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Abstract

This paper develops the theory and computation of Lagrangian Coherent Structures (LCS), which are detigedats
Finite-Time Lyapunov Exponent (FTLE) fields. These ridges can be seen as finite-time mixing templates. Such a framework
is common in dynamical systems theory for autonomous and time-periodic systems, in which examples of LCS are stable
and unstable manifolds of fixed points and periodic orbits. The concepts defined in this paper remain applicable to flows with
arbitrary time dependence and, in particular, to flows that are only defined (computed or measured) over a finite interval of time.

Previous work has demonstrated the usefulness of FTLE fields and the associated LCSs for revealing the Lagrangian
behavior of systems with general time dependence. However, ridges of the FTLE field need not be exactly advected with
the flow. The main result of this paper is an estimate for the flux across an LCS, which shows that the flux is small, and in most
cases negligible, for well-defined LCSs or those that rotate at a speed comparable to the local Eulerian velocity field, and are
computed from FTLE fields with a sufficiently long integration titdader these hypotheses, the structures represent nearly
invariant manifolds even in systems with arbitrary time dependence.

The results are illustrated on three examples. The first is a simplified dynamical model of a double-gyre flow. The second is
surface current data collected by high-frequency radar stations along the coast of Florida and the third is unsteady separation
over an airfoil. In all cases, the existence of LCSs governs the transport and it is verified numerically that the flux of particles
through these distinguished lines is indeed negligible.
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1. Introduction

Transport in dynamical systems is often studied in terms of particle trajectories in phasesz@eApplied
to fluids, this approach is often referred tolasyrangian in contrast to théulerian perspective where the flow
is described by quantities given at fixed locations in space. Neglecting molecular diffusion, passive tracers (dye,
temperature, or any other material having a negligible effect on the flow) follow fluid particle trajectories, namely
curvesx(t) in 2- or 3-space that are solutions of

X =V(X,1), (1)

where the right-hand side is the velocity field of the fluid. Even when the velocity field has a very simple
form, the behavior of the corresponding fluid trajectories can be quite complex and seemingly unpredictable,
a phenomenon referred to as deterministic chaos or chaotic transport. For time-independenbZjosved |
time-periodic flows 40,42], the invariant manifolds of, respectively, the fixed points and periodic orbits of
the system delineate mixing templates that govern the transport of passive tracers. Useful qualitative and
quantitative information about the flow can often be deduced from the intersection geometry of these invariant
manifolds.

When the right-hand side of E€lL) has general time dependence, fixed points, periodic orbits, or other invariant
sets are generally not available for defining invariant manifolds in the usual sense. Instead, one may rely on methods
such as the study of uniformly hyperbolic trajectoriég,89,36] or exponential dichotomie2[27]. However,
such techniques are typically applied to analytic advection models where the behavior is known for all time.
For many applications though, especially in fluid dynamics, the velocity field is only known over a finite time
interval. For instance, this is typical of numerically generated flows resulting from the integration of a model or
an approximation of the Navier—Stokes equations. Experimentally measured flows such as radar and satellite dat:
also fall into this category.

It has long been recognized that flows with general time dependence admit emergent patterns which influence the
transport of tracers; these structures are often generically referreddbeent structureslones and Winklerl[g]
provide a recent review of available techniques and examples of transport problems in geophysical flows. When
coherent structures are studied in terms of quantities derived from fluid trajectories they are often named Lagrangian
coherent structures (LCS). For example, in the special case of time-independent systems, one might classify the
stable and unstable manifolds of hyperbolic fixed points as coherent structures, but typically one uses the notion of
coherent structures in the context of more general flows. There is a vast body of literature on coherent structures
in fluid mechanics that we will not attempt to overview here. Howev2$,2P,11,38,18] provide many useful
references on this subject and discuss some of the various approaches.

As noted by [L1], in much of the literature, coherent structures are often vaguely defined, making the
analysis and exact detection of such structures difficult. The motivation for the series of papers by Haller et al.
[9-17 was to give a precise definition of LCS for general time-dependent systems defined, perhaps, only over a
finite time interval. Haller first provided what is calledhgperbolic time approachwhich gives a criterion for
the existence of LCSs based on invariants of the gradient of the velocity field evaluated along fluid trajectories.
Using this approach, LCSs are defined by local extrema of the hyperbolic time field, which measures how long
each trajectory remains hyperbolic. 2] Haller gives an alternative definition of LCS in Section 2.3 of that paper
as local extrema of the finite-time Lyapunov exponent field (FTLE). He also shows the strong correspondence
between LCSs computed from hyperbolicity time fields and finite-time Lyapunov exponent fields for steady and
forced ABC (Arnold—Beltrami—Childress) flows.

Similar to the FTLE, which measuré®mw much particles separate after a given interval of tisithe FSLE
(Finite-Size Lyapunov Exponent) whigheasures how long it takes particles to separate to a specified distance
The works of P0,19] demonstrate the use of FSLE for locating LCSs in atmospheric data. In this paper, we define
Lagrangian Coherent Structures using finite-time Lyapunov exponent fields. A similar definition based on finite-
size exponents and the comparison with the results in this paper are planned as future work.
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The traditional Lyapunov exponent quantifies #meymptoticbehavior of infinitesimally close particles in a
dynamical system and their origin goes back26,31]. The monograph by Barreira and Pesij §ives a self-
contained treatment of the abstract theory of Lyapunov exponents, which previously was not readily available in
English. Doerner et al5] discussed how level contours of finite-time Lyapunov exponent fields can approximate
stable manifolds for time-independent and periodic systems. In the realm of general time-dependent systems,
Pierrehumbert34] and Pierrehumbert and Yang9] used finite-time Lyapunov exponent fields to capture chaotic
mixing regions and transport barriers from atmospheric data. They used these fields to visualize the existence of
structures similar to classical invariant tori that are well documented in time-periodic flows. In the paper by von
Hardenberg et al4[), a similar approach is used for studying atmospheric eddies. However, these studies did not
attempt to precisely define these structures based on the finite-time Lyapunov exponent field. In this paper, we
formalize the definition of LCSs atdgesof the finite-time Lyapunov exponent fields, a notion introduced i [
and developed further in the present paper.

The motivation for developing a precise definition of LCS is that numerous works since the publicatigh of [
such as $0,23,24,17], have demonstrated the usefulness of FTLE plots and their associated LCSs for studying
systems with arbitrary time dependence. However, there has remained the issue of making the Lagrangian transport
properties of LCS precise. Based on previous numerical restdfs if was thought that LCSs are, at least
approximately, transported as sets by the flow and so should be approximately Lagrangian. Additiorly, in [

14], LCSs as determined from FTLE fields were referred to as material lines, meaning that they should be advected
by the flow. However, numerical studies have shown that ridges in the FTLE field (i.e., LCS) sometimes can exhibit
non-Lagrangian behavior such as bifurcations and that they may have a small material flux. One such example can
be found in R3] or at http://www.lekien.com/ francois/papers/rsmas

The purpose of the present paper is to fill some of the missing gaps in the question of “How Lagrangian are
LCSs?”. We do this by

(1) Carefully analyzing the basic definition of LCS.

(2) Deriving expressions for the exact flux across an LCS in a form that enables one to estimate its Lagrangian
transport properties.

(3) Verifying and illustrating the properties on three diverse examples.

As stated above, we define LCSs as ridges in the FTLE field. Ridgesparal gradient lines of the FTLE
field that are transverse to the direction of minimum curvatie show that for a well-defined LCS (satisfying
certain non-degeneracy conditions), the flux across the structure, while not necessarily zero, is usually negligible,
and therefore these structures are effectively invariant manifolds and hence act as transport barriers. In particular,
for a given FTLE field which admits an LCS, we construct a scalar fundtiont) such that the LCS is given by
the level seL (x,t) = 0.

A key fact, established iBection 4.3shows that the flux across an LCS is given by

dL
B(t) = fL CSEds. )

The main result of the papegiven in Eq.(61) of Theorem 4.4is the following estimate for ld/dt based on
guantities derived from the FTLE and velocity fields:

d. &, Vo) /. 9n 1
— = t,— —JA ol—). 3
d <ﬁ,zﬁ>< ot >+ (m) ®)
A/—/\—\r—" N— —
term A term B term C

Ignoring, for now, the precise definition of all the quantities in the right-hand-side of3,ghere is what they
roughly mean: term A measures how well defined the ridge is, and goes to zero the sharper the ridge; term B
represents the difference in the local rotation rate of the LCS from the local rotation rate of the Eulerian velocity
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field; and term C is a term which scales &$Tl, where|T| is the length of time over which the FTLE is computed.
Therefore, for well-defined ridges or ones that rotate at a rate comparable to the local Eulerian field and are
computed from a FTLE field which has a sufficiently long integration time, the flux across the LCS is expected to
be small.

The purpose of the definition proposed in this paper is twofold: first, a precise definition is required to prove
analytical results, and secondly, it was developed to permit computational means to extract the LCS from numerical
and experimental data. An overview of a numerical algorithm to extract LCS is given and it is applied to three
examples: an analytical double-gyre, observed ocean current data, and unsteady separation over an airfoil. Fo
the first two cases, we carefully study the rate at which particles cross the LCS and find that the rate is indeed
very small; in fact it is less than 0.05% of the average velocity of fluid particles near the LCS in both examples.
The third example is provided to illustrate the utility of the methods presented in this paper to a wide range of
applications.

2. Notation and definitions

Let the open seD c R? be the domain of the fluid under study. Given a time-dependent velocityirld)
defined onD, define a trajectorx(t; to, Xg) starting at poinkg € D at timetg to be the solution of

{X(t; to, Xg) = V(X(t; tg, Xo), 1), @)
X(to; to, Xo0) = Xo.

A trajectory is seen mainly as a function of time. However, its dependence on the initial positaond the
initial time tp will be most important in this work and we want to emphasize this aspect by keeping an explicit
reference to the parameteqgandty in the solution of Eq(4).

In this work, we shall be making a number of basic assumptions. The first, on smoothness, is in accord with
traditional assumptions in fluid mechaniés[32]:

Al. The velocity field/(x, t) is at least @ in time and & in space,

from which it follows x(t; to, Xo) is Ct in time andC? in space.

Fixing the initial timetg and the final time, we can view the solution of the dynamical system given in(&y.
as a map which takes points from their positigrat timetg to their position at time&. This map, referred to as the
flow map is denoted by and satisfies

¢ty : D — D : X0 > ¢ (Xo) = X(t; to, Xo). (5)

It follows from standard theorems docal existence and uniqueness of solutifbd of Eq. (4), that the map
¢t‘0 satisfies the following properties:

{ﬁwzx .
Blo (X) = DTS5 00) = ¢S, ().

2.1. Finite-time Lyapunov exponents

Roughly speaking, the finite-time Lyapunov exponent (FTLE) is a finite time average of the maximum expansion
rate for a pair of particles advected in the flow. For example, consider a point located Bt at timetyg. When
advected, this point moves Iﬁg” (x) after a time intervall . To understand the amount of stretching about this
trajectory, consider the evolution of the perturbed pgiat x + §x(0) wheresx(0) is infinitesimal and, for now,
arbitrarily oriented. After a time intervdl, this perturbation becomes
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¢to+T( )
dx
This equation employs theandaunotation R§]; that is, f(x) = O(g) for a positive functiong means that

f (X)/g(x) remains bounded for ak € R. The growth of linearized perturbations are obtained by dropping the
O(|I6x(0)||?) terms, and so using the standard Euclidean norm, the magnitude of the perturbation is given by

SX(T) = 2T (y) — 7T (%) = —2_—"8%(0) + O(|5x(0)||?). @)

¢t0+T( ) ¢t0+T( )
I6x(TH Il = J <8X(0) i i 6x(0) (8)
whereM* denotes the adjoint (transpose)Mf The symmetric matrix
y ¢to+T ) 4 ¢tt8+T ) o
dx dx

is afinite-timeversion of the (right) Cauchy—Green deformation tensor. Althadgh a function ofx, tp, andT,
we suppress writing these explicit dependencies to avoid notational clutter.

Maximum stretching occurs wheix(0) is chosen such that it is aligned with the eigenvector associated with
the maximum eigenvalue al. That is, if Amax(4) is the maximum eigenvalue af, thought of as an operator,
then

max|sx(T) | = VAmax(4)18X(0) | (10)
wheresx(0) is aligned with the eigenvector associated withx(A). Then, Eq(10) can be recast as

max $x(T) | = &0 T 5% ()], (11)
where

o (X) = ﬁ I v/Amax(4). (12)

Eqg. (12) represents the (largest) finite-time Lyapunov exponent with a finite integration Timehich is
associated to point € D at timetg. Notice that the absolute value of the integration time is used if{Z2}. This
work permits both positive and negative integration time&arlier work [L3] motivates the use of backward-time
integration for locatingattracting Lagrangian coherent structurés.g., unstable manifolds for time-independent
vector fields), and forward-time integration for revealirgelling Lagrangian coherent structurés.g., stable
manifolds for time-independent vector fields). For brevity, we often refer to the FTLE as(xjstor more simply
o, when the extra notation can be dropped without causing ambiguity.

Early work in the area of Lyapunov exponen8d] motivates the importance of restricting the study to flows
satisfying the following condition:

A2. There is a constant k such that

< ghlt=tol (13)

do, (X)
dx

forall t.
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This assumption is reasonable assuming the velocity field is Lipschitz continuous, cf. Thm.484 of [

In this paper, we restrict the domain of the fluldto be a subset dR?. There is no conceptual problem with
working in higher dimensions, but the definitions and analysis presented in this paper become somewhat more
complicated.

In this work, we are concerned with trajectories that satisfy the property:

Notice that for finiteT, A measures the average deformation of a perturbation over the infergal for instance,
if an (infinitesimal) circular blob of particles is placed about a trajectory that sat&sBethen after an amount of
time T, the blob will have expanded in one direction and compressed in the other to form an elliptical shape. We
refer to such trajectories as finite-time hyperbob8][

If we were to takel — oo, we should assume that there exist arbitrary constagis and umax such that the
eigenvalues satisfy

INAmin(4) < pmin < 0 < pmax < 1N Amax(A), (15)

so that the logarithms of the eigenvalues are uniformly bounded away from zero. For the sort of examples of interest
in this paper, the dynamical system is only defined on a finite interval of time and therefore, to cOnsiden,

we can follow [L8] and assume that the finite-time field is extended using bump functions. In this case, uniform
boundedness is equivalent to boundedness. In other words, this uniform boundedness property is not a problem il
the finite-time context.

All trajectories satisfying Eq14) are contained within an open set (not necessarily connected) of the extended
phase spacB x R. In the rest of this work, we assume that everything is done in this subset only. This restriction
allows us to work only in regions where the Lagrangian Coherent Structures are codimension-1 manifolds.
Hyperbolic trajectories for which the logarithm of both eigenvalues of the Cauchy—Green deformation tensor have
the same sign correspondareasof expansion or compression (source/sinks). These regions are of less importance
in studying the Lagrangian barrier properties of the flow because there is no codimension-1 structure separating
regions of different dynamics.

As mentioned in11,14,49], flows that have lines of high shear can produce particle separation plots (e.g., FTLE
fields) which will have ridges along the shear lines. The problem with this is that it is then hard to distinguish lines
of high shear from “hyperbolic lines”, i.e., lines about which there is exponential stretching orthogonal to the line.
AssumptionA3 precludes lines of pure shear and hence this paper does not address the properties of LCSs that
result from such behavior.

Lemma 2.1. The fieldo,] (x) is C? in space and €in time.

Proof. Since¢>ttg+T (x) is aC2 in space C! in time) diffeomorphism, the Cauchy—Green deformation tenasis

C2in space C! in time) and invertible. Since E§14) requires that the two eigenvalues are distinct, they are also
C2in space Clin time) functions. AlsoA is a real symmetric matrix, so its two eigenvalues are real and positive.
Hence the logarithm of the largest eigenvalu€?sin space an€! intime. O

2.2. Ridges and LCS

FTLE fields for a wide variety of flows reveal distinguished lines of high FTLE. While detecting these structures
is usually obvious by inspection, an exact definition is required to facilitate proving properties of the structures and
for building efficient numerical algorithms to extract these curves. For a FTLE &%Id(), we define Lagrangian
Coherent Structures aislgesof the field. In this section, we make this definition precise.

As a small point, from a geometric point of view, a ridge of an arbitrary surface shoulditién that
surface. However, for our application we are concerned with extracting ridges afraéipé of the function
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o : D ¢ R? - R, where the graph is thought of as a surfac&®h Since the motion of the fluid is confined
to the domairD c RR?, it only makes sense to define the parametrization of the ridgelytivat is, the ridge lies
within the domainD and not within the graph af.
Below, we give two alternative, but similar, definitions of a ridge, the first beiograature ridgeof an FTLE
field. Key concepts in this geometric definition are that of principal curvatures and principal dire&®HnSir
definition of a curvature ridge can easily be generalized for an arbitrary orientable surface. We then present a more
convenient and somewhat simpler definition of a ridge known secand-derivative ridgevhich does not rely
on the geometric notions of principal curvatures and directions, but instead tre Hessian of the FTLE field,
ie.,

B d?oy] (X)
dx2

It is instructive to keep in mind the intuition behind each definition. For example, if hiking along a “ridge” one
would expect (1) to béocally at the highest point in the field transverse to the ridge, that is, if the hiker stepped
to the right or left of the path, they would be stepping down, and (2) for the topography to drop off steepest in the
direction transverse to the ridge, that is, at each point on the ridge, the direction the topography decreases most
rapidly should be transverse to the ridge. The two definitions below formally state these two conditions; however,
they differ in the reference direction they use for “down”. In the first definition, the downward direction is always
parallel to the normal vector field of the graph, whereas in the second definition, the downward direction is fixed
and points toward they-plane’

(16)

Definition 2.1. Let G c R® denote the graph af : D ¢ R? — R. Letz : G — D be the standard projection
map, with its associated tangent nip. A curvature ridge of the graphg is an injective curve : (a, b) — D,
satisfying the following conditions for eahin the open intervala, b):

CR1. The vectorg(s) = & andVo (c(s)) are parallel.
CR2. Regardg as an orientated surface k. Letp = c(s) andp = 7~ 1(p) € G. Let kg and k:j denote the

maximum and minimum principal curvatures @fat the pointp with corresponding unit principal vectors
ap andtl'f,. We require thak'ﬁ < 0and thaﬂ'n(ﬂ'ﬁ) be normal ta'(s).

Definition 2.2. A second-derivative ridgeof ¢ is an injective curvec : (a,b) — D satisfying the following
conditions for eacls € (a, b):

SR1. The vectorg/(s) andVo (c(s)) are parallel.
SR2. X (n, n) = minjyj=1 X'(u, u) < 0, wheren is a unit normal vector to the curegs) and X' is thought of as a
bilinear form evaluated at the poiots).

Since the FTLE fieldg,' (x), varies with timet, it is often convenient to append a subscriptas) to refer
to the time at which the FTLE is computed. Therefore, we weii@) for a ridge in the FTLE field at timé.
The objective of this paper is to investigate how ridges of the FTLE field evolve over time. In particular, our goal
is to show thatc; (s) behaves approximately like a line of Lagrangian particles, i.enaterial ling whent is
varied.

Theorem 2.1. The curveg(s) given in the above definitions are?C

Proof. By Lemma 2.1 Vo (c(s)) is CL. By SR2 ¢'(s) is necessarily parallel t¥¢ (c(s)), hence we can always
find a parametrization such theits) is C1, which implies that(s) isC2. O

1 we assume c xy-plane.
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The main difference between the two definitions lies in the followingCRR2 the curvature is measured with
respect to the tangent plane to the grapk @t each point, whereas BR2, the curvature is always with respect
to thexy-plane. The first definition is more intrinsic, whereas the second is more intuitive. As expected, one can
prove the two measures are equal at local extrema, at which the two planes are parallel. In the next section, we
show that a second-derivative ridge is always a subset of a curvature ridge.

2.3. Equivalence between ridges

The relationships between the curvature measures used in the two previous definitions can be summarized a
follows.

Theorem 2.2. For each pointp € D, lett be a vector of arbitrary length oriented alongo and n be a vector
of arbitrary length oriented orthogonal to(if Vo = 0, t can be arbitrarily oriented). Leyn, = X'(n, n) and
n = X(t,t). As before, let = (Tx)~1t andfi = (T)~In. Then we have the following relations:

Yn = kk(h)
n = K3k,
where

() ()

Proof. Let the FTLE field be given by the functian(x, y) andg denote the graph = o (X, y). The unit normal
field to G is given by

1
uol (_3_0,_3_0,1)‘ (17)
K X ay

By definition [30], the normal curvature in the directignis given by
k(ﬁ) =f- ViU (18)

whereViu is the covariant derivative af with respect ta.
Using the preceding formula for an arbitrary vecloe= (wx, wy, wz), the curvature alonw is given by

kw) = 2 (w227 4 oy LT 4220
= — Wy W
« \ ¥ ox2 XY axay yay2
1 (30 (o %0 L 320 L o (B0 920 Lo 30 (19)
-l 1+ — — =+ ——— ) | wxw
«3 \ 9x \ ax axay = ay ay2 ay \ dy axay = ax ax2 Xy
1 (30 (30 320 30 d%0\ , do (do 3?0 o %0\
===+ = Wi+ —(——+ —— | wy ).
k3 \ox \ gy axay = ax ax2 ay \ax axay = ay ay2) Y
Plugging infi for w in Eq. (19) and using the fact that

Vo -n =0, (20)

we get

1 2a 820 232 1
k(ﬂ)—;( X ox — +2nkn Yo 8y+ YayZ —;E(n,n). (21)
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Now lett = u x fA. As above, define

k®) =t V;u. (22)
If k(t) is expanded out and reduced, some algebra shows that
, %0 3% 3% 1
k@ = = 2 =z O 2
t = (t 2 + 2t Y axay +1y ay2> (t, t). (23)

Notice thatx > 1. Therefore, equality of the two curvature measures holds whenl, which implies that
Vo = 0 (i.e., the tangent plane ¢fis parallel to thexy-plane).

Theorem 2.3. A second derivative ridge is always identical to or a subset of a curvature ridge.

Proof. We must show that all points along a second-derivative ridge satisfy the conditions of a curvature ridge.
Notice thatCR1 is trivially satisfied ifSR1is true. Hence we must shaBR2, that is,k(f) is @ minimum and less
than zero, whera is the lift of n, andn satisfiesSR2 i.e.,
X, n) = |rrﬂm Y(u,u) <0 (24)

with n orthogonal tovVo.

From Theorem 2.2k(f1) is necessarily less than zero if §Q4) is satisfied. Thus, it is left to show thkth)
is minimized in the (lifted) direction orthogonal to the second-derivative ridge. It should be clear that the scaling
introduced inTheorem 2.2will not affect the difference in ridge definitions for all points in whi¢hhas a non-
negative eigenvalue. Therefore, assume that the eigenvalugssatisfy Amin < Amax < 0. Without loss of
generality we can assume the second-derivative ridge is locally aligned withdRis, i.e., thatf;—‘)’, = 0. This,
along with Eq.(24), puts X' in canonical form

Amax 0
Y= . 25
[ 0 )tmini| ( )

Using this relation in Eq(19) gives

N 1 1
k(@) = = (UXAmax+ Ughmin) — =5 (Vo *Amax) (26)

for an arbitrary unit vectol = (uy, uy, 0). Notice that both terms in E¢26) are positive, henck((l) is minimized
if G is in they-direction (i.e.,0 = (0, 1, 0)), which is the direction orthogonal to the second-derivative ridgé.l

2.4. Example

Here we present an example to demonstrate the notions of curvature ridges and second-derivative ridges. Panels
(a) and (b) ofFig. 1 show the graph of an analytical test fietd It seems intuitive to call the ling = 0 a ridge
except along the “valley” of the graph, centered around the gairt}) in the domain.

It is easily verified thatCR1, and henceSR1], is satisfied for the liney = 0. The principal curvatures and
second-derivative values given @R2 and SR2 are plotted in Panel (c) dfig. 1L Panel (d) ofFig. 1 shows a
close-up around the value= 1.2. Notice thatSR2is satisfied for alk less tharx ~ 1.195 (i.e., up to the second-
derivative curvature intersection point shown in Panel (d)) whet&dais satisfied for alk less thax ~ 1.2 (i.e.,
up to the principal curvature intersection point shown on Panel (#igf1). Therefore we see that the second-
derivative ridge is a subset of the curvature ridge, which is of course in agreemerithgibihem 2.31n addition,
this example shows how the two measures produce near identical results in this case.

The functional form foro in this example was chosen to produce an interesting test-case. For actual FTLE
fields,o typically does not vary much along the ridges of the field—in fact, much less than shown in this example.
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Fig. 1. Comparison between ridge definitions. Notice that the second-derivative ridge is slightly shorter than the curvature ridge.

Therefore we can expect the difference between the two measures to be identically zero or non-existent for all

practical purposes. For autonomous systenis,constant along a ridge (asymptotically), hence the two definitions
of ridge are always identical for such systems.

2.5. Lagrangian coherent structures

Given the graph of a function, the Hessian only represents the curvature of the graph at local extrema,
therefore defining a ridge in terms of principal curvatures gives a better physical interpretation and is more
intrinsic. However, the notion of a second-derivative ridge is somewhat simpler and more convenient, as we
shall see later in this work. Also, we have shown that a second-derivative ridge is always a subset of a
principal curvature ridge, and moreover the two definitions are nearly identical for all practical purposes. In

addition, the second-derivative definition facilitates computational implementation. Therefore, we define LCS as
follows:
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Definition 2.3. At each timet, aLagrangian Coherent Structure (LCS) is a second-derivative ridge of the scalar
field ot (X).

As mentioned in the Introduction, it is well known that LCS can reveal an underlying flow structure in
time-dependent systems that is typically not evident from the Eulerian field. In addition, these structures divide
dynamically distinct regions in the flow, which allow for the easy analysis of transport. However, it is not clear
from their definition that LCSs ammaterial lines We shall address this issueSection 4

Recall that the FTLE fieldc;tT (X), is a Lagrangian measure ovefimite interval of time. Therefore, we might
expect the flux over an LCS to be inversely proportional to the integration Tim&lso, we might expect that
sharp, well-defined ridges are more Lagrangian than poorly defined ridges. Both parts of this intuition turn out to
be true and are made preciseSaction 4where we derive a formula for the flux across the LCS and later show
that in many interesting cases the flux is negligible. In the next section, we evaluate the Lagrangian properties of
the FTLE field itself.

3. Lagrangian FTLE field

In this section we show that the finite-time Lyapunov exponeﬁt(x), is Lagrangian in the limit of large
integration timesT. Notice that this does not guarantee that the LCSs are Lagrangian; they rely on higher
derivatives of or on its curvature which are generally not Lagrangian.

For an arbitrary 2 2 matrix, A, the natural matrix norm induced from the-norm onR? is defined as the
largest eigenvalue of the matriXA* A. Therefore, the definition oftT (X) can be conveniently recast as

dx

1
O’t-g(X) =—1In

T @7)

Recalling that the traditional Lyapunov exponent is defined by(Eg).for T — oo, we then have:

Theorem 3.1. The traditional Lyapunov exponent is constant along trajectories.

This theorem could be restated ase finite-time Lyapunov exponent becomes constant along trajectories for
large integration times T

Proof. We compare the value of the Lyapunov exponent computed at two different points of the same trajectory.
Without loss of generality, we assume that the initial timgis= 0. Lety = ¢>8(x) for some arbitrary, but fixed,
s € R. We have

T s+T
ITl(og 00 —od (y) =In d¢gx(x) —In HMH
i [d@Ts@r @l @G0 ||| d@it T 6d )))
- dx dy
o d¢>¥+s<9> d¢I+S<>2> dd)sT ¥ dp50 | [ doF T %) ded ()
- dx odx dy
o d¢T+S<y) d¢>¥+3<x> d¢s ) H o0 [\ _ | 9o %) dod v
- odx dy
B d¢T+s<y) dp00
=1In d—y n H dx < 2k|5|,
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where we have used properties of the flow map given il&and the maximum exponential stretching hypothesis
of Eq. (13). Similarly,

dpg (X)
T T _ _ 0
Ti(od » —od () =In| =2 =2 —in H o
_ et @ @y | | dig )
N dy dx
N dp3™T (%) ded () dgpQ(y) N d¢>0 (X)
N dx dx  dy
d¢s”<x> dpg () d¢s y) d¢>0 X)
dx
B ¢S+T %) deo(y)
=1In H ® +In” q < 2K|s],
so we have
llog (%) — og W < 2k||T—|| (28)
Therefore
do' 0| . llofs® =o' 0l _ 2k
‘ | = lim 3 < ] = OWITD. (29)
Taking the limitagT| — oo gives
T
lim sup doy_09 =0, (30)
IT|— 00 dt
which implies
do 0 |
ITI%O‘ | =0 O (31)

The following Corollary provides a bound on the variatiorMaf in time.

Corollary 3.1. We have

dVo
ot
where J is the Jacobian matrix of the velocity figld

= —J*Vo — Iv+ O(1/|T)), (32)

Proof. From Eq.(29), the material derivative of satisfies
d

ot —ay (X) = O(1/[T)).

As a result,

do

= = —(v, Vo) + O1/|T). )
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Lemma 2.1guarantees thafo is C in time. Therefore, we havké’%| < oo and the (spatial) derivative of Eq.
(33)yields
RAY d
8_;’ :Va—: = —J*Vo — Sv+OQ/|T). O (34)
We will use Corollary 3.1in the next section to derive an estimate for the flux across an LCS. Notice that
although X' is technically a bilinear form, itCorollary 3.1we made use of Riesz’s representation theorem and
represented’ as a linear operator by definingu (for anyu) as the unique vector that satisfies

(v, Zu) = Z(v, u), (35)

for all v. This will be encountered again far and similar bilinear forms when needed.

4. Lagrangian ridges

The purpose of this section is to derive the flux through an LCS based only on the geometry of the FTLE field
and the given dynamical system. To simplify the derivation§eution 4.1we define a functiorh (x, t) such that
the LCS is given by the level sét(x, t) = 0. Some useful properties af(x, t) and its derivatives are then derived
in Section 4.2including an expression folld/dt given in Eqg.(61). We show that the infinitesimal flux at any point
on the LCS is given by

dL

do = o » ds

where & is the infinitesimal arc length along the LCS and the right-hand side is to be replaced witb1gq.
which contains values that can be obtained from the geometry of the FTLE field and the dynamical system. We
then analyze and discuss the interpretation of this estim&edtion 4.3

4.1. Representation

Suppose that we are given an FTLE fiequ,(x) for t e [t1,t2] which admits an LCS in the sense of
Definition 2.3 We define a scalar functidn of space and time as follows:
Definition 4.1. For every timet, let L (x, t) be the function ok € D defined by the conditions
1. [L(x, t)| = [Xx—Xqll, wherexq is the point on the closure of the path representing the LCS closest to thexpoint
2. L, (X = Xg) x ¢(9)) - k) > 0.

wherek is the unit basis vector pointing “up” from the domain Notice thatL (x, t) simply gives the “signed
distance” fromx to the nearest point on the LCS. If moving along the cu(g? in the positivec'(s) direction, then

at least locally, points on the right have a positive valué oind points on the left a negative value. Also note that
the LCS is trivially given by the zero sét= 0.

4.2. Properties

There may exist points in the domain which have multiple possible values,fddowever, by the following
theorem, we can always find an open &&t,which contains the LCS and excludes any of these points.

Theorem 4.1.Let B C D be the set of points with non-unigug. This set is at a strictly positive distance from
c(s).
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Proof. Since the curve(s) is C2 in s by Theorem 2.1its curvature must remain finite. We will first show tH&it
must be at a finite distance froogs) by contradiction. Suppose that the #eis not a finite distance frora(s). In
this case, we can find a sequengec B such thax, — p € c(s). By definition of B, for eachxy, there exist at
least two p0|nts<(l) andx(z) onc(s) that are equidistant fromy, and every other point on the LCS is located at the

same distance fromy, as these points or further. Since the cuty® is an injection, there are unlqwél) ands, 2
such tha’c(snl)) (1) andc( 2)) = ﬁ2>.
Notice that
[Xn —pIl ——> 0 (36)
n—oo

and

IXE = Xall = %P = Xnll < P = Xll, (37)
so we must have

X —p

é2> D, (38)

(l) ;ﬁ x(z) for all n.

This allows us to define the curvaturepas the limit of the difference between the normal vectors at poxﬁll)[s
andx{?. Let us denote bj® andA'® the unit vectors normal to(s) at respectivelk® andx?, cf. Fig. 2a).
The curvaturer is defined as the norm of the derivative with resped ¢ the normal vector.

From Eq.(38), we get

A@ _ D

2 1
Sg) 8((1)

k() = lim (39)

n—oo

Sincex (p) is bounded due to the fact thets) is C2, the limit of the right-hand side of E¢39) must remain
bounded. We will show that iF is not at a finite distance frowx(s), then this limit goes unbounded, providing the
contradiction.

Notice that the pointgy
(2)

(D andx(z) are the points ow(s) that are the closest tq,, hence the vectonsﬁl) —

andx{?’ — xn, must betangentto respectivelyd’" andi®. Therefore the difference between the normal vectors
can be written
2 1 2 1
NN Xr(1) Xn ( ) — Xn ||X( ) r(1)||
™ =l = (1) =0 : (40)
X2 —xall  IXY = Xl X~ — Xnll
We also have that there exists sodg € R such that
X = (1)||
because the ridge Gl andc/(s) # 0, so there is an* such that for alh > n*,
2 (1)
(X I
m > 7 >0, (42)

by definition of the limit.
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(a) Setting for the proof oTheorem 4.1 (b) A tubelt; enclosing the LCS,
wherelL is C2.

Fig. 2. For an LCS represented as a cut¢®, we can always find an open set containing it that excludes points of discontinuitylof
Panel (b), notice that even though for poiAtandB there are multiple values o defined, the functiot. (X, t) is still continuous at poiné,
howeverVL is not continuous aA.

Egs.(39), (40)and(42) give

2 @)
. Xn~ — X Dy .. 1
k(p) = lim I T R

2 2 1), — =
=00 1x? —xql 182 — s 2 = xP — x|

+o00, (43)

which contradicts the fact thats) has a finite curvature at poipt O

The theorem above allows us to define an operifdhat completely contains the LCS. The fact that each
X € Ut has a uniqueg, allows us to show that the functidnmust beC? on and near the LCS.

Theorem 4.2. L(x, t) is C? over the open sét;.
Proof. Since
L(X, 1) = %X — Xqll, (44)
we have
+1 d
VL=_<|_ﬁ,x_xq>. (45)
X — Xqll
However,
dXgq
— X—Xq)=0 46
< dx q> (46)

in U; because the closest point on the LCS does not change with variations in the direction normal to the curve. As
aresult,
X — Xq X —

X
L= = 9 — A, 1), (47)
+[x — Xq L
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where we have used the fact thef is the point on the LCS closest tq hencen(x, t) must be parallel to
X — Xq. Recall that there is a unique, for eachx e U4, by virtue of Theorem 4.1As a resulti(x,t) is a
well-defined function ok. Moreover,c(s) is C2 by Theorem 2.1 This implies that/(s) is C1, and hence so is
VL =A=k x ¢/||c| sincec #0. O

Define the unit vectot, orthogonal tah by f = k x f. Notice thatt andf are defined everywhere i, not
just on the LCS. On the LC$andh correspond to, respectively, the tangent and orthogonal directions to the LCS.
Therefore, on the LCS,is parallel toVeo. But sinceVo can be oriented either alorigs) or —¢(s) and can even
vanish, we prefer to usieon the ridge instead 6¥c.

Let £ be the Hessian df and note the following properties éfand X:

Lemma 4.1. ¥ and £ are self-adjoint.

Proof. This result holds due to the symmetry of mixed partials. Fio, v) = X(v, u), we deduce immediately
that(u, X'v) = (v, Yu) = (Xu, v) because the derivatives are necessarily real numbefs.

Theorem 4.3.For L = 0, we have(f, £f) = (A, 2t) = 0.

Proof. FromDefinition 2.2 SR2implies thatV L = A is an eigenvector af. Hence(f, ZA) = Amin(£)(t, A) = 0,
whereimin(Y) is the smallest eigenvalue af. O

Corollary 4.1. For L = 0 and an arbitrary vector, we havelfi, Xv) = (A, XA)(A, v).

Proof. Developingv in the orthonormal basid, ) gives

A~

v = (&, V)t + (A, V)A. (48)

Computing(f, X'v) in this basis and applyinfheorem 4.3jives the desired result. [

Lemma 4.2. LA = 0 everywhere ird4;.

Proof. Everywhere inl4, L is C?, so the gradien¥L exists and is differentiable. In particulafyL| = 1,
therefore

0=V(|VL||®>) =2LVL =2Ch. O (49)
Lemma 4.3. On the LCS, i.e., for =0,

. _..dL (A, Vo)

(A, XN) i T (50)
Proof. Takex on the LCS at timé, i.e.,L(x,t) = 0. Definey = x + «(5t)f such thatL (y, t + §t) = 0. In other
words,y is at the intersection of the LCS at tinhe- 5t and the line starting a, orthogonal to the LCS at time
(seeFig. 3). Since we requirg = x for §t = 0, it follows thata (t) is O(st). ExpandingL to second order it
gives the following (where all derivatives on the right-hand side of Esfg)—(59)are evaluated at andt unless
otherwise specified):

aL
O=L(y,t+0) =L +a+ =5t + O(5t?), (51)

aL
=+ oot O@5t2). (52)
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L(flf):o L(g’”&)to

Fig. 3. Geometry of quantities discussed.emma 4.3

Therefore,
oL
@=——C8t+ O(5t?). (53)

Now expandingvL, and plugging in.emma 4.2 gives

VLlyt4st = VL + %& + O(5t?). (54)
Taylor expandingvoly t4st gives

Volyttst = Vo +aSA+ %St + O(8t?). (55)
From Egs(47)and(53) we have

aL v
Volyten = Vo — - SVLt + a_ta‘“ +O6t). (56)

Sincey is on the LCS at time + §t, we must have

0 = (VLly,t+st, Voly,t+st) (57)
L VL,V
— (VL, Vo) + 8t (—E(VL,ZVL)+%>+O(&2) (58)
oL (A, v
= st (—(ﬁ, Th) o= + %) +O@t?). (59)

Hence, we get the desired result, sidtés arbitrary. [

As stated above, and derived in the next section, the flux over the LCS, i.e., the ldvekdgtis given by

dL
P(t) = / —ds. (60)
Lcs dt
The next theorem provides an expression foydt based on quantities defining the FTLE and velocity fields.

Theorem 4.4. Along the set L= 0, we have

d. (Vo)
dt (A, YA)

<f, ‘Z—? — Jﬁ> +O/|T). (61)
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Proof. Lemma 4.3gives

L oo dl (A Ve)
(h, ¥ >E =t + (N, XA)(A, v). (62)
Applying Corollary 4.1and the chain rule for the derivative gives
. .. dL oh . 0Vo .
— =(Vo, — — .
(A, XA) " < o, 8t>+<n, o >+<n, 2v) (63)
UsingCorollary 3.1in Eq. (63) gives
L R
(A, Z‘ﬁ)?j—t = <V<7, 2—? — Jﬁ> +O0/|T) (64)

and the result follows by noticing that, for = 0, the vectot is proportional tove, henceVo = (t, Vo)t. O
4.3. Analysis

Now we are in the position to analyze the flux across the LCS. Recall that
L(x(), t) = £[IX() — Xq(X(V), DI,
where we have indicated the explicit functional dependencies of each variable. Therefore we have

dL_8L dx oL dxq

— = — 4+ — ) 65

gt~ ax dt | oxg  dt (63)
However,

oL —

oL _Xg—X _ VL.

0Xq L
and so

dL dx  dxq

— =VL-(——-=2).

dt (dt dt ) (66)

On the LCS, the two points andxq are equal; however, we think afas being d.agrangian or material, point

while xq is viewed as a point which moves with the LCS. Notice the right-hand side of@Bjrepresents the
difference in the velocity of the two points, projected in the direction normal to the LCS. This projected difference
in velocities is precisely what contributes to particles crossing the LCS. Therefore, the total flux across the LCS is
given by

dL
P(t) = —ds, 67
® [LCS = (67)

where the integral is taken over the length of the LCS. Of couks&ld which is not directly obtainable, is to be
replaced by its value given in E¢61), which can be computed from the FTLE field. If we normalize by the length
of the LCS, we can define tlaverage escape rates

2(t)

n(t) = .
Jicsds

(68)
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Now we analyze the terms in the right-hand side of 64), starting first with the factor

{, Vo)

—_—. 69

(A, XA) (69)
Recall that all terms in E((61) are evaluated along the LCS. The numerator of §) can be rewritten as
{t, Vo) = ||Vo]|. For time-independent flows;, is constant along trajectories (asymptotically). Hence for any

ridge in the FTLE field Vo = 0 along the ridge, and therefore the flux is zero. This is expected since for time-
independent flows, streamlines and trajectories coincide. Experience dictates that even for highly time-dependent
flows the value ot does not vary much along ridges in the FTLE field and hence we can expect this term to
typically be quite small. More precisely though, taking the derivative in the orthogonal directiokf(i. €| Vo ||))
reveals that the numerator in E§9) is indeed a minimum on the LCS.

Referring toDefinition 2.2 we notice that the denominator of E§9)is less than zero and is locally minimized
(i.e., its norm is maximized). Therefore, for a well-defined ridge, we expect the magnitude of this term to be large,
with a larger value the sharper the ridge. Since the numerator 6Bj}jis locally minimized and the magnitude
of the denominator is locally maximized, this implies that the magnitude of the factor given {6%ds locally
minimized in the direction normal to the LCS, hence this multiplying factor is expected to be small for well-defined

ridges.
Now consider the term
~ 0R
t, — — Jh 70
< u > (70)

from Eq. (61). The quantity(f, %) represents how fast the LCS is locally rotating, which we think of as
a Lagrangianrotation. This is easily seen since, for an appropriatave can writei = (cosf, sind) and

t = (—sing, cosh) so

. of _ —6'sing .

<t, ﬁ> =[—sing cosf] [ 5 cosd } =0,
which is the local rotation rate of the LCS. Now notidé is the linearized velocity field applied to a unit vector
normal to the LCS; and taking the inner product of this with the tangent to the 1,@®&ges the component in the

direction of the LCS. That is, the terfh, JA) measures how much the local Eulerian field rotates vectors normal

to the LCS. We therefore view this term as a loEalerianrotation rate and hence E€.0) is a local measure of
the difference in the rotation rate of the LCS from the rotation rate induced by the (instantaneous) velocity field

If the linearized flow about the LCS turns at a sufficiently uniform speed, then the LCS will follow that rotation.
On the other hand, if there is a sudden increase or decrease of the local vorticity in the field (i.e., a short-term error
or a short-term vortex), the LCS may become less Lagrangian. In the second example studied below, we extract a
strong LCS from high-frequency radar data near the coast of Florida. Small vortices in the domain can be observed
and eventually degrade the LCS, as observed by Lekien &3l. [

The last term in the right-hand side of H§1) scales inversely to the integration time. Notice thaf, i 0,
then the FTLE is an instantaneous, or Eulerian, measure of separation, which is often not very enlightening for
aperiodic systemslfl]. However, forT finite, we obtain a Lagrangian measure of separation because the FTLE
considers the integrated effect of the flow over the intefuarhus theO(1/T) term in Eq.(61) which states that
the LCS becomes more LagrangianTasncreases should seem reasonable. However, it is important to keep in
mind that, based on the time scales of the system dynamics, ridges in the FTLE field can become more or less
pronounced a3 increases; that is, the term given by E§9) can become smallar larger asT increases even
though theD(1/T) termin Eq.(61)is tending to zero. This is because for aperiodic flows, strongly hyperbolic lines
can lose their hyperbolicity as time evolves, or restating, some LCSs exist only over strictly finite-time intervals.
So for example, a3 initially is increased a ridge (LCS) in the FTLE field may sharpen, bui axtends beyond
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Fig. 4. Two points on either side of a stable manifold will diverge after a sufficient amount of time.

the interval of existence of the LCS, the ridge may disappear. The next sectio@%mkjude discussion about
choosingT .

5. Computation of FTLE and LCS

This section provides an overview of the numerical computation of FTLE and LCS and some computational
concerns. All too often theoretical ideas are demonstrated through numerical examples without properly explaining
the computational method, which can be troublesome if two methods can produce dramatically different results.
This development helps bridge the gap between the above theoretical development and the results shown in the
following example sections.

The algorithm starts with the computation of the flow map, the map that takes an initial fluid particle position
Xo at timet to its later positionx(t 4+ T;t, Xg) at timet + T. To perform this analysis, a grid of particles is
launched at time; in the examples below, a Cartesian mesh is used. Each particle is advected with a fourth-
order Runge—Kutta—Fehlberg algorithm integrating either analytic velocity data, or discrete velocity field data. For
discrete velocity data, a third-order interpolatd@][was used. Once the final positiongt + T;t, Xg), of each
particle are found, the spatial gradient of the flow map can be evaluated at each poininitiahgrid by finite
differencing with values at the neighboring grid point8,P3]. Once the gradient of the flow map is computed,
obtaining the FTLE at each point is a straightforward evaluation of E?). This procedure is then repeated for a
range of timeg to provide a time-series of FTLE fields.

By finite differencing neighboring points in the grid, the gradient of the flow map (and hence the FTLE) is being
approximated, or smoothed out. However, this smoothing is often desirable in obtaining rough approximations to
the locations of LCSs. For example, consider a generic hyperbolic point and its stable and unstable manifolds as
shown inFig. 4. The hyperbolicity of the fixed point should cause two points on either side of the stable manifold
to diverge after a sufficient amount of tirfie therefore we can expect high FTLE values along the stable manifold.
But since the value of the FTLE can quickly decrease away from the manifold, it is possible tliadhetical
FTLE values atx(0) andy(0) can be both quite low if the gradient of the flow map is computed from truly
infinitesimal differencing. However, if the derivative of the flow map at poif® is computed by differencing
with the trajectory ofy(0) (or vice versa), then theomputedvalue will be large since these points straddle the
stable manifold (i.e., LCS). Therefore, if we only know the theoretical FTLE values over a coarse grid, one would
not likely see any ridges in the FTLE field since we cannot expect grid points to lie on, or sufficiently close to, the
LCS. However, by differencing the computational grid as outlined above, LCSs that lie between grid points should
still be revealed, even for relatively coarser meshes.

An analysis of the influence of the integration tiffian the computation of FTLE fields can be found B&1].

Roughly speaking, &b increases, more of the LCS becomes resolved; for exampl€igirtthe two points started
further to the right then they would need a londeto separate. For most practical applications the dynamical
system is only known over a finite time interval, or over a finite domain, and herseypically bounded by the
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availability of data. While locating LCS is not particularly sensitiveltochoosing the optimal value for a given
application is not always obvious.

To extract the LCS from FTLE fields, both the Hessian of the FTLE field and the gradient lines are determined.
In the case of a Cartesian grid, the Hessian is easily computed from finite-differencing. The gradient field can be
found by Morse—Smale decomposition. Once the eigenvectors corresponding to the minimum eigenvalue direction
of the Hessian are computed, a scalar field can be formed by taking the inner product of these eigenvectors with
the gradient field. Then ridges are extracted by looking at the zero-valued level sets.

Notice thatt - Vo is used in Eq(61) instead of equivalently usingVo ||. This is for numerical purposes. The
norm of the gradient can increase rapidly if we are slightly off the ridge because the curvature has been maximized,
sot - Vo should be less sensitive to numerical errors on the position of the ridge.

6. Example 1: Analytical model of a double-gyre flow

In this section we apply some of the preceding results to a periodically varying double-gyre. This flow is
described by the stream-function

(X, y,t) = Asin(r f (X, t)) sin(ry), (71)
where

f(x,1) = at)x? + b(t)x, (72)

a(t) = e sin(wt), (73)

b(t) = 1 — 2¢ sin(wt), (74)

over the domaini0, 2] x [0, 1]. This model should not be seen as the approximate solution to a real fluid flow, but
rather a simplification of a double-gyre pattern that occurs frequently in geophysical #i«s The analytical
forms of the parameters in E/4) were chosen to produce a simple time-dependent flow with fixed boundaries,
not to approach a solution of Navier—Stokes’ equation.

The velocity field is given by

u= —% = —m Asin(r f (x)) cogry), (75)
_ o _ ey &
V= o 7 Acogx f (X)) sin(ry) o (76)

Fore = 0 the flow is time-independent and has the same pattefiga§(a). However, fok £ 0 the flow is time-
dependent and the gyres conversely expand and contract periodically sadihection such that the rectangle
enclosing the gyres remains invariant. In EfL), A determines the magnitude of the velocity vectar&r is the
frequency of oscillation, andis approximatelyhow far the line separating the gyres moves to the left or right, that
is, the amplitude of the motion of the separation p@&ian thex axis about the pointl, 0) is

V14 4e?sirf(wt) — 1
2¢ sin(wt)

1+ 2e2sirf(wt) — 1

- 2¢ sin(wt)

= esin(wt). (77)

X—1=

, for smalle

Fig. 5shows the velocity field of the periodic double-gyre at various timeg\fer 0.1, » = 27, ande = 0.25.
Notice that the period of motion is equal to 1 for this case, hence at time 0 both gyres are equal in size, at time 0.25
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Fig. 5. The double-gyre velocity field fok = 0.1, w = 27, ande = 0.25 at several different times.

the line separating the gyres is offset furthest to the right a distanegat time 0.5 the line has returned to the
middle, at time 0.75 the line is offset furthest to the left a distamce and at time 1 the velocity field completes
one period.

Fore = 0 the system can be thought of as a time-independent 2-D Hamiltonian system. For this case there is a
heteroclinic connection of the unstable manifold of the fixed pdint) with the stable manifold of the fixed point
(1, 0). The FTLE field for the double-gyre flow is shown kig. 6(a) fore = 0. The LCS, indicated by a line of
high FTLE, represents this heteroclinic connection, which in this case is an invariant manifold.

Fore # 0, but small, we can think of the system as perturbed from the time-independent case. We might expect
this perturbation to cause a classic entanglement of the unstable and stable ma®ddld3 fis is exactly what
is indicated by the plot of the FTLE field for the system witk= 0.1, which is shown irFig. 6(b). Notice the LCS
which extends from the bottom of the domain and loops back and forth near the top. The integration time used
for Fig. 6(b) wasT = 1.5 periods. If the integration is extended in time, further looping would be revealed. If the
integration were carried out in backward time, i’B.< 0, one would see an LCS extending from the top of the
domain and analogously looping back and forth near the bottom of the domain. It should be notéd. tBx)
shows the FTLE computed from the flow map and not for a Poaosap.

6.1. Flux over the LCS
Here we show that the LCS IFg. 6b) is indeed nearly Lagrangian. Fig. 7(a) we have highlighted the LCS

shown in the FTLE field ofig. 6(b) and used aiX to represent a Lagrangian tracer which is located on the LCS
at timet = 0. Fig. 7(b)—(d) show the location of the LCS and the tracer at later times. From this plot, the LCS is



S.C. Shadden et al. / Physica D 212 (2005) 271-304 293

1 DLE
8
0.8 74
6
5
0.6 4
> 3
0.4 5
0
-
0.2 o
N
(a)e =0.
DLE
9
8
7
6
5
4
3
2
1
0
-
2

(b)e = 0.1.

Fig. 6. FTLE plots for the double-gyre flow for= 0. In both casesA = 0.1. For the time-dependent case, shown in Panek(b}, 27 /10,
andT = 15. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

indistinguishably Lagrangian, that is, the tracer seems to move perédotigthe structure. However, if we refine
the calculation, and take a closer look, we can see that there is a very slight flux across the LCS.

Fig. 8shows a highly refined computation of the LCS and the location of the Lagrangian tracer. The grid spacing
that was used for the computation of FTLE was 10~°. Computations reveal that the tracer moves at an average
rate of 5x 10~ normal to the LCS over the interval considered. This rate is about 0.05% of the magnitude of the
velocity field in that region. It is important to note that this rate persists with further refinement of the computations.

To verify Theorem 4.4 the terms in the right-hand side of E@1) were computed from a first-order
approximation. The?(1/T) term dominates for this example with T ~ 0.03. This confirms Eq(61) since
the “directly computed” flux of 5« 102 is well belowO(1/T).

7. Example 2: VHF radar data off the coast of Florida

High-resolution ocean velocity data has become readily available since the introduction of Very High Frequency
(VHF) radar technology. In this section, we use data collected along the Florida coast to compute the FTLE field
and extract the LCS in this area. To validateeorem 4.4we compute the flux across the LCS using both a direct
computation and an evaluation of the flux given in E&i.). We show that the rate at which particles cross the LCS
is less than 0.05% of the average magnitude of the velocity field in the region. This comfiensem 4.4and
validates the fact that ridges in the FTLE field (that reveal the Lagrangian behavior of the flow) are also Lagrangian
(i.e., their motion obeys the equation of motion of the fluid).
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Fig. 7. Locations of the LCS and the Lagrangian tracer at four different times. The tracer is denotedbfCivaputed withA = 0.1,
o = 21/10,e = 0.1 andT = 15). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
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7.1. Very high frequency radar data

The use of radio frequencies to measure ocean surface currents has received attention in recent coaste
oceanographic experiment4g37,43]. The Ocean Surface Current Radar (OSCR) VHF system was deployed
for the Southern Florida Ocean Measurement Center (SFOMC) 4-Dimensional Current Experiment from June 25
through August 25, 1999. Recent observations of surface currents from OSCR using the VHF mode reveal complex
flow patterns in this region. More details about the experimental setting and observations can be fddddin
Data from the OSCR system represent coastal surface currents mapped over-a8%km domain at 20 min
intervals with a horizontal resolution of 250 m at 700 grid points. The map for July 22, 1999 12:00 GMT can be
found in Panel (a) oFig. 9.

7.2. Direct Lyapunov exponents and LCS

To compute the FTLE field using the VHF radar data, a uniform grid of8800 particles was used. The FTLE
map for July 22, 1999 12:00 GMT can be found in Panel (bigf 9.

Notice that the domain depictedhig. 9has an open-boundary. The computation of trajectories must be stopped
if they exit the domain since velocity data does not extend through this region, and extrapolation would not be
meaningful. Such trajectories are disregardéenthey exit the domain and the FTLE is computed with a smaller
integration time, equal to the time at which the trajectory exited.
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Fig. 8. Highly refined plots of the locations of the LCS and the Lagrangian tracer at four different times. (Computad=nfth, » = 27/10,
e = 0.1, T = 30, and a grid spacing for FTLE computations 0f§() (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

There is a noticeable ridge of high FTLEHig. 9b) which encapsulates an LCS. Analysis of the motion of fluid
parcels 3] reveals that any particle northeast of this structure is flushed out of the domain in only a few hours. In
contrast, parcels starting southwest of the structure typically recirculate several times near the Florida coast before
they finally rejoin the current. Interestingly, this unique behavior is not obvious from a simple observation of the
velocity footprints—which are typically not very revealing for flows with general time dependence. However, the
Lagrangian footprint of the LCS easily exposes this behavior.

7.3. LCS flux

The objective of this section is to show that for typical coastal flows, such as the one studied here, ridges of
the FTLE field are nearly Lagrangian. For this purpose we computed the FTLE field at several instances in time



296 S.C. Shadden et al. / Physica D 212 (2005) 271-304

26.10f= /X\XT[’I}
i 72 I T I O I A
Ay 1]
26.08 \,////ffff
- AR EREE
2 NN
L NN EREEE
g | I O I I
g | I
26.04_— ; " ‘ T T T T T T
- R
2602_— \ \ X T I N T T
. |.""|\‘.\‘\XWIIT‘TI
-80.12 -80.10 -80.08 -80.06 -80.04
Longitude (degrees)
(a) Velocity field.
26.10
26.08
_5'3)26.06
_|26.04
26.02
-80.12 -80.10 -80.08 -80.06 -80.04
Longitude (degrees)

(b) FTLE field.

Fig. 9. Panel (a) shows a vector plot of the velocity field off the Florida coast as observed by the OSCR VHF system on July 22, 1999 12:00
GMT. Panel (b) shows the FTLE field for July 22, 1999 12:00 GMT, computed from OSCR data. The Florida coastline is located on the left
and shaded green. The area shaded blue represents regions of low FTLE and the red represents high FTLE. (For interpretation of the reference
to colour in this figure legend, the reader is referred to the web version of this article.)

(Fig. 10. Fig. 11(a) shows the LCS extracted from the FTLE showkiig. 10at several 30 min time steps starting
with July 22, 1999 12:00 GMT. Each curve corresponds to the rigge (s) extracted from the fieldrtgﬂ(x),
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Fig. 10. From left to right and from top to bottom, FTLE field and LCS on July 22 12:00 GMT, 12:30 GMT, 13:00 GMT, 13:30 GMT, 14:00
GMT and 14:30 GMT. Superimposed on each plot is the Eulerian velocity field (using the same length for each vector) at the corresponding
time. Fig. 11(a) shows these six LCS superimposed on a single frame. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

whereT = 25 h is constanttg is set to July 22, 1999 12:00 GMT andincreases from zero by increments of
30 min. Our goal is to show that,, . (s) is nearly identical to the integratiasf the material linec, (s) from tg to
to+ 7.
Panel (a) ofig. 12shows a close-up of the successive locations of the LCS and the corresponding locations of
the integrated material curve. To the naked eye, the LCS behaves as a Lagrangian line. A slight deviation can be
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Fig. 11. Panel (a) superimposes the locations of the LCS at six different times, spaced every 30 min. Panel (b) shows the instantaneous crossin
rate along the LCS at July 22, 1999 12:00 GMT. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

noticed after about three hours, but it is not possible to tell from this analysis if that discrepancy is due to numerical
error or is inherent.

To give a more definitive and qualitative result, and vefiieorem 4.4we need to compute the flux, or crossing
rate, across the LCS. This is done “directly” by approximating the projected difference in velocity between the LCS
and the material line using finite differencing. In other words, the LCS is computed for severat tirtgst kst.

In addition, we integrate the LCS computed at tighfom tg to t as if it was a line of fluid particles. The difference
between the LCS at timeand the integrated line of fluid particles fragto t gives the average flux betweén
andt, wheret — tg is the averaging time. As the averaging time goes to zerot i-e. tp, we expect the measured
average flux to converge toward its instantaneous vadl(g. The results of these computations are shown in
Fig. 11(b) andFig. 12b).

Panel (b) ofFig. 11shows the distribution of the crossing rate along the LCS computed for July 22, 1999 12:00
GMT. The bars and dashed line in Panel (bfaf. 12represent the computed rate at which particles cross the LCS
as a function of the averaging time. One can see that as the averaging time goes to zero, the rate converges to abo
0.01 cm s, The typical velocity of fluid particles is aboutd® degrees mint or 30 cm st in the vicinity of the
LCS [3345,23]. Therefore, the maximum compound flux along the LCS is less than 0.05% of the average speed
of the flow in that region.

In addition to computing the flux directly, we evaluated the first-order term given by@&a¢. This value is
referred to as the “theoretical limit” on Panel (b)iy. 12 Notice that the theoretical limit is very close to the
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Fig. 12. Panel (a) shows a comparison between the location of thed:CSs) at different increments of times, (solid blue curves) with

the location of the advected material line, which initially corresponds ® (dashed red curves). Panel (b) shows the average crossing rate
along the LCS as a function of time; notice that the limiting value for the flux i€*1@/s. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

limit of the average flux fot — tg. This suggest that the integration tifids long enough for the terr®(1/|T|)
in Eq. (61)to be negligible.

As an example of how short-term vorticity can break down LCS, we note that during the SFOMC experiment
surface current observations revealed Florida Current intrusions over the shelf break, wavelike structures along
the inshore edge of the current, and numerous sub-mesoscale vofdteSrie example started at 01:20 GMT
on June 26, 1999, when a sub-mesoscale vortex was located along the southern part of the VHF-radar domain
just inshore of the Florida Current. Surface currents within the vortex ranged from 20-30t@hadiameter of
about 1-1.25 km from the vortex’s center. The vortex’s northward displacement of about 6 km occurred over a5 h
period. While there is a continuous presence of distinct, slowly-rotating LCSs in the domain, the eddies moving
North collide with the structures and eventually break them down by adding local vorfiGty [

8. Example 3: Separation over an airfoil

In this example we show the utility of computing LCSs from FTLE fields to obtain the unsteady separation
profile of flow over an airfoil. Haller 15] recently derived a criterion for the existence of separation profiles in
unsteady flows. In this section, we show that the existence of such a Lagrangian profile is indicated by a Lagrangian
ridge in the FTLE field. The geometry of the airfoil is known as GLAS-II and has been used in the area of active
flow control where an oscillatory blowing valve is placed on the surface of the airfoil to provide regulated pressure
oscillations by means of blowing or suction. This enables control of the separation and reattachment points over
the airfoil, and hence control of aerodynamic properties such as lift and drag.

The velocity data used to compute FTLE was provided by a viscous vortex meJgod.[Fig. 13shows the
FTLE field for two different times. There is a noticeable LCS attached to the rear of the airfoil.

In Fig. 14we have plotted the evolution of the FTLE field together with a grid of fluid particles. In these plots,
however, the FTLE is plotted by a color contour plot in which only high values of FTLE are shaded and low values
are masked by shading them white. This allows us to highlight the ridge of high FTLE (i.e., the LCS) and keep the
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(b)t = 3.2.

Fig. 13. FTLE field on the airfoil at different times. A moving LCS following the separation profile is clearly visible. For the complete movie
seehttp://www.lekien.com/ francois/papers/qLOEor interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

rest of the plot transparent. This LCS reveals the separation profile which separates the free-stream flow over the
airfoil from the separation bubble or dead-water zone.

An unsteady separation profile can be thought of as a material line that attracts and ejects particles near
the separation pointfl,15]. Therefore, the separation profile behaves like an unstable manifold. As previously
mentioned, for time-independent systems stable manifolds produce ridges in the FTLE field when computed using a
positive integration timel > 0, and unstable manifolds are revealed from backward integrdtien(. Therefore,
the FTLE fields shown iffrig. 14were computed fronmtegrating backward in timeTo obtain the FTLE field at
timet, a grid of particles is advected from timeo timet — |T| (or equivalentit + T whereT < 0). Once the
FTLE has been computed in this manner for a series of timtbe forward time evolution of the LCS can then be
presented by sequentially showing these fieldsiasreases.

To demonstrate the Lagrangian behavior of the LCS, a uniform grid of fluid particles is placed in the flow at
timet = 0. To aid in the visualization, particles are shaded differently based on their initial location relative to
the LCS. Note that the trajectory of these particles wassused to compute the FTLE, since these particles are
being advectedorward in time. The location of the blowing valve is denoted by the dark gray rectangle located
on the top, center of the airfoil ifig. 14 The flow is actuated to produce a highly unsteady separation point.
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Fig. 14. Evolution of an LCS, given by the red curve, and a grid of fluid particles over time. Particles initially located above the LCS
are colored green, while particles initially located below the LCS are colored black. In this example, the LCS represents a separation
profile that marks the boundary between the free-stream flow from the dead-water zone behind the airfoil, for the complete movie see
http://www.lekien.com/"francois/papers/gLC@or interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

As we can see fronfrig. 14 even though the LCS is itself highly unsteady, it does a remarkable job capturing
not just a transport barrier between the two regions, but the actual separation profile. Particles located above
the LCS exit the domain very quickly with the ones locally near the LCS being ejected along the structure,
while particles below the LCS are slowly ejected along the LCS. For the complete animatig. df4, see
http://www.lekien.com/"francois/papers/qLCS

Note that this example demonstrates that predictidintoire Lagrangian behavior can be obtained from FTLE
fields obtained by integratingackward in timee.g., predicting the qualitative behavior of particles based on their
initial location with respect to the LCS. It should also be noted that the assumption listed(iEg.not satisfied
at the separation point because the velocity field has a no-slip boundary condition along the surface of the airfoil.
However, as this simulation shows, extrapolation of the LCS to the boundary appears to be reasonable for practical
purposes.

9. Conclusions

The study of transport barriers in systems with general time dependence, especially those given by a finite set of
data, is often best accomplished by studying finite-time Lyapunov exponent fields. Lagrangian coherent structures
are defined as ridges in the FTLE field. These structures can help reveal the mixing and transport geometry of a
system. The study of LCS for general time-dependent systems, such as the ocean, is often analogous to studying the
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stable and unstable manifolds of time-independent or time-periodic dynamical systems. LCS typically represent
separatrices which divide the flow into dynamically distinct regions.

Thetraditional Lyapunov exponent (limiting value of the FTLE @is— oo) gives a measure of the ergodicity of
the flow and is often used as a statistical measure of the steady state. So even for chaotic flows, Sexttian f
the Lyapunov exponent may become uniform over the domain, but over a finite time interval, FTLE fields give a
clear description of the mixing geometry over the time scales considered. Therefore FTLE fields are able to capture
the transient behavior of a system, which is most significant for general aperiodic systems where LCSs can exist
on a variety of time scales.

The precise definition of LCS presented in this paper is based on an idea proposed byllaakgr Although
the FTLE has previously been used to extract LCSs in the study of various dynamical sy34356g9,50,23,

24,17], a refined definition was needed to provide a more rigorous framework for the study of the Lagrangian
properties. The definition presented in this paper allows for the analysis and proof of Lagrangian properties, and
supports the computation and numerical extraction of LCSs from data sets.

An expression for the flux over an LCS was derived ireorem 4.4for which it was shown that for well-defined
LCSs, or those able to rotate with the local Eulerian field, there is a negligible amount of flux, which is inversely
proportional to the integration time of the FTLE.

The theoretical results presented in this paper were verified for two applications: an analytical double-gyre and
observational data of surface currents off the coast of Florida. In both examples, the flux across the LCS was
less than 0.05% of the average magnitude of the velocity field near the LCS. In addition, a third application was
presented, which showed the ability of FTLE fields to capture unsteady separation profiles in flow over an airfoil.
These examples reaffirmed that ridges in the FTLE field, i.e., LCSs, are indeed Lagrangian.
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