[. Introduction

A New Method for Inverting Integrals
» Attenuated Radon Transform (SPECT)
» D to N map for Moving Boundary Value Problems
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Integrable Nonlinear PDEs in 4 +2 and 3+ 1
» DS and KP type generalizations.
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Il.Inversion of Integrals-Imaging

Ablowitz-F, Beals and Coifman (1982)
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1 0 0 q(x1, x2)
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Nonlinear FT in 2D via the d formalism
F-Gelfand (1992)

(8><1 + iaXz - k) U(X17X27 k) = q(XlaX2)

Novel derivation of 2D FT via &



F-Novikov (1992)
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[5 <k + ;) O + 5 (k = ;) 34 p(x1, X2, k) = f(x1, x2)

Novel derivation of Radon transform

Novikov (2003), F (2004)

{1 (k+ >8X1 + = <k—%) 84 1 x2, k)

+f(X1,X2)u(X17X27 k) = g(x1,x2)

Derivation of attenuated Radon transform



1.1 RADON TRANSFORM
Reconstruct f from its line integrals.
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x;=Tcosf—psinf T=2x1 cos0+xp sin 0
. — .
xp=Tsinf+pcosh p=—x1 sin 0+ x; cos



F(r,p,0) = f(rcosf — psinf,7sind + pcosh).

Direct Radon transform

F(p,0) = /  F(r . 0)dr

— 00

Inverse Radon transform(Filter Back Projection)
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The reconstruction of the phantoms before the
filtering procedure.
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1.2 MATHEMATICS OF SPECT
Reconstruct g from its weighted line integrals

| = / e o gdr.
L

Direct Attenuated Radon transform

&r(p.0) = / e~ I Flsn®dsG (1 p p)dr

Inverse Attenuated Radon transform
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Spectral analysis of a SINGLE equation— Analytic inversion of
integrals

1 1 1 1
{E (k + ;) O« + 5 <k — F) 8X2} u(xi, xo, k) =Ff(x1,x)
keC, (x,x)€R’ f(x)eS(R?)

(i) Solve for v in terms of f for ALL k € C
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Impose: n=0 (1), z— oc.



pxt, o, k) = 5rsgn( e — |K[2) oo DA 21
(ii) Solve for s in terms of f
€R?, He(0,2n)

pt— (P:F%) — [ F(p,s,0)ds, (p,7)

F(p,0)dp

_ 1 27 i€ 0o ,
/.L(Xl, X2, k) 7 2in2J0 elf—k (-ffoo p—(x2 cos 6—xq sin 9)) dg

complex k-plane :



NCAT phantom

gaussian blur, o = 0.021 (GP collimator), noise free, R=28cm, 200 projections

Original FBP, no attenuation correction

IART, no deblurring IART, with deblurring



lIl. Inverting Integrals: The D to N Map

J: = 0w, O0<x<o00,0<t<T.

q(x,0) =0, ax(0,1) = &(t).

10
VT Jo VE—s

q(0,t) = ds, 0<t<T.

gt + Gux =0, 0<x<o0,0<t<T.
q(Xv 0) = 07 qu(Oa t) = g2(t)

q(0,t) = a /Ot £2(s) ds, gx(0,t) =0 /Ot £2(s) ds

(t—s)} (t—5)3




The Global Relation and Lax pairs

[e e, 1)) — [ ¥ (gl 1) + ika(x.1))] =0, keC

t X

/ e~ g(x, t)dx + (ax(x, t) + ikq(x, t))dt] =0, ke C.
oD



0<x<o0

/O "% [q(0, 5) + ikq(0, 5)]ds =

/ e % g(x.0)dx — em/ e ™q(x, T)dx, Imk <0
0 0
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px + ik =q
fue + K2p = g + ikq



I(t) < x < o0

-

x=ie)

I(t)>0, 0<t<T,
10) =

/0 " it |0:01(s).5) + (I(s) + iKeo(s)| ds =

c“;o(k)—ek2T/ e *g(x, T)dx.
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(F, Pelloni, JMP 2007)

(Delillo , F, Inverse Problems 2007)

.
F(k):/ X5 MG f(5)ds, ke C.
0

pe(t, k) + (k2 - ;k'/(t)) u(k,t) = kf(t), keC, O0<t<T.
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§f(t) = ke~ K tHikI(E) dk+/ f(s t)ds, 0<t<T,
4 270 Jr e
r

(t):
k = ke + iki, k2 — k? + kii(t) = 0; —00 < kg < o0, k,<0;0<t<T},

Figure: The curve I'(t)



B(v,s,t) = ( V2 —I(s)v + iu) exp [—y(](s) — (¢, s)

Fiy/v2 —I(s)v (20 — 9(t, $))(s — t)} . O(ts) = %

)

(s—1)
I(s)

S



w(t, k) = pi(t, k), keQi(t), 0<t<T, j=1,2,3

Figure: The domains Q1(t) and Q»(t).



Qu(t) : {k >0, kg — K+ kal(0) > 0} U {ki < 0, kE — kF + kil(t) > 0},
Qu(t) : {k, >0, k3 — K2+ ki(T) < o} U {k, <0, k2 — K2+ kii(t) < o}.

() : {k,% — K+ ki(t) =0, ki > o} .



t
pi(t, k) = k/ K==k f(s)ds, 0 < t < T, k €Q;, j=1,2,3.
t;

"

t1 =0, =T, ts = S(kr, ki),

K2 —k? + kil(t) = 0,0 <t < T, kj >0, —00 < kg < 00 : t = S(kg, k).

1
MJ_O<E)’ k—o0, ke, j=12]3.
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0<t<T, keC



Above inversion and global relation imply:
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V. Nonlinear PDEs in 4+2 and 3+1

(F, PRL, May 2006)

0 0

6_§ +038—g — kloz, ] + Qu =0, (*)
1 1 _

X = 5(54‘77)7)’: 5(5—77),/(: ki + ika,

E=&6+i&%, n=m+in

( 1 0 ) < 0 Q1(§1a€2a7]17772) )
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0 -1 CI2(§17527771,772) 0



Nonlinear FT in 4D

{q1, 92} — {A, R}

fl(kl,kQ,/\l,)\z) = C/ e—4i(k2§1—k1§2+A27]1—A17]2)qlu22d§1d§2dnldn2’
R4

fz(kl, ko, )\1,)\2) — C/ e74i(*)\251+)\1527/(2771+k1772)qzulldgldfzdnldn27
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c=(2/7)3.

(&1, &, M1, M2, ki, ko) is determined in terms of

{qj(&1,&,m,m2)}2 by (x) with

peloas |G+ &P+ Iml? + e — oo



{f, B} — {a1, g2}

_ Ai(ky&1—k: —
q1(&1,&.m1,m2) = /R K eGi—k&otram=Aume) £ 1110 dky dkod Ay d Ay

_ (=DM E—
Q2(§1,€2,T]1,772) /R“e 261+ A1 kzm+k1772)f2u22dk1dk2d/\1d/\2’



w is determined in terms of {f;(k1, ko, A1, A2)}3 by

8H(k1ak2) /
—_— = )\ ’)\ .
ok - 1A A2)

0 e Hlkbi—ki&tlam—in) £

dA1d )y,
e*4i(*A2€1+>\1€2*k2n1+k1772) f 0
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Integrable PDEs in 44-2

2 2
{qj(O)(flngvnlanQ)}l I {6(0)(k17 k2;A1;A2)}1
{fl(o)E, 7;2(0)E71} — {qi(&1, &m0 1, )}

E— e4i(>\1A2+k1k2)t2—2i(A§—>\§+k12—k22)t1
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Implicit Reductions to 3+1

independence of t; <« A1 Ay + kiko =0

Linear limit: ) )
Oa . 94 _
06106 OO
KP type
09 _19°q 3 09  3,.0%
9t 403 279x 4% a2

independence of t < k3 — A3 + 3\ M3 —3kik3 =0



Explicit Reductions to 3+1

Potential KdV

1 .
qE:Zq)—O—O—(—Zq%, t:t1+lt2a

To preserve reality:
1 3,

q: = quxx - qu

(g2): = (qr)z :

X = X1 + ix2,

(gxsex — 3Q§)t = (Gox — 3q>2<)f :

(1)

()



Use 0z = 3(0x, + i0s,) :

(Aq)(AqX2) = 07 A= 851 + 852
(£ (2):

13 2 _§ 2 2
qn = 16 (8x1 38X18X2) q 8 (qxl qXZ) ’

1 3
gy, = 1 (—3;?’2 + 33)(2551) qg— ququZ,



(5)

‘ 9t = 2Gaxa — 2 (95 — 95), Aq=0,

‘ qe, = _%qXQXZXZ - %qﬁ G, Ag=0. ‘ (6)

Claim : Aqy, = Agy, =0

Let g(x1, x2,0) = go(x1, x2) be a harmonic function. Then g(x, x2, t1)
and g(x1, x2, tp) satisfy the integrable systems (5) and (6) respectively. If
qo is real, then g remains real.



Potential KP

1 3, 3- 1o
T = —Qxxx — —(dx —L 5 L: 9
qz 4q 4qx+4 q 8)( ay

where
dxq dx;

x—x'

. ~ 1
Yy =y1+ iy, 5‘;1":—/ f(x1, %)
R2

™

- 1 -
(89)(Aqy,) + gxlas — axLax + 5 (Lg% — LqZ) = 0.

Aq = q>_<y = 07 = Aq - Oa qyz - _8x_11q><2y1



1 3 2 2 39-—1
‘ Ay = 29xaxx — g (qX1 - qu) + ZaX1 Ay, ADg=0, ‘

‘ qy, = _%qXZXZXQ - %qﬁqu - %@Zl%m Ag =0. ‘

2 2
A =0 +0;,



Example: —oco < x3 <00, x» >0.
q(x1,0,¥1,0) = Qo(x1,1)-
Gx (x1, 0, y1, 1) = Hgx (x1,0, y1, t)
q(x1,0,y1,t) = Q(x1, 1, t)
Qu = 2@ — 2 (@2 — (HQL Y] + 205 @,
Q(x1,¥1,0) = Qo(x1, y1)-

Laplace’s equation with g(xi,0, y1,t) = Q(x1, y1, t), yields q(x1, x2, y, t)





