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Coherent Structures in Flows

Hurricanes Jupiter’s red spot

Neptune’s great dark spot Elliptic 3-body problem

Atmosphere

Bio-locomotion 



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

Aperiodic flows
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ẍ + sin x = 0

Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

Invariant manifolds in the simple pendulum 

The stable and unstable manifolds:

45
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Invariant manifolds in the simple pendulum 

The stable and unstable manifolds:
• are invariant.
• are separatrices between regions of different dynamical behavior.
• form the boundaries of invariant sets.
• dictate structure and transport in the flow.
• are surfaces of greatest stretching.
• are attached to fixed points, periodic orbits, etc.
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Separatrices for aperiodic systems

Finite data setẍ + sin x = f(t)
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Define the LCS to be ridges in the FTLE field.

The LCS 
• are defined as surfaces of greatest stretching.

We will see that LCS
• are (almost) invariant.
• are separatrices between regions of different dynamical behavior.
• form the boundaries of invariant sets.
• dictate structure and transport in the flow.
• are NOT attached to fixed points, periodic orbits, etc.
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The Poincare map



f(t)
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Homoclinic tangles
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Lobes dynamics with periodic forcing
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LCS for aperiodic forcing

Captures transient chaos
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Transport in hurricanes
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Will Warming Lead to a Rise in Hurricanes?

National  Oceanic  and Atmospheric  Administration

By CORNELIA DEAN
Published: May 29, 2007

When people worry about the effects of global warming, they worry

more about hurricanes than anything else. In surveys, almost three-

quarters of Americans say there will be more and stronger hurricanes

in a warming world. By contrast, fewer than one-quarter worry about

increased coastal flooding.

But as far as the scientific consensus is

concerned, people have things just

about backward.

There is no doubt that as the world warms, seas will rise,

increasing the flood risk, simply because warmer water

occupies more space. (And if the Greenland or Antarctic

ice sheets melt, the rise will be far greater.)

It seems similarly logical that as the world warms,

hurricanes will be more frequent or more powerful or

both. After all, they draw their strength from warm ocean

waters. But while many scientists hold this view, there is

far less consensus, in part because of new findings on
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Entrainment and Hurricane Intensity

Dr. Kerry Emanuel, MIT, 
Environmental Factors Affecting Tropical Cyclone Power Dissipation (In Press).

V 2
p =

Ts − T0

T0

F↓ − F↑ + Fentrainment

CDρ|V|
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Stability of Hurricanes

(29 May 2007)
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LCS in typhoon Nabi
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Horshoes in Typhoon Banyan 
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2005 Atlantic Hurricane season
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Tracking Easterly waves
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Vortex rings in the laboratory
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LCS for the vortex ring
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LCS and vortex boundaries
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Lobes in the vortex ring
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Vortex
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Jellyfish
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LCS for ozone hole break up
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LCS and mixing in Monterey bay



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

LCS and mixing in Monterey bay

Attracting LCSRepelling LCS



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

LCS and mixing in Monterey bay

Attracting LCSRepelling LCS



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

LCS and mixing in Monterey bay

Attracting LCSRepelling LCS



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

Mixing in Monterey Bay



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

Mixing in Monterey Bay



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

Mixing in Monterey Bay



Philip  Du Toit D2HFest    -    Lausanne, Switzerland    -    27 July 2007 California Institute of Technology

Mixing in Monterey Bay



Neptune’s Great Dark Spot



Modelling the Dark spot

Eccentricity Orientation



Kida vortex velocities





Trajectories in the Kida vortex



LCS in the Kida vortex



Lobes in the kida vortex
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Lobes in Meddies.
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3D LCS in a convection cell
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LCS in blood flow
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Numerical considerations

• Memory: huge data in; huge data out.

• Straightforward to parallelize.

• Computations are now “bandwidth limited.”

• Computed online in near real time.

• Choosing integration time, T.

• Resolution and robustness.
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Upcoming LCS projects ...

• Visualization in 3D.
• Automatic extraction of LCS.
• Fast computation methods.

Numerics:

• What are the properties of LCS?
• Relationship with transfer operator methods.

Theory:

• 3D Hurricanes.
• 3D Oceans.
• Quantified transport and mixing in geophysical flows.

Applications:


