Problem 1:
The position of M is gy = (x(t),2%(t)), the position of M is g, = (z(t) + I sin 6, 22(t) — I cos ). So the
velocity

Um = QM = (,’E72(E$U),

U = G = (& + [ cos 00, 2z + 1sin 66).
The kinetic energy is
1 1 1 1 : :
Kgp= §MH’UM||2 + §mHUm”2 = §M(x2 + 42%3%) + §m((m + L cos 00)* + (224 + 1sin 69)?)

1 1 . . . .
= §M(4x2 +1)i? + §m(jc2 + 1% cos? 00% + 241 cos 00 + 4x*3? + 1% sin” 0% + 4zl sin 60)
1

1 : .
5 (M +m) (42 4+ 1)i* + §ml292 + mlif(cosd + 2z sin ),

and the potential energy is
Pr = Mgx® 4+ mg(x® — I cosf).

So the Lagrangian for the system is
1 1 . .
L=Kg—-Pg= §(M +m) (42 4+ 1)i? + 5m1292 + milif(cos § + 2z sin §) — Mgx® — mg(z? — 1 cos 6).

Computing the E-L equations, first compute

L .
% = (M +m)(42® + 1)@ + mlf(cos 6 + 2z sin §),
d OL .. . . .
a(?Tx) = (M +m)(8zii + (42 + 1)Z) + mif(cos @ + 2z sin ) + mlO(— sin 60 + 2 sin O + 2z cos 66),
oL 1

5. = 5(M+m)szi® + 2mli0sin @ — 2(M + m)ga.

So the E-L equation of x,Z becomes
8(M + m)zi?® + (M + m)(4z> + 1)i + mlf cos 6 + 2mlzf sin @ — mi6? sin 6 + 2mlf sin 6+
2mizh6 cos O — 4(M + m)xi? — 2mlifsind 4+ 2(M + m)ge = 0,=
4(M 4 m)zi? + (M + m)(42% 4+ 1)i 4+ mlf(cos 6 + 2z sin 0) + mlb?(2x cos § — sin 8) + 2(M + m)gz = 0.

Compute
% = mi?60 + mli(cos 6 + 2z sin6),
a(%) = ml®0 + mli(cos 0 + 2z sin 0) + mii(— sin 66 + 2 sin 6 + 2x cos 00),
oL Y .
20 = mlzf(—sin 6 + 2x cos @) — mglsin b,

so the E-L equation of 9,9 gives
mi?6 + mli cos 0 + 2mlzi sin @ — mlifsin 6 4+ 2mli? sin @ + 2mlzi6 cos 6
+mlifsin® — 2mii6 cos b + mglsinh = 0, =
10 = —i(cos 0 + 2z sin §) — sin (24> + g).



Problem 2: The energy function gives

Taking the derivative of E with respect to t,
d P d oL . OL. d 0L oL. o0oL. OL., OL, OL.

ZE= (50 + o +dt(ae)9+£9_(87x+a +@9+699)
d 0L OL . d 0L OL )
— x(£% — %) o(a% — %) = 0, by E-L equations,

so the energy is conserved, in Lagrangian formulations. On the other hand, consider the Hamiltonian of the
system, using the Chain rule,

Ay OH, OH, 0H.  OH

p T I o
OH 0H 6H6H)+(8£8H 8H8H) 0
Ox Opy  Op1 Ox 00 Opy  Opy 06 ’

oL oL
where p; = % pa = 80

by Hamilton’s equations. So the energy is also conserved from a Hamiltonian point of view.



