
2.  Lobe Dynamics in the Large-Scale Flow of Typhoon Nabi

Hurricanes, Horseshoes, and Homoclinic Tangles
Visualizing Transport and Lobe Dynamics in Tropical Storms

0.  Extracting Transport Structures using Finite Time Liapunov Exponents

1.  Lagrangian Coherent Structures and Lobe Dynamics in a Simple Model

3.  Transport Structures near the Eyewall in Hurricane Isabel
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Figure 8:  Computation of the attracting and repelling LCS for the windfield of Typhoon Nabi 
reveals a sharply-defined boundary for the vortex that cannot be determined by mere inspec-
tion of the velocity or vorticity fields.  

Figure 9:  Furthermore, intersections of the LCS define lobes colored brown and green that 
will be entrained and detrained via the action of lobe dynamics.

Figures 10a-c:  Snapshots of the evolution of the LCS reveals how the green lobe is entrained 
into the vortex while the brown lobe is detrained via the action of lobe dynamics.

Figure 11:  A satellite image of Typhoon Nabi that struck Japan in September 2005.

Figure 12:  A textbook illustration of the classical homoclinic tangle associated with a per-
turbed homoclinic connection.

Figure 13:  The LCS captures the homoclinic tangle in the simple kinematic model.  

Figures 14a-c:  The LCS for several typhoons is compared with that of the simplified model 
and reveals that lobe dynamics is a dominant transport mechanism in tropical storms.   

Figures 18:  The repelling LCS computed in 3D for Isabel reveals the Lagrangian eyewall structure.

Figures 19a-d:  The eyewall structure is viewed from several angles.  The eyewall computed with LCS uses  Lagrangian 
dynamics of the flow and is not obtained using inspection of the Eulerian velocity field as is typically done in mete-
orology.

Figures 20a,b:  The eyewall as determined by LCS is a dynamical barrier in the flow that separates regions of different 
dynamical behavior.  To illustrate this, we place drifters colored red, green, and blue in different regions relative to the 
eyewall.

Figures 21a-d:  A sequence of snapshots of the drifter trajectories in Hurricane Isabel show how the LCS separates 
regions of different dynamical behavior.  The blue drifters are quickly advected into the upper atmosphere while the 
red drifters remain trapped in the eyewall.  Interestingly, green drifters that initially start within a lobe protruding 
from eyewall, are eventually stripped off the eye and exit to the upper atmosphere.  Further study will determine 
how these processes are related to eyewall replacement.

Figures 22a-d:  The same sequence of snapshots of drifters in Hurricane Isabel is shown from above. 

3.  Modular:  The code is written in C++ language to facilitate modularity.  
Code additions and subtractions can be easily made.

4.   Efficient Data Structures:  The code is designed for analysis of 
large data sets.  Light-weight data structures allow for efficient use of lim-
ited available memory.

5.  Features for Geophysical Applications:  The code allows for 
computation on the sphere, storm tracking for computation in storm-
centered coordinates, using nested grid data, and non-uniformly spaced 
grids that are convenient for geophysical applications. 

All computations of the FTLE were computed using codes developed re-
cently at Caltech.

The code has the following features:

1.  N-dimensional:  The FTLE can be computed for flows in N dimen-
sions for arbitrary N.  Recent applications to transport in the phase space 
of the solar system have required 6 dimensional computations, for exam-
ple.

2.  Parallel:  The code exploits independence of trajectory calculations 
to perform computations efficiently in parallel resulting in dramatic speed 
up.
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Figure 2:  Compute the Finite Time Liapunov Expo-
nent (FTLE) using derivatives of the flow map.

Define the Lagrangian Coherent Structures (LCS) as 
ridges in the FTLE.  This methodology follows that of 
Haller, Shadden, Lekien, Couillette, and Marsden.

Figure 1:  We are given a time-dependent vector field

A trajectory is the solution of the initial value problem:

The flow map maps points forward in the flow.
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ẋ(t; t0,x0) = v(x(t; t0,x0), t)
x(t0; t0,x0) = x0.

φt
t0

x0 → φt
t0
(x0) = x(t; t0,x0).

1
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Then, the FTLE denoted σT : D × R → R is a time-
dependent scalar field on D defined by

σT (x, t) :=
1

|T | ln

∥∥∥∥∥
dΦt+T

t (x)
dx
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2

.

The FTLE defined in this way is a measure of the sepa-
ration of trajectories induced by the flow over the interval
of time [ t , t + T ]. Following Shadden [2], we define the
LCS to be locally maximizing surfaces, or ‘ridges’, in the
scalar field σT . Hence, LCS can be thought of as surfaces
of greatest separation. Review of the LCS computed for
the wide range of flows in the previously-mentioned ex-
amples indicates that LCS defined in this way are re-
markably sharp ridges that act as invariant separatrices
in the flow.

The definition of FTLE admits both positive and neg-
ative flow times T . For positive values of T , the FTLE
measures separation forward in time and yields LCS that
act as repelling surfaces; while for negative values of T ,
the FTLE measures separation backward in time and
hence yields LCS that act as attracting surfaces in for-
ward time.

In order to extract the LCS for a given flow, we re-
quire as an input the velocity field defined by an analyt-
ical expression, or the velocity data recorded discretely
in space and time. Given a velocity field in either of
these forms, we begin by numerically approximating the
flow map at each desired output time by numerically in-
tegrating a uniform grid of trajectories. The requisite
derivatives of the flow map are then computed using fi-
nite differencing. Once the numerical approximation for
dΦt+T

t (x)
dx is obtained, calculation of the FTLE follows in

a straightforward manner from the definition. The most
computational intensive aspect of the FTLE calculation
is the integration of trajectories for each time frame and
for each location on the spatial grid. Since these inte-
grations are all independent, they may be computed in
parallel, allowing for dramatic speed-up of the computa-
tion. For example, the computation of the FTLE for a
typical velocity field on a 512 x 512 spatial grid at 64 time
frames requires approximately 1 minute on 64 processors.

TRANSPORT IN A SIMPLE KINEMATIC
MODEL

We now introduce a simple kinematic model in which
the velocity field is prescribed by an analytical expres-
sion. The example will allow us to demonstrate the util-
ity of the LCS method in analyzing transport via lobe
dynamics, as well as provide a comparison with the LCS
extracted for the raw hurricane velocity data.

The toy kinematic model consists of prescribing the
velocity field of a single vortex in a two-dimensional uni-
form background flow. The component velocities of the

background flow are modeled by

ub = −β

vb = 0 .

with β > 0 so that the flow is from right to left.
The velocity field for a vortex with counter-clockwise

flow centered at y0 on the y-axis is given by

uv =
−(y − y0)

x2 + (y − y0)2 + α

vv =
x

x2 + (y − y0)2 + α
.

Notice that the influence of the vortex decays like the
inverse of the square of the distance to the vortex center,
and that α > 0 regularizes the velocity field at the vortex
center. For the computations to follow, we take α = 0.1.

In addition, we also consider a time-dependent forcing
term of the form

uf = 0
vf = ε y cos 2t .

Addition of these three terms yields a very simple kine-
matic model for a periodically perturbed vortex in a uni-
form background flow:

u =
−(y − y0)

x2 + (y − y0)2 + α
− β (1)

v =
x

x2 + (y − y0)2 + α
+ ε y cos 2t .

Variations of system (1) are often provided in dynami-
cal systems texts to illustrate a system with a homoclinic
connection (as shall be verified in the next subsection).
Choosing

β =
1√

1 + 4α
and y0 =

1 +
√

1 + 4α

2

for a given value of α ensures that the fixed points in the
unperturbed flow occur at (0,0) and the point (0,1) as
can be easily verified.

Unforced Case

In the unforced case (ε = 0), the system is time-
independent. The velocity field and both the repelling
(red) and attracting (blue) LCS computed using an inte-
gration time of 10 time units are plotted in Figure 1. As
is true for a large class of dynamical systems, the LCS
coincide with the usual definitions of stable and unsta-
ble manifolds. The LCS reveal a homoclinic trajectory
as well as the stable and unstable manifolds associated
with the fixed point at the origin.

Figure 3:  The wind field at the 850mb pressure level obtained from NCAR-
NCEP Reanalysis data.  The vortex evident North East of Japan is Typhoon 
Nabi (2005).  

Figures 4a-c:   A simple kinematic model for typhoon flow is given by superim-
posing a periodically perturbed vortex in a background linear shear flow.  The 
velocity field is:

 

Figure 5:   Superposition of the attracting (blue) and repelling (red) LCS com-
puted for the unperturbed flow reveals the familiar homoclinic connection 
from geometric dynamics.

Figure 6:  A snapshot of the LCS for the perturbed model vortex.

Figures 7a-d:  A sequence illustrating how the LCS delineate the boundaries 
of lobes and reveal transport via lobe dynamics.  Blue drifters are detrained 
while red drifters are entrained into the vortex.
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shows that 28 hours later, eyewall replacement
had begun. The rainbands had organized into a
coherent circular feature. A more weakly pre-
cipitating annular zone, which we call the moat,
separated this new outer eyewall from the inner
eyewall, which itself had begun to weaken. The
process by which the second eyewall forms,
although it happens frequently in nature, is not
fully understood. One school of thought is that
circular flow pattern around the center of the
storm spawns small-scale disturbances called
“vortex Rossby waves,” which propagate radi-
ally outward from the original eyewall region
(10). Depending on the exact structure of the
hurricane vortex, the waves may act to concen-
trate angular momentum at a critical radius
where their phase velocity matches the mean
swirling flow and in this way coalesce to form a
new outer eyewall. Another idea is that the
large-scale humidity field surrounding the storm
can affect the structure of the rainbands at a
certain radius, which may lead to a second
eyewall formation (11). Figure 1C shows that
the inner eyewall had nearly vanished, while the
outer eyewall, which was replacing it, was
taking shape at a somewhat greater radius. The
maximum winds in the storm had decreased
from about 70 m s−1 to 52 m s−1. Also notable is
that the new eyewall had a smaller radius in
Fig. 1C than in Fig. 1B, indicating that it had
begun to contract, as expected from theory (6).

Aircraft radar data collected in Rita (Fig. 2)
confirmed the double eyewall structure sug-
gested by the model forecast. The NRL P-3 with
ELDORA concentrated on the inner portion of
the storm by flying in a circular fashion, re-
peatedly circumnavigating the inner core of the
storm (Fig. 2A). Figure 2B shows the radar echo
detected by ELDORA. Because the radar re-
ceives microwave radiation backscattered from
precipitation particles in the path of the beam
(12), the echo intensity pattern (color shading in
Fig. 2B) indicates the precipitation pattern. The
data clearly show two concentric eyewalls with a
circular moat of weak echo between them. This
pattern compares favorably to the simulated pre-
cipitation pattern (Fig. 1B), although the model
timing was ~6 to 7 hours too fast.

The inner eyewall (Fig. 2B) was still fairly
strong, although its southeast side had weak-
ened, just as it did in the model forecast once the
new eyewall surrounded it (Fig. 1B). A distinct
wind maximum accompanied each eyewall (7).
Because the Doppler radar scanned approxi-
mately orthogonal (±70°) to the track (8), the
circular flight path gave a continuous view of the
two eyewalls and their interactions. The cells of
heavy precipitation in the outer eyewall seen in
Fig. 2B are of a scale of detail not seen in hur-
ricanes before the use of ELDORA in RAINEX.
The cells produced by small-scale intense air
motions tend to be elongated and distributed in-

termittently around the outer eyewall. Recent
theoretical studies (e.g., 10, 13) have shown that
as a new eyewall forms, small-scale air motion
features generated in rainbands gather into an
incipient eyewall. ELDORA indicates that this
process was likely taking place in this young
secondary eyewall.

The moat takes on the characteristics of a
hurricane eye. Figure 2C shows the detailed
wind field inferred by established methods
(14, 15) from ELDORA’s measurement of pre-
cipitation particle motions (12). This cross section
is a snapshot of the profound new information
gained in this study. Themoat region between the
two eyewalls is occupied throughout its volume
by downward air motion. An earlier study of
aircraft radar data obtained on radial flight legs
crossing a storm with two eyewalls had shown
some indications of downward motion in the
moat (16). However, because the aircraft with the
ELDORA in Rita was ground-controlled to fly in
a circle between the two eyewalls (Fig. 2A), we
were able to show that the downward motion in
the moat extended from upper to lower levels and
all around the storm. Figure 2D is a composite of
all the data collected during the ELDORA
circumnavigation of Rita. It shows quantitatively
how this pervasive downward motion deter-
mined the mean structure of the entire moat.
The dynamics of the moat were transitioning to
those of an eye.

Fig. 1. Forecast of surface rain-
fall intensity in Hurricane Rita.
(A) 0715 UTC 21 September, (B)
1115 UTC 22 September, (C)
1715 UTC 22 September. Colors
show the rainfall rate (mm h−1)
at the sea surface generated by
the University of Miami’s high-
resolution, vortex-following, cou-
pled atmosphere-wave-ocean
version of the fifth-generation
Pennsylvania State University/
NCAR nonhydrostatic mesoscale
model (MM5) (34) operating at a
horizontal resolution of 1.67 km.
Initial fields at 0000 UTC 20
September 2005 and lateral
boundary conditions are from
the NOGAPS global numerical
forecast model (35).
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shows that 28 hours later, eyewall replacement
had begun. The rainbands had organized into a
coherent circular feature. A more weakly pre-
cipitating annular zone, which we call the moat,
separated this new outer eyewall from the inner
eyewall, which itself had begun to weaken. The
process by which the second eyewall forms,
although it happens frequently in nature, is not
fully understood. One school of thought is that
circular flow pattern around the center of the
storm spawns small-scale disturbances called
“vortex Rossby waves,” which propagate radi-
ally outward from the original eyewall region
(10). Depending on the exact structure of the
hurricane vortex, the waves may act to concen-
trate angular momentum at a critical radius
where their phase velocity matches the mean
swirling flow and in this way coalesce to form a
new outer eyewall. Another idea is that the
large-scale humidity field surrounding the storm
can affect the structure of the rainbands at a
certain radius, which may lead to a second
eyewall formation (11). Figure 1C shows that
the inner eyewall had nearly vanished, while the
outer eyewall, which was replacing it, was
taking shape at a somewhat greater radius. The
maximum winds in the storm had decreased
from about 70 m s−1 to 52 m s−1. Also notable is
that the new eyewall had a smaller radius in
Fig. 1C than in Fig. 1B, indicating that it had
begun to contract, as expected from theory (6).

Aircraft radar data collected in Rita (Fig. 2)
confirmed the double eyewall structure sug-
gested by the model forecast. The NRL P-3 with
ELDORA concentrated on the inner portion of
the storm by flying in a circular fashion, re-
peatedly circumnavigating the inner core of the
storm (Fig. 2A). Figure 2B shows the radar echo
detected by ELDORA. Because the radar re-
ceives microwave radiation backscattered from
precipitation particles in the path of the beam
(12), the echo intensity pattern (color shading in
Fig. 2B) indicates the precipitation pattern. The
data clearly show two concentric eyewalls with a
circular moat of weak echo between them. This
pattern compares favorably to the simulated pre-
cipitation pattern (Fig. 1B), although the model
timing was ~6 to 7 hours too fast.

The inner eyewall (Fig. 2B) was still fairly
strong, although its southeast side had weak-
ened, just as it did in the model forecast once the
new eyewall surrounded it (Fig. 1B). A distinct
wind maximum accompanied each eyewall (7).
Because the Doppler radar scanned approxi-
mately orthogonal (±70°) to the track (8), the
circular flight path gave a continuous view of the
two eyewalls and their interactions. The cells of
heavy precipitation in the outer eyewall seen in
Fig. 2B are of a scale of detail not seen in hur-
ricanes before the use of ELDORA in RAINEX.
The cells produced by small-scale intense air
motions tend to be elongated and distributed in-

termittently around the outer eyewall. Recent
theoretical studies (e.g., 10, 13) have shown that
as a new eyewall forms, small-scale air motion
features generated in rainbands gather into an
incipient eyewall. ELDORA indicates that this
process was likely taking place in this young
secondary eyewall.

The moat takes on the characteristics of a
hurricane eye. Figure 2C shows the detailed
wind field inferred by established methods
(14, 15) from ELDORA’s measurement of pre-
cipitation particle motions (12). This cross section
is a snapshot of the profound new information
gained in this study. Themoat region between the
two eyewalls is occupied throughout its volume
by downward air motion. An earlier study of
aircraft radar data obtained on radial flight legs
crossing a storm with two eyewalls had shown
some indications of downward motion in the
moat (16). However, because the aircraft with the
ELDORA in Rita was ground-controlled to fly in
a circle between the two eyewalls (Fig. 2A), we
were able to show that the downward motion in
the moat extended from upper to lower levels and
all around the storm. Figure 2D is a composite of
all the data collected during the ELDORA
circumnavigation of Rita. It shows quantitatively
how this pervasive downward motion deter-
mined the mean structure of the entire moat.
The dynamics of the moat were transitioning to
those of an eye.

Fig. 1. Forecast of surface rain-
fall intensity in Hurricane Rita.
(A) 0715 UTC 21 September, (B)
1115 UTC 22 September, (C)
1715 UTC 22 September. Colors
show the rainfall rate (mm h−1)
at the sea surface generated by
the University of Miami’s high-
resolution, vortex-following, cou-
pled atmosphere-wave-ocean
version of the fifth-generation
Pennsylvania State University/
NCAR nonhydrostatic mesoscale
model (MM5) (34) operating at a
horizontal resolution of 1.67 km.
Initial fields at 0000 UTC 20
September 2005 and lateral
boundary conditions are from
the NOGAPS global numerical
forecast model (35).
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29 May 2007

Figure 15:  Satellite image of Hurricane Isabel.

Figures 16a-c:  High resolution models capture the process of eyewall re-
placement in which the eyewall disintegrates and is replaced by an eyewall of 
larger radius which subsequently contracts.  The intensity of the storm fluc-
tuates markedly during this process.

Figure 17:  The New York Times carried an article explaining how meteor-
ologists must accurately model the physics of eyewall replacement in order 
to improve predictions of hurricane intensity. Fig 17
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