. | Edward Love
Meor 189

Matj 0, \495

F{(\O.'- PCOJ€C+ 2“\1‘\(_0;\&.'{-\‘()«\«\\ 5"'&5\2 A\gol‘."»“nﬂ‘% ‘Gnr P\\'ﬁ{é BOﬁ‘j
D:jnam.‘cs L Em;i-\j Preser ve E“e“j‘j anch.

rd

Moenentum”, \oj J-C, 9'me ond K.Y Wot:?,
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PP‘P\T ] CoTwe Rotat+ion GTW? ardd R\'jn'd Bcz'sj Djf\a.m-'c‘-':.

let ® ¢ R® be the cefecence placement of a sal'd body ), with mateccal
?u(‘-’\'r.\cs letoeileed bj T . A motion of the boéj * o one parcunten "'om"'ag
of rappings
§t % 8—. [Rz) for & [D,TJ c [R*.
Tre motioc is ciard %
MEZ) - @FOl = WX -Fll VI, X ¢® and £ ¢ [0,7],

T\'\t's COt\d-‘*\'m \'\o\de. \'-Q ard of\‘ﬂ .'f' é‘t S a'p +wre ‘o(m

5% 1= f + AWK

wresre [_\(‘t} € 50(3)1 e s?eu(a._( Qr".'\\ojom( s(ou‘?) Jite fo, T] ard % r—o;f[t)

'S e e &e,\;gpde,\": Ne thor - Valued ~unctor, Thq,s, ony maﬂ:ify
telo,7) — () Al)) & R® x s0(3)

sefifes o €'gio rohon & Fre oy, We dhuy (efer v @i= R S0:3)
. N v
as ¥re optroct torfgurs e onfold tF 4he rioe botu,
e e e e - - o
\-Q‘\‘ fo T @ '—"R be Thre fe"QIC(\CE é.er.:_-'foj o* Hhe Body A *ng {)\acgmé
N B . . . ~'
C\N\QW Coofeimetés A & 80 The™ T (cn~rr o frass s a™ *ry oflu'r,,
\N£ "'N». ¢ AV, -

\$.F L = 9.
®

bev 1B, £2, B3} denove e basis vectors for dre cekrerce frume G
ber fe, &, @] demote Hhe bazis vechrs <or the Current conkguration
@a (@), We refer +o {ga,‘e_\,e_,? as +he inechel frame, We shall assume.
ei = E; for convenitnce .

33 our <rovte of coordinaie s+tems | +he et t — 'f (%) defingy the
center oF masy ot time t (we assume f,('t){..,o = 0), Add honally , Fhe mao
1= A W) defices ¥he orienrabion of ¥he frorne fé-, Ex, 133 aaor&frj
4 the re\a‘n’onsh-‘p

Ealt®) s= N Ea, A=),2,3,

We call 1?,(*)}“.‘,_’31 with  Eul0) = Fa, e \méj frame. We alse have
“re ce\a"dm-;h“?

D) = Lal} ®F,:

o
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F"jure * Kinemahes ofF 4he R\'f,\'d BoAj-

For e cigid boés rmahor, the veloc+y feld is given By
.)3 = ét = :P('t) + -.A(t):.X , '\z‘{) e &x 57,
Te +hnis case, Pt) is +the *rapslahons! Veloury of +ne cener of macs.

Sicwe Nlt) € 90(3) N 4 ¢ _’:o,'}‘ we have /_\.(be S = AT At) = T
ardhk Wt caun wr'Te

Al = A A7) o)

-~ -

ARIATE Al |

Al = Q@A A W)
rece N T AW AT ond, W o= AT(RIANLD

. . A A
Lernea 1 ¢ \LV andd W afe <shew symmetfic,

Proot : 4\.4\7 = ;. T"\anj ,/_‘.T + 4‘,_{{7 = D Seo j\ N ’*L"r

Tz

_»
W

Af
2’:[-;-:(1-[})1'3157 "‘.,/_\11:\"'"-{\7/

Denotre \aj £0(3) ¥ne veckor space of skew - symmeteie yrotmces.

263) = {§ t R = B | licar ac ¥+ 97 = 0}

Define tre hot rap N R®— S0{3)} ‘oj

W, 3 Ll = O ""ws W:_
fW} = {::;IS e R” EY_J] W, o -w, e so0(3),

W, W, 0

We refer ™ W os ¥he oxiul vector cesociated vt \5]

-
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. vV .
Df-fme ‘H\e v:JeAje e > s0(3) — R 4 *re inverse of e \nc‘l: rap "
W oard 9" quaciedtd axicl vector are also related by
Wh = wxp ¥ ope R

-~

W L CL 3
whhere X Vs dre aloirofu woss Prpéqc\- or B . Tre axal vectors w(t) and

o~
W) asocraded wedbn Wt arh WO ace reterree v as spahal and
convecked ansuiar  yelowes, (i ecxye'y,
B '

bermmer 2% The sputed arguar v dcmy 1 L SRl aewutar velowry oF the
bode Ecume, X
J
Poct 1 ga = NEa = AN = Wi = wata, B
n
lemeo 3% \fl = [_\\{_‘J{LT and- w =,{~\-"\£_I_
tho{-v':lt-li-r-.l\-'\‘r v

Then, N
AWNw = 0
WA -0
Wr Nw =0
Se W = « J}Tv’g for soene * e R,

Yy
N
-~
~
',
$
Py
>
a
%>
>
~

= %‘\'l’ ( -/\LT\:I‘J’:‘:IJ})

2 Mg U}’)p.’ KC:")S \?4_')‘« Hwa

Y . n A
= e Nia W"' VJ",&* Nea
= VMg L

WJ‘ WJn

Fal
‘r o = 3 . Bt when :0': T \}3/ s \J_\] wnich \'m\;\;es
hot w = -\N bﬂ +re W€63Q ""W(F T\"\*SJ A =% 1° /
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Len'\rrat{': ’r\\e comnaonents o 4ne spo T urav ar yelod'su relanve 4o fhe

boéj frumme e o “hE LompInenTs Tof e convewsid QNN ar Jt.oc »u
(Coide B otne 1eicrence froree ‘.”.5.‘ Ea E»,
foo® ew = DErw 2 B-fLTw 7 Ea-V
Tren, W = (tarwlts = (Ep-Wite = We ta X
[
'fr\o"xt‘ - u('f-l +l’\€, “":x‘ai or\qu ar n’(\ﬂ\"r\’,(m C‘Q "Hﬂc bO‘\.g, WG 6C‘Fl

Tt w e Ve & owm eriresaion ¢

St s (°
>

- \ .2 L
&
1‘\‘(0(C\4\ i.. cu ¢ €0 o0 Yocy \ \~(':/ = .g(‘- L. g F(J-') * 1‘&:‘ .A)"\C(C
. 6 . T
f‘”‘-" : Mf‘-—, M = (iz?o ox , Wit L\lc)f]\.(-t,w(.,

< .
R .

For ¥he rigid bedy,

T = lf‘,f(t) x[f6) * AwT a3

n Sj,_{uz)g +[flg+ Awx]ax .,

Using Are fock +rat Seﬁ’z 3F = D by wr crove of
toordina  Sysdems, W oy cedvce +he oavove result o

JW = (p2w = fo) 3F + Seﬁ,_gwga{lmg 38X
(<

Ple) x Pia) yoag

28 » MA)

1]

= f) x ple)

lev S(¢) =

i”““ « MWE 83
CRag-[aw-3] oF

NS SYINTUN AV S
[

Jte) - fe) & pit),

ﬂ\en/ we have e eﬁ?n5560n

NEXT —»
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S(a = if,J_\._x x [p(wWaE)] 4T,
Choose Yy € W\a. We row wete
Dy- S0 = Sﬁfo{.\;'[-!.‘-znﬂ"ﬂ‘;ﬂdz

Mok ing wse of ne idenhivy Gen)a Caxn) = (o (Pox ped)
and ¢ Cuct Hnot J&.!_L: j)

1

Ay-se) = SR9-Ix « @D TE
) ..

3.4"'?&) g SS’,\:Z‘* LW*,X.')“Z
®

Ao = égfgx (w«X)1a%

Now, we bove +re dentity axlpxe) = (@-clp ~ (a-blg
AT s = Sﬁfo[ E-E0W - (F-WIE 1 dF
New) = Sfo[\\gn‘— Tex 1y W

®©
s) = A Qe[ WTW- FoX JoF 4w
@

Fim\\(j ; Phos d.‘e\ds
Jw = P s ple) = NWTLW wit)
I = fxp . N
A
Mis tre total mass of +he bady | ard Plt) i +re total linear momevium,

TE) s e Yotal r.?a‘\'\'a.) o.vsu\ar momerfum relediive fo e cerder of mass
and J 8 Tre constant convected tnerhien tensor Cor inertia &5aé:c).

Define e convecred. arguler momentum (Rladvve o Hhe cender oF mass b_‘j

Tw = AN pw = JW .
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bt Thlt) be the appliect -\-on(.!e arct let T(t) be the applied force ot +he
center of mass, Thre classico equediions of Yvalonce O’QF o.rau.\o.r ardhk linear
Mmomentuim ole

8T _ o — Y S

X S B \ SN x P°0.

et @ W andd lekr A= W, Then,

-~

lo P
as R0AWD = AW + QW = AFW » AW = A,

Now, we wa expremy  4re ‘olowwe ot argular crocrentuen equedion in
aXereahve weys.

T =%

33v) - 7

AIW + AIV = R

AWIW s AJA = R

Then, W 3 = LB,

o
N~
b2
+
~
re>
a4
i
19
fl
el

We now rove two (3) olrecnanve, Gemuwlothions for Fhe arguiar 27T an of
a ﬁ'j(d \3065.

Conve cred (Reference) Seaial

A= aw A= WA

W o= A W = oo

JA+W=FW = N5, (L3N 4+ we UFOy = B

We sbserve that Wwe ma poss Lo Yre convedetd representrahion o He St\a‘.‘\'ai
u\?cesex\-‘ra:‘n'o\bg %w\sformiry (W, p) = (yw 25,

I whsequent 6we\o‘>mn+s, we shall assume § = @ 5o +that +he cender of muss
oves With consTant linear velociry, We arall concarn guraelves (ivh onl
he roruhivaal dynamics, e wabgurahion craniteld s sirply @ = <03},
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PRRT & ¢ The Exponential Mop. Opkimnal Pecarnedes i2ations.,
? 1 P

Ore views ¥re cotation 9roup as a cufved surface’ whose points | A € 5003),
(’e?reber\\; €in e cotalons. An inbkinidesional cfavon i a .’:W--oymm'\'r.’o
rrarrix 8 € 20(3) With assciated axial vector @ € R whin s inderpretect

as dekining at '!:aojecd' Jector tre swsfuce S0(3),

Moce com(e+e\g,

o) = ’I:;SO(%).

Consider a onre - parawmeter Camily of infindesimal vwtrations £ eé ¢ s0(3)
(r\-\erPre-‘revL eome-’rh’c.a\\j as a \ine e o SO0(3), This shracght ling

s Yangent ot dhe l'deﬂ*\'t" T 4o Yre wmsve ¢ t—’.b.; 3 50(3), whith s

deki e \oj $re ex?o(\en\‘\'a\ Moy as

EelR — A, =expled) = T aleb]” € S0G3),

This series hes o closed €mm expresvion

sin QI snt P A
Drelf) =T + == v Ifo O
b= egl) = T e @ Y e © -

33 sething €2 1 ), we define +he proper or-i-\\o‘?om\ moterx A\ = exp[§]
associated wivh o GIVEN 3RewW “Symmetnc medrix 6 ¢ s0(3), Aéa.'h'onanj)
since 90 = O, we s trat expl8)O = T. Thus, 8 is an eiyenvector of
exp [8] with eiqeavolue 1. We inderprer  exp L8) as o Hinie rotahon,
with fotahon Vector B¢ R? ord roterhon angle nov.

The. sprienc! '->313u\at-"\'5 T ?o\romehr.'aa'-\‘on of S03) deined in Yefers oF
e four uah querter nion parmme *ét“.», derodes b_‘j (10,33. Ak quaternion ?ar'ame'*ers
afe Rlements of +he 3-sphere s*c lRl'. Thus, Cf; + 4.9 = 1. The ?amm-\erl%aﬁon

(7,,33 —= A € S0(3) iy defined by the standard formua
A= GENT vagd o+ ageq .

The inverse Faran-&'l-eri%a:h‘on N e 50) +— (10,?) € > s deired by

| v

t.=3Tep’ 5 9 = g- (37,

Given quo‘\'ﬁ'm'or\ ?amme'\ﬂ?‘a (p,p) , (‘19 ,‘1) ) (fo,f) assocradedd wotn f. Q Re 50(3\.,

mateix rﬂu\‘\'\"’\"c..ahb\ ar~A qucdernion mu\h'\a\:’ca‘h’on are in one - to - one
wrreafma{e;\cg

E = f3 - (¢o,£) = (B, P)o (10,?)

ot = Pedo — f-g
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T 50(3) = s0(3)

VIS
. g:Ye;P[.é]

F\'jure * Iaterpcetation of expf.é') in Yecens 0F 0 roTo=or throven onsle WO,
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| PART 3 : A Gereralrzed Newrmark A\gor\"l'hm &e S0(3),

Lei’ [\‘.r\, -Ln«] _C.[O,T) e o '*g?{ca': 4+itre inderyel, where
N
(0,71 = Ulin tan] |

let W = tos ~ En be e dire srep interval, Assume +rat at £, the
"?ollowioj in'al data afée known *

(Aa, Wn, An) € S0G) » B® x R
Our objeche is tv obtrain an a\gor.‘-ﬂr\m-t a.\oPro;({n‘b\’r\'on
(Npw, Waar, Bn) e 503) = R® = R3
to *he ocivel solution { Llte), Wilkad, Pl ) oF +he evoluhon eguaton:
governiag the rotatiora! dynamics of +he cigid bedj. We sha!ll use The
conveciive represenr~o=on o the moton in our a\got:'ﬂ'\m.
Consider +re Sollowing algorithmy ALGO™1 *
Step V. lefre e updeted  cartyura™Non vie the ex?ot‘enha.\ rap as
{\M. = {\n exp [_é}
wnere ? e R® (¢ ¥ne corvected re\ohve inverenta! rotrotion vyectof.
5\'€p 2. Defire © ¢ R3 {~ +ecrs of (W, An, f_\mﬂ b_‘j +he “orrmal o
9= nWe * K [(a-plan « pAn]

oece pe[o¥ad i o porameter win ideatical signitiance as in the
classical Newmars algeri+thm,

S-\—QP 3. Debine +re updated convected orgular velocty W, by tre formuio
Why = V_Yn * \‘\[(\’b’)ﬁn t 2(5,\“]

wrere Y€ EO,\] o a Parame"'e" wrh deateal c_.\'grx-"ﬁ'canaz as in Hhe
dassica ! Newrrarx a'qociFhm,

‘D'\'QPI\' . Entorce fate of momentum Palacce o 4 + Yh
yﬁ\“ﬂ’ ¥ Wy g\ﬂnw = é\:\«x E‘rwa’

whnere
NEXT —»
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Anay Q-2 A+ YA,
Waag = L=3)Wa + Yy, .
Toay = W) Wn « Py
“./.\'\\«x = N ex?\-x,.é]-

Theorem 2 2 Ler e appliedd dorque in *re imdtrval Ltn,tnn] be Zero, Thea,
e toral tegy arel the nofm of +tre angular mormentum are
conserved by ALGO-1 & ard only W ¥ vl regardless of
¥re choice of +he pafanter B,

Taat 1 We have argular velowty update formulee
Waty = We 2wl 02 pas ¥annl
Wer: = We 4t A
Then, Anax = %\(!‘Jnk\ - wh)
We hrave e roie oF momertlm bolance R CT
;E‘wx * Wher " §\,{me = 2,
T (W = W) [u-x)y.\ X IWeas ) AJ[(&-V)\QA «¥Waa 1 = O
[Iinﬂ 'Fﬂ] A h[(\-ﬁwn . X\ﬂm--l A [("Y)E, YTl =0

“~ o

'Angvt\a.r Momeatum, We ara'' 4oae +he dot product gF He acol,
€queOn With [0-2 T+ XITM‘l, ‘j.-e\a.-ry

LTy = T s L) T 4 700, = O,

2Ty Tn 4 FN TN = GNP - ¥Fa T, = O

T 0 = G- TN+ (32-0) T Ty
Clarly, Nfnal® = NI w6 ¥2a, 7

* Ererqy . We shall touke +re dot product of dre surre equeton Wi
I\\‘lﬂ\ﬁln - Y_‘ﬂm.] ) uj;e\é\‘rj

]:“,SM\ = ’Fn] * E “‘3]‘{:‘!\ = y‘ﬂw»] = O
(‘.B)Pn-u' wﬂ + XFMI. Waer ~ (1'3)1.10'Wn - a/.nn'\,t'm. =

O
Now, the kineh ercryy of +he sustem o H = 3!“?‘!.‘/ .
NEXT —»
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Ay

<

'T\wxs) we ‘ave
AL Ry = AW B 4 I T Waay ~ O-¥) Ty, - Wa.
QY Bnie = 208 B Y Y IWar Weae 4 (F-0) TWa, o W,
Now, T is symeeteic 50 Thas Wear = Was T, Thus,
AW Hme = AV B 4+ Q¥ 1YWa? Ty

C\eﬁr‘s' HI\QI = HI‘\ "&F X - \/a . /

X

This cesutt s in 5\63\'\*' cordtadiction woih dhe poper of SIMOEwonG [\*a1]
where ¢ 5 et Hhat Hne onlj cthocce of parameters leac.\.(fyﬁo botn
wnservahon of eneryg arck wrsecvation 0¥ he norn 0F angular momentum
is ¥=2 ard B =4, Rowever, we have snown rhat +he choice of B

fas o effact o~ These conservahon .:Jro-.oec%‘es~

5IMO € Wonie [19a1] alse clavm e foliowing

L The aigorithen s converyent, anrdl sewrd orarr occurore for ¥ Tl

2, The a\gor-"%hm s unctond Hora! ¢ ttac'e for 22 and B> My,
Trese cdams afe oot provea n ¥he ;-):.Per, but opoear v be based on resuivs
for o smilar o'zsof-"rhm Ffeaen"\'eo( in STMO ¢ Vu-QuUocC [ 1989],

While we have shown “ned cerdain Conservesnon propeliies exist r‘na(epena(en"
o5 e thoice of )SJ R oy >l e tre caxe That e P paramser is
eciheo! 4o +re canvergence ard acculocy ot +re oyon"-'hM. ™ choite of ;3
direct\y asfects Yre @-Vah‘ob\’u arct thus direcely otfeisy +he ConFl gurer oA
u.?&a-'ﬂre-(u é—ml s Tx s Possib\q hat a choice a‘plp#»‘ Yy oill resolF AP
loss oF accarcacy ard converyerce for © ardt L4, ard ha grodvce an a\jor"‘ﬁ'\m
whick %\‘e\és clrle—ve poor L3 AVEL .

In geceral, +his algorithen doex rot converve Hre tohal sPa‘h’a\ argular momentum
reloive +o the cender of mass, While [ fonll = 1 Tl wnder 2ero exyerral Yorgue
increme ntal mohions | in gererml Tnay F Tn.
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PART ¥: A Motified Energy arcl Momertum Conserving Algorithm.,

Recall +trot we have +he balance eqh.ation

[
D
-

¥ = ATV -

13)

We may integrate fhis espression over Ltn, tea ] whick yields the discrete
CansecVaiion \aw

{ﬂ"
T =T = Dot TWou = LnTWa = (W0 2t
e

The evaluotion of +he inﬂgral o~ e r.-jm-hmd sidde of +he above equation
by o gererulized Type of mid-poiet rule lecds 4o +re olgofthm presertol beiow,
Cors ider +\'\e-4°\|owfr~3 a\aorf‘fhm ALGO-CIL ¢
5*9? 1. Defice +re con‘c'\‘juro*-'bh update exoctly as in ALGO-| by
-[_‘-rm = I‘neﬂp[é].

5‘\'€P A, Defire ¥he caonvected afgu\at‘ ve\ou-‘rg in ¥erens 0% the rotuhon vecror
© oo

\‘.Nn-n = p%;? "Wn * (a-g)(wﬂ*éhé'\\

549F 2. Fotmulcde +he momentun bedance Szuumon in conservafion Sorm
'.[,\f\ﬂ §Wn-ﬂ - !5..-\ FWa = h Moade
where a possible choice for a e (0] is

o = zﬁlg , if Blrs )
\ ) °+\'\QfW\b€‘

Step Y. Update the convected argular acceleration as

6n-u = S‘}:[wrﬂl-w:\] % (\-—al")er\.
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STMOEWONG [\991] ovate +re S Wowing
\. Bj construcion, far 2ero exderca’ a?P\feaL forgve in the (a¥erval [t‘.c\/'tnn], +he
a.\gor-"i'hm ALGO-CI| conseryes +he fotal srah'ad angular rmomeattyn
reiative to dhe cemter of mavs (D) in the inwrval Lia, the ], This is
clear fmrr  momentuem beleance e?.,o-ﬁon in cormeniation foron

?ﬂ*\ = T =/.l-m.§7¥’-w --A'n;rW" = hMpa = QO

UhEﬁ "-Z\ntd = 9.

., for Pls = Wz, 4he algerithem conserves energy when the aﬂ;l:ei torqve in
The dimme interval o Beto, We prove +his below.

3, For a chovce of paramiers « = Ply = Wz, ¥re conthguretion ard velodit
vpdotes, s well as +re momentun Lalance equahon, are independent of +he
convected angular accelerations Laard Ban. The clgorithem becorres
defired entirlly in terens of {9, ‘f_ﬂ ard We 3imply Yave o &:ou‘g&ch
u‘)h‘l'e Pmce&u('e, or the convectedd acce\emthon, T‘\us) choosi a=VYy
would appear o reduce Yhre mm?\u\'l-j ot P numerical .'m\;\emen“i'a‘hbn
ot *he a\ﬂor"-\-hm- ,

Y foc a= Mz, cumerical experiments indiced® trat the value ¥= 1 (which
t'rh?\fes P“’z.) s.jie‘-c‘\:. Yre bev resubs v dre Canvected acceleraton

TWis chowce aives
-~/

BPavi = %\LY\!M' ‘Y.Vr\]

Mokita +he acceieration up&:&e insens “hive 1o error prope ahion via Ar.

5. Tre a‘Jof-“'\\m e Secondl order arzucee in (.oncxjurqh'o.n ard velocNes for
re oP‘HN' choice &= ‘/a, ’\\eﬂ vag +his bj com‘aarcfj ALGO -C +o
ALGO-1 (widn Bty ¥2'2) and showing Hred Hre two iffer by terms o
OCW), Since PLEO-I iy secondt order accurcde wren P4 and ¥='lz,
ALBO-Cl must be mecondt orter accurute wrer & =Vq,

‘NYO('Q\’Y\ 3t Lc‘\’ e a\ﬂ:‘i?d ‘i'bfq»l& in e inverval E'Ln, ‘l'.gw-] be 2Zeco ., Then e
total enecgy s canserved b_.., ALGO-Cl & anch 00\3 & Ply =/,
(Note = P* O ard ¥#07)

Prock & First ;) simv\icﬂ'ﬂ we wide he ve\oc.'-\rj u‘:c\a-\e av
Weer = P{Q = Wn ot (a-a/P)V_‘!:
Wa = Wa ¥ Enpa,
Now, we coride

Waar = .[}rw Wl‘*'

= ._A.,\e,?L_é][ﬁs - et (a’”/,,)\y:]

An[?%.@ ~ epIBIW. + (%) e"P[-é]\-":I'
NEYT —»
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Wi = D, [Wm.‘*w - (-%p)via -ex,[é] Wa * (a-‘l,)eapte\w J
* D[ Wo + Wa - exgLEIW, + (eggiB2-1) (2%} wh |
= MaWee thnWe = AL Wa 2 (L =A%) WA
= LaWes +own s A Wa * (A - A @ ¥pdWA L
Nex¥, £rom +he ocloove we write
Woir = We = DaWent = AnicWa # L dnai= AR (2520)WE,
Now, we Yave ¥re energy ard momentum relaronships

( Haar = \"ln\ 2 Toaw "Wran — Taowa
Toat = Ta (b‘j cons +tuehon

We rext can write I\o“'ir\j thed Tha = Ta,

2Chnar = W) = Aa W, = Lo W T * @ ¥l Lo - 3 WA

= WM\ -“' Wr\ “ my Y (a.z‘P)[ -“M' - h .A E’:
= W IWe - W T, » o ¥p) [T -N-w"‘\
= (Q'XIF){§W\-M‘ ;S'Wﬁ\'w"\.

Clearly, Haar = Ha 8 ¥p = &, Ef

We now irclude, Sor Completeress, +re Svomplificanou gained ian ALGO-C) F
we choose & = Ply = Y3, Recol) Hhak, for ALGO-CI,

-I_\'t\i\ = -[_\n ex\') [.Aé..\

\Q"Ml he - Wn + (a- z/P)w*

T p
é\_m, j,‘[‘}rﬂ - -Z\-m,?\!_\(n T NMpra.

We n'uj subsh+ute e g?&_.ﬁe eﬁoa‘h’ons in Yhe wmomenturm baiance uida‘h'o:‘c.

%ex?[»é]‘g(_-l’{-e "W 4 (D.X/P)\"/”‘.k AT = hipa
ep[8IT[ 78 ~ We s B F)WA] - T = Al hFna

This s clearly @ non-linear equaton in ©. I§ we droose a= Ply = 'y
X 5fmp\.'6'ea to

U81 [0 - W] - I¥h - ke, = O.
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‘ﬂ\e algorithrm ALGO- Cl (oould ageear o be superior o e alqurithmn ALGO -,
Ta posesves all +ne proper‘\;feb of ALGO-1, but in cddrtion Conserves the
angular momrentum vector as well os e nerm of Hwe ang..dcd‘ momeatum ,

We see o tre fundamentul difference berween tre bwo a\jori‘\'\\ﬂ"s s trod
ALGO-I uses +re i of momentum Dalane eguahon

JA +« WxJIW = ATm

ol ALGO-Cl uses +he momentum balonce equation n conservation form
e
Moo T Wor =LA IWa = (&7 o0x.
tm
Tre focd thotr ALGO -C\ Uses Ve conservotom eqq«‘n'm atrer Yran Yhe rote
aton 5 Whot erodles Yoo o.}gor\"‘.'km 4o ¢ansecve %%PQ*‘\‘Q‘ arﬂu\al‘
rore ntum Au.r-'rj "rufqve- 4ree incremental rnotions,

Fim\\cj, widn fesPed- o He numecieal {mP\cmen'*‘a-h’on o Hre a\jof.'-;-l-.m/ +he
guatecnian parfameterization of so(3) appears 4o e ¥he simplest and mad
efhcient rethod € mbf?u\ah' roratvon vectors ancl elements of 50(3),
This fact is elabocated cpon in " appendices Tard T oF STMOEWONGL19a1],

See also STMO&NVU-AQuoc[1980],
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