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ABSTRACT. The authors’ recent paper in Reports in Mathematical Physics de-
velops Dirac reduction for cotangent bundles of Lie groups, which is called Lie—
Dirac reduction. This procedure simultaneously includes Lagrangian, Hamil-
tonian, and a variational view of reduction. The goal of the present paper is to
generalize Lie-Dirac reduction to the case of a general configuration manifold;
we refer to this as Dirac cotangent bundle reduction. This reduction proce-
dure encompasses, in particular, a reduction theory for Hamiltonian as well as
implicit Lagrangian systems, including the case of degenerate Lagrangians.

First of all, we establish a reduction theory starting with the Hamilton-
Pontryagin variational principle, which enables one to formulate an implicit
analogue of the Lagrange-Poincaré equations. To do this, we assume that a
Lie group acts freely and properly on a configuration manifold, in which case
there is an associated principal bundle and we choose a principal connection.
Then, we develop a reduction theory for the canonical Dirac structure on the
cotangent bundle to induce a gauged Dirac structure. Second, it is shown
that by making use of the gauged Dirac structure, one obtains a reduction
procedure for standard implicit Lagrangian systems, which is called Lagrange-
Poincaré-Dirac reduction. This procedure naturally induces the horizontal and
vertical implicit Lagrange-Poincaré equations, which are consistent with those
derived from the reduced Hamilton-Pontryagin principle. Further, we develop
the case in which a Hamiltonian is given (perhaps, but not necessarily, coming
from a regular Lagrangian); namely, Hamilton-Poincaré-Dirac reduction for
the horizontal and vertical Hamilton-Poincaré equations. We illustrate the
reduction procedures by an example of a satellite with a rotor.

The present work is done in a way that is consistent with, and may be
viewed as a specialization of the larger context of Dirac reduction, which allows
for Dirac reduction by stages. This is explored in a paper in preparation by
Cendra, Marsden, Ratiu and Yoshimura.
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1. Introduction. This paper develops a reduction procedure for the canonical
Dirac structure defined on the cotangent bundle T*Q of a configuration manifold
Q. In this paper we restrict ourselves to the case in which a Lie group G acts freely
and properly on @Q; that is, one has a principal bundle @ — Q/G. The reduction pro-
cedure includes—in one overarching construction—the case of implicit Lagrangian
systems and Hamiltonian systems as well as reduction of the Hamilton-Pontryagin
principle to produce, for instance, the Hamilton-Poincaré variational principle and
the associated implicit analogue of the Lagrange-Poincaré and Hamilton-Poincaré
equations.

Our approach may be viewed as a specialization of the larger context of Dirac
reduction of anchored vector bundles, as developed by [26]. That provides an inter-
esting context that is closed under reduction and so allows for Dirac reduction by
stages. Our cotangent bundle reduction procedure may be viewed as a nontrivial
special case in the same way as the important case of cotangent bundle reduction
may be viewed as a nontrivial special context for symplectic or Poisson reduction.
Unlike some other approaches to Dirac reduction, our approach also allows for re-
duction of variational principles and includes, simultaneously, both the Lagrangian
and Hamiltonian sides. This will be explained in further detail below.

The notion of implicit Lagrangian systems, their relation to Dirac structures and
the Hamilton-Pontryagin principle were developed in our earlier papers ([87, 88]).
This development made use of a Dirac structure that is induced on T*Q from
a given constraint distribution Ag on @ and its variational links were clarified by
employing the Hamilton-Pontryagin principle, through which one can treat the case
of degenerate Lagrangian systems with holonomic constraints as well as mechanical
systems with nonholonomic constraints. Applications to electric circuits were shown
in [89] and the link with the generalized Legendre transformation was developed in
[90].

The present paper focuses on reduction of the canonical cotangent Dirac structure
without nonholonomic constraints. In accompanying papers, we shall extend this
reduction procedure to the case of systems with nonholonomic constraints Ag C T'Q)
as well as making the link with the Dirac anchored vector bundle approach of [26].

Since this paper is not dealing with systems with nonholonomic constraints,
we will be reducing integrable Dirac structures. Using the Courant bracket, one
can readily show that the corresponding reduced Dirac structure is also integrable.
However, we do not emphasize this point since one of our key future goals is to deal
with nonholonomic constraints, in which case one does not have integrability.

We recall a few facts about the important case in which () = G that was treated
in our previous paper ([91]). That paper also dealt with the case of a nonholonomic
distribution Ag on G. When Ag = TG, and with the canonical Dirac structure
D CTT*G@T*T*G on T*G, the reduction procedure was called Lie-Dirac reduc-
tion. In this procedure, using the isomorphism T*G = G X g*, one constructs a
trivialized Dirac structure D on G x g*. By taking the quotient of D by the action
of G, one obtains a reduced Dirac structure [D]g := D/G on the bundle g* x V
thought of as a vector bundle over g*, where V = g & g* and where g = T.G is
the Lie algebra and g* is its dual. Thus, one ends up with a Dirac structure on V
that is parameterized by a choice of p € g*. In this context, one gets a reduction
procedure for an associated implicit Lagrangian system, resulting in the implicit
FEuler-Poincaré equations as well as its Hamiltonian counterpart, the Lie-Poisson
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equations. In addition, we established a general case of Dirac reduction with non-
holonomic constraints in which a constraint distribution Ag C T'G is given, and
this case was illustrated by the implicit Euler-Poincaré-Suslov equations, which can
be thought of as a rigid body system with nonholonomic constraints. Some related
Suslov problems in nonholonomic systems were discussed in [11].

The goal of the present paper is to generalize the results just described of [91]
(without the distribution Ag—that is, taking the case Ag = T'Q)) by replacing the
case Q@ = G with a general @ and assuming that we have a free and proper group
action of G on Q.

One of the works most relevant to the present paper is that of [24], which devel-
oped a context for Lagrangian reduction and in particular, the Lagrange-Poincaré
equations. Moreover, that work shows that the setting of Lagrange-Poincaré bun-
dles, which may be regarded as the Lagrangian analogue of a Poisson manifold in
symplectic geometry, enables one to perform Lagrangian reduction by stages. La-
grangian reduction and the Lagrange-Poincaré equations may be regarded as the
generalization of Fuler-Poincaré reduction and its associated Fuler-Poincaré equa-
tions. Another work that was a key to the viewpoint of the present paper was [23],
where reduced variational principles for the Lie-Poisson and Hamilton-Poincaré
equations were developed, namely, the Lie-Poisson variational principle and the
Hamilton-Poincaré variational principle. This Hamilton-Poincaré variational prin-
ciple is closely related with Poisson cotangent bundle reduction (see, [71, 73]). For
the details of the general theory of cotangent bundle reduction, see [58].

Goal. The main goal of this paper is to develop a Dirac reduction theory start-
ing with the canonical Dirac structure on 7%(Q, under the assumption of a free
and proper action of a Lie group G on @; that is, the case of a principal bundle
@ — Q/G. The resulting technique will be called Dirac cotangent bundle reduction.
Associated with this geometric reduction, we also develop the reduction of dynam-
ics, by reducing a standard implicit Lagrangian system as well as its associated
Hamilton-Pontryagin variational principle. We further show how a Hamiltonian
analogue of this reduction can be carried out for a standard implicit Hamiltonian
system (that is a Hamiltonian system associated with the canonical Dirac structure)
and that it is consistent with the Hamilton-Poincaré variational principle.

As mentioned above, our theory of Dirac cotangent bundle reduction provides
both the Lagrangian and Hamiltonian points of view; it yields Lagrange-Poincaré-
Dirac reduction when one takes the Lagrangian view, and Hamilton-Poincaré-Dirac
reduction when one takes the Hamiltonian view. This dual structure in reduction
of standard implicit Lagrangian and Hamiltonian systems may be regarded as a
generalization of Fuler-Poincaré-Dirac reduction and Lie-Poisson-Dirac reduction
developed in [91].

1.1. Some history and background of reduction. Let us briefly review some
background of reduction theory relevant with Dirac cotangent bundle reduction in
this paper. As to the details and history of reduction theory in mechanics, refer,
for instance, to [61, 62, 24, 67, 58].

Symplectic reduction. Let (P, ) be a symplectic manifold and let G be a Lie
group that acts freely and properly on P by symplectic maps. Suppose that the
action has an equivariant momentum map J : P — g¢* and let G, := {g €
G|Ad;71 @ = p} be the coadjoint isotropy subgroup of u € g*. The symplec-
tic reduced space is defined to be the quotient space P, = J_l(u)/GM, which



90 HIROAKI YOSHIMURA AND JERROLD E. MARSDEN

carries a reduced symplectic form (2, uniquely defined by 7€, = 7, where
7+ I~ () — P, is the projection and i, : J=!(u) — P is the inclusion. When one
chooses P = T*G with G acting by left translation, it was shown in [65] that the
symplectic reduced space (T*G), = J~*(1)/G,, may be identified via left transla-
tion with the coadjoint orbit O, := {Adj-1 p| g € G} = G - p through p € g* and
also that the reduced symplectic form coincides with the coadjoint orbit symplectic
form Q,(adep, ady ) = — (u, [§, n])-

Lie-Poisson reduction. In its simplest form, we suppose that G acts freely and
properly on a Poisson manifold P, so that P/G is a smooth manifold which is
endowed with the unique Poisson structure and the canonical projection 7 : P —
P/@G is a Poisson map. The condition that 7 be Poisson is that for two functions f,
h:P/G—R,{f h}p/gom={fom hon}p holds, where the brackets {, } p/ and
{,}p are on P/G and P, respectively. The functions F' = for and H = ho 7 are
the unique G—invariant functions on P that project to f and h. It is shown that
{f,h}p/q is well defined by proving that {F, H} p is G-invariant, which follows from
the fact that F' and H are G-invariant and the group action of G on P consists
of Poisson maps. This is a standard and perhaps the most elementary form of
reduction; a detailed exposition can be found in many references, such as [61].

In the particular case when P = T*G and the action of G on T*G is by the
cotangent lift of left (or right) translation of G on itself, the quotient space (T*G)/G
is naturally diffeomorphic to g*, namely, the dual of the Lie algebra g of G. In many
references, such as [66], [39], and [68] (see [61] for an exposition), it was shown
how to compute the reduced Poisson bracket and associated reduced equations
of motion, a procedure now called Lie-Poisson reduction. In fact, the quotient
Poisson bracket is given by the plus (or minus) Lie-Poisson bracket as {f,h}4+ (1) =
F{u,[6f/0p,6h/dp]), where f,h are arbitrary functions on g*. The minus sign
goes with left reduction and the plus sign with right reduction. Let H be a left-
invariant Hamiltonian on T*G and let A : T*G — G x g* be the left trivialized
diffeomorphism. Then, one has the trivialized Hamiltonian H = H o A~! and it
leads to the Lie—Poisson equations

% = ad*% I
where h := H|g* is the reduced Hamiltonian on g* and u € g*.

While it was [65] who showed how to compute the coadjoint orbit symplectic
form by reduction, it was [44] and [60] who explained how the Poisson structure
on P, is related with that on P/G in the generalized context of Poisson reduction.
While the Lie-Poisson bracket per se was discovered by Sophus Lie in the 1890s
(using different techniques), the coadjoint orbit symplectic form was discovered by
Souriau, Kirillov and Kostant in the early 1960s; see [61] and [85] for additional
historical comments.

Cotangent bundle reduction. We shall be reviewing some aspects of reduction
in the case of tangent and cotangent bundles. We shall follow the historical route
here. More details and comprehensive treatments may be found in [24] for tangent
bundle reduction and in [58] for the case of cotangent bundles.

We shall first consider the case of cotangent bundle reduction, namely, P = T*Q.
The simplest situation concerns reduction at zero; then the symplectic reduced space
at p = 0 is given by P, = T*(Q/G) with the canonical symplectic form Qg /q.
Another basic case is the Abelian version of cotangent bundle reduction, where
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G = Gy, and one has (1*Q), = T*(Q/G) with the symplectic form Qg /¢ + 3, (here
B, is a magnetic term that is closely related to curvature). The Abelian version of
cotangent bundle reduction was first developed by [79], who showed how to construct
B, in terms of a potential one form cy,. The relatively simple but important case of
cotangent bundle reduction at the zero value of the momentum map was studied by
[77]). Motivated by the work of Smale and Satzer, the generalization of cotangent
bundle reduction for nonabelian groups at arbitrary values of the momentum map
was done in the 1978 version of [1] and it was [51] who interpreted the result in
terms of a connection, now called the mechanical connection.

The geometry of this situation was used to great effect in molecule dynamics, op-
timal control of deformable bodies inspired from the so-called “falling cat” problem,
and so on; see, for example, [38], [41, 42], and [72, 74, 75, 56].

From the symplectic point of view, the principal result is that the symplectic
reduction of a cotangent bundle at p € g* is a bundle over T*(Q/G) with fiber
the coadjoint orbit through p. This result can be traced back in a preliminary
form, to the work of [80] and [84] on a “Yang-Mills construction”, which is, in
turn, motivated by Wong’s equations, i.e., the equations of a particle in a Yang—
Mills field. It was refined in [71] and [72, 73], where tangent and cotangent bundle
reduction were evolved into what we now term as the “bundle picture” or the “gauge
theory of mechanics”. See also [1] and [56]. The main result of the bundle picture
gives a structure to the quotient spaces (T*Q)/G and (T'Q)/G when G acts by the
cotangent and tangent lifted actions. The symplectic leaves in this picture were
analyzed by [92], [33], and [59]. It was also shown that the symplectically reduced
cotangent bundle can be symplectically embedded in T*(Q)/G,,)—this is the injective
version of the cotangent bundle reduction theorem. From the Poisson viewpoint, in
which one simply takes the quotient by the group action, this reads as follows:
(T*Q)/G is a g*~bundle over T*(Q/G), or a Lie-Poisson bundle over the cotangent
bundle of shape space.

The bundle point of view. Let 7 : Q — @Q/G be a principal bundle with G acting
freely and properly on @ and choose a principal connection A : T'QQ — g on this
shape space bundle. The general theory, in principle, does not require one to choose
a connection. However, there are many good reasons to do so, such as applications
to stability and geometric phases. Define g = (Q X g)/G, the associated bundle to
g, where the quotient uses the given action on @ and the adjoint action on g.

The connection A defines a bundle isomorphism ¥ 4 : TQ/G — T(Q/G)®g given
by Ya([vgle) = Tw(vy) @ [q, A(vg)]g. Here, the sum is a Whitney sum of vector
bundles over Q/G (the fiberwise direct sum) and the symbol [g, A(vq)]¢ means the
equivalence class of (¢, A(vq)) € @ x g under the G-action. The map Uy is a
well-defined vector bundle isomorphism with inverse given by W, " (u @ [q,¢]c) =
[(u[q})g + &q)g, where (u[q])’; denotes the horizontal lift of u, to the point ¢ and

£q=&q(q).

Poisson cotangent bundle reduction. The bundle view of Poisson cotangent
bundle reduction considers the inverse of the fiberwise dual of ¥ 4, which defines a
bundle isomorphism (¥,')* : T*Q/G — T*(Q/G) @ g*, where §* = (Q x g*)/G is
the vector bundle over Q/G associated with the coadjoint action of G on g*. The
isomorphism makes explicit the sense in which (7*Q)/G is a bundle over T*(Q/G)
with fiber g*. The Poisson structure on this bundle is a synthesis of the canonical
bracket, the Lie-Poisson bracket, and curvature. The inherited Poisson structure on
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this space was derived in [71] and the details were given in [73]. For other accounts
of Poisson cotangent bundle reduction, see [76] and [58].

Symplectic cotangent bundle reduction. It was [59] who showed that each
symplectic reduced space of T*@Q), which are the symplectic leaves in (T*Q)/G =
T*(Q/G) @ g*, are given by a fiber product T*(Q/G) X, O, where O is the asso-
ciated coadjoint orbit bundle. This makes precise the sense in which the symplectic
reduced spaces are bundles over T*(Q/G) with fiber a coadjoint orbit. That paper
also gives an intrinsic expression for the reduced symplectic form, which involves the
canonical symplectic structure on 7T*(Q/G), the curvature of the connection, the
coadjoint orbit symplectic form, and interaction terms that pair tangent vectors to
the orbit with the vertical projections of tangent vectors to the configuration space
(see also [92]). It was shown by [62] that the reduced space P, for P = T*Q is glob-
ally diffeomorphic to the bundle 7*(Q/G) xq /¢ Q/G, where the bundle Q/G, is
regarded as a bundle over @/G and in fact, the fibers of the map p, : Q/G,, — Q/G
are diffeomorphic to the coadjoint orbit O, through u for the G action on g*.

These results simplify the study of these symplectic leaves. In particular, this
makes the injective version of cotangent bundle reduction transparent. Indeed,
there is a natural inclusion map T%(Q/G) xg,¢ Q/Gu — T*(Q/G,), induced by
the dual of the tangent of the projection map p,. This inclusion map then realizes
the reduced space P, as a symplectic subbundle of T*(Q/G,).

1.2. Lagrangian and Hamiltonian reduction.

Routh reduction. Routh reduction for Lagrangian systems is classically associ-
ated with systems having cyclic variables (this is almost synonymous with having
Abelian symmetry group); modern accounts can be found in [3, 4] and in [61]. A key
feature of Routh reduction is that when one drops the Euler-Lagrange equations to
the quotient space associated with the symmetry, and when the momentum map is
constrained to a specified value (i.e., when the cyclic variables and their velocities
are eliminated using the given value of the momentum), then the resulting equa-
tions are in Euler-Lagrange form not with respect to the Lagrangian itself, but with
respect to the Routhian. Routh reduction is closely related to Routh’s treatment
of stability theory, which is a precursor to the energy-momentum method (see, for
instance, [56]).

Euler—Poincaré reduction. Another basic ingredient in Lagrangian reduction is
FEuler—Poincaré reduction. Let L : TG — R be a left invariant Lagrangian. From
the viewpoint of reduced variational principles, Euler—Poincaré reduction is given
in the context of a reduced constrained variational principle (see [64], [61], [21] and
[22]):

5 / " e dt = o,

where the variation of a curve £(t),t € [to,t1] in g is restricted to be of the form
0¢ = n+[&,n], and where | := L|g is the reduced Lagrangian (regarding g = T.G C
TG), and 7n(t) is a curve in g such that n(t;) = 0,7 = 0, 1. This reduced variational
principle gives the Euler—Poincaré equations

dol_ .ol
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Lie-Poisson variational principle. It was shown in [23] that the Lie-Poisson
equations can be also derived by the Lie—Poisson variational principle, which is
a Hamiltonian analogue of the reduced constrained variational principle for the
Euler—Poincaré equations. Let H : T*G — R be a left invariant Hamiltonian with
associated reduced Hamiltonian h : g* — R. The reduction of Hamilton’s phase
space principle yields the reduced principle

5 / C{ult), £(8) — B(u(t)} dt = o.

In the above, the variation of a curve £(t),t € [to,t1] in g is given by 0§ =+ [£, 7],
where 7(t) € g satisfies the boundary conditions 7(¢;) = 0,7 = 0,1. Then, it leads
to

oh  du

f:@a at

= adgp,
which are called Lie—Poisson equationson V =g ® g*.

Lagrange—Poincaré reduction. It was shown in [63, 64] how to generalize the
Routh theory to the nonabelian case as well as how to get the Euler-Poincaré
equations for matrix groups by the important technique of reducing variational
principles. This approach was motivated by related works of [19] and [20] . The
Euler-Poincaré variational structure was extended to general Lie groups in [10], and
[24] carried out a Lagrangian reduction theory that extends the Euler-Poincaré case
to arbitrary configuration manifolds. This work was in the context of the Lagrangian
analogue of Poisson reduction in the sense that no momentum map constraint is
imposed.

One of the things that makes the Lagrangian side of the reduction story inter-
esting is the lack of an obvious general category that is the Lagrangian analogue
of Poisson manifolds. Such a category, that of Lagrange-Poincaré bundles, is devel-
oped in [24], with the tangent bundle of a configuration manifold and a Lie algebra
as its most basic examples. That work also develops the Lagrangian analogue of
reduction for central extensions and, as in the case of symplectic reduction by stages
(see [57] and [58]), cocycles and curvatures enter in this context in a natural way.

The Lagrangian analogue of the bundle picture is the bundle (T'Q)/G, which is a
vector bundle over @) /G; this bundle was studied in [24]. In particular, the equations
and variational principles are developed on this space. For Q = G, this reduces to
the Euler-Poincaré reduction and for G Abelian, it reduces to the classical Routh
procedure. A G—invariant Lagrangian L on T'Q) naturally induces a Lagrangian [ on
(TQ)/G. The resulting equations inherited on this space are the Lagrange—Poincaré
equations (or the reduced Euler-Lagrange equations).

Recall that one can define a vector bundle isomorphism ¥ 4 : TQ/G — T(Q/G)®
g by choosing a principal connection A. Using the geometry of the bundle TQ/G =
T(Q/G)®g, along with an affine connection on @ itself, one can write the Lagrange-
Poincaré equations intrinsically in terms of covariant derivatives D/Dt (see [24]) as

D i - Ol 3 oL ). B

E%Wﬁc,f) - %(W“) - <6§(x’jj’£)’3($’ ')>’
Dal, . - Lo
Eié(x’w’g) =ade 675(%%5)’
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where we call the first set of these equations the horizontal Lagrange-Poincaré equa-
tions, while the second the vertical Lagrange-Poincaré equations. The notation here
is as follows. Points in T(Q/G) @ g are denoted (z,,¢), where & = dx/dt and
€ =1q,¢c = A(g,q), and I(x, %, &) denotes the reduced Lagrangian induced on the
quotient space from L. The bundle T(Q/G) & g naturally inherits vector bundle
connections and D /Dt indicates the associated covariant derivatives. Also, B (z,-)
denotes the curvature of A thought of as an adjoint bundle valued two-form on

Q/G.

Hamilton—Poincaré variational principle. It was shown in [23] that a Hamil-
tonian analogue of Lagrange-Poincaré reduction can be carried out variationally,
leading to a reduced principle called the Hamilton—Poincaré variational principle.
It is clear that the dual of the quotient bundle TQ/G, that is, (TQ/G)* is canoni-
cally identified with the quotient bundle T*Q /G, where the action of a Lie group G
on T*(@) is the cotangent lift of the action of G on Q. Recall that, choosing a prin-
cipal connection A as before, the vector bundle isomorphism V¥ 4 defines by duality
a bundle isomorphism (¥;")* : 7*Q/G — T*(Q/G) @ §*, where §* = (Q x g*)/G
is the associated bundle to g*. For a given G—invariant Hamiltonian H : T*Q — R,
Hamilton’s phase space principle states that

t1
6 t {(p(t),4(t)) — H(q(t),p(t))} dt =0,
0

in which the endpoints ¢(tg) and ¢(t1) of ¢(t),t € [to,t1] are held fixed. This
principle induces Hamilton’s equations of motion. Note that the pointwise function
in the integrand, namely, F(q,q,p) = (p,q) — H(q,p) is defined on the Pontryagin
bundle TQ ®T*Q over () and also that G acts on T'Q &T7*(Q by simultaneously left
translating on each factor by the tangent and cotangent lift. Since F is invariant
under the action of G because of the G-invariance of H, the function F' drops to the
quotient f : TQ/G®T*Q/G — R, or equivalently, f : T(Q/G)T*(Q/G)dV — R,
which is given by f(z,#,y,&, i) = (y, &)+ (i1, £) — h(x,y, i), where V =§og* and h
is the reduction of H from T*Q to T*(Q/G) @ g*. Then, the reduction of Hamilton’s
phase space principle gives the following Hamilton—Poincaré equations:

Dy oh _ .
Dt = oz <M,B($,')>,
dr  Oh
dt oy’
2= adz
_ Oh
=%

1.3. Dirac reduction and the Hamilton-Pontryagin principle.
Some history of Dirac reduction procedures. It goes without saying that
reduction theory for Dirac structures should naturally include reduction of pre-
symplectic and Poisson structures and hence it has been naturally related to re-
duction of Hamiltonian systems. In fact, the development of reduction of Dirac
structures is a natural outgrowth of pre-symplectic and Poisson reduction.

In the context of Dirac structures, it was [31] who constructed a reduced Dirac
structure on the symplectic reduced space J~! (1) /G, that is consistent with Poisson
reduction as developed by [60]. Symmetries of Dirac structures in the context of
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Hamiltonian systems were discussed in [36]. Reduction of Dirac structures and
implicit Hamiltonian systems was developed by [83, 6, 7] in a way that is consistent
with [31]. In these constructions, it was shown that a reduced Dirac structure fits
naturally into the context of symplectic reduction as well as Poisson reduction; if
a Dirac structure Dp C TP & T*P on P is given by the graph of the bundle map
W’ : TP — T*P associated with a symplectic structure w, then a reduced Dirac
structure Dp, on P, = J~'(u)/G, may be given by the graph of the reduced
bundle map associated with the reduced symplectic structure on P,, while if Dp is
the graph of the bundle map B* : T*P — TP associated with a Poisson structure
B on P, then the reduced Dirac structure can be given by the graph of the bundle
map associated with the reduced Poisson structure on P,. In [8], singular reduction
of Dirac structures was developed in the context of implicit Hamiltonian systems.

Lie—Dirac reduction. Following [91], we start with the canonical Dirac structure
D on T*G defined as usual by the graph of the canonical symplectic structure Q7+
or equivalently the canonical Poisson structure Br-g. Using the left trivialization
map, A : T*G — G x g*, we obtain a one-form # on G x g* and a symplectic two-
form w on G x g* as § = \,O7-g and w = A\, Qr-g, where Or-¢ is the canonical
one-form on T*G and Qp«g = —dOp«g. The graph of the symplectic structure
w = —df on G x g*, then defines a Dirac structure D on G x g*. Again using left
trivialization, we may regard D as a subset as follows:

DCT(Gxg)oT(Gxg)2(Gxg)x(VaV,
where V =g ® g* and V* = g* @ g is its dual. On the right hand side, we regard
G x g* as the base and V @ V* as the fiber. -

Using left invariance of the Dirac structure, namely, D(hg,u) = D(g,p) for all
h,g € G and p € g*, it induces a p-dependent reduced Dirac structure

[Dlg:=D/G C (T(Gxg")aT*(Gxg")/G=2g"x (VaV)
on the bundle T(G x g*)/G = g* x V over (G x g*)/G = g*.!

Explicitly, one computes that the reduced Dirac structure [D]¢ is given for each
pe gt by

[Dla(p) ={((&p), (v,n) e Ve V™|
v, Q) + (o) = [w]a(r)((& p), (¢, 0)) for all (¢,0) € V},

where [w]g := w/G is a u-dependent reduced symplectic form on g* x V', given for
each pu € g* by

[wla()((€:p), (€, 0)) = (0,€) = (p,¢) + (1, [, C]) -

The key difference between the Lie—Dirac reduction and other Dirac reduction
procedures previously mentioned is the fact that

Lie—Dirac reduction accommodates Lagrangian, Hamiltonian, and

a variational view of reduction simultaneously (see [91]). The goal

of the present paper is to do the same for the case of general Q.
To carry out Lie-Dirac reduction, one works with slightly larger spaces, as is already
evident in the reduction of Hamilton’s phase space principle, to give a variational
principle for the Lie-Poisson equations, which was developed in [23]. Specifically,
many schemes in the literature take the following view (or a variant of it): one starts

IThis description of D and its quotient [D]g is consistent with thinking of them as Dirac
structures on Dirac anchored vector bundles, as in [26].
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with a manifold M, an almost Dirac structure on M, and a group G acting on M
(consistent with the Dirac structure). From these ingredients, one then constructs
a Dirac structure on M/G. For example, for M = T*G with G acting by group
multiplication, one gets g* with the Dirac structure associated with the Lie-Poisson
structure. However, this construction is too limited for our purposes and does mot
allow one to include variational principles or the Lagrangian view. In our case of
mechanics on Lie groups, the basic difference in our approach is that instead of g*,
the resulting reduced space is V = g & g*.

Euler-Poincaré-Dirac reduction. Again using the identification T*G = G x g*,
the p-dependent reduced Dirac structure [D]g gives a reduction procedure for a
standard implicit Lagrangian system, called Euler-Poincaré-Dirac reduction, which
provides implicit Euler-Poincaré equations (see §5 of [91] for details).

Let L : TG — R be a Lagrangian, possibly degenerate, and let D be the canonical
Dirac structure on T*G, let X : TG & T*G — TT*G be a partial vector field—
that is, it assigns a vector in T,T*Q to each point (g,v,p) € TG & T*G—and let
(L,D, X) be a standard implicit Lagrangian system, which satisfies this condition:
for each (g,v) € TG and setting (g,p) = FL(g,v),

(X(g7v7p)’dE(g7U7p)|TP) € D(g,p),

where E(g,v,p) := (p,v) — L(g,v) is the generalized energy on TG ¢ T*G and
P =FL(TG) C T*G (we assume that P is a smooth submanifold).

The reduced Lagrangian [ : g — R is defined by | = L|g where we regard
g = T.G C TG. Alternatively, using the left trivialization map A : TG — G x g,
one can define the reduced Lagrangian [ : g — R by [ = L|g, where L = Lo A%
Further, let £ : G x V — R be the trivialized generalized energy associated to E in
view of TGHT*G = G x V. The reduction of a standard implicit Lagrangian system
(L, D, X) is given by a triple (I, [D]q,[X]¢) that satisfies, for each n = g~ v € g
and with p = 9l/0n € [P)g, the condition

((Xla(n, ), [dE)c(n, w)lrp).) € [Dla(p),

where P = FL(G x g) C G x g*, and since the map FL is equivariant, the reduced
Legendre transformation is given by the quotient map Fi := [FL]s such that

[P]G = ]Fl(g) C g*a
and hence
[TPle=gxT[Plg Cg*xV.

Reduction of the trivialized partial vector field X : G x V — G x g* x V is given by
[X]g := X/G :V — g* x V, which is denoted, for each (n, 1) € V, by [X]a(n, 1) =
(u,&, 1), where & = g='g and j1 = du/dt are functions of (n,p). The reduced
differential of E is the map [dE]g := dE/G : V — g* x (V@& V*), which is given, in
coordinates, by [dE]g = (0, 11,0, 1 — 01/0n,n) , where T*(Gx V) /G = g* x (V@V™).
Thus, its restriction to [I'P]g C g* x V is given by [dE]a|ipp), = (1,0,7). This
reduction procedure produces the implicit Euler-Poincaré equations:

ol du N
n= oy E=mn, E—adgu-
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Lie-Poisson-Dirac reduction. Given a left invariant Hamiltonian H : T*G — R,
we can form a standard implicit Hamiltonian system, namely the triple (H, D, X),
which satisfies, for each (g,p) € T*G,

(X(g,p),dH(g,p)) € D(g,p),

where X : T*G — TT*G is a vector field on T*G. Let H : G x g* — R be the
trivialized Hamiltonian defined by H = H o A™! and let h = H|g* : g* — R be the
reduced Hamiltonian.

Let X : G x g* — (G x g*) x V be the trivialized vector field and let [X]g : g* —
g* x V be the partial vector field given by [X]q = (i, (), 1), where £(u) = Oh/Ou.
Then, reduction of a standard implicit Hamiltonian system (H, D, X) may be given

by a triple (h, [D]gq, [X]¢) that satisfies, at fixed p € g*,

((X)a (), [dH]a (1)) € [Dla(w),

where [dH]g := dH/g 19" — g* x V* is reduction of the differential of H, which
is locally given by [dH]g = (i, 0,0h/0u). This induces Lie-Poisson equations on
V=gdg*as

oh  du
=—, — =adip.
g auﬂ dt a E#‘
This construction of Lie-Poisson equations is consistent with the Lie-Poisson varia-
tional principle mentioned before. As to the details, refer to §3 and §6 of [91].

Nonholonomic systems and applications. There are many research works on
reduction of nonholonomic systems from many point of views and we can not survey
them in a comprehensive way here, but we would like to mention the following works
including applications to control relevant with the present paper: [48, 5, 82, 10, 49,
50, 17, 18, 28, 25, 9, 27, 11].

Here, we only mention our previous work on Lie-Dirac reduction with nonholo-
nomic constraints; namely, it was shown in [91] that Euler-Poincaré-Dirac reduction
as well as Lie-Poisson-Dirac reduction can be extended to the case with a G-invariant
distribution Ag C T'G associated with the Lie-Dirac reduction with nonholonomic
constraints, which may appear in nonholonomic systems in rigid body mechanics,
called Suslov problems (see, for instance [93]). This reduction procedure is called
FEuler-Poincaré-Suslov reduction that induces implicit Euler-Poincaré-Suslov equa-
tions as well as Lie-Poisson-Suslov reduction that yields implicit Lie-Poisson-Suslov
equations respectively.

In this paper, we primarily study the case in which there are no nonholonomic
constraints, since we are interested in reduction of standard implicit Lagrangian
systems and standard implicit Hamiltonian systems. Of course, the present reduc-
tion theory may be readily extended to the case in which nonholonomic constraints
are given as in the above case of Lie-Dirac reduction, however, we will study the
Dirac cotangent bundle reduction with nonholonomic constraints in another paper.

Hamilton-Pontryagin variational principle on Lie groups. Following §3 of
[91], we review the reduced Hamilton-Pontryagin principle for the special case Q =

G.
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Letting [ : g — R be the reduced Lagrangian, the reduced Hamilton-Pontryagin
principle is given by

5/t1{l(n(t))+<u(t)7£(t)—n(t)>} dt =0,

where £ € g, n € g, and p € g*. The variation of £(t),¢ € [to,t1] is computed
exactly as in Euler-Poincaré theory to be given by 6¢(t) = C(t) + [£(t), ((t)], so that
¢(t) € g satisfies ((¢;) = 0,4 = 0,1. Then, it leads to the implicit Euler—Poincaré
equationson V =g ® g*,

ol d «
% t=n F- adgp.

oy dt

We remark that in this reduced variational principle for implicit Euler-Poincaré
equations, the reduced Lagrangian [ on g may be degenerate. Needless to say, this
Hamilton-Pontryagin variational principle is consistent with the Euler-Poincaré-
Dirac reduction.

Discrete mechanics, variational integrators and applications. In conjunc-
tion with variational integrators in discrete mechanics (see, for instance, [69]), a
numerical scheme for time integration of Lagrangian dynamical systems was pro-
posed by [45] in the context of discrete Hamilton-Pontryagin principle and [12]
developed the structure-preserving time-integrators on Lie groups for rigid body
systems based on Hamilton-Pontryagin principle. Those variational integrators can
incorporate holonomic constraints via Lagrange multipliers, nonconservative forces
as well as discrete optimal control. The construction of geometric variational inte-
grator for unconstrained Lagrangian systems on Lie algebroids was also shown in
[55] and a variational integrator for the case of nonholonomic systems was estab-
lished in [40].

Relations with Lie algebroids and Courant algebroids. It was shown by
Weinstein in [86] that Lagrangian and Hamiltonian systems can be formulated on
Lie algebroids and also that the discrete analogue of Lagrangian systems can be
developed on Lie groupoids, where he asked whether it is possible to develop a
formalism on Lie algebroids similar to the ordinary Lagrangian formalism given in
[46]. This was done by [70]. Further, a geometric description on Lie algebroids of
Lagrangian systems with nonholonomic constraints was given in [29].

As mentioned previously, it was shown in [24] that the Lagrange-Poincaré equa-
tions can be formulated in the context of the bundle TQ/G = T(Q/G)®g over Q/G,
which falls into the category of the Lagrange-Poincaré bundles. It is known that
there is a Lie algebroid structure on the quotient bundle TQ/G =2 T(Q/G) ® g —
Q/G, also called the Atiyah quotient bundle (see, [54]). However, the category of
Lagrange-Poincaré bundles does not make direct use of groupoids or algebroids.
Recently, Lagrangian and Hamiltonian descriptions of mechanics on Lie algebroids
were shown by [34], where a geometric formulation of the Lagrange-Poincaré and
Hamilton-Poincaré equations was obtained.

Following remarks in [91], let us explain a few relationships between Lie-Dirac
reduction and the reduction of Courant algebroids. Let P be a manifold with a free
and proper action by G, so that it is also a G-principal bundle over B = P/G. One
can consider the bundle

F=(TP&T*P)/G = (TP/G) & (T*P/G)
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over B = P/G, where (TP/G)* 2 T*P/G. It is easily checked that the natural lift
of the G-action to TP @ T™ P preserves the Courant paring on TP & T* P, as well as
the Courant bracket, which was introduced in [31]. Thus, F is naturally a Courant
algebroid over B in the general sense of [53]. While this Courant algebroid is not
of the form T'B & T* B, one can still talk about Dirac structures in F. In fact, it is
a general fact that if D is a G-invariant Dirac structure on P; that is, D is a subset
of TP@®T*P, then [D]g := D/G is a Dirac subbundle of F' (and [D]¢ is integrable
if D is, since G preserves the Courant bracket).

For the case P = T*@, in view of TG = G x g*, one gets a Courant algebroid
F=g"x(VaV"),

which is a trivial bundle over B = g* and where V =g ® g*, V* = g* @ g is the
dual of V, and V @ V* is just a fiber of F' over g*. Let D be the Dirac structure on
G x g*. Then, the quotient [D]g := D/G, viewed as a structure in the bundle F
over B, gives a pu-dependent Dirac structure on g* x V', where u € g*. The reduction
of a Dirac structure on P = T*G induced from a nontrivial distribution on G can be
also understood in the above context as remarked in [91], although the Lie-Dirac
reduction construction itself does not use groupoids or algebroids. Of course, the
reduced Dirac structure associated with the canonical Dirac structure is integrable
with respect to the natural Courant bracket in F', whereas the one associated with
the induced Dirac structure from a nontrivial distribution is not. Some relevant
works that deal with the reduction of Courant algebroids and associated Dirac
structures can be found in, for instance, [13, 14], where the authors focus mainly
on so-called “exact” Courant algebroids; in the set up above, their reduction would
yield TB & T* B, rather than (TP/G) @ (T*P/G).

Outline of the paper. For readers’ convenience, we summarize the reduction
procedures associated with Dirac cotangent bundle reduction by the chart shown
in Fig. 1.

First, we provide a brief review for Dirac structures, implicit Lagrangian systems
and the Hamilton-Pontryagin principle.

Second, to develop our theory of Dirac cotangent bundle reduction for the case
in which a Lie group G acts freely and properly on ), namely, in which there is a
principal bundle Q — Q/G, we establish the bundle picture for TQ & T*Q. That
is, we develop the geometric structure of the quotient space (TQ ® T*Q)/G via
a bundle isomorphism of the form (TQ & T*Q)/G — T(Q/G) ® T*(Q/G) & V
associated with a chosen principal connection on the principal bundle.

Third, we explore geometry of variations of curves in the reduced Pontryagin bun-
dle (TQaT*Q)/G = T(Q/G)&T*(Q/G)®V by making extensive use of the ideas as-
sociated with horizontal and vertical variations of curves in Q) developed in [24, 23].
Using this, we establish a reduction procedure for the Hamilton-Pontryagin varia-
tional principle, which enables one to formulate an implicit analogue of Lagrange-
Poincaré equations, namely, horizontal and vertical implicit Lagrange-Poincaré equa-
tions, corresponding to the horizontal and vertical variations respectively. This may
be regarded as a natural extension of the case of the variational theory developed
in [91].

Further, we develop Dirac cotangent bundle reduction, which is a reduction proce-
dure for the canonical Dirac structure D on T*(Q), by extending Lie-Dirac reduction
theory for the case @ = G to the general case of the principal bundle Q@ — Q/G. To
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Canonical Dirac Structure

DCTT* Q& TT*Q

Dirac Cotangent Bundle Reduction
T"Q/G=T"(Q/G) &g TQ/G=T@Q/G)®g

Reduced Dirac Structure

[Dle CcTT*(Q/G) @ T*T*(Q/G) & VEBV*
Hamilton-Poincaré-Dirac Lagrange-Poincaré-Dirac
Reduction Reduction
Hamilton-Poincaré Equations Implicit Lagrange-Poincaré Equations
((X]g,[dH]e) € [D]a ((Xla, [dElclirpy,) € [Dla
Reduction Reduction
Hamilton’s Phase Space Hamilton-Pontryagin
Variational Principle Variational Principle
(31
ty .
5/ {(p,d) — H(q,p)}dt =0 6 {L(g,v)+(p,qg—v)}dt =0
5 5 to
to
Hamiltonian Side Lagrangian Side

FI1GURE 1. Dirac cotangent bundle reduction

do this, we introduce an isomorphism 7@ = @* x g* (an unreduced version of Stern-
berg space) to develop a G-invariant Dirac structure D C T(Q* x g*) & T*(Q* x g*)
on Q* x g*. Under the isomorphisms T*Q/G = (Q* x g*)/G = T*(Q/G) ® §* and
TT*Q/G = T(Q* x g*)/G = TT*(Q/G) & (§* x V), it is shown that, by taking
the quotient of D by the action of GG, one can obtain a gauged Dirac structure
[D]e = [D]%°r @ [D]¥e" on the bundle TT*(Q/G) & (g* x V) over T*(Q/G) & §*,
where [D]8°" is a horizontal Dirac structure on the bundle TT*(Q/G) over T*(Q/G)
and [D]Y" is a vertical Dirac structure on the bundle g* x V over §*.

Finally, it is shown how the gauged Dirac structure [D]¢ = [D]2" & [ D] accom-
modates a reduction procedure called Lagrange-Poincaré-Dirac reduction, which is
the reduction of standard implicit Lagrangian systems (for which the Lagrangian
is possibly degenerate) for the case of principal bundles, which naturally induces
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horizontal and vertical implicit Lagrange-Poincaré equations, consistent with the re-
duction of the Hamilton-Pontryagin variational principle. Making use of the gauged
Dirac structure, we also develop a reduction procedure for the case in which a regular
Lagrangian is given, or a Hamiltonian is given, which is called Hamilton-Poincaré-
Dirac reduction that induces horizontal and vertical Hamilton-Poincaré equations,
consistent with the Hamilton-Poincaré variational principle.

2. Some preliminaries.
Dirac structures. We first recall the definition of a Dirac structure on a vector
space V, say finite dimensional for simplicity (see, [32]). Let V* be the dual space
of V, and (-,-) be the natural paring between V* and V. Define the symmetric
paring ((-,-) on V @ V* by

<< (’U7 a)7 (77’ d) >> = <a7 17> + <da U>7

for (v, ), (v,&) € V@ V*. A Dirac structure on V is a subspace D C V & V* such
that D = D+, where D is the orthogonal of D relative to the pairing ((-,-).

Now, let P be a given manifold and let TP @ T*P denote the Whitney sum
bundle over P, namely, the bundle over the base P and with fiber over the point
x € Pequal to T, P x T P. In this paper, we shall call a subbundle D C TP®T*P
a Dirac structure on the manifold P, or a Dirac structure on the bundle TP — P,
when D(x) is a Dirac structure on the vector space T, P at each point z € P. A
given two-form Qp on P together with a distribution Ap on P determines a Dirac

structure on P as follows: let z € P, and define
D(z) = {(vg,ap) € TP XTyP | v, € Ap(x), and
oz (W) = QA (v, wy) for all w, € Ap(z)},

(1)

where Qa,, is the restriction of Qp to Ap.
We call a Dirac structure D closed or integrable if the condition

<£Xloz2,X3>+<£X2a3,X1)+<£X3a1,X2> =0 (2)

is satisfied for all pairs of vector fields and one-forms (X1, a1), (Xa2,a2), (X3, as)
that take values in D, where £x denotes the Lie derivative along the vector field
X on P.

Remark 1. Let I'(T'P ® T* P) be a space of local sections of TP @ T* P, which is
endowed with the skew-symmetric bracket [, | : (TP @ T*P) x (TP & T*P) —
(TP @ T*P) defined by
[(X1,01), (X2, a2)] := ([X1, Xo], £x,02 — £x,01 +d (a2, X1))
= ([X17X2] ,ix, dog —ix,dag +d <a2, X1>) .
This bracket is the one originally developed in [31] and it does not necessarily satisfy

the Jacobi identity. It was shown by [36] that the integrability condition of the Dirac
structure D C TP & T* P given in equation (2) can be expressed as

[0(D),D(D)] € T(D),

which is the closedness condition including the Courant bracket (see also [37] and
[43]).
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Induced Dirac structures. One of the most important and interesting Dirac
structures in mechanics is one that is induced from kinematic constraints, whether
holonomic or nonholonomic. Such constraints are generally given by a distribution
on a configuration manifold.

Let @ be a configuration manifold. Let T'Q be the tangent bundle and T*(Q be
the cotangent bundle. Let Ag C T'Q be a regular distribution on @ and define a
lifted distribution on T*@Q by

Ar-g = (Tmq)™" (Aq) C TT*Q,

where mg : T*Q — @ is the canonical projection so that its tangent is a map
Trg : TT*Q — TQ. Let Qr«g be the canonical two-form on T*Q. The induced
Dirac structure Da, on T*Q is the subbundle of TT*Q © T*T™(), whose fiber is
given for each p, € T*Q as

DAQ (pq) = {(quvapq) € quT*Q X T;qT*Q | Up, € AT*Q(pq)y and
op, (Wp,) = Qag (Pg) (vp,, wp,) for all wy, € Ar-q(pg)},
where Qa,, is defined by restricting Q7+ to Ar-g. This is, of course, a special

instance of the construction in equation (1).

Implicit Lagrangian systems. Let us recall the definition of implicit Lagrangian
systems (for further details, see [87]).

Let L : TQ — R be a Lagrangian, possibly degenerate. Given an induced
Dirac structure Da, on 7@ and a partial vector field X : TQ & T*Q — TT*(Q, an
implicit Lagrangian system is the triple (L, Da,, X) that satisfies, for each (¢,v,p) €
TQ ®T*Q and with P = FL(TQ), namely, (¢,p) = (¢,0L/0v),

(X(q,v,p),dE(q,v,p)|Tp) € DAQ(q,p), (3)

where F : TQ & T*(Q — R is the generalized energy defined by E(q,v,p) = (p,v) —
L(q,v) and the differential of F is the map dE : TQ & T*Q — T*(TQ & T*Q)
is given by dE = (q,v,p, —0L/dq,p — OL/Ov,v). Since p = JL/Jv holds on P,
the restriction dE(q, v, p)|r, ,,p = (—0L/0q,v) is a function on T'P, which may be
understood in the sense that T\, )P is naturally included in T{g, ) (TQ © T*Q).

Local representation. Recall that the partial vector field X : TQ®T*Q — TT*Q
is a map that assigns to each point (¢,v,p) € TQ ® T*Q, a vector in TT*Q at the
point (g,p) € T*Q; we write X as
X(g,v,p) = (4,4, D),

where ¢ = dg/dt and p = dp/dt are understood to be functions of (g, v, p).

Using the local expression of the canonical two-form Q7+g on 7@, namely

Qrq ((¢,p, w1, 1), (¢, p, ug, 2)) = (a2, u1) — (@1, u2) ,

one sees that the induced Dirac structure may be locally expressed by

Dag(g,p) ={((¢,p, 4, ), (¢, p,,w)) | ¢ € Alg), w=¢q, and a+pe A°(q)},

where A°(q) C T;Q is the polar of A(g). Employing the local expressions for the
canonical symplectic form and the Dirac differential, the condition for an implicit
Lagrangian system (X,dE|rp) € Da,, reads

()= (:8)- (3
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for all w € A(g) and all «, where p = OL/0v (equality of base points) and (u, «)
are the local representatives of a point in T{,,)T*Q. Then, we obtain the local
representation of an implicit Lagrangian system is given by

0L dq dp OL

= %—UEA(QL %—aquA(Q)

Notice that if a partial vector field X (q,v,p) = (¢, p, ¢, p) satisfies the Dirac condi-
tion (X, dE|rp) € Da,,, then the Legendre transformation p = 0L /Ov is consistent
with the equality of base points and that the Dirac condition itself gives the second
order condition ¢ = v.

p

In this paper, we are primarily interested in the reduction theory for the case of
the canonical Dirac structure on a cotangent bundle and, given a Lagrangian, with
its associated standard implicit Lagrangian systems; namely, the case in which no
kinematic constraint is imposed, i.e., Ag = T'Q), and the general reduction theory
of implicit Lagrangian systems with nonholonomic constraints will be developed in
another paper.

The standard implicit Lagrangian system can be locally expressed as
oL dq dp 0L

P=%0 @ =" @t~ g
which we shall call the implicit Euler—Lagrange equations. Note that the implicit
Euler-Lagrange equations include the Euler-Lagrange equations p = dL/9q, the

Legendre transformation p = dL/dv and the second—order condition ¢ = v.

Remark 2. In [87], an implicit Lagrangian system is given by a triple (L, Da,, X),
which satisfies, for each v € Ag(q),

(X(Q7U7p)7©L(Qav)) € DAQ(Q7p)a (4)

where (¢,p) = FL(g,v) for v € Ag(g) and DL = yg odL : TQ — T*T*Q is the
Dirac differential of the Lagrangian, where vg : T*TQ — T*T*Q; (g,dq, p,p) —
(g, p, —dp, dq) is the natural symplectomorphism originally developed by [81]. Since
the Dirac differential of a given Lagrangian L, namely, ® L takes its value in P =
FL(Ag) C T*Q such that, for each (¢,v) € Ag C TQ and with the Legendre
transformation (¢, p) = (¢, 0L/0v),

L
DL(q,v) = (_gq> dg+vdp e T"P C T*T*Q,

the use of the Dirac differential of L implies that it contains the generalized Legendre
transformation. It follows from [88] that the Dirac differential of a given Lagrangian
L can be also understood in terms of the differential of E(q,v,p) = (p,v) — L(q,v)
on the Pontryagin bundle M = T'Q & T*Q restricted to TP, namely, ®L(q,v) =
dE(q,v,p)|rp. That is, the condition given in equation (4) is equivalent with the
one given in equation (3).

Pullback and pushforward of Dirac structures. Following [16] and [15], we

introduce the pushforward and pullback of Dirac structures.

Let V and W be vector spaces and let Dir(V) and Dir(W) be sets of Dirac
structures on V and W respectively. Let ¢ : V — W be a linear map.
Now, the forward map F¢ : Dir(V) — Dir(W) is defined by, for Dy € Dir(V),

Fo(Dy) ={(¢(z),8) |z €V, BeW", (z,¢"B) € Dy}
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and the backward map B¢ : Dir(W) — Dir(V) is defined by, for Dy, € Dir(W),

Given Dy € Dir(V) and Dy € Dir(W), a linear map ¢ : V. — W is called a
forward Dirac map if

F¢(Dy) = Dw.
On the other hand, ¢ : V. — W is called a backward Dirac map if
Bo(Dw) = Dy .

Note that the maps F¢ and B¢ are not, in general, inverse to each other and
also that the pushforward of the Dirac structure Dy sometimes may be denoted as
¢.Dy = Fo(Dy ) and the pullback of the Dirac structure Dy as ¢* Dy = Bo(Dw ).

Dirac structures on the Pontryagin bundle. Let TQ & T*(Q be the Pontryagin
bundle over Q. Let Ty : T(TQ ® T*Q) — TT*Q be the tangent map of the
projection ¢ : TQ & T*Q — T*Q. Given the induced Dirac structure Da, on TQ,
we can define a Dirac structure Drger<g on TQ @ T*Q by using the backward
Dirac map, namely, BT¢ : Dir(TT*Q) — Dir(T(TQ ® T*Q)) as

Drger-q = BTp(Dag),

which is given, for each point (q,v,p) € TQ & T*Q, by
DTQGDT*Q(Qa U7p) = { ((qa i}ap), T*()O(OQ ’LL)) |
(Qa Uap) € T(q,v,p) (TQ D T*Q)a (a’ U) € T;(q7lu,p)T*Q7 (5)
(Tp(q,0,p), (o, u)) € Dag (p(q,v,p)) }-

In the above, we note that the Dirac structure Da, on 7@ can be regarded as a
linear Dirac structure on the vector space T, TQ at each p, € T*Q.

Recall that an implicit Lagrangian system is given by a triple (L, Da,,, X ), which
satisfies the condition, for each (q,v,p) € TQ & T*Q,
(X(qa Uap), dE(Q7 v7p)|TP) S DAQ (§0<Qa Uap))7
where E(q,v,p) = (p,v) — L(q,v) is the generalized energy on TQ @ T*Q. Notice
that the partial vector field X : TQ & T*Q — TT*(Q has the property
X(g,v,p) =Te(¢,0,p) = (¢,p, ¢, p) € TT*Q,
while
8L * * *
dE(q7U7p)|TP: _87q dQ+UdP€TPCTTQa
where p = OL/0v holds on P = FL(Ag). Hence, in view of equation (5), it follows
that, for each point (¢, v,p) € T(q,4,,)(TQ @ T*Q) and with p = JL/0v,
((Q7 1.}7?)’ T*QO dE(Q) pr)‘TP) € DTQ@T*Q(Q7 U7p)
and thus
((Q7 1.}7?)’ dE(qa Uap)) S DTQ@T*Q(qa Uap)'
Remark 3. In the above formulation, the Dirac structure Drger-g C T(TQ &
T*Q)®T*(TQ ®T*Q) on the Pontryagin bundle TQ & T*Q can be also defined by
using a presymplectic form Qrggr-g on T'Q ® T7(Q that is defined by pulling back

the canonical symplectic two-form from T%Q to TQ®T*Q as Qrger-@ = ¢* Qr+q-
In this context, it is worth noting that our approach to implicit Lagrangian systems
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is closely related with the approach developed in [78] for the study of degenerate La-
grangian systems. It is also noteworthy that [30] developed the geometric approach
to vakonomic and nonholonomic mechanics in the general context of [78]. It will be
shown that the Dirac structure on the Pontryagin bundle and implicit Lagrangian
systems can be regarded in the general context of Dirac anchored vector bundles
and the associated Dirac dynamical systems in [26].

The Hamilton-Pontryagin principle. We next show how the implicit Euler—
Lagrange equations can be also obtained from the Hamilton-Pontryagin principle.
Define the action integral on the space of curves (q(t),v(t),p(t)), t € [to,t1] in
TQ & T*Q by

$(a(t),v(t), p(t)) :/t1{L(Q(t)vv(t))+<p(t),é(t)*U(f)>} dt,

where ¢(t) = dq(t)/dt. The Hamilton-Pontryagin principle is the condition of sta-
tionarity of §: 0§ = 0. It follows that
ty

4 , . 0L oL
08(q,v,p) = / {<5p,q —v) + <—p+ 5 ,5q> + <—p+ 75v>} dt + (p, q)
to q ov
pu— O7

to

which is to be satisfied for all §¢,dv and ép with appropriate boundary conditions.
Keeping the endpoints ¢(tg) and ¢(¢1) of ¢(t) fixed, we obtain the implicit Fuler—
Lagrange equations.

Remark 4. Using the generalized energy FE(q,v,p) = (p,v) — L(q,v), it is clear
that the Hamilton-Pontryagin principle can be also represented by the condition of
stationarity of the action integral

$(q(t), v(t), p(t)) =/tl{<p(t),d(t)> — E(q(t),v(t), p(t))} dt.

3. The bundle pictures of Pontryagin bundles. This section develops the fun-
damental ingredients that will be employed in this paper to study the bundle pic-
tures associated with the reduced Pontryagin bundle (TQ ®7T*Q)/G. Key amongst
these is an isomorphism (to be defined) Uy =040 (T (TQ & T*Q)/G —
T(Q/G)®T*(Q/G)®V, where V = §d®g* is the associated bundle to V = gdbg*. Us-
ing this and building on the ideas in the theory of Lagrangian reduction ([64, 24]) as
well as of the Hamiltonian reduction ([23, 58]), we will develop “Dirac cotangent bun-
dle reduction”, together with reduction of implicit Lagrangian systems. Specifically,
we note that the isomorphism ¥ 4 : TQ/G — T(Q/G) @ g is used in the Lagrangian
reduction by stages, while the isomorphism (¥')* : T*Q/G — T*(Q/G) ® g* is
used in Hamiltonian reduction.

Principal bundle and principal connection. Let G be a Lie group acting freely
and properly on a manifold @ and 7 : @ — @Q/G be the corresponding principal
bundle. Let ® : G x Q — @ be the left action: for g € G and g € Q,

P(g,q9) = Py(q) = Lgqg=g-q = gq.
In this paper, the concatenation notation gg will be most commonly used. Further,

the tangent and cotangent lift of this action will be denoted gv, = T,®, - v4 and

gaqg =Ty, Py-1 - g, where vy € T,Q and oy € T;Q. We will also use the notations
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7(q) = [¢le = [g] for the equivalence class of ¢ € Q. A principal connection A on @
is a Lie algebra valued one form A : T'QQ — g with the properties:

(i) A(€q) =€ for all £ € g; namely, A takes infinitesimal generators of a given
Lie algebra element to that element, and

(ii) A is equivariant; that is, A(T;®, - vq) = Adg(A(vg)), where Ady denotes the
adjoint action of G on g.

In the above, {g = £g(¢) and
d
S t:O(exptﬁ)q-

The restriction of A to the tangent space T,Q is denoted by A, = A(q) : T,Q — ¢
and the horizontal space of the connection defined at ¢ € @ is given by Hor, =
Ker A,, namely,

Hor, = {v, € T,Q | A4(vq) = 0}.
On the other hand, the vertical space at ¢ € Q is
Ver, = Ker Tm.
Then, at any point ¢ € @, the tangent space T, can be decomposed as
T,Q = Hory ® Ver,,.

Hence the vertical and horizontal components of a vector v, € T,() may be given
as
Verg(vg) = Aq(vg)g and  Horg(vg) = vg — Ag(vg)q,

which induces a decomposition T'Q = Hor(T'Q) & Ver(T'Q), where Hor(TQ) =
UgeqHor, and Ver(T'Q) = Ugeq Ver, respectively denote the horizontal and vertical
subbundle of T'Q), which are invariant under the action of G. A vector v, is called
horizontal if its vertical component is zero, namely, A(v,) = 0, while it is called
vertical if its horizontal component is zero, i.e., T,m(vq) = 0.

Horizontal lifts. The projection map Tw : TQ — T(Q/G) defines, at each point
¢ € @, an isomorphism from the horizontal space Hor, to the tangent space to the
base Ty ()(Q/G) as

Tym|Horg : Horg — Tr()(Q/G)
and its inverse is called the horizontal lift. Hence, the horizontal lift of a tangent
vector v, € T(Q/G) at ¢ = 7~ 1(z) € Q is given by

vf; = (T,m|Hory) " *(vs).

Given any vector field X on /G, there is a unique vector field X" on @ that is
horizontal and that is m-related to X such that at each point ¢,

Tym - X"(q) = X (n(q)),
where the vertical part is zero as
A(X g)q =0.
The above relation of being m-related induces bracket-preserving as
Hor[ X", V"] = [X,Y]",
where X and Y are vector fields on Q/G.
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For any curve z(t) in Q/G, where t € [tg, 1], the family of horizontal lifts is
denoted z". The definition is given as follows. For any point gy € 7~ *(z), where
xo = x(70), for some 7y € [to, t1], the horizontal lift of (), which at ¢ = 79 coincides
with qg, is uniquely determined by requiring its tangent to be a horizontal vector.
We shall denote this curve by z” | and is defined on [to, 1].

Let q(t), t € [to,t1] be a curve in @, and choose 79 € [to,t1]. Then, there is
a unique horizontal curve gp(t) such that gn(79) = ¢(70) and 7w (gn(t)) = 7(q(t))
for all ¢ € [to,t1]. Therefore, we can define a curve g4(t), t € [to,t1] in G by the
decomposition

q(t) = gq(t)an(t) (6)
for all ¢t € [tg,t1]. Note that g,(79) is the identity and also that if z(t) = 7(g(t))
and ¢qo = q(79) then ¢, (t) = xgo (t).
The time derivative of equation (6) with respect to ¢ induces

q(t) = 9q(t)an(t) + gq(t)dn(t).
In the above, for v, € TG and ¢ € @, ugq means the derivative of the orbit map
g — gq in the direction of u4 to give an element of Ty,Q).

It follows from definition of a horizontal vector that A(g,(t)dn(t)) = 0. Recall
that A({q) = & for £ € g and ¢ € @, and we obtain, for £ = gqg;1 and ¢(t) =
g(I(t)Qh(t)a

A(Gq(t)an(t)) = Agq(t)gy " (£)gq(t)an(t)) = gqg,

Thus, one can check that for any curve ¢(t),t € [to, 1] in Q,
Ag, 4) = gq94 -

Curvature and Cartan structure equations. The covariant exterior derivative
D of a Lie algebra-valued one-form « is defined by applying the usual exterior
derivative d to the horizontal parts of vectors Da(X,Y") = da(Hor X, Hor Y) for two
vector fields X,Y on Q. The curvature B of a connection A is its covariant exterior
derivative—the Lie algebra valued two-form given by B(X,Y) = dA(Hor X,HorY').
Using the identity (da)(X,Y) = X[a(Y)] —Y[a(X)] — a([X,Y]), where the bracket
denotes the Jacobi-Lie bracket of vector fields, it follows that

B(X,Y) = —A([Hor X,HorY]),
since A(Hor X) = 0 and A(HorY) = 0. Cartan’s structure equations state that, for
vector fields X, Y (not necessarily horizontal),
B(X,Y)=dA(X,Y) — [A(X), A(Y)],
where the bracket on the right hand side is the Lie bracket in g.
Associated bundles. Let ® : G x M — M be a left action of the Lie group G

on a vector space M. The associated vector bundle with standard fiber M is by
definition,

QxagM=(QxM)/G,

where the action of G on @ x M is given by g(¢q, m) = (gq, gm). The class of (¢, m) is
denoted [g, m]¢ or simply [¢, m]. The projection mps : Q XM — Q/G is defined by
mm([g, m]g) = 7(q) and it is easy to check that it is well defined and is a surjective
submersion.
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Parallel transport in associated bundles. Let [qo, molac € Q xXg M and let
xo = m(q0) € Q/G. Let z(t),t € [to,t1] be a curve in Q/G and let 79 € [to,t1] be
such that x(7r9) = xo. The parallel transport of [qo, mo]c along the curve x(t) is
defined to be the curve

[a,m](t) = [ag, (), mo]c-
For t,t+ s € [to, t1], we adopt the notation 77, : 73, (z(t)) — 73, (2(t + s)) for the
parallel transport map along the curve x(s) of any point

[a(t), m(t)]e € Ty ((1))

to the corresponding point

Ttsla(t),mt)]a € myp (@ (t + s)).
Thus,
esla®),mt)]a = [l (t+ 5),m(b)]e-

We shall sometimes employ the notation ®'(¢) for the second component of the
infinitesimal generator of an element & € g, namely, ém = (m, ®'(£)m), where we
utilize the identification TM = M x M for a vector space M. Then, the infinitesimal
generator may be thought of as a map ® : g — End(M) (the linear vector fields
on M are identified with the space of linear maps of M to itself). Thus, we have a
linear representation of g on M.

Let [q(t),m(t)]c, t € [to,t1] be a curve in Q xXg M given by

a(t) = ma(lg(t), m(t)]e) = m(q(t)),

and let, as above, 7/ +s» Where t,t + s € [to, t1], denote the parallel transport along
x(t) from ¢ to t + s.

The covariant derivative in associated bundles. The covariant derivative of
[q(t), m(t)]c along x(t) is defined by

Dlg®).m®la _ . 7 (alt + ). m(t + )l6) — la®mb)le _
Dt s—0 S M

((t))-

Note that if [¢(¢), m(t)]¢ is a vertical curve, then its base point is constant; that is,
for each ¢ € [to, t1],

z(t+s) =mm([g(t+ s),m(t + 9)lg) = z(t),
so that xg(t)(t + s) = q(¢t) for all s. Therefore,
T (a(t + 8),m(t + s)le) = [zgqess (8), m(t + 5)la = [a(t), m(t + s)]c

and then we obtain the well-known fact that the covariant derivative of a vertical
curve in the associated bundle is just the fiber derivative. Namely,

Dlg(t), m(t)lc

R~ [af).m' (D)

where m/(t) is the time derivative of m.
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Affine connections on vector bundles. Recall from [47] and [2] that an affine
connection V on a vector bundle 7: V' — @ is amap V : X2 (Q) x I'(V) — I'(V),
say (X,v) — Vxu, having the following properties:
1. Vixigvv = fVxv+gVyu,
2. Vx(v+w) =Vxv+ Vxw, and
3. Vx(fv) = fVxv+ X[flv forall X € X*°(Q) (the space of smooth vector
fields on Q), f,g € C*°(Q) (the space of smooth real valued functions on @),
and v, w € I'(V) (the space of smooth sections of the vector bundle 7 : V —
Q),
where X[f] = df - X denotes the derivative of f in the direction of the vector field
X. Now, the parallel transport of a vector v, € 7-1(qo) along a curve q(t), t € [to, 1]
in @ such that ¢(709) = qo for a fixed 7y € [to, ¢1] is the unique vector v(t) such that
v(t) € 771(q(t)) for all ¢, v(7g) = v, which satisfies Vyv(t) = 0 for all t. The
operation of parallel transport is a map given by, for ¢, s € [tg, t1],

Tiye o7 () — 77 gt + 9))

associated to each curve ¢(t) € Q. Then, we can define the covariant derivative of
curves v(t) € V by
Du(t) d
= Tt +s
Dt ds™ ' ( ) s—0
Then, the covariant derivative of curves in a vector bundle 7: V — @ is related to
the affine connection V as

Do(t)
Dt |,_, ’

where, for each o € @, each X € X°°(Q), and each v € I'(V'), we have, by definition,
that ¢(t) is any curve in Q such that ¢(79) = X (qo) and v(t) = v(q(t)) for all ¢. This
property establishes, in particular, the uniqueness of the connection associated to
the covariant derivative D/Dt.

Vxv(q) =

Affine connections on associated bundles. We have the following formula that
gives the relation between the covariant derivative of the affine connection and the
principal connection:
Diq(t), m(t)]c . .
S — (g(0), ~9 (A(a(0), (1)) m(2) + (0)]
The previous definition of the covariant derivative of a curve in the associated vector
bundle @ x¢ M thus leads to an affine connection on @ X M, which we shall call
VA4 or simply V. Let ¢ : Q/G — Q xg M be a section of the associated bundle and
let X (z) € T,(Q/G) be a given vector tangent to /G at x. Let x(t) be a curve in
Q/G such that &(m9) = X (z); thus, p(z(t)) is a curve in Q Xg M. The covariant
derivative of the section ¢ with respect to X at x is, by definition,
S Do(x(t))
V§ p =
() Dt s
The notion of a horizontal curve [q(t), m(t)]¢ on @Q X g M is defined by the condition
that its covariant derivative vanishes. A vector tangent to Q xXg M is called hori-
zontal if it is tangent to a horizontal curve. Correspondingly, the horizontal space
at a point [¢,m]g € @ xg M is the space of all horizontal vectors at [q, m]q.
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The adjoint bundle. One of the most interesting cases in this paper is the one
which is given as M = g and &, = Ad,.

The associated bundle with standard fiber g, where the action of G on g is the
adjoint action, is called the adjoint bundle g, which is defined by g := (Q x g)/G.
Let 75 : g — Q/G be the projection given by 75([¢,¢la) = [q]-

Let [q(s),n(s)]¢ be any curve in §. Then, noting that ® = Ad : G x g — g, one
can easily check

W = [q(s), —[&(5), n(s)] +7(s)] 2 (™

where £(s) = A(q(s),q(s)) and we utilized the fact ®'(£) = ade. For the derivation
of equation (7), see Lemma 2.3.2 and Lemma 2.3.4 in [24].

The adjoint bundle is a Lie algebra bundle, namely, each fiber g, of g carries a
natural Lie algebra structure defined by

[[(LS]Ga [‘Ln]G] - [qa [577’]]G7

since

l9g, Ady€c, (99, Adgnlc] = [9q, [Ady&, Adgnlle = [9q, Ady[€, 1]
=g, &, nlle = [lg, E]as la; nla]-

The bundle isomorphism between TQ/G and T(Q/G)®g. Let & : GxQ — Q
be a free and proper action of G on @, as before, so that there is a principal bundle
m: Q — Q/G. The tangent lift of this action of G on @ defines an action of G
on TQ and so we can form the quotient (T'Q)/G =: TQ/G. Let 7q : TQ — Q be
the tangent bundle projection and there is a well defined map 7¢/G : TQ/G —
Q@/G induced by the tangent of the projection map 7 : Q@ — @Q/G and given by
[vg)le — [¢]la. The vector bundle structure of T'Q) is inherited by this bundle. One
can express reduced variational principles in a natural way in terms of this bundle
without any reference to a connection on ). However, it is also interesting to
introduce an arbitrary chosen connection on @) relative to which one can concretely
realize the space TQ/G, which is one of the main tools in this paper.
Let A be a principal connection on @, which defines a bundle isomorphism:

Va:TQ/G—T(Q/G) @0

defined by
Va(lvgla) := (Tm(vg), [9, Alvg)lc) , (8)

where v, € T,Q and [v,]¢ indicates the equivalent class of the quotient TQ/G. We
can easily check that the bundle isomorphism is well defined, since Tyqm(gv,) =
T,7(v,) and

l99, A(9q, 9vg)la = [9q, AdgA(q,vq)] = [q, Alq,vg)]a-
Then, one has

U a(l99, 9v4la) = Y a(lg, vg))a-

In the above, we employ the concatenation notation gv, for the tangent lift action
of the group element g € G on T'Q. The inverse map \P;l T(Q/G)Yeg—TQ/G
is given by

U gy, [0, mle) = [(uig) +ndla,
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where [g] = 7(¢q) € Q/G and (ujg))} is the horizontal lift of uf, at the point ¢ € Q.
The map ¥ ' : T(Q/G)©§ — TQ/G is well defined, noting that (ugg)h, = glugg)h
and that (Adyn)gg = gng, as

W (ugg l9g, Adgnla) = W5 (ugg, (g, 1)e).
Thus, we have the isomorphism TQ/G =2 T(Q/G) & g.

Remark 5. The quotient bundle TQ/G — @Q/G is known as the Atiyah quotient
bundle (see, [54]). In [24], it was shown that the Lagrange-Poincaré equations can
be formulated in the context of the bundle T(Q/G)® g, which falls into the category
of the Lagrange-Poincaré bundles.

Associated one-forms. The principal connection A is a Lie algebra valued one-
form, which is denoted by the linear map A(q) : T,Q — g for each ¢ € Q. Then, we
can define its dual map A(q)* : g* — T;@Q, and evaluating A(q)* at p € g* induces
an ordinary one-form

au(q) = Al)* (n)- (9)

Now, G acts on T*(Q by the cotangent lift of the action ® : G x @ — @ and
this lifted action is symplectic with respect to the canonical symplectic form on
T*Q. Recall that the equivariant momentum map J : T*Q — g* is defined by

(J(u(q)), &) = (au(q),€q(q)) , where a,(q) € T;Q and £ € g. Since J is equivari-
ant, it follows that J(ga,) = Ady-1J(ay).

Then, one can check that for any connection A and p € g*, the associated one-
form «, defined by equation (9) has the following two properties:

1. «, takes values in J~1(u),
2. ay, is G-equivariant, namely, ®7a;, = QAdE -

Remark 6. It is easy to check those properties as follows (see [58]): As to the first
property, one has

(J(an(@), &) = (au(@). €o(a) = (Ala)" (1), §q(a))
= (1, A(9)(§q(9))) = (1, §) ,

which satisfies for arbitrary &, and hence J(c,(¢)) = p. Thus, o, takes values in
J71(n). As to the second, letting v € T,Q and g € G, by employing the definition
of o, and the definition of the adjoint, it follows that

(@Zau)(v) = au(99)(T4Py(v)) = (A(9q)" (1), Ty Py (v))
= (1, A(99)(T; @4 (v))) -

Make use of equivariance of A, namely, A(gq)(T;®,4(v)) = Adg(A(g)(v)) and covert
the preceding expression back to one involving «, to get

(@y0)(v) = (1, Adg(A(q)(v))) = (Ady(n), Alg)(v))
= <A(Q)*Ad;(u)7v> = aAd;u(Q)(U)~

Thus, we obtain the equivariance property of o,.
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The bundle isomorphism between 7*Q/G and T*(Q/G) @ g*. Let us con-
sider the inverse of the fiberwise dual of ¥4 given in equation (8), i.e., a bundle
isomorphism

(U3 :T°Q/G — T*(Q/G) @ g

We can compute this bundle isomorphism as follows (see also [58]):

(T ([egla), (ugg), [9,€)a)) = (laglas [(ug)h + Eo(@))e)
= <O‘qv (u[q]) > <O‘q,§Q(Q)>

= (0 ugg ) + (3a).€)
The bundle isomorphism (¥ ,')* : T*Q/G — T*(Q/G) @ g" is given by

(031 (agle) = (@)} [ 3(@)lc) (10)

In the above, [ag]¢ is the equivalence class of the quotient T%Q /G, the map (~)Z*
T;Q — T7;(Q/G) is the dual of the horizontal lift map ()h: Tiy(Q/G) — T,Q,
and J : T*Q — g* is the momentum map of the lifted action,

<J(O‘q)7£> = <aqng(q)> 5
for £ € g. The space T*(Q/G) @ g* is called the Weinstein space (see, [76]).
The reduced Pontryagin bundle (T'Q ® T*Q)/G. As was shown, both TQ/G
and T*Q/G are bundles over )/G, and the Pontryagin bundle TQ&T*Q = TQ X ¢

T*@Q is the Whitney bundle over (). The quotient space of the Pontryagin bundle
TQ ®T*Q by G is a bundle over Q/G as

TQaT'Q)/G=(TQ*xoT Q)/G=(TQ)/G xq/c (T°Q)/G

Using the isomorphisms ¥4 : (TQ)/G — T(Q/G) @ g and (¥,')* : (T*Q)/G —
T*(Q/G)®g* that are respectively given in equations (8) and (10), we can construct
a bundle isomorphism in a natural way:

Ua=T,0 0" (IQaTQ)/G—T(Q/G) T (Q/G) &V
which is given by, for each (vq, aq) € TQ & T*Q,

V4 ([vglos [age) = (Pallvge), (P3")" ([agla))
= (T (o), (0g)h [ Alva)les 4, (gl ) -
In the above,
V=gog =(@QxV)/G
is the associated bundle to V = g ® g*, and we identify (17*)* = §* @ § with V and
(g*)* with g.

4. Reduction of the Hamilton-Pontryagin principle. This section develops
reduction of the Hamilton-Pontryagin principle for the case of a principal bundle
m:Q — Q/G (so the Lie group G acts freely and properly on the configuration
manifold Q). We begin with the geometry of variations of curves in the Pon-
tryagin bundle TQ & T*(Q. Following this, it will be shown that arbitrary varia-
tions of curves in @ can be decomposed into vertical and horizontal components,
which eventually yield two reduced equations of motion, namely, horizontal implicit
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Lagrange-Poincaré equations corresponding to horizontal variations and vertical im-
plicit Lagrange-Poincaré equations corresponding to vertical variations.

Curves in the Pontryagin bundle. Curves in the Pontryagin bundle TQ & T*Q
will be written as (q(t),v(t),p(t)), t € [to,t1]. Note that, in general, v(t) € Ty @ is
not necessarily equal to the tangent vector ¢(t) to ¢(t), where ¢(t) denotes the time
derivative of ¢(t), namely, ¢(t) = dq(t)/dt. Here, let us first consider the case in
which one has the restriction v(¢) = ¢; namely, the curves (q(t), ¢(¢t), p(t)), t € [to, t1]
inTQ ®T*Q.

The action of an element h € G on a curve (q(t), ¢(t),p(t)) € TQ & T*Q is given
by

h-(a(t),4(), p(t)) = (hq(t), Tyty Lnd(t), Tygqry Ln-1p(1),

where Ty Ly, : Ty)Q — Then)@ is the tangent of the left translation map Ly, :
Q — Q; q(t) — hq(t) at the point ¢(t) and T;:q(t)Lh—l : Tq*(t)Q — T,fq(t)Q is the
dual of the map Thq(t)Lh—l : Thq(t)Q — Tq(t)Q'

Let A: TQ — g be a principal connection on 7 : Q — Q/G, which induces the
isomorphism

U=, 0 W) (TQaTQ)/G — T(Q/G) & T*(Q/G) @V,
which is given, for each (q,¢,p) € TQ & T*Q, by

Wa(la(t), d(t), p(t)]) = (w(t), (1), y(t), (1), (1)) .

where z = [q] € Q/G, & = Tyn(q) € T.(Q/G), y = (p)y € T;(Q/G). €= [4.€)c =
l9, A(g, Pl € g and i = [q, ple = [g:I(¢;p)]c € 6"

Let (20, &0, &) be a given element of T(Q/G)®g. For any curve x(s) on Q/G, let
(x(s),u(s)) be the horizontal lift of x(s) with respect to the connection V such that
(2(0),u(0)) = (z0,Z0). Notice that (z(s),u(s)) is not the tangent vector (z(s), z(s))
to x(s) in general. Let (x(s),&(s)) be the horizontal lift of x(s) with respect to the
connection V4 on § such that (z(0),£(0)) = (x0,&). Thus, (z(s),u(s),&(s)) is a
horizontal curve with respect to the connection C' =V & vA naturally defined on
T(Q/G) @ § in terms of the connection V on T(Q/G) and the connection V4 on §.

Spaces of curves and deformations of curves. Let us denote the space of all
smooth curves from a fixed interval [to, t1] to @ by Q(Q). For given ¢; € Q, i = 0,1,
we denote by Q(Q; qo, q1) the space of curves ¢(t) on @ such that ¢(t;) = ¢;. We
denote by Q(Q; g, z1) the space of all curves in Q(Q) such that w(¢(t;)) = x; for
% € Q.

Recall that a deformation of a curve ¢(t), t € [to,t1] on a manifold @ is a smooth
function ¢(t, €) such that ¢(¢,0) = ¢(¢) for all ¢ and that the corresponding variation
is defined by

9q(t,¢€)

dq(t) = —52 .

and curves in Q(Q; qo, q1) satisfy the fixed endpoint conditions, i.e., dq(¢;) = 0 for
t=0,1.

Let 7 : V. — @ be a vector bundle and let v(¢,€) be a deformation in V of a
curve v(t) in V. If 7(v(t,€)) = ¢(t) does not depend on €, we call v(t,e) a V-fiber
deformation of v(t), or simply, a fiber deformation of v(t). For each t, the variation

_ Ovu(t,e)
e

du(t)

e=0
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may be naturally identified with an element, also called dv(t), of 7=1(g(t)). In this
case, the curve dv in V is, by definition, a V-fiber variation of the curve v, or,
simply, a fiber variation of the curve v.

Horizontal and vertical variations. Given a curve ¢ € Q(Q;qo,q1), a vertical
variation of dq of g satisfies the condition dq(t) = Ver(dq(t)) for all t. Similarly, a
horizontal variation satisfies dq(t) = Hor(dq(t)) for all ¢t. It is apparent that any
variation d¢q can be uniquely decomposed into the vertical and horizontal compo-
nents as

0q(t) = Hor(dq(t)) 4+ Ver(dq(t))
for all ¢, where Ver(dq(t)) = A(q(¢), dq(t))q(t) and Hor(dq(t)) = dq(t) — Ver(dq(t)).

The structure of vertical variations. Let £ = A(q,¢q) = gqggl € g. Variations
dq of ¢(t) induce corresponding variations

SE(t) = 3A(q(t,;)€,d(t,6)) -

€g.

As was shown in equation (6), one has the decomposition g = g,qn, where g, (t)
is the horizontal curve g, (t) such that gy (to) = q(to) and 7(gn(t)) = 7(q(t)) for all ¢
and gq(t) € G. A vertical deformation q(t, €) can be written as q(t, €) = g4(¢, €)gn(%).
The corresponding variation dq(t) = dgq(t)gn(t) is also vertical. Define the curve

((t) = 8gq(t)gg(t) ' € g

with the fixed endpoints ((¢;) = 0, i = 0,1. Then, we can construct the following
relation:

6q(t) = 694 (t)an(t) = C(t)gq(t)qn(t) = C(t)q(t).
It follows from Lemma 3.1.1 in [24] that for any vertical variation d¢ = (g of a curve
q € Q(Q; qo,q1), the corresponding variation d§ of £ = A(q, ¢) is given by
0 =¢+¢c.¢
with ¢(¢;) =0,i =0, 1.
Remark 7. Note that 0§ = é—i— [¢, €] in the above is not computing the same object
as 6§ = ¢ + [, (] in the variational formulation of the Euler-Poincaré equations.

The structure of horizontal variations. Let £ = A(q,q) = gng—l € g and
let us calculate variations 0¢ corresponding to a horizontal variation dq of a curve
q € QQ;q0,q1)- Let g(t,€) be a horizontal deformation of ¢(t), that is, € — ¢(¢,¢€)
is a horizontal curve for each t. In a local trivialization of the bundle, we write the
connection A as

§=Alg, q) = (Ala), d) -
Then, we can compute using the chain rule:
0%q
A
- + < (a), 868t>

og) _ .04 04
E_O_<DA(Q) 8€7at>

06 ==
On the other hand, since € — ¢(t, €) is horizontal,

Oe
<A(Q)7 ZZ> =0,

and so, by differentiating with respect to ¢,

dq 0O 0?
(pa- S|+ (a0 ot)
e=0

e=0

e=0
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Then, we obtain, by subtraction,

0q O
55—dA<q>(aZ,a‘j)‘ |
e=0

Since dq/0\ is horizontal, Cartan’s structure equation implies

se=n@ (55| . (11)

E’ a e=0
or, in other words, 6 = B(q)(dq, ¢).

The covariant variation on the adjoint bundle. It follows that any curve in
q € Q(Q; qo, q1) induces a curve in g in a natural way, namely,

9, €] (t) = [a(t), (D]

Observe that, for each , [q,£]c(t) € g,(4) (the fiber over x(t)), where x(t) = 7(q(t))
for all ¢. Let us see variations d[g, {]¢ corresponding to vertical and also to horizontal
variations dq of q.

While vertical variations dq give rise to vertical variations g, {]¢, horizontal
variations dq need not give rise to horizontal variations 6[q,&]c. The deviation of
any variation d[g, £]¢ from being horizontal is measured by the covariant variation
54[q, €] (t), which is defined for any given deformation (¢, ¢) of ¢(t), by

5g. gl () = 21D El o

e=0

Vertical variations and the adjoint bundle. Let us see the case of vertical
variations. The covariant variation 64[q, £]g(t) corresponding to a vertical variation
0q = (q is given by

Dlg(t), C(®)]

4. €a(t) = =5 + (0.6 o (12)

where

[Qa [5; G]G = [[‘Lg]Ga [qa GG]
In the above, for the special case ) = (G, we can regard it as a principal bundle over
a point and the identification of g with T(Q/G) @ g is given by & +— [e,&]g. This
equivalence defines 66 = 64[e, €], which induces 66 = ¢ + [€,¢] that is the same
type of variations as the constrained variations for the Euler-Poincaré equations.

The reduced curvature form. The curvature 2-form B = B4 of A induces a
g-valued 2-form B = B4 on Q/G called the reduced curvature form given by

(i, B(x)(0x, %)) = ([q, ula, [g, B(q) (6, ¢)]a)

= (99, Ad}-1 pla, [99, Adg B(q)(9; 4)]a),
where for each (z, %) and (z,dz) in T,,(Q/G), (q,¢) and (g,dq) are any elements of
T,Q such that = = n(q), (z,&) = T'n(q, ¢) and (z,dz) = T'n(g,dq). This is easily
shown by checking that the right hand side does not depend on the choice of (g, dq)
and (g, q) using the equivariance properties of the curvature as

l99, B(949)(964, 99)lc = [9q, AdgB(q)(dq, 4)]c = g B(q)(dq, d)]c-

(13)
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Horizontal variations and the adjoint bundle. It follows from equation (7)
that covariant variations 04[q, ]¢(t) corresponding to horizontal variations §q

040a, €l (t) = la, ~[A(q,69), €] + 6¢]c-

Since dq is horizontal, one has A(g,0q) = 0. Thus, by using equations (11) and
(13), one can obtain covariant variations 5A[q,§]g(t) corresponding to horizontal
variations dq that are given by

5%1g,]a(t) = [0, B(a) (59, d)]c = B(x)(5x,2)(1). (14)
The covariant variations. Recall that arbitrary variations dq of a curve ¢ are
decomposed as
dq = Hor(dq) + Ver(dq),
where Ver(dq) = A(q,0q)q and Hor(dq) = dq — Ver(dq). It follows from equations

(12) and (14) that covariant variations 64[g, £]c(t) associated with arbitrary varia-
tions dq are given by

Dla(®),<Wla

0%[¢. €la(t) = o + g, ¢, {le + [a, B(9)(9g, §)] -
Noting that & = [¢,¢]g and ¢ = [q,(]g, the covariant variations may be restated as
az_ D¢ ,
5= D¢ 4 (6.0 + Blay(ow.a).

Variations of reduced curves in T(Q/G) ® T*(Q/G) @ V. Let us consider vari-
ations of the reduced curves

in (TQ © T*Q)/G = T(Q/G) & T*(Q/G) & V. Now, the variations of curves
[9(t), 4)]a = (x(t),£(t),£(t)) in T(Q/G) & g are given as

3la(t), ()] = dx(t) ® 64E(1),
where dz(t) € T,;)(Q/G), and §4¢(t) € T (1)@ denotes the covariant variations on
the adjoint bundle.

Further, arbitrary variations of the curves [¢(t),p(t)]le = (x(¢),y(t),a(t)) in
T*(Q/G) @ g* induce arbitrary fiber variations (6 (t), 6y(t)) € Tin),ye)T*(Q/G)
and 0 € T g%, and it follows

8lq(t), p(t)]a = (6x(t), 0y(t), 6(t)).

Thus, variations of the curves in the reduced Pontryagin space are given by
8la(t),q(t), p(D)]e = (5 (t), 0y (t), 64E(t), 6a(t))-

Geometry of reduced variations. In general, the second slot of a curve

(Q(t)av(t)ap(t))a te [thtl]
in TQ ® T*Q, namely, v(t) is not equal to ¢(¢). Then, the curve in the reduced
Pontryagin space (TQ & T*Q)/G = T(Q/G) & T*(Q/G) & V is given by
[q(2), v(t), p(t)] e = (2(t), u(t), y(t), n(t), (1)),
g,

G
where (z,u,7) = [q,v]¢ € T(Q/G) ® =T,m(vg) € T,(Q/G) and 77 = [¢,n]¢ =
p]

[9,A(q,v)]c € §, and where [g,p]c (wyu)GT* Q/G) ®§*, y = (p) €
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TX(Q/G) and o = [q,1le = [¢,J(¢,p)lc € 9*. Hence, it follows that a general
variation of the reduced curve [q(t),v(t), p(t)]c is given by

Slg(®),v(t), p()]e = (52(t), dut), 5y (t), 671(t), 6fa(t)),

where dz(t) = T;m(dq(t)) € T(Q/G), du = Trq ) T7(0v) € T,,T(Q/G), dy €

T,,T*(Q/G) and opi € T;g* are arbitrary variations, and the variation 7(t) is

given by

on(t, s)
0s

In the above, we choose a family of curves 7(¢, s) in g such that 7(¢,0) = 7(¢) and
it follows that d7(t) is, for each ¢, an element of T'g.

on(t) =

s=0

Remark 8. For the case in which a curve in TQ ©T*Q is given by (q(t), 4(t),p(t)),
t € [to, t1], we consider the special kind of deformations £(¢, s) of the curve

£(t) = [q(t), Aa(t), q(t))]c

in which the projection 75((t,s)) = x(t, s) does not depend on s, that is, deforma-
tions that take place only in the fiber of g over z(t) = 75(£(t)), where 7z : g — Q/G.
Thus, for each fixed ¢, the curve s — £(t,s) is a curve in the fiber over z(t). Then,
since § is a vector bundle, the variation §¢(¢) induced by such a deformation £(t, s),
is naturally identified with a curve, also called 6£(t), in @, a g-fiber variation. For
a curve (z(t),£(t)) in Q/G @ g, and a given arbitrary deformation (z(t,€),&(¢,€)),
with z(t,0) @ £(¢,0) = z(t) ® &£(t), of it, the corresponding covariant variation
Sx(t) @ §4£(t) is, by definition,

0x(t, s)
0Os

where §4£(t) is a g-fiber deformation of £(t).

The most important example of a covariant variation dxz(t) @ 64£(t) is the one
to be described next. Let ¢(t,s) be a deformation of a curve ¢(t) = ¢(¢,0) in
Q. This induces a deformation x(t,s) @ £(t,s) of the curve z(t) @ £(t) by taking
z(t,s) = [q(t, s)]c and £(t,s) = [q(t, 5), A(q(t, 5), 4(t, 5))]q, where (¢, s) represents
the derivative with respect to . It follows that the covariant variation corresponding
to this deformation of x(t) @ £(t) is given by dx(t) @ §4E(t), where

3¢ = 20 1160y, co) + Blowte) 400,

where ¢ = [¢,(le = [¢, A(g,69)]c € 8.

Df_(t, s)
Ds

ox(t) ® 61E(t) =

)
s=0

s=0

Reduction of the Hamilton-Pontryagin principle. From the action of G on @,
we get an action of G on curves (g(t),v(t),p(t)) € TQ & T*Q in the action integral
§(q,v,p) in the Hamilton-Pontryagin principle by simultaneously left translating on
each factor by the tangent and cotangent lift. Let L : TQ) — R be a left invariant
Lagrangian (possibly, degenerate). Recall that the Hamilton-Pontryagin principle
requires stationarity of the action integral on the space of curves (q(t),v(t), p(t)),
t € [to,t1] in TQ & T*Q given by

3(a,v,p) = / C{L(a(t), v(0)) + (p(t), () — v(t)} di;
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that is, 0F = 0 with the endpoints of ¢(¢) fixed. This principle gives the implicit
Euler-Lagrange equations on 7Q & T*Q:

oL . . OL

p= %a q=", p= aiq
By the G-invariance of L : TQ — R, that is,
L(TyLg(vg)) = L(vg),

where g € G, ¢ € @ and v, € T,Q, we can define the reduced Lagrangian [ :
T(Q/G)®g— R by

I(lg,v]e) = L(g,v).
Recall that the curves in the reduced Pontryagin bundle (TQ ® T*Q)/G are iso-
morphic to the curves in T(Q/G) & T*(Q/G) ® V, namely,

[q(2), v(t), p(t)]c = (2(t), u(t), y(t), n(t), A(t)).
Then, the action integral in the Hamilton-Pontryagin principle may be reduced
as

= [ {Ua(),u(t),7(t) + (y(t), () —u(t) + (At),€(t) — q(t)) } dt.

to

Remark 9. The action integral in the Hamilton-Pontryagin principle can be re-
stated by using the generalized energy F(q,v,p) = (p,v) — L(¢,v) on TQ & T*Q
as

Sa(t),v(t),p(t) = 1 {(p(8),4(8)) — E(q(t), v(t), p(t))} dt.

to
Since F is G-invariant, the reduction of the action integral in the Hamilton-Pontryagin
principle is also represented by

[S]G(x(t)’u(t)?y(t)’ﬁ(t)’ﬂ(t))
:/t1 {{y(®),2(t)) + (a(t),£(1)) — E(x(t),ult), y(t),7(t), A(t)) } dt,

where £ : T(Q/G) @ T*(Q/G) @ V — R is the reduced generalized energy given by
E(x,u,y,1, 1) = (y, u> + (s 1) — Uz, u, ).

Proposition 1. The wvariation of the action integral in the reduced Hamilton-
Pontryagin principle is given by

5[3]6‘(33(75)’ u(t)’ y(t)v ﬁ(t)v la(t))
— 5 [ {Uat), u), 7)) + (y(t), #(8) — u(t)) + (a(6), () — 7(t))} dt

to

ha ol Dy _ o= ol a
_/to {<8x_Dt_<M’B(x’)>’6x>+<8u_y’5u>+<8ﬁ_ﬂ’6n>

+ 0y, & — u) + (63, — ) + <—g€‘ + adz—ﬁ,<>} dt,

for arbitrary variations du, 8y, 67 and §fi and for variations dx & §4E, where

ap_DC o s
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and with the boundary conditions

Sx(t;) =0 and ((t;) =0 for i =0,1.
Proof. Tt follows that the variation of the action integral in the reduced Hamilton-
Pontryagin principle is given by direct computations as

6[8](;(%‘7 u,y, ﬁ7 :D’)
t1

=0 [ {l,u,n)+ (& —u) + (3,6 —7) } dt

to

t1
B /t {<gjﬁ’5$> " <gf/5“> * <af7’577> + (8y, & — ) + (y, 6 — du)
§=11) +(

7
131 ol _Dy o~ ol a1 o
/to {<8xDt<“’B(x")>’5x>+<auy,5u>+<877ﬂ,677>
_ D— B
+<5y’i_“>+<5/~‘vf—ﬁ>+<—;+a Zu,c>}dt.

O

Remark 10. Since T(Q/G) and g are vector bundles, we can interpret the deriva-
tives 91/0% and 0l/0¢ in a standard way of fiber derivatives as being elements of
the dual bundles T*(Q/G) and g*, for each choice of (x,%,¢) in T(Q/G) @ g. In
other words, for given (g, 9, &) and (xo,4’,¢’), we define

ol

%(Jio,jﬁo,go) cx = % Szol(anj;O + 3x,7€0)
and o p
aig(‘r()ai07go) = s S:Ol(xoyfoago + ).

To define the derivative 9l /0z, one uses the connection V on the manifold Q/G.
The covariant derivative of | with respect to = at (xg,Z0,&) in the direction of
(2(0),#(0)) is defined by

¢l o , d o
T 00, 80) (0. 30) = | 1a(9),6(5), €090,
where we often write
ocl 0l
dr ~ 0z’

whenever there is no danger of confusion.

The covariant derivative on g induces a corresponding covariant derivative on
the dual bundle g*. Namely, let fi(t) be a curve in g*. We can define the covariant
derivative of fi(t) in such a way that for any curve £(¢) in g, such that both f(t)
and £(t) project on the same curve x(t) in Q/G, we have

d, - D(t) - . DE

— t t)) = t t),— ).

2 (m0.60) = (250 &) + (o),
Likewise, we can define the covariant derivative on the vector bundle T*(Q/G).
Then, we obtain a covariant derivative on the vector bundle T*(Q/G) & g*.

In the sense of this definition, the term Dy/Dt (as will be shown in the horizontal
implicit Lagrange-Poincaré equations) means the covariant derivative on T*(Q/G)
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and the term Dfi/Dt (as will be shown in the vertical implicit Lagrange-Poincaré
equations) denotes the covariant derivative on the bundle g*.

Remark 11. Note that variations dz @ 6€ such that

§4¢ = B(6x, %)
with dz(t;) = 0 for i = 0,1 exactly correspond to horizontal variations dq of the
curve g(t) such that §q(¢;) = 0 for t; = 0, 1, while variations §x @ 64¢ such that

D¢ o Plade
60 = 2L 1 (g 6 (o

with ((;) = 0 (or, equivalently ¢(¢;) = 0) for i = 0,1 exactly correspond to vertical
variations 0q of the curve ¢(t) such that dq(t;) =0 for i =0, 1.

54 =

Proposition 2. The stationary condition for the reduced Hamilton-Pontryagin
principle is given by

0[Sl (@(t), u(t), y(t),n(t), a(t))
=0 t 1 {1 (), u(t), 7(8)) + (y(t), 2(t) — u(t)) + (@A), £(t) — (t)) } dt
=0,

for arbitrary variations du, 8y, 67 and §fi and for variations dx & §4€, where

Dg .

§4E = 2+ [€,C) + B(ow, @)

and with the boundary conditions
Sx(t;) =0 and ((t;) =0 for i=0,1.

This induces horizontal implicit Lagrange-Poincaré equations

Dy 0l ~ ol
o =5~ (W BG@)), d=u y=go (15)
and vertical implicit Lagrange-Poincaré equations
D oz ol
o —deht, £=71 A= o7 (16)

Proof. Tt follows from Proposition 1 that the stationarity condition
§[S]G(I7 u? y7 ﬁ? lj')

/ol Dy o/ ~,. ol oa
= [, {5 - B (B )+ (5 o) + (- o)

Dpn
+<6ym’c—u>+<6u,§—n>+< o 1 adin, <>}
=0

is satisfied for arbitrary variations du, 6y, 67 and dfi and for variations éx @ §4€,
where
D _ -~
54 = —C +[£,¢] + B(0w, i)
and with the boundary condltlons

Sx(t;) =0 and ((t;) =0 for i =0,1.
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Thus, we obtain the horizontal and vertical implicit Lagrange-Poincaré equations
as in equations (15) and (16). O

Now we summarize what we have obtained in the following theorem.

Theorem 4.1. The following statements are equivalent:

(i) Hamilton-Pontryagin principle. The curve (q(t),v(t),p(t)) in TQ & T*Q
is a critical point of the action integral
ty
S(q(t), v(®),p(t)) =0 | {L(q(t),v(t)) + (p(t), () — v(t))} dt

to

for all variations dq,dv and op under the endpoint conditions dq(ty) = 0 and
5q(t1) =0.
(i) The Reduced Hamilton-Pontryagin principle. The reduced curve

[q(2), v(), p(D)]c = (x(t), u(t), y(t), n(t), A(t)),

in the reduced Pontryagin bundle (TQ ® T*Q)/G = T(Q/G) ® T*(Q/G) &V
s a critical point of the reduced action integral

O[S (x(t), ult), y(t),1(t), i(t))

=0 [ {ia),u(t), 1) + (y(t), &(t) — u(®)) + (at), () —7(t)) } dt

to
= 0’
for arbitrary variations du, oy, 67 and 0fi and for variations 6z @ 64€, where

D¢ +[£, ¢ + B(0x, i)

Agq
07 = Dt

and with the boundary conditions
Sx(t;) =0 and ((t;) =0 for i =0,1.

(iii) The implicit Euler-Lagrange equations hold:

oL 0L
pi@v’ q="1, piaq'

(iv) The horizontal implicit Lagrange-Poincaré equations, corresponding to
horizontal variations, hold:

Dy ol /_ ~ . . al
=7 - _ B(i.- = =
o = o — (B B@), d=u y=o-

and the vertical implicit Lagrange-Poincaré equations, corresponding

to vertical variations, hold:
Dp
el
Dt
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Hamilton’s phase space principle. For the case in which a given G-invariant
Lagrangian L : TQQ — R is regular, one can define a G-invariant Hamiltonian H
on T*Q by H = E o (FL)~!, where E(v,) = (FL(v,),v,) — L(v,) and FL : TQ —
T*Q;vqy — pg = OL/Ov, is the Legendre transformation. Then the Hamilton-
Pontryagin principle may be replaced by Hamilton’s phase space principle.

Recall that Hamilton’s phase space principle states that the stationary condition
of the action integral on the space of curves (q(t),p(t)), t € [to, t1] in T*Q given by

{0, d(0)) — Hg(t),p(t))} dt

to

with the endpoints ¢(to) and ¢(t1) of ¢(t) fixed, gives Hamilton’s equations on 7*Q
as

The Hamilton-Poincaré variational principle. Let us see how we can develop
a Hamiltonian analogue of Lagrange-Poincaré reduction variationally, namely, a
reduced principle called the Hamilton—Poincaré variational principle. For details,
see [23].

It is clear that the dual of the quotient bundle TQ/G, that is, (T'Q/G)* is canon-
ically identified with the quotient bundle 7*@Q/G. Recall that the vector bundle
isomorphism W4 defines by duality a bundle isomorphism (\1121)* : T*Q/G —
T*(Q/G) @ g*. In Hamilton’s phase space principle, the pointwise function in the
integrand, namely,

F(q7 Qap) = <p1 q> - H(qvp)
is defined on TQ & T*Q. The group G acts on TQ & T*Q by simultaneously
left translating on each factor by the tangent and cotangent lift and it induces
9,4, Pla = (2,4, i), where = = [q], & = [¢,¢]e = [q, A(g, §)]¢ and i = [q, ple =
[¢,J(q,p)]c. Since the function F' is invariant under the action of G, assuming
invariance of H, the function F drops to the quotient, namely, to the function
f:TQ/G®T*Q/G — R, or equivalently, f : T(Q/G)® T*(Q/G) ® V — R, which
is given by
f@,d,y,6 0) = (y,3) + (1, ) = hlz,y, ),

where V = § & g* and h is the reduction of H from T*Q to T*(Q/G) & §*.

When the function F is used in the phase space variational principle, one is
varying curves (q(t),p(t)) and one of course insists that the slot ¢ actually is the
time derivative of ¢(t). This restriction induces in a natural way a restriction on the
variation of the curve [q(t), §(t)]c = (z(t),2(t),£(t)) and the variation of z(t) ® £(t)
is given by dz(t) © §4£(t), where

D((t)

0AE(t) = =5~ + €, ()] + B(3x(t), (1)),

with the conditions dz(t;) = 0 and ((t;) = 0,7 = 0,1, where { = [¢,(]¢ =
[9,A(q,99)]¢ € §. On the other hand, arbitrary variations dp induce arbitrary
fiber variations dy and .

Using the same kind of argument, based on reducing the action and the variations
that we have used to derive the reduced Hamilton-Pontryagin variational princi-
ple and implicit Lagrange—Poincaré equations, we can easily show that Hamilton’s
phase space variational principle can also be reduced. In fact, we can easily obtain
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reduction of Hamilton’s phase space principle by applying the usual integration by
parts argument to the action

t L)+ (1,E) — h(z,y, B) )} dt,

with variations

(62,6%€) © (b 6) = (92, 7t +16.0+ Bloa.2) ) © G,

with restrictions explained above.
In this way, we obtain the horizontal Hamilton—Poincaré equations

&7 oh <‘]§(z)>, dr  Oh

Dt~ ox \I" dat oy
as well as the vertical Hamilton—Poincaré equations
Dp - Oh
ZF _ adfn _7r
Dt adg [, 3 B

5. Dirac cotangent bundle reduction. In this section, we develop a reduction
procedure for the canonical Dirac structure D C TT*Q & T*T*(Q on the cotangent
bundle T*@Q. Choosing a principal connection A : TQ — g, we introduce a G-
principal bundle Q* with the base T*(Q/G) by pulling back the principal bundle
7 : Q — Q/G by the cotangent bundle projection 7g,¢ : T*(Q/G) — Q/G, and
then we introduce an isomorphism A : 7*Q — Qv* x g*. Further, we develop a G-
invariant Dirac structure D on @* x g* using \ as a forward Dirac map. Under the
isomorphism (@* x g*)/G = T*(Q/G) ® g*, it is shown that taking the quotient of
Dc T(é* X g*) @T*(é* x g*) by the action of G leads to a gauged Dirac structure
[D]e = [D]Er @ [D)¥er on the bundle TT*(Q/G) @ (§* x V) over T*(Q/G) & §*,
where [D]8°" is a horizontal Dirac structure on the bundle TT*(Q/G) over T*(Q/G)
and [D]¥e" is a vertical Dirac structure on §* x V over §*.

A trivialized isomorphism A\ : TQ — @ X g. Let us introduce an isomorphism
A:TQ — @ x g. First, let us pull back the G-principal bundle 7 : @ — @Q/G by the
tangent bundle projection 74, : T(Q/G) — Q/G to obtain the G-principal bundle

Q = {(a,uq) | Tq/c(ug) = 7(q) =[], ¢ € Q, uy € Ty(Q/G)}
with the base T(Q/G) whose fiber over uy is diffeomorphic to 7~ *([g]).

Rl

Q > Q

TT(Q/G) ™

T0/6 Y
T(Q/G) > Q/G
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It follows that the free and proper G-action on @ induces a free and proper
G-action on Q for each (q,uy) € Q and for g € G,

g- (qa u[q]) - (QQ7u[q])7

and we have the two projections

Tr/a) - @ = T(Q/G); (4, ulg) — ujg)
and
T:1Q = Qs (¢ ug) — ¢
Now, define the isomorphism A by
ATQ — @ X g vg = (g upg = Tm(vg),n = A(vg)).
We think of A : T'Q) — Q X g as a right trivialization. The action of G on the product
space Q x g is given by, for g € G and (q,ug,n) € Q X g,
9+ (¢, ug,n) = (gqyu[q],gn) = (99, ufg), Adgn).

In the above, we employ the concatenation notation gn = Adgn for the adjoint
action, which is given by Ad, : g — g. The inverse map of X is given by, for each

(Qa u[q ) S Q X g,
: Q xXg— TQ7 ((Lu[q]ﬂ?) = (qa (u[q])g + 77‘1)
Let 7 : TQ — Q be the tangent bundle projection and we can naturally define the
canonical projection 7o =g o A7 : Q x g — Q given by
%Q : é Xg— Qa (Qau[q]vn) —q
and the differential map of 7g may be given by

T7g : T(Q x g) — TQ; (g, uiq,n, g, dugg,6n) — (g, 89).

The quotient space (@ x g)/G. Recall that the principal connection 4 : TQ — g
satisfies the equivariance condition

A(g - vg) = Adg(A(vy))

and the quotient of the right trivialized isomorphism A : 7€) — @ x g by G yields
the isomorphism [Mg : (TQ)/G — (Q x g)/G as a left trivialization, which is given
by, for v, € Q,

[UQ]G = (TW(Uq)v [%A(vq)](;) = (u[q]a [qan]G) .

This map is well defined since the equivariance condition gives

(u[q}7 [q, U}G) = (T,/T(Uq)v [gqa AdgA(vq)]G) .

It follows that the quotient space (Q x g)/G is isomorphic to the space T(Q/G) & §.
Since one has the isomorphism ¥, : TQ/G — T(Q/G) & g (see equation (8)), one
eventually has the following isomorphisms:

TQ/G=(Q x g)/G = T(Q/G) ®
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A trivialized isomorphism ) : T*Q — @* x g*. Let us consider a trivialized
isomorphism A : T*Q — Q* x g* by following [76]. First, let us pull back the
G-principal bundle 7 : @ — Q/G by the cotangent bundle projection mg,g :
T*(Q/G) — Q/G to obtain the G-principal bundle

Q" = {(@yw) | 7a/alyg) = 7() = ld, 4 € Q. yig € T1(Q/G)}
with the base T*(Q/G) whose fiber over yj, is diffeomorphic to 7= *([g]).

~ ™

Q" > Q
Tr+(Q/@) m
Y Y
TQ/G
T*(Q/G) > Q/G

It follows that the free and proper G-action on @ induces a free and proper G-
action on Q* given, for each (g, Yiq) € Q* and for g € G, by g- (q, Yiq) = (99, Yq)),
and we have the two projections

frre) @ = TH(Q/G): (4.yg) — Vg
and

Q"= Q (¢,yq) —

Then, it is easily shown that Q* is also a vector bundle over (), which is isomorphic
to the annihilator V(Q)° C T*Q of the vertical bundle V(Q) = KerTn C TQ,
where the fibers of these vector subbundles are given by, for each ¢ € @, V(Q)q :=
Ker Tym = {¢o(q) | € C g} C T,Q and

V(Q)g = {pqs € T;Q | {pg, é0(@)) = 0} C T, Q
Let us consider the product space @* x g*, which is isomorphic to T%Q by
ANiT"Q = Q" x g% py (491 = (Po)f » 1 = I(py)),
where the map ()" : T4 (Q/G) — T,Q is the horizontal lift map, ()Z* :T*Q —

T[Z] (Q/G) denotes its dual, and J : T*Q — g* is the equivariant momentum map
associated with the lifted action (J(pq), &) = (pq,&q(q)) for pg € T*Q and £ € g.

The action of G on the product space é* X g* is given by, for ¢ € G and
(¢, Ypq1, 1) € Q" x g%,
9 (@, Y1q, 1) = (90, Y1q), 911) = (94, Y[q), Adg-111).
In the above, we employ the concatenation notation gu = Adgfl u for the coadjoint

action. The inverse map of \ is given by, for each (g, Yiq)» 1) € Q* x g*,
QT x gt = TQ; (4,yq 1) = (0. Ty () + AT (@),

We can naturally define the canonical projection g = mg o AL @* X gt — Q
given by
o Q" x 8" = Qs (¢,yq. 1) = ¢,
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where mg : T*@Q — @ is the cotangent bundle projection. Then, the differential
map of 7o may be given by

T : T(Q* x g°) — TQ; (¢, Yiq» 1 04, 8Y[q), Op1) — (g, 6).

The quotient space (@* x g*)/G. Recall that the momentum map J : T*Q — g*
for the cotangent lift of left translation of G on @ is given by

(J(pg): §) = (Pg:$@(a)) ;
where ¢ € g. Note that the isomorphism X : T*Q — Q* X g*; g — (¢, Y;q =
(pq)g*, w = J(p,)) is a right trivialization. Taking the quotient of A by the action
of G, one obtains the isomorphism [A¢ : (T*Q)/G — (Q* x g*)/G given by

[pglc — ((pq)f}*, (¢, J(pq)]c:) = (yig 0> la) -

This map is well defined because of equivariance of the momentum map; namely,
(Yiq: [0 M) = ((pq)Z*, [gq,Ad}lJ(pq)]G) :

This observation shows that taking the quotient of the right trivialization @* X g*
by the action of G leads to the isomorphism T#Q/G = (Q* x g*)/G as a left
trivialization, from which one has the following isomorphisms:

T°Q/G=(Q" xg")/G=T"(Q/G)&§".
The quotient space (@* x g*)/G is known as the Sternberg space.
The canonical Dirac structure on 77(Q. Recall that the canonical one-form
Or+q on T*Q is defined by, for p, € Ty Q and W), € T}, T*Q,

Or-q(pg)(Whp,) = <pq,qu7r(qu)>
and also that the canonical two-form on T*Q is given by Q7-g = —dO7-g. Then,
the canonical Dirac structure on T*(@Q), namely,
DCTT*QaT'T*Q

is given by, for each p, € T; @,

D(pq) = {(Vp,: Bp,) € Tp, T7Q x T;qT*Q | (17)
Bp,(Wp,) = Qr-q(pg)(Vp,, Wp,) for all W, €T, T*Q}.

Symplectic forms on Q* x g*. Using the isomorphism X : T*Q — @* X g*, let us
define a one-form © on Q* x g* by © = S\*GT*Q and a symplectic two-form € on
Q* x g* by Q = \.Qr-q, where, needless to say, Q = —d© holds since d and .

commute.

Proposition 3. A one-form © on é* X g* can be defined by © = X*@T*Q, which
is given by
© =701+ (@/6) + T,

where Tg = mQ © AL @* x g — @Q; (q,y, ) — q 1is the natural projection,
v Q" x g" = T"(Q/G) is the projection given by (q,y,p) — ([a],y), Or-(q/c) i
the canonical one-form on T*(Q/G), o, is the one-form on Q) associated to u € g*,
which is defined by a,(q) = A*(q)u, namely, (a,(q),0q) = (u, A(q)(dq)) for all
dq € T,Q.
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A two-form Q on @* X g* can be defined by 2 = —dO© = X*QT*Q, which is given
by
Q = ’Y*QT*(Q/G) — ﬁaB# —+ W,
where Qp- (g /q) 15 the canonical symplectic structure on T*(Q/G), w is a symplectic

two-form on Q* x g*, and B, is a two-form defined by, for ¢ € Q and p € g,
B,.(q)(vg, wq) = (i, B(q)(vg,wq)), where B is the curvature two-form of A.

In the above, the symplectic two-form w is given, in a local trivialization
(,9,y,0) €U X G xU* x g* for (¢, y, 1) € Q" x g", by
w(z,g,y, 1) ((&,9,9, 1), (0,09, 0y,0p))
= (01, 997") = (i, 699~ ") + (1, [99~ "+ 997 1) ,
where U is an open subset of R” with r = dim(Q/G).

Proof. By direct computations using (z, g, y, 1) = (q,y, 1) € @* x g*, it follows that
the one-form © on Q* x g* may be given by

G(xa 9:Y, ,u)(éx, 597 5y7 5#) = X*@T*Q(l', 9,9, M)(5$, 597 5:% 5/1’)

= @T*Q(j‘il(xa 9,Y, ,u)) (T(w,g Y, u)j‘il(&ra 5.9’ 53/7 5:“))
5‘_1(1‘7 9,Y, M) (T)\ (z,9,y, M)T‘—Q © T(z 9,Y, ,u))‘ (&Ua 597 §yu 5”))
(T(gc 9) m(y A (x, )N) (T(ac,g YoH) (WQ ° 5‘71)(5% dg, 0y, 6#))

)+

= (Tt 7 () + €u(2,9)) (Tia g0 725, 89, 6y, 1))

= T(aj7g) y) (Tw 9,Y, u)ﬂ- 51' 697 5y7 6“)) + ﬁ-*QO[H (1’ g)(51:, 59, 5?!7 5#)

= (Ys T,y 702, 09)) + TG0 (2, g)(62, 89, 8y, o)

=7 @T* (Q/G) (xvga Y, /’6)(6'1:7 69, 51% 6/-1/) + WQaM('ra g)((Sl‘, 697 5?}, 6:“)
In the above, O7-(qg/¢) is the canonical two-form on 7%(Q/G), which is given by,
for (z,y) € T*(Q/G) and (8, dy) € T(5,,)T"(Q/G),
@T* (Q/G) ((E, y) (5:”7 5y) = <y7 T(ac,y)ﬂ-Q/G(al'v 5y)> )

where x = [q] and the commutative relation To g = 7g /g oy and T(, g 7(dx,d9) =

T2 TqQ/c(0x,0y) holds. Thus, we can write the one-form © on Q* x g* as
O =701+ (@/q) + TG

Next, let us compute the two-form {2 on @* x g* and recall that, for vector fields
X,Y € X(Q* x g*), one has

dO(X,Y) = X[6(Y)] - Y[6(X)] - 6([X, Y]).
The vector fields X,Y on @* X g* may be locally decomposed as
X=X"X?%, Y =LY} eX(UxG)xX(U* xg*),
which are given by, for (z,g,y, 1) € Q* x g*,
X((E,g,y,/l,) = (X(mgyy)(‘r g) X( 7gy,u)( )) = ((.’E,g), (yv/i))7

Y(2,9,y,1) = (Yé,g,y,u) (,9), Yo gw0) (y,u)) = ((0,09), (0y, 0p)).
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So, the flow of X is given by

(t.x,g,y, 1) — (¢ (2,9), 07 (y, 1) = (x + ti,exp (g9~ ")t 9), (y + 3, p+tf)).
Hence, it follows that

X[OW)(2,9,y, 1) = £x(O(Y)) (2, 9,9, 1)

d
= gi| O ) 6 1) Viag.,(@:9): Ve g, (- 1))
t=0
1
a —o <¢)t(y M) Yv(:cgy;t)(x g)g >

= (y,0z) + (i,6997") .
Similarly, one can easily obtain
Y[OX)(z,9,y. 1) = £y (0(X))(z, 9,9, 1)
= (0y, &) + (dp, 99 ")

The horizontal and vertical parts of X!(z,9) = (i,9) and Y'(z,g) = (dx,8g) are
given by

Hor(X'(2,9)) = X" (2,g) - Ver(X'(z,
Y (2

9)) =@, Ver(X'(z,9)) =g,
Hor(Y'(z, ) = Y (z,9) — Ver(Y'(z,9)) =
)
) =

dz, Ver(Y'(z,g)) = dg.
For ( L,9,T 79) and (I 9,0, 59) € T(L g)(U x G),
Az, g) - (&,9) = Adg(A(z,e) i+ g ') = Az, 9) - &+ g9,
A(z,9) - (02,09) = Ady(A(x,e) - 0z + g~ 'bg) = A(z,g) - 0z + dgg~ ",

where A(z,e) - i = A(z,e,i,0), A(z,e) -0z = A(z,e,6x,0), Adygg~'g = gg~* and
Adyg g = dgg .

Hence, we can compute the term ©([X,Y]) as
o(X,Y])(z, 9.y, 1)
= O(z, 9,5, 1) (X", Y] (2,9), [X*, Y?)(y, 1))
= (Yo T,y (X Y (2, 9))) + (1, Ale, 9) (X, Y (2, 9)))
= (Yo [Tl )™ (X (2, 9)), T, gy (Y (%9))]>
+ (1, A(z, g)([Hor(X (z, ), Hor(Y (2, 9))]))
+ (i, Az, g)([Ver(X ' (z, 9)), Ver (Y (z, 9))]))
— (1, B(x,9)((&,9), (02, 89))) + (u. [99~" 6997 1) -
In the above, we note
B(z,9)((,4), (52, 89)) = —A(, g) (Hor(X" (z, g)), Hor(Y* (z, 9))]
= —A(z, 9)([(#,0), (6z,0)])
and

[99~",699"] = A(z, g)([Ver(X (z, g)), Ver(Y' (2, 9))])-
Since one has

Q= -dO(X,Y) = —X[0(Y)] + Y[O(X)] + O([X, Y)),
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it follows that, for (z,g,y, ) € Q* x g*,
Oz, 9,y, 1) (&, 9,9, 1), (92, 69,6y, 1))
= Qr- @) (@) ((£,9), (0x,0y)) — Byu(z, 9)((£, 9), (dz, g))
+w(@, g,y 1) ((&,9,9, 1), (9x, 69,0y, 6p1)) ,
where
Qr(q/a) (2, y) ((2,9), (02, 6y)) = (0y, &) — (g, 6z) ,
Byu(z,9)((2,9), (6z,69)) = {u, B(x, 9)((&, 9), (62, 69))) ,
and
w(z, 9.y, 1) (&, 9,9, 1), (6z, 89,8y, 0p))
= (0u: 9971) — (1,699~ ") + (. [99~ ", 6997 1) -
Thus, we obtain
Q=7"Qr@a) — 7B + w.
O
A Dirac structure on @* x g*. A Dirac structure D on @* X g* can be defined
from the canonical Dirac structure D on 7% in equation (17) by using the forward
Dirac map FT'A: Dir(TT*Q) — Dir(T(Q* x g*)) associated with the tangent map
TAN:TT*Q — T(Q* x g*) of the right trivialization A : T*Q — Q* x g* as
D = FTX(D),
which is given by, for each p, € T*Q,

D(j‘(pq» = {(Tj‘(wpq)aai\(pq)) | wy, € T,,T7Q, QX(p,) € Tf\k(pq)(@* xg"),
(wp,, T*NMaxp,))) € D(pg)},

where A(pg) = (4.9, 3 (pg)) = (0,9, 1) € Q* x g*.

The Dirac structure D on Q* x g* is given, for (z,¢,y, 1) = (¢,y, p) € Q* x g*,
by

D(x,9,y. 1)

={((&., 9. 11), (5. ,0.1)) € Tlarg oy (@ X @)X Ty gy 0 (@ X g7) |

(K, 6x) + (v, 0g) + (6y, v) + (Op,m) = Uz, 9,9, n)((£, 9,9, 1), (0, g, 6y, 611))
for all (dz,0g,dy,du) € T(x7g,y7u)(@* x g")}.

(18)

Invariance of Dirac structures. We recall the natural definition of invariant
Dirac structures (see, for instance, [35, 36, 53] and [7]). Let P be a manifold and
Dp C TP & T*P be a Dirac structure on P with a Lie group G acting freely and
properly on P. We denote this action by ® : G x P — P and the action of a group
element h € G on a point © € P by h-x = ®(h,z) = ®y(x), so that @, : P — P.
Then, a Dirac structure Dp is G-invariant if

(@ X, (®5) ) € Dp
for all h € G and (X, o) € Dp.
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Next, we show that the Dirac structure D on @* x g* is G-invariant. To do this,
let : G x (QF x g*) — QF x g* denote the G—action on Q* x g*, so that holding
h € G fixed, &), : Q* x g* — Q* x g* is given by, for each (z,g,y, 1) € Q* x g*,

(I)h(ma 9,Y, M) = (2177 hgv Y, hﬂ);

where G acts on the components of @* by left multiplication and it acts on the
component of g* by the coadjoint group action.

Since the action on T*@Q is canonical, the corresponding symplectic structure 2
on @* x g* is also G—invariant; namely,

;N =0Q
for all h € G. The G-invariance of Dirac structures is given by, for all (X, «a) € D,
(®h- X, (®}) ') € D,
which is restated by o B
Fo,(D) =D,
where @, : T(Q* x g*) — T(Q* x g*) is the tangent lift of @, : Q* x g* — Q* x g,
which is given by, for each (z,g,y, 1, %, 9,9, ) € T(Q* x g*),
h-(z,9,y, 1,2, 9,9, 1) — (2, hg,y, hys, &, hg, 4, hit),

where hy = Adj, 1 p, hg = TyLpg and hj = Adj -1 fo.
In fact, the left G-invariance of the Dirac structure can be represented by

D(II, hgv Y, h:u) = D(x,g, Y, ,LL),
for all h € G and (x,g,y, ) € @* x g*, which is given, in view of equation (18), by

D(z,hg,y, h)
= {((&, hg, 5§, hj), (5, hv, v, 1)) € Tiang,yon) (QF X §) X Ty pgy iy (@ % 87) |
(k,0x) + (hv, hog) + (dy,v) + (hdpu, hn)
= Q(z, hg, y, hyp)((&, hg, 9, hjr), (52, hdg, 6y, hép))
for all (52, hdg, 8y, hdu) € T ng.ynw (@ X g°)}.

In the above, we can easily verify that the symplectic structure {2 is G-invariant
as follows; for each (x,g,y, u) € @* X g*,

Q(x, hg,y, hu) (&, hg, v, hiv), (02, hdg, dy, hép))
= (0y, &) — (9, 0x) — (hp, B(z, hg)((&, hg), (5z, hég)))
+w(w, hg,y, hiw) (£, hg, 9, hit), (0x, hég, 6y, hop)) ,
where
(hie, B(z, hg)((&, hg), (6z, hdg))) = (Ady-1p, AdpB(z, 9)((2, 9), (62, 69)))
= (1, B(z,9)((2, 9), (6z,69)))
and
w(x, hg,y, hp) ((&,hg, 9, hit), (6, hég, oy, hop))
= (hép, h(gg~")) — (hir, h(g9™ ")) + (hu, [h(gg ™), h(8gg™")])
= (Ad},-10p, Adp(gg™")) — (Ady-1fe, Adn(dgg™"))
+ (Adj -, Adplgg ™", 6997 ])
= (O, 99~ ") = (51,6997 ") + (. [99 ", 0997 1) -
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The quotient space of the Pontryagin bundle T7*Q @ T*T*(Q. Recall that
one has the isomorphism

ATQ — Q" x g% pg— (¢, ()", I(py)) = (4, y1q: 1),

where yi, = (p‘I)Z*, and p = J(pg).
Using the map A, one has an isomorphism regarding with T7*Q & T*T*Q as

TT*Q & T*T*Q = T(Q* x g*) ® T*(Q* x g*).
The action of an element h € G on an element (x,g,y, 1) € @* X g* is given by
h-(x, 9,9, 1) = (2, hg,y, hp)
= (x,hg,y, Adj-1p) € Q" x g",
the action on an element (&, g, y, 1) € T(mygyy,#)(@* x g*) is denoted by
h-(&,9,9, 1) = (&, hg, 7, hjr)
= (&, hg, 5, Adj 2 /1) € T gy (@ % 87),
and the action on (k,v,v,n) € T(*,Ig’y’“)(é* x g*) is given by
h-(k,v,v,m) = (K, hv, v, hn)
= (K, hv,v, Adpn) € T(*gg,hg,y,h#)(@* xg").

Recall that taking the quotient of é* x g* by the action of G leads to the iden-
tification

T°Q/G = (Q* x g")/G = T*(Q/G) @ §",

and one has also the following isomorphisms:

TQaT'Q)/G=(Qxg (@ xg))/G
=T(Q/G) e T (Q/G) &V,
(TT*Q)/G =T (Q" x g")/G
= TTH(Q/G) & (3" x V),
(T"T*Q)/G =T*(Q" x g)/G
= T*T*(Q/G) @ (§* x V*).

Further, the quotient of TT*Q ® T*T*@ by the action of G induces the isomor-
phisms:

(TT*Q ® T*T*Q)/G = T(Q* x g*)/G & T*(Q" x g*)/G
=~ TT*(Q/G) & (5" x V) & T*T*(Q/G) & (5" x V*)
=TT(Q/G) & T'T*(Q/G) @ (" x (V& ")),

where we employed (g% x V) & (5% x V) 2 §* x (V & V*).
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Dirac cotangent bundle reduction. In view of the isomorphism 7% — @* xXg*,
it goes without saying that the canonical Dirac structure D on T*(@) can be identified
with D on Q* x g*.
By the left G-invariance of D, it follows that, for h € G and (x, g,y, i) € é* x g*,
D(z,hg,y, hy) = D(x, 9.y, p)-
Then, one can uniquely determine D by its value at the point (x,e,y,g” ') as
D(z,e,y,g ') = {((, 979, 9,97 1), (K, g~ 'w,0,97 ') |
(k,8z) + (g~ v, g7 bg) + (8y, v) + (g~ o, g~ ")
=z, ey, 97 w)((8,979,9,97" 1), (62,9709, 8y, 9 1))
for all (6x,9 g, 0y, g op)}.

(19)

Iil the above, the symplectic two-form €2 on @* x g* takes its value at (z,e,y,9 1) €
Q* X g* as
U, e,y,97 1) (#9719, 9,97 1), (0, 97109, 0y, g~ o))
= (0y, &) — (9, 6x) — (g~ p, Bz, e)((¢,97'9), (0x, 9" 89)))
+w(e, ey, g7 1) ((&,979:9,97 " i1), (62,97 9,6y, 97 ")) ,
where
w(z,e,y, 97 1) ((&,979:9,97 1), (02,9719, 0y, 9~ op))
= (97", 979) = (9 .97 89) + (9w l9™ 9, 9789 -
It follows from equation (19) that, by taking the quotient of D by the action of G,

one can develop a structure [D]g := D/G on the bundle TT*Q/G = TT*(Q/G) @
(g* x V) over T*(Q/G) ® g*, which is given by, for each (z,y, i) € T*(Q/G) ® g*,
[D]c(z,y, i)
= (@0 ). (5,0, 7.71)) € (T T (@Q/G) X V)X (T, ) T (Q/C) x V) |
(i, 02) + (0y, v) +(7,C) + (6, ) = (e (z, y, A) (4, 9, €, /i), (92, 8y, , /1))

for all (5, 8y, C,67) € T ) T (Q/G) x V },

(20)

where & = [g,¢]c = [¢,997']c € 8.¢ = [¢,Jc = [g,099 ¢ € §, 71 = [¢,n]c € §,
v =1q,V|lg € 8%, and i = [¢,p]c € §*. Further, we note that V = g & g* and
its dual V* = g* @ g are the bundles over §*, where we recall § = (Q x g)/G and
g° = (Q x g*)/G are the associated bundles over Q/G.

Furthermore, [Q]¢ := Q/G is given by, for each (z,y, 1) € T*(Q/G) & §*,

[Q]G(x7 y7 [L)(('@? y.V 5_7 ﬁ)? (6x7 5y7 z’ 5ﬂ))
= Gy, @) = (9, 02) — (1, B(a) (@, 00) ) + Wla (D€ ), (Com) (1)
= Wr+(Q/Q) (l‘, y)((l’, y)7 (6‘%; 5y)) S [W]G(ﬂ)((ga ﬂ)a (é_-v 6[1’)) .
In the above, wr-(g/q)(z,y) = Qr«@/c)(x,y) — Ba(x,y) can be regarded as a
reduced symplectic structure that is fiberwisely defined on T{, . T*(Q/G), where
Qr-(Q/c) is the canonical symplectic structure on 7*(Q/G) and By = Wa/céﬂ is a
g-valued reduced curvature form on T*(Q/G), where Eﬁ(a@ Y := (i, B(z) (&, -)) and
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we note that the curvature two-form B = BA of the connection A is reduced to a
g—valued two-form B = B4 on Q/G given by B(x)(0z,4) = [q, B(q)(6q,d)]c-

Similarly, [w]g := w/G is a reduced symplectic structure on g* x V that is fiber-
wisely defined by, for each i € g*,

wla(m)((€, ), (¢, 0m)) = (67,€) — (. C) + (B, €,<]) (22)

where (€, ji), (C,6f) € V. Tt is worth to note that the reduced symplectic structure
[w]g on g* X V is the extended structure of the one that we derived for the case
Q = G (see [91]).

Notice that [Q]¢ = wr-(g/q) @ [w]¢ is a reduced symplectic structure on

the bundle TT*Q/G = TT*(Q/G) & (§* x V), which is defined at each point
(x,y, @) € T*(Q/G) ® g*, since it is skew symmetric and non-degenerate, as it can
be easily checked.

Proposition 4. The structure [D]g given in equation (4) is restated by, for each
(z,y,0) € T*(Q/G) B g7,
[D]c(z,y, )
= {(@.9.& i), (5, 0,9,1)) € (T ) TH(@Q/G) X V) (T3, THQ/G) x V) | (23)
i=v, §4+r=—Bi(x ), &=, ﬁ+z7:adgﬂ}.
Proof. Assume that the condition (4) holds and it follows that, for each (z,y, i),
(k,02) + (3y, v) + (7,C) + (67, 1) = [ (=, y, A) (2, 9, &, /i), (62, 8y, C, 6f1))

for all (6z,6y,¢,00) € T(py)TH(Q/G) x V. First, by utilizing (21) and (22) and
setting 0x = 0 and dii = 0, one has

(0y, v —i) + (7 + f—adif, ¢) =0, for all dyand (,

and it follows that v = ¢ and ji + U = adZﬁ. Next, setting 0y = 0 and ¢ = 0, one
has

<y + &+ Bu(d, ), 6a:> + (0,7 — &) =0, for all dz and df,

which leads to y 4+ xk = —Eﬁ(a@ -) and 7 = €. The converse is shown in the same
way. O

The gauged Dirac structure on TT*(Q/G) & (§* x V). We have the proposi-
tion that the structure [D]g on TT*(Q/G) @ (§* x V) over T*(Q/G) & g* can be
understood as the direct sum of [D]H°" on TT*(Q/G) over T*(Q/G) and [D]E* on

g x V over g* as shown below.
Proposition 5. For each (z,y, i) € T*(Q/G) ® g*, one can express the structure
(Dl (2,y, i) = [D]&™ (x,y) & [D]&" ().
In the above, [D]E°T is given by, for each (z,y) € T*(Q/G),
[DIe™ (z,y) = {((9’c,y‘), (K, 0)) €T(2,) T (Q/G) x T, ) TH(Q/G) |
(K, 0x) + (oY, v) = wr- (/e (2, y) (2, 9), (6z, dy))
for all (6x,6y) € T(y )T" (Q/G)} ,
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or equivalently,
[DIE (,y) = {((@,9), (5,v)) € T ) THQ/C) x T, ) TH(Q/G) |

- (24)
P=v, §t+r= —Bﬂ(ac,-)}.

Further, [D]¥" is given by, for each fi € g*,

or equivalently,
DI () = { (&), (mm) e VO V" =0, jitv=adgif. (25)
Proof. 1t is clear from Proposition 4 and also checked by direct computations. [

Thus, we have the following theorem, which is associated with Dirac cotangent
bundle reduction.

Theorem 5.1. For (y.,i) € T*(Q/G) @ g*, the structure [D]g = D/G given
by equation (4), or equivalently, equation (23) is a Dirac structure on the bundle
TT*(Q/G) ® (§* x V) over T*(Q/G) ® §*, which is the natural reduction of the
canonical Dirac structure D on the cotangent bundle T*Q. Further, the reduced
Dirac structure [D]g can be expressed by a direct sum of a Dirac structure [D]3°" on
the bundle TT*(Q/G) over T*(Q/G) given in equation (24) and a Dirac structure
[D]¥er on the bundle §* x V over §* given in equation (25).

Proof. One can simply prove that for each (y,, 1) € T*(Q/G) @ g*, equation (4) is
a special case of the construction of a Dirac structure given by equation (1) on the
reduced symplectic manifold TT*Q/G = TT*(Q/G)&(§"* x V) with a symplectic two
form [)g. Similarly, one can show that [D]°F is a Dirac structure on T7*(Q/G)
and [D]Y°" is a Dirac structure on g* x V. O

Notice that [D]¢ for the case Q = G, as in [91], is the reduced Dirac structure
on the bundle TT*G = g* x V, which is the special case of [D]}™" for the general
Q.
Let us call the above reduced Dirac structure [D]g = [D]2° @ [D]%" a gauged
Dirac structures on the bundle TT*(Q/G) & (§* x V) over T*(Q/G) ® §*, associ-
ated with the reduction of the canonical Dirac structure D on T*Q. Here, [D]2°" is
a horizontal Dirac structure on the bundle 77*(Q/G) over T*(Q/G) and [D]¥e

is a vertical Dirac structure on the bundle g* x V over g*.

Needless to say, we note that the “gauged Dirac structure” depends on a principal
connection A : TQ — g and also that Q/G is a shape space and g* = (G x g*)/G is
the associated bundle to g*, regarded as a bundle over the shape space Q/G.

This construction of the reduced Dirac structure is quite consistent with the
reduced variational structures shown in §4.
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Relationship with reduction of Courant algebroids. This paragraph consid-
ers the relationship between Dirac reduction and the reduction of Courant alge-
broids for the case of P = T*(Q. By choosing a principal connection and using
A:TQ — @ xgand A\: P — @* X g*, one can observe that

F=(TP&T"P)/G =TT (Q/G) & T'T*(Q/G) & (3" x (V& V"))

is a Courant algebroid over B = P/G = T*(Q/G) & g*. Given the canonical
Dirac structure D on P = T*(Q as in equation (17), the quotient [D]g = D/G
viewed as a subbundle of F' gives the gauged Dirac structure on the bundle TP/G =
TT*(Q/G) ® (§* x V). This is consistent with the case P = T*G.

Another interesting thing relevant with Courant algebroids is that because the
gauged Dirac structure [D]g on the bundle TT*(Q/G) @ (§* x V) can be represented

by a direct sum of the horizontal Dirac structure [D]3°" and the wvertical Dirac

structure [D]Y", namely,

[Dl = [D]&™ @ [D]E,
one can regard F' as
F — pHor gy [ Ver
over the bundle B = BH°" ¢ BVer where
FUor Z TT(Q/G) & T*T*(Q/G)
is a horizontal Courant algebroid over the shape space BH°" = T%(Q/G) and

FVer _ g* « (‘7@ ‘7*>
is a vertical Courant algebroid over the associated bundle B Ver = g*.

6. Lagrange-Poincaré-Dirac reduction. This section shows how reduction of
standard implicit Lagrangian systems can be incorporated into the Dirac cotangent
bundle reduction and then how an implicit analogue of Lagrange-Poincaré equa-
tions can be established in the context of the reduction procedure called Lagrange-
Poincaré-Dirac reduction. We also illustrate the reduction procedure by an example
of a satellite with a rotor.

Standard implicit Lagrangian systems. Here, we consider the case in which
there is no constraint, namely, the case of a standard implicit Lagrangian system.

Let L : TQ — R be a Lagrangian, possibly degenerate. Given the canonical
Dirac structure D on T*@Q and a partial vector field X : TQ & T*Q — TT*Q, a
standard implicit Lagrangian system is the triple (L, D, X) that satisfies, for each
(q,v,p) € TQ & T*Q and with P = FL(TQ), namely, (¢,p) = (¢, 0L/dv),

(X(Q7v7p)vdE(Q7vvp)|TP) € D(q,p),

where F : TQ ® T*(Q — R is the generalized energy defined by E(q,v,p) = (p,v) —
L(q,v) and the differential of F is the map dF : TQ & T*Q — T*(TQ & T*Q)
is given by dE = (q,v,p, —0L/0q,p — OL/0v,v). Noting that p = JL/Ov holds
on P, the restriction of dE to T'P is given, in coordinates, by dE(g,v,p)|r,, , p =
(q,p, —OL/0q,v), which may be understood in the sense that T\, )P is naturally
included in Tyy. o) (TQ & T*Q).
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Reduced Lagrangians. Suppose that L be left G-invariant, namely, for v, € T'Q,
L(TyLy - vg) = L(vg),
where h € G and v, € T,Q. Let A : TQ — g be a chosen pri~ncipal connection on
m:Q — Q/G and we recall that the isomorphism A : T7Q — @ x g is given by
vg = (4, Tm(vg), Alvg)) = (2, g,u, 1),

where g € Q, g € G, x = [¢] € Q/G, u= Tr(vg) € Tg(Q/G) and n = A(v,) € g.
Then, one can define a Lagrangian on @ X g by

L=LoX™"
Because L is G-invariant, so is L as

L(z, hg,u, hn) = L(x, hg,u, Adyn).
One can write this as
L(z,e,u,g'n) = L(z, e, u, Adg-1n) = l(x,u,n),

where 77 = [¢,7]¢ € g and [ is the reduced Lagrangian on TQ/G = T(Q/G) & §.

The reduced differential of generalized energies. Let us define the right triv-
ialized isomorphism
A=AeXN:TQOTQ— (Qxg)d(Q xg)=(QaQ)xV

by, for each (¢q,v,p) € TQ ® T*Q,

(Qa U,p) — (Q7 Tﬂ'(’Uq), (pq)g* I A(Uq)a J(pq)) = (I, gv ua Z/, 777 /L)7
where J : T*Q — g* is an equivariant momentum map, (q,T7(vy), (pq)g*) =
(z,9,u,y) € Q@ Q" and (A(vg),J(pg)) = (n,p) € V = g @ g*. The quotient
of A by the action of G is the map

Mg =A/G: (TQ& T Q)/G — T(Q/G) o T*(Q/C) &V,
which is given by

lg,v,plc — (g, T'm(vg), (pq)g*a g, A(vq)]G7 (g, J(pq)]G) = (v, u,y,1M, [1).
Recall that we can define a generalized energy E on TQ @& T*Q by
E(Qa Uap) = <pa 1}> - L(q’v)a

which is G-invariant because of the G-invariance of L. The trivialized expression of
the generalized energy E can be defined by

E=FEoA!: (@@é*) xV =R,
which is given by

E(z,g,u,y,n, 1) = (y,uw) + (w,m) — Lz, g,u,n).
So, the differential of E is the map dE : (@ D @*) xV — T* ((@@@*) X V),
which is given by
_ OFE OE OE OE OFE OF
dE(z,g,u,y,m, 1) = ( )
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The map dE is G-invariant as
h - dE(xvgvuvyanvﬂ’) = dE(.’E, hgvu7ya hnvhﬂ)
 (0E OF 0E 0E OF  OF
\ 9z’ " dg’ ou’ Ay’ Oy’ Ou
OE OE OE OF oE oF
,Ad; ,Ad
<8x g ou’ oy’ oy "au>
where hn = Adyn and hy = Adj -1 p. B
Then, the quotient of the generalized energy AE by the action of G is given by
the map

[dE]q :==dE/G: T(Q/G) & T*(Q/G) &V —
T'T(Q/G) & T'T*(Q/G) & (" x (Vo V")),

which is represented by, for each (z,u,y,7, i) € T(Q/G) ® T*(Q/G) & V,

_ o0& 0 0& 85 35 o0&
E n. ) = _— . —. ., —
[d ]G(xauay7nﬂu) (x7u7ya axa au7 ay7,U/7"77 877 )

M — ol o _

- b ) y7 a ) y au /J/ n M
where € is the reduced generalized energy on T(Q/G) © T*(Q/ G) @ V defined by
E(w,u,y, 1, i) = E(z,e,u,y,97 10,97 ).
The reduced Legendre transformation. In view of the isomorphisms A : T'Q) —
Q xgand \: T*Q — Q* x g*, let us define the trivialized Legendre transformation
by

oL oL

Era aon
In the above, P = ]FE(@ xg) C Q* x g* corresponds to the trivialized expression
of the subspace P = FL(TQ) C T*Q. By the equivariance of the map FL, we can
define the reduced Legendre transformation by the quotient of FL as

Fl:=[FLl¢ : T(Q/G) & g — [Plc C T*(Q/G) & g*,

which is given by
B o ol
(%Uﬂ?) - (xvy = ou ® = aﬁ) .
On the other hand, the reduced Legendre transformation induces the condition

o _ oL oE_ . al_
e Y ou o o M e

Hence, the restriction of the quotient of the generalized energy [dE]c to the
subbundle [TP)g C TT*(Q/G) @ (§* x V) is given by

_ o 0E 9 _ OE OF
[dE]G(xau7y7’r]a,u‘)|[TP]G - <x,y, o’ ayv,uag 897 a’u)

o
= x7ya_%7unuﬂo7n .

Notice that the subbundle [T'P]g is the bundle over [P]g C T*(Q/G) @ g

FL:Qxg—P; (v,9,u,n) — (af 9, y=
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Remark 12. In view of the isomorphisms A : TQ — @ xgand \: T*Q — @* X g*,
the quotient of T*(T'Q & T*Q) = T*TQ ® T*T*(Q by the action of G induces the
isomorphisms:

(T°TQ & T°T"Q)/G = (T"TQ/G) & (T*T"Q/G)
=T"Qx 9)/Go T (Q" xg")/C
= T"T(Q/G) & (§" x V) & T"T*(Q/G) & (§" x V")
=TT(Q/G) & T'T*(Q/G) & (7 x (V& V7)),
‘(RiherevT)*TQ/G = TH(Q x 9)/G = T'T(Q/G) & (§x (§" ®§")) = T"T(Q/G) &
g xV).

Reduction of partial vector fields. Let X : TQ & T*Q — TT*Q be a partial
vector field on T*@Q; namely, a map that assigns to a point (¢,v,p) € TQ ® T*Q, a
vector in T, T"Q as

X(q,v,p) = (a,p,4,p),
where ¢ and p are functions of (g, v,p). Since X is left invariant, one has

h- X(q,v,p) = X(hg, TyLpv, Ty, Lp-1p).

Using the trivialized isomorphism A = A @ X : TQ & T*Q — (@ S @*) x V', the
trivialized expression of the partial vector field X : TQ & T*Q — TT*(Q may be
given by

X:(QaeQ)xV -T(Q" xg),
which is expressed as

X(%gy%yaﬁvﬂ) = (x,g,y,u,s'c,g,y,/l) € T(w,g,y,;t)(Q* X g*)

~ Since X is G-invariant and A = A& NTQOT*Q — (@@@*) x V is equivariant,
X is also G-invariant:

h - X(-T7 g,u,Y,1, M) = X(l‘, hg7 u,y, hﬁ’ hM) € T(x,hg,y,h#) (@* X g*)

In the above, X (z,hg,u,y, hn, hu) = X(x, hg,u,y, Adyn, Ad;—1 ) and it follows
that

X(w,hg,u,y, hn, hye) = (2, hg, y, hy, &, hg, g, hir)
= (x, hg,y, Ady, 1y, &, TyLpg, y,Adz_lﬂ).
Hence, X takes its value at the identity as
X(z,e,u,y,97 0,97 1) = (z,e,9,97 10, 8,979,9,97 ).

Since X : (é & @*) xV — T(@* X g*) is equivariant, it drops to the quotient by
G, and we can define a reduced partial vector field, denoted

[X]g = X/G:T(Q/G)»T*(Q/G) &V — TT*(Q/G) ® (3" x V),
which is given by, for each (z,u,y,7, i) € T(Q/G) ® T*(Q/G) ® V,
[X]G(x7u7y7ﬁ7ﬂ) = (l.7y7j;7y7ﬂ7£_7ﬁ) )

where 7 = [¢,n]¢ = (¢, Alq,v)]e: € = [¢,&e = [0, Alq,@)]c € §and L= [¢, plc € 8
such that g = 9l/07.
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When we have an integral curve of [X]g, then i = dz/dt will be the time
derivative of x, y = Dy/Dt will be the covariant derivative of y in the bundle
T*(Q/G) and ji = Dji/Dt will be the covariant derivative of i in g*; note that
(&, 9,&, 1) are functions of (x,u,y,, i)

Lagrange-Poincaré-Dirac reduction. Let us show reduction of a standard im-
plicit Lagrangian system, called Lagrange-Poincaré-Dirac reduction.

Definition 6.1. The reduction of the standard implicit Lagrangian system
(L,D, X) is given by a triple

(L, [D]Gv [X]G')a
which satisfies, for each (z,u,y,7, i) € T(Q/G) ® T*(Q/G) ® V, the condition
([X}G (1‘7 u, Y, 1, /7') ) [dE]G(xv u, Y, 1, ﬂ)|[Tl3]c) € [D]G(xa Y, ﬂ)7 (26)

where | : T(Q/G) @ g — R is the reduced Lagrangian and the reduced Legendre
transformation holds as (z,y = 9l/du, i = 91/07) € [Plg = FI(T(Q/G) @ g) C
T(Q/G) @ g

Definition 6.2. A solution curve of the reduced standard implicit Lagrangian
system (I, [D]g, [X]q) is a curve (z(t),u(t),y(t),q(t), i(t)),t € [to,t1] in T(Q/G) @
T™(Q/G) @ V, which is an integral curve of the reduced partial vector field [X]g
that takes its value for each point of the curve as

(Xle olt) te). (0700, 1(0) = (0000, S P20, o, €0, 2500
where y(t) = (01/0u)(t) and a(t) = (91/07)(t).

Theorem 6.3. Let (I,[D]g,[X]g) be the reduction of the standard implicit La-
grangian system that satisfies equation (26). Let (x(t), u(t),y(t),ﬁ(t) at)),t €

[to,t1] be a solution curve in T(Q/G) & T*(Q/G) &V of (I,[D]a,[X]c). Then,
the solution curve satisfies the implicit Lagrange-Poincaré equations:

By,

Dt
dr
a Y
ol
- ou’ (27)
% = ad; /i,
£:ﬁ7
ol
n= 37_’

Proof. The reduction of the standard implicit Lagrangian system (1,[Dlg, [ X]a)
satisfies, for each (x,u,y,7, ) € T(Q/G) & T*(Q/G) &V such that y = 0l/0u and
fi = 0L/ o,

((Xla(@,u,y, 7, i), [AE]c(z, u, y, 71, D)7 p)) € [Dla(2,y, i),
which is represented by

dx D ol D
(5 Bre58) (-5 m09) ) € Platev.i
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Then, it follows

<gfc, (5sc> T (6y,u) +(0,8) + (67,7)
_ <5y, il;;> - <glt’,5x> - <ﬁ,]§(a;~,6x)> + (872,€) — <%;,C> + (1, [€:C]) -

Hence, one has

Dy 0l o~ dx
<m+%<u,3<x,~>>,6w>+<6y,ﬁu>

for all 6z, 6y, ¢ and 6.

Thus, we can obtain the implicit Lagrange-Poincaré equations in equation (27)
as the reduction of the standard implicit Lagrangian system. O

Coordinate expressions. Suppose that @ has dimension n, so that Q/G has
dimension 7 = n — dim G. We choose a local trivialization of the principal bundle
Q@ — Q/G to be S x G, where S is an open set of R". Thus, we consider the
trivial principal bundle 7 : § x G — S with the structure group G acting only
on the second factor by left multiplication. Let A be a given principal connection
on the bundle @ — Q/G, or, in local representation, on the bundle S x G — S.
Write local coordinates for a point ¢ = (z,9) € Q@ = S x G by (%, g*), where a =
1,..,7and a = 1,...,dimG. The principal connection one-form is locally written
by Ady(Ac(x)dz + g~ 'dg). Then, at any tangent vector (x,g,, g) € T2,9)(S x G),
one has

A(w,g,4,9) = Adg(Ac(z) - + &) = A(w,g) - &+ gg~ ',

where A, is the g-valued one-form on S defined by A.(x) - = A(x,e,,0) and
¢ = g~ '¢. By the bundle isomorphism ¥4 : TQ/G — T(Q/G) @ g,

‘IJA([x’gviag]G) = ($7i7£)7

where & = (z, A.(z) - &+ &). Let A%(x) be the local coordinate expression of A, on
the bundle S x G — S. Then, we simply write £* = €% + A23%. Let C%, be the
structure constants of the Lie algebra g and the components of the curvature of A
are given, in coordinates, by

0AY OAY
b B o b c pd
BOLB = < — C(/dAaAﬁ> .

oz 9P
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Thus, the coordinate expression of the implicit Lagrange—Poincaré equa-
tions in (27) may be represented by

dya ol = a a Ab ¢d
TR + Ha (Ba[ﬂﬂ = CALE ) ;
L

da

_a

Ya =52
dp = a & a XeY
% = Ha (Cdbfd - CdbAim ) 5

&=

)

My = o

Gauged Dirac structures in Lagrange-Poincaré-Dirac reduction. Let us de-
note by (I,[D]g, [X]e) the reduced implicit Lagrangian system that satisfies equa-
tion (26). Recall the reduced partial vector field

Xle: T(Q/G) & T*(Q/G) &V — TT*(Q/G) & (5" x V)
is locally given by, for each (z,u,y, 7, i) € T(Q/G) ® T*(Q/G) &V,
_ dx D - D
(Xla (@, u,y,m, ) = (my df DZZ,M 3 M) :

Notice that [X]g can be represented by the direct sum of the horizontal and vertical
parts such that

(Xl (@, u .7, 1) = [X]g™ (2, u,y) @ [X]&™ (7, ),
where [X]2°" : T(Q/G) & T*(Q/G) — TT*(Q/G) denotes the horizontal partial
vector field, which is given by

X]E () = (x,y, dz Dy

dt’ Dt) €TT(Q/C)

and [X ]Ver V= g x V indicates the vertical partial vector field, which is given by
X1Ver(qg o) = (. € l ~x N.
(X1 (1, 1) <u,£, Dt)eg xV

On the other hand, the quotient of the differential of the generalized energy,
namely,

dBlg : T(Q/G) & T*(Q/G) & V — T'T(Q/G) 8 T*'T*(Q/G) & (i x (V& V7))
can be decomposed into the horizontal and vertical parts as
[dEc(z,u,y,7, 1) = [AE]G™ (v, u,y) & [AE]E (7, ),

where [dEJET : T(Q/G) & T*(Q/G) — T*T(Q/G) & T*T*(Q/G) is the horizon-
tal differential of the generalized energy given by, for each (x,u,y) € T(Q/G) &
T(Q/G),

_ 0 0E 0& al ol
dE)Her = -t i e — 5
[ }G (x7u7y) <m7u7y7 81'7 8'{1;7 ay) <$7U7?Ja ax7y 8u7u> )
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and [dE]¥" : V- g x (‘76917*) is the vertical differential of the generalized energy
given by, for each (7, 1) € V,

_ o0& o0& 0& ol
Ver(= -\ _ [ - = -1 —lgn - n
[dE]G (777/’(’) - (Mﬂ% (977’9 aga aﬂ) (/J'an7/~1' 877)07”) .

Recall the reduced Legendre transformation [Plg = FI(T(Q/G)®g) C T*(Q/G)dg*
that is given by

_ o ol
(%Uﬂ?) = (.’Ii,y - %7“ - 817)
induces the conditions 9 /0u =y — 9l/Ou = 0 and IE /0N = i — Il /07 = 0.
This reduced Legendre transformation may be naturally decomposed into the
horizontal and vertical parts such that

Fl — IFZHor o FlVer’

where the horizontal Legendre transformation

ol

I T(Q/G) ~ T(Q/G) () - (= 1)

induces the condition € /0u = y — dl/Ou = 0, while the vertical Legendre transfor-
mation

ol

a1

satisfies the condition O€ /87 = ji —dl/07 = 0. One has [P]3°r = FI"(T(Q/G)) C
T*(Q/G) and [P = FI1Ver(g) C g* such that

[Ple = [Plg™ & [Pl

FIV 1§ — g% 7 ji=

Further, setting
[TP]er = T[P)E" € TT*(Q/G) and [TP)L" = §x T[P]Y* C §* x V,
one has - - - _
[TPlg = [TP|g” & [TP)F" C TT*(Q/G) & (8" x V).
Thus, the restriction of [dE]g to [TP]¢ can be also decomposed as

[AE)G(z,u,y,7, D) irp) = [AEIE™ (@, u,y)ippper ® [AENE (7, )| 7 pryer

where
_ o0& OE ol
Hor _ — p—
[dE]G ($7U,y)|[Tp]g0r - <x7ya %7 82/) - (xaya _axau) )
and
— Ver/— _ _,0& 0¢& o
[AENE" (7, 1)l rpryer = (u,g 189,8/) = (11,0,7).

Recall that the reduced Dirac structure [D]¢g is a gauged Dirac structure, which
may be decomposed into the horizontal and vertical Dirac structures as, for each

(z,y,0) € T*(Q/G) © g,
[Dlc(@,y. ) = [DIE” (w,y) ® [DIE™ (1).

Note that the horizontal Dirac structure [D]E°T is shown in equation (24), while the

vertical Dirac structure [D]Y°" in equation (25).

Thus, we obtain the following theorem associated with the gauged Dirac struc-
ture.
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Theorem 6.4. Let (L, D, X) be a standard implicit Lagrangian system, which sat-
isfies the condition, for each (q,v,p) € TQ & T*Q,

(X(q,v,p),dE(q,v,p) ‘TP) € D(qap)7

where P = FL(TQ), namely, (¢,p) = (q,0L/0v). Let (I,[D]g,[X]|c) be the reduc-
tion of (L,DN,X) which satisfies the condition, for each (z,u,y,7, i) € T(Q/G) @

™@Q/G) ®V,
((Xla (x,u,y,7, 1) , [AE]a(2, u,y,7, B)|rp),) € [Dla(e, y, 1),
together with the reduced Legendre transformation
[Ple =FI(T(Q/G)®§) C T"(Q/G) @3

that 1is,

( ) oL _ ol

— = — = — .
'1:7 u7 T] x’ y au ) /“L 817]
Then, (I,[D]g,[X]c) can be decomposed into the horizontal and vertical parts as

(I, [Dle; [X]a

) =
In the above, (I, [D]%er, [X]He
which satisfies, for each (z,u,

(1, [DlG™, [X]E™) @ (L, [DIE, [X1e).
") is the horizontal implicit Lagrangian system,
y) €eT(Q/G) & T"(Q/G),
([X]E° (2, u, y) , [AEIG™ (2, u,y) | pper) € [DIE™ (2, y),

together with the horizontal Legendre transformation [P]|E°r = FIH'(T(Q/@G)) C

T*(Q/Q); namely,
ol
) (mv=g,)

This induces the horizontal implicit Lagrange-Poincaré equations:
Dy 0l ~ dx ol
Ly B > “w_ -2
Dt oz <”’ @) =% Y=g
Moreover, (1, [D]%, [X]¥) is the vertical implicit Lagrangian system, which
satisfies, for each (j, i) € V,
([X]& (7, 1), [AENET (7, ) | r pyer) € [DIE (),
together with the vertical Legendre transformation [P|¢e = FIV'(g) C §*;

ol
T o

This induces the vertical implicit Lagrange-Poincaré equations:

Dji e = _ 0l
M=adgu, §=10, p=o.

Dt

=
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Example: Satellite with a rotor. Let us consider an illustrative example of a
satellite with a rotor aligned with the third principal axis of the body (see, [64, 9,
217]).

The satellite with a rotor is modeled by a rigid body of a carrier and a rigid
rotor, whose configuration manifold is given by Q = S! x SO(3), with the first
factor being the rotor relative angle and the second factor the rigid body attitude.
Consider the case in which there exists no torque at the rotor. Then, it immediately
follows that the Lie group G = SO(3) only acts on the second factor of ) and hence
that Q/G = S*.

Now, let ¢ = (6, R) be local coordinates for Q@ = S* x SO(3) and (q,v) =
(0, R,u,U) for TQ. Let us take a trivialized connection on Q — /G such that
TQ/G2T(Q/G)®g=TS' x s0(3).

Let L : TQ — R be a left invariant Lagrangian that is given by the total kinetic
energy of the system (rigid carrier plus rotor) and let £ : TQ & T*Q — R be a
left invariant generalized energy that is defined, for each (g,v,p) € TQ ® T*Q, by
E(q,v,p) = (p,v) — L(q,v). In view of TQ/G = T(Q/G) ® g and the G-invariance
associated with the Lagrangian, one has

L(qv U) = Z([q7 U}G)v
where [ : T(Q/G) &g = TS x s0(3) — R is the reduced Lagrangian, which is given
by, for each [¢,v]g = (0,u,X) € TS x R3 = TS x s0(3),
1
10,u,%) = 3 (MZF + X023 + 355 + J3(Z3 4+ u)?) .

In the above, I; > Iy > I3 are the rigid body moments of inertia, J; = Jo and J3
are the rotor moments of inertia, A; = I; + J;, 0 is the relative angle of the rotor,
(0,u) € TS, ¥ = (X1,32,33) € R? is the body angular velocity that is defined by
3 = R7U € s0(3) such that S w = X x w for all w € R3, where (R,U) € TSO(3).

In view of (TQ & T*Q)/G = T(Q/G) & T*(Q/G) ® V and the G-invariance
associated with the generalized energy FE, one has

E(Qa v,p) = 5([Q7U7P}G)7

where V = 50(3) ®s0(3)* and £ : TS* & T*S' & V — R is the reduced generalized
energy, which is given by, for each [q,v,p|c = (0,u,y, %, 1) e TS @ T*St @V,

E0,u,y, X, 11) = (y,u) + I, XY — (6, u, %)

1
=1LY + 13, + 355 — 5 (MZF 4+ AoX3 + 53 + J3(Z5 +u)?)

where y € Ty S indicates the momentum and II = (II;, II5, II3) € (R3)* = s0(3)*
denotes the body angular momentum and where V = R3 @ (R3)* 2 s0(3) @ s0(3)*.
The quotient of the differential of the generalized energy is the map

[dE]g:TS' @ T*S' &V — T"TS' & T*T*S' @ (50(3)* < (V@ 17*)) .
Since the Lagrangian in this example is regular, the Legendre transform holds as

_ﬂ _ﬂ * ql 3\x A x Q1 *
(97y_8u’H_8E>GTS X (R°)" =T*S5" x 50(3)
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and the restriction of [dE]q to TT*S! & (so(3)* x V) is given by

00

It follows that the conjugate momentum y of # and the body angular momentum
II may be represented by

y=J3(X3 +u), Iy =N\%, Iy =A%, I3 =A333+ J3u.
The reduction of the partial vector field X : TQ & T"Q — TT"Q, namely,
the map [X]g : TS' @ T*S' @V — TT*S' @ (s0(3)* x V) is given by, for each
O,u,y, 5, II) e TS' o T*S* oV,

ol
[dE]G(G) u, ya E; H) |TT*51@(50(3)* X‘7) = (9, y, — =, Uu, H7 07 E) . (28)

[X]G (9;%%2;1_[) = (97y797y,HaQ,H) ’ (29)

where Q € R? is defined by Q = R™'R € s0(3) such that Qw = Q x w for w € R3.
The reduction of the standard implicit Lagrangian system (L, D, X) is a triple

(lv [D]Ga [X]G)a
which satisfies, for each (0,u,y,%,1I) € TS' @ T*S' @ V, the condition

(IX]e (6w, 3.1, [AE]G 0, 3, 5,11 |pg g1 aoe) 7)) € D@91, (30)

together with (0, y = 0l/0u, Il = 01/0%) € T*S* @ s0(3)*.

Using equations (28), (29) and (30), one can easily derive the implicit Lagrange-
Poincaré equations for the satellite with a rotor, which consist of the horizontal
implicit Lagrange-Poincaré equations

dy o, A
at — 0 dar YT b
and the vertical implicit Lagrange-Poincaré equations
dll ol
—=0IxQ, Q=3 II=_—.
a Y ’ a5

In the above, it follows that the momentum y = J3(X3 + u) = constant.

7. Hamilton-Poincaré-Dirac reduction. We can define a standard implicit
Hamiltonian system from a given regular Lagrangian via the Legendre transforma-
tion. In this section, we show the reduction procedure of standard implicit Hamil-
tonian systems, called Hamilton-Poincaré-Dirac reduction, where it is shown how
Hamilton-Poincaré equations can be constructed in the context of the Dirac cotan-
gent bundle reduction. We also demonstrate this reduction procedure by an example
of a satellite with a rotor.

Standard implicit Hamiltonian systems. As in Lagrange-Poincaré-Dirac re-
duction, we consider the case in which there is no constraint, namely the case of a
standard implicit Hamiltonian system.

Let L : TQ — R be a given left G—invariant Lagrangian and let D be the
canonical Dirac structure on the cotangent bundle T*Q of a configuration manifold
Q. Denote a vector field on T*@Q by X. For the case in which L is regular, we can
define a left G—invariant Hamiltonian by

H=Eo(FL)™
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where F : TQ — R is the energy defined, for each (¢,v) € TQ, by E(q,v) =
(FL(g,v),vq)—L(g,v). Then, a standard implicit Hamiltonian system can be defined
as a triple (H, D, X) which satisfies, for each (¢,p) € T*Q,

(X(q,p), H(q,p)) € D(q,p).

Local representation. The differential of H is a map dH : T*Q — T*T*Q, which
is locally expressed by, for each (g, p) for T*Q,

OH OH
dH = = 2.
<q7p7 8q7 ap)

The vector field X is a map from T*Q to TT*(Q, which assigns to each point
(¢,p) € T*Q, a vector in T(y,»)T*Q as

dg dp
X(Q7p) = <q’p,dt,dt> .

Recall that the canonical two-form p-q is given by
Qr-q ((¢,p, 1, 1), (¢, p, uz, a2)) = (a2, u1) — (@1, uz) ,
and hence the canonical Dirac structure may be expressed by
D(q.p) ={((¢,p,4,P), (¢.p,,w)) |w=¢, and a=—p}.
Then, the condition for the standard implicit Hamiltonian system (X,dH) € D

reads
on N [ o\ [/ dg\ _[dp
aq’“ @ op | Gt "

for all u and «, where (u, ) are the local representatives of a point in T(, yT*Q.
Then, we obtain the local representation

dg 9H dp  9H

dt ~ dp’ dt  9q’

Reduction of the differential of Hamiltonians. Next, we consider reduction
of the standard Hamiltonian system. Let A : T'Q — g be a principal connection on
the principal bundle 7 : Q@ — Q/G as before. Recall that an equivariant momentum
map J : T*Q — g* is defined by, for p, € T;Q,

(J(Pq): €) = (Pg,€0(2));
where £ € g. Since H : T*Q — R is left invariant, namely, for p, € T*Q),

H(T;;thflpq) = H(pq)
for all h € G. Recall that the isomorphism X : T*Q — é* x g* is denoted by

pg = (ld 0a)y I (Pg)) = (2, 9,9, 1),
where y = (pq)g* € T7,(Q/G) and = J(pg) € g*. Then, one can define a G-
invariant Hamiltonian on Q* x g* by
H=Ho\!
and its differential may be represented by the map
di : Q" x g — T*(Q" x g*),
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which is expressed in coordinates by
_ OH 0H oH 0H
dH —_— L, —, = |-
<$7g7y7/’[/7 a:E? ag? ay’ a/l,)
The map dH : Q* x g* — T*(@* x g*) is G-invariant as
h- dg(l‘, 9,Y, I'L) = dH($7 hga Y, hﬂ) = dH($7 hga Y, Ad;;,*llu)7
and it follows that

- OH OH 8H OH
dH = h, hu, —, h—
(st 55 5 8u>
N OH OH OH OH
= (x,hg,u,Adhlp,a s ThgLn—1—— g (‘Ty hau)-

Then, one can compute it at the identity as

_ 8H O0H OH OH
-1 —1 —1
d <w7e,y,g s ox’ 8g ’ 6y > 9 8,u>

oH . 5‘H OH OH
= <x e,y, Adyp, o T, L, 139" By ,Adglau)
8H OH OH
= (x e y,Adgu7 a—, 8 ,Adg- au) .

Since H is G-invariant as
H(w,hg,y, hp) = H(x, hg,y, Adj - p),
one can write
H(z,e,y,9" ' n) = H(z,e,y, Adypu) = h(x,y, 1),

where i = [q, u]e € §* and h is the reduced Hamiltonian on T*Q /G = (é* xg*)/G =
T(Q/G) B 5 )
Noting the isomorphisms T*T*Q/G T*(Q* xg*)/G 2 T*T*(Q/G)®(g* xV*),
the quotient of the map dH : Q* X gt — T*(Q* x g*) by the action of G is given by
[dH]q :=dH/G: T*(Q/G) & §" — T*T*(Q/G) & (5" x V),
which is denoted by, for each [q,p]¢ = (z,y, 1) € T*(Q/G) & §*,

_ oh Oh oh
df [) = a0, ).
[dH]c(x,y, i) (xy 90 9y’ ’a/)

The reduced vector field. Let X : T*Q — TT*(Q be a vector field on T*Q;
namely, a map that assigns to a point (¢,p) € T*Q, a vector in T}, T*Q and X is
locally represented by

X(q,p) = (40,4, D)-
Since X is left invariant, it follows

h-X(q,p) = X(hg, T, Lp-1p).
By using A : T*Q — CNQ* X g*, the trivialized expression of X is a map
X:Q" xg" —T(Q* x g*),
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which is expressed, for each (z,g,y,u) € é* X g%, by
X(x, 9,Y, .u) = (xa gv ZJ, ,u) € T(a:,g,y,u) (é* X g*)

Because X is left invariant and \ : T*Q — C~2* x g* is equivariant, X is also left
invariant, and hence

h- X(xagvyaﬂ) = X(:E? hg7y7 hlu/) € T(z,hg,y,hu)(@* X g*)u
where X (z, hg,y, hu) = X (x, hg,y, Adj 1) and so

X(x, hg,y, hp) = (x, hg, y, hps, &, hg, §, hjir)

— (:c hg,y,Ad;;,lu,:e,Tthhg,y,Ad;,lg).

Hence, the value of X at the identity is
X(z,e,y,97 ) = (v, 6.y, 97 18,971 9,9, 97 ).
The quotient of the vector field

X:Q xg = T(@Q xg°)

by the action of G defines the reduced vector field as
[Xlo = X/G: T"(Q/G) 8§ — TT*(Q/G) & (5" x V),

which is given by, for each (z,y, i) € T*(Q/G) & g*,

[X]G(l',y,ﬁ) = (:E,y,a'c,y, ﬁaga ,L_l') .
In the above, i = [q, )¢ and € = [q, €], where € = A(q,4) = gg~".

When one has an integral curve of [X]g, then & = dz/dt will be the time deriva-
tive of z and g will be Dy/Dt, the covariant derivative of y in the bundle 7*(Q/G)
and ji = D/ Dt will be the covariant derivative of i in g*. Note that £ is a function
of i, namely, &(f).

Hamilton-Poincaré-Dirac reduction. Let us show reduction of the standard
implicit Hamiltonian system, called Hamilton-Poincaré-Dirac reduction.

Definition 7.1. The reduction of the standard implicit Hamiltonian sys-
tem (H, D, X) is given by a triple

(h, [D]G7 [X]G)
that satisfies, for each (z,y, 1) € T*(Q/G) @ g*, the condition

([X]G(‘r’ yv/j)a [dH]G(x7ya /7’)) € [D]G(x,:%ﬂ) (31)

Definition 7.2. A solution curve of (h, [D]g, [X]q) is a curve (z(t),y(¢), a(t)),t €
[to, t1] in T*(Q/G) @ g* =2 T*Q/G, which is an integral curve of the reduced vector
field [X]g : T*(Q/G) @ §* — TT*(Q/G) & (§* x V) that takes its value for each
point of the curve as

(K] (t), y(0), (1)) = (xu),y(t), a0 YO L) ), Dg@) |
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Theorem 7.3. Let (h,[D]g,[X]|g) be the reduction of the standard implicit Hamil-
tonian system that satisfies equation (31). Let (x(t),y(t), u(t)),t € [to,t1] in
T*(Q/G) @ §* be a solution curve of (h,[D]g,[X]g). Then, the solution curve
satisfies the Hamilton-Poincaré equations:

Dy oh _ .
E__%_<M7‘B(xa)>a
do _ ol
dt oy’ (32)
Di_ arn
Dt a g:uv
-~ Oh
f—afﬁ-

which is represented by

de Dy - Dp Oh Oh _ Oh _ B
((dt,.Dt 7.Dt>’<a$’ (9y’0’8u)> E[D]G(Iaymu’)v

together with &€ = Oh/0fi. Then, it follows

<gz,5w> + <5y, ‘;Z> +(0,¢) + <5g7 gz>
_ <5y, CZ> - <I;Z76x> — (. B, 62)) + (51,€) - <D;,<> + (B, €,

Hence, one has

for all dz, 6y, ¢ and J}i.

Thus, we can obtain the Hamilton-Poincaré equations in equation (32) as the
reduction of the standard implicit Hamiltonian system. O

Remark 13. The derivative 0h/0x can be interpreted in a covariant way, in a
similar way that the partial derivative 0l/0x is defined as was previously shown, by
making use of the covariant derivatives in the bundles T*(Q/G) and g* induced by
duality in correspondence with the derivatives in the bundle T(Q/G) and g.

Coordinate expressions. As previously mentioned, suppose that ) has dimension
n, so that /G has dimension r = n — dim G. Choose a local trivialization of the
principal bundle @ — Q/G to be S x G — S, where S is an open set of R".
Coordinates for a point ¢ = (z,¢9) € Q = S x G are written (2%, ¢g%). The principal
connection one-form on Q = S x G is locally written by Ad,(Ae(z)dz + g~'dg).
Then, at any tangent vector (z,g,%,g) € T(5,4) (S X G), one has

A(m,g,:'mg) = Adg(Ae(m) ST+ 6) = A(Iug) @ +gg_1a



150 HIROAKI YOSHIMURA AND JERROLD E. MARSDEN

where A, is the g-valued one-form on S defined by A.(x) - = A(x,e,&,0) and
¢ = g~ '¢. By the bundle isomorphism ¥4 : TQ/G — T(Q/G) @ g,

lI/A([‘%gijag]G) = (mvjjvg)a

where £ = (2, Ac(x) - & + €). Let A%(x) be the local coordinate expression of A,
on the bundle S x G — S. Then, we simply write £* = £% + A%&®. Let Cy, be
the structure constants of g. Recall that the components of the curvature of A are
given, in coordinates, by

B aAg DAY
aB =\ gxo oz

deAc Ad>

Thus, the coordinate expression of the Hamilton—Poincaré equations in
(32) may be represented by

dya oh _ o - a -
i = e ta (Bisi’ — CHALEY),
do _ oh
dt — Oya’
dlab ~ a & a e
I = Ha (Cdbfd - CdbAiz ) )

~ oh

b E—

§ = Bt

Gauged Dirac structures in Hamilton-Poincaré-Dirac reduction. Let us
denote by (h,[D]q,[X]c) the reduced standard implicit Hamiltonian system that
satisfies equation (31). Recall the reduced vector field [X]g : T*(Q/G) & §* —
TT*(Q/G) ® (§* x V) is locally given by, for each (z,y,/i) € T*(Q/G) ® §*,

s L dr Dy _ - Dp
[X]G(x7ynu)_ ( dt Dtnu ga )a

and [X]g can be decomposed into the horizontal and vertical parts such that

[Xlo(x,y, i) = [X]&" (2, y) @ [X]E" (B)-
In the above, [X]8°7 : T*(Q/G) — TT*(Q/G) denotes the horizontal partial vector
field, which is given by

[X]E (2, y) = ( dz Dy

Tdt’ Dt) €TT"(Q/G),

while [X ]Ver (gF — gt x V indicates the vertical partial vector field, which is given
by
_ _ Dji s
X&) = | & = "XV,
[ ]G (/’(’) (/’('757 Dt) cg X
_ On the other hand, the quotient of [dH]g : T*(Q/G) @ g* — T*T*(Q/G) & (g* x
V*) is given by, for each (x,y, ) € T*(Q/G) ® g*,

= _ oh Oh _ _ Oh
[dH]G(I7y7/J“) - (f,y, %7 @7#707 3;2) 5

which can be decomposed into the horizontal and vertical parts as

[dH]G(z,y, i) = [AH]G™ (x,y) & [dH]E (1),
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In the above, [dH]E°" is the horizontal differential of the Hamiltonian given by, for
each (z,y) € T*(Q/G),

— Oh Oh
Hor _ A
[dH}G (xyy) - (xvyv 8(E7 8y> )

and [dH | is the vertical differential of the Hamiltonian given by, for each i € g*,

- oh
dH) (B) = | 1,0, — |
g m = (r.o.5")
Recall that the reduced Dirac structure [D]g is a gauged Dirac structure that can
be decomposed into the horizontal and vertical Dirac structures, which may be
represented by, for each (z,y, 1) € T*(Q/G) & g*,

[Dl(z,y, 1) = [DIG* (,y) & [DIE" (1),

where the horizontal Dirac structure [D]g°"

tical Dirac structure [D]¥e" in equation (25).

is shown in equation (24) and the ver-

Thus, we obtain the following theorem associated with the gauged Dirac struc-
tures in Hamilton-Poincaré-Dirac reduction.

Theorem 7.4. Let (H,D, X) be a standard implicit Hamiltonian system and h :

T*(Q/G)®g* — R be the reduced Hamiltonian. Let (h,[D]q, [X]a) be the reduction
of (H,D, X), which satisfies, for each (x,y, i) € T*(Q/G) & g*, the condition

([X]G (‘T7y7ﬂ) 5 [dH]G(xaya ,L_l‘) € [D]G(xaya ,L_l‘)

Then, (h,[D]q, [X]a) can be decomposed into the horizontal and vertical parts as

(h, [Dle, [X]e) = (h, [D]G™, [X]g™) & (h, [DIe™, [X]&).

In the above, (h, [D]2°r, [X]Her) is the horizontal implicit Hamiltonian system
that satisfies, for each (z,y) € T*(Q/G),

([X16" (,y) . [AH]E™ (x,3)) € DG (2, y),

which induces the horizontal Hamilton-Poincaré equations:

D),

,EL,B(@‘,') E_aiy

On the other hand, (h,[D]¥e", [X]%T) is the vertical implicit Hamiltonian
system that satisfies, for each [i,

([X1E (), [AH]E (1) € [DIE (),

which induces the vertical Hamilton-Poincaré equations:
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Equivalence with the implicit Lagrange-Poincaré equations. We have es-
tablished the Hamilton-Poincaré equations in the context of Dirac cotangent bundle
reduction, where a Hamiltonian H is defined on the cotangent bundle 7*Q via the
Legendre transformation FL : TQ) — T*@Q from a given regular Lagrangian L on the
tangent bundle T'Q). On the other hand, one can define the reduced Hamiltonian h
on T*(Q/G)®g* = T*Q/G from the reduced Lagrangianl on T(Q/G)®g = TQ/G,
which is given by, for each (z,u,7) € T(Q/G) & §,

h(l’, Y, la) = <ya u> + <ﬁa 7_7> - l(l’, U, 77)7
where the reduced Legendre transformation
FI:T(Q/G)®dg— T*(Q/G) ®g*

holds as (z,u,7) — (z,y = 0l/0u, i = 0l/07). Recall that the reduced Legendre
transformation can be expressed by a direct sum of the horizontal and vertical parts
as

]Fl — IFlHor o FlVer’

where the horizontal Legendre transformation FI° : T(Q/G) — T*(Q/G) is given

by
( ’ ) ?
r,Uu) — CL‘,y - au

while the vertical Legendre transformation FIV' : g — g* is given by
__ ol
— 0= —.
n—p 7

It follows from Theorems 6.4 and 7.4 that for the case in which a given Lagrangian
is regular, the horizontal implicit Lagrange-Poincaré equations are transformed into
the horizontal Hamilton-Poincaré equations via the horizontal Legendre transforma-
tion, while the vertical implicit Lagrange-Poincaré equations are transformed into
the vertical Hamilton-Poincaré equations via the vertical Legendre transformation.

Thus, we can show the equivalence between the implicit Lagrange-Poincaré equa-
tions and the Hamilton-Poincaré equations via the reduced Legendre transformation.

Example: Satellite with a rotor. Again, let us consider the same example as in
the Lagrange-Poincaré-Dirac reduction, namely, a satellite with a rotor aligned with
the third principal axis of the body. Recall the satellite with a rotor is modeled by
a rigid body of a carrier and a rigid rotor, whose configuration manifold is given by
Q = S x SO(3), with the first factor being the rotor relative angle and the second
factor the rigid body attitude. Consider the case in which there exists no torque at
the rotor. Then, the Lie group G = SO(3) only acts on the second factor of @ and
hence Q/G = S! as before.

As was shown, let ¢ = (6, R) be local coordinates for Q = S! x SO(3) and
(g,v) = (0,R,u,U) for TQ. Let us take a trivialized connection on Q@ — Q/G
such that TQ/G = T(Q/G) ® g = TS x s50(3), while T*Q/G = T*(Q/G) ® §* =
T*S! x s0(3)*.

Recall that a given Lagrangian L : T'(Q — R is regular in this example and a
left invariant Hamiltonian H : T*(Q — R can be naturally defined from L via the
Legendre transformation. Hence, H is to be given by the total kinetic energy of the
system (rigid carrier plus rotor). By the G-invariance of H, it follows that, for each
(¢,p) € T*Q,
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In the above, h : T*S* x 50(3)* — R is the reduced Hamiltonian, which is given by,
for [¢,plc = (0,y,1I) € T*S* x (R?)* 2 T*S" x 50(3)",
7 I3 T3 20y y® | 2y yQ)

1
WO,y M) == (L4248 =30 U
6.y, 1) 2()\1+A2+>\3 L L L s

where I; > I > I3 are the rigid body moments of inertia, J; = Jo and J3 are the
rotor moments of inertia, A\; = I; + J;, 0 is the relative angle of the rotor, (6,y) €
T*S, and 11 = (IT*, 112, 113) € (R®)* =2 50(3)* is the body angular momentum.
The quotient of the differential of the Hamiltonian, namely, [dH]g : T*S* x
50(3)* — T*T*S' @ (s0(3)* x V*) is given by, for each (6,y,IT) € T*S! x s0(3)*,
Oh Oh Oh
dH]z(0,y, 1) = (0,y, —, —, 11,0, —

[ }G( 7y7 ) < 7y’ aa?ay’ ) 781—1)7
where V* = s0(3)* ®s0(3), while the reduction of the partial vector field X : T"Q —
TT*Q is the quotient map [X]¢ : T*S! @ s0(3)* — TT*S* @ (s0(3)* x V), which is
given by, for each (0,y,1I) € T*S! x s0(3)*,

[Xla (0, y,11) = (9,y797z),ﬂ,ﬂ,ﬂ) : (34)

where O = R™'R € s0(3).
Then, reduction of the standard implicit Hamiltonian system (H, D, X) is a triple

(33)

(h, [D]Gﬂ [X]G)a
which satisfies, for each (0, y,II) € T*S! @ s0(3)*, the condition
([X]G(ev Y, H)7 [dﬁ]G(ea Y, H)) € [D]G(07 Y, H) (35)

It follows from equation (23), (33), (34) and (35) that one can easily derive the
Hamilton-Poincaré equations for the satellite with a rotor, which consist of the
horizontal Hamilton-Poincaré equations

dy _, 40 _0oh
a7 dt oy’
as well as the vertical Hamilton-Poincaré equations
dll oh
— =IIxQ, OQ=_—.
at oIt

In the above, notice that the momentum y = J3(X3 4+ u) = constant.

8. Conclusions and future directions. This paper has developed a Dirac re-
duction theory, called Dirac cotangent bundle reduction, which is applicable to the
reduction of a cotangent bundle T*(Q with its canonical Dirac structure when one
has a Lie group G acting freely and properly on Q.

We have shown that Dirac cotangent bundle reduction accommodates Lagrangian,
Hamiltonian and a variational view simultaneously. Further, we have shown that
the resulting reduced structure is given by a gauged Dirac structure that consists of
the direct sum of a horizontal and a vertical Dirac structure. Associated with this
reduction procedure, we have developed a reduced Hamilton-Pontryagin variational
principle, which yields an implicit analogue of the Lagrange-Poincaré equations.
Correspondingly, we have established a reduction procedure for standard implicit
Lagrangian systems called Lagrange-Poincaré-Dirac reduction, including the case
of degenerate Lagrangians. This theory also allows one to develop horizontal and
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vertical tmplicit Lagrange-Poincaré equations in the context of gauged Dirac struc-
tures, which is consistent with the reduction of the Hamilton-Pontryagin variational
principle. We have also explored the Hamiltonian side (for the case in which the
given Lagrangian is regular); namely, we have developed a reduction procedure for
standard implicit Hamiltonian systems called Hamilton-Poincaré-Dirac reduction.
This can be also incorporated into the context of the Dirac cotangent bundle reduc-
tion, and, as with the Lagrangian side, one gets horizontal and vertical Hamilton-
Poincaré equations, consistent with the Hamilton-Poincaré variational principle.
We have finally demonstrated how the Dirac cotangent bundle reduction theory
accommodates Lagrange-Poincaré-Dirac reduction as well as Hamilton-Poincaré-
Dirac reduction. We have illustrated the theory using the example of a satellite
with a rotor.

In the future, we expect to be able to develop a similar theory for systems with
nonholonomic constraints as well as including the present theory into the broader
context of reduction theory for Dirac anchored vector bundles, as in [26]. We
will investigate some concrete examples of degenerate Lagrangian systems by the
present theory. We are also exploring Dirac structures and the Hamilton-Pontryagin
variational principle for field theories. Another interesting future direction would
be to develop these reduction methods for discrete Dirac structures as well as the
Hamilton-Pontryagin variational integrator, as shown in [12] and [52].
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