows for anytpebation that satis es
the given bounds, while in practice the perturbations mambee restricted.

Example 12.7 Operational ampli er

To illustrate the use of these tools, consider the perfooaanrf an op amp-based

ampli er, as shown in Figure 12.10. We wish to analyze the penmce of the

ampli er in the presence of uncertainty in the dynamic resmof the op amp

and changes in the loading on the output. We model the syssamg the block

diagram in Figure 12.10b, which is based on the derivation @nipie 9.1.
Consider rst the effect of unknown dynamics for the openagibampli er. If
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we model the dynamics of the op ampwas=  G(s)v, then transfer function for
the overall circuit is given by

R G(s) :
Ry G(S) + R=R; + 1

We see that if5(s) is large over the desired frequency range, then the closgd lo
system is very close to the ideal respoase Ry=R;. AssumingG(s) = b=(s+ a),
whereb is the gain-bandwidth product of the ampli er, as discussedkam-
ple 8.3, the sensitivity function and the complementarysimity function be-
come

GV2V1 =

sta _ ab
s+ at+ ab’

" s+a+ab’

The sensitivity function around the nominal values tells aw bhe tracking re-
sponse response varies as a function of process perturatio

dG, _ _dP.
& = Sp

We see that for low frequencies, whee small, variations in the bandwidthor
the gain-bandwidth produttwill have relatively little effect on the performance
of the ampli er (under the assumption thats suf ciently large.

To model the effects of an unknown load, we consider the middf a dis-
turbance at the output of the system, as shown in Figure 12Tl disturbance
represents changes in the output voltage due to loadingteffEhe transfer func-
tion Gyg = Sgives the response of the output to the load disturbancewarske
that if Sis small, then we are able to reject such disturbances. Thatiséyp
of Gyq to perturbations in the process dynamics can be computedKygt the
derivative ofGyq with respect tdP:

dGyqg _ c _ IG 5 dGyqg _ dip
dP ~ (1+PC2- p Y 7 Ga P’

Thus we see that the relative changes in the disturbancdiogjese roughly the
same as the process perturbations at low frequency (Whisrapproximately 1)
and drop off at higher frequencies. However, it is importarmemember thaBGyg
itself is small at low frequency, and so these variationgiative performance may
not be an issue in many applications. N

12.4 Robust Pole Placement

In Chapters 6 and 7 we saw how to design controllers by settiagocations
of the eigenvalues of the closed loop system. If we analygadkulting system
in the frequency domain, the closed loop eigenvalues qooresto the poles of
the closed loop transfer function and hence these methedsften referred to as
design bypole placement
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State space design methods, like many methods developedrfopoktsystem
design, do not explicitly take robustness into account. uchscases it is essen-
tial to always investigate the robustness because thersearaingly reasonable
designs that give controllers with poor robustness. Watilhte this by analyzing
controllers designed by state feedback and observers. ®kedtloop poles can
be assigned to arbitrary locations if the system is obségatd reachable. How-
ever, if we want to have a robust closed loop system, the @ldszeros of the
process impose severe restrictions on the location of tieedlloop poles. Some
examples are rst given; based on the analysis of these examy then present
design rules for robust pole (eigenvalue) placement.

Slow Stable Process Zeros

e will rst explore the effects of slow stable zeros, and we ibegith a simple
example.

Example 12.8 Vehicle steering
Consider the linearized model for vehicle steering in Exan@6, which has the

transfer function
0:5s+ 1

S2

A controller based on state feedback was designed in Examflaid state feed-
back was combined with an observer in Example 7.4. The systewlated in
Figure 7.8 has closed loop poles speci ed = 0:3, z; = 0:707,w, = 7 and

Zo = 9. Assume that we want a faster closed loop system and chaoselo,
Z.= 0:707,w, = 20 andz, = 0:707. Using the state representation in Example 7.3,
a pole placement design gives state feedback dains100 andk, = 35:86 and
observer gaing, = 2828 andl, = 400. The controller transfer function is

9= 11516+ 40000
"~ P+ 424s+ 66579

Figure 12.11 shows Nyquist and Bode plots of the loop trarfsigction. The
Nyquist plot indicates that the robustness is poor sincéothye transfer function is
very close to the critical point 1. The phase margin is And the stability margin

is sp = 0:077. The poor robustness shows up in the Bode plot, where ihe ga
curve hovers around the value 1 and the phase curve is clos&80 for a wide
frequency range. More insight is obtained by analyzing #esgivity functions,
shown by solid lines in Figure 12.12. The maximum sensitigiieeMs = 13 and

M; = 12, indicating that the system has poor robustness.

At rst sight it is surprising that a controller where the naral closed system
has well damped poles and zeros is so sensitive to procdatimas. \We have an
indication that something is unusual because the contiudle a zero aga= 3:5in
the right half-plane. To understand what happens, we wikstigate the reason
for the peaks of the sensitivity functions.

P(s) =
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Figure 12.11: Observer-based control of steering. The Nyquist plot (left) andeBadt

(right) of the loop transfer function for vehicle steering with a controllesduhon state
feedback and an observer. The controller provides stable operatibwjth very low gain

and phase margin.

Let the transfer functions of the process and the controer b

Np(s) ne(s)
P(9= -o—~; C(9= ;
9% 49" 7w
wherenp(s), nc(s), dp(s) anddg(s) are the numerator and denominator polynomi-
als. The complementary sensitivity function is

PC _ Np(S)Nc(S) )
1+ PC dp(9de(9)+ np(9np(9)°

The poles ofT (s) are the poles of the closed loop system and the zeros are given
by the zeros of the process and controller. Sketching the@aie of the com-
plementary sensitivity function we nd that(s) = 1 for low frequencies and that
jT(iw)j starts to increase at its rst zero, which is the process zem=a2. It
increases further at the controller zercsat 3:4, and it does not start to decrease
until the closed loop poles appeanat= 10 andw, = 20. We can thus conclude
that there will be a peak in the complementary sensitivityction. The magnitude
of the peak depends on the ratio of the zeros and the poles tfathsfer function.

The peak of the complementary sensitivity function can bedagbby assign-
ing a closed loop zero close to the slow process zero. We daievacthis by
choosingw; = 10 andz. = 2:6, which gives closed loop poles at= 2 and
s= 50. The controller transfer function then becomes

3628+ 40000 s+ 11.02
C(9= 2+ 80285+ 15656 3628(s+ 2)(s+ 7828)°
The sensitivity functions are shown by dashed lines in Figar&2. The controller
gives the maximum sensitivitidds = 1:34 andVl; = 1:41, which give much better
robustness. Notice that the controller has a polg=at 2 that cancels the slow
process zero. The design can also be done simply by canchingldw stable
process zero and designing the controller for the simpli gstam. N

T(9)=
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Figure 12.12: Sensitivity functions for observer-based control of vehicle steefihg.com-
plementary sensitivity function (left) and the sensitivity function (right)tfer original con-
troller with we = 10, zc = 0:707,w, = 20, Zo = 0:707 (solid) and the improved controller

with we = 10, z; = 2:6 (dashed).

One lesson from the example is that it is necessary to chdosectloop poles
that are equal to or close to slow stable process zeros. Antabson is that slow
unstable process zeros impose limitations on the achiewridwidth, as already

noted in Section 11.5.

Fast Stable Process Poles
The next example shows the effect of fast stable poles.

Example 12.9 Fast system poles
Consider a PI controller for a rst-order system, where thecpss and the con-

troller have the transfer functio¥s) = b=(s+ a) andC(s) = kp+ kj=s. The loop
transfer function is
b(kps+ ki) .

{97 gsr )
and the closed loop characteristic polynomial is.
S(s+ a)+ b(kps+ ki) = S+(a+ bkp)s+ kib

If we specify the desired closed loop poles should g and p,, we nd that
the controller parameters are given by

p1+ p2 a, K P1P2.

ot Ty
The sensitivity functions are then
s = s(sta) | T(9) = (Pt P2 a)s+ pipe.

(s+ po)(s+ p2)’ (s+ p1)(s+ p2)
Assume that the process pa@es much larger than the closed loop polasand
p2, say,p1 < p2 a. Notice that the proportional gain is negative and that the
controller has a zero in the right half-planesit> p; + pp, an indication that the
system has bad properties.

Next consider the sensitivity function, which is 1 for higbduencies. Moving
from high to low frequencies, we nd that the sensitivity irases at the pro-
cess poles= a. The sensitivity does not decrease until the closed loopsparie
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Figure 12.13: Gain curves for Bode plots of the sensitivity functi®tfor designs with
p1 < p2< a(left) anda< p;1 < po (right). The solid lines are the true sensitivities, and the
dashed lines are the asymptotes.

reached, resulting in a large sensitivity peak that is axpratelya=p,. The mag-
nitude of the sensitivity function is shown in Figure 12.18de= b= 1, p; = 0:05
andp; = 0:2. Notice the high-sensitivity peak. For comparison we alsow the
gain curve for the case when the closed loop popas=( 5, p, = 20) are faster
than the process pola & 1).
The problem with poor robustness can be avoided by choosiaglosed loop
pole equal to the process pole, i.gz,= a. The controller gains then become
_ P, _ ap.,
Kp = b ki = o
which means that the fast process pole is canceled by a dentzero. The loop
transfer function and the sensitivity functions are

_ bk
s+ bkp TO= S b

The maximum sensitivities are now less than 1 for all freqiend\Notice that this
is possible because the process transfer function goesdagse . \

9= "2 S(9=

Design Rules for Pole Placement

Based on the insight gained from the examples, it is now ptest obtain design
rules that give designs with good robustness. Considerxpeession (12.8) for
maximum complementary sensitivity, repeated here:

PC
1+ PC ¥

Let wyc be the desired gain crossover frequency. Assume that tihegsdas ze-
ros that are slower thang.. The complementary sensitivity function is 1 for low
frequencies, and it increases for frequencies close torthieeps zeros unless there
is a closed loop pole in the neighborhood. To avoid largeeslf the comple-
mentary sensitivity function we nd that the closed loop ®mtshould therefore
have poles close to or equal to the slow stable zeros. Thissriteahslow stable
zeros should be canceled by controller poles. Since unstabds cannot be can-

M; = supT(iw)j =
w
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celed, the presence of slow unstable zeros means that ablégyain crossover
frequency must be smaller than the slowest unstable praeess

Now consider process poles that are faster than the desiiedgpssover fre-
quency. Consider the expression for the maximum of the té@tsfunction.

e x 1

Ms = svlijS(IW)J = 1+pC v
The sensitivity function is 1 for high frequencies. Movingr high to low fre-
guencies, the sensitivity function increases at the fastgss poles. Large peaks
can result unless there are closed loop poles close to therasess poles. To
avoid large peaks in the sensitivity the closed loop systeoulsl therefore have
poles that match the fast process poles. This means that tiieolber should
cancel the fast process poles by controller zeros. Sinceiesimodes cannot
be canceled, the presence of a fast unstable pole implieshin@ain crossover
frequency must be suf ciently large.

To summarize, we obtain the following simple rule for chogsclosed loop
poles: slow stable process zeros should be matched by stsedlloop poles,
and fast stable process poles should be matched by fastdtmse poles. Slow
unstable process zeros and fast unstable process polesars@eere limitations.

Example 12.10 AFM Nanopositioner

A simple nanopositioner was explored in Example 9.9, wheveag shown that
the system could be controlled using an integral controlldre performance of
the closed loop was poor because the gain crossover fregueas limited to
Wge = 2ZWp(1 sy). It can be shown that little improvement is obtained by using
a PI controller. To achieve improved performance, we willréfere apply PID
control. For a modest performance increase, we will use ¢ésegd rule derived in
Example 12.9 that fast stable process poles should be cdrnetontroller zeros.
The controller transfer function should thus be chosen as

kys*+ kps+ ki _ ki $°+ 2zs+ a*

C(9 = 5 B (12.16)

which giveskp = 2zki=a andkq = ki=a2.

Figure 12.14 shows the gain curves for the Gang of Four fort@sydesigned
with ki = 0:5. A comparison with Figure 9.12 shows that the bandwidth 4is in
creased signi cantly fromwg. = 0:01 towy. = ki = 0:5. Since the process pole is
canceled, the system will, however, still be very sensitiMead disturbances with
frequencies close to the resonant frequency. The gain cilir@&bas a dip or a
notch at the resonant frequency, which implies that therotiat gain is very low
for frequencies around the resonance. The gain curve alsgsghat the system is
very sensitive to high-frequency noise. The system willlikee unusable because
the gain goes to in nity for high frequencies.

The sensitivity to high frequency noise can be remedied byifyiad the con-
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Figure 12.14: Nanopositioner control via cancellation of the fast process pole. Gaesu
for the Gang of Four for PID control with second-order ltering (12) are shown by solid
lines, and the dashed lines show results for an ideal PID controller witlerng (12.16).

troller to be
ki S+ 2zas+ a?

9= Sa2(1+ st +(sT)2=2)’

which has high-frequency roll-off. Selection of the constanfor the lIter is

a compromise between attenuation of high-frequency measant noise and ro-
bustness. A large value d% reduces the effects of sensor noise signi cantly, but
it also reduces the stability margin. Since the gain crogsfregquency without
Itering is k;j, a reasonable choiceTg = 0:2=T;, as shown by the solid curves in
Figure 12.14. The plots g€]iw)j andjS(iw)j show that the sensitivity to high-
frequency measurement noise is reduced dramatically atdabeof a marginal
increase of sensitivity. Notice that the poor attenuatibdisturbances with fre-
guencies close to the resonance is not visible in the seibsiiinction because of
the exact cancellation of poles and zeros.

The designs thus far have the drawback that load disturbavitefequencies
close to the resonance are not attenuated. We will now censidiesign that
actively attenuates the poorly damped modes. We start wiithesal P1D controller
where the design can be done analytically, and we add hagfuéncy roll-off. The
loop transfer function obtained with this controller is

+ + ki
L(s) = kis”+ kpst K ;
(2 + 2zas+ a?)
The closed loop system is of third order, and its charactepsitynomial is
S+ (kga®+ 2za)s*+ (kp+ 1)a’s+ kia*: (12.19)
A general third-order polynomial can be parameterized as
S+ (ap+ 2z)wos +( 1+ 2apz)Wis+ agwg: (12.20)

(12.17)

(12.18)
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Figure 12.15: Nanopositioner control using active damping. Gain curves for the ®ang
Four for PID control of the nanopositioner designediigr= a (dash-dotted), 2 (dashed),
and 4 (solid). The controller has high-frequency roll-off and has beengdes to give
active damping of the oscillatory mode. The different curves coardpo different choices
of magnitudes of the poles, parameterizedigyin equation (12.19).

The parameterag andz give the relative con guration of the poles, and the pa-
rametemy gives their magnitudes and therefore also the bandwidtmeo$ystem.

The identi cation of coef cients of equal powers a&fin with equation (12.19)
gives a linear equation for the controller parameters, whis the solution

1+ 2apz)wW? aows ap+ 22)w
kp:(az())o 1 k= azo; kd:(oaz)o

To obtain a design with active damping, it is necessary tattosed loop band-
width be at least as fast as the oscillatory modes. Adding-friggquency roll-off,

the controller becomes

2za: (12.21)

_ keSPHKpstk

C(9) = S1+ ST+ (sT)=2) (12.22)
The valueT; = Tq=10= 0:1kyg=k is a good value for the Itering time constant.

Figure 12.15 shows the gain curves of the Gang of Four for desigth
z=0:707,ap= 1 andwp = a, 2aand 4. The gure shows that the largest values
of the sensitivity function and the complementary sengjtifunction are small.
The gain curve foPSshows that the load disturbances are now well attenuated
over the whole frequency range, and attenuation increaislesnereasingrg. The
gain curve forCSshows that large control signals are required to provideect
damping. The high gain @@ Sfor high frequencies also shows that low-noise sen-
sors and actuators with a wide range are required. The laggas forCSare 19,
103 and 434 fomp = a, 2a and 4, respectively. There is clearly a trade-off be-
tween disturbance attenuation and controller gain. A corspa of Figures 12.14
and 12.15 illustrates the trade-offs between control acied disturbance attenu-
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ation for the designs with cancellation of the fast proceds pnd active damping.
N

12.5 Design for Robust Performance

Control design is a rich problem where many factors have taken into account.
Typical requirements are that load disturbances shoulttéewmted, the controller
should inject only a moderate amount of measurement ndiseputput should
follow variations in the command signal well and the clossapl system should be
insensitive to process variations. For the system in Figar@ these requirements
can be captured by speci cations on the sensitivity funi&and T and the
transfer functionsGyq, Gun, Gyr andG,. Notice that it is necessary to consider
at least six transfer functions, as discussed Section 11.&. r@duirements are
mutually con icting, and it is necessary to make trade-offihe attenuation of
load disturbances will be improved if the bandwidth is irased, but so will the
noise injection.

It is highly desirable to have design methods that can gtieeaiobust perfor-
mance. Such design methods did not appear until the late 1988sy of these
design methods result in controllers having the same streics the controller
based on state feedback and an observer. In this sectionowiel@ma brief review
of some of the techniques as a preview for those interestedoie specialized
study.

Quantitative Feedback Theory

Quantitative feedback theo(QFT) is a graphical design method for robust loop
shaping that was developed by I. M. Horowitz [Hor91]. The ideto rst deter-
mine a controller that gives a complementary sensitivigt th robust to process
variations and then to shape the response to command siyni@sdforward. The
idea is illustrated in Figure 12.16a, which shows the leveves of the comple-
mentary sensitivity function on a Nyquist plot. The complenaey sensitivity
function has unit gain on the line Réiw) = 0:5. In the neighborhood of this
line, signi cant variations in process dynamics only givedroate changes in the
complementary transfer function. The dashed part of the goreesponds to the
region Q9 < jT(iw)j < 1:1. To use the design method, the uncertainty for each
frequency is represented by a region and we attempt to shapedp transfer
function so that the variation i is as small as possible. The design is often
performed using the Nichols chart shown in Figure 12.16b.

Linear Quadratic Control

One way to make the trade-off between the attenuation of distdrbances and
the injection of measurement noise is to design a contrthiirminimizes the loss
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Figure 12.16: Hall and Nichols charts. The Hall chart is a Nyquist plot with curves for

constant gain and phase of the complementary sensitivity function. Tdi®IN chart is

the conformal map of the Hall chart under the transformaion logH. The dashed curve

is the line whergT(iw)j = 1, and the region where the loop transfer function changes by
10% is shaded.

function 7
.
J= = Y(t)+ rud(t) dt
0

wherer is a weighting parameter as discussed in Section 6.3. Thiguasson
gives a compromise between load disturbance attenuaésigiid of controllers for
and disturbance injection because it balances contrarectgainst deviations in
the output. If all state variables are measured, the cdetr™ a state feedback
u= Kxand it has the same form as the controller obtained by eiigmessign-
ment (pole placement) in Section 6.2. However, the conirglén is obtained by
solving an optimization problem. It has been shown that toistroller is very
robust. It has a phase margin of at least &Ad an in nite gain margin. The con-
troller is called dinear quadratic controbr LQ controlbecause the process model
is linear and the criterion is quadratic.
When all state variables are not measured, the state caicdresteucted using
an observer, as discussed in Section 7.3. It is also possibigroduce process
disturbances and measurement noise explicitly in the maut#to reconstruct the
states using a Kalman lter, as discussed brie y in Section THe Kalman Iter
has the same structure as the observer designed by polarassigin Section 7.3,
but the observer gairls are now obtained by solving an optimization problem.
The control law obtained by combining linear quadratic colnivith a Kalman
Iter is called linear quadratic Gaussian contrar LQG control The Kalman
Iter is optimal when the models for load disturbances and sueament noise are
Gaussian.
It is interesting that the solution to the optimization desh leads to a con-

troller having the structure of a state feedback and an wbserhe state feedback
gains depend on the parameterand the lter gains depend on the parameters in
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Figure 12.17:Hy robust control formulation. The left gure shows a general repnéation

of a control problem used in robust control. The inpuepresents the control signal, the
input w represents the external in uences on the system, the oatfithe generalized
error and the output is the measured signal. The right gure shows the special case of the
basic feedback loop in Figure 12.9 where the reference signal is lretbis case we have
w=( n;d) andz=(x;v).

the model that characterize process noise and measureqiga{see Section 7.4).
There are ef cient programs to compute these feedback and\arsgains.

The nice robustness properties of state feedback are un&bely lost when the
observer is added. Itis possible to choose parametersitieatigsed loop systems
with poor robustness, similar to Example 12.8. We can thuslode that there
is a fundamental difference between using sensors fora#ésand reconstructing
the states using an observer.

Hy Control

Robust control design is often calléty control for reasons that will be explained
shortly. The basic ideas are simple, but the details are goatetl and we will
therefore just give the avor of the results. A key idea isslitated in Figure 12.17,
where the closed loop system is represented by two blockgprbtes® and the
controllerC as discussed in Section 11.1. The prodeéssas two inputs, the
control signalu, which can be manipulated by the controller, and the geizedl
disturbancev, which represents all external in uences, e.g., commanaadggand
disturbances. The process has two outputs, the generatized,evhich is a vec-
tor of error signals representing the deviation of signadsnftheir desired values,
and the measured signglwhich can be used by the controller to computd-or
a linear system and a linear controller the closed loop sysi@n be represented
by the linear system

z= H(P(s);C(9))w, (12.23)

which tells how the generalized ernordepends on the generalized disturbanees
The control design problemisto nd a controll@isuch that the gain of the transfer
function H is small even when the process has uncertainties. There arg ma
different ways to specify uncertainty and gain, giving risedifferent designs.
The name$, andHy control correspond to the normasik,; andkHky .

To illustrate the ideas we will consider a regulation proibfer a system where
the reference signal is assumed to be zero and the extegnalsare the load dis-
turbanced and the measurement noiseas shown in Figure 12.17b. The general-
ized inputisw=( n;d). (The negative sign ai is not essential but is chosen to
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obtain somewhat nicer equations.) The generalized errdrdsen az=( h; n),
whereh is the process output andis the part of the load disturbance that is not
compensated by the controller. The closed loop system istinakeled by

8h9 §11PC 1PPC§8 S

_3N3 _ + + 2 Nz _ 2 Nz

z=72 % = c oc B0 g0 =HPOZ 7 (12.24)
1+ PC 1+ PC’

which is the same as equation (12.23). A straightforwardutation shows that

P (1+ JP(iw)j?)(1+ JC(iw)j?) .
j1+ P(iw)C(iw)j

kH(P,C))ky = sup (12.25)

There are numerical methods for nding a controller such kid¢P,C)ky < g,
if such a controller exists. The best controller can then hmdoby iterating on
g. The calculations can be made by solviedgebraic Riccatiequations, e.g., by
using the commantinfsyn in MATLAB. The controller has the same order as
the process and the same structure as the controller bastaterfieedback and an
observer; see Figure 7.7 and Theorem 7.3.

Notice that if we minimizekH (P,C)ky, we make sure that the transfer func-
tionsGyq = P=(1+ PC), representing the transmission of load disturbances to the
output, andsy,= C=(1+ PC), representing how measurement noise is transmit-
ted to the control signal, are small. Since the sensitivity #ie complementary
sensitivity functions are also elementsté{P,C), we have also guaranteed that
the sensitivities are less thgnThe design methods thus balance performance and
robustness.

There are strong robustness results associated withtlwentroller. It follows
from equations (12.4) and (12.25) that

1
dh(P, 1=C)’

The inverse okH(P,C)ky is thus equal to the Vinnicombe distance betwBemd
1=C and can therefore be interpreted ageaeralized stability marginCompare

this with sy, which we de ned as the shortest distance between the Nyquise

of the loop transfer function and the critical poini. It also follows that if we nd

a controllerC with kH(P,C)ky < g, then this controller will stabilize any process

P such thad,(P,P) < 1=g.

kH(P,C)ky = (12.26)

Disturbance Weighting

Minimizing the gainkH (P, C)ky means that the gains of all individual signal trans-
missions from disturbances to outputs are less théor all frequencies of the
input signals. The assumption that the disturbances ardlgdomgportant and
that all frequencies are also equally important is not veslistic; recall that load
disturbances typically have low frequencies and measurenm@se is typically
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Figure 12.18: Block diagrams of a system with disturbance weighting. The left gure pro
vides a frequency weight on processes disturbances. Throughdikgram manipulation,
this can be converted to the standard problem on the right.

dominated by high frequencies. It is straightforward to rhotthe problem so that
disturbances of different frequencies are given diffemmphasis, by introducing
a weighting Iter on the load disturbance as shown in FigureL&2For example,
low-frequency load disturbances will be enhanced by cmupaj; as a low-pass
Iter because the actual load disturbancé\igd.
By using block diagram manipulation as shown in Figure 12vilé3, nd that

the system with frequency weighting is equivalent to theesyswith no frequency
weighting in Figure 12.18 and the signals are related through

1 R, 2
h9§1+PCW 1+FV>VWCW§§ ng
_zhzE1+R, N
WETRE gy R, B 47 =HRCwy  (1227)

1+ RCy 1+PR.Cy

whereR, = PW; andC, = W, 'C. The problem of nding a controlle€, that
minimizes the gain oH(R,;Cy) is thus equivalent to the problem without distur-
bance weighting; having obtain€, the controller for the original system is then
C = W4C. Notice that if we introduce the frequency weightWg = k=s, we will
automatically get a controller with integral action.

Limits of Robust Design

There is a limit to what can be achieved by robust design. lie gfithe nice prop-
erties of feedback, there are situations where the proasations are so large
that it is not possible to nd a linear controller that givesabust system with
good performance. It is then necessary to use other typesntfotlers. In some
cases it is possible to measure a variable that is well ag@lwith the process
variations. Controllers for different parameter values tteen be designed and the
corresponding controller can be chosen based on the meélasigral. This type of
control design is calledain schedulingThe cruise controller is a typical example
where the measured signal could be gear position and weldégin scheduling
is the common solution for high-performance aircraft wheebheduling is done
based on Mach number and dynamic pressure. When using dedding, it is
important to make sure that switches between the contsallemot create unde-
sirable transients (often referred tolasnpless transfgr

If it is not possible to measure variables related to the mpatars,automatic



382 CHAPTER 12. ROBUST PERFORMANCE

tuningandadaptive controtan be used. In automatic tuning the process dynamics
are measured by perturbing the system, and a controlleeisdbasigned automat-
ically. Automatic tuning requires that parameters remainstant, and it has been
widely applied for PID control. It is a reasonable guess thahe future many
controllers will have features for automatic tuning. If @areters are changing, it

is possible to use adaptive methods where process dynareioseasured online.

12.6 Further Reading

The topic of robust control is a large one, with many articled extbooks devoted
to the subject. Robustness was a central issue in classicabtas described in
Bode's classical book [Bod45]. Robustness was deemplihsizbe euphoria of
the development of design methods based on optimizationsffbeg robustness
of controllers based on state feedback, shown by Andersdrivienore [AM90Q],
contributed to the optimism. The poor robustness of outpdiback was pointed
out by Rosenbrock [RM71], Horowitz [Hor75] and Doyle [Doy7éhd resulted
in a renewed interest in robustness. A major step forwardtheslevelopment
of design methods where robustness was explicitly takem astount, such as
the seminal work of Zames [Zam81]. Robust control was origjyndéveloped
using powerful results from the theory of complex variablefich gave con-
trollers of high order. A major breakthrough was made by Bp@lover, Khar-
gonekar and Francis [DGKF89], who showed that the solutiorhéoproblem
could be obtained using Riccati equations and that a céatraf low order could
be found. This paper led to an extensive treatmemiyotontrol, including books
by Francis [Fra87], McFarlane and Glover [MG90], Doyle, Fraremd Tannen-
baum [DFT92], Green and Limebeer [GL95], Zhou, Doyle and GloverG28],
Skogestand and Postlethwaite [SP0O5] and Vinnicombe [Vin01]. afomadvan-
tage of the theory is that it combines much of the intuitiaanirservomechanism
theory with sound numerical algorithms based on numericaél algebra and op-
timization. The results have been extended to nonlineaesysby treating the
design problem as a game where the disturbances are gehbyaé® adversary,
as described in the book by Basar and Beernhard [BB91]. Gdiaedsiling and
adaptation are discussed in the bookAsgrom and WittenmarkAWO08].

Exercises

12.1 Consider systems with the transfer functidhs 1=(s+ 1) andP, = 1=(s+
a). Show thatP; can be changed continuously B with bounded additive and
multiplicative uncertainty ifa> 0 but not ifa< 0. Also show that no restriction
onais required for feedback uncertainty.

12.2 Consider systems with the transfer functiths: ( s+ 1)=(s+ 1)? andP, =
(s+ a)=(s+ 1)2. Show thatP; can be changed continuously B with bounded
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feedback uncertainty &> O but not ifa< 0. Also show that no restriction can
is required for additive and multiplicative uncertainties

12.3 Let T(P,C) the complementary sensitivity function for a system witbqass
P and controllelC. Show that
(P P)C |
(1+ PC)(1+ PC)’
and derive a similar formula for the sensitivity function.

T(P;C) T(P;C)=

12.4 (The Riemann sphere) Consider systems with the transfetifunsd®, = -
k=(s+ 1) andP, = k=(s 1). Show that

(
2k 1; if k< 1
—  Gh(PuP)= 7 .
1+ k2 h(Fi;P2) % otherwise
Use the Riemann sphere to show geometrically thé®;;P) = 1if k< 1. (Hint:
It is suf cient to evaluate the transfer function far= 0.)

d(Py;P) =

12.5 Consider a feedback loop with a process and a controllembavansfer
functionsP andC. Assume that the maximum sensitivityNg = 2. Show that the
phase margin is at least 3@nd that the closed loop system will be stable if the
gain is changed by 50%.

12.6(Robustness inequalities) Derive the inequalities givefable 12.1.

12.7(Bode's ideal loop transfer function) Make Bode and Nyqpists of Bode's
ideal loop transfer function. Show that the phase margjin,js- 180 —90 n and
that the stability margin isy, = arcsinp(1  n=2).

12.8 Consider a process with the transfer functiefs) = k=(s(s+ 1)), where

the gain can vary between 0.1 and 10. A controller that is sbbuthese gain
variations can b& obtained by nding a controller that gives loop transfer func-
tion L(s) = 1=(s s). Suggest how the transfer function can be implemented by
approximating it by a rational function.

12.9 The Smith predictor a controller for systems with time delays, is a special
version of Figure 12.8a witR(s) = e S Py(s) andC(s) = Co(S)=(1+ Co(s)P(9)).
The controllerCy(s) is designed to give good performance for the prod®gs).
Show that the sensitivity functions are

go= L€ HR(9C R(9)e *Co(9)
1+ Po(9)Co(s) 1+ Po(9)Co(9)

12.10 (Ideal delay compensator) Consider a process whose dyaarea pure
time delay with transfer functioR(s) = e S. The ideal delay compensator is a
controller with the transfer functioB(s) = 1=(1 e S). Show that the sensitivity
functions arelT(s) = e SandS(s) = 1 e ®and that the closed loop system will
be unstable for arbitrarily small changes in the delay.

T(9)=
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12.11 Consider the Nyquist curve in Figure 12.11. Explain why pathefcurve is
approximately a circle. Derive a formula for the center dreradius and compare
with the actual Nyquist curve.

12.12 Consider a process with the transfer function
P(s) = (3+ 3)(s+ 200
"~ (s+ 1)(s?+ 10s+ 40)(s+ 40)°

Discuss suitable choices of closed loop poles for a desagrgities dominant poles
with undamped natural frequency 1 and 10.

12.13 Consider the design in Example 12.10 and explore the efféaisamging
parametergy andzg.

12.14 Consider the matri¥d(P,C) in equation (12.24). Show that it has the sin-
gular values

p
- (1+ jP@iw)j?)(1+ jC(iw)j?)
= =s= = kH(P,C)) ky:
S1=0 S22 S = SUp W) Cliw)] (PO ke
Also show thats = 1=d,(P, 1=C), which implies that %s is a generalization of
the closest distance of the Nyquist plot to the critical poin

12.15 Show that

o jP(iw)+ 1=C(iw)] - !
A = P T Rawim (i =CimD | KHPO)K:

12.16(Design that giv8es a nogrobugt closgd loop system) Congigesystem
8 9

dx _ -3 1 03 za 1z . o~y - :

a-Ax+Bu—. 1 o X7 Ty y=Cx=-0 1 vy
Design a state feedback that gives(det BK) = s+ 2z.w s+ w2, an observer
with de(sl LC)= §?+ 2z,w,s+ w2 and combine them using the separation prin-
ciple to get an output feedback. Choose the numerical vaued.5, w, = 5,
Z. = 0:6 andw, = 10, z, = 0:6. Compute the eigenvalues of the perturbed system
when the process gain is increased by 2%. Also compute tipeilansfer function
and the sensitivity functions. Is there a way to know befarehthat the system
will be highly sensitive?

12.17 Another view of robust performance can be obtained throygieal to the
Nyquist criterion. LetSyax(iw) represent a desired upper bound on our sensitiv-
ity function. Show that the system provides this level of parfance subject to
additive uncertaintyp if the following inequality is satis ed:
- 1

jl1+ Lj=jl+ L+ CDO > ———— forallw O. 12.28
: 1= D ] Smax(iw)] ( )
Describe how to check this condition using a Nyquist plot.
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12.18(Disk drive tracking) The gure below shows a simple mechanfenposi-
tioning a disk drive read head and the associated equatfonet@mn:

Jg= bg krsing+ tm

tm= a(tm U

Motor

The system consists of a spring loaded arm that is driven byadl smotor. The
motor applies a force against the spring and pulls the headathe platter. The
input to the system is the desired motor torqueln the diagram above, the force
exerted by the spring is a nonlinear function of the headtipmsdlue to the way it
is attached. All constants are positive.

We wish to design a controller that holds the drive head atengiocationgy.
Assume that the system parameters are suchkhat0:001, z = 0:5, w = 0:1
anda= 1. Design a compensator that provides tracking with less 186 error
up to 1 rad/s and has a phase margin of.6Describe the sets of additive and
multiplicative uncertainty that can be accommodated by ylasign.
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setpoint weighting, 315, 319
time constant, 300
integral control, 24, 367
integral feedback, 299
integral gain, 300, 332, 367
integrated error, 302
integrator windup, 229,
312-314, 321
conditional integration, 321
intelligent machinessee
robotics
internal model principle, 218,
225
Internet, 12, 13, 77, 79, 82, 95
zz,see alsa@ongestion
control
Internet Protocol (IP), 80
invariant set, 120, 123
inverse model, 164, 223, 328
inverse response, 297
inverted pendulum, 37, 71,
102, 110, 120, 123, 130,
280, 345
Furuta, 132
zz,see alsdalance systems
inverted pendulum on a cart,
seebalance systems

Jacobian linearization,
161-164

Jordan form, 141-144, 167,
192

Kalman decomposition,
226-228, 239, 266, 267

Kalman lter, 219-222, 230,
378

extended, 224

Kalman, R. E., 171, 202, 205,
227,230

Kalman-Bucy lter, 221

Kelly, F. P., 82

Kepler, J., 28
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Keynes, J. M., 14

Keynesian economic model,
63, 168

Krasovski—Lasalle principle,
120

LabVIEW, 125, 166

lag compensation, 334

lag compensator, 336

lag, phase, 156

Laplace transforms, ix,
264-266

Laplacian matrix, 58

Lasalle's invariance principle,
seeKrasovski—Lasalle
principle

lead compensator, 336, 349

lead, phase, 156

limit cycle, 93, 103, 104, 111,
113, 124, 292, 293

linear quadratic control,
195-199, 220, 230,
377-379

linear systems, 30, 34, 76, 107,

133-166, 226, 235, 239,
266, 290
linear time-invariant systems,
30, 34, 136, 265
linearity, 134
linearization, 111, 119, 134,
160-165, 224
Lipschitz continuity, 100
load disturbance, 323
load disturbances, 367
load sensitivity function, 325
local behavior, 105, 111, 120,
122,162
locally asymptotically stable,
106
logistic growth model, 92
logistic model, 96
loop analysis, 271
loop shaping, 274, 334
control design via, 334-339
design rules, 335
fundamental limitations,
339-348
loop transfer function, 272
Lotus Notes servegeee-mail
server
low-order models, 304
low-pass lter, 259, 260, 314

LQ control,seelinear
quadratic control
LTI systemsseelinear,
time-invariant systems
Lyapunov equation, 116, 130
Lyapunov functions, 113-116,
122,129, 167
design of controllers using,
120, 126
existence of, 115
Lyapunov stability analysis,
43,112-121,128
discrete time, 131

Mars Exploratory Rovers, 12
mass spectrometer, 11
materials science, 9
Mathematica, 41, 125, 166
MATLAB, 26, 41, 125, 166,
204
acker, 185, 215
dige, 220
digr, 198
hinfsyn, 380
jordan, 142
linmod, 163
Igr, 195
place, 185, 193, 215
trim, 163
matrix exponential, 138-141,
148
coordinate transformations,
150
Jordan form, 142
second-order systems, 166,
167
maximum complementary
sensitivity, 362, 373
measurement noise, 21, 219,
248, 367
response to, 332-334
measurements, 31
mechanical systems, 165
mechanics, 28-29, 52, 133
minimal model
(insulin—glucose), 90
minimal model
(insulin-glucose), 91
zz,see alsansulin-glucose
dynamics
minimum phase, 287
modal form, 132, 147, 151

INDEX

mode, 144-146, 243
mode shape, 145
model, 27
model reduction, 5
Modelica, 33
modeling, 5
control perspective, 31
discrete control, 56
from experiments, 47-49
uncertaintyseeuncertainty
modes
relationship to poles, 244
motion control systems,
52-54, 230
motors, electric, 65, 203, 231,
232
multiplicative uncertainty, 364

nanopositioner (AFM), 285,
374

natural frequency, 188, 306

negative de nite function, 113

negative feedback, 18, 22

networks, control of, 12

neural systems, 11, 46, 61, 303

neutral stability, 106

neutrally stable, 104

Newton, I., 28

Nichols chart, 377, 378

Nichols, N. B., 166, 308, 351

no slip assumption, vehicle
steering, 53

Nobel Prize, 11, 14, 61, 83

noise, 219

noise attenuation, 332-334

noise cancellation, 126

noise sensitivity function, 325

nonminimum phase, 287

nonunique solutions (ODES),
99

normalized coordinates,
49-50, 64, 163

Nyquist criterion, 275, 279

for robust stability, 360

Nyquist D contour, 274

Nyquist plot, 274

Nyquist, H., 271

observability, 32, 206
rank condition, 207
observability matrix, 207, 209
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Observable Canonical Form,
209
observable canonical form,
208
block diagram, 209
observer, 205, 213¢eestate
estimation
observer design
similarity to state feedback,
211
observer gain, 213-215
observer-based control
robustness, 371
observer-based control system,
217
observers, 205
block diagram, 206, 214
ODEs,seedifferential
equations
on-off control, 23, 24
op amp, 156, 272, 368
circuits, 94
oscillator, 94
open loop, 1, 2, 75, 172, 250,
323
open loop gain, 241
operational ampli er, 73-77,
241, 364
dynamic model, 241
input/output characteristics,
74
oscillator, 130
static model, 241
operational ampli er (op
amp), 73
operational ampli ers, 316
order, 34
order of a system, 34
ordinary differential equations,
seedifferential equations
oscillator dynamics, 98, 99,
140, 237, 240
normal form, 64
outer loop control, 349-351
output sensitivity functionsee
noise sensitivity function
outputs, 32
overdamped oscillator, 188
overshoot, 153, 180, 190, 330

Pade approximation, 297, 341
paging control, 56

parallel connection, 247

parametric stability diagram,
124

parametric uncertainty, 355

particle accelerator, 11

particular solution, 135

passive systems, 291, 344

passivity theorem, 292

patch clamp, 11

PD controller, 336

peak frequency, 158, 330

pendulum dynamics, 115

zz,see alsdalance systems;

inverted pendulum
perfect adaptation, 303
performance, 19, 78, 180
robust,seerobust
performance
performance limits
right half-plane poles, 288
right half-plane zeros, 288
performance speci cations,
330-334
periodic solutionssee
differential equations,
limit cycles
persistence, of web
connection, 78
pharmacokinetics, 87, 91
zz,see alsalrug
administration

phase, 43, 155, 156, 235, 254,

292
lag, 156
lead, 156

minimum vs. nonminimum,

287

phase crossover frequency, 282

phase curve, 255
phase margin, 283, 285
from Bode plot, 283
reasonable values, 285
phase plot, 28, 29
phase portrait, 101
phase portraits, 101
Philbrick, G. A., 77
photoreceptors, 303
physics
relationship to control, 5
PI1 control, 25
rst-order systems, 305
Pl controller, 307, 336
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rst-order system, 372
PID
implementation, 302,
314-319
PID control, 24-25, 299-319
computer implementation,
317
op amp implementation,
316-317
tuning, 308-312
PID controller, 338
ideal form, 299
pitchfork bifurcation, 132
planar dynamical systems, 101
zz,see alssecond-order
systems
pole
right half-plane, 341
pole placement, 181, 369
design rules, 373-377
robust, 369
zz,see alseigenvalue
assignment
pole placement:design rule,
374
pole zero diagram, 244
pole/zero cancellation
cruise control, 253
pole/zero cancellations, 251
poles, 243
fast right half-plane, 341
fast stable, 372
relationship to eigenvalues,
243
slow right half-plane, 341
population dynamics, 91-93,
96
references, 93
zz,see als@redator—prey
system
positive de nite function, 113,
114, 116, 120
positive de nite matrix, 116,
195
positive feedback, 16, 21, 22
positive real (transfer
function), 344
power grid, 64, 129
power network, 7
power of a matrix, 138
power systems, 6-7, 103
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predator—prey system, 38,
92-93, 123, 185
prediction, 24
zz,see alsalerivative
control
prediction of error, 302
prediction time, 303
prediction, ability of
controllers, 25
principle of the argument
seevariation of the
argument, 397
process control, 9
process output, 324
proportional control, 24
zz,see alsd”1D control
proportional feedback, 299
proportional, integral,
derivative controlseePID
control
proportional-integral, 17
proportional-integral control,
67,70
protocols, 80
pulse, 148
pupil response, 262

pure exponential response, 236

Q-value, 64, 190, 258

quantitative feedback theory
(QFT), 377

quarter car model, 269

gueuing systems, 54-56, 65

random walks, 232
reachability, 32, 171-179, 202
of a linear system, 174
rank condition, 174
tests for, 173
unreachable systems, 176
reachability matrix, 173
reachable canonical form, 35,
176,178, 179, 183, 184
block diagram, 177
reachable set, 171
real-time systems, 5
reference input, 179, 180
zz,see alsccommand
signals
reference response, 330
reference tracking, 368
reference value, 299

zz,see alscommand

signals

reference weightingsee
setpoint weighting

region of attraction, 122

regulation, 1

relay feedback, 311

relay with hysteresis, 293

Reno protocol (TCP), 80

repressilator, 60-61

repressor, 16

reset, 301, 302

resonant frequency, 190

resonant peak, 158, 190, 330

resonant peaks, 363

resource usage, 78

retina, 303

Riccati equation, 195, 221,
380

Riemann sphere, 359

right half-plane poles, 339

right half-plane zeros, 339

rise time, 153, 180, 190, 330

robotics, 8, 11-12

robust, 5, 17

robust performance, 366-369,
377

robust pole placement, 369

robust stability, 360—366

robustness, 17-18, 330

via gain and phase margin,

284

root locus plot, 125

root locus plots, 124

rush-hour effect, 56, 65

saddle (equilibrium point), 106
sampling, 159, 228
saturation function, 46, 74,
317
scaling,seenormalized
coordinates
scanning tunneling
microscope, 11, 83
schematic diagram, 84
schematic diagrams, 44, 45, 73
second-order system, 28, 307
second-order systems,
187-191, 204
self-activation, 131
self-repression, 169, 260
semide nite function, 113
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sensing, 4
sensitivity crossover
frequency, 331
sensitivity function, 325, 331,
333, 361
disturbance attenuation, 331
sensor fusion, 206
sensor matrix, 34, 38
sensor networks, 57
sensors, 9, 288
computing systems, 77
separation principle, 205, 217
series connection, 247
service rate (queuing systems),
55
setpoint, 299
setpoint weighting, 315
setpoint weights, 315
settling time, 154, 180, 190,
330
similarity of two systems,
357-360
simple models, 363
simulation, 40
SIMULINK, 163
singular values, 290
sink (equilibrium point), 106
small gain theorem, 291-292,
363
Smith predictor, 383
software tools for control, viii
solution (ODE) see
differential equations,
solutions
Sony AIBO, 12
source (equilibrium point), 106
spectrum analyzer, 261
Sperry autopilot, 19
spring—mass system, 28, 40,
129
coupled, 147, 151
generalized, 36, 73
normalization, 49
system identi cation, 47
stability, 4, 5, 18, 19, 42,
104-121
of a solution, 104
asymptotic stability, 105,
108
change in, 123
in the sense of Lyapunov,
104
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local versus global, 105,
122,123
Lyapunov,seeLyapunov
stability
neutrally stable, 104
of a system, 107
of equilibrium points, 104
of limit cycle, 111
of linear system, 108
of linear systems, 107-110
of solutions, 104
robust,seerobust stability
using state feedback,
179-199
via eigenvalues of a linear
system, 143
via linear approximation,
110
via linearization, 119
stability margin, 283, 285, 380
reasonable values, 285
Stability margins, 296
stability margins, 282
stable
transfer function, 244
stable pole, 244
stable solution, 104
stable zero, 244
state, 28, 31, 34
state estimation, 210-215
state estimatorsee
oservers397
state space, 28, 34-44
state space control, 179
state space model, 34
state vector, 34
steady state, 26
value, 153
steady-state, 190
steady-state error, 24
steady-state gailseezero
frequency gain
steady-state response, 42,
152-158, 234
steam engine, 2
steering seevehicle steering
Stein, G., x, 1, 323, 345
step input, 152

supply chains, 15

supremum (sup), 290

switching behavior, 22

system identi cation, 47, 63,
261

tank model, 128
tapping modeseeatomic
force microscope
TCP/IP,seelnternet;
congestion control
temperature control, 1, 5
Teorell, T., 87,91
thermostat, 5, 6
three-term controllers, 299
time constant, 168
time delay, 6, 13, 239, 240,
287, 297, 309, 317, 339,
341, 342
compensation for, 383
Pack approximation, 297,
341
time invariance, 128
time plot, 28
time shift,seetime invariance
time-invariant system, 34
time-invariant systems, 30,
128, 136-138
tracking, 334
traf c management, 9
trail (bicycle dynamics), 72, 73
transcriptional regulation, 59,
260
transfer function, 233, 237,
239
by inspection, 239
differentiator, 239
rst-order system, 256
from experiments, 261
integrator, 239
transfer functions
for linear systems, 239
for time delay, 239
irrational, 240, 243
transient, 42, 172
transient response, 152, 153,
155

step response, 30, 47, 48, 137, Transmission Control Protocol

149, 153, 180, 308
stochastic cooling, 11
superposition, 135, 149, 234

(TCP), 80
transportation systems, 8
Tsien, H. S., 11
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tuning rules, 321see
Ziegler—Nichols tuning

two degree of freedom control,
224

two degree of freedom
controller, 223

two degree-of-freedom, 300

two degree-of-freedom control

advantages, 329
two degrees of freedom, 327

uncertainty, 4, 17-18, 32,
50-51, 199, 355-360
component or parameter

variation, 4, 50, 355
disturbances and noise, 4,
32,179, 248, 323
unmodeled dynamics, 4, 50,
356, 362
zz,see alsadditive,
feedback, multiplicative
uncertainty
uncertainty band, 50
uncertainty lemon, 51, 70, 76,
86
underdamped oscillator, 99,
188, 189
unit step, 152
unmodeled dynamicsee
uncertainty, unmodeled
dynamics
unobservable systems, 208
unreachable systems, 176, 203
unstable, 105
unstable pole, 244
unstable pole/zero
cancellation, 252
unstable zero, 244

variation of the argument
principle of, 294

variation of the argument,
principle of, 281

vector eld, 29, 101

vectored thrust aircraft, 53-54,
143, 196, 221, 268, 338,
348

vehicle steering, 52-53, 163,
181, 213, 218, 225, 249,
288, 296, 329, 370

vehicle suspension, 269
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zz,see alsacoupled Whipple, F. J. W, 73 zeros, 243
spring—mass system Wiener, N., 11, 12 effect of sensor location, 288
vertical takeoff and landing, ~ winding number, 281 effect of sensors and
seevectored thrust aircraft window size (TCP), 80, 82, actuators, 288
vibration absorber, 270 106 fast right half-plane, 341

Vinnicombe metric, 357-360, windup,seeintegrator windup for a state space system, 244

380 Wright Flyer, 8, 19 signal blocking property,

Vinnicombe, G., 352, 359, Wright, W., 19 243
360, 382 :
j . slow right half-plane, 341
voltage clamp, 10, 11, 61 X-29 aircraft, 345 wng P
X-45 aircraft, 8 'slow stable, 370
waterbed effect, 344, 345 Z!egler, J-_G-, 308, 319
Watt governorseecentrifugal  Youla parameterization, Ziegler-Nichols tuning,
governor 364-366 308-310, 319
Watt steam engine, 3, 17 frequency response, 309

web server control, 77-79, 197 zero frequency gain, 157, 181, improved method, 309
web site, companion, viii 184, 190, 243 step response, 308



