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Dynamical system

� Deterministic: S : 
! 

� Stochastic: p : 
� B ! [0; 1], the transition function
Treated as a random pert. of the deterministic case

Transfer operator

P� = � � S�1 or P�(A) =

∫


p(x; A)�(dx)

for � 2M.
Or for densities∫

A
P f =

∫
S�1(A)

f or P f (y) =

∫


k(x; y)f (x)m(dx)

Spectral properties

Let P f = �f : Then:
� = 1

In the case of ergodicity, the eigenfunction characterizes long term be-
haviour:

lim
N!1

1

N

N∑
k=1

 

(
Skx

)
=

∫
 f

� < 1
The state space 
 can be splitted into two almost invariant sets,
supp(f +) and supp(f �). The eigenvalue � is a measure for the al-
most invariance of these sets.

Long term dynamical behaviour

m
Eigenvalue problem in L2

Problem setting

Minimize residual

Given approximation space Vn, compute:

fn = arg min
g2Vn

kgk
L2
=1

kPg � �ngkL2

Theorem. Let � 2 R, P : L2 ! L2 be a bounded operator and
Vn � L2 a sequence of subspaces with the following properties:
(a) ex. unique eigenvector f ,

(b) 0 < C := inf
{
k(P � �I)gkL2 j g 2 f ?; kgkL2 = 1

}
�Separation in residual sense�

(c) dist(f ; Vn)
n!1
�! 0:

Then the sequence ffng with

fn := arg min
g2Vn

kgk
L2
=1

kPg � �gkL2

satis�es
kfn � f kL2 = O (dist (f ; Vn)) :

Compact and selfadjoint operators ful�ll assumption (b).

Idea

Central issues

� Basis functions: Gaussians with n-dependent variance.
� Norm computation:

kf k2L2 �
m(
)

N

N∑
k=1

f (sk)
2

Needs pointwise evaluation of P f . Leads to

min
kwk=1

k(A� �B)wk2

� Computing the eigenvalue: Find local minima of

� 7! k(A� �B)wk2

Use the reduced QR factorization of B = QR to obtain

w>(A>Q� �R>)Rw
!
= 0

Solve generalized eigenproblem

Q>Aw = �Rw

Numerical computation

The four legs map
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Ulam (27) Res. Min. (50)

The standard map

Using 15�15 basis functions:
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Examples
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