CDS 202 Final Examination Solutions
Francois Gay-Balmaz, March, 2010
Attempt four of the following siz questions.
The exam time limit is three hours; no atds are permitted.
The exam has two sheets printed on both sides

Print Your Name: < Note!

The 4 questions to be graded: +Note!

You may freely use the following properties as needed. Here o and 3 are
differential forms and X, Y, Z are vector fields on a manifold M. (In the exam, all
manifolds, vector fields, and differential forms are assumed to be smooth and the
manifolds are finite dimensional.)

(@) Lx(anp)=(Lxa)\B+an(LxP)

(b) £Lixyja=LxLya—LyLxa

(c) ix(anpB)=(ixa) AB+ (—1)Fa A (ixB), where a is a k-form.
(d) £xa=diya+ixda

(e) ixy)B = £xiyf —iv£Lxf

(f) For v a one-form,

dy(X,Y) = X[y (V)] = Y[y (X)] = +([X, Y])

(g) For w a two-form,
dw(X,Y,Z) = X[w(Y,2)] - Y[wX, 2)]+ Z[w(X,Y)]
—w([X,Y],2) —w([Z,X],Y) —w(]Y, Z], X)
(h) For a one form « and a vector field X,

»6041' an
— X :
(£xa); =X ond Y




1. Consider the following vector fields X, Y, the one form « and the three form
u on R3:

0 0

X =—y— — _

ya —i—xay—i-zaz
Y—x2+ g%—zg
- oz y@y 0z

a=ydr—zdy+ zdz
pw=drANdyAN dz

Compute the exterior derivative da and the interior product ixa.

(a
(

)
b) Compute the Lie derivative £xa
(c) Describe the flows F; of X and Gy of Y geometrically.
(d) Compute
—| Y d 0
ai|,_, Freend g G

(e) Compute %|t:0 FrY.
Solution (a) The following calculations are straightforward using the
given expressions for a and X in coordinates.
da=—2dx N dy

ixa =22 —22— 2

Solution (b) Using Cartan’s formula,
£Lxa=d(ixa)+ix(da)
From the solution in (a),
£xa=d(z* —2* —y*) +ix(—2dz A dy)
Distributing the inner product and differential gives,

£xa=2zdz — 2xdr — 2ydy — 2ix(dx) A dy + 2dz A ix(dy)
= 2zdz — 2xdx — 2ydy + 2ydy — 2zdx
=d(2?)



Solution (c) The flow of F} is a rotation in the x-y plane and expo-
nential enlargement in z. In fact, given an initial (zg,y0,20) # 0 the
curve (Fi)«(xo,y0,20) for t € [0,7] describes an exponentially expanding
helix around the z-axis. The flow of G; is a simple expansion of an initial

(20,90, 20) # 0, i.e., (Gi)«(z0, Yo, 20) = €' (z0, Y0, 20)-

Solution (d) Using the dynamical definition of the Lie-derivative and
div, X =1

Fip=£xp=(divy X)p=p

dt |,

Similarly, using the dynamical definition of the Lie-derivative and Cartan’s
magic formula one obtains,

% Gia = Lya =d(iya) + iyda = 2ydr — 2xdy + 2zdz

t=0

Solution (e) Using the dynamical definition of the Lie-derivative,

d

Sl By =£xy=0
dt|,_, X

This result implies that F; and G; commute.

. Let M be the ellipsoidal shell in R? given by 22 + 432 4+ 2> = 1 and let S
be the partial ellipsoidal shell in R? defined by the conditions (z,y, z) € M
and 0 <z <1/2.

(a) Show that M is a smooth manifold.

(b) Argue informally that S is a smooth oriented manifold with boundary;
describe a specific choice of orientation.

(c) Let the one form « be defined on the open set U = R3\z-axis by

_ zdy —ydz
Y2 + 22
Compute da.
(d) Let 8 be the pull-back of o to S. Is [ closed? Is 5 exact?
(e) Compute the integral of 5 over 9S.



Solution (a) The submersion theorem is used to demonstrate M is a
smooth manifold. Consider the map ¢ : R? — R given by:

o(z,y,2) = 2%+ 4y2 + 22

Note that M = ¢~ 1(1). If 1 is a regular value of , then by the submersion
theorem M is a manifold. To show that 1 is a regular value, its tangent map
restricted to M is shown to be surjective, i.e., for every C € R there exists
a B € R? given in components by B = (By, By, B3) such that

T<,0|M . (BI,BQ, Bg) =2zB1 + 8yB2 + 2ZB3 =C
This B is given by B = C/2(z,y, z).
Solution (b) It is easy to show that the cylindrical shell is a manifold.

Consider the diffeomorphism between the truncated ellipsoidal shell and the
cylindrical shell given by,

(z,y,2) = (2,2y, 2)
This map sends the points
{(z,y,2) eER® 2 + 4> + 22 =1,0 < x < 1/2}
to the points
{(u,v,w) € R® :u? +v* +w? = 1,0 <u < 1/2}

where v = x,v = 2y,w = z. The orientation in the interior is given by
choosing an outward or inward pointing normal at every point. On the
boundary ellipses (at © = 0 or = 1/2) the orientation of the tangent space
(tangents pointing in the clockwise or counterclockwise sense) is determined
by the orientation in the interior. Specifically, one picks an outward pointing
vector to the boundary to be the first vector of the oriented basis, and the
next vector is found by ensuring that the right-hand rule gives an outward
pointing normal as in the interior.

Solution (c) A direct calculations shows that da = 0, and hence, « is
closed.



Solution (d) Leti:S — R3 be the inclusion map. Then 3 = i*a, and
since i is smooth then df = di*a = i*da = 0. Thus, [ is closed.

However, 3 is not exact. One can prove this by contradiction as follows.
Suppose 8 = dvy and consider the following integral over the ellipse C' =
{(y,2) 4y +2° =1}

2w —2d6
/cﬁ :/0 cos?(0) 1 4sm?() 7

since the integrand is strictly negative. However, by Stokes’ theorem

o s

since OC = ).

Solution (e) By Stokes’ theorem

o= o=

. Let S be the 3 x 3 diagonal matrix with diagonal entries 1,1, —2. Let G
denote the set of 3 x 3 real matrices A that satisfy ATSA = S, where AT
denotes the transpose of A.

since (3 is closed.

(a) Show that, with the operation of matrix multiplication, G is a Lie
group.
at is its dimension? Is G compact’
b) What is its dimension? Ts G compact?

(c) Show that the Lie algebra g of G may be identified with the set of 3 x 3
matrices ¢ that satisfy ¢7'S +S¢ = 0. What is the Lie algebra bracket?

(d) If v is a nonzero real number, show that the matrix

0 a O
E=|—-a 0 0
0 0 0

lies in the Lie algebra g. What is the one parameter subgroup of G
that is tangent to € at ¢ = 07
(e) Let n,& € g be two matrices in g from part (c) that commute. Let D be

the distribution on G obtained by left translating the two dimensional
vector space V' = span(n, §) around the group. Is D integrable?



Solution (a) First check the axioms of a group:

e Closure: Given A, B € (G, observe their product is in G, i.e.,
(AB)'SAB = BT (ATSA)B=B'SB =15

e Associativity: This property follows from the fact that matrix multi-
plication is associative.

e Identity: The identity matrix denoted by e is in G since,
elSe=eS=S9
e Inverse: The inverse of any A € G is also in G, since A is invertible
ATSA =85 = det(A)* =1 — Ac GL(3)

and
ATSA =8 — (AT lsA = (A HTsAa =5

G is shown to be a subgroup of GL(3) by considering the properties of the
map ¢ : GL(3) — {symmetric 3 x 3 matrices} given by:

p(A) = ATSA

Note that ¢~!(S) = G. The claim is that S is a regular value of ¢, and
hence, G is a submanifold of GL(3) by the submersion theorem. Consider

Dy(A)-B=BTSA+ ATSB

where Dp(A) : L(R3,R3) — {symmetric 3 x 3 matrices}. For any C €
{symmetric 3 x 3 matrices} there is a B such that

Dy(A)-B=C

given by
B=1/2457'C.

The group operation is smooth since matrix multiplication is a smooth bi-
linear map on GL(3), and hence, its restriction to the subgroup G is also
smooth. Hence, G is a Lie subgroup of G.



Solution (b) The dimension of G is given by the submersion theorem as
dim G = dim GL(3) — dim{symmetric 3 x 3 matrices} = 3

Moreover, GG is the preimage of the closed set S under the continuous map
. Hence, G is closed. However, G is not compact since it is not bounded.
For example, for any ¢ € R consider the following A € G

1 0 0
A=10 t 2(t2 — 1)
0 (t2—1)/2 t
whose matrix norm is given by:
3
4] = 5(-1+3)

which cannot be bounded for all ¢.

Solution (c) From the submersion theorem 7, G ~ g is the set of matrices
in the kernal of Dyp(e), i.e., &€ € L(R3 R3) such that

Dy(e)- £ =¢S+56=0

Since G is a Lie subgroup of GL(3), the bracket is the matrix commutator
restricted to g.

Solution (d) ¢ € g since ¢7 = —¢ and
M'S+56=—64+¢=0

The one-parameter subgroup of G generated by £ is SO(2) and given by:

cos(at) sin(at) 0
exp(t§) = | —sin(at) cos(at) 0
0 0 1

and corresponds to rotations about the z-axis.



4.

Solution (e) If n,£ € g commute then the bracket of their associated
left-invariant vector fields is zero, i.e.,

ng=¢&n = Lx Xn= Xy =0

Hence the distribution defined by left translating the vector space spanned
by £ and 7 is involutive and by Frobenius’ theorem integrable.

(a) Let X and Y be the vector fields on R3 defined by

0 0 0 0
X—ya—za—y and Y—y%—xa—y.

Show that X and Y define vector fields Xy and Y on the standard two
sphere S? of radius one.

i. Show that, with respect to the standard volume element on S2,
div Xg = 0 and divYy = 0.

ii. Calculate [Xy, Yp].

(b) Let (My,u1) and (Ma, p2) be two compact volume manifolds without
boundary and let X; be a smooth vector field on Mj.

i. Explain how (M; x My, 11 X p12) is a volume manifold with volume
element p1 X po determined in a natural way from p; and ps.

ii. Is it true that

(divy, X1) g x p2
M1><M2

must be zero?

Solution (a) This part is straightforward. Consider the map
p(r,y,2) = a® + 3 + 22
and its regular value at 1. Note that ¢~!(1) = S?. Then, X,Y € Tix,y, 2)S5?

since at each point (z,y, z) € S? they are in the kernel of Ty, P-

The divergence of X and Y is zero since the flows of their vector fields
correspond to pure rotations about the x and z axes respectively. Moreover,

(X0, Yo] = [X,¥]|g = (X[Y] = Y[X])|ge = _z% N x%

which is a rotation about the y-axis.



5.

Solution (b)  Let mpy, : My x My — M; denote the natural projection.
Then, My x Ms is a volume manifold with volume element

p1 X pg = (mip) A (map2).
as described, e.g., in 7.5-10.

For the second part the answer is yes. The proof follows. Observe that
£x (X p2) = divyy s, (X) (11 X p2)
= £X (Tr}kwllul) A (WXJQMQ) + (7‘-7\41“1) A -£X (71—7\42“2)
- 77}‘\/[1 ("g(ﬂMl)*X“l) A (Tr}‘\/lel‘?) + (77}{\/11'“1) A WX/IQ (’E(WAIQ)*XMQ)
= (divy, ((man )« X) + divp, ((Tar, )« X)) g1 X a2
In summary,
vy gy (X)) = divyy (g )« X) =+ divy, (7, )4 X)
Consider X = (X1,0) and compute

/ dive (X1 X iz = / (diviy (X) + div, (0)) i %
My x Mo M1 xMa

:/ diVulXuQ(X, O)Ml X 2
M1><M2

However by the divergence theorem

/ divy, (X)pa x pg = / iV s (X, 0) 1 X iz = 0
M1 ><M2 M1 ><M2

since OM; = OMy = 0.

(a) Let S! be the standard two sphere of radius one in R3 and S® the
sphere of radius R. Let ¢ : S1 — S be the map that takes x € S?
to Rx € ST, Show that ¢ is an orientation preserving diffeomorphism
and state the change of variables formula for this map.

(b) Let the vector field X on R? be defined by

X = ac2 + 9 + z2

- T ox y@y 0z
and let F; be its flow. Show that the flow defines, for each ¢, an
orientation preserving diffeomorphism of S' to a sphere of another

radius R(t).



(c) Let f(x,y,2,t) be a time dependent function on R? and also use the
notation f to denote its restriction to a sphere. Let pgr denote the
standard area form on S%. Find an expression for

d
dt/sR(t) fir@)

where R(t) is as in part (b) and check your calculation explicitly for
the function f that is identically one.

Solution (a) The map ¢ is an expansion of the sphere of radius one by
the factor R, and therefore, clearly preserves the outward or inward pointing
normal to the sphere. For ur € Q?(SF) and m € S!, the change of variables
formula is given by,

(" 1R)m(v1,v2) = pr(Tng - v1, Tmd - va) = R2py (v1,v2).

Solution (b) From problem 1c the flow is Y is simply an expansion by
R(t) = €' and by part (a) defines an orientation preserving diffeo from S*
to SEW®),

Solution (c) By the change of variables theorem,

d d «
dt (st fMR(t) T at /51 Fy (fNR(t))
d 2t
= — F;
dt Jq1 c*(foli)m

d
= [ G (e et )

This expression can be further simplified by recalling techniques used in the
proof of the transport theorem.

d d , o
@ _ @ F*
0t Jrysn, frre /S1 o (e (F} f)m)

o)
_/51 2 Ey <2f+£Xf+aJ;> 7

_ of
= /SRu) <2f+ Lxf+ 8t> HR(t)



6.

For f =1, the formula simplifies to:

d 2t
— =9 =8
dt Jgno HR(t) /SR(t) HR(t) e

(a) Consider the distribution on R\ {0} that is given at the point (z,y, 2)
by the set of vectors ai + bj + ck satisfying 6ax + 2by + 10cz = 0. Is
this distribution integrable? If so, find the corresponding integrable
manifolds.

(b) Let w be a closed two form on a manifold M and let X be a vector field
with a flow F} satisfying Fy'w = w. Show that the distribution defined
(at each point) to be the kernel of the one-form ixw is integrable.

(c) Denote coordinates on R?" by (¢, p;), where i ranges between 1 and
n and define the two-form w by w = dq’ A dp; (where a sum on i is
understood). Let H(gq,p) be a given function and let X be the vector
field such that ixyw = dH. Show that the conditions of part (b) hold
and determine the foliation in this case.

Solution (a) For a vector field X = a2 + ba% + ¢ one can write the
condition as:

df(X) = ixdf =0

where f = 322 + y? + 522 and df = 6xdx + 2ydy + 10zdz. Suppose that X
and Y are in the distribution, i.e., ixdf = 0 and iy df = 0. Then by formula

(e)
ixyidf = £x(iydf) — iy (£xdf) = iy (£xdf)

Using Cartan’s formula to expand the Lie derivative gives,
ixy)df = —iy(ixddf + dixdf) =0

Hence, the distribution defined by ixdf = 0 is involutive, and by the Frobe-
nius theorem, integrable. The corresponding integrable manifolds are the
level sets of f.

Solution (b) We again use Frobenius. First observe that,

Ffo=w = £xw=0 = dixw=0



since w is closed. This property is used to show that if X; and X5 are in
the distribution then so is their bracket. Similar to (a),

i[Xl,XQ}in = £X1(iX2iXW) — iX2(£X1iXW)
= —iX2(£X1in)
= _iXQ(diX1in + indin) = —iX2iX1din =0

Thus, the distribution is involutive, and hence, integrable.

Solution (c) A direct calculation can be used to show that w is in fact
closed. By the dynamical definition of the Lie derivative,

d * * * . : * . k(e

%Ft w=F£xw=F(dixw+ ixdw) = F}(ddH + ixdw) = F} (ixdw) =0
since w is closed. Hence, the distribution defined by the kernel of ixw is
integrable. The integrable manifolds in this case are the level sets of constant
H or energy.



