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Table 1 Six-body linkage: comparison of energy-momentum scheme and symplectic-momentum scheme in combination
with Lagrange multipliers and the discrete null space method with nodal reparametrization, respectively.

energy-momentum symplectic-momentum

constrained d’Alembert constrained d’Alembert

number of unknowns 143 1 143 1
n = 72, m̃ = 71
CPU-time 2 2 1 1
condition number

h = 10−2 1 · 105 1 5 · 104 1
h = 10−3 1 · 108 1 3 · 107 1
h = 10−4 1 · 1011 1 3 · 1010 1

f

Fig. 18 Configuration of a spatially discretized beam

scheme as well as for the variational integrators (22) and (28). Although a 143-dimensional system of equations has to be
solved using the constrained scheme, approximately the same computational time is needed for the setup and solution
of the one equation in the d’Alembert-type scheme with nodal reparametrization for both integrators. The reason is that
the computation of the null space matrix at each time-step is computational expensive, since it involves the derivative of
the angel relation (108). However, the fact that the constraint Jacobian and the null space matrix are evaluated at given
configurations qn only in the variational scheme causes the linearization of its nonlinear time-stepping equation to involve
less terms, wherefore it is about two times faster than the energy-momentum scheme. Concerning the conditioning issue,
the advantageous properties of the advocated discrete null space method are obvious in view of Table 1.

6 Flexible multibody system dynamics

In the context of structural mechanics, rigid bodies can be considered as a special case of geometrically exact beams, for
which the spatial distribution is degenerated to a single point. In modeling the sequel, the treatment of beam dynamics in
the framework of the discrete null space method and its extension to flexible multibody systems presented in [16] will be
described briefly.

6.1 Geometrically exact beam dynamics

This description of a ‘one-node structure’ can be extended easily to the modeling of geometrically exact beams as special
Cosserat continuum (see [29]). The placement of a material point of the beam reads

x(Xκ, s, t) = ϕ(s, t) + Xκdκ(s, t) . (112)

Here (X1, X2, X3 = s) ∈ R
3 is a triple of curvilinear coordinates with s ∈ [0, L] ⊂ R being the arc-length of the line of

centroids ϕ(s, 0) ∈ R
3 in the reference configuration. {dI} represent an orthonormal triad. The directors dκ(s, t), κ = 1, 2

span a principal basis of the cross-section at s and time t which is accordingly assumed to stay planar. In the reference
configuration, d3(s, 0) is tangent to the central line ϕ(s, 0) but this is not necessary in a deformed configuration. This
allowance of transverse shear deformation corresponds to the Timoshenko beam theory (see [38]). In contrast to kinematic
assumption for the placement of a material point in a rigid body (54), the sum over the repeated index in (112) comprises
κ = 1, 2 and the spatial extension of the beam in the longitudinal direction is accounted for by the parametrization in s. A
spatial discretization of the beams configuration (see Fig. 18) in terms of isoparametric finite elements as proposed by [25,39],
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using one-dimensional Lagrange-type nodal shape functions Nα(s) reads

qh(s, t) =
nnode∑

α=1

Nα(s)qα(t) ∈ R
12 , (113)

where nnode denotes the number of nodes on the central line. This leads to the 12nnode-dimensional semi-discrete configu-
ration vector where the configuration qα, α = 1, . . . , nnode at each node takes the form given in (55). Apparently, a spatially
discretized beam can be interpreted as a chain of rigid bodies for which the interconnections are prescribed by the connec-
tivity of the spatial finite element method, see e.g. [40]. In the sequel, a rigid body is considered as a special semi-discrete
beam, consisting of only one node, i.e. nnode = 1. The internal (orthonormality) constraints gint : R

12nnode → R
mint with

mint = 6nnode, pertaining to the underlying continuous theory are of the form (56) for α = 1, . . . , nnode.
An inherent property of the interpolation (113) is that the constraints on the director triads are relaxed to the nodes of

the mesh.

Remark 6.1 Many current semi-discrete beam formulations avoid the introduction of internal constraints by using
rotational degrees of freedom, see e.g. [41,42]. However it has been shown by Chrisfield and Jelenic [43] that the interpolation
of non-commutative finite rotations bears the risk of destroying the objectivity of the strain measures in the semi-discrete
model. This can be circumvented by the spatial interpolation of the director triad in (113) as proposed independently in [39]
and [25].

The redundant velocities q̇ ∈ R
12nnode of the semi-discrete beam may be expressed in terms of the 6nnode-dimensional

twist as q̇ = Pint(q) · t, where the 12nnode× 6nnode internal null space matrix Pint(q) has the same block structure as (68)
with nodal internal null space matrices (69) and the nodal reparametrization qα

n+1 = Fd(uα
n+1, q

α
n ) assumes the form (61).

Differentiating the placement of a material point (112) in time, one realizes the fact that the beam’s kinetic energy is
independent of ḋ3. Due to that property, the Lagrangian is degenerate and it follows that p3 = ∂L/∂ḋ3 = 0. The kinetic
energy is computed in terms of the 9-dimensional reduced velocity ˙̄q = [ϕ̇, ḋ1, ḋ2]T or the reduced conjugate momentum
vector p̄ = [pϕ, p1, p2]T and the non-singular reduced 9 × 9 mass matrix

M̄ =

⎡

⎢
⎣

AρI 0 0
0 M1

ρI 0
0 0 M2

ρI

⎤

⎥
⎦ , (114)

where I and 0 denote the 3 × 3 identity and zero matrices respectively, Aρ is the mass density per reference length and
M1

ρ , M2
ρ can be interpreted as principal mass-moments of inertia of the cross-section. See e.g. [25,44–46] for the transition

to the mass matrix of the spatially discrete beam formulation.
In a temporally discrete Lagrangian Ld(qn, qn+1) that is formulated in terms of the 12nnode-dimensional configuration

vector, a 12nnode × 12nnode singular mass matrix has to be used whose entries corresponding to dα
3 are zero. Note that this

does not lead to problems in determining dα
3 from the equations of motion since of course the stored deformation energy

function and the resulting internal forces do depend on dα
3 . Therefore one has to be careful in computing only p̄α

n using the
discrete Legendre transforms (34), (35). The hidden constraints on momentum level (46) now read

h̄d(qn, p̄n) = Ḡ (qn) · M̄−1 · p̄n = 0 , (115)

where in Ḡ (qn) consists of those rows and columns in G (qn) that are not related to dα
3 . Accordingly, in the projected

discrete Legendre transforms (39), (40), the projection reads

Q̄ = I9nnode×9nnode − ḠT ·
[
Ḡ · M̄−1 · ḠT

]−1

Ḡ · M̄−1 . (116)

6.2 Flexible multibody systems: the three-bar swing

The description of rigid bodies and spatially discretized geometrically exact beams as constrained continua in terms of the
configuration variables given in (55) allows their coupling to a multibody system consisting of rigid and elastic components
in a systematic way as described in [16]. Similar to (64), the configuration vectors of all components in the multibody system
are combined into the general configuration vector q(t) ∈ R

n where n is a 12 times the actual number of spatial nodes
present in the semi-discrete system. The external constraints can arise e.g. due to the coupling of neighboring components
by joints, a rigid connection representing the intersection of beams or standard Dirichlet boundary conditions.

As a specific example, the three-bar swing shown in Fig. 19 is considered. It consists of an elastic beam hinged at its
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Fig. 19 Three-bar swing comprising a flexible beam with
midspan mass hinged (by revolute joints R) to rigid bodies
fixed in space (by spherical joints S).

ends to rigid bodies by revolute joints. The rigid bodies are fixed in space by spherical joints. An additional point mass is
concentrated at the beams mid-point.

This example has been investigated previously in [47] using an energy-conserving scheme and the generalized-α method.
In [48] results from an energy-conserving and an energy-decaying scheme are presented. Here, motion and deformation
are predicted by the variational integrator and compared to simulations using the energy-momentum scheme based on the
discrete derivative [20]. Both integrators have been implemented using Lagrange multipliers as well as the discrete null
space method to treat the constraints. See [16] for a detailed introduction to the energy-momentum conserving integration
of flexible multibody dynamics where constraints are treated by the discrete null space method. Besides geometrically exact
beams, also shells are treated in [16].

A major difference in the performances of the symplectic-momentum conserving variational integrator and the energy-
momentum scheme is the capability the simulate stiff problems, i.e. ODEs possessing a wide spectrum of frequencies.
While the energy-momentum scheme can reproduce the results in [47, 48] for the set of material parameters used there
(E = 73 · 109 N/mm2, ν = 0.3, ρ = 2700kg/mm3) for a beam of rectangular cross-section (5 mm × 1 mm) oriented such
that the smaller of the two bending stiffnesses is about the major bending axis, no time-step between 10−1 s and 10−5 s could
be found for which the symplectic-momentum scheme was able to simulate a period of motion that includes the ‘event X’,
as it is called in [47] in which the rigid link on the right reverses its direction of rotation, causing highly vibratory behavior
of the beam. All attempts resulted in blow up of the total energy at the ‘event X’. This indicates in the same direction as
the arguments in [49] saying that temporally unresolved high frequencies are ‘seen by the [symplectic] algorithm as infinite
sample frequencies leading inevitably to […] instabilities. In sharp contrast with this result, […] the energy-momentum
conserving scheme remains stable’. However, it is not guaranteed that the energy-momentum scheme distributes the energy
over the frequency spectrum correctly. One possibility to deal with a large spectrum of frequencies in a problem is to use
asynchronous variational integration [50]. The idea is to assign smaller time-steps to small elements in the region where high
frequency motion is expected. In order not to slow down the overall simulation unnecessarily, larger elements in regions
performing slower deformation are integrated using a larger time-step. In [51], this method enables the long term integration
of the motion of a long thin helicopter blade for different sets of material parameters ranging from very stiff almost rigid
motion to rather soft material behavior. Another approach to address the capturing of high frequency motion in the overall
motion is to approximate the high order modes (e.g. by Fourier transform of the motion of nodes on a fine subgrid as it is
done in [52]) such that one can explicitly calculate a time-dependent force that represents the influence of the higher order
modes on the main mode.

The simulations described in the sequel use material properties of a less stiff material with higher density. Both rigid
bodies’ mass is 0.01 kg and they have the shape of pyramids with a square ground face of edge length 0.02 m and the height
of 0.36 m and 0.36

√
2 m, respectively.

A concentrated mass of M = 5 kg is rigidly connected at the midspan node of the beam, which is discretized by
20 linear finite beam elements. The semi-discrete beam’s response to loading is based on hyperelastic material behavior
with stiffness parameters GA = 175480.7692 N, EA = 547500 N, EI1 = 114.0625 N m2, EI2 = 10.2656 N m2, and
GJ = 13.7401 N m2. The sectional mass properties are Aρ = 7500 kg/m, M1

ρ = 1.5625 kg m, and M2
ρ = 0.1406 kg m. The

cross section is oriented such that the smaller of the two bending stiffnesses is with respect to the axis parallel to e1. (Note
that the numbering of the bending stiffnesses corresponds to the numbering of the nodal director triads which differ from
the inertial frame.) The loading is a triangular pulse in e2-direction which is applied at the midspan mass. It starts with 0 N
at t = 0 s, peaks with 10000 N at t = 0.125 s and ends with 0 N at t = 0.25 s.

Snapshots of the motion and deformation are depicted in Fig. 21. The elements’ colors represent a linear interpolation
in space of the weighted sum of the resulting axial and shear forces norm and the resulting bending and torsional moments
norm. Thereby blue represents zero and red represents 4000. According to the loading in axial direction of the beam, the
axial forces dominate the stress resultants therefore the resulting moments have been scaled by a factor of 100.
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Fig. 20 (online colour at: www.zamm-journal.org) Three-bar swing: axial force and bending moment with respect to e1

in the element to the right of the concentrated mass (left) and components of angular momentum L = LIeI in terms of
(qn, qn+1), (qn, pn) and (qn,Q pn) (right, top to bottom), (symplectic-momentum scheme, h = 10−2).

Fig. 21 (online colour at: www.zamm-journal.org) Three-bar swing: snapshots of the motion and deformation (symplectic-
momentum scheme, h = 10−2).

The evolution of the axial force and bending moments with respect to the axis e1 in the element to the right of the
concentrated mass can be observed from the left diagram in Fig. 20.

This figure shows the high frequency oscillations after the ‘event X’ at t ≈ 1.4 s. The diagram on the right hand side
illustrates that the motion really takes place in the (e2, e3)-plane (even though a fully three-dimensional model is used)
since the only non-zeros component of the angular momentum is that with respect to the out of plane axis e1. The left hand
diagram in Fig. 22 reveals again the good energy behavior of the variational scheme.

The diagram on the right hand side of this figure illustrates the orbit of the concentrated mass in the (e2, e3)-plane. One
can see clearly how the beams deformation superposes the overall rigid motion of the multibody system. Fig. 23 shows that
after the vanishing of the external load, energy is conserved exactly by the energy-momentum scheme.

On the other hand, as expected, the symplectic-momentum scheme shows oscillations with decreasing amplitude for
decreasing time-steps, see Fig. 24.

The results presented here have been obtained using the discrete null space method, i.e. (25) with reparametrization
has been solved. The Lagrange multiplier method (22) has been implemented as well. Since both schemes are equivalent,
the resulting diagrams are indistinguishable. However, the constrained scheme (22) behaves differently with regard to
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h = 10−2).
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Fig. 23 (online colour at: www.zamm-journal.org) Three-bar
swing: energy in terms of (qn, pn) (energy-momentum scheme,
h = 10−2).
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Fig. 24 (online colour at: www.zamm-journal.org) Three-bar swing: total energy for h = 10−2 (left) and h = 10−3

(right), (symplectic-momentum scheme).

computational costs and the condition number of the iteration matrix, see Table 2. The same problem has also been simulated
using the energy-momentum scheme in conjunction with the Lagrange multiplier method and the discrete null space method
with nodal reparametrization. Table 2 also compares the performance of these simulations to that of the d’Alembert-type
symplectic-momentum scheme with reparametrization based on performing 1000 steps with different time-steps. It reveals
that the solution of the larger dimensional constrained system takes longer than that of the d’Alembert-typescheme with local
reparametrization with a relatively simple null space matrix. One can also observe that the more complicated linearization
of the energy-momentum scheme requires more computational time. Furthermore, condition numbers increase strongly
for decreasing time-steps in both Lagrange multiplier schemes while they remain of moderate value in the d’Alembert-
type schemes.
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Table 2 Three-bar swing: comparison of energy-momentum scheme and symplectic-momentum scheme in combination
with Lagrange multipliers and the discrete null space method with nodal reparametrization, respectively.

energy-momentum symplectic-momentum

constrained d’Alembert constrained d’Alembert

number of unknowns 430 122 430 122
n = 276 , m = 154
CPU-time 1.5 1.2 1.4 1
condition number

h = 10−2 2 · 1012 4 · 104 6 · 1011 5 · 104

h = 10−3 2 · 1014 9 · 104 5 · 1013 9 · 104

h = 10−4 2 · 1017 2 · 105 5 · 1016 2 · 105
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Fig. 25 (online colour at: www.zamm-journal.org) Three-bar swing: convergence of trajectories computed by the energy-
momentum scheme with Lagrange multipliers (left) and with the discrete null space method with nodal reparametrization
(right) to trajectories obtained by the symplectic-momentum scheme and vice versa.

Besides the analytical proof of convergence of variational integrators for constrained problems, in [23] the same example
is used to verify the second order convergence numerically. A convergence study is not repeated here, however the final
Fig. 25 shows that based on performing 1000 steps with decreasing time-steps, the trajectories of the configuration, velocity,
conjugate momentum, projected conjugate momentum and Lagrange multipliers corresponding to the internal and external
constraints, obtained by the energy-momentum conserving scheme using either Lagrange multipliers or the discrete null
space method with nodal reparametrization, do approach the trajectories predicted by the variational scheme and vice versa.

7 Conclusion

The definition of the augmented discrete Lagrangian (23) is crucial for the variational integration of constrained systems. It
influences the form of the discrete Legendre transform, which is necessary for the consistent initialization of the simulation
as well as for postprocessing steps when evaluating the discrete trajectory.

The discrete null space method, which was originally used with an energy-momentum conserving time-stepping scheme,
is adapted to the framework of variational integrators. Specifically, it has been shown that the resulting scheme is not only
equivalent to the corresponding scheme using Lagrange multipliers, but that it can be derived itself via a discrete variational
principle. The derivation of viable discrete null space matrices is simpler in the variational setting, in fact the discrete null
space matrix is simply obtained by evaluating the continuous one at a discrete configuration. This facilitates the solution,
in particular the linearization of the discrete equations leading to reduced computational costs for the example of a closed
kinematic chain. On the other hand, for the example of flexible multibody dynamics, the advantageous properties of the
smaller dimensional and always well conditioned time-stepping scheme emanating from the discrete null space method
became obvious for both schemes. However, this example also revealed that the energy-momentum conserving integrator
is capable of handling problems with higher stiffness than the variational integrator, although one must say that promising
techniques for handling systems with stiff components is still in development in the variational context. Finally it has been
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demonstrated numerically that the discrete trajectories, velocities, momenta and Lagrange multipliers computed by the
energy-momentum scheme approach those of the variational integrator and vice versa for decreasing time-steps.

No attempt on comparing the presented constrained formulation of multibody dynamics to other kinematic concepts for
tree structured systems as in [53] or [54] is made here. The latter combines a tree representation in generalized coordinates
(where parallel linkages and closed loops are handled with holonomic constraints) with a systematic caching technique to
reduce computational costs. A comparison is certainly of interest and remains for future work.
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