1. Show that if A is diagonalizable, then det(e?) = e,
A=PIAP

ed = p~lefp

det(eA) = det(p—l) det(eA) det(P) = det(eA)
det(eA) — e?\l ...e}ln — e7ll+‘"+7\n

Theorem: tr(4) = Y A
So, det(e4) = e,

2. Use polar coordinates to solve
X =ax — by
y =ay+ bx

x =rcos(6)

y = rsin(6)
x = —rsin(6) + rcos(0)
y = rcos(0)8 + rsin(8)

Plugging the last four expressions into the first two gives:
—rsin(0)8 + rcos(0) = arcos(0) — brsin(8) (1)
rcos(0)6 + rsin(8) = arsin(@) + arcos(6)  (2)

Multiply (2) by cos(8) and subtract (1) by sin(6)

r0 = br
6=h

Multiply (1) by cos(6) and add (2) by sin(6)
T =ar
r =r1e%

Thus, we have
x =rge%cos(bt + 6,)
y = rge*sin(bt + 6,)



3.

For x = x2,x(0) = 1, use local existence and uniqueness to estimate the time of existence.
Solve the equation direction and find the actual time of existence.

We first show that X(x) = X = x? is Lipschitz on an open ball U about the initial condition
U=(01—-(z+¢),1+(z+¢)
1X() = XN = lIx* = y2Il = |x + yllx -yl
IX() — Xl < 2(z + 2¢)|x — |
K = 2(z + 2¢), Lipschitz satisfied.

Now, take B,(1) = (1 — 2,1 + z) € U and find a bount, M such that
[[X(x)|| <M forall x € B,
M = max||x?||,x € B,
M = (z+1)?

To estimate the time of existence, we set, « = z/M with t € (—a, @). The best estimate will be
the maximal value of alpha for z > 0.
t€(—z/(z+1)?—z/(z+ 1)?)

z
G+ 12
a_ 7 _y
az (z + 1)?

1-201+22%=0
z

z = 1 maximizes m
! =1/4
“=agrpz- Y

Solving the ODE directly we find
[l
-1

S

This blows up at t = 1, so the actual time of existence is 1.



