
Problem 1:
The position of M is qM = (x(t), x2(t)), the position of M is qm = (x(t) + l sin θ, x2(t) − l cos θ). So the

velocity

vM = q̇M = (ẋ, 2xẋ),

vm = q̇m = (ẋ+ l cos θθ̇, 2xẋ+ l sin θθ̇).

The kinetic energy is

KE =
1
2
M‖vM‖2 +

1
2
m‖vm‖2 =

1
2
M(ẋ2 + 4x2ẋ2) +

1
2
m((ẋ+ l cos θθ̇)2 + (2xẋ+ l sin θθ̇)2)

=
1
2
M(4x2 + 1)ẋ2 +

1
2
m(ẋ2 + l2 cos2 θθ̇2 + 2ẋl cos θθ̇ + 4x2ẋ2 + l2 sin2 θθ̇2 + 4xẋl sin θθ̇)

=
1
2

(M +m)(4x2 + 1)ẋ2 +
1
2
ml2θ̇2 +mlẋθ̇(cos θ + 2x sin θ),

and the potential energy is
PE = Mgx2 +mg(x2 − l cos θ).

So the Lagrangian for the system is

L = KE − PE =
1
2

(M +m)(4x2 + 1)ẋ2 +
1
2
ml2θ̇2 +mlẋθ̇(cos θ + 2x sin θ)−Mgx2 −mg(x2 − l cos θ).

Computing the E-L equations, first compute

∂L

∂ẋ
= (M +m)(4x2 + 1)ẋ+mlθ̇(cos θ + 2x sin θ),

d

dt
(
∂L

∂ẋ
) = (M +m)(8xẋẋ+ (4x2 + 1)ẍ) +mlθ̈(cos θ + 2x sin θ) +mlθ̇(− sin θθ̇ + 2ẋ sin θ + 2x cos θθ̇),

∂L

∂x
=

1
2

(M +m)8xẋ2 + 2mlẋθ̇ sin θ − 2(M +m)gx.

So the E-L equation of x, ẋ becomes

8(M +m)xẋ2 + (M +m)(4x2 + 1)ẍ+mlθ̈ cos θ + 2mlxθ̈ sin θ −mlθ̇2 sin θ + 2mlθ̇ẋ sin θ+

2mlxθ̇θ̇ cos θ − 4(M +m)xẋ2 − 2mlẋθ̇ sin θ + 2(M +m)gx = 0,⇒
4(M +m)xẋ2 + (M +m)(4x2 + 1)ẍ+mlθ̈(cos θ + 2x sin θ) +mlθ̇2(2x cos θ − sin θ) + 2(M +m)gx = 0.

Compute

∂L

∂θ̇
= ml2θ̇ +mlẋ(cos θ + 2x sin θ),

d

dt
(
∂L

∂θ̇
) = ml2θ̈ +mlẍ(cos θ + 2x sin θ) +mlẋ(− sin θθ̇ + 2ẋ sin θ + 2x cos θθ̇),

∂L

∂θ
= mlẋθ̇(− sin θ + 2x cos θ)−mgl sin θ,

so the E-L equation of θ, θ̇ gives

ml2θ̈ +mlẍ cos θ + 2mlxẍ sin θ −mlẋθ̇ sin θ + 2mlẋ2 sin θ + 2mlxẋθ̇ cos θ

+mlẋθ̇ sin θ − 2mlẋθ̇ cos θ +mgl sin θ = 0,⇒
lθ̈ = −ẍ(cos θ + 2x sin θ)− sin θ(2ẋ2 + g).
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Problem 2: The energy function gives

E =
∂L

∂ẋ
ẋ+

∂L

∂θ̇
θ̇ − L.

Taking the derivative of E with respect to t,

d

dt
E =

d

dt
(
∂L

∂ẋ
)ẋ+

∂L

∂ẋ
ẍ+

d

dt
(
∂L

∂θ̇
)θ̇ +

∂L

∂θ̇
θ̈ − (

∂L

∂x
ẋ+

∂L

∂ẋ
ẍ+

∂L

∂θ
θ̇ +

∂L

∂θ̇
θ̈)

= ẋ(
d

dt

∂L

∂ẋ
− ∂L

∂x
) + θ̇(

d

dt

∂L

∂θ̇
− ∂L

∂θ
) = 0,by E-L equations,

so the energy is conserved, in Lagrangian formulations. On the other hand, consider the Hamiltonian of the
system, using the Chain rule,

d

dt
H =

∂H

∂x
ẋ+

∂H

∂θ
θ̇ +

∂H

∂p1
ṗ1 +

∂H

∂p2
ṗ2

= (
∂H

∂x

∂H

∂p1
− ∂H

∂p1

∂H

∂x
) + (

∂H

∂θ

∂H

∂p2
− ∂H

∂p2

∂H

∂θ
) = 0,

where p1 =
∂L

∂ẋ
, p2 =

∂L

∂θ̇

by Hamilton’s equations. So the energy is also conserved from a Hamiltonian point of view.
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