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Preface

This supplement contains a number of topics that are somewhat periph-
eral to the main flow of the text itself, so that to keep the book within a
reasonable size, we have placed them here. This does not mean that they
are any less important, but as usual, one has to make choices, sometimes
difficult ones. We have organized the material by Chapter to match that of
the text as far as possible.

This supplement is being continually updated and we appreciate com-
ments and suggestions from readers. Please also note that you can get the
current errata for the main text from the site

http://www.cds.caltech.edu/ "marsden

JERRY MARSDEN
Pasadena, California

TUDOR RATIU
Lausanne, Switzerland

December, 1998






N6
Cotangent Bundles

N6.A Linearization of Hamiltonian Systems

One process of linearizing a system is by doubling its dimension using the
tangent operation. In fact, if P is a symplectic (or even Poisson) manifold,
then so is T'P in a natural way. We will show how this is established below.

A second method is that of linearizing along a given solution. For ex-
ample, to linearize a Hamiltonian system on a symplectic manifold at a
fixed point, one usually wants the linearized Hamiltonian to be the second
variation of the original Hamiltonian at the fixed point. The tangent lin-
earization does nmot give this; in canonical coordinates ¢, p;, the tangent
linearized symplectic structure is

dq' A d(0p;) + d(5q") A dp; (N6.A.1)

in the variables (¢%, p;, d¢*, 6p;). However, at a fixed point, it is often desir-
able to use the given symplectic form simply evaluated at the fixed point,
which has the expression

d(8q") A d(6pi), (N6.A.2)

while (N6.A.1) restricts to zero.

One can use “symplectic connections” to compare tangent spaces at dif-
ferent points along the unperturbed curve and thus make the linearization
process meaningful. A useful class of intrinsic symplectic connections on
cotangent bundles of Lie groups is constructed in Marsden, Ratiu, and



4 N6. Cotangent Bundles

Raugel [1991]. For systems with a symmetry group G, they use a G-
invariant connection and this gives, via reduction, a linearization theory
for Lie—Poisson systems. For instance, the rigid body and ideal fluid flow is
linearized in this fashion. One also gets a generalization of the linearization
procedure at a fixed point noted in Holm, Marsden, Ratiu, and Weinstein
[1985] and Abarbanel, Holm, Marsden, and Ratiu [1986].

Hamiltonian Systems in R?". Let H : R?*" — R be a Hamiltonian
function, which in canonical coordinates (¢*,p;) gives rise to Hamilton’s
equations

. OH OH
;b= )i = ————. N6.A.
=5 P g (N6.A.3)

Linearizing along a solution curve (g*(t), p;(t)) and calling the new vari-
ables (0¢°, 6p;) we get the equations

. 0*’H . 0*H
5q') = ———6¢7 5p;
(6q") ag ot t Tp; i P
O*H _ . O°H

AR j_ ,
(6pi) 3¢ 0q° oq 34 Op; op;. (N6.A.4)

The matrix of the canonical symplectic form d(dg*) A d(dp;) is

0 I
-[4 1]
Recall (see §2.7) that a linear operator with matrix
A B
r=[e 5]

is infinitesimally symplectic, that is, T%J + JT = 0, or equivalently, T is
w-skew, if and only if B and C are symmetric matrices and D = —A7T.
The linear system (N6.A.4) has a matrix clearly satisfying these conditions
and, therefore, it defines a Hamiltonian system in the (d¢°, 6p;)-variables,
whose Hamiltonian function is verified to be the second variation:

sw(T(8¢",0p:), (54", 8pi)) = 502 H (q" (1), pi(1))(6¢",0ps)*.  (N6.A.5)

The same argument and formulas hold for infinite-dimensional weak sym-
plectic vector spaces E x E’', where E' and E are (weakly) paired. One of
the goals of Marsden, Ratiu, and Raugel [1991] is to generalize this simple
procedure to arbitrary symplectic manifolds. Formula (N6.A.5) cannot be
correct, in general, since the second variation of a function does not make
intrinsic sense, except at critical points. Additional structure is needed to
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correct the second variation by the addition of terms making the resulting
formula invariant.!

Infinite Dimensional Systems. There are a number of several interest-
ing infinite-dimensional systems whose phase spaces are of the form U x E’,
where U is open in a Banach space E weakly paired with E’. In all of these
cases the linearized equations are infinite-dimensional versions of (N6.A.4)
and the Hamiltonian function is given by the second variation of the origi-
nal Hamiltonian along a given integral curve. As we have mentioned, one of
the purposes of Marsden, Ratiu, and Raugel [1991] is to generalize this to
the nontrivial case. The latter include systems like the rigid body and flu-
ids, charged fluids, Maxwell-Vlasov equations, etc. However, the case with
a trivial connection still includes a surprisingly large number of interesting
systems. Here are some examples:

Examples

1. The Sine-Gordon equation u;; — u,, = sinu has phase space E X E’,
where E consists of maps u : R — R (one can also use maps u : R — S,
but use of the universal covering space R of S gives a linear space) and E’
consists of maps 7 : R — R; E x E’ has the canonical symplectic structure.
The Hamiltonian has the form kinetic plus potential energy (see Chernoff
and Marsden [1974] for details).

2. The Yang-Mills equations have phase space T*A, where A is the
space of connections on a given principal bundle, which is an affine space, so
again we can put the trivial symplectic connection on T*A. The Yang-Mills
equations are Hamiltonian on T™*A relative to the canonical symplectic
structure, so again (N6.A.4) is applicable and the Hamiltonian is the second
variation of H. See, for example, Arms, Marsden, and Moncrief [1982] for
the explicit formula. One of the interesting complications in this example
is the presence of a gauge symmetry; the statements above are valid in
any gauge. Interestingly, the symplectic form is always canonical, but the
Hamiltonian is linear in the so-called atlas fields, representing the gauge
freedom (the coefficients of the atlas fields are the momentum map for the

gauge group).

L Another motivation for working in this general context is to deal with Hamiltonian
systems in Lie—Poisson spaces, which, as we explore in detail in Chapters 13 and 14,
is equivalent to G-invariant Hamiltonian systems on 7*@G, where G is a Lie group. At
critical points of H + C, where C is a Casimir on g* (g* is the dual of the Lie algebra g
of G), such a linearization has been carried out in Holm, Marsden, Ratiu, and Weinstein
[1985] and Abarbanel, Holm, Marsden, and Ratiu [1986]; as expected, the Hamiltonian
function of the linearized equations is the second variation of H + C, but the Poisson
structure instead of being Lie—Poisson is a “frozen coefficient” Poisson bracket.
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3. General relativity (in dynamical form) has phase space T* Riem (M),
where Riem(M) is the space of Riemannian metrics on a fized hypersurface
M. Again the dynamical equations are Hamiltonian on 7* Riem(M) rela-
tive to the canonical symplectic structure (for any choice of gauge). Thus,
again we can put the trivial symplectic connection on T™* Riem(M) and
formulas (N6.A.4) and (N6.A.5) (in their obvious infinite-dimensional gen-
eralization) apply. These linearized equations are studied in some detail,
for the purpose of getting results on the space of nonlinear solutions, in
Fischer, Marsden, and Moncrief [1980] and Arms, Marsden, and Moncrief
[1982]. ¢

An interesting question here is to couple these systems to ones with non-
trivial phase space. For instance, charged fluids, general relativistic fluids
or elasticity, the Maxwell-Vlasov equations, etc., are such systems. All of
these will produce nontrivial linearizations by these methods.

The Tangent Symplectic Structure. If (P, Q) is a symplectic mani-
fold, the “flat map” Q° : TP — T*P is a diffeomorphism. Then T P becomes
an exact symplectic manifold if the map Q° : TP — T*P is used to pull
back the canonical one-form on 7% P. This one-form on TP, denoted O,
has the expression

((O1)y, w) = Q. (v, TTp(w)), (N6.A.6)

where v € TP, w € T,(TP), 7p : TP — P is the projection, and (,)
denotes the pairing between T*(T'P) and T(T'P). In this way, TP becomes
a symplectic manifold with symplectic form Qp = —dOp.

If f: P — P is a diffeomorphism one verifies that Tf : TP — TP is
symplectic iff f is symplectic.

We remark in passing that a vector field X is locally Hamiltonian if and
only if X(P) is a Lagrangian submanifold of (T'P,Qr) (see Abraham and
Marsden [1978], §5.3, and Sanchez de Alvarez [1986, 1989]).

The First Variation Equation. Let ¢; be the flow of a Hamiltonian
vector field X g on a symplectic manifold P and let ¢, = T'w; be the tangent
flow and Y be its generating vector field. Let sp : T(TP) — T(TP) be the
canonical involution given locally by sp(u,v,4,0) = (u,4,v,0). One
verifies that Y = sp o T' Xy is Hamiltonian with respect to the symplectic
form Qp on TP with the Hamiltonian function H(v) = Q(Xg(p),v),v €
T, P, which is given in coordinates by the formula

oH OH

[tk Py N6.A.7
v aqz + Wj apj ( )

H(qi7piavi7wi) =

The Hamiltonian system Y = X4, on TP is called the linearized Hamil-
tonian system or first variation equation of Xyp.
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If @ is a pseudo-Riemannian manifold and P = T'Q) with the symplectic
form induced by the metric, the linearized Hamiltonian H of the Hamil-
tonian given by the kinetic energy of the metric on @ gives rise to the
Hamiltonian vector field X4, which coincides with the first variation equa-
tion for geodesics, which is an important construction in geometry (see, for
instance, Milnor [1965]).

Linearization with Respect to a Parameter. Let H. be a family of
Hamiltonian functions on P depending smoothly on a parameter ¢ € R.
Let Hy denote the value of H, at ¢ = 0 and

_dH,
a de 610.

Let ¢f be the flow of the Hamiltonian vector field with Hamiltonian H,
and let

Hl

= ¢;(p) € Ty, () P.
e=0

d .
%)
Since ¢§(p) = p, we have ¢ (p) = 0. Thus ¢} is an integral curve of the
Hamiltonian vector field X1 on (T P,dOr), where
H' = (dHy, ") + 7HH*, (N6.A.8)

withtp : TP — P the canonical tangent bundle projection, {,) the pairing
between T*P and TP, and (dHy,-) : TP — R is given by

(dHo,-) (vp) == (dHo(p), vp) (N6.A.9)
for v, € T,P. In local coordinates (¢*, p;, v*, w;) on TP,
, , OH, OH, -
Hl(qzvph’UZ?wi) =’ aqzo + w; aplo + Hl(qlvpi)
= Ho(q", pi,v",wi) + H' (¢, pi), (N6.A.10)

where H is given in terms of Hy by (N6.A.7). Hamilton’s equations for H!
on TP relative to the symplectic form Qp are

dqi o 8H0 dpi - _6H0
d  Op;’ dt  9¢’ )
dv® .0 0\ O0Hy OH

= J — — N6.A.11
dt ( dq) ”Jam-) op; | Op, (&AL
dwi (50 L, 0 \0Ho OH
dt g 7 op; ) 0q Oqt

One calls this the first variation equation relative to a parameter.
If we set H' = 0 we recover the first variation equation (N6.A.4) for Xy,
discussed earlier, with Ho = H, v’ = §¢*, and w; = dp;.

Further details on the linearization of Hamiltonian systems and the use
of symplectic connections to accomplish this may be found in Marsden,
Ratiu, and Raugel [1991].
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Lagrangian Mechanics

N7.A The Classical Limit and the Maslov
Index

The purpose of this section is to give a brief introduction through the
simplest examples, of the quantum—classical relationship and the Maslov
index, following the exposition in Marsden and Weinstein [1979]. For fur-
ther information and generalizations, the reader may consult Guillemin and
Sternberg [1977, 1984]; Woodhouse [1992] and Bates and Weinstein [1997].
We also refer to Littlejohn [1988] for an interpretation of the Maslov index
in terms of Berry’s phase. We also will not attempt to make every step
absolutely rigorous. See Eckmann and Seneor [1976] for details.

We begin with the one—dimensional Schrédinger equation. Let V :
R — R be a given potential, let ¢ : R — C be a wave function, and let
E, h,m be constants (energy, Planck’s constant, and mass, respectively).
Consider the stationary Schrodinger equation:

Ly = Ev, (NT.A.1)

where

2
Ly = —;—mzb” + Vi (N7.A.2)
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and the time-independent Hamilton—Jacobi equation for the function S :
R — R:

1
—(9)?*+V =E. N7.A.3
(82 (N7.A.3
In this one dimensional case, the Hamilton—Jacobi equation is related to
Hamilton’s equations
OH OH

= =2 N7.A.4

=%, =773, ( )
where H(q,p) = p?/2m + V(q), in a very simple way: if S(q) satisfies the
Hamilton—Jacobi equation, and if ¢(¢) = p(¢t)/m and if p = S’'(¢) # 0, then
(q(t),p(t)) satisfies Hamilton’s equations and has energy F.

Two related central questions are:

1. How does one pass from classical objects to quantum objects? Here,
“objects” can refer to the equations themselves, to solutions, or to
properties of the equations or solutions.

2. In what sense are solutions of the Hamilton—Jacobi equation a limit
of solutions of the Schrédinger equation as i — 07*

Progress with these questions was made with the basic work of Weyl,
Birkhoff, van Hove, and, among many others, Keller, Maslov, Souriau,
and Kostant (see the preceding references for the literature citations). van
Hove showed that there is no general quantization having all the properties
one would want.? In studying question 2 using the WKB method, Keller
and Maslov discovered the topological meaning of the corrected Bohr—
Sommerfeld quantization rules. The invariant they discovered is commonly
called the Maslov index. (See Arnold [1967]). Our one-dimensional ex-
ample will contain many of the features of the general case.

If S is a solution of (N7.A.3), we try to solve (N7.A.1) with

¥ = exp(iS/h). (N7.A.5)
Substitution of (N7.A.5) in (N7.A.2) gives

B = L + %zps” (N7.A.6)

LOf course Planck’s constant is a constant and cannot literally tend to zero, any
more than the velocity of light can tend to infinity. However, when A is small, compared
to quantities of interest in classical mechanics, this is expressed by mathematically by
taking the limit A — 0 or by letting related parameters tend to zero (see Littlejohn
[1988] and de de Gosson [1997]).

2van Hove’s theorem in R” is proved in Abraham and Marsden [1978], §5.4. van Hove
also found some positive results that were extended by Segal, Souriau and Kostant in a
procedure now called prequantization. Recent references in this direction may be found
in Gotay, Grundling, and Tuynman [1996].
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by using (N7.A.3). Equation (N7.A.6) differs from (N7.A.1) by a term of
order h. Next, try

W = aexp(iS/h) (NT.AT)

for a : R — R. Substituting this into (N7.A.2) and using the Hamilton—
Jacobi equation, we get

. 2 1
L= By — h= (§"a+ 2580y L = =y
2m a 2m a
or
{ 1" PN h? o
EY=LY+h—(5"a+25a) =+ ——1. (N7.A.8)
2m a 2m a

This equation differs from (N7.A.1) by a term of order A? if a satisfies the
transport equation

2a’S" +aS" =0, (N7.A.9)
whose solution is @ = (constant)/|S’|'/2. Thus, (N7.A.8) becomes

h2 a//
Ep =L+ ——1p (N7.A.10)
2m a

which differs from (N7.A.1) by a term of order A%. The idea is now to
continue this process by writing

N
P = (Z ak(ih)k> exp(iS/h) (N7.A.11)
k=0

for some functions a : R — R and requiring ¢ to satisfy (N7.A.1) up to
an error term of order AV*+2. This procedure is usually called the WKB
method (after G. Wentzel, H. A. Kramers, and L. Brillouin, although it
goes back to Liouville, Green, and Lord Rayleigh).

Substituting (N7.A.11) into (N7.A.2) and using, as before, the Hamilton—
Jacobi equation (N7.A.3) yields
exp(iS/h)

2m [

Lip = Exp — (S"ag + 25" al))ih

N
+ih Z(S”ak +28'al, — afl_)(ih)* + iNay RN 2
k=1
(N7.A.12)
Imposing the transport equations

S"ay +2Sa), —ajl_y =0, k=0,1,...,N, a_1=0, (N7.A.13)
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which can be solved recursively, we see that (N7.A.12) reduces to

iN exp(iS/h)

By =L+ ——

af N T2, (N7.A.14)
Thus, we have “solved” (N7.A.1) up to an error of order A¥+2. Therefore,
if we let N — oo we have found an asymptotic solution

Y~ (i akhk> exp(iS/h) (N7.A.15)
k=0

of (N7.A.1). The key observation in this procedure is that once S is de-
termined, the coefficients ay are obtained recursively as solutions of linear
ordinary differential equations. The solutions are a fortiori only local since
S given by (N7.A.3) is only local, as we shall see below.

Suppose the energy surface for the classical system has the form shown
in Figure N7.A.1.

P

2
p _
2_+V—E

3

FicURE N7.A.1. A sample classical energy surface.

There correspond two solutions of (N7.A.3):
5=+ / p(q)dq + C, (NT.A.16)

where p(q) = v/2m(E — V(q)), and Cy are constants. Thus if ¢ is given by
(NT7.A.11), or asymptotically by (N7.A.15), then the first transport equa-
tion (N7.A.9) for k = 0 yields

d+
2m(E —V(q))]V/4

a0s = 7 (N7.A.17)

for some constants d. This expression diverges at ¢q; and g2 and becomes
imaginary outside the interval [q1, ¢2].



N7.A The Classical Limit and the Maslov Index 13

The subtlety of questions 1 and 2 centers on the multiple valuedness of
S and the presence of the turning points at ¢; and go. To get around these
difficulties there have been several approaches.

1. Use analytic continuation methods to avoid the turning points. This
approach was developed by Zwaan.

2. Approximate the potential by a linear one near each turning point.
Schrodinger’s equation then yields an Airy function which is asymp-
totically matched by Bessel functions (Langer and Jeffreys).

3. Use a modified WKB method near the turning point and an asymp-
totic expansion (Maslov). We shall describe this method shortly.

There are other approaches too. For instance, Miller and Good [1953]
effectively used area—preserving maps to deform Figure N7.A.1 into that
for a harmonic oscillator. The same idea was used by Maslov [1965] for
higher superpositions of such expressions.

To study the behavior near ¢; and g2, we replace ¢ = aexp(iS/h) by a
superposition of such expressions, that is, by

va) = [ alap)explipta. ) /1) do (NT.A18)

— 00

where ¢ : R? — R is positive. This integral is called an oscillatory func-
tion; the theory of such integrals parallels that of Fourier integrals. Let
us take p(q,p) = gp — T(p) for some real-valued function T defined in a
neighborhood of the origin whose second derivative never vanishes, that is,

v = [ atanew [m‘TT(”)} ap. (N7.A.19)

and try to solve (N7.A.1). A direct computation shows that

L¢—E¢:/:> [a(%—i—V(q)—E)

(ihp Oa K2 8201)] {,pq - T(p)
— exp |i———~

m 0g " 2m o 7 }dﬂ

(N7.A.20)

To evaluate the right—hand side of (N7.A.20) asymptotically in & we need
the following;:
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Theorem N7.A.1 (Stationary Phase Formula). Let a,9o : R — R be
C™ functions, @ having finitely many nondegenerate critical points. Then

/ " ale) explio(a)/h) d

— 00

= 2"@W(y):o exp(%sgn @/l(y>) @(y) eXp(iQO(ly)/h) + O(h%)
l¢" (y)]2

(N7.A.21)

where the sum is taken over all critical points y of p. (Recall that a critical
point y of ¢ is nondegenerate iff ¢"(y) # 0.)

Proof (After Guillemin and Sternberg [1977]). Let {x,} bea C>
partition of unity on the real line, that is, each x, is C*°,0 < x, < 1,
supp xn = closure of {x € R | x,(x) # 0} is compact, each z € R has a
neighborhood intersecting only finitely many of supp x», and Y, xn(z) =1
for each = € R. Since there are only finitely many critical points of ¢, we
can arrange the supports of x, such that each supp x,, contains at most
one critical point of ¢. Writing

/O:o ale) exp [w;ix)} dr = ;/Z Xn(z)a(z) exp [l’@i(ix)] dz,

we see that each integral on the right-hand side is a definite integral on
supp xX» and that there are only a finite number of integrals that have
overlapping domains of integration. Some of these integrals have domains
which contain critical points of f, others do not.

We begin by studying those integrals that do not have a critical point of
o in their domain. Thus, we can assume that supp a is compact and that
¢’ # 0 on supp a. Integrating by parts,

[ 52 = [y (oo [0
)

o 4 () [

which is an integral of the same type since -L[a(z)/¢’(z)] is again C*° with
compact support inside suppa. Thus the procedure can be repeated any
number of times yielding

/Oo a(x) exp [@} dx = O(R™)

— 00

for any N € N. Thus, to prove (N7.A.21), it suffices to establish it if supp a
is compact and contains exactly one critical point zg of ¢. This will be
carried out in several steps.



N7.A The Classical Limit and the Maslov Index 15

Step 1 (Morse Lemma). There is a change of variables x +— z such that

p((2)) = p(z0) + 3(sgn " (w0))(2 — 20)*,

where z(z) = xg.
To show this, we can clearly assume that
zo = 0,(x0) =0, ¢'(x0) =0, ¢"(x0) # 0.

Write first

1y L
p(r) = /0 %go(ta:) dt = .Z‘/O o (tx) dt = za(x),

where

is again a C'*° function. Since

¢'(z) = a(z) + zd/(2),
and ¢'(0) = a(0) = 0, the same argument shows that a(x) = z3(x) for
some C'* function ((z). Therefore,

1

o) = a3(a) and B(o) = [ o),

0
whence
B(0) = ' (0) = 5¢"(0).

Define z(z) = v/2|3(x)|2 2 which is C* in a neighborhood of 0, since 3(0) #
0, and satisfies

2(0) = V2|8(0)|2 #0.

Therefore x +— 2z is a diffeomorphism in a neighborhood of 0 and in this
neighborhood, suitably shrunk if necessary, 5(z) does not change sign. Thus

p(z) = 2°B(z) = (sgn B(x))a?|B(x)| = 3(sgn 5(0))2* = 5 (sgn”(0))z>.

Step 2. Performing the change of variables x +— z given in Step 1 we
get

/ma@wmwuwmm

- _a(xo) exp(ip(xo)/h) [ ox +i(z — 29)? 3
T ol [ e[ FE

+exp [@] /O;(z — 2)v(2) exp F”(Z—ZO)T dz,

2h
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where + or — is taken in accordance with sgn ¢’ (o) and y(z) is C*° with
(2 — 20)v(2) bounded together with all its derivatives. (The bound for each
derivative may be different.)

Indeed,
o0 y [e'e) . . . 2
[m a(z)exp{w(;o)} dr = [m a(z(z))exp[w(;O) n i(z 2;0) } ;l_j &
and note that
dx 1

) = —
dZ ( 0) \/5
so that proceeding as in Step 1 we can write

dzx

— aeo) | 2 (z0)| = (2 = 20)7(2)

for some C'* function y(z) (2o denotes the point given by x(z9) = x¢), that
is,

dzr

a((2))| | = alwo)———

Since

d

(2ol = =) [ (atoten) |2

E(zt)

)

where z; = tz + (1 — t)z0, we see that on its domain of definition ~(z)
is smooth and has itself and all its derivatives bounded because a(x) has
compact support.

To show that each integral in Step 2 is well defined, we prove:

Step 3. Let h(z) be a C? function of a real variable such that the three
functions |h(2)|,|h'(2)], |h"(2)| are all bounded by M > 0. If A € C, the

integral
> 2
/ e M 2h(2) dz
—o0

is uniformly convergent for Re A > 0,|A| > 1, bounded by a constant de-
pending on M only, holomorphic for Re A > 0, and continuous for Re A > 0.

It suffices to prove this for fooo e_’\22/2h(z) dz for then, by changing vari-
ables z — —z, the same result holds for the integral from —oo to 0 and
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hence for the sum. Let 0 < A < B. Then

B 2
/ e 2h(2) dz
A

-1 P —Xz%/2\1
=-A —(e ) h(z)dz
A R

= —(A2) T 2n(z) (j + /\‘1/

A

B /
e—)xzz/Q <h(2) dz
z

B

= —(A\2) e M 2n(2) ’j - )\_2/A (e—*zzﬂ)'% (—)ldz

B
h /
— _()\Z)—le—/\z2/2 (h(z) _’_)\—l ( (Z)> )
‘ A
/
+ A2 /B LY LCAN
A z z
The first term tends to zero as A — oo by boundedness of |h|, |h/| if Re A >
0, |A] > 1. The integral in the second term can also be bounded in absolute

value for the same range of A by a constant depending only on M since
|h] is bounded. In particular, the integral

/ e‘AZz/Qh(z) dz
0

is uniformly convergent.

Arguing in the same manner for the A\—derivative, we conclude that the
integral is holomorphic for Re A > 0. Similarly one shows continuity for
Re A > 0.

Step 4.

o0 :l: _ 2 )
/ exp {—2(2271 20) } dz = V2rhe™™/4,

— 00

From the previous step it follows that this integral exists, by taking
A = Fi and h(z) = 1. Moreover, the classical formula

o0
/ e 2 dy = \2r
— 00
implies that for real positive A we have

/ e M2 gy = 2w/
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By analytically continuing both sides for Re A > 0, the same formula holds
for complex A in the right half-plane. Now let A — Fi/h to obtain

o] - _ 2
/ exp {W} dz = v21Vh exp(:l:gi)
T
= V2mhexp <:|:I) .

Step 5. The second integral in Step 2 is O(h%/?).

— 00

Indeed, the integral exists by Step 3 and

/ " e = 2o (2) exp {#ﬁ} dz

—00

00 +4 2
:/ z’y(z—!—zo)exp( 222 )dz

— 00

ho[® +iz2\ ]’
[ fon()

e} 4+ 2
- :i:ih/ v (2 + 20) exp( 222 )dz.

— 00

The boundary terms vanish if v vanishes sufficiently fast at oo. This integral
has exactly the form of the original integral and therefore can be written
as a sum of two integrals, the first of order O(h'/?) by Step 4 and the
second A times again an integral of the same type. Thus this integral is of
order hht/? = 1/2.

From Steps 2, 4, and 5, we conclude that if there is a single critical
point xg of ¢ in suppa we get

/0; a(x) exp[@} de

) SR o).

= V2mhexp (:I:z%

The previous proof shows that the same formula holds if all functions
depend smoothly on additional parameters. In particular, we shall use the
following expression in analyzing the right—hand side of (N7.A.19):

/oo c(q,p) exp {if(z{p)} dp

— 00

i c xp(if/h
= v27rﬁfz::0 eXp(qS@fPf’) % +O(h¥?), (NT.A.22)
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where the sum is over all p such that f, = df/0p vanishes; these critical
points are assumed to be finite in number and nondegenerate, that is,
fpp = 62f/8p2 # 0.

Applying (N7.A.22) to (N7.A.20) gives

Ly — E
- exp|—im sgn T" (p) /4] " »* 3
- \/ﬂq_;p) T ()12 (¢:p) ( 5+ V() E)
X exp [iquT(p)] +O(R3?), (N7.A.23)

provided the number of critical points in p of the g-dependent function
f(g,p) = gqp—T(p) is finite and all these p-critical points are nondegenerate.
By assumption, 7" never vanishes for p near zero and thus T”(p) is either
strictly increasing or strictly decreasing. Thus, for a fixed ¢, there is exactly
one p such that ¢ = T"(p), that is, (N7.A.23) reads

_ py = vaup eplimsen T (0) /4]
Ly — By = /2rh TRIOIRE (T"(p), p)

% <% +V(T'(p) - E> exp [ipiT/(p)h T(p)} +0 (h3/2> .

Now we require that Lt — Ev = O(%%/?), which forces the first term to
vanish (since a(g,p) is not the zero function), that is,
e
— 4+ V(T =F. N7.A.24
Py (NT.A.20
Thus the graph of ¢ = T"(p) (as a function of p) is contained in the en-
ergy surface. Equation (N7.A.24) is the Hamilton—Jacobi equation in the
variable p, which is approximated near the turning points ¢; and g¢s.
Applying (N7.A.22) to formula (N7.A.19) gives

W) = VIR Y s expl-imsan T (0)/4
q=T"(p)

'Z.pq —T(p)

X exp 3

} alq.p) + O(/?)

1 . 1/
= 27THW exp|—imsgnT" (p)/4]
ipT/(p)h_ T(p>:| a(T’(p),p) +O(h3/2)

= O(h'/?). (N7.A.25)
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We now seek to represent i near ¢q; and ¢s using functions 77 and T5
given by (N7.A.24) and seck to represent ¢ on the £ portions in the form
(N7.A.19). We are, in effect, using a superposition of two WKB approxi-
mations.

Notice that if ¢ — T"(p) = 0, as above, then

dp

dp /
Lo _T(p) X =
q () aq P

i(zoq -T(p)=p+ dq

dq (N7.A.26)
so both S and pg — T'(p) are given by integrating p with respect to ¢; that
is, they are both actions.

Since ¢ = T'(p) along the energy curve in Figure N7.A.1, we see that
T"(p) > 0 on the + side and T"(p) < 0 on the — side of the p—axis. Thus
the term

o—imsan T (p)/4 (N7.A.27)

in (N7.A.25) jumps, or suffers a phase shift, as p crosses the g—axis. In
Figure N7.A.2 we show the different regions and functions being considered.

So now we have obtained ¢ on four different regions: The upper and
lower part of the energy surface and the parts around the two turning
points (¢1,0), (g2,0); see Figure N7.A.2. The structure of this function is
that of a product of an amplitude times an exponential plus higher-order
terms. We shall require that they all match on the overlaps at first order.
Since there are constants of integration in these formulae (as in (N7.A.17),
for example), matching at points A, B, and C determines all the constants.
Thus, the consistency condition is the match of these solutions at the point
D. This will happen only if the phases in (N7.A.25) match.

FIGURE N7.A.2. Matching phases.
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The phase changes in the exponentials exp(#S/h) and exp[i(pg—T'(p))/ k]
are given by

1

7 f{pdq, (N7.A.28)

since both S and pg — T'(p) are given by integrating p and the line integral
is over the energy curve. On the other hand, the phase change due to the
term (N7.A.27) is

T T
) [— _ (——)} S N7.A.2
|2 1 ™ (N7.A.29)
so the consistency condition is
1 d
ﬁ%pdq—w:%m,i.e.,%%:n—ﬁ—%. (N7.A.30)

The % is the correction to the Bohr—Sommerfeld rules which one sees, for
example, in the harmonic oscillator solution. Equation (N7.A.30) is the
quantization condition. Its generalization to arbitrary manifolds reads

1 .
—— ¢ pidg* — 11, = integer, N7.A.31
27rh£p q" — 71, = integer ( )

where I, is the Maslov index of a closed curve 7. This topological in-
variant is thus arrived at via the WKB method. To understand it in higher
dimensions requires a lengthy excursion into the theory of Lagrangian sub-
manifolds. However, our simplified example shows that starting with a
study of the asymptotic limit A — 0, one is led to quantization condi-
tions; that is, questions 1 and 2, formulated at the beginning of this section
are intimately related.

The overall aims of quantization and geometric asymptotics become
clearer if one has in mind some of the classical-quantum correspondences.
To this end, we present the table below (see Slawianowski [1971]). The
basic classical object is a symplectic manifold (7*@Q,2) and the quantum
object is the intrinsic Hilbert space H = L?(Q) of half densities on Q. The
dictionary sets up a correspondence between operations on each.
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CLASSICAL MECHANICS

QUANTUM MECHANICS

immersed Lagrangian manifold
A— (T7Q,9)

element of L%(Q) or D'(Q)

A = graph of dS

Y = exp(iS/h)

multiplication by (—1) on fibers

complex conjugation

0

Hilbert space

(T*Q7 _Q)

dual space

Cartesian product

tensor product

disjoint union

direct product

Lagrangian manifold
QC (T*Q,Qq) x (T*R, —Qr)

(unbounded) operator from
L?(R) to L*(Q)

composition of canonical relations

composition of operators

graphs of canonical relations

unitary operators

Hamilton—-Jacobi equation

Schrodinger equation

coisotropic submanifold
ccT*Q

involutive system of linear
differential equations

reduced space C/C*

solution space

reduction of Lagrangian
submanifolds

projection onto solution space

symplectic action
(Hamiltonian G-space)

unitary representation

coadjoint orbits (homogeneous
Hamiltonian G-spaces)

irreducible representations

reduction of phase space by a
Symmetry group

multiplicities of irreducibles

momentum mapping

associated representation
of the group algebra

polarization

complete set of observables

special symplectic structure

representation of a complete
set of observables

change of special symplectic
structure (Tulczyjew [1977])

Fourier integral operator




N9
Lie Groups

Lie groups is a large subject and Chapter 9 of the text as well as this
supplement cover only a part of the subject.

N9.A Automatic Smoothness

We begin with a proof of Proposition 9.1.4 in the text. We recall the state-
ment.

Proposition 9.1.4. Let v: R — G be a continuous one—parameter sub-
group of a Lie group G. Then ~ is smooth and hence v(t) = exp({t) for
some & € g.

Proof. Tt suffices to prove smoothness of v for [¢| < e for some small
€ > 0. Indeed, (¢ + s) = v(t)v(s) shows that if |s| < € then ~ is smooth in
an e-neighborhood of each ¢; thus (t) is smooth in a 2e-neighborhood of
zero. Repeating, we see 7 is smooth everywhere.

To show that 7 is smooth for [¢| small, the strategy is to show that
it coincides with exp(t¢) for some ( € g and for small ¢. The strategy
of the proof is to show this equality for small rational numbers ¢ using
algebraic properties of v and exp and then to invoke continuity for a limiting
argument.

To carry this strategy out, fix some n € N and let Br be the open ball
of radius R about the origin in g on which exp is a diffeomorphism. By
continuity of +, there is some e > 0 such that «(t) € exp (BR/Q) for all
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|t| < e. Fix s > 0,5 < € and define n € Bg/, by expn = 7(s). Similarly,
since s/n < ¢, define &, € B3 by 7(s/n) = exp§, and note that

exp (n&n) = (exp&n)"” =7 (s/n)" = y(s) = expn

which would imply, by bijectivity of exp on Bpg, that n§,, = n, if we knew in
advance that n¢&, € Bgr. To see this, we begin by observing that 2¢,, € Br
and that

oxp (2,) = (exp&,)” = v(s/n)* = 7(25/n) € exp(Brys)

since 2s/n < € if 2 < n. Thus, 2£ € Bg/s. Repeating this argument for
3€,4€, ..., we conclude that n§ € Br/y and so n&, = 7.
Let now £ € N,1 < k < n. Then

(ks/n) =~(s/n)* = exp(én)” = exp(k€,) = exp(kn/n)

since &, = n/n. Also,

V(=ks/n) =y(ks/n)~" = exp(kn/n) " = exp(—kn/n)

which shows that for any rational number ¢, |¢| < 1, we have

v(gs) = exp(qn).

Now let ¢, be a sequence of rational numbers convergent to ¢/s for
[t|] < s < e. Continuity for v and exp imply then that v(g,s) — ~(t)
and exp(g,n) — exp(tn/s) as n — oco. We conclude that v(t) = exp(t()
where ¢ =n/s, for all || < s. |

Next we generalize this result to Theorem 9.1.9 of the text. Again, we
recall the statement.

Theorem 9.1.9. Let f : G — H be a continuous homomorphism of finite
dimensional Lie groups. Then f is smooth.

Notice that if G = R, this statement gives the preceding proposition. In
fact the strategy is to use the special case 9.1.4 to prove the more general
one 9.1.9.

Proof. Note that if &,...,£, € g is a basis, then ¢ : R* — G,n =
dim G, given by

Yzt .. a") = exp(ztéy) - - exp(a™E,)

has derivative at the origin equal to the identity map (if we identify g
with R™ via the chosen basis). Therefore, one can find open neighborhoods
V of e in G and U of the origin in R™ such that ¥|U : U — V is a
diffeomorphism. Let ¢ : V' — U be given by ¢ = (|V)~!. Then (V,¢)
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is a chart at the identity, called exponential chart of the second kind
(as opposed to the exponential chart of the first kind given by the
inverse of the exponential map on a neighborhood of the identity). However,
t — f (expt&;) is a continuous one—parameter subgroup of H and is hence
smooth by Proposition 9.1.4. Therefore f o1 is smooth which implies that
fIV=(fov)op:V — H is smooth. Thus f is smooth in a chart around
eeG.

Since an atlas of G can be obtained by left translating this chart and
since

f‘Lg(V) = Lf(g) ofo Lg*1|Lg(V>a

because f is a homomorphism, we see that f is smooth on Lg(V') and hence
on G. Here, L), as usual, denotes left translation by f(g) in H and L,
denotes left translation by ¢ in G. |

N9.B Abelian Lie Groups

In this section we prove Theorem 9.1.11, the main structure theorem for
Abelian Lie groups.

Theorem 9.1.11. Every connected Abelian n—dimensional Lie group G
is isomorphic to a cylinder, that is, to T* x R*™* for some k =0,1,--- ,n.

Proof. Since G is Abelian, the map ¢ — (exp t&)(exp tn) is a one—parameter
subgroup of G for any &, € g. The derivative at ¢ = 0 of this one—
parameter subgroup is £ + n and so by uniqueness, we conclude that

(expt)(exptn) = expt(§ +1n).

In particular, setting ¢ = 1, we see that exp : g — G is a Lie group
homomorphism. In addition, since G is connected, it is generated by an
open neighborhood of the identity. Since exp is a local diffeomorphism
around the origin, G is generated by exp(g) and hence exp(g) = G because
exp is a homomorphism. Therefore, exp : g — G is a surjective Lie group
homomorphism that is also a local diffeomorphism. Consequently, its kernel
is a zero dimensional submanifold of g and thus is a discrete subgroup of g.
Consequently, g/ker exp is isomorphic to G as groups and diffeomorphic to
G as manifolds, by working in a small neighborhood of the origin in g where
exp is a diffeomorphism with an open neighborhood of the identity element
in G. Thus g/ker exp and G are isomorphic Lie groups. The theorem is
then a consequence of the following lemma. |
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Lemma N9.B.1. Any closed discrete subgroup C of R™ is of the form

k
C = {Zklel | k; 62},
=1

where {e1,...,ex} is a set of linearly independent vectors of g.

Proof. If C' = {0}, there is nothing to prove. If not, there is some e; #
0,e; € C. Since C is discrete in R", there is an open ball B centered at
the origin in R™ such that C'N B = {0}. Thus e; can be chosen such that
lle1]] < |c|| for all ¢ € C. Moreover, span{e; } N\C = Ze;. Indeed, if te; € C
and [t] denotes the integer part of ¢, that is, [¢t] <t < [t] + 1, [t] € Z, then

tey —[tfJer € € and ||(t = [t])es] < [lesl,

which implies that ¢t = [t] € Z.

Now consider the projection p : R™ — R™/span {e;} = R"~!. Since p is
an open map, it follows that 7(c) is a discrete subgroup of R™/span {e; }.
Inductively, we can find linearly independent vectors p(es),...,p(ex) in
R"™/span{e;} such that every element of p(c) is a linear combination of
p(es), ..., p(er) with coefficients in Z.

It follows that eq,...,ex satisfy the conditions of the lemma. Indeed,
since p(ez2)...p(ex) are linearly independent in R™/span{e;}, it follows
that ey, ..., e, are linearly independent in R". Moreover, if

c=t,e; +treg+---+trer € C,
then
plc) = tap(e2) + - - + trp(er) € p(c)
so by the inductive hypothesis, ts,...,tx € Z. But then
tier =c—toeg — - —trep € C

and hence t; € Z. |

N9.C Lie Subgroups

This section is devoted to the proof of the following theorem stated in the
text.

Theorem 9.1.14. If H is a closed subgroup of a finite dimensional Lie
group G, then H 1is a reqular Lie subgroup. Conversely, if H is a reqular
Lie subgroup, then H is closed.

Proof. Assume that H is a closed subgroup of G. The proof given below
that H is a regular Lie subgroup of G is due to Adams [1969] and consists
of four steps. We shall fix once and for all an inner product on g and denote
the associated norm by || - ||.
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Step 1. Assume that {¢,} is a sequence in g such that ¢, # 0 for all
n €N, — 0, and §,/||¢n]| = ¢ € gasn — oo. If exp(, € H, then we
will show that expt( € H for all ¢t € R.

To see this assume first that ¢ > 0 and let m,, = [t/||¢x]]] € N be the
integer part of t/||C, ||, that is,

0<

<m,<—<m,+1.
" IG "

Then we have
Mpl[Call =t <0 < mp[|Gall =t + [[Call,
which implies that
0 <t —map|Gll <Call;

whence m,,||(.|| — ¢ as n — oo. Therefore, m,(, — t{ as n — oo, and
hence

(exp Gn)™" = exp (mnCn) — expt(, as n — oo.

Since exp ¢, € H by hypothesis and H is closed, this implies that expt( €
H for all t > 0. If ¢ < 0, we have expt{ = [exp(—tC)]fl € H, since
exp(—t¢) € H by what we just proved.

Step 2. Define h = {£ € g | expt€ € R for all ¢ € R}. We will show that
h is a linear subspace of g.

It is clear that if A € R and £ € h then A € h. Next, let £&,n € b
and assume that & +n # 0. If ¢ € R is sufficiently small, since exp is a
diffeomorphism of a neighborhood of zero in g with a neighborhood of e in
G, it follows that

(exptg)(exptn) = exp(f(t))
for some f(t) € g satisfying f(0) = 0 and f is smooth around 0. Since
=G| (epi©)enm =5 (/)
n_dtt:oep epn_dttzoep )

it follows that f(t)/t — £ +n ast — 0. Since f(t) — 0 as t — 0, letting
¢n=f(1/n) and ¢ = (£ +n)/||€ + n|| we see that the hypotheses of Step 1
hold and hence we conclude that expt£ € H for all t € R. Therefore ¢ € §
which implies that £ +n € b.

Step 3. Let h* be the orthogonal complement to b in g and define the
map

p:ht@h—G by o(&n) = (exp&)(expn),

for £ € bt,n € h. Then we will show that there are neighborhoods of the
origin U’ C h+,U C b, and V of e in G, such that



28 N9. Lie Groups

(i) ¢ :U' x U — V is a diffeomorphism,
(i) VN H =exp(U).

It follows from this that exp : {0} x U — exp(U) C H is bijective.

To see (i) and (ii), note that T\ o) exp equals the identity map of g and
hence ¢ is a local diffeomorphism around the origin in g. In particular,
there are balls B’ C h* and B C b, both of radius 7, centered at the origin
such that both the map

¢:B' ' x B— ¢ (B x B)=exp(B')exp(B)
and the map
exp: B’ x B — exp (B’ x B)

are diffeomorphisms. Let B, B,, denote the balls of radius r/n centered at
the origin in h* and b respectively. We claim that for some n large enough,

exp (B,) = ¢ (B), x B,) N H = [exp (B),) exp (B,)] N H.
The definition of h immediately implies that exp (B,,) C H and hence that
exp (By) C [exp (B.,) exp (B,)] N H.

To show the converse, assume the contrary, namely that for any n € N
there exists a &, € B/, such that exp¢&,, € H but &, # 0. Clearly, &, — 0
as n — oo and by compactness of the unit sphere, &,/||¢,| has a con-
vergent subsequence &, /|6, || — € € b, [[€]] = 1. Step 1 then implies
that expt{ € H for all t € R, that is, £ € b, by definition of h. Thus
¢ € bt N = {0} which contradicts ||¢| = 1.

Therefore, if n is large enough,

exp(By) = [eXP(Bv/z) exp(Bn)| N H

and so (i) and (ii) are proved, by taking U’ = B],,U = By, and V =
(U xU)=exp(U)expU.

Step 4. Define ¢ : exp(U) = VN H — {0} x U to be the inverse of
the bijective map in Step 3. Taking as a chart around e in G the inverse
of ¢ on exp(U’ x U), that is, we consider the chart (V,¢~!) at e in G,
Step 3 guarantees that p=1(V N H) = {0} x U, that is, (V,¢~!) has the
submanifold property relative to H. Moreover, the induced chart at e on H
is (W, ). Now we left translate (V,¢~!) to any point in G. In particular,
the left translated chart

Vi i=Ln(V), ¢, Vi = U x U, ;" (k) = =" (h7'E),
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has the submanifold relative to H inducing the chart
(Whs tn), Wi = Lp(W) = kexp(U), ¢n (k) = (h'k),

on H. Thus, H is a smooth submanifold of G.

Finally, since the group operations in H are the restrictions of those in
G which are smooth in the manifold structure of G, it follows that they are
smooth in the manifold structure of H, since H is a smooth submanifold
on G.

Conversely, assume that H is a regular Lie subgroup of G. We shall prove
that H is closed. Let {h,} be a sequence in H convergent in G to some
element h € G. Since H is a submanifold of G, there is a chart (V,x) at e
in G with the properties

x: VU xUU cht,Uch

open balls at the origin and x(VNH) = {0} xU. For alln > N, h=1h,, € V.
On the other hand hy'h,, € H, so

X (hy'hn) = x (hy'h) € {0} x U,

since we can always chose V such that V~! =V and VV C V. Therefore
hy'h € H, since x : VN H — {0} x U is a diffecomorphism. Since hy € H,
this implies h € H and so H is closed in G. [ |

N9.D Lie’s Third Fundamental Theorem

Recall the statement of this result.

Theorem 9.1.15. Let G be a Lie group with Lie algebra g and let b be a
Lie subalgebra of g. Then there exists a unique connected (immersed) Lie
subgroup H of G whose Lie algebra is .

Proof. Define the smooth vector subbundle h C T'G by left translating b
to any point of G, that is, the fiber 69 at g equals T. Ly (h). We prove now
that 6 is an involutive subbundle.

Let X,Y be vector fields on G with values in 6, that is, they are sections
of h. We will show that [X,Y] is also a section of h. Fix g € G and let

§=T,Ly (X(g) and n=T,L, 1 (Y(g)).

Let &1, and np denote the left invariant vector fields on G generated by
& and 7 respectively. The definition of the Lie bracket on g implies that

[&,n])L = [&L,nL]. We have

(X, Y](9) = [X =&, Y —nz] (9)
+ [, Y —nr] (9) + [X —&,nc] (9) + [En,m] (9)-
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The last term equals [€,7], (9) € by. The first three terms all have the

following structure: U and V' are sections of b and V(g) = 0. If we can

prove that [U, V] (g) € by, this will show that each of the first three terms

lies in b, and we can then conclude that b is an involutive distribution.
The following Lemma solves this problem.

Lemma N9.D.1. Let M be a manifold and let E be a subbundle of TM.
If Y is a section of E such that Y (mg) = 0 for a given point mg € M,
then [X,Y] (mg) € Ep, for any X € X(M).

Proof. Let E be the Banach space modeling M. Since the problem is
local, we can replace M by an open neighborhood U of 0 € E, TM by
U x E, and mg by 0. Because F is a subbundle of T'M, there is a splitting
E = E; x E; such that, locally, E can be replaced by U x E;. A section Y
of E is of the form z € U — (z, (f(x),0)), where f : U — E; is a smooth
function. The condition X (mg) = 0 is equivalent to f(0) = 0.

Let X € X(M) be arbitrary. Represent it locally in the chart with domain
U by X(x) = (z,9(z)), where g : U — E is a smooth function. Then,
locally, in U,

[X, Y)(0) = D(£,0)(0) - 9(0) — Dg(0) - (£(0),0)
~Df(0) - 4(0) € Fy

since f(0) = 0 and since Df(0) € L (E, Eq). Therefore [X,Y] (mg) € En,-
]

Returning to the proof of the theorem and applying the theorem of Frobe-
nius to the involutive subbundle 6 € TG, it follows that 6 is integrable. Let
H be the maximal integral submanifold of h through the identity, that is,
e € H, TyH = b, for any h € H, and H is the maximal (relative to the
inclusion) immersed submanifold of G having these properties.

We shall prove that H is a subgroup of G. If ¢ € G, then gH is the
maximal integral manifold containing g. Indeed, g € gH since e € H and
if h € H, then

Ton(gH) = Tgn(LgH) = TpLy(ThH)
=Ty L,(hy) = T Ly(T.Lpbh)
= TeLgh(h) = rN)gh

since Ly, : G — G is a diffeomorphism. Therefore, by uniqueness of the
maximal integral manifolds, if h € H, it follows that hH = H. Thus,
if k € H, then hk € hH = H. Moreover, if h € H, then h~'H is the
maximal integral manifold through 2! and this integral manifold contains
h='h = e since h € H. Thus h~'H contains e and, again by uniqueness
of the maximal integral manifolds, it follows that h~'H = H, that is,
h='e H.



N9.E The Symplectic, Orthogonal, and Unitary Groups 31

Next, we show that H is a Lie subgroup of G. Indeed,
(h,k)e HxH—-GxG—hke H—G

is a smooth map from H x H to G. However, since hk € H the map is
smooth from H x H to H.

By construction, T.H = b, so b is the Lie algebra of H.

Finally we prove that H is the unique connected Lie subgroup of G with
Lie algebra . Suppose that H; was another such Lie subgroup. Then, if

h e Hy, TyHy = Te Ly (T.Hy) = TeLp(h) = b,

that is, H; is an integral submanifold of h. Therefore H; C H is an open
subgroup, hence it is also closed, and by connectedness of H it follows that
H,=H. |

N9.E Relations between the Symplectic,
Orthogonal, and Unitary Groups

We now want to relate Sp(2n, R), O(2n), and U(n). Following this, we shall
discuss their quaternionic counterparts.
Our first goal is to show that

Sp(2n,R) N O(2n,R) = U(n).

To make this meaningful, we identify C* = R" ¢ iR"™ and we express the
Hermitian inner product on C™ as a pair of real bilinear forms, namely, if
we use the notation

X1 +iY1, X2+iY2 e C" for X1,X2,¥Y1,Y2 ERna
then

(x1 +iy1,x2 +1y2) = (x1,¥1) + (X2, ¥2) + i ((X2,¥1) — (x1,¥2)).-
Thus, identifying C™ with R™ x R™ and C with R x R, we can write

e Gl I I ()]
(N9.E.1)

The next task is to represent elements of U(n) as 2n X 2n matrices
with real entries. Since U(n) is a closed subgroup of GL(n,C) we begin
by representing the elements of gl(n,C) in this way. Let A +iB € gl(n,C)
with A, B € gl(n,R) and let x + iy € C". Then

(A+iB)(x+iy) = (Ax — By) + i(Ay + Bx)



32 N9. Lie Groups

suggest that the map

A -B

C:A+iB¢eGL(n,C)— [B 0

} € GL(2n,R) (N9.E.2)

is the desired embedding of GL(n,C) into GL(2n,R). It is straightforward
to verify that the map C is an injective Lie group homomorphism, so we
can identify GL(n,C) with all invertible 2n x 2n matrices of the form

[g _AB} (N9.E.3)

with A, B € gl(n,R). It is obvious that

c((A+iB)f) =[c(A+iB)"
and

trace C(A +iB) = 2 Re trace (A +iB).

The relation

detC(A +iB) = |det(A +iB)?
shows that A 4+ iB € GL(n,C) if and only if C(A +iB) € GL(2n,R). To
prove this identity, bring A + iB into Jordan canonical form, so that its
determinant equals the product of the diagonal entries: A{,..., A, € C.

Since C is a group homomorphism, the identity holds if we can prove it for
complex matrices in Jordan canonical form, that is,

A = diag(ReAq,...,Re),), and B =diag(Im)\,...,Im\,)+ N,

where N is the nilpotent matrix with 1’s occupying some places on the first
upper diagonal given by the complex Jordan canonical form

diag (A1, ..., \n) + N.

Interchanging columns and rows (for each column interchange do the same
for the rows) one can transform this matrix to a block upper triangular
matrix, each block on the diagonal being of the form

Re Ay —Im )\
Im )\1 Re /\1 ’

the upper 2 x 2 blocks being either the zero matrix or the matrix

el
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and all other entries being zero. This matrix has the same determinant as
the original one (because an even number of columns and row changes have
been performed) and, since it is block upper triangular, this determinant
equals the product of the determinants of the diagonal blocks, that is,
(Re Ax)? + (Im A\g)? = |A|?, which proves the statement.

Using the embedding C defined above, it follows that, U(n) is embedded
in GL(2n,R) as the set of matrices of the form (N9.E.3) with a certain
additional property to be determined below. If A +iB € U(n) then

(A+iB)'(A+iB) =1I.
However, under the homomorphism (N9.E.2)
(A+iB) = AT —iB”

is sent to the matrix

AT BT
5 2]
Therefore,
(A+iB)"(A+iB)=1
becomes

I o] [AT BT][A -B
0 I| |-BT AT||B A

[ ATA+B"™B -ATB+BTA

~ |-BTA+AT™B BTB+ATA
which is equivalent to

ATA+BTB=1 and AT B is symmetric. (N9.E.4)
Proposition N9.E.1. The following holds:
Sp(2n,R) N O(2n,R) = U(n).

As we shall see, this is the first in a series of three parallel results of this
sort.

Proof. We have already seen that A +iB € U(n) iff (N9.E.4) holds.

Now let us characterize all matrices of the form
A B
{C’ D} € Sp(2n,R) N O(2n, R).

Recall from the main text that a block matrix like this is symplectic iff

ATD —C"B =1 and ATC,BTD are symmetric. (N9.E.5)



34 N9. Lie Groups

Since this matrix is also in O(2n), we have

I 0] [A B][AT CT
0o I|  |Cc D||BT DT

_ [AAT + BBT ACT + BDT
— |cAT+DBT cCT+ DDT
which is equivalent to

AAT + BB =1, ACT +BDT =0, CcCT +DDT =1. (N9.E.6)

Now, multiply on the right by D the first identity in (N9.E.6), to get from
(N9.E.5)
D=AA"D+ BB'D
=A(I+C"B)+ BB™D
=A+ACTB+BD'B
=A+(ACT +BD")B=A
by the second identity in (N9.E.6). Next, multiply on the right by B the
last identity in (N9.E.6) and use, as before, (N9.E.5) to get
B=CcC"B+DD"B
=C(A"™D-1)+DD'B
=CA"™D-C+DB"D
=-C+ (AT +DBT)YD = -C

by the second identity in (N9.E.6). We have thus shown that

{AB

C D} € Sp(2n,R) N O(2n)

if A=D, B=—-C, ATA+CTC = I, and ATC is symmetric, which
coincide with the conditions (N9.E.4) characterizing U(n). |

Notice that it follows from this and the fact that elements of Sp(2n,R)
have determinant 1, that

Sp(2n,R) N SO(2n,R) = SU(n).

The Group GL(n,H). By analogy to R™ and C™ we define quaternionic
n space by

H" ={a=(a1,...,ay) | a; € H}.
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This satisfies all axioms of an n-dimensional vector space over H with the
sole exception that H is not a field, being non-commutative.The group
GL(n,H) is defined to be the set of all invertible H-linear maps 7' : H® —
H" defined by left multiplication by a n x n matrix [t?], with ¢2 € H, that
is,

(Ta)r = Ztg“)ap’
p=1

for a € H". Because of non—commutativity of H, care has to be taken with
the concept of H-linearity. It is straightforward to note that

T(aa) = (Ta)a,

for any o € H, but that T'(aa) # «(Ta), in general. Therefore, usual matriz
multiplication is a Tight-linear map and, in general, it is not left-linear over
H. In complete analogy with the real case, C?" and H" are isomorphic.
However, there is a lot of structure that we shall exploit below by realizing
left quaternionic matrix multiplication as a complex linear map. To achieve
this, we shall identify, as before, i € C with the quaternion i € H and will
define the fundamental right complex isomorphism

x: C?" - H?
by
x(u,v) =u+jv,
where u, v € C", and we regard C embedded in H by z + iy — « + iy, for
z,y € R. We have
x((a, v)a) = x(u,v)a
for all o € C. So, again, we get only right linearity. The key property of
X is that it turns a left quaternionic matrix multiplication operator into
a usual complex linear operator on C*". Indeed, if [t,-] is a quaternionic
n x n matriz, then x T : C? — C?" is complex linear. To verify this,
let « € C, u,v € C" and note that

(X7'Tx) (a(u,v) = (x'Tx) (w,v)a) = (x'T) ((x(u,v))a)

= (1) (Tx(u,v))a) = (x ' Tx(u,v)) &

=« (X_lTx(u,v)) )
Let us determine, for example, the 2n X 2n complex matrix J that cor-
responds to the right linear quaternionic map given by left multiplication
with the diagonal map jI. We have

J(u,v) = (x jIx)(u,v)
= (7 lD(u+jv) = x"(ju-v)
= (_V7 u)7
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that is,
0 I
7= 5)

is the canonical symplectic structure on C* x C* = C?™. Define the injective
map between the space of right linear quaternionic maps on H" defined by
left multiplication by a matrix to the space of complex linear maps on C2"
by T + T, := x " 'Tx. Among all the complex linear maps C?"* — C?" we
want to characterize those that correspond to left matrix multiplication on
H"™. To achieve this, write

T=A+]jB
where A and B are complex n x n matrices. The relation
(A+jB)(u+jv) = Au— Bv +j(Bu+ Av)
obtained by using the identity ja = @j for o € H, shows that

Ty (u,v) =x"'T (a+jv)
= (Au — Bv,Bu+ ZV)

-5 Z]1]

Thus

H:A+jB € gl(n,H) — [ g _ZB ] € gl(2n,C)

satisfies
H((A+]B)7) = [H(A+iB)]',
where (A +jB) = A4' —B'j and
trace H(A + jB) = 2 Re trace (A + jB).

Also, H is a homomorphism relative to multiplication. Therefore, the Lie
algebra gl(n,H) is isomorphic over C to the complex Lie algebra

W (2n) = H ° _ZF ”A,BEgI(n,C)}.

Define
sl(n,H) = {T € gl(n,H) | Re trace T'=0}.
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From the above considerations, it follows that sl(n,H) is isomorphic over
C to the complex Lie algebra

su*(2n) = {M € u*(2n) | trace M = 0}.
Since H is injective and preserves multiplication, it follows that

H(GL(n,H)) : = U*(2n)

{[g _ZEHA,BGQ[(n,(C), det {g _Zﬁ}yéo}

is a closed Lie subgroup of GL(2n, C). Realizing GL(n, H) as U* (2n) avoids
the introduction of the concept of determinant of a square matrix with
entries in H, which is possible (this determinant is called the Dieudonné
determinant), but would take us too far afield. Thus one defines
o (1A -B
sam={[4 ]

A
A -B
det[B Z}:1}.

SL(n,H) = H~* (SU*(2n)).
The subgroups SU* (2n) and SL(n,H) are closed in U* (2n) and GL(n, H)
respectively.
Proceeding as in the real and complex cases (and using the quaternionic
inner product

A, B € gl(n,C),

and

(M,N) = trace(MNT)
for M, N € gl(n,H) one gets

Proposition N9.E.2. The quaternionic general linear group GL(n,H)
is isomorphic over C to U*(2n) and has complex dimension 2n?. It is a
noncompact connected Lie group. Its Lie algebra gl(n,H) consisting of n xn
quaternionic matrices is isomorphic over C to u*(2n). The quaternionic
special linear group SL(n,H) is isomorphic over C to SU*(2n). Its complex
dimension is 2n2—1 and it is a noncompact connected closed Lie subgroup of
GL(n,H). Its Lie algebra is sl(n, H) which is isomorphic over C to su*(2n).

As usual, the connectedness statements need some comments. We shall
see in §9.3 that SL(n,H) is connected because Sp(2n), to be introduced
below, is connected. The connectedness of GL(n, H) follows from the exact
sequence

{1} = H\ {0} — GL(n,H) — SL(n, H) — {I}

and the theorem stating that if H is closed subgroup of G such that both
H and G/H are connected, then G is connected (see Varadarajan [1974]
or Abraham, Marsden, and Ratiu [1988] for the general case of bundles).
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The Unitary Symplectic Group Sp(2n). We want to construct a
group analogous to O(n) when we worked with R™, or to U(n) when we
worked with C™.

For this, we introduce the quaternionic inner product

(a,b)m = Z apbp,
p=1

where a, b € H” and Ep is the quaternion conjugate to by, forp=1,...,n.
Again, the usual axioms for the inner product are satisfied, by being careful
in the scalar multiplication by quaternions, that is,

(i
(i

(iii

+a27 > <al7b>+ <a2ab>7
aa,b) = a(a,b) and (a,ba) = (a,b)a, for all a € H,
a,b) = (b, a),
a,a) >0 and (a,a)=0iff a=0.

) (&
) (aa
) (
(iv) (

Any quaternionic vector can be written as u+jv € H", where u,v € C".
A straightforward computation shows that

(wp +jvi,ug +jve) = (ug, ug) + (vi, va)
5 ((vasua) = T, va) ) -

If T € GL(n,H), express it as T = A+ jB, with A, B € gl(n,C), use the
homomorphism H and, defining

Sp(2n) = {T € GL(n,H) | T'T = TT" = I}

express the defining condition in terms of 2n x 2n complex matrices, that
is, in U*(2n). We get

sp(n) = { |
-{l

whose Lie algebra is clearly

A -B — _ .

B A } ‘AA + BB =1, AB symmetrlc}
A -B

3 1

|

sp(2n) = {[ 4 _ZE ] eg[(Qn,(C)’AJrAT =0, BT—B}

AtA+B'B=1,A"B symmetric}

B
={T cgl(n,H) | T'+T =0}.

Note that the trace of any element in sp(2n) is necessarily zero and hence
that any element in Sp(2n) has determinant equal to 1. Thus, unlike the
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case of real or complex matrices, where the isometry condition did not
imply that the determinant is zero (and hence we distinguished between
O(n) and SO(n),U(n) and SU(n)), in the case of quaternionic matrices
there is only one group of isometries, namely Sp(2n) and the determinant
equal to 1 condition is automatically satisfied.

Proposition N9.E.3. The unitary symplectic group Sp(2n) is the group
of isometries of H™. It is a compact connected subgroup SL(n,H) = SU*(2n)
of complex dimension 2n? + n whose Lie algebra is sp(2n).

Compactness is proved exactly as in the real or complex case by showing
that the norm of an element in Sp(2n) is equal to v/2n and the proof of
connectedness is, as usual, deferred to §9.3. From our previous consideration
it immediately follows that:

Proposition N9.E.4.
Sp(2n) = SU*(2n) N U(2n).

The Complex Symplectic Group Sp(2n,C) is defined exactly as in
the real case by the condition

Sp(2n,C) = {T € GL(2n,C) | T"IT =1} .

It is a noncompact connected closed Lie subgroup of GL(2n,C) of complex
dimension 2n? 4+ n and whose Lie algebra is

sp(2n,C) = {T € gl(2n,C) | TTJ + IT = 0} .
Proposition N9.E.5.
Sp(2n) = Sp(2n,C) N U(2n).
Proof. Recall that

A C
T= [B D] € Sp(2n,C)

if and only if ATB and CTD are symmetric and ATD — BTC = I (see
9.2.12). Also, T € U(2n), if and only if

ATA+B'B=1C'C+D'D=1 and A'C+B'D=0.

From the characterization (N9.E.7) it follows that all these conditions hold.
Conversely, if these conditions hold, then

J=T7IT = T"T (T) " IT
=TT (T) "' 37 = (T7T) (T) " IT
—(T)"'IT
since TTT_z I because T € U(2n). Therefore TJ = JT which forces C' =
—B, D = A. But then, these conditions imply those in (N9.E.7). |
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N9.F Generic Coadjoint Isotropy
Subalgebras are Abelian

The aim of this section is to prove a theorem of Duflo and Vergne [1969]
showing that, generically, the isotropy algebras for the coadjoint action are
Abelian. A very simple example is G = SO(3). Here g* 2 R?® and G, = S*
for p € g* and p # 0, and Gy = SO(3). Thus, G, is abelian on the open
dense set g*\{0}.

To prepare for the proof, we shall develop some tools.

If V is a finite-dimensional vector space, a subset A C V is called alge-
braic if it is the common zero set of a finite number of polynomial functions
on V. It is easy to see that if A; is the zero set of a finite collection of poly-
nomials Cj, for i = 1,2, then A; U As is the zero set of the collection C7C5
formed by all products of an element in C; with an element in Cy. The
whole space V is the zero set of the constant polynomial equal to 1. Fi-
nally, if A, is the algebraic set given as the common zeros of some finite
collection of polynomials Cy, where a ranges over some index set, then
o, Aa is the zero set of the collection |J, C. This zero set can also be
given as the common zeros of a finite collection of polynomials since the
zero set of any collection of polynomials coincides with the zero set of the
ideal in the polynomial ring generated by this collection and any ideal in
the polynomial ring over R is finitely generated (we accept this from alge-
bra). Thus, the collection of algebraic sets in V satisfies the axioms of the
collection of closed sets of a topology which is called the Zariski topology
of V.

Thus, the open sets of this topology are the complements of the algebraic
sets. For example, the algebraic sets of R are just the finite sets, since every
polynomial in R[X] has finitely many real roots (or none at all). Granting
that we have a topology (the hard part), let us show that any Zariski
open set in V is open and dense in the usual topology. Openness is clear,
since algebraic sets are necessarily closed in the usual topology as inverse
images of 0 by a continuous map. To show that a Zariski open set U is
also dense, suppose the contrary, namely, that if x € V\U, then there is a
neighborhood U; x Us of x in the usual topology such that

(U1><U2)ﬂU:® and U; CR,U; C Vs

are open, where V = R x V5, the splitting being achieved by the choice of
a basis. Since z € V\U, there is a finite collection of polynomials

P1y--- PN € R[X1,..., X,], n=dimV,

that vanishes identically on Uy x Us. If x = (x1,... ,2z,) € V, then the
polynomials
¢i(X1) = pi(Xq,22,... ,xn) € R[X]]
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all vanish identically on the open set U; C R, which is impossible since
each ¢; has at most a finite number of roots. Therefore, (Uy x U2) NU = @&
is absurd and hence U must be dense in V.

Theorem N9.F.1 (Duflo and Vergne). Let g be a finite-dimensional Lie
algebra with dual g* and let r = min{dimg, | p € g*}. The set
8eg ={pn€g”[dimg, =r}

is Zariski open and thus open and dense in the usual topology of g*. If
dimg, =, then g, is abelian.

Proof (Due to J. Carmona, as presented in Rais [1972]). Define the map
¢, G — g* by g — Adj-. p. This is a smooth map whose range is the
coadjoint orbit O, through p and whose tangent map at the identity is
Tepu(§) = —adg p. Note that ker T, = g,, and

range T, =1,0,.
Thus, if n = dim g, we have
rank T, =n —dimg, <n—r
since dim g,, > r, for all ;1 € g*. Therefore,
U={neg"|dimg, =r}={neg"|rank(Tep,) =n—r}
and n — r is the maximal possible rank of all the linear maps
Tepp:g—g,neg.
Now choose a basis in g and induce the natural bases on g* and
L(g,g").

Let
Si={peg|rank Top, =n—r—i},1 <i<n-—r

Then S; is the zero set of the polynomials in p obtained by taking all
determinants of the (n — r — 4 + 1)-minors of the matrix representation
of Teip,, in these bases. Thus, S; is an algebraic set. Since UZL:T S; is the
complement of U, if follows that U is a Zariski open set in g*, and hence
open and dense in the usual topology of g*.
Now let p € g* be such that dimg, = r and let V be a complement to
g, in g, that is,
g=Vog,.

Then T.¢,|V is injective. Fix v € g* and define

S={t e R|Tepuit|V is injective.}
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Note that 0 € S and that S is open in R because the set of injective linear
maps is open in L(g,g*) and p — T.¢, is continuous. Thus, S contains
an open neighborhood of 0 in R. Since the rank of a linear map can only
increase by slight perturbations, we have rank

Teputtr|V > rank Tep,|V =n —r,
for |t| small, and by maximality of n — r, this forces
rank Tyt =1 — 7
for ¢ in a neighborhood of 0 contained in S. Thus, for |¢| small,
Te80u+tu|V V- Tp,+t1/0p,+t1/

is an isomorphism. Hence, if £ € g,,, adg (p+tv) € TyqtrOpysy is the image
of a unique £(¢t) € V under Tep,, 44, |V, that is,

£(t) = (Teppsen V) (ad{ (1 + tv)).

This formula shows that for |¢| small, ¢t — £(t) is a smooth curve in V and
£(0) = 0. However, since

adg (n + tv) = =Tepui(8),
the definition of £(t) is equivalent to T, 4+, (£(t) + &) = 0, that is,
() + € € gutn-
Similarly, given n € g,,, there exists a unique 7(t) € V such that
n(t) +1 € 8ut,m(0) =0,
and ¢ — n(t) is smooth for small |¢|. Therefore, the map
t= (ot [E(8) + Em(t) + 1))

is identically zero for small |t|. In particular, its derivative at ¢t = 0 is also
zero. But this derivative equals

v, [&,m) 4 (1, [€7(0), m]) + (1, [€, 1 (0)])
= (v, [&n]) — (ady 1, £'(0)) + (adf p,7'(0)) = (v, [&, 7)),

since &,n € g,,. Thus, (v, [¢,n]) = 0 for any v € g*, that is,

[€,n] =0.

Since £,n € g, are arbitrary, it follows that g, is Abelian. |
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We close this section with a different proof (due to R. Fillippini) that
for u € g%eq » 9y is Abelian. It uses concepts from later in the book on
momentum maps and collective Hamiltonians, so its proof can be deferred.
Another proof due to Weinstein [1983], page 535 is also instructive.

Proof that g, is Abelian for ;i € g, - The momentum map for lifted
left action on G on T*@ is given by right translation to the identity Jy = p.
The momentum map for the lifted right action of G on T*G is given by
left translation to the identity, J, = A. Thus,

Xj o) =¢-p and X; (p)=p-¢

for all pin T*G and € in g.
Given F : g* — R, a straightforward calculation shows that

Xeen) = (52wt X )= (05

for all pe T*G and € € g.
If F' is constant on the coadjoint orbits, then F'o Jy = F o J,, hence

(@) 7=+ (a2 "

for all p € T*G. In particular, if p € g* and g € Gu, so that g-u=p - g,
we deduce that
oF oF
m%g-u):(gw)'ﬁ-

We know that g%, is an open subset of g*. Fix 1 € g%, - There is then a
neighborhood U of u and a surjective submersion 7 : U — U/G. If F : U —
R factors through 7 : U — U/G, then a straightforward calculation shows
that the preceding equation remains valid. A straightforward calculation
shows that dF/éu € g, for all © € g. We now show conversely that given
any £ € g, there exists a smooth function F': U — R that factors through
7w : U — U/G such that 6F/du = &.

Let

[, 9] = {ad; | n € g}

Note that [u, g] can be identified with 7,0, O being the coadjoint orbit
through p. It follows that we may identify

Ty (U/G) = g" /|1, 9]

Since the linear map £ : g* — R factors through g*/[u, g], it follows that
there exists a smooth map ¢ : U/G — R for which

(dW)ﬂ(u) : (Tuﬂ- : V) =v (f)
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for all v € g*. Let F' = @ om. Then 6F/dpu = €.

It now follows that, for p regular, £-(g-p) = (g-p) - € for all g € G,
and & € g,. Taking g = e, we see that £ -y = - &; this is of course already
clear, since & € g,,. It follows that

E-9)p=6(g-uw=(@-wu-E=g- (- =9g-(§-pn)=(g-§-

Since G acts freely on T*G, it follows that

§-9=9-¢
for all g € G, and ¢ € g,,. By differentiating this relation in g at g = e, we
see that g, is Abelian. ]
Exercise

N9.F-1. Prove the following generalization of the Duflo-Vergne Theorem
due to Guillemin and Sternberg [1984]. Let S be an infinitesimally invariant
submanifold of g*, that is, adz © € S, whenever € S and £ € g. Let
r = min{dimg,|p € S}. Then dim g, = r implies

(0,8,] C(T,9)° ={¢€g]|(u& =0, foralueT,S}

In particular g, /(7},S)° is abelian. Note that the Duflo-Vergne Theorem
is the case for which S = g*. [The solution to this exercise is given at the
end of this internet supplement].

N9.G Some Infinite Dimensional Lie Groups

Infinite dimensional groups often arise as configuration spaces, symmetry
groups, or gauge groups of physical systems with an infinite number of
degrees of freedom. These groups often consist of functions, operators, or
diffeomorphisms. Here we present without proof a number of facts about
these infinite dimensional groups. To make the details of this infinite di-
mensional geometry precise, lengthy proofs involving delicate functional
analytic and topological issues would need to be addressed. We shall dis-
cuss some of these issues, but shall not present all the detailed proofs.
(These may be found in Palais [1968], Ebin and Marsden [1970], Ratiu and
Schmid [1981], and Adams, Ratiu, and Schmid [1986].) In particular, we
will find that some of the examples we discuss in this section are not Lie
groups in the strict sense of our previous definitions, and caution will be
required when applying the general theory to them. Fortunately, one can
understand many of the main ideas and techniques without needing all the
technicalities.
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Examples

A. Consider a compact manifold M (possibly with boundary) and the
infinite dimensional vector space C*° (M) of all smooth real value functions
on M. Evidently, C*° (M) is an abelian group with pointwise defined group
operations; that is,

p: CF(M) x C=(M) — C*(M), (f,9) =~ f+g
is defined by (f + g)(z) = f(z) + g(z), z € M, and
I:C®°(M)—C®(M), f——Ff

is defined by (—f)(z) = —(f(x)). The unit element ¢ = 0 is given by
e(r) =0 € R for all z € M. As for any vector space, we formally have
T.C>®(M) = C*>°(M), so the Lie algebra of C°°(M) coincides with C* (M),
and the bracket is trivial: [f, g] = 0.

The space C*°(M) is not a Banach Lie group since spaces of C*° func-
tions do not form a Banach space. To get a Banach Lie group we can
complete C*°(M) to C*(M), 0 < k < oo or to H*(M), s > 0.

Here H® denotes a Sobolev space, whose definition and prop-
erties are summarized in a separate section below.

Thus C*(M) and H*(M) are Banach Lie groups. For noncompact M, it is
sometimes useful to consider weighted Sobolev spaces for technical reasons
involving elliptic equations. In fact it is usually necessary to use Sobolev
spaces to prove facts about elliptic and hyperbolic equations. This is why
C*°, while formally nicer, is not suitable for many facts about partial dif-
ferential equations.

The vector group C*°(R?) and the Banach Lie groups C*(R?) and H*(R?)
are closely related to the gauge group for electromagnetism: Maxwell’s
equations are invariant under the gauge transformation of the vector po-
tential A — A + Vi, for all ¢ € C*°(R3). The gauge group for a general
Yang-Mills field also forms a Banach Lie group. ¢

B. Next consider a manifold M and the space
C>*(M,R\{0}) = {f : M — R\{0} | f is smooth }

of real valued, nowhere vanishing functions on M. Thus, C*°(M,R\{0}) is
a group with pointwise defined group multiplication

s C(M,R\{0}) x C%°(M,R\{0}) — C* (M, R\{0})
defined by (f, h) — fh where (fh)(x) = f(z)h(x), x € M, and inversion

I:C*(M,R\{0}) — C*°(M,R\{0})
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defined by f + f~! where f~1(z) = 1/f(z), and x € M. The unit element
e = 1 satisfies e(z) = 1 € R, for all € M. This group is abelian since
R\{0} is abelian, and so its Lie algebra is C*°(M) = C*>°(M,R), with the
trivial bracket [f, g] = 0.

The spaces C*(M,R\{0}) and H*(M,R\{0}) are Banach Lie groups
for compact M and certain values of k and s given shortly. Note that
C*(M,R\{0}) is a subset of the Banach space C*(M,R), but in general it is
not an open subset nor a submanifold. However, it is open if M is compact.
Thus, for compact M, C*(M,R\{0}), k > 0, is a Banach Lie group. For
H?#(M,R\{0}) we need M compact as well, but even then, H® need not be
closed under pointwise multiplication. This requires, in addition, s > n/2,
n = dim M, as is discussed in the supplement below. For non-compact M
one can use different topologies or replace R\{0} by a compact Lie group
G. In the latter case, C¥(M,G) and H*(M,G), for s > (1/2)dim(M), are
Banach Lie groups under pointwise multiplication

p(f,9)(x) = f(z)g(x), x € M,

the latter product taken in G and inversion

The Lie algebra is C*(M, g) and H*(M, g) respectively with bracket

[€,n](z) = [€(x),n(z)], » € M,

the bracket on the right-hand side being taken in g. For example, if s > 3/2,
then H*(R3,S!) is an abelian Banach Lie group under pointwise multipli-
cation, with Lie algebra H*(R3), [-,-] = 0. If G is a compact Lie group with
Lie algebra g and s > n/2, then H*(R", G) has Lie algebra H*(R", g) and
bracket [f, g](z) = [f(x), g(x)], the latter bracket being in g. ¢

Diffeomorphism Groups Among the most important “classical” ex-
amples of infinite dimensional groups are the diffeomorphism groups of
manifolds. Let M be a compact boundaryless manifold and denote by
H? Diff (M) the set of all H® diffeomorphisms of M to M, s > n/2 + 1.

We will now outline the sense in which H® Diff (M) is a Lie group with
Lie algebra H®-X(M), the H® vector fields on M. Similar results will be
valid for C* Diff (M) [resp. W*P Diff (M)], the group of C*-diffeomorphisms
of M [resp. W#P-diffeomorphisms, of M].

The set H*® Diff (M) is a smooth Banach manifold and is a group under
composition; explicitly, the group operations are

2 H® - Diff (M) x H® -Diff (M) — H® - Diff (M); u(f,g)=fog

and
I: H® - Diff (M) — H*-DDiff(M); I(f) = f*.
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The unit element e is the identity map. For s > (n/2) + 1, H® Diff (M)
is a Banach manifold and in fact is an open submanifold of the Banach-
manifold H*(M, M). The condition s > (n/2)+1 guarantees that elements
of H* Diff(M) are C! and a map C' close to a diffeomorphism is a diffeo-
morphism by the inverse function theorem (plus an additional argument to
guarantee it is globally one to one and onto; see Marsden, Ebin, and Fis-
cher [1972]). The manifold H® Diff (M) is not, however, a Banach Lie group,
since group multiplication is differentiable only in the following restricted
sense. Right multiplication

R, : H Diff(M) — H* Diff(M):; Ry(f) = f o g

is smooth (C) for each g € H*Diff(M), and if g € H*+* Diff(M), left
multiplication

L, : H* Diff (M) — H* Diff(M), Ly(f) = go f

is differentiable of class C*. Hence if g € H* Diff(M), L, is only CY, that
is, continuous. More generally, composition

(f,g) € H*TF Diff (M) x H* Diff(M) + f o g € H® Diff(M)
is a C*-map. Therefore,

group multiplication is continuous, but is not smooth.

The inversion map I : f — f~! is continuous when regarded as a map of

H* to H*, but is C* if regarded as a map of H*T* Diff(M) to H* Diff(M).
The tangent space Ty (H® Diff (M)) at f € H® Diff (M) is the space of H®

vector fields along f; explicitly, elements of Ty (H?® Diff(M)) are given by

Ty (H®-Diff(M)) = {X;: M — TM | X;is H® and may 0 X = f},

where 7y : TM — M denotes the tangent bundle projection. In particular,
for f =€ = idM,

T.(H®-Diff(M)) = {X : M — TM | Xis H* and 7y o X = idys}
= H*(TM).

The idea behind the above assertions is as follows. An element of the tan-
gent space at the point f, namely, T (H® Diff (M)) is the tangent vector to a
curve f(t) € H® Diff (M) at t = 0 where f(0) = f. But each f(¢) maps M to
M, so for x € M, f(t)(x) is a curve in M. Thus (d/dt) f(t)(z)|,—y € Tt@) M
and so we get a map Xy of M to T'M taking x to an element of T(,) M. In
particular, the tangent space at the identity of e is the space of H® vector
fields on M. The tangent manifold T'(H* Diff(M)) can be identified with
the set of all mappings from M to T'M that cover diffeomorphisms and it
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is again an infinite dimensional Banach manifold. It can be shown that the
map

TR : H*T*(TM) x H® Diff (M) — T(H* Diff (M)),

defined by TR(f, X) = T.R;(X) is a C*¥ map.
A vector field X on H® Diff(M) is a map

X : H°Diff (M) — T(H® Diff(M))
such that
X(f) € Ty(H*Diff(M)) forall f e H* Diff(M).
It is right invariant if (R,).X = X , for any g € H® Diff(M); similarly
it is left invariant if (L,).X = X. It is not hard to see that TR, = R,
and that T'Ly, = Lp4; explicitly, TR, and
TL,:T(H®Diff(M) — (H*®Diff (M))
at Xy € Ty(H® Diff(M)) are given by
TR, (Xp) = X; 0.9 € Tyog(H* Diff(M))
and
TLy(Xy) =Tgo Xy € Tyor(H?®Diff(M)).
The diagrams in Figure N9.G.1 may help to clarify the situation: in them,

TRy(Xs) =Xy ogis a vector field along fogand TLy(Xy) =Tgo Xy is
a vector field along g o f.

Tg
™ ™ M
TRg(Xf) TM
Xf Xf TM
TLy(Xy)
vty MM = M

FiGURE N9.G.1. Mapping vector fields over maps.
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As in finite dimensions, the spaces X g (H*® Diff (M)) and X1, (H*® Diff(M))
of right and left invariant vector fields on H® Diff (M) are isomorphic as
vector spaces to T, (H* Diff(M)) = H*(TM). The isomorphisms are given
by £ € HY(TM) — Y, € Xp(H® Diff (M), where

Ye(f) i= € o f € Ty(H* -Diff (M),

and £ € H*(T'M) — X¢ € X (H® Diff(M)), where
Xe(f)=Tfo& eTy(H®-Diff(M)).
Note that X¢(e) = € and Ye(e) = . See Figure N9.G.2.

Ty

M TM TM

Ye(f) e ¢ | X .
M / M M- f M

F1GURE N9.G.2. Left and right invariant vector fields on Diff.

Proposition N9.G.1. Let &,& € T.(H°Dift(M)) = H*(T'M). Then
for the corresponding right invariant vector fields Ye,,Ye, on H?® Diff (M)
we have

[Y£17Y§2] (e) =[&1, &), ie, [Yﬁuyﬁz] =Yg, &)
Proof. Recall that the Lie bracket [X,Y] of two vector fields X and Y
on H*®Diff(M) is given by
d

[X,¥] = S(FY)

t=0

where F} is the flow of X. One checks that the flow of Y¢ is given by
Fi(n) = ¢t on = Ly, (n) where ¢, is the flow of £ on M. Then

d d
—(F{'Ye,)(n) = —(TF_;0Yg, 0 Fy)(n)
dt o a1 t=0
L (Tp ot )
= — _+ 0O (@] (@]
dt P—t0820pLOoN o
d, .
= a(%ﬁz) on = [61,&] 0n = Yie, e (n). u
=0
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For the corresponding left invariant vector fields X, , X¢, on H® Diff (M),
there is a sign change:

[Xél’X&] (6) = [51752} , e, [XEUX&] = _X[&,&z]'

Note that the bracket [£1,&2] is the ordinary Lie bracket of the vector fields
&1, & on the manifold M. Due to this fact, we define the right “Lie” algebra
of the “Lie” group H* Diff (M) to be the space of right invariant vector fields
on H* Diff (M).

Thus the usual bracket of vector fields on M 1is the right
“Lie” algebra bracket. The Lie algebra bracket associated to the
conventional left invariant definition is the negative of the usual
Jacobi-Lie bracket of vector fields.

Note that for &1, & € H¥(TM), [£1,&] € HS7L(T'M) so one derivative is
lost. Hence [Y,, Ye,] is an H* !-vector field, and the “Lie” algebra is not
closed under the bracket. This corresponds to the fact that H*® Diff(M),
and likewise C* Diff (M) are not Banach Lie groups.

For £ € H5(TM) let p; € (H* Diff(M)) be its flow. (That ¢ is H® if £
is H® is proved in Ebin and Marsden [1970]; cf. Abraham, Marsden, and
Ratiu [1988], Supplement 4.1C.) The curve ¢: R — H? Diff (M), ¢(t) = ¢4,
is an integral curve of the right invariant vector field Yy on H*° Diff(M).
Indeed, ¢(0) = ¢9 =€, and for x € M,

Set)w) = San(e) = () = (€0 c(t)(w) = Ye(elt)) ()

In particular, note that ¢/(0) = £. Thus the exponential map
exp : T.(H®-Diff(M)) = H*(TM) — H° Diff (M)

is given by exp(£) = 1. The map exp is continuous, but unlike the case
for Banach Lie groups, it is not C!; in fact, there is no neighborhood of the
identity onto which it maps surjectively (Kopell [1970]). As a result in this
direction, let us prove that if a diffeomorphism of S' has no fized points
and is in the image of the exponential map, then it must be conjugate to a
rotation (Hamilton [1982]). Let n € Diff(S') have no fixed points. If there
is £ € X(S') such that exp(£) = 7, then ¢ is nowhere vanishing. Write
& = f(t)(d/dt), where t € R is a parameterization of S' modulo 27. Now
reparametrize the circle by

1

dt
0= c/ —— where c¢=
t 27 _dt_
f(t) o TG

and note that £ = ¢(d/df), i.e., £ is constant in the parameterization 6 and
therefore its exponential is given by 6 — 6+c, i.e., it is a rotation. Since the
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parameter change ¢ — @ is given by a diffeomorphism of S, it follows that
exp(&) is conjugate to the rotation # — 6 + ¢, which is what we claimed.
These facts are important pathologies to keep in mind, but fortunately
they will not impair our main development. In our applications to fluid
dynamics and plasma physics, various subgroups of Diff (M) will appear,
which we will consider later. In view of the pathologies mentioned above,
we cannot invoke Proposition 9.1.14 to prove that they are Lie subgroups
— other special arguments are needed.

Subgroups. In the same sense as H® Diff (M), there are other diffeomor-
phism groups that are Lie groups. We shall review a few of them here,
following Ebin and Marsden [1970], §6 (see Marsden, Ratiu, and Shkoller
[1999] for additional examples). Let s > dim(M)/2+ 1. If M is a compact
boundaryless manifold and N C M is a closed submanifold (possibly zero
dimensional) without boundary, let

H*Diff y (M) = {f € H® Diff (M) | f(N) C N},

i.e., the diffeomorphisms keeping N setwise fixed. Arguing as in the case
of H* Diff (M), one sees that the Lie algebra of H*® Diff (M) is

H(TM)={X € H*(TM) | X(n) € T,N foralln € N},

the H*® vector fields on M tangent to N. Indeed, if f(t) € H® Diff y (M) is
a curve with f(0) =e, f(t)(n) € N and so (d/dt)|,_, f(t)(n) € T,N.

Similarly, one can consider the group of H?*-diffeomorphisms keeping the
submanifold N pointwise fixed, i.e.,

H®-Difty ,(M) ={f € H* -Diff (M) | f(n)=n forallne N}.
As before, it is easy to see that the Lie algebra of this groups is
HY (TM)={X € H*(TM) | X(n) =0 for alln € N}.

Now let M be a compact manifold with boundary and consider the group
H# Diff(M). Since f(OM) = OM for every diffeomorphism f, the previous
argument used for the Lie algebra H (T'M) shows that the Lie algebra
here is

Hi(TM)={X € H*(TM) | X(z) € T,(0M) for alle € IM},

the H? vector fields tangent to the boundary. This group and its Lie algebra
are useful in the continuum mechanics of compressible fluids. If NNOM =
@, the groups H® Diff y (M) and H*® Diff 5 ,(M) have Lie algebras equal to

HY(TM)NHH(TM) and Hy (TM)NH;(TM),
respectively. Similarly

H°Diff (M) = {f € H° Diff (M) | f(z) =« for all x € OM}
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has Lie algebra
H(TM) ={z € H*(TM) | X(z) =0 for allz € OM } .

For a manifold with boundary M, the boundaryless double M is
obtained by gluing together two copies of M along the boundary. Then M
is a boundaryless smooth manifold, dim(M) = dim(M), and M is compact
if M is. One checks that H*® Diff(M) is a submanifold of H*(M, M) and
H*® Diff,(M) is a submanifold of both H*® Diff(M) and H*(M, M). Using
M there is yet another group that often shows up in the literature. A
diffeomorphism f € H* Diff (M) is said to have support in M if and only
if f can be extended to f € H*®Diff(M) with f|(M\M) = identity. Let
H? Diffg(M) denote the H?*-diffeomorphisms with support in M. Then for
s> (dim M)/2 4 1, the embedding

f € H*Diffo(M) — f € H® Diff (M)

makes H*® Diffo(M) a closed submanifold of H* Diff(M). The Lie algebra
of H* Diff(M) is

Hi(TM) = {X € H*(TM) there exists an H®-extension

X € H*(TM) with X zero on M\M}

N9.G.1 Basic Facts about Sobolev Spaces and
Manifolds.

In our discussions of H*(M) and H?® Diff (M), we implicitly used some basic
properties of Sobolev spaces. We summarize these here. More details may
be found in Adams [1975], Palais [1965, 1968], Ebin and Marsden [1970]
and in Marsden and Hughes [1983] (Ch. 6).

A fundamental point is that functional analysis requirements necessitate
the use of Sobolev spaces where C* spaces will not do. For example if
the Laplacian of f, namely, Af is C*, it does not follow that f is C*+2.
However, its Sobolev analogue s true.

These spaces will first be defined over a domain 2 C R™ and are vector
subspaces of various LP spaces. For any integer £ > 0 and 1 < p < oo we

define a norm || - ||, on real or complex valued functions on € as follows
5 1/p
1Fllkp = | > ID"FI
|r|=0
for any function f for which the right side makes sense, || - ||, being the

LP(Q)-norm. It is clear that || - ||x,, defines a norm on any vector space
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of functions on which the right side takes finite values, provided that two
functions are identified in the space if they are equal almost everywhere in
Q. Let H®P(Q) be the completion of

{f € C*Q [ Iflkp < o0}

with respect to the norm || - ||, Then H*?(Q) is a Banach space called a
Sobolev space. For p = 2 we denote H"2(Q2) by H*((Q).

For the reader familiar with distributional derivatives, another definition
may be helpful. Let

WhEP(Q) = {f € LP(Q) | D" f € LP(Q) for 0 < |r| < k}

where D" f is the distributional rth derivative. Equipped with the norm
above, these are Banach spaces. Clearly WP (Q) = LP(Q)). The Meyers-
Serrin theorem (Meyers and Serrin [1960]) states that HXP(Q) = WkP(Q).

The definition of W*P(Q) for an arbitrary s > 0, i.e., s not an integer
is more complicated. Let s = k + o where k is an integer and 0 < ¢ < 1.
Then the norm || - ||s,p is defined by

e D" (&)~ D)
ey =100, + X [ [ EED=2L

Ir|=k

1/p

Let W*P(€)) denote the completion of {f € C*(Q) | ||f]lsp < oo} and set
H*(Q) = W*2(Q). One treats W*P(Q,R™) in a similar way. Also, by
completing the space of functions of 2 that extend to C'* functions in

an open neighborhood of the closure Q) one similarly defines W*?(Q) and
WeP(Q, R™).

Now we turn to Sobolev spaces on manifolds. Let M be a compact C*
manifold, possibly with boundary, and let C°°(M) be the set of real-valued
C* functions on M. For s and p a pair of positive integers, a Sobolev norm
on f € C*(M) is defined as follows: let {(U;, ¢;)}y<;<n be a finite atlas
of M, fi = fo <pi_1 : 9;(U;) € R™ — R be the local representatives of f,
and set

1w 1= s, 1l
where || - ||s,, are the Sobolev norms on ¢;(U;) C R™ defined as above

(respectively on the closure ¢;(U;) in R”} at the boundary). The Sobolev
space WP (M) is then defined to be the (Cauchy) completion of C*°(M)
with respect to || - ||s,p. One shows that the resulting space is independent
of the choice of atlas on M, but, of course, its norm is not. To get an
intrinsically defined norm one requires additional structure on M, such as
a Riemannian metric. The generalization of this definition to R"-valued
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functions on M, and further to sections of a vector bundle & — M should
be clear (presuming the existence of a vector bundle norm on E).

To obtain useful information concerning the Sobolev spaces W*P, we
need to establish certain fundamental relationships between these spaces.
To do this, one uses the following fundamental inequality of Sobolev, as
generalized by Nirenberg and Gagliardo.

Theorem N9.G.2 (SNG Inequality). Let1 <g<o0,0<r<o0,0<
j<m,j/m<a<l,0<p<oo, with j,m integers > 0; assume that

l:l+a(l_@>+(1_a)1 (N9.G.1)

P n roon q

(if 1 <r < oo andm—j—(n/r) is an integer > 0, assume (j/m) < a < 1).
Then there is a constant C such that for any smooth u : R® — R, we have

1D?ullze < C|D™ullg 77 (N9.G.2)

(If j =0, rm < n, and ¢ = 0o, assume u — 0 at co or u lies in L° for
some finite o > 0.)

Below we shall prove some special cases of this result. (The arguments
given by Nirenberg [1959] are geometric in flavor in contrast to the usual
Fourier transform proofs and therefore are more suitable for generalization
to manifolds; cf. Cantor [1975] and Aubin [1976].)

The above theorem remains valid for u defined on a region with piecewise
smooth boundary, or more generally if the boundary satisfies a certain
“cone condition.”

If one knows an inequality of the form (N9.G.2) exists, one can infer
that (N9.G.1) must hold by the following scaling argument: Replace u(x)
by w(tx) for a real ¢ > 0. Then writing us(z) = u(tz), one has

ID7ue || e = 7"7 | DI o,
1D uegr = ¢4 =D D™ |
[ o e (1

Thus if (N9.G.2) is to hold for u; (with the constant independent of ¢), we

()=l () (45

which is the relation (N9.G.1).
The following corollary is useful in a number of applications:

Corollary N9.G.3. With the same relations as in the SNG Inequality,
for any € > 0 there is a constant K. such that

ID7ullze < ellD™ullzr + Kellull g

for all (smooth) functions u.
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Proof. This follows from the SNG inequality (N9.G.2) and Young’s in-
equality:

%y < ax+ (1 —a)y,
which implies that
2yt = (ex)(Key)' ™ < aex+ (1 —a)K.y
where K, = 1/¢%/(1-9), |

Let us #llustrate how Fourier transform techniques can be used to directly
prove the special case of the preceding Corollary in which n = 3, j = 0,
p=oo,m=2,r=2, and g = 2.

Proposition N9.G.4. There is a constant ¢ > 0 such that for any e > 0
and function f : R3 — R smooth with compact support, we have

1lloe < ¢ (211122 + 721 Af2)

(It follows that if f € H?(R3), then f is uniformly continuous and the
above inequality holds.)

Proof. Let .
R _ —ik-x
) = s [ e @)
denote the Fourier transform. Recall that (Af)(k) = —|k[2f (k). From

Schwarz’ inequality, we have

(/’f(k)’dk>2 = (/ %) (/ (52+||k||2)2‘f(k)‘2dk>

= 202 = 2) £z,

_ d
“= / e =

Here we have used the fact that h — h is an isometry in the L?-norm
(Plancherel’s theorem). Thus, from f(z) = 1/(2m)%/2 [o, €@ f(k)dk, we
get

where

@) 2||fllo < I < %n (€2 = A) fll.e

< o (21 fllze +720AS 12 n
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Thus we have shown that H2?(R?®) C C°(R?) and that the inclusion
is continuous. More generally, one can show by similar arguments that
H?(Q) C C*(Q) provided s > (n/2) + k and

WeP(Q) c Ck(Q)ifs > (n/p) + k.

This is one of the Sobolev embedding theorems.

For Q bounded, the inclusion W*P(Q) — C*(Q), s > (n/p) + k is com-
pact; that is, the ball in W*P(Q) is compact in C*(Q) (Rellich’s the-
orem). This is proved in a manner similar to the classical Arzela-Ascoli
theorem, one version of which states that the inclusion C1(Q) Cc C°(Q) is
compact (see Marsden and Hoffman [1993], for instance). Also, WP (Q2) C
WS"”'(Q) is compact if s > s’ and p = p’ or if s = s’ and p > p’. (See
Friedman [1969] for the proofs.)

One application of Rellich’s theorem is to the proof of the Fredholm
alternative. (See, for example, Marsden and Hughes [1983] (Chapter 6).)
It is often used in this way in existence theorems, using compactness to
extract convergent sequences. Compactness is also used in existence theory
in another crucial way when one seeks weak solutions. This is through
the fact that the unit ball in a Banach space is weakly compact — that
is, compact in the weak topology. See, for example, Yosida [1980] for the
proof (and for refinements, involving weak sequential compactness).

We shall give another illustration of the SNG Inequality through a special
case that is useful in the study of, amongst other things, nonlinear wave
equations. This is the following inequality in R>:

llul|zs < O grad u|pe.

Proposition N9.G.5. Let u : R® — R be smooth and have compact

support. Then
3
/ uSdr < 48 (/ || grad u|2dx>
R3 R3

so C' = ¥/48.
Proof. (Following Ladyzhenskaya [1969].) From

ud(z,y,2) = 3/ uz%dx

— 00

one gets

o0

sup |u®(z,y, 2)| < 3/

— 00
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Set I =[5 u®dx and write

[ (o)
[l ) ([
(o) 1 o)

Using Schwarz’s inequality gives

o [ [(ff ) (17 (G2 o)
(I o))
e | o) (5 o)
(LY
=)

ou\ 12
d:vdydz) (/ (—) d;vdydz)
rs \ Oy
2
X (/ <@> dmdydz)
R3 0z

IN

I /\

U—

D 1/2 D\ 1/2
< 36VI (/ (_u) d:vdydz) </ (_u) dxdydz)
R3 ax R3 8y

Tu\ 1/2
X (/ (_u) dxdydz) .
R3 32

Using the arithmetic—geometric mean inequality
VaVbyec < (a+b+c)/3

gives

8/2 4
2 L
I<36\/f</]Rs || grad u| ) 3372
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i.e.,

2 3
1< (33(? (/ I gradu||2> . |
R3

Another important corollary of the SNG Inequality can be used to deter-
mine to which W*P space a product belongs.

Corollary N9.G.6. For s > n/2, H*(R™) is a Banach algebra (under
pointwise multiplication). That is, there is a constant K > 0 such that for
u,v € H*(R™),

lu- vl < Kllullze[|v] g

This is an important property of H® not satisfied for low s; it is not true
that L2 forms an algebra under multiplication.

Proof. Choose in the SNG inequality, a = j/s, r = 2, ¢ = 00, p = 2s/j,
m=s (0 < j < s) to obtain

| D7 || 1275 < comst. ||DSuH£/;Hu||igj/s < const. ||u|| grs.
Let j + k = s. From Holder’s inequality we have
|D7u - Dvl2: < const. || DIul[2, [|D*0)20 e < const. ful . 0] 2.
Now D*(uv) consists of terms like D7u - D*v, so we obtain
|1D* (uv)|| > < const. [Jul| g [|v] g
Similarly for the lower-order terms. Summing gives the result. |

The trace theorems state that the restriction map from €2 to a submani-
fold M C 2 of codimension m induces a bounded operator from W#P?(2)
to Wes=(/mp).»(M[). Adams [1975] and Morrey [1966] are good references;
the latter contains some useful refinements.

There are also basic extension theorems that are right inverses of restric-
tion maps. For example, the Calderon extension theorem asserts that
there is an extension map T : W*P(Q) — W#P(R"™) that is a bounded op-
erator and “restriction to Q”oT = Identity. This is related to a classical C*
theorem due to Whitney. See, for example, Abraham and Robbin [1967],
Stein [1970], and Marsden [1973a]. Finally, we mention that these R™ re-
sults carry over to manifolds in a straightforward way using local charts,
as in for example, Palais [1965].

Consider the set of all strictly positive functions in W*P(M). Clearly
this set (which we shall call W{?(M)) is not a Sobolev space since it
fails to be closed under multiplication by scalars. Elementary properties
of continuous functions guarantee that C% (M) is open in C*(M). This is
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not generally true for W*(M) in W*P(M). However, if s > n/p then
W*P(M) is continuously embedded in C°(M). Then

WP(M) = WP(M) N CY(M),

from which it follows that W3;*(M) is an open subset of W*?(M). Note
that the differentiability, the embedding, and the multiplication properties
discussed above all hold (in appropriate form) for open subsets of Sobolev
spaces.

We make some additional comments about the group of diffeomorphisms
of M. We define the collection of diffeomorphisms of M as open subsets
of Sobolev spaces, we discuss (in terms of Sobolev spaces) the composi-
tion of diffeomorphisms with scalar functions, and finally we consider the
diffeomorphisms as a topological group.

The space of diffecomorphisms of M. A mapn : M — M is lo-
cally (in a coordinate chart of M) R™-valued and hence we can define a
Sobolev space W*P(M, M) of such maps. One can check that this space
is chart-independent if s > n/p and hence is well-defined. The diffeomor-
phisms are the invertible elements of W*?(M, M). Now, the continuous
diffeomorphisms, i.e., the homeomorphisms, aren’t open in the set of con-
tinuous maps C°(M, M). However, in C*(M, M), the inverse function the-
orem is available and one can use it to verify openness. So one finds that
if s > n/p+ 1, the set of diffeomorphisms W#? Diff (M) is open in the
Sobolev space W*P(M, M).

Composing scalar functions with diffeomorphisms. For s > (n/p)+
1 let

F: (W*? -Diff (M)) x W*" P(M) — W*P(M),
for s, s"” > s, be defined by
F(n, f)=Ffon.
Then F' is C*°.

Sobolev inverse functions. Ifn € H*(M,M), s > (n/p) +1 and n has
a C! inverse, then the inverse is W*P so n € WP Diff(M).
Now consider two maps related to the composition map F: let

F, : W*P(M) — W*P(M),
be defined by
EFy(f):=feon

for fixed n € (W5 -Diff (M)), with ' > s 4 1) and let
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Oy : (W*'P -Diff (M)) — W*P(M),
be defined by
Op(n) = fon

for fixed f € W*"P(M) with s’ > sand s” > s).
The first of these, F,, is the pullback map. It is linear since

Fy(f+g9)=(f+g)on=fon+gon=F,(f)+ Fy(g)

Since one verifies that it is also C?, F), is a smooth map.

The second map, Oy, is the orbit map; its image of W*P(M) is called
the orbit of W*? Diff (M) through f. Since Oy is not linear, smoothness
is not so elementary. One does, however, find that if f € W*T%P (M), then

Of : W*' P Diff (M) — W*P(M)

is a C* map as long as s’ > s. This result is proved using the “w-lemma”
(Abraham, Marsden, and Ratiu [1988], Supplement 2.4B).

WePr-Diff(M) as a topological group. W#P-Diff (M) is a group using
composition for the group multiplication. For nn € W#? Diff (M), we set

Rﬂ : WeP _Diff (M) — WP _Diff (M)’ Rn(u) =puon

and
L, : WP -Diff (M) — W*® -Diff (M); L,(u) =no pu.

To ensure that WP Diff (M) is a group, one requires that s > (n/p) + 1
so that an inverse exists. One can use the results on composition above
to show that while right multiplication is smooth, left multiplication and
inversion are only C°. Hence W*? Diff (M) is a topological group and not
a Banach Lie group.

Nested Groups. In view of the important technical properties of group
multiplication in H?® Diff (M), we introduce an abstract context for this
phenomenon developed by Omori [1974] and Adams, Ratiu, and Schmid
[1986].

Definition N9.G.7. A collection of groups {G*®,G* | s > so} is called

a nest if

i each G* is a Hilbert manifold of class C*®), modeled on the Hilbert
space E*, where the order of differentiability k(s) tends to co as s —
00;
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ii for each s > sq, there are linear continuous, dense inclusions E5T1 —
E* and dense inclusions of class C*®), G5+ — G*;

iii each G* is a topological group and G*=° = limG?® is a topological group
with the inverse limit topology;

iv if (U*,¢%) is a chart on G*, then (U NG*, ¢* | USNG?) is a chart
on Gt for everyt > s;

v group multiplication i : G x G — G can be extended to a C*-
map p: G*F x G5 — G* for any s such that k < k(s);

vi dnversion I : G — G can be extended to a C*-map I : G*+F — G,
for any s satisfying k < k(s);
vii right multiplication Ry by g € G° is a C*) map Ry :G° — G°.

If the manifolds are Banach manifolds rather than Hilbert manifolds then
{G*>®,G* | s > 5o} is a Banach nest.

A collection of vector spaces {g>°,g° | s > so} is called a Lie algebra
nest if

i each g° is a Hilbert (Banach)-space and for each s > sg there are
linear, continuous, dense inclusions g°t! — g° and g = limg® is a
Fréchet space with the inverse limit topology;

ii there are bilinear, continuous, antisymmetric maps [,] : g 2xgtt2 —
g™in(s:) | for all s, t > sg, which satisfy the Jacobi identity on g™n(s:t:7)
for elements in g°t* x gtt4.

If {G°,G? | s > sp} is a Lie group nest, put g° = T.G*® and g™ = limg®.

Then it is easy to see that {g>,g° | s > so} is the Lie algebra nest of the
Lie group nest {G*°,G* | s > s¢}.

Examples

A. The classical examples of Lie group nests are the diffeomorphism
groups
{Diff (M), H® -Diff (M) | s > (dim M)/2}

with Lie algebra nests
{X(M),H°-X(M) | s > (dim M)/2}

for M a compact manifold. Previously, we stated the facts, proved in Ebin
[1970], Ebin and Marsden [1970], Omori [1974] and Marsden, Ebin, and
Fischer [1972], which verify the preceding definition. ¢
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B. The group of homogeneous symplectomorphisms of 7*M\{0}.

The symplectic manifold most widely used is the cotangent bundle T* M
of a manifold M. The canonical symplectic form on T*M is exact, i.e.,
it is the differential of a canonical one-form 6§ on 7% M. Thus one can ask
about the structure of diffeomorphisms of 7% M that preserve 6. A diffeo-
morphism ¢ : T*M — T*M satisfying ¢*0 = 6 is necessarily a lift, i.e.,
¢ = T*n, for n € Diff**(M) (this is proved in the main text). However,
in some cases one must consider T7*M\{0}, and its diffeomorphisms pre-
serving 6. Then ¢*0 = 6 if and only if ¢ is symplectic and homogeneous
of degree one, i.e., p(Tam,) = Tp(amy) for all 7 > 0 and o, € T, M. Now
we can consider the group H?® Diffy(T*M\{0}) of homogeneous symplec-
tomorphisms of T*M\{0}. But right away we are faced with the problem
of non-compactness of T*M\{0}. We sketch below, following Ratiu and
Schmid [1981] how

{Difty(T*M\{0}), H® Dift o(T*M\{0}) | s > dim M + 1/2}
is a Lie group nest with Lie algebra nest
{S=(T*M\{0}), S*TH(T*M\{0}) | s > dim M + 1/2},
where

SE(T*M\{0}) ={H : T*"M\{0} - R | H is of
class H® and homogeneous of degree one}

with the Poisson bracket as Lie algebra bracket. Note the gain in one deriva-
tive at the Lie algebra level. The basic idea of the ensuing discussion is
that H® Diffy(T*M\{0}) is algebraically isomorphic to the group of all H*
contact transformations of the cosphere bundle of M, which is a compact
manifold if M is. We start by recalling the relevant facts.

The multiplicative group of strictly positive reals R} acts smoothly on
T*M\{0} by ay — 7oy, 7 > 0, ay € ToM, o, # 0. This action is free
and proper and therefore 7 : T*M\{0} — Q = T*M\{0} /R, is a smooth
principal fiber bundle over @), the cosphere bundle of M. Note that @
is compact (supposing M is) and odd-dimensional. @) carries no canonical
contact one-form but for each global section o : Q@ — T*M\{0} we can de-
fine an exact contact one-form 6, on @ by 6, = o*6. Such global sections
exist in abundance; for example, any Riemannian metric on M identifies
T*M with TM and @ with the unit sphere bundle. Then the usual in-
clusion of the sphere bundle into T'M gives a section o. The section o is
uniquely determined by a smooth function f, : T*M\{0} — R, defined
by o(m(ay)) = fo(az)a,. In other words, f, measures how far from the
section o an element a, € T*M\{0} lies. The function f, is homogeneous
of degree —1 and 7*6, = f,0.

An H*T! contact transformation on Q is a diffeomorphism ¢ €
H* Diffy(Q) such that for any two sections o,{ : Q@ — T*M\{0}, there



N9.G.1 Basic Facts about Sobolev Spaces and Manifolds. 63

exists an H*T! function h,¢ : @ — Ry satisfying p*0, = hycfc. Equiva-
lently, » € H**t! Diff(Q) is an H**! contact transformation if and only if
for each global section o there exists an H**! function h, : Q — R, such
that ¢*0, = h,0,. The function h, is uniquely determined by o, namely
he = (905, E), where E, is the Reeb vector field on @ determined by
the contact structure 6, and (,) denotes the pairing between vector fields
and one-forms. (E, is the unique vector field satisfying (6,, E,) = 1 and

ig, (df,) = 0, where ig, (df,) denotes the interior product of E, with df,;

in local coordinates (z*,..., 2" 1, y*, ... ,y"" 1 ¢) on Q, where

n—1

0, =Y y'da' +dt,
i=1

we have E, = d/0t. Therefore the group of H*"!-contact transformations
on () is isomorphic to the group

Coni™(Q)
= {(p,h) € H* Diff (Q)® H*T(Q,R\{0}) | ¢*0, = h, }

for any fixed but arbitrary global section o, where
HDIff(Q) ® H**(Q, R\{0})
is the semidirect product of the two Lie groups
H¥M'Diff(Q) and H*TH(Q,R\{0})
(H*T1(Q,R\{0}) regarded as a multiplicative group) with composition law
(1, 1) (1, h2) = ((¢1 0 92), ha(h1 0 ¥2)).

Omori [1974] has shown that Con®™(Q) is a closed Lie subgroup of the
semidirect product Lie group

H**' Diff(Q) ® H*(Q, R\{0}).

The Lie algebra of this semidrect product group is the semidirect product
Lie algebra

H-x(Q)®H*"(Q,R)
of H%!-vector fields and H**+!functions, with bracket
(X, ), (Y,9)] = ([X.Y], X(g9) = Y([))
The Lie algebra of Con®™(Q) is

cony™(Q) = {(Y,9) € H*-X(Q)@ H*"(Q,R) | Ly b, = g6}
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In Ratiu and Schmid [1981] (Theorem 4.1) it is shown that the group
H* 1 Diffo(T* M\{0})

is isomorphic (as a group) to the Lie group Coné“(Q). The isomorphism
is given by

® - H**' Diffg (T* M\{0}) — Cong™(Q)@(n) = (¢, h)
where ¢ is defined by ¢ o™ = 7w on and h by
hom = (fson)/fe,o(m(az)) = fo(ow)as.

The inverse of @ is given by
(o, h)=(copon)/(hox)- f,.

Since Con®™(Q) and ConZH(Q) are isomorphic as nested Lie groups, for

any two global sections o and (, the isomorphism @ determines a nested
Lie group structure on H**! Diffy(T*M\{0}) which is independent of o
(or independent of the Riemannian metric if o is induced from such). Fur-
thermore, the Lie algebra

HO - %o (T*M\{0}) = (Y € HO - X(T*M\{0)) | £16 =0}
of H¥*1 Diffo(T*M\{0}) is isomorphic to
ST MV{0}) = (H € H*P (T M\{0})
={H € H*"*(T*M\{0}, R) |

H homogeneous of degree one }.

This is because £y 6 = 0 if and only if Y is globally Hamiltonian, homoge-
neous of degree zero, with Hamiltonian function H = 6(Y"), homogeneous
of degree one. The Lie algebras H1-X(T*M\{0}) and coni™1(Q) are
isomorphic via

T.® : H¥ -2 (T* M\{0}) — con:™(Q).
Explicitly, T.®(Xg) = (X, k), where X is uniquely defined by T'n o X =
Xomand kby kow ={f,, H}/fs, ({,} is the canonical Poisson bracket

on T*M). The map H ~— H o ¢ is an isomorphism from S+2(T*M\{0})
onto H5T2(Q,R), with inverse

JHT(Q,R) — S*(T*M\{0}),
where j(f) is the extension to T*M\{0} by homogeneity of degree one of

foot:o(Q) C (T*M\{0}) — R,
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for f € H*"2(Q,R). The composition of these two isomorphisms with
T,®~! gives an isomorphism

F:cons™(Q) 25 B, (T MA{0}) — §°2(T* M\ {0})

o

-1
I H"P(Q,R),

defined by F(X,k) = 0,(X). In the condition £x0, = kf,, the function
k is uniquely determined by X, namely k = E,(0,(X)). From this it fol-
lows that F is continuous and hence an isomorphism between cons*!(Q)
and H2(Q,R) (note the gain of one derivative). We see thus once again
that Con™(Q) and Coné“(Q) are isomorphic as nested Lie groups for
any two global sections o,( : @ — T*M\{0}, since both are modeled on
H*2(Q,R).

Defining the Hilbert space structure of S*+2(T*M\{0}) as the one in-
duced by the isomorphism

j: HP(Q,R) — S*T2(T*M\{0}),
it follows that
H*2(Q,R), S*T2(T*M\{0}), H* — X,(T*M\{0}) and con®T1(Q)

are all isomorphic as Hilbert spaces. It is desirable to compare the topol-
ogy of S*+2(T*M\{0}) with the strong C'-Whitney topology. Since all
elements of S*+2(T*M\{0}) are C? by the Sobolev embedding theorem,
we can define a new topology on S*T2(T*M\{0}) in the following way: a
neighborhood of zero consists of all those functions H € S*T2(T*M\{0})
for which

dH : (T*M\{0}) — T*(T*M\{0})

is C'-close to zero in the strong C' -Whitney topology. Let S5 (T*M\{0})
be the set S*T2(T*M\{0}) equipped with this new topology. One checks
that

J H2(Q,R) — Sy (T M\{0}),

or equivalently the identity S5+2(T*M\{0}) — S5 (T*M\{0}) is contin-
uous with discontinuous inverse, i.e., the new topology is strictly coarser
than the original one on S*T2(T*M\{0}). This remark is useful in the
construction of an explicit chart at e in H*T! Diffo(T*M\{0}). ¢
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Remarks.

1. The gain of one derivative at the Lie algebra level has a corresponding
statement in H**! Diffy(T*M\{0}): for n € H¥*! Diffo(T*M\{0}),

T on: (T*M\{0}) = M

is of class H**!, where 7* : T*M — M is the cotangent bundle projection.
Locally, this means that if n(z,a) = (y(z,q), B(z,a)), then y is H+?2
jointly in x and «. To prove this, note that n*6 = @ is equivalent locally to

"y "Ly
im T — Ok, i— =0, k=1,... ,n.

Since 7 is a diffeomorphism of class H*T', for fixed x, there exists a
unique « such that 8 = (0,...,1,...,0), the i-th basis vector. For this
choice of «, the first relation shows that the i-th column of the matrix
[0y?/02*] is H*T'. This says that y(z, ) has all derivatives of order at
most s + 2 square integrable except the derivatives involving only ay’s.
The second relation is an elliptic equation with H*t! coefficients of first
order in y’ regarded as a function of « only (its symbol maps (£¢) € R™ to
(Bi+...+&B;+...+ B,) € R") and thus its solution is of class H*"2,
i.e., the (s 4+ 2)-nd derivative of y with respect to « is square integrable
and thus y is of class H*12.

2. Let n € H*T!Diffy(T*M\{0}) be fiber preserving, i.e., m*n(ay) =
m*n(al,) for all o, o, € T M\{0}. Then 7 can be extended H**!-smoothly
to the zero section by n(0,) = 0, for y = 7(n(ag)), oy € T*M\{0}. Thus,
n:T*M — T*M, n*0 = 0 and hence n = T*g for an H**+? diffeomorphism
g : M — M. In particular, if 7(n(ay)) = « for all a, € T*M\{0}, then
n = e. From this it follows that the effect of 1 on base points uniquely
determines 1), i.e., if n, 7 € H**! Diffo(T*M\{0}) satisfy mon = mo7, then
n =1 (since 7(fon")(ag) = 2). \

Another interesting group considered by Adams, Ratiu, and Schmid
[1986] is the group of invertible Fourier integral operators, of interest
in the KdV equation. We refer to these papers for details.



N10

Poisson Manifolds

N10.A Proof of the Symplectic
Stratification Theorem

We proceed in a series of technical propositions.’

Proposition N10.A.1. Let P be a finite dimensional Poisson manifold
with Bt : TXP — T,P the Poisson tensor. Take z € P and functions
fi,--, fr defined on P such that {Bdf;}1<j<k is a basis of the range of
B, Let @, be the local flow defined in a neighborhood of z generated by
the Hamiltonian vector field Xy, = B*df;. Let

7’1,... fr (t17 s 7tk) = ((bLtl 00 (bkv*k)(z)
for small enough ty,... ,t,. Then:
(i) There is an open neighborhood Us of 0 € R* such that:
;1,~~-,fk :Us — P
is an embedding.

(ii) The ranges of (T'0%, 4 )(t) and Bg’?l, (1) 0T equal fort € Us.

(iii) %, (Us) C 2.

IThis proof was kindly supplied by O. Popp
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(iv) If

Yy .
\I]91,~~ Ik U’7 — P

is another map constructed as above and y € V%
is an open subset, U. C Uy, such that V9
from Ue to an open subset in W3 . (Us).

. (Us), then there

15 f

gx 18 a diffeomorphism

Proof. (i) The smoothness of W% . follows from the smoothness of

yeee

®, + in both the flow parameter and manifold variables. Then

yees

which shows that ToW®% . is injective. It follows that W% . is an
embedding on a sufficiently small neighborhood of 0, say Us. Notice also
that the ranges of ToW% . and of B! coincide.

(ii) Recall from the main text that for any invertible Poisson map ® on
P, we have

T@Xf :Xfo<I>*1 od

and also recall that that Hamiltonian flows are Poisson maps. Therefore, if
t=(t1,... ,t),
T,V3, . 1, (0/0t;)
=(T®14,0...0TP5 14, ,0Xyp 0Pj114,,0...0Pp4,)(2)
= (th © \Iljcl,... ,fk)(t)v

where

-1
h] :fjo(¢1,t1 O"'O¢j_17tj*1) .
This shows that

range T3 V%  , C range B?p?l

if t € Us. Since B* is invariant under Hamiltonian flows, it follows that

: f — d; #
dim range B‘I’?l,._. LW dim range B:.
This last equality, the previous inclusion, and the last remark in the proof
of (i) above conclude (ii).

(iii) This is obvious since W% f, 1s built from piecewise Hamiltonian
curves starting from z.

(iv) Note that X,(2) € range B for any 2z € P and any smooth func-
tion g. Using (ii), we see that X, is tangent to the image of U5 ..
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Therefore, the integral curves of X, remain tangent to W% . (Us) if
they start from that set. To get ¥ = we just have to find Hamiltonian
curves which start from y. Therefore, we can restrict ourselves to the sub-
manifold W% . (Us) when computing the flows along the Hamiltonian
vector fields X ; therefore we can consider that the image of Wy is
in W% (Us). The derivative at 0 € RF of WY s an isomorphism
to the tangent space of W% . (Us) at y (that is, range Bg ), using (ii)
above. Thus, the existence of the neighborhood U, follows from the inverse
function theorem. |

Proposition N10.A.2. Let P be a Poisson manifold and B its Poisson
tensor. Then for each symplectic leaf ¥ C P, the family of charts satisfying
(i) in the previous proposition, namely,

{‘I’Z'l,.._,fk| z €Y, {Bg dfi}i<j<k  a basis for range Bg } ,

gives X the structure of a differentiable manifold such that the inclusion is
an immersion. Then T,Y = range B% (so dim ¥ = rank BY), for all z € ¥.
Moreover, 3 has a unique symplectic structure such that the inclusion is a
Poisson map.

Proof. Let

w e \Il;l,u- S (U5) N \Ilgl,u- ﬁgk,(

Ue)

and consider Wy, : U, — P. Using (iv) in the proposition above, we

can choose U, small enough so that

i (Uy) C U5 (Us) VWG, (Ue)

is a diffeomorphic embedding in both W% . (Us) and ¥y (Ue). This
shows that the transition maps for the given charts are diffeomorphisms
and so define the structure of a differentiable manifold on . The fact that
the inclusion is an immersion follows from (i) of the above proposition. We
get the tangent space of 3 using (i), (ii) of the previous proposition; then
the equality of dimensions follows.

It follows from the definition of an immersed Poisson submanifold that
¥ is such a submanifold of P. Thus, if i : 3 — P is the inclusion,

{fOi,gOi}Z:{‘ﬂg}O’L’.

Hence if {f 04,9 0i}xn(z) = 0 for all functions g then {f,g}(z) = 0 for
all g, that is, X4[f](z) = 0 for all g. This implies that df|T,% = 0 since
the vectors X,(z) span T,X. Therefore, i*df = d(f o¢) = 0, which shows
that the Poisson tensor on ¥ is nondegenerate and thus ¥ is a symplectic
manifold. This proves the proposition and also completes the proof of the
symplectic stratification theorem. |
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There is another proof of the symplectic stratification theorem (using
the same idea as for the Darboux coordinates) in Weinstein [1983] (see
Libermann and Marle [1987] as well.) The proof given above is along the
Frobenius integrability idea. Actually it can be used to produce a proof of
the generalized Frobenius theorem.

Theorem N10.A.3 (Singular Frobenius Theorem). Let D be a distribu-
tion of subspaces of the tangent bundle of a finite dimensional manifold M ,
that is, D, C T, M as x varies in M. Suppose it is smooth in the sense that
for each x there are smooth vector fields X; defined on some open neigh-
borhood of x and with values in D such that X;(x) give a basis of D,. Then
D is integrable, that is, for each x € M there is an immersed submanifold
Yo C M with T,X, = D,, if and only if the distribution D is invariant
under the (local) flows along vector fields with values in D.

Proof. The “only if” part follows easily. For the “if” part we remark
that the proof of the theorem above can be reproduced here replacing the
range of B by D, and the Hamiltonian vector fields with vector fields
in D. The crucial property needed to prove (ii) in the above proposition
(i.e. Hamiltonian fields remain Hamiltonian under Hamiltonian flows) is
replaced by the invariance of D given in the hypothesis. |

Remarks.

1. The conclusion of the above theorem is the same as the Frobenius
integrability theorem but it is not assumed that the dimension of D, is
constant.

2. Analogous to the symplectic leaves of a Poisson manifold, we can define
the mazimal integral manifolds of the integrable distribution D using curves
along vector fields in D instead of Hamiltonian vector fields. They are also
injectively immersed submanifolds in M.

3. The condition that (local) flows of the vector fields with values in D
leave D invariant implies the involution property of D, that is, [X,Y] is a
vector field with values in D if both X and Y are vector fields with values
in D (see Chapter 4 of the text). But the involution property alone is not
enough to guarantee that D is integrable (if the dimension of D is not
constant).

4. This generalization of the Frobenius integrability theorem is due to
Hermann [1962], Stefan [1974], Sussman [1973], and it has proved quite
useful in control theory; see also Libermann and Marle [1987]. ¢
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N11.A Another Example of a Momentum
Map

Here is an interesting example of a momentum map that illustrates some
of the converity properties of momentum maps of torus actions.

As in Example (a) of §3.3 and Exercise 5.5-4, one checks that the mo-
mentum map of the standard T?*! action

(907 e 7071) . (2,’0, Zlyenny Zn) = (@ieOZQ, e eiOHZn)
on C"*! has the expression

1
Jen+1 (20,0 0y 2n) = 5 (\z0|2, . \zn|2) )

Since Jcn+1 is invariant under the circle action
i0 i0
9~(zo,...,zn):(e 20,...,€ zn)

on the unit sphere $?"~1 = J(E,,}+1 (1/2), it follows that Jgn+1 induces a
map Jcpn : CP" — R™*! given by

DN | =

Jepn ([0 0+ 1 2]) = (|zo|2, ce, |zn\2)

where

[20:21: 2] = [(20, ", 2n)]
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denotes the equivalence class of (2o, ..., z,) in CP™. It is easily verified that
Jepr is & momentum map of the T action

(0o, y0n) [20: i 20 = [ewozo T ew”zn]
on CP". The image of CP" under Jcpr clearly coincides with

Jonen (S"71) = {(to, .., tn) ER™ [ tg+ -+ + 1, =1,
t; >0forali=0,...,n},

which is the standard n simplex in R”*! spanned by the vertices
(1,0,...,0), (0,1,...,0),...,(0,...1).

This is an instance of the Atiyah—Guillemin—Sternberg curvexity theorem
(Atiyah [1982], Guillemin and Sternberg [1982]), which states that if a torus
T acts on a compact connected symplectic manifold P in a Hamiltonian
fashion with invariant momentum map J : P — t*, then J(P) is a convex
compact polytope whose vertices are given by J(PT), where P7 is the fixed
point set of the T—action on P. These fixed point sets are, interestingly, the
bifurcation points of the momentum mapping, according to Arms, Marsden,
and Moncrief [1981].
In our example,

Tn+1

(crm) ={[1:0:---:0],...,[0:---:1]},
whose image clearly consists of the vertices
(1/2,0,...,0),...,(0,...,0,1/2).
If n =1, the Hopf fibration
(20,21) € 8% C C* — (220Z1]21)* — |20]%) € S?

identifies CP' with S? and the T? action on S? is given by rotations about
the vertical axis:

(00,61) - (2", 2%,2%) = (2" cos (g — 61) — 2 sin (6 — 61) 2" sin (p — 61)
+x% cos (6 — 01) ,2%) .

In terms of (z!,2?%, 2%) € 52 the momentum map Jcp: becomes

Jg2 (J;l,xz,xg) =-(1+ux3,1—x3)

RN,

whose image is in the line segment joining (0,1/2) and (1/2,0) in the plane.
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N13.A Proof of the Lie—Poisson Reduction
Theorem for Diff,, (M)

An interesting special case of the Lie—Poisson reduction theorem is G =
Diff01(€2), the subgroup of the group of diffeomorphisms Diff () of a region
Q C R3, consisting of the volume-preserving diffeomorphisms. We shall
treat Diff () and Diff,(2) formally, although it is known how to handle
the functional analysis issues involved (see Ebin and Marsden [1970] and
Adams, Ratiu, and Schmid [1986] and references therein). We shall prove
the Lie-Poisson reduction theorem for this special case.

The Lie Algebra of Diff. For n € Diff(Q2), the tangent space at 7 is
given by the set of maps V' : Q — TQ satisfying V(X) € T),(x)€, that is,
vector fields over 1. We think of V' as a material velocity field. Thus, the
tangent space at the identity is the space of vector fields on Q (tangent to
09). Given two such vector fields, their left Lie algebra bracket is related
to the Jacobi-Lie bracket by (see Chapter 9):

V. W]LA =-[V W]JL )
that is,
VW] o=W-V)V —(V-V)W, (N13.A.1)

as one finds using the definitions.
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Right Translation. We will be computing the right Lie—Poisson bracket
on g*. Right translation by ¢ on G is given by

Ren=mnoep. (N13.A.2)

Differentiating (N13.A.2) with respect to 7 gives
TR, -V =Voo. (N13.A.3)
Identify 7,,G with those V’s such that the vector field on R? given by
v =V on™!, is divergence-free and identify T,G with T,,G via the pairing

(m, V) = / m-Vdzdydz, (N13.A.4)
Q

where 7 - V is the dot product on R3. By the change of variables formula,
and the fact that ¢ € G has unit Jacobian,

(IR, -m,V) = (m, TR, - V)

:/7r-(VOQO)d;zcalydz:/(7r0<,0_1)-Valxdydz7
Q Q

SO
T*R, -m=mop " (N13.A.5)

Derivatives of Right Invariant Extensions. If F': g* — R is given,
its right invariant extension is

Fr(n,m)=F(ron™'). (N13.A.6)

Let us denote elements of g* by M, so we are investigating the relation
between the canonical bracket of Fir and Hi and the Lie—Poisson bracket
of F and H via the relation

Mon=m.
From (N13.A.6) and the chain rule, we get

D, Fr(Id, 7) - v = ~DpyF(M) - Dyr(Id) - v

- _ /Q((V - V)M) - 65—15[ dx dy dz, (N13.A.7)

where 0F/6M is a divergence-free vector field parallel to the boundary.
Since T*G is not given as a product space, one has to worry about what it
means to hold 7 constant in (N13.A.7). We leave it to the ambitious reader
to justify this formal calculation.
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Computation of Brackets. Thus, the canonical bracket at the identity
becomes

0Fr0Hr O0HRFR
Fr,Hr} (Id,m) = drdyd
(P ) (10,m) = [ (2000 SO0 o gy

5HR 5FR

= D, Fr(ld,7) - 5 — D, Hp(ld, m) - 2. (NI13.A8)

At the identity, 7 = M and §Fr/dn = §F/0M, so substituting this and
(N13.A.7) into (N13.A.8), we get

{Fgr, Hr}(Id, M)

0H oF oF 5H

(N13.A.9)
Equation (N13.A.9) may be integrated by parts to give
{Fr, Hr} (Id, M)
oF oF oH
5F oH

which is the “+” Lie-Poisson bracket. In doing this step note div(6 H/0M) =
0 and since §H/6M and §F/0M are parallel to the boundary, no boundary
term appears. When doing free boundary problems, these boundary terms
are essential to retain (see Lewis, Marsden, Montgomery, and Ratiu [1986]).

For other diffeomorphism groups, it may be convenient to treat M as a
one-form density rather than a vector field.

N13.B Proof of the Lie—Poisson Reduction
Theorem for Diff.,,(P)

This section discusses the Lie-Poisson reduction theorem for the special
case G = Diff¢,, (P), the group of canonical transformations of a bound-
aryless symplectic (or Poisson) manifold P. The Lie algebra of Diff .., (P) is
the algebra of infinitesimal Poisson automorphisms, or Poisson derivations,
that is, vector fields X on P for which

XS, p3 = A{X[f1, p} +{f, X[n]}

for any f,h € F(P). To avoid complications, we work with the globally
Hamiltonian vector fields by suitably restricting P or Diff.,,(P). Each
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Hamiltonian vector field can be identified with its generator (modulo ad-
ditive constants being understood). From the formula

(X, Xnlpa = — [Xb Xnlyp = Xirony (N13.B.1)

we see that g may be identified with F(P) with the Lie bracket given by
the Poisson bracket. One could then identify g* with functions f on P via
the pairing

)= [ smn, (N13.B.2)

where dp is the Liouville measure. If P is only a Poisson manifold, identify
g* with the densities on P. As in the last section, T;,G consists of vector
fields of the form X} on.

To identify the dual space of T,G, we need objects to pair with 7,G in
a nondegenerate way. Since Xj, o n = Tn o X, we cannot simply use the
pairing (N13.B.2) to identify 7,yG with F(P); such a procedure would not
account for the extra factor T'n. Instead, regard m € g* as a one-form on P
and pair it with Xy € g by

<7T,Xk>=/ - Xy du. (N13.B.3)
P

This pairing is degenerate; for example, if 7 = df, then (m, X;) = 0 by
Stokes’ theorem. To simplify matters, let us work in coordinates, and write

7 =m;dg' + 7 dp;

so, integrating by parts,

/7r~Xkdu:/ <7TZ%7T’6—]€> dqdp
P P Op; oq"

om; On'
= — + - ) k dqg dp. N13.B.4
/P ( Opi 3(11) aap ( )

Thus if we work modulo 7’s satisfying the divergence-like condition

ot Om;
—_—— = N13.B.
97 op, 0, (N13.B.5)

then the pairing (N13.B.3) is nondegenerate. Now let f € F(P) be given
and define 7 by requiring

/w-Xde:/ fhdy (N13.B.6)
P P
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for all k € F(P). Thus, from (N13.B.4), we need

or*  Om

od o f. (N13.B.7)
Note that if 7 = (0h/0q%) dg* + (Oh/Op;) dp;, the left side of (N13.B.7) is
identically zero since 9*h/dq* Op; = 92h/dp; q'. If we take m = (01 /Op;) dq'—
(0v/0q") dp;, then 1 is determined by —Av = f, so 1 is now uniquely de-
termined modulo 7’s satisfying (N13.B.5). In two-dimensional incompress-
ible flow, which corresponds to the special case dim P = 2, 1) is the stream
function and f the vorticity.

Identify TyG' with one-forms modulo exact one-forms over 7 ; that is,
objects of the form m, = mon. Given F € F(P), define F on g* by
F(m) = F(f), where m and f are related by (N13.B.6) and extend it to be
right invariant by

Fr(n,my) = F(myon™").
As in the preceding section and using vector analysis notation,

D, Fr(d, 7) - X = —DF(x) - D,m,(Id) - X},

_ 7/‘;_1; (X - V), (N13.B.8)

Also, §Fr/dm = 6F/dm at n = 1d, as before. Thus the canonical bracket at
n=1Idis

0Fr0HRr OHRpoFR
Fr,Hr} (1 = ZRTOR R
{Fr,Hg} (Id, ) /13(577 5r  on M)d

OF (o6H 0H [(6F
“/p [E' (E'V”) _E(E'W)]d“’
which may be integrated by parts to give
0H OoF OF 0F
(i} tam) = [ o {(SE9) 50— (5-9) 5 )
Z/W- [5—F75—H} dp. (N13.B.9)
P om’ O |, 4

To write this in terms of F(P) we use (N13.B.6) to write

<57r, 6—F> :/ om - Xy dp
om P

for some k to be determined. By the chain rule,

s
[ OF

= | 57 O -0m) dp. (N13.B.10)
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Differentiating (N13.B.6) implicitly relative, m we get

/57r~Xkdp:/ (D, f - 67) k dy,
P

P

so by (N13.B.10)

F
<(57T', 5—> :/ om - X5F/5f du, (ng.B.ll)
om P
ie.,
OF
— =X . N13.B.12
S oF/sf (N13.B.12)

Thus (N13.B.9) becomes, with the aid of (N13.B.1) and (N13.B.6),
{FR,HR} (Id,ﬂ') = / T [XéF/éﬁXéH/tSfleA dp
P

:/W'X{aF/af,aH/af} dp
P

oF 6H
_/Pf{ﬁ,ﬁ}d,u (N13.B.13)

which is the “+” Lie—Poisson bracket on g* identified with F(P).

Remarks. 1. This derivation is related to one given by Kaufman and
Dewar [1984].

2. The bracket (N13.B.13) can be understood as a limit of the canonical
bracket for a larger number of particles moving in P by taking f to be
a sum of delta functions at the particle positions. This derivation is due
to Bialynicki-Birula, Hubbard, and Turski [1984]; see also Kaufman [1982]
and Marsden, Morrison, and Weinstein [1984]. ¢

N13.C The Linearized Lie—Poisson
Equations

Here we show that the Lie—Poisson equations linearized about an equilib-
rium solution (such as the rigid body or the ideal fluid equations) are Hamil-
tonian with respect to a “constant coefficient” Lie-Poisson bracket. The
Hamiltonian for these linearized equations is £6% (H 4 C)|,, the quadratic
functional obtained by taking one-half of the second variation of the Hamil-
tonian plus conserved quantities and evaluating it at the equilibrium solu-
tion where the conserved quantity C' (often a Casimir) is chosen so that
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the first variation §(H + C) vanishes at the equilibrium. A consequence
is that the linearized dynamics preserves 162 (H + C)|,. This is useful for
studying stability of the linearized equations.

For a Lie algebra g, recall that the Lie-Poisson bracket is defined on g*,
the dual of g with respect to (a weakly nondegenerate) pairing (,) between
g* and g by the usual formula

oF oG
where dF/ou € g is determined by
DF(u)-dp = <6u, i—i> (N13.C.2)

when such an element §F/du exists, for any u, du € g*. The equations of
motion are

dp .
E = — ad(;H/(;# U, (N].?)C?))

where H : g* — R is the Hamiltonian, ad¢ : g — g is the adjoint action,
adg -n = [&,n] for &, n € g, and adz 1 g* — g* is its dual. Let u. € g* be an
equilibrium solution of (N13.C.3). The linearized equations of (N13.C.3) at
te are obtained by expanding in a Taylor expansion with small parameter
€ using p = pe + 0y, and taking (d/de)|._, of the resulting equations.
This gives

S _OH | (o
o ope ' \ o

where (0H /0 e, 0p) := DH (p.) - dp, and the derivative D(0H /dp)(pe) - dp
is the linear functional

) (pte) - 6p + O(£?), (N13.C.4)

veg — D*H(u.) - (op,v) €R (N13.C.5)
by using the definition (N13.C.2). Since

52H(5ﬂ’) = D2H(:u€) ’ (5/1'7 5#))
it follows that the functional (N13.C.5) equals

16(62H)
2 §(6p)

Consequently, (N13.C.4) becomes

s _on
o Ope

5(62H)
6(0p)

1
+5¢ +0(e?) (N13.C.6)
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and the Lie-Poisson equations (N13.C.3) yield

dpe | d(op) "
o g T adsp /s, He

1 * *
= 5€ [2ds(s2m) /60 He — ad5m/sp, p| +O(e?).
Thus, the linearized equations are

d(op) 1

— =% ad§(62H)/5(5#) e — adzH/Me Sy (N13.C.7)

If H is replaced by He := H + C, with the Casimir function C' chosen to
satisty 0He /dp. = 0, we get adEHC/éue 6 =0, and so

d(op) 1

=ar = — 5 85y s He- (N13.C.8)

Equation (N13.C.8) is Hamiltonian with respect to the linearized Poisson
bracket (see Example (f) of §10.1):

{F.G}(n) = <ue, E—i, %] > : (N13.C.9)

Ratiu [1982] interprets this bracket in terms of a Lie-Poisson structure
of a loop extension of g. The Poisson bracket (N13.C.9) differs from the
Lie-Poisson bracket (N13.C.1) in that it is constant in p. With respect to
the Poisson bracket (N13.C.9), Hamilton’s equations given by 62H¢ are
(N13.C.8), as an easy verification shows. Note that the critical points of
82 He are stationary solutions of the linearized equation (N13.C.8), that is,
they are neutral modes for (N13.C.8).

If 62H¢ is definite, then either 62H¢c or —62H¢ is positive-definite and
hence defines a norm on the space of perturbations du (which is g*). Being
twice the Hamiltonian function for (N13.C.8), §2H¢ is conserved. So, any
solution of (N13.C.8) starting on an energy surface of §°Hc (i.e., on a
sphere in this norm) stays on it and hence the zero solution of (N13.C.8) is
(Liapunov) stable. Thus, formal stability, i.e., definiteness of §2 H¢, implies
linearized stability. It should be noted, however, that the conditions for
definiteness of 62H¢ are entirely different from the conditions for “normal
mode stability,” that is, that the operator acting on du given by (N13.C.8)
have a purely imaginary spectrum. In particular, having a purely imaginary
spectrum for the linearized equation does not produce Liapunov stability
of the linearized equations.

The difference between §2 He and the operator in (N13.C.8) can be made
explicit, as follows. Assume that there is a weak Ad-invariant metric ((, )
on g and a linear operator L : g — g such that

8?He = (6, Lop)); (N13.C.10)
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L is symmetric with respect to the metric {(,)), that is, (&, Ln)) = (L&, n))
for all &, 1 € g. Then the linear operator in (N13.C.8) becomes

Op — [Lop, pie] (N13.C.11)

which, of course, differs from L, in general. However, note that the kernel
of L is included in the kernel of the linear operator (N13.C.11), that is, the
zero eigenvalues of L give rise to “neutral modes” in the spectral analysis
of (N13.C.11). There is a remarkable coincidence of the zero-eigenvalue
equations for these operators in fluid mechanics: for the Rayleigh equation
describing plane-parallel shear flow in an inviscid homogeneous fluid, taking
normal modes makes the zero-eigenvalue equations corresponding to L and
to (N13.C.11) coincide (see Abarbanel, Holm, Marsden, and Ratiu [1986]).

For additional applications of the stability method, see Holm, Marsden,
Ratiu, and Weinstein [1985], Abarbanel and Holm [1987], Simo, Posbergh,
and Marsden [1990, 1991], and Simo, Lewis, and Marsden [1991]. For a
more general treatment of the linearization process, see Marsden, Ratiu,
and Raugel [1991].

Exercises

N13.C-1. Write out the linearized rigid body equations about an equi-
librium explicitly.

N13.C-2. Let g be finite dimensional. Let e;,... ,e, be a basis for g
and el,... e" a dual basis for g*. Let u = p.,e® € g* and H(u) =
H(pi, ... pn) @ 8% — R. Let [ug, ) = C%uqg. Derive a coordinate ex-
pression for the linearized equations (N13.C.7):

d(op 1 *
% = —5 adsm)/op e — adsp sy, op.
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N14
Coadjoint Orbits

N14.A Casimir Functions do not Determine
Orbits

The purpose of this section is to use Corollary 14.4.3 to determine all
Casimir functions for the Lie algebra in Example (f) of §14.1. If

w0 0 is 0 =z
p=10 iau 0| €g*, £€=1|0 ias y| €g,
a b 0 0o 0 0

for a,b,x,y € C,u,s € R, then it is straightforward to check that

iu” 0 0
adgpu= 1| 0 iau” 0],
—isa —iasb 0
where
1
' = Tra? Im(azx + aby).

Thus, if at least one of a, b is not zero, then

0 0 =z
gy = 0 0 y||Im(ax+ aby)=0,,
0 0 0
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whereas if a = b =0, then g, = g. For C': g* — R, denote by

ic, 0 O,
fs—c = 0 iozCu Cb 5
K 0 0 0

where C, € R,C,,C, € C are the partial derivatives of C relative to the
variables w,a,b. Thus, the condition 6C/ou € g, for all p implies that
C, =0, that is, C' is independent of v and

Im(aC, 4+ abCh) = 0. (N14.A.1)

The same condition could have been obtained by lengthier direct cal-
culations involving the Lie—Poisson bracket. Here are the highlights. The
commutator bracket on g is given by

is 0 z| [iu 0 =z 0 0 i(sz—ux)
0 das yl|,|0 diau w||=1]0 0 ia(sw—uy)|,
0 0 O 0 0 O 0 0 0

so that for u € g* parameterized by v € R, a,b, € C, we have

{F, H} () = = Re {“ace (“ [fs_i %D]

= Im[a(F,H, — H,F,) + ab(F,H, — H,F,)].  (N14.A.2)

Taking F,, = F, = 0 in {F,C}_ = 0, forces C,, = 0. Then the remaining
condition reduces to (N14.A.1).

To solve (N14.A.1) we need first to convert it into a real equation. Regard
C as being defined on C? with values in C and write C = A + B, with A
and B real-valued functions. We start by searching for holomorphic Casimir
functions.

Write a = p 4 iq, b = v + tw so that by the Cauchy-Riemann equations
we have

Ap =By, Ag=-B,, A, =By, A,=-B,
and also, since C' is holomorphic
Co=Ap+iB, =B, —iA, =Cp = —iCy
Cy=A, +1iB, = By — 1A, = C, = —iC,,.
Therefore,
0 =Im((p+iq)(A, +iB,) + a(v+ iw)(A, +iB,))

= qA, + pB, + a(wA, +vB,)
= qA, — pA, + awA, — avAi,



N14.A Casimir Functions do not Determine Orbits 85

by the Cauchy—Riemann equations. We solve this partial differential equa-
tion by the method of characteristics. The flow of the vector field with
components (¢, —p, aw, —av) is given by

Fi(p,q,v,w) = (pcost + gsint, —psint + g cost,

v cos at + w sin ait, —v sin ot + w cos at)

and thus any solution is a rotationally invariant function. An argument
(using a theorem of Whitney [1943]) shows that solutions have the form

A=+ %0 + )
for a real valued function f : R? — R is the general solution of this equation.

Thus, any Casimir function is a functional of p? + ¢? and v? + w?. Note
that

Co=Ap+1B, = A, —iA,, and
Cy=A, +iB, = Ay — iA,.

In particular, if f(z,y) = =, that is, A = p*>+¢?, we have C, = 2(p—iq) and
Cy, = 0. One can then verify directly that p?+¢? is a Casimir function using
formula (N14.A.2). Similarly, one sees directly that v? + w? is a Casimir
function.

Since the generic leaf of g* is two-dimensional (see Example 14.1(f))
and the dimension of g is five, it follows that the Casimir functions do
not characterize the generic coadjoint orbits. This is in agreement with the
observation made in Example 14.1(f) that the generic coadjoint orbits have
as closure the three-dimensional submanifolds of g*, which are the product
of the torus of radii |a| and |b| and the u'-line, if one expresses the orbit
through

iw 0 0
pw= 10 dau O
a b 0
as
/ 0 0
0 iv' 0| |u =u+Im(ae "z + be " aw), t € R, z,w € C

ae” % peTitat

Note that this is consistent with these two Casimir functions preserving
lae™| = |a| and |be™ | = |b].

Another illuminating example of a similar phenomenon (due to Juan
Simo) is the semidirect product SL(3)(® SM(3), where SM(3) is the space
of symmetric 3 x 3 matrices and the action of SL(3) on it is by similarity,
A x AT. The Lie algebra and its dual are 14 dimensional and the generic
coadjoint orbit is 12 dimensional. But there are no nontrivial Casimir func-
tions because the closure of any orbit contains the origin, so one cannot
separate two orbits by continuous functions.
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Solution to Exercise N9F-1. Proceed as in the proof of the Duflo-
Vergne Theorem, replacing the curve p + tv by a curve u(t) € S, with
1(0) = p and p(1) = v € S. We assume that S is connected; if not, work
on connected components. The proof remains unchanged till the end when
the conclusion is that (u'(0),[¢,n]) = 0 for all {,n € g,,. Since p'(0) is an
arbitrary vector in 7),S, this implies that [g,, g,] € (T,5)°.
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