Mathematics 1c. Practice Final Solutions

J. Marsden

Print Your Name:

'Your Section:

This exam has ten questions.

You may take four hours; there is no credit for overtime work

No aids (including notes, books, calculators etc.) are permitted.
The exam MUST be turned in by noon on Thursday, June 12.

All 10 questions should be answered on this exam, using the backs of the sheets
or appended pages as needed. Each question is worth 20 points.

Show all your work and justify all claims using plain English.

Good Luck !!
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1. (a) Suppose that an operator T': V — V on a vector space V has at least
one nonzero eigenvalue and that some integer power of 1" is zero. Can T’

be diagonalizable?
(b) Let V' be the vector space of real polynomials of degree 3.

i. What is the dimension of V7
ii. Is the operator 7' : V — V defined by T'(p) = x?p” diagonalizable?
iii. Is the operator S : V — V defined by S(p) = xp” diagonalizable?

Solution.

(a) Suppose that T were diagonalizable; say T = QDQ~!, where D =
diag(A1,...,A\n) is a diagonal operator (or if you wish, matrix). Then
TN = QDNQ~!. If this is zero for an integer N, then DV = 0. But
DN = diag(A\,...,A\}) and so if this is zero, then D itself and hence T
is zero, contradicting the fact that 1" has at least one nonzero eigenvalue.

(b) i. The dimension is 4 with a basis given by the standard polynomials:

1, z, 22, 23

ii. Note that each of the polynomials in the preceding basis is an eigen-
vector of T; for instance, T'(2%) = 2x2. Thus, we have a basis of
eigenvectors, so T is diagonalizable. Note that T" does not have
distinct eigenvalues (there are two zero eigenvalues), but it still is

diagonalizable.

iii. We claim that for this operator, S® = 0. For instance, acting on z3,

we have S(x3) = 622, S(2?) = 2x and S(z) = 0. Thus, S3(23) =
S2(62%) = S(12z) = 0. Thus, by part (a), S is not diagonalizable.

2. Let B be an n x n matrix that is symmetric, orthogonal, and has determinant

equal to one.
(a) Show that R™ has a basis of eigenvectors of B and that each eigenvalue
of B is either 1 or —1.

(b) Give a concrete example (other than the identity matrix) of a 3 x 3 matrix

B that is symmetric, orthogonal, and has determinant equal to one.

(c) Give a geometric interpretation of your example as a linear transforma-
tion of R3 to R3.



Solution.

(a) B has an orthonormal basis of eigenvectors since B is symmetric. Suppose
that v is an eigenvector, say Bv = Av. Since B is orthogonal, that is,
BTB = 1d, it preserves length (or use the property |[v||? = v-v =
(B'B)v-v = Bv- Bv = |Bv||?). Thus, taking the length of each side of
the equation Bv = Av, we see that |A\| = 1; since A is real (because B is

symmetric), we get A = £1.
(b) Using what we found in (i) and checking symmetry, orthogonality and the

determinant, we see that an example of such a matrix is diag(—1, —1,1).
(c) As a linear operator, this matrix has the interpretation as a rotation
through m —that is, 180°, about the z-axis.

3. Let a particle of mass m move along the elliptical helix c(t) = (4 cost,sint,t).

(a) Find the equation of the tangent line to the helix at ¢t = w /4.
(b) Find the force acting on the particle at time ¢ = 7 /4.

(c) Write an expression (in terms of an integral) for the arc length of the

curve c(t) between ¢t =0 and ¢ = 7 /4.

Solution.

(a) Using the notation r = rg + sv for the equation of a straight line passing
through the point rg at s = 0 and having the direction v, the equation

of the tangent line to c is
r = c(n/4) + sc/ (7 /4),

that is,

r = (2v2,V2/2,7/4) + 5(—2v2,v/2/2,1),

which can also be written as

r= <2\/§(1—S),\2[(1+8),Z+8> :

\)

Comment. One can also use the parametrization
r=c(m/4) +c(m/4)(t — 7/4),
so that the line passes through the point c(7w/4) when ¢t = 7 /4; that is,

r = (2V2,V2/2,7/4) + (—2v2,V2/2,1)(t — 7 /4),



4.

which can also be written as

r:(2f2(1+1—t>,?(1—1+t>,t>.

(b) The second derivative is

c’(t) = (—4cost, —sint,0)
which at t = /4 is (—2v/2, —v/2/2,0) and so the force is, from F = ma,

F = (-2mv/2, —v2m/2,0).

(¢) By the formula for arc length, this is

w/4
L:/ V/(—4sint)2 + cos?t + 1dt
0

/4
:/ V2 + 15sin? t dt.
0

(a) Let g(z,y,2) = 2® + 5yz + 22 and let h(u) be a function of one variable

such that A'(1) = 1/2. Let f = hog. In what directions starting at
(1,0,0) is f changing at 50% of its maximum rate?

(b) For g(x,y,2) = 2® + byz + 22, calculate F = Vg, the gradient of g and

verify directly that V x F = 0 at each point (z,y, 2).

Solution.

(a) Using the chain rule and noting that ¢g(1,0,0) = 1, the gradient of f at

the point (1,0,0) is given by
Vf(1,0,0) = h'(1)Vg(1,0,0).
However,
R'(1)=1/2 and Vg(z,y,z) = (322 52 5y + 22),

so Vg(1,0,0) = 3i, and so Vf(1,0,0) = 3i/2. Therefore, the direction
in which f is increasing the fastest is 3i/2, or after normalization, the
vector i.
The directions n in which f is changing at 50% of its maximum rate
satisfy

V/(1,0,0) -1 = %Vf(l,0,0)-i



that is,

3 13
—i-n=-=i-i
2 22
that is,
1
i-n=-.
2

Thus, if the angle between the vectors i and n is denoted 6, then cosf =
1/2, so 0 = w/3. These directions form a cone about the direction i that

make an angle of 7/3 with i.

(b) We first calculate the gradient:
Vy(z,y,2) = (32%,52,5y + 22)

and then we calculate the curl of F' taking the cross product of V and F:

i j k
o 0 0
F = — = ={o— =
V X 9r Oy 9 (5—-15,0,0) =(0,0,0)
322 5z by+ 2z

5. Let f(u,v,w) be a (smooth) function of three variables, let h(r,s) = (r,r +
s,r—s)and let g = foh.

d%g

oros

(b) Consider the curve in the plane defined by c(t) = (cost,sint) and the

curve in space defined by d(t) = (h o c)(t), where h is as given above.
Find the equation of the tangent line to d(¢) at ¢t = 0.

(a) Calculate

in terms of the derivatives of f.

(c¢) Find an expression as an integral for the arc length of the curve d(t)
between ¢t =0 and ¢ = 7/4.

Solution.

(a) First of all, we calculate the partial derivative of g with respect to r using

the chain rule with u =r,v=r+sand w =7r — s:

dg of . of _ of . df of of
oo e Y Taw oo T o Taw

since the partial derivatives of u, v, and w with respect to r are all 1.

Now we use this to calculate the derivative with respect to s, again using



the chain rule:

0 (09 _ 0 (0f  0f  0f\ou
ds \or) Ou\ou Ov Ow) Os
o (of o5 ofyov
+8v<8u+8v+8w>8s
o (of 0f  0f\ou
+8w<8u+8v+8w> 0s

However,

ou v
and so

I R R R
0sOr  Ords Ovou O0%2v  Ovdw Owdu Owdv  Ow?
_ 82f 82f an an
- Ovdu + 02v  Owdu  Ow?

The general equation of the tangent line to a curve d(t) at g is

|

d(t) = (cost,sint 4 cost,cost — sint)

INEE SO

] =d(to) + sd'(to).

In our case, we have

and so
d'(t) = (—sint, —sint + cost, —sint — cost)

and also

d(0) = (1,1,1) and d'(0) = (0,1, 1)

Therefore, our tangent line is given by the equation

x 1 0 1
yl =|(1{+s| 1| =|1+s
z 1 —1 1—s
that is,
xr =
y=1+s

z=1—3s



(c) By the formula for the arc length of a curve, we get

L—/ds—/4 | (1) dt
C 0

%
= / \/sin2 t + (cost —sint)? + (—sint — cost)? dt
0

I
:/ V2 + sin? t dt.
0

Another Exposition of the Solution to Problem 5.

(a) We have
u=r
V=7r+S8
w=r-—3s

Thus, the derivative matrix of the mapping h from (r,s) to (u,v,w) is given

by
1 0
Dh(r,s)= |1 1 |.
1

-1
By the chain rule,

o9 _ofou__ofov _ of ow
ds  Ouds Ovds Ow s

_of _of
v Ow
Hence,
0% _ 0 (of of
ords  or \Ov  Ow
(PF @i \ou (# P \ov (21 2r\ou
 \Oudv  Oudw ) Or ov2  Ovow ) Or Owdv  Ow? ) or

0% f B 0% f +82f_ 0% f N 0% f _82f
Oudv  Oudw  Ov?2  Ovow Owdv  Ow?

o o*f | O*f  Of

T Oudv  Oudw * o?  ouw?

Note that the final step is a consequence of the equality of mixed partials for

smooth functions.



(b) By the chain rule,

1 0 .
S -
|1 -1
[ —sint
= cost —sint
| —cost —sint

The tangent line to d(t) at ¢ = 0 consists of all points of the form d(0) +
sd’(0) =(1,1,1) + s(0,1,—1) = (1,1 + 5,1 — s), where s € R.

(¢) The arc length of the curve d(t) from ¢t = 0 to t = w/4 is given by

w/4
/0 1)) de.

From part (b),
d'(t) = (—sint,cost — sint, — cost — sint).

Thus,

|d’'(t)]| = /(—sint)2 + (cost — sint)2 + (— cost — sint)?

= V2 +sin?t,

and the arc length is given by
w/4
/ V2 + sin® ¢t dt.
0

6. Let f(x,y,2) =z + 2z and let g(z,y, 2) = 2% + y? + 22

(a) Find the maximum point (xg, yo, z0) of f subject to the constraint g = 1.

(b) Let V be the plane containing all vectors in R? tangent to the surface

g = 1 at the point (xo,yo, 20) found in part (a).
(i) Find an equation for the plane V.

(ii) Let A be a 3 x 3 matrix whose transpose A’ is such that A”v lies

in V whenever v does. Show that

AV f(x0,y0, 20) = AV f (20, yo, 20)

for a constant .



Solution.

(a)

(b)

We use the method of Lagrange multipliers. We have Vg(z,y,z) =
(2x,2y,2z) and Vf(z,y,z) = (1,0,1), so the Lagrange multiplier equa-
tions, namely V f = AVg become

1= )2z
0= XAy
1=MX\2z

Pyt =1

From the first equation, A # 0 and so from the second equation we get
= 0. Comparing the first and third equations, x = z and so from the

last equation, x = z = £1/ v/2. Thus, the two possible points are

V2 V2 V2 V2
<2,0,2> and (—2,0,—2>.

Evaluating f at these two points, we see that the first is the maximum
and the second is the minimum.

i. The gradient of g is Vg(x,y, z) = (2z, 2y, 2z), which becomes, at the

maximum point,

277 2

Vg <*/§,0, ‘/5) = (v/2,0,v2).

Thus, the plane V is described by the equation

(m—?)-\/i—l-(,z—\gi)'\@: )

which simplifies to

x+z:\/§.

One could conceivably interpret the question to ask for the plane
through the origin that contains the tangent vectors. In this case the
equation for V' would be x 4+ z = 0.

ii. The space V is the plane that is perpendicular to each of the vec-
tors V f(zo,y0,20) and Vg(zo,y0,20). Keep in mind that in view
of the Lagrange multiplier equations, these two vectors are parallel.

Therefore, for any v in V, Vf-v = 0, so for any v in V', we have

V f(zo0, yo, 20) - ATv = 0.



Therefore, by (b) for any v in V, AV f(zo,y0,20) - v = 0, hence
AV f(z0, Y0, 20) is (the zero vector or) is perpendicular to every vector

in V. It must therefore be a constant multiple of V f(z0, 30, 20)-

7. (a) Let D be the parallelogram in the zy-plane with vertices

(0,0),(1,1),(1,3),(0,2).
// xy dxdy.
D

/// (22 + y% + 22) 2 exp[(a® + 92 + 2°)?| da dy d=
D

Evaluate the integral

(b) Evaluate

where D is the region defined by 1 < 224 y? + 22 <4 and z > /22 + y2.

Solution.

(a) This is an elementary region with sides given by the lines x = 0 and x = 1

and top and bottom by the lines y = x and y = x + 2. Therefore, the

([ vaetr= [ [ v
[ ()

integral is

(b) The region in question is that between two spheres and inside a cone

centered around the z-axis. A rough sketch is given in the Figure.
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The region for Problem 7 is the region between spheres

of radii 1 and 2 and lying inside the cone 2z? = z* + y>.

By drawing a careful figure and using a little trigonometry, one finds that

a side of the cone makes an angle of 7/4 with the z-axis.

Denoting the integral required by I, we get

z—/%// ') o sin o dpdp df
—27r(1—\/§>/lexp( ) p*dp

2
=3 ()
()

8. For each of the questions below, indicate if the statement is true or false. If

true, justify (give a brief explanation or quote a relevant theorem from the
course) and if false, give an explanation or a counterexample.

(a) If P(z,y) = Q(x,y), then the vector field F = Pi+ Qj is a gradient.
(

(¢) There is a vector field F such that V x F = yj.

(d) If f is a smooth function of (x,y), C is the circle 22 + y?> = 1 and D is
the unit disk 22 4+ y? < 1, then

of of of of
/Ce dx +e ydy—// e [y " x :J dxdy

(e) For any smooth function f(z,y,z), we have

1 prz pot+y 1 ry pety
L[] tewadzayao= [ ['[*7 iz dzay
0J0J0O 0J0J0

)

b) The flux of any gradient out of a closed surface is zero.
)
)



Solution.

(a)

(b)

(a)
(b)

This is FALSE. For example, the vector field F = xi+ xj is not a gradient
because it fails to satisfy the cross derivative test.

This is FALSE. For example, the vector field F(r) = r is the gradient
of f(r) = ||r||?/2 yet its flux out of the unit sphere is, by the divergence

theorem, 4.

This is FALSE. We know that div curl F = 0 for all vector fields F, but

div(yj) = 1 and so no such F can exist.

This is TRUE. To see why, let

of

P(xay) :emy% 8f

and Q(z,y) = ezya—y

so that the left hand side of the expression in the problem is the line

integral of Pdz + Qdy. By Green’s theorem we have

/CdeJery://[)(gi?—g];)dxdy

To work out the right hand side in Green’s theorem, we calculate the

partial derivatives:

9Q _ oy oy O°f
o Ve 0fdy +e 92y
oP af 0% f
95 ey Ly

oy e Ox te 0yox

By the equality of mixed partials for f, we get the desired equality from

Green’s theorem.

This is TRUE. Each side of the equality is the integral of f over the
region that lies between the graphs z = 0 and z = = + y and lying over
the triangle in the zy-plane with vertices (0,0), (1,0), (0,1).

9. Let W be the three dimensional region defined by

2492 <1, 2>0, and 22+¢%+22<4

Find the volume of W.

Find the flux of the vector field F = (22 — 3zy)i — yj + 3yzk out of the
region W.

11
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Solution.

(a) The region is sketched in the accompanying figure.

The region for Problem 9 is the region between the xy-plane, the sphere of radius 2

and inside the cylinder 22 + 3% =1 (the vertical cylindrical side of the region is not shown).

Setting up the volume as a triple integral, one gets

Volume =V = / / dxdydz
Vi—z? 4— foy
= / / / dz dy dx
1— :1:2

:/1/ : 2\/4—x2—y2dydﬂs

Now one switch to polar coordinates to give

1 2T
V:/ rv4 —r2 drdf
o Jo
1
:27r/ rv4 —r2dr
0

This is now integrated using substitution and after a little computation,

one gets the answer

V:%”(s—:a\@).

Alternative Solution. See the sketch of the region above. Using evi-

dent notation, we have

V(W) = V(cap) + V(cylinder of height h)
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where the region is divided into a cylinder with a certain height A and

the portion of the sphere above it. Now
V(cylinder) = A(base) - height = 7 - h.

To determine h, note that h is the value of z where the cylinder z2+3% = 1
and the sphere 22 + y? + 22 = 4 intersect. At such an intersection,
1422 =4 and so 22 = 3 i.e., 2 = /3 = h. Therefore, V(cylinder) = m/3.
To find the volume of the cap we think of it as a capped cone minus a cone
with a flat top. We can find the volume of the capped cone using spherical
coordinates, and we know the volume of the cone with the flat top (the

base) is (%A(base - height). First of all, using spherical coordinates,

2 ©o 2
V (capped cone) = / / / p*sin o dp de db
o Jo Jo

To find g refer to the figure that we suggested be drawn for this problem
and one sees that for the relevant right triangle,
adjacent V3

m
oS %0 hypotenuse g AHESO w0 6

Therefore,
27 z z 1
V (capped cone) = / /6 / p? sin pdpdpdd = 16m 1— @
o Jo Jo 3 2
However,

1
V (cone with the flat top) = gArea of base times height
1 /3

=3V
Therefore,
V(cap) 16777_7877\/§_77r\/§
P/="3 3 3
and finally,
160 873 7wV3  37V/3
VW) == -3~ 5+ 3
167 673 2w
—5 3 gt

(b) The flux is given by



To compute this, we use the divergence theorem, which gives

//aWF-dS:///WdideV:///W(Q_gy_1+3y)dv

=V(W) = %77(8 —3V/3)

10. Let f(z,y,z) = xyze™.

(a) Compute the gradient vector field F = V f.

(b) Let C be the curve obtained by intersecting the sphere z2? 4+ y? + 22 =1
with the plane x = 1/2 and let S be the portion of the sphere with
x > 1/2. Draw a figure including possible orientations for C' and S; state

Stokes’ theorem for this region.

(c) With F as in (a) and S as in (b), let G = F + (z — y)i+ yk, and evaluate

the surface integral
/ / (VxG)-dS.
S

(a) Using the definition of the gradient one gets

Solution.

F(x,y,2) = €V[(yz +oy22)i + (02 + 2%y2)j + oykd.

(b) The region is shown in the accompanying figure.

0&&0

H

The surface for Problem 10(b) is the portion of the sphere of radius 1
lying to the right of the plane x = 1/2.

14



One has to choose an orientation for the surface and the curve. For ex-
ample, if the normal points to the right, then the curve should be marked
with an arrowhead indicating a counter clockwise orientation when the
curve is viewed from the positive z-axis—as in the figure. Stokes’ Theo-

rem for this region states that for a vector field K,

/K~ds:/ VxK-dS
c S

(c) Write G = F + H, where H = (2 — y,0,y). Thus, we may evaluate the

given integral as follows:

/A(VxG)~dS—/SVx(F+H)-dS
://SVXF-dS+/SV><H-dS

As we calculated above, V x F = 0, and so

//VxG-dS—//VxH-dS—/H-dS
S S C

by Stokes’ theorem. To evaluate the line integral, we shall parameterize
C; we do this by letting

V3 1

y:7cost T=3 and z:7sint

for ¢ € [0,27]. Thus, the line integral of H is

/ H.dS = H(c(t)) -/ (t)dt

2
= 4/ (sint — cost, 0, cost) - (0, —sint,cost)dt
0

3 27
= - / cos® t dt
4 Jo

Remembering that the average of cos? § over the interval from 0 to 7 is
1/2, we get 3w /4. Thus, the required surface integral of V x G is 37 /4.
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