CDS 202 Practice Final Examination
Francois Gay-Balmaz, March, 2010
Attempt four of the following siz questions.
The exam time limit is three hours; no atds are permitted.
The exam has two sheets printed on both sides

Print Your Name: < Note!

The 4 questions to be graded: +Note!

You may freely use the following properties as needed. Here o and 3 are
differential forms and X, Y, Z are vector fields on a manifold M. (In the exam, all
manifolds, vector fields, and differential forms are assumed to be smooth and the
manifolds are finite dimensional.)

(@) Lx(anp)=(Lxa)\B+an(LxP)

(b) £Lixyja=LxLya—LyLxa

(c) ix(anpB)=(ixa) AB+ (—1)Fa A (ixB), where a is a k-form.
(d) £xa=diya+ixda

(e) ixy)B = £xiyf —iv£Lxf

(f) For v a one-form,

dy(X,Y) = X[y (V)] = Y[y (X)] = +([X, Y])

(g) For w a two-form,
dw(X,Y,Z) = X[w(Y,2)] - Y[wX, 2)]+ Z[w(X,Y)]
—w([X,Y],2) —w([Z,X],Y) —w(]Y, Z], X)
(h) For a one form « and a vector field X,

»6041' an
— X :
(£xa); =X ond Y




1. Consider the following vector fields X, Y, the one form « and the three form

u on R3:
0 0
X =—-y— — 4
Y P +x oy +z 9
0 0 0
Y =2x— —+ 2z
x@a: + y@y + 282
a=ydr—zdy+ zdz
pw=drANdyAN dz
(a) Compute the exterior derivative da and the interior product ixa.
ompute the Lie derivative £y«
(b) Comp he Lie derivative £
(c) Describe the flows F; of X and Gy of Y geometrically.
(d) Compute
- F; d Gy
dt =g RS G t=0 o

(e) Compute %|t:0 ErY.

2. Let M be the ellipsoidal shell in R? given by 22 + 432 4+ 2?2 = 1 and let S

be the partial ellipsoidal shell in R? defined by the conditions (z,y, z) € M
and 0 <z <1/2.

Show that M is a smooth manifold.

Argue informally that S is a smooth oriented manifold with boundary;
describe a specific choice of orientation.

Let the one form a be defined on the open set U = R3\z-axis by
_zdy —ydz
- y2 + 22

Compute da.

Let 3 be the pull-back of a to S. Is 5 closed? Is 5 exact?
Compute the integral of 8 over 95.



3. Let S be the 3 x 3 diagonal matrix with diagonal entries 1,1,—2. Let G
denote the set of 3 x 3 real matrices A that satisfy ATSA = S, where AT
denotes the transpose of A.

(a)

Show that, with the operation of matrix multiplication, G is a Lie
group.
What is its dimension? Is G compact?

Show that the Lie algebra g of G may be identified with the set of 3 x 3
matrices ¢ that satisfy ¢7S +.5¢ = 0. What is the Lie algebra bracket?

If « is a nonzero real number, show that the matrix

0

= |-

0
0
0 0

S O R

lies in the Lie algebra g. What is the one parameter subgroup of G
that is tangent to £ at t = 07

Let n,£ € g be two matrices in g from part (c¢) that commute. Let D be
the distribution on G obtained by left translating the two dimensional
vector space V' = span(n, §) around the group. Is D integrable?

Let X and Y be the vector fields on R3 defined by
0 0 0 0
X=y——2z2— d Y=y——z—.
Y52 Zay an Yor x@y

Show that X and Y define vector fields X and Y, on the standard two
sphere S? of radius one.

i. Show that, with respect to the standard volume element on S2,
div X9 = 0 and divYy = 0.
ii. Calculate [Xo, Yo].

Let (My, p1) and (Mo, p2) be two compact volume manifolds without
boundary and let X; be a smooth vector field on Mj.

i. Explain how (M7 x Ma, 11 X p2) is a volume manifold with volume
element p1 X po determined in a natural way from pq and psa.
ii. Is it true that

(divy, X1) g1 x po
My x Mo

must be zero?



5.

(a)

Let S' be the standard two sphere of radius one in R?® and S the
sphere of radius R. Let ¢ : ST — S be the map that takes x € S!
to Rx € ST. Show that ¢ is an orientation preserving diffeomorphism
and state the change of variables formula for this map.

Let the vector field X on R3 be defined by

X 0 n 0 n 0

ox y@y 0z
and let F; be its flow. Show that the flow defines, for each ¢, an
orientation preserving diffeomorphism of S! to a sphere of another

radius R(t).

Let f(z,y,2,t) be a time dependent function on R? and also use the
notation f to denote its restriction to a sphere. Let upr denote the
standard area form on S%. Find an expression for

d

dt J- f HR(t)

where R(t) is as in part (b) and check your calculation explicitly for
the function f that is identically one.

Consider the distribution on R3\ {0} that is given at the point (z,v, 2)
by the set of vectors ai + bj + ck satisfying 6ax + 2by + 10cz = 0. Is
this distribution integrable? If so, find the corresponding integrable
manifolds.

Let w be a closed two form on a manifold M and let X be a vector field
with a flow F; satisfying Fj*w = w. Show that the distribution defined
(at each point) to be the kernel of the one-form ixw is integrable.

Denote coordinates on R?" by (¢%,p;), where i ranges between 1 and
n and define the two-form w by w = dg’ A dp; (where a sum on i is
understood). Let H(gq,p) be a given function and let X be the vector
field such that ixw = dH. Show that the conditions of part (b) hold
and determine the foliation in this case.



