Chapter Nine

Frequency Domain Analysis

Mr. Black proposed a negative feedback repeater and proved by tedti ffossessed the
advantages which he had predicted for it. In particular, its gain was consteahigh degree,
and it was linear enough so that spurious signals caused by the interaafithe various
channels could be kept within permissible limits. For best results the felkdetor u3 had
to be numerically much larger than unity. The possibility of stability with a feddbzztor
larger than unity was puzzling.

Harry Nyquist, “The Regeneration Theory,” 1956 [Nyq56].

In this chapter we study how the stability and robustnessoskcl loop systems
can be determined by investigating how sinusoidal signaiéffierent frequencies
propagate around the feedback loop. This technique allow® wusason about
the closed loop behavior of a system through the frequennyadtoproperties of
the open loop transfer function. The Nyquist stability thesors a key result that
provides a way to analyze stability and introduce measurdegrees of stability.

9.1 The Loop Transfer Function

Determining the stability of systems interconnected bylfeek can be tricky be-
cause each system influences the other, leading to potgrdiaiular reasoning.
Indeed, as the quote from Nyquist above illustrates, thaiehof feedback sys-
tems can often be puzzling. However, using the mathemdtexalework of trans-
fer functions provides an elegant way to reason about sugtbsyg, which we call
loop analysis

The basic idea of loop analysis is to trace how a sinusoidabsjgropagates in
the feedback loop and explore the resulting stability bygtigating if the propa-
gated signal grows or decays. This is easy to do because tisarission of sinu-
soidal signals through a linear dynamical system is chari&ed by the frequency
response of the system. The key result is the Nyquist stabiorem, which pro-
vides a great deal of insight regarding the stability of deys Unlike proving sta-
bility with Lyapunov functions, studied in Chapter 4, thed\yst criterion allows
us to determine more than just whether a system is stablestalie. It provides a
measure of the degree of stability through the definition abiity margins. The
Nyquist theorem also indicates how an unstable systemdlbeuthanged to make
it stable, which we shall study in detail in Chapters 10-12.

Consider the system in Figure 9.1a. The traditional way tordete if the
closed loop system is stable is to investigate if the closegd tharacteristic poly-
nomial has all its roots in the left half-plane. If the pragasid the controller have
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Figure 9.1: The loop transfer function. The stability of the feedback system (a) eateb
termined by tracing signals around the loop. Letting= PC represent the loop transfer
function, we break the loop in (b) and ask whether a signal injected atainé A& has the
same magnitude and phase when it reaches point B.

rational transfer function®(s) = np(s)/dp(s) andC(s) = n¢(s)/dc(s), then the
closed loop system has the transfer function

~ PC Np(S)Nne(s)

~ 1+PC  dp(s)de(s) +np(s)ne(s)’
and the characteristic polynomial is

A(S) = dp(s)dc(s) + np(s)ne(s).

To check stability, we simply compute the roots of the chi@nastic polynomial
and verify that they each have negative real part. This apgprizestraightforward
but it gives little guidance for design: it is not easy to telv the controller should
be modified to make an unstable system stable.

Nyquist’s idea was to investigate conditions under whidtilizgions can occur
in a feedback loop. To study this, we introduce kbep transfer function [s) =
P(s)C(s), which is the transfer function obtained by breaking thelbeek loop,
as shown in Figure 9.1b. The loop transfer function is simpéyttansfer function
from the input at position A to the output at position B muigg by —1 (to account
for the usual convention of negative feedback).

We will first determine conditions for having a periodic okatibn in the loop.
Assume that a sinusoid of frequenay is injected at point A. In steady state the
signal at point B will also be a sinusoid with the frequenay It seems reasonable
that an oscillation can be maintained if the signal at B hast#ime amplitude and
phase as the injected signal because we can then disconeétjected signal and
connect A to B. Tracing signals around the loop, we find thastpeals at A and
B are identical if

Gyi(s)

L(iwn) = 1, 9.1)

which then provides a condition for maintaining an osditlat The key idea of
the Nyquist stability criterion is to understand when thas diappen in a general
setting. As we shall see, this basic argument becomes mbtle suhen the loop
transfer function has poles in the right half-plane.

Example 9.1 Operational amplifier circuit
Consider the op amp circuit in Figure 9.2a, whgfeandZ, are the transfer func-
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Figure 9.2: Loop transfer function for an op amp. The op amp circuit (a) has aimedm
transfer functionvy/v1 = Z»(s)/Z1(s), whereZ; andZ, are the impedances of the circuit
elements. The system can be represented by its block diagram (b wharow include
the op amp dynamids(s). The loop transfer function is = Z1G/(Z1 + Z5).

tions of the feedback elements from voltage to current. Thefieedback because
voltagev is related to voltage through the transfer functionG describing the op
amp dynamics and voltageis related to voltag®, through the transfer function
Z1/(Z1+ Z). The loop transfer function is thus

oz
L+ 2y

Assuming that the curremtis zero, the current through the elemeBtsandZ, is
the same, which implies

(9.2)

Vi —V V—\Vo
Z; Zp

Solving forv gives
v Zov1 + Z1Vo _ Zovi — Z1Gv _ Zo L

= =—=Vvi—Lv
Z1+ 2 21+ 25 Z,G "
Sincevp; = —Gvthe input/output relation for the circuit becomes
Z, L
Gy =—=o—.
Tz 1L

A block diagram is shown in Figure 9.2b. It follows from (9.hpat the condition
for oscillation of the op amp circuit is
Z;1(iw)G(iw)

Li6) = 7zt~ - (9.3)

O

One of the powerful concepts embedded in Nyquist’s appraastability anal-
ysis is that it allows us to study the stability of the feedbagstem by looking at
properties of the loop transfer function. The advantage aiglthis is that it is
easy to see how the controller should be chosen to obtainisedésop transfer
function. For example, if we change the gain of the contrptlee loop transfer
function will be scaled accordingly. A simple way to stabélian unstable system
is then to reduce the gain so that th& point is avoided. Another way is to in-
troduce a controller with the property that it bends the lbapsfer function away
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Figure 9.3: The Nyquist contouf and the Nyquist plot. The Nyquist contour (a) encloses
the right half-plane, with a small semicircle around any polels(sf on the imaginary axis
(illustrated here at the origin) and an arc at infinity, represente® by «. The Nyquist
plot (b) is the image of the loop transfer functibfs) whens traversed in the clockwise
direction. The solid line corresponds to > 0, and the dashed line @ < 0. The gain
and phase at the frequenayareg = |L(iw)| and¢ = ZL(iw). The curve is generated for
L(s) = 1.4e"S/(s+1)2.

from the critical point, as we shall see in the next sectioiffelEnt ways to do
this, called loop shaping, will be developed and will be di&sed in Chapter 11.

9.2 The Nyquist Criterion

In this section we present Nyquist's criterion for deteriminthe stability of a
feedback system through analysis of the loop transfer imctVe begin by intro-
ducing a convenient graphical tool, the Nyquist plot, anashow it can be used
to ascertain stability.

The Nyquist Plot

We saw in the last chapter that the dynamics of a linear sysgamnbe represented
by its frequency response and graphically illustrated byedeBplot. To study the
stability of a system, we will make use of a different reprgagon of the fre-
quency response called\yquist plot The Nyquist plot of the loop transfer func-
tion L(s) is formed by tracing € C around the Nyquist “D contour,” consisting
of the imaginary axis combined with an arc at infinity connegtihe endpoints
of the imaginary axis. The contour, denotedas C, is illustrated in Figure 9.3a.
The image ofL(s) whens traversed™ gives a closed curve in the complex plane
and is referred to as the Nyquist plot fofs), as shown in Figure 9.3b. Note that
if the transfer functiorlL(s) goes to zero asgets large (the usual case), then the
portion of the contour “at infinity” maps to the origin. Furthesre, the portion of
the plot corresponding t@ < 0 is the mirror image of the portion witte > O.

There is a subtlety in the Nyquist plot when the loop transterction has
poles on the imaginary axis because the gain is infinite atdhespTo solve this
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problem, we modify the contour to include small deviations that avoid any poles
on the imaginary axis, as illustrated in Figure 9.3a (assgraipole ofL(s) at the
origin). The deviation consists of a small semicircle to tiglatr of the imaginary
axis pole location.

The condition for oscillation given in equation (9.1) imglithat the Nyquist
plot of the loop transfer function go through the poin& —1, which is called
the critical point. Let w. represent a frequency at whiefl (i) = 180°, corre-
sponding to the Nyquist curve crossing the negative real &xiuitively it seems
reasonable that the system is stablf{iw)| < 1, which means that the critical
point—1 is on the left-hand side of the Nyquist curve, as indicatefigure 9.3b.
This means that the signal at point B will have smaller amgétahan the in-
jected signal. This is essentially true, but there are ségelztleties that require
a proper mathematical analysis to clear up. We defer thelsléda now and state
the Nyquist condition for the special case whe(s) is a stable transfer function.

Theorem 9.1(Simplified Nyquist criterion) Let L(s) be the loop transfer function
for a negative feedback system (as shown in Figure 9.1a) asdmae that L has
no poles in the closed right half-plan&¢s > 0) except for single poles on the
imaginary axis. Then the closed loop system is stable if artg ibthe closed
contour given by = {L(iw) : —o < w < o} C C has no net encirclements of the
critical point s= —1.

The following conceptual procedure can be used to deternhiaethere are
no encirclements. Fix a pin at the critical pos¥= —1, orthogonal to the plane.
Attach a string with one end at the critical point and the ptrethe Nyquist plot.
Let the end of the string attached to the Nyquist curve travdre whole curve.
There are no encirclements if the string does not wind up opithehen the curve
is encircled.

Example 9.2 Third-order system
Consider a third-order transfer function

L(s) = Grap

To compute the Nyquist plot we start by evaluating pointstaitnaginary axis
s=iw, which yields
L(iw) - 1 (a-iw)® a—3aw? iw3—3a2w
- (iw+a)p (@4 w?)d  (@+w?)d (a2 +w?)d
This is plotted in the complex plane in Figure 9.4, with the poitorresponding
to w > 0 drawn as a solid line ana < 0 as a dashed line. Notice that these curves
are mirror images of each other.
To complete the Nyquist plot, we computgs) for s on the outer arc of the
Nyquist D contour. This arc has the fosa= R® for R— . This gives

- 1
6y _
L(RE) = (pgo g 70 8 R
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Figure 9.4: Nyquist plot for a third-order transfer function. The Nyquist plot sists of a
trace of the loop transfer functidn(s) = 1/(s+a)3. The solid line represents the portion
of the transfer function along the positive imaginary axis, and the ddstethe negative
imaginary axis. The outer arc of the D contour maps to the origin.

Thus the outer arc of the contour maps to the origin on the Nyquist plot. [

An alternative to computing the Nyquist plot explicitly sdetermine the plot
from the frequency response (Bode plot), which gives theuistgurve fors= i cw,
w > 0. We start by plottind_(iw) from w = 0 to w = , which can be read off
from the magnitude and phase of the transfer function. We et L (R€®) with
0 € [-m/2,1/2] andR — o, which almost always maps to zero. The remaining
parts of the plot can be determined by taking the mirror in@fdbe curve thus far
(normally plotted using a dashed line). The plot can then belé& with arrows
corresponding to a clockwise traversal around the D con(iier same direction
in which the first portion of the curve was plotted).

Example 9.3 Third-order system with a pole at the origin
Consider the transfer function

k

L(s) = W’

where the gain has the nominal value 1. The Bode plot is shown in Figure 9.5a.
The system has a single polesat 0 and a double pole at= —1. The gain curve
of the Bode plot thus has the slopd. for low frequencies, and at the double pole
s= 1 the slope changes te3. For smalls we havel ~ k/s, which means that the
low-frequency asymptote intersects the unit gain linevat k. The phase curve
starts at—90° for low frequencies, it is-180° at the breakpointv = 1 and it is
—270 at high frequencies.

Having obtained the Bode plot, we can now sketch the Nyquatt phown
in Figure 9.5b. It starts with a phase B0° for low frequencies, intersects the
negative real axis at the breakpoint= 1 wherel (i) = —0.5 and goes to zero along
the imaginary axis for high frequencies. The small half{eiaf thel" contour at
the origin is mapped on a large circle enclosing the right- plaine. The Nyquist
curve does not encircle the critical point, and it followsrfr the simplified Nyquist
theorem that the closed loop is stable. Sih¢e = —k/2, we find the system
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Figure 9.5: Sketching Nyquist and Bode plots. The loop transfer functidriss = 1/(s(s+

1)2). The large semicircle is the map of the small semicircle offtheontour around the
pole at the origin. The closed loop is stable because the Nyquist cursendbencircle the
critical point. The point where the phase+480° is marked with a circle in the Bode plot.

becomes unstable if the gain is increasek 102 or beyond. O

The Nyquist criterion does not require thatia)| < 1 for all . correspond-
ing to a crossing of the negative real axis. Rather, it sagsttie number of en-
circlements must be zero, allowing for the possibility ttiet Nyquist curve could
cross the negative real axis and cross back at magnitudategtban 1. The fact
that it was possible to have high feedback gains surpriseenly designers of
feedback amplifiers, as mentioned in the quote in the begywiithis chapter.

One advantage of the Nyquist criterion is that it tells us leaystem is in-
fluenced by changes of the controller parameters. For exaihgdevery easy to
visualize what happens when the gain is changed since gtisgales the Nyquist
curve.

Example 9.4 Congestion control
Consider the Internet congestion control system desciib8éction 3.4. Suppose
we haveN identical sources and a disturbandeepresenting an external data
source, as shown in Figure 9.6a. Welatepresent the individual window size for
a sourceq represent the end-to-end probability of a dropped patketpresent
the number of packets in the router’s buffer gmcepresent the probability that a
packet is dropped by the router. We wnitefor the total number of packets being
received from alN sources. We also include a time delay between the router and
the senders, representing the time delays between therserdieeceiver.

To analyze the stability of the system, we use the transfestions computed
in Exercise 8.12:

- 1 1
GbW(S) GWQ(S) - Qe<Te3+ CIeWe) 5

TSt e TS
where(wg, be) is the equilibrium point for the syster, is the number of sources,
Te is the steady-state round-trip time andis the forward propagation time. We

pr(S) =p,
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Figure 9.6: Internet congestion control. A set Nfsources using TCP/Reno send messages
through a single router with admission control (left). Link delays are iregifdr the forward
and backward directions. The Nyquist plot for the loop transfer fundgoshown on the
right.

useGpy to represent the transfer function with the forward timeagielemoved

since this is accounted for as a separate block in Figure Si6alarly, Gyg =

Gwg/N since we have pulled out the multipliras a separate block as well.
The loop transfer function is given by

N 1

. . —TeS
TeS+€ 1% Oe(TeSH+ QeWe)

L(s)=p
Using the fact thatje ~ 2N /w2 = 2N3/(1¢C)? andwe = be/N = Tec/N from equa-
tion (3.22), we can show that

N
TeS+€ 1S 2N3(ctés+ 2N2)

L(s)=p

Note that we have chosen the signlLdb) to use the same sign convention as in
Figure 9.1b. The exponential term representing the time dgilass significant
phase abovev = 1/1¢, and the gain at the crossover frequency will determine
stability.

To check stability, we require that the gain be sufficienthaliat crossover. If
we assume that the pole due to the queue dynamics is sufficfastithat the TCP
dynamics are dominant, the gain at the crossover frequepncy/given by

¢ pPTe
2NSct2ar  2N2wy

lL(iax)|=p-N

Using the Nyquist criterion, the closed loop system will Ibstable if this quantity

is greater than 1. In particular, for a fixed time delay, theeyswill become un-
stable as the link capacityis increased. This indicates that the TCP protocol may
not be scalable to high-capacity networks, as pointed outdwy et al. [LPD02].
Exercise 9.7 provides some ideas of how this might be overcome O
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Figure 9.7: Nyquist curve for the loop transfer functidus) = ig:ﬁ;j . The plot on the right

is an enlargement of the box around the origin of the plot on the left. Trguisycurve
intersects the negative real axis twice but has no net encirclementk. of

Conditional Stability

Normally, we find that unstable systems can be stabilizedIgilmpreducing the
loop gain. There are, however, situations where a system eaiabilized by in-
creasing the gain. This was first encountered by electricahergs in the design
of feedback amplifiers, who coined the teconditional stability The problem was
actually a strong motivation for Nyquist to develop his thedVe will illustrate
by an example.

Example 9.5 Third-order system
Consider a feedback system with the loop transfer function

3(s+6)2

L(s) = Ssr1?2 (9.4)
The Nyquist plot of the loop transfer function is shown in Figg@:7. Notice that
the Nyquist curve intersects the negative real axis twice. first intersection oc-
curs atL = —12 for w = 2, and the second &t= —4.5 for w = 3. The intuitive
argument based on signal tracing around the loop in Figutei9.4trongly mis-
leading in this case. Injection of a sinusoid with frequeBayd/s and amplitude
1 at A gives, in steady state, an oscillation at B that is insghaith the input and
has amplitude 12. Intuitively it seems unlikely that cl@siof the loop will result
in a stable system. However, it follows from Nyquist's stiyicriterion that the
system is stable because there are no net encirclements cfiical point. Note,
however, that if walecreasehe gain, then we can get an encirclement, implying
that the gain must be sufficiently large for stability. O

General Nyquist Criterion

Theorem 9.1 requires thats) have no poles in the closed right half-plane. In
some situations this is not the case and a more general iesetjuired. Nyquist
originally considered this general case, which we sumraa&za theorem.

Theorem 9.2 (Nyquist’s stability theorem)Consider a closed loop system with
the loop transfer function (s) that has P poles in the region enclosed by the
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Figure 9.8: PD control of an inverted pendulum. (a) The system consists of a maisis th
balanced by applying a force at the pivot point. A proportional-dévigacontroller with
transfer functiorC(s) = k(s+ 2) is used to command based orf. (b) A Nyquist plot of
the loop transfer function for gaik= 1. There is one counterclockwise encirclement of the
critical point, givingN = —1 clockwise encirclements.

Nyquist contour. Let N be the net number of clockwise enairetds of—1 by
L(s) when s encircles the Nyquist contduin the clockwise direction. The closed
loop system then has=Z2 N + P poles in the right half-plane.

The full Nyquist criterion states thatlif(s) hasP poles in the right half-plane,
then the Nyquist curve fok(s) should haveP counterclockwise encirclements
of —1 (so thatN = —P). In particular, thigequiresthat|L(iw)| > 1 for somecx
corresponding to a crossing of the negative real axis. Casédbe taken to get the
right sign of the encirclements. The Nyquist contour has ttrdoeersed clockwise,
which means thatv moves from—o to o andN is positive if the Nyquist curve
winds clockwise. If the Nyquist curve winds counterclockei thenN will be
negative (the desired caseAt~ 0).

As in the case of the simplified Nyquist criterion, we use sreathicircles of
radiusr to avoid any poles on the imaginary axis. By letting> O, we can use
Theorem 9.2 to reason about stability. Note that the imagees$inall semicircles
generates a section of the Nyquist curve whose magnitudeagies infinity,
requiring care in computing the winding number. When phoftNyquist curves
on the computer, one must be careful to see that such polgsarerly handled,
and often one must sketch those portions of the Nyquist glbgind, being careful
to loop the right way around the poles.

Example 9.6 Stabilized inverted pendulum

The linearized dynamics of a normalized inverted pendulumbesrepresented by
the transfer functio®(s) = 1/(s* — 1), where the input is acceleration of the pivot
and the output is the pendulum an@leas shown in Figure 9.8 (Exercise 8.3). We
attempt to stabilize the pendulum with a proportional~give (PD) controller
having the transfer functio@(s) = k(s+ 2). The loop transfer function is

L(s) = kiff i).
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The Nyquist plot of the loop transfer function is shown in Fg@.8b. We have
L(0) = —2k andL(e) = 0. If k > 0.5, the Nyquist curve encircles the critical point
s= —1in the counterclockwise direction when the Nyquist contpis encircled

in the clockwise direction. The number of encirclements issth = —1. Since
the loop transfer function has one pole in the right halfapl& = 1), we find that

Z =N+ P =0 and the system is thus stable for- 0.5. If k < 0.5, there is no
encirclement and the closed loop will have one pole in thiettglf-plane. [

Derivation of Nyquist’s Stability Theorem @

We will now prove the Nyquist stability theorem for a gendoalp transfer func-
tion L(s). This requires some results from the theory of complex véegkfor
which the reader can consult Ahlfors [Ahl66]. Since some igien is needed in
stating Nyquist's criterion properly, we will use a more hmemnatical style of pre-
sentation. We also follow the mathematical convention afntimg encirclements
in the counterclockwise direction for the remainder of ggstion. The key result
is the following theorem about functions of complex varehl

Theorem 9.3(Principle of variation of the argument).et D be a closed region
in the complex plane and I€tbe the boundary of the region. Assume the function
f : C — Cis analytic in D and orT", except at a finite number of poles and zeros.
Then thewinding numbem, is given by
1 1 f'(2)
Wh = —A arfz:—./ dz=7Z-P

n=gnbraet@ = oo r f(2)
whereAr is the net variation in the angle when z traverses the confounr the
counterclockwise direction, Z is the number of zeros in D Brid the number of
poles in D. Poles and zeros of multiplicity m are counted neéim

Proof. Assume thaz = ais a zero of multiplicitym. In the neighborhood aof=a

we have
f(2) = (z—a)"9(2),

where the functiomg is analytic and different from zero. The ratio of the derivati
of f to itself is then given by

f'g _ m d@
f(z2 z-a 92
and the second term is analyticat a. The functionf’/f thus has a single pole

atz= a with the residuem. The sum of the residues at the zeros of the function is
Z. Similarly, we find that the sum of the residues for the polesks and hence

1 [ f(2) 1 [d 1

9

where/Ar again denotes the variation along the contouvwe have

log f(z) =log|f(z)| +iargf(z),
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and since the variation of (z)| around a closed contour is zero it follows that
Arlogf(z) =iArargf(z),
and the theorem is proved. O

This theorem is useful in determining the number of poles amndszof a func-
tion of complex variables in a given region. By choosing aprapriate closed
regionD with boundaryl", we can determine the difference between the number
of poles and zeros through computation of the winding number

Theorem 9.3 can be used to prove Nyquist’s stability theongohbosing™ as
the Nyquist contour shown in Figure 9.3a, which enclosesigtg half-plane. To
construct the contour, we start with part of the imaginarig ajR < s< jRand a
semicircle to the right with radiur. If the functionf has poles on the imaginary
axis, we introduce small semicircles with radtiio the right of the poles as shown
in the figure. The Nyquist contour is obtained by lettRg+ c andr — 0. Note
thatI" has orientatioroppositethat shown in Figure 9.3a. (The convention in
engineering is to traverse the Nyquist contour in the cldskwlirection since this
corresponds to moving upwards along the imaginary axisghvitiakes it easy to
sketch the Nyquist contour from a Bode plot.)

To see how we use the principle of variation of the argumenbtopute stabil-
ity, consider a closed loop system with the loop transfecfiom L(s). The closed
loop poles of the system are the zeros of the funcfi®) = 1+ L(s). To find the
number of zeros in the right half-plane, we investigate tivedwg number of the
function f(s) = 1+ L(s) ass moves along the Nyquist contolirrin the counter-
clockwisedirection. The winding number can conveniently be deterchiftem
the Nyquist plot. A direct application of Theorem 9.3 gives tiyquist criterion,
taking care to flip the orientation. Since the image efll(s) is a shifted version
of L(s), we usually state the Nyquist criterion as net encirclesefthe—1 point
by the image oL (s).

9.3 Stability Margins

In practice itis not enough that a system is stable. There atssbe some margins
of stability that describe how stable the system is and isisthess to perturba-
tions. There are many ways to express this, but one of the nooston is the
use of gain and phase margins, inspired by Nyquist's stalfiterion. The key
idea is that it is easy to plot the loop transfer functlgis). An increase in con-
troller gain simply expands the Nyquist plot radially. Arciease in the phase of
the controller twists the Nyquist plot. Hence from the Nygjuilot we can easily
pick off the amount of gain or phase that can be added withausiag the system
to become unstable.
Formally, thegain margin g, of a system is defined as the smallest amount that

the open loop gain can be increased before the closed lotgnsygmes unstable.
For a system whose phase decreases monotonically as aofuétirequency
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Figure 9.9: Stability margins. The gain margay, and phase margigm, are shown on the the
Nyquist plot (a) and the Bode plot (b). The gain margin corresponttetemallest increase
in gain that creates an encirclement, and the phase margin is the smadlegedh phase
that creates an encirclement. The Nyquist plot also shows the stabilitymsaygvhich is
the shortest distance to the critical point.

starting at 0, the gain margin can be computed based on the smallest fregue
where the phase of the loop transfer functiofs) is —180°. Let wyc represent
this frequency, called thghase crossover frequenchhen the gain margin for the
system is given by
1
On=——+- (9.5)
" Lo
Similarly, thephase margins the amount of phase lag required to reach the sta-
bility limit. Let wyc be thegain crossover frequencthe smallest frequency where
the loop transfer functioh(s) has unit magnitude. Then for a system with mono-
tonically decreasing gain, the phase margin is given by

Om = mr+argL (iwyc). (9.6)

These margins have simple geometric interpretations on ylogiilst diagram
of the loop transfer function, as shown in Figure 9.9a, whezdhawve plotted the
portion of the curve corresponding o> 0. The gain margin is given by the in-
verse of the distance to the nearest point betwetand 0 where the loop transfer
function crosses the negative real axis. The phase margineas §y the small-
est angle on the unit circle betweerl and the loop transfer function. When the
gain or phase is monotonic, this geometric interpretatgmees with the formulas
above.

A drawback with gain and phase margins is that it is necedsagive both of
them in order to guarantee that the Nyquist curve is not dioske critical point.
An alternative way to express margins is by a single numhbeistability margin
Sm, Which is the shortest distance from the Nyquist curve tcctiteeal point. This
number is related to disturbance attenuation, as will beudised in Section 11.3.

For many systems, the gain and phase margins can be detdrimme the
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Figure 9.10: Stability margins for a third-order transfer function. The Nyquist plotioa
left allows the gain, phase and stability margins to be determined by megheidistances
of relevant features. The gain and phase margins can also be fedidhaf Bode plot on the
right.

Bode plot of the loop transfer function. To find the gain mangm first find the
phase crossover frequenay. where the phase is180°. The gain margin is the
inverse of the gain at that frequency. To determine the phesgin we first de-
termine the gain crossover frequenay, i.e., the frequency where the gain of the
loop transfer function is 1. The phase margin is the phasesdbthp transfer func-
tion at that frequency plus 180Figure 9.9b illustrates how the margins are found
in the Bode plot of the loop transfer function. Note that tloelB plot interpretation
of the gain and phase margins can be incorrect if there argpteurequencies at
which the gain is equal to 1 or the phase is equat180°.

Example 9.7 Third-order system

Consider a loop transfer functidr(s) = 3/(s+ 1)3. The Nyquist and Bode plots
are shown in Figure 9.10. To compute the gain, phase andistabérgins, we
can use the Nyquist plot shown in Figure 9.10. This yields tlievidng values:

Om = 2.67, Om=41.7, Sm = 0.464
The gain and phase margins can also be determined from theuide O

The gain and phase margins are classical robustness me#sairbéave been
used for a long time in control system design. The gain masyimell defined if
the Nyquist curve intersects the negative real axis oncaldgously, the phase
margin is well defined if the Nyquist curve intersects the wimitle at only one
point. Other more general robustness measures will bedinted in Chapter 12.

Even if both the gain and phase margins are reasonable, ttersysay still
not be robust, as is illustrated by the following example.

Example 9.8 Good gain and phase margins but poor stability margins
Consider a system with the loop transfer function
(8 = 0.38(s? +0.1s+ 0.55)
~ 5(s+1)(s?+0.06s+0.5)
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Figure 9.11: System with good gain and phase margins but a poor stability margin. Nyquis
(a) and Bode (b) plots of the loop transfer function and step respahser (@ system with
good gain and phase margins but with a poor stability margin. The Nydloissipows on

the portion of the curve correspondingan> 0.

A numerical calculation gives the gain marginggs= 266, and the phase margin
is 70°. These values indicate that the system is robust, but the istyqurve is
still close to the critical point, as shown in Figure 9.11. Thebgity margin is
sn = 0.27, which is very low. The closed loop system has two resonanttes,
one with damping ratid = 0.81 and the other witl§ = 0.014. The step response
of the system is highly oscillatory, as shown in Figure 9.11c. O

The stability margin cannot easily be found from the Bode plothe loop
transfer function. There are, however, other Bode plotswiibgive sy; these will
be discussed in Chapter 12. In general, it is best to use ti@iblyplot to check
stability since this provides more complete informatioartithe Bode plot.

When designing feedback systems, it will often be usefulefing the robust-
ness of the system using gain, phase and stability margirselmumbers tell us
how much the system can vary from our nominal model and stiktable. Rea-
sonable values of the margins are phase mapgia- 30°—60°, gain margingm =
2-5 and stability margis, = 0.5-0.8.

There are also other stability measures, such addlay margin which is the
smallest time delay required to make the system unstabtdoBp transfer func-
tions that decay quickly, the delay margin is closely raldtethe phase margin,
but for systems where the gain curve of the loop transfertiantas several peaks
at high frequencies, the delay margin is a more relevant aneas

Example 9.9 Nanopositioning system for an atomic force microscope
Consider the system for horizontal positioning of the samplan atomic force
microscope. The system has oscillatory dynamics, and asimptlel is a spring—
mass system with low damping. The normalized transfer fanas given by

2
P8 = oot o 5-7)
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Figure 9.12:Nyquist and Bode plots of the loop transfer function for the AFM systeif) (9
with an integral controller. The frequency in the Bode plot is normalized. fjhe parame-
ters arel = 0.01 andk; = 0.008.

where the damping ratio typically is a very small number,, &g 0.1.
We will start with a controller that has only integral actidrhe resulting loop
transfer function is ko2
L(9) = “

(P + 20 wos+ ag)’
wherek; is the gain of the controller. Nyquist and Bode plots of thepldransfer
function are shown in Figure 9.12. Notice that the part of tlygWNst curve that is
close to the critical point-1 is approximately circular.

From the Bode plot in Figure 9.12b, we see that the phase crasequency
iSs wpe = a, which will be independent of the gaky. Evaluating the loop transfer
function at this frequency, we haldiwy) = —ki/(2{ an), which means that the
stability margin issy = 1 — ki /(2 ap). To have a desired stability margin s the
integral gain should be chosen as

ki =2 (1~ sm).

Figure 9.12 shows Nyquist and Bode plots for the system with gergingm, =

2.5 and stability margirs, = 0.6. The gain curve in the Bode plot is almost a
straight line for low frequencies and has a resonant peak atwy. The gain
crossover frequency is approximately equakitorhe phase decreases monotoni-
cally from —90° to —270: it is equal to—180° atw = wy. The curve can be shifted
vertically by changingd: increasings; shifts the gain curve upward and increases
the gain crossover frequency. Since the phaseli8Q® at the resonant peak, it is
necessary that the peak not touch the |Ingw)| = 1. 0

9.4 Bode’s Relations and Minimum Phase Systems

An analysis of Bode plots reveals that there appears to blatore between the
gain curve and the phase curve. Consider, for example, tlie Bots for the
differentiator and the integrator (shown in Figure 8.12). the differentiator the
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slope is+1 and the phase is a constan® radians. For the integrator the slope is
—1 and the phase is1/2. For the first-order systef@(s) = s+ a, the amplitude
curve has the slope 0 for small frequencies and the stdp#or high frequencies,
and the phase is 0 for low frequencies ar@ for high frequencies.

Bode investigated the relations between the curves foesyswith no poles
and zeros in the right half-plane. He found that the phaseunagiely given by
the shape of the gain curve, and vice versa:

LT[ dlog|G(iw)| _ mdlog|G(iw)|
argG(iawyp) = 2/0 f(w)idlogw dlogw ~ 2 dlogw w:wo, (9.8)
wheref is the weighting kernel
2 W+ Wy
f(w) = nzlog‘w—ab .

The phase curve is thus a weighted average of the derivatitteeajain curve. If
the gain curve has constant slapehe phase curve has constant vatug 2.

Bode’s relations (9.8) hold for systems that do not havesgatel zeros in the
right half-plane. Such systems are caltethimum phase systerbecause systems
with poles and zeros in the right half-plane have a largeseleg. The distinction
is important in practice because minimum phase systemsarereo control than
systems with a larger phase lag. We will now give a few exagpl@onminimum
phase transfer functions.

The transfer function of a time delay ofunits isG(s) = e . This transfer
function has unit gaifG(iw)| = 1, and the phase is aBfiw) = —wt. The corre-
sponding minimum phase system with unit gain has the trafsfietionG(s) = 1.
The time delay thus has an additional phase lag)of Notice that the phase lag
increases linearly with frequency. Figure 9.13a shows ttaeBuot of the transfer
function. (Because we use a log scale for frequency, theepladis off exponen-
tially in the plot.)

Consider a system with the transfer functi®(s) = (a—s)/(a+s) witha> 0,
which has a zergs = a in the right half-plane. The transfer function has unit gain
|G(iw)| = 1, and the phase is aBfiw) = —2arctar{w/a). The corresponding
minimum phase system with unit gain has the transfer fundB¢s) = 1. Fig-
ure 9.13b shows the Bode plot of the transfer function. A lsimanalysis of the
transfer functiorG(s) = (s+a)/(s— a) with a > 0, which has a pole in the right
half-plane, shows that its phase is &@w) = —2arctarfa/w). The Bode plot is
shown in Figure 9.13c.

The presence of poles and zeros in the right half-plane ingpeseere limita-
tions on the achievable performance. Dynamics of this tyyeilsl be avoided by
redesign of the system whenever possible. While the potemainsic properties
of the system and they do not depend on sensors and actubaweeros depend
on how inputs and outputs of a system are coupled to the sidBss can thus be
changed by moving sensors and actuators or by introduciwgseasors and ac-
tuators. Nonminimum phase systems are unfortunately gaitemon in practice.
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Figure 9.13:Bode plots of systems that are not minimum phase. (a) Time Glgly=e 57,
(b) system with a right half-plane (RHP) ze@{s) = (a—s)/(a+s) and (c) system with
right half-plane pole. The corresponding minimum phase system hasatiefer function
G(s) = lin all cases, the phase curves for that system are shown as dagsed lin

The following example gives a system theoretic interpretatif the common
experience that it is more difficult to drive in reverse geat dlnstrates some of
the properties of transfer functions in terms of their paled zeros.

Example 9.10 Vehicle steering
The nonnormalized transfer function from steering anglateral velocity for the
simple vehicle model is

avps+ V3
~ bs
wherev is the velocity of the vehicle aral b > 0 (see Example 5.12). The transfer
function has a zero a = vp/a. In normal driving this zero is in the left half-
plane, but it is in the right half-plane when driving in reseg < 0. The unit step
response is

G(s)

av Vit

The lateral velocity thus responds immediately to a steeramymand. For reverse
steeringvp is negative and the initial response is in the wrong directzobehavior
that is representative for nonminimum phase systems (tafiewverse responge

Figure 9.14 shows the step response for forward and revergagdrin this
simulation we have added an extra pole with the time con3taotapproximately
account for the dynamics in the steering system. The parasnatea=b =1,
T =0.1, vo = 1 for forward driving and/qg = —1 for reverse driving. Notice that
for t > to = a/vp, wheretyp is the time required to drive the distanagthe step
response for reverse driving is that of forward driving witile time delayy. The
position of the zerap/a depends on the location of the sensor. In our calculation
we have assumed that the sensor is at the center of mass. Dhe #ee transfer
function disappears if the sensor is located at the rear whke difficulty with
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Figure 9.14:Vehicle steering for driving in reverse. (a) Step responses fromisgegngle to
lateral translation for a simple kinematics model when driving forwaesiied) and reverse
(solid). With rear-wheel steering the center of mass first moves in thagwdirection and
that the overall response with rear-wheel steering is significantly détzympared with that
for front-wheel steering. (b) Frequency response for drivimgvéod (dashed) and reverse
(solid). Notice that the gain curves are identical, but the phase cungrifang in reverse
has nonminimum phase.

zeros in the right half-plane can thus be visualized by aghbaxperiment where
we drive a car in forward and reverse and observe the latesitipn through a
hole in the floor of the car. O

9.5 Generalized Notions of Gain and Phase @

A key idea in frequency domain analysis is to trace the behmaifisinusoidal sig-
nals through a system. The concepts of gain and phase ref@é$srthe transfer
function are strongly intuitive because they describe #oge and phase relations
between input and output. In this section we will see how termrc the concepts
of gain and phase to more general systems, including sonimeansystems. We
will also show that there are analogs of Nyquist’s stabititiferion if signals are
approximately sinusoidal.

System Gain

We begin by considering the case of a static linear systemAu, whereA is
a matrix whose elements are complex numbers. The matrix dutelsane to be
square. Let the inputs and outputs be vectors whose elenrerdsraplex numbers

and use the Euclidean norm
Jul = /=2 (0.9)

ly|? = uA*Au,

The norm of the output is
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wherex denotes the complex conjugate transpose. The mAtéxis symmetric
and positive semidefinite, and the right-hand side is a qtiadcam. The square
root of eigenvalues of the matr&‘A are all real, and we have

V1% < Amax(AA) [Jul®.

The gain of the system can then be defined as the maximum ratie o@iutput to
the input over all possible inputs:

y= mlj’;lx"’z’”| = v/ Amax(A*A). (9.10)
The square root of the eigenvalues of the mai¥iA are called thesingular values
of the matrixA, and the largest singular value is denotg@).

To generalize this to the case of an input/output dynamigstiesn, we need
to think of the inputs and outputs not as vectors of real numbet as vectors of
signals For simplicity, consider first the case of scalar signals lehdhe signal
spacel, be square-integrable functions with the norm

lulo =/ [ lu2(mar.

This definition can be generalized to vector signals by reptattie absolute value
with the vector norm (9.9). We can now formally define the gdia system taking
inputsu € L, and producing outputge L, as

y= supM (9.11)

uel, HUH ’

where sup is thsupremumdefined as the smallest number that is larger than its
argument. The reason for using the supremum is that the maximay not be
defined foru € L,. This definition of the system gain is quite general and can even
be used for some classes of nonlinear systems, though ouls tedée careful
about how initial conditions and global nonlinearities haadled.

The norm (9.11) has some nice properties in the case of lineterss. In
particular, given a single-input, single-output stableeéir system with transfer
functionG(s), it can be shown that the norm of the system is given by

VZSOLjIOIG(iw)\ = [|Glfoo- (9.12)

In other words, the gain of the system corresponds to the palale of the fre-
quency response. This corresponds to our intuition that potiproduces the
largest output when we are at the resonant frequencies dfystem.||G||., is
called theinfinity normof the transfer functioi(s).

This notion of gain can be generalized to the multi-input, tiraditput case as
well. For a linear multivariable system with a real ratiotrahsfer function matrix
G(s) we can define the gain as

Y= [Glle ZSSPE(G(W))- (9.13)
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Figure 9.15: A feedback connection of two general nonlinear systemandH,. The sta-
bility of the system can be explored using the small gain theorem.

Thus we can combine the idea of the gain of a matrix with the aldhe gain of
a linear system by looking at the maximum singular value alldrequencies.

Small Gain and Passivity

For linear systems it follows from Nyquist's theorem that thosed loop is stable
if the gain of the loop transfer function is less than 1 foffilfuencies. This result
can be extended to a larger class of systems by using the giooicthe system
gain defined in equation (9.11).

Theorem 9.4 (Small gain theorem)Consider the closed loop system shown in
Figure 9.15, where IHand H, are stable systems and the signal spaces are properly
defined. Let the gains of the systemsadd H, be y; and . Then the closed loop
system is input/output stableyifys < 1, and the gain of the closed loop system is

Vi
1-wy

Notice that if systembl; andH, are linear, it follows from the Nyquist stability
theorem that the closed loop is stable becausew < 1, the Nyquist curve is
always inside the unit circle. The small gain theorem is thugxension of the
Nyquist stability theorem.

Although we have focused on linear systems, the small gaiorém also holds
for nonlinear input/output systems. The definition of gaindgo&tion (9.11) holds
for nonlinear systems as well, with some care needed in hagntifie initial condi-
tion.

The main limitation of the small gain theorem is that it does cansider the
phasing of signals around the loop, so it can be very consegvdo define the
notion of phase we require that there be a scalar productsdicare-integrable
functions this can be defined as

wy) = [ umymr.
The phaseé between two signals can now be defined as

(uy) = [ullllyllcos(¢).

Systems where the phase between inputs and outputs isr3ess for all inputs
are calledpassive systemét follows from the Nyquist stability theorem that a
closed loop linear system is stable if the phase of the loapsfer function is

y:
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Figure 9.16: Describing function analysis. A feedback connection between a statimnon
earity and a linear system is shown in (a). The linear system is charadtesiats transfer
functionL(s), which depends on frequency, and the nonlinearity by its describirgifum
N(a), which depends on the amplitudef its input. The Nyquist plot ok (iw) and the plot

of the —1/N(a) are shown in (b). The intersection of the curves represents a possilile lim
cycle.

between—randr. This result can be extended to nonlinear systems as wedl. It i
called thepassivity theorenand is closely related to the small gain theorem. See
Khalil [KhaO1] for a more detailed description.

Additional applications of the small gain theorem and itplegation to robust
stability are given in Chapter 12.

Describing Functions

For special nonlinear systems like the one shown in Figurés which consists
of a feedback connection between a linear system and a stailnearity, it is
possible to obtain a generalization of Nyquist’s stabititiferion based on the idea
of describing functiong~ollowing the approach of the Nyquist stability condition
we will investigate the conditions for maintaining an oftibn in the system. If
the linear subsystem has low-pass character, its outpppi®gimately sinusoidal
even if its input is highly irregular. The condition for odation can then be found
by exploring the propagation of a sinusoid that correspaadse first harmonic.

To carry out this analysis, we have to analyze how a sinukeidaal propa-
gates through a static nonlinear system. In particular wesitigate how the first
harmonic of the output of the nonlinearity is related to gm(soidal) input. Let-
ting F represent the nonlinear function, we exp#&r@ ') in terms of its harmon-
ics:

F(ad”) = S Mn(a)e"* (@),
n=0
whereM,(a) and ¢n(a) represent the gain and phase of tile harmonic, which
depend on the input amplitude since the functioms nonlinear. We define the
describing function to be the complex gain of the first harraoni

N(a) = My (a)g®@. (9.14)
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Figure 9.17: Describing function analysis for a relay with hysteresis. The input/ouglat r
tion of the hysteresis is shown in (a) and the input with amplitage2, the output and its
first harmonic are shown in (b). The Nyquist plots of the transfertiond.(s) = (s+1)~*
and the negative of the inverse describing function for the relay ith3 andc =1 are
shown in (c).

The function can also be computed by assuming that the infpusisusoid and
using the first term in the Fourier series of the resulting outp

Arguing as we did when deriving Nyquist’s stability criteni, we find that an
oscillation can be maintained if

L(iw)N(a) = —1. (9.15)

This equation means that if we inject a sinusoid at A in Figufe9the same
signal will appear at B and an oscillation can be maintaingaddnnecting the
points. Equation (9.15) gives two conditions for finding theginencyw of the
oscillation and its amplituda: the phase must be 180and the magnitude must
be unity. A convenient way to solve the equation is to plgtv) and—1/N(a) on
the same diagram as shown in Figure 9.16b. The diagram is siimillae Nyquist
plot where the critical point-1 is replaced by the curvel/N(a) anda ranges
from O toco.

It is possible to define describing functions for types of ispother than si-
nusoids. Describing function analysis is a simple methad,itbis approximate
because it assumes that higher harmonics can be neglectesllebk treatments
of describing function techniques can be found in the texta\therton [Ath75]
and Graham and McRuer [GM61].

Example 9.11 Relay with hysteresis

Consider a linear system with a nonlinearity consisting oélay with hystere-
sis. The output has amplitudeand the relay switches when the inputiis, as
shown in Figure 9.17a. Assuming that the inputuis- asin(wt), we find that
the output is zero ifa < ¢, and if a > ¢, the output is a square wave with am-
plitudeb that switches at timest = arcsir(c/a) + n7t. The first harmonic is then
y(t) = (4b/m)sin(wt — a), where sirr = c/a. Fora > c the describing function
and its inverse are

mm—%(l—@qﬁ,

1  m/a-c2 .
= —

N(a) b 'ay
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where the inverse is obtained after simple calculationsurei®.17b shows the
response of the relay to a sinusoidal input with the first hasimof the output
shown as a dashed line. Describing function analysis istitded in Figure 9.17c,
which shows the Nyquist plot of the transfer functibfs) = 2/(s+ 1)* (dashed
line) and the negative inverse describing function of ayrelih b= 1 andc = 0.5.
The curves intersect fa = 1 andw = 0.77 rad's, indicating the amplitude and
frequency for a possible oscillation if the process and #éh@yrare connected in a
a feedback loop. O

9.6 Further Reading

Nyquist’s original paper giving his now famous stabilityterion was published in
theBell Systems Technical Jourrnial1932 [Nyq32]. More accessible versions are
found in the book [BK64], which also includes other intemegtearly papers on
control. Nyquist's paper is also reprinted in an IEEE collectof seminal papers
on control [Bas01]. Nyquist usedl as the critical point, but Bode changed it to
—1, which is now the standard notation. Interesting persgexion early devel-
opments are given by Black [Bla77], Bode [Bod60] and Benjizgn93]. Nyquist
did a direct calculation based on his insight into the prapiag of sinusoidal sig-
nals through systems; he did not use results from the thdagroplex functions.
The idea that a short proof can be given by using the principleation of the
argument is presented in the delightful book by MacColl [M&ic Bode made
extensive use of complex function theory in his book [Bod4&hich laid the
foundation for frequency response analysis where the matfaninimum phase
was treated in detail. A good source for complex functiorotiiés the classic by
Ahlfors [Ahl66]. Frequency response analysis was a key ehltinghe emergence
of control theory as described in the early texts by Jamds[@i\NP47], Brown and
Campbell [BC48] and Oldenburger [Old56], and it became drtkeocornerstones
of early control theory. Frequency response methods undea@surgence when
robust control emerged in the 1980s, as will be discussedhap@r 12.

Exercises

9.1 (Operational amplifier) Consider an op amp circuit with= Z, that gives
a closed loop system with nominally unit gain. Let the tran$fimction of the
operational amplifier be

ka]_az

GO = sraGra)cra)

whereaz, ap > a. Show that the condition for oscillation ks< a; + a; and com-
pute the gain margin of the system. Hint: Assuane 0.

9.2 (Atomic force microscope) The dynamics of the tapping modaroatomic
force microscope are dominated by the damping of the castitebrations and
the system that averages the vibrations. Modeling thelegsatias a spring—mass
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system with low damping, we find that the amplitude of the \ibres decays as
exp(—{ wt), where( is the damping ratio an@ is the undamped natural frequency
of the cantilever. The cantilever dynamics can thus be mddejethe transfer

function a
G(S) = <
s+a
wherea= { an. The averaging process can be modeled by the input/outjatitone!

v =1 [ ua

T Jt—1

where the averaging time is a multipief the period of the oscillation72/ w. The
dynamics of the piezo scanner can be neglected in the firsbeippation because
they are typically much faster than A simple model for the complete system is
thus given by the transfer function

a(l—e =)

P(s) = st(s+a)

Plot the Nyquist curve of the system and determine the gain mfoportional
controller that brings the system to the boundary of stigbili

9.3 (Heat conduction) A simple model for heat conduction in ads@ given by

the transfer function
P(s) = ke VS,

Sketch the Nyquist plot of the system. Determine the frequevitere the phase
of the process is-180° and the gain at that frequency. Show that the gain required
to bring the system to the stability boundarkis- €™

9.4 (Vectored thrust aircraft) Consider the state space chatrdesigned for the@
vectored thrust aircraft in Examples 6.8 and 7.5. The comtraobnsists of two
components: an optimal estimator to compute the state alytstem from the out-
put and a state feedback compensator that computes thegimpaotthe (estimated)
state. Compute the loop transfer function for the systemdatermine the gain,
phase and stability margins for the closed loop dynamics.

9.5 (Vehicle steering) Consider the linearized model for vihiteering with a
controller based on state feedback discussed in Exampl€&he4ransfer functions
for the process and controller are given by

ys+1 S(k1|1+k2|2)+k1|2
P(s)=——, C(s = )
(s s? () SZ+S(yk1+k2+|1)+k1+|2+k2|1—yk2|2
as computed in Example 8.6. Let the process parametes=l@5 and assume that

the state feedback gains de= 1 andk, = 0.914 and that the observer gains are
I = 2.828 and, = 4. Compute the stability margins numerically.

9.6 (Stability margins for second-order systems) A process wlhysiamics is
described by a double integrator is controlled by an ideal Bitroller with the



292 CHAPTER 9. FREQUENCY DOMAIN ANALYSIS

transfer functiorC(s) = kys+ kp, where the gains arky = 2{ wp andkp = w?.
Calculate and plot the gain, phase and stability marginsfasaion ¢ .

9.7 (Congestion control in overload conditions) A strongly glified flow model
of a TCP loop under overload conditions is given by the loopdfer function

L(s) = ge*ST,

where the queuing dynamics are modeled by an integratofl, @fewindow con-

trol is a time delayr and the controller is simply a proportional controller. Ajora

difficulty is that the time delay may change significantly dgrthe operation of
the system. Show that if we can measure the time delay, it silpleso choose a
gain that gives a stability margin gf, > 0.6 for all time delayst.

9.8 (Bode’s formula) Consider Bode's formula (9.8) for the tiela between gain
and phase for a transfer function that has all its singigarin the left half-plane.
Plot the weighting function and make an assessment of thadrages where the
approximation ar@ ~ (11/2)dlog|G|/dlogw is valid.

9.9 (Pacdk approximation to a time delay) Consider the transfer fonst
st 1-st/2

1+sr/2
Show that the minimum phase properties of the transfer fonstare similar for

frequenciesv < 1/71. A long time delayr is thus equivalent to a small right half-
plane zero. The approximation (9.16) is called a first-oR#gE approximation

Gi(s) =€ 7, Gy(s) = (9.16)

9.10(Inverse response) Consider a system whose input/outgpimnse is modeled
by G(s) = 6(—s+1)/(s?>+5s+ 6), which has a zero in the right half-plane. Com-
pute the step response for the system, and show that thet gatpsiin the wrong
direction initially, which is also referred to as amverse response€Compare the
response to a minimum phase system by replacing the zere atwith a zero at
s=-1.

9.11(Describing function analysis) . Consider the system withiilock diagram
shown on the left below.

Yy

R() = P(S) -

cV

1 |

The blockR s a relay with hysteresis whose input/output responseowston the

right and the process transfer functionAgs) = e 3" /s. Use describing function
analysis to determine frequency and amplitude of possilie tycles. Simulate
the system and compare with the results of the describingfiumanalysis.



