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Summary. In the context of simple mechanical systems with symmetry, we give a
method based on blowing up the amended potential for obtaining symmetry-breaking
branches of relative equilibria bifurcating from a given set of symmetric relative equi-
libria. The general method is illustrated with two concrete mechanical examples, the
double spherical pendulum and the symmetric coupled rigid bodies.

1. Introduction

1.1. Background

The search for special orbits, such as equilibria and periodic orbits and their bifurcations,
is a major theme in the theory of dynamical systems. In the presence of symmetry, it is
also natural to study these issues for relative equilibria, that is, dynamic orbits generated
by the symmetry group, which correspond to equilibrium points in the quotient space.
This paper is a contribution to the study of the bifurcation of symmetry-breaking branches
from relative equilibria in mechanical systems with symmetry. Our main tool will be that
of blowing up the amended potential in the context of simple mechanical systems; that
is, systems whose Hamiltonian is of the form kinetic plus potential energies on phase
space.

The symplectic context is often used for the study of relative equilibria and their
bifurcation. In this setting, one considers a (finite-dimensional) symplectic manifold
(P, ©2) with a Lie group G (whose Lie algebra is denoted g) acting symplectically on P
and with an equivariant momentum map J : P — g* and a G-invariant Hamiltonian H.
A relatively simple situation occurs when the action of the symmetry group is locally free
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in a neighborhood of (the group orbit of) a relative equilibrium z,, when its momentum
value u is a regular point of the coadjoint action and z, is a nondegenerate critical point
of the symplectically reduced Hamiltonian. Then, for every v close to j, there is a unique
group orbit of relative equilibria (close to the orbit of z,) with momentum equal to v.
(See, for example, Marsden and Weinstein [1974] and Arnold [1989, appendix 2] for
this elementary consequence of the implicit function theorem).

In other words, the relative equilibrium persist to nearby momentum level sets. Patrick
[1995] showed that in this situation the set of relative equilibria persisting from z, form
a smooth manifold and, under some extra generic assumptions, this set is a smooth
(dim G +rankG)-dimensional symplectic submanifold of P. This persistence result has
been extended in Lerman and Singer [1998], where the case when the isotropy of z, has
positive dimension is considered; in Patrick and Roberts [2000], where a stratification of
the set of relative equilibria is induced from the lattice of momentum-generator isotropy
subgroups; and in Roberts, Wulff, and Lamb [2002] (Corollary 4.3) and Wulff [2003],
where generalizations to noncompact symmetry groups are studied.

The case when one drops the requirement that . be regular was, to our knowledge,
first studied in Montaldi [1997]. A persistence result for extremal relative equilibria
based on topological arguments can be found in the same reference; this approach has
been continued in Montaldi and Tokieda [2003]. In this context, z, is allowed to have a
nontrivial isotropy subgroup.

We will say that a point is symmetric if its isotropy subgroup is nontrivial. The study of
periodic orbits and relative equilibria around symmetric points in equivariant dynamical
systems is of interest because it is usually in this context that some interesting bifurcation
phenomena occur, an observation that can be traced back to [44]. In Hamiltonian sys-
tems with symmetry, the structure of the conical singularities of the momentum map at
symmetric points (including the infinite-dimensional case) was first developed in Arms,
Marsden, and Moncrief [1981].

In the more general setting, including that of proper group actions, Ortega and Ratiu
[1997] and Lerman and Singer [1998] extended the persistence results of Patrick and
Montaldi. In this case the persistent surface of relative equilibria lies in a symplectic
strata of J=!(1)/G, (thought of as a Poisson variety) corresponding to a fixed orbit type.
The use of a stratification point of view alone, however, does not seem to be adequate
for the purpose of obtaining branches of relative equilibria that break the symmetry.

In the context of (non-Hamiltonian) equivariant dynamical systems, Krupa [1990]
studied the problem of bifurcation of relative equilibria from symmetric ones, following
a method that consists of the decomposition of the vector field in equivariant compo-
nents, one in the direction along the group orbit, and another in a transverse direction,
along a slice. The bifurcation analysis was then carried out by looking at the bifurcations
associated with the flow induced on the slice. In the case of Hamiltonian vector fields,
the strategy followed by Krupa has been adapted to take advantage of the symplec-
tic structure, something that is achieved by the use of the Marle-Guillemin-Sternberg
(MGS) normal form. Using this normal form, Chossat, Lewis, Ortega, and Ratiu [2002]
have studied the structure of relative equilibria close to symmetric orbits in the con-
text of general Hamiltonian G-systems, where G is a Lie group acting properly, giving
a method for finding some types of symmetry-breaking branches of relative equilib-
ria bifurcating from a symmetric relative equilibrium. One of their results, obtained
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using the equivariant branching lemma, states that if z, is a relative equilibrium of
the Hamiltonian system (P, 2, H, G, J) and there is a point £ € g, and a subspace
W C T, P such that ker D*(H — J¥)(z,) = 9. - Ze @ Vo, then, generically, for all
K C Gg N G, for which dim(V&) = 1 (where V& is the fixed point set of K in
Vi) and which satisfies some extra technical conditions, there is a branch of relative
equilibria with isotropy subgroup equal to K bifurcating from z.. Related ideas can
be found in Roberts and de Sousa Dias [1997], Ortega and Ratiu [1999], and Roberts,
Waulff, and Lamb [2002]. One may view some of these results as an extension and ab-
straction of those in Lewis, Marsden, and Ratiu [1987] and Lewis, Ratiu, Simo, and
Marsden [1992].

The approaches to the bifurcation theory of relative equilibria mentioned in the pre-
ceding paragraph, which make use of slice theorems, are complementary to the method
followed in this paper. The application of the slice theorem, aided by the MGS normal
form, essentially reduces the analysis of bifurcations from a general relative equilibrium
to the analysis of bifurcations from an equilibrium of a system that has only the isotropy
subgroup as a symmetry group. That approach still leaves open how the bifurcations of
the slice reduced system should be handled. In some cases the blowing-up procedure de-
scribed in the present paper is appropriate, while in other cases the method of restricting
to fixed point spaces and using the equivariant branching lemma (as already mentioned)
may be appropriate.

Our blowing-up technique is designed to deal with the fact that as the point in phase
space and p vary in a neighborhood of the relative equilibrium in question, the amended
potential is unbounded (and so is singular in a very real sense).

There are some other results in the literature about predicting the existence of periodic
orbits or relative equilibria around a given equilibrium or relative equilibrium but which,
in contrast with the present paper and the results that we have mentioned above, deal with
nearby energy (instead of momentum) level sets. The interested reader can consult the
theorems of Weinstein [1973] and Moser [1976] in the context of general Hamiltonian
systems and Montaldi, Roberts, and Stewart [1988], Ortega and Ratiu [2002b], and
Lerman and Tokieda [1999] in the context of Hamiltonian systems with symmetry. Also,
we mention that symmetry-breaking bifurcations have been studied in Montaldi and
Roberts [1999] in the context of discrete isotropy subgroups.

In future work, we wish to study not only persistence and bifurcation, but also stability.
In fact, the methods here, which rely on the blowup of the amended potential, are relevant
for such a study since the amended potential is such a basic tool in stability theory, as in
Simo, Lewis, and marsden [1991], as we shall discuss in the next section and in Sections
1.4 and 2.1. See also Patrick [1992], [2002] and references therein for an important study
of the stability of relative equilibria when p is not a generic value.

1.2. Summary of the Results Obtained

This paper gives specific results for the existence and description of symmetry-breaking
branches of relative equilibria bifurcating from a given set £ of symmetric relative
equilibria, provided that £ is of the type described below. We do this in the context of
simple mechanical systems with symmetry, where the symmetry group G is a compact
Lie group.
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More precisely, we consider the problem of finding the branches of relative equilibria
in T Q that emanate from a set £ of relative equilibria of the form £ = t - ¢, where g,
is a critical point of the potential and t C g is a maximal Abelian subalgebra containing
g,.- We assume that G,, = S', although much of what is said in this paper only uses
(in a crucial way) that G4, is Abelian. Furthermore, we assume that G acts freely on
a neighborhood around but excluding G - ¢g.. (With these conditions, notice that every
relative equilibrium in £ is a symmetric point.) We believe that the statements where we
do use that the symmetry group of g, is S' can in fact be generalized to the assumption
that G, is a torus, as is explained in the Conclusion. (This was also pointed out to us by
Tudor Ratiu and Razvan Tudoran, whom we thank.)

The basic idea of our strategy is a simultaneous rescaling of directions in configuration
space along a slice of the action, constructed at ¢,, and certain directions in g*, the dual of
the Lie algebra of G. This allows one to regularize or “blow-up” the amended potential
V,, (we recall the relevant definitions at the end of Section 1.4) around ¢, and then
apply the implicit function theorem to the blown-up variables in order to find branches
of relative equilibria. This regularization is needed because the amended potential is
singular at symmetric points.

It is natural to use the amended potential V,, in this analysis if one recalls that (away
from singular points) relative equilibria are critical points of V,, and, according to the re-
duced energy-momentum method (see Simo, Lewis, and Marsden [1991]), points where
its second variation is positive are stable (this is a generalization of the classical Routh
method for stability).

A different technique for applying the amended potential around symmetric config-
urations to study relative equilibria can be found in Karapetyan [2000]. One important
difference between the technique in this reference and the one that we describe in this
paper is that by blowing-up the configuration coordinates we are able to consider terms
coming from the amendment of the amended potential that can not be recovered using
the technique in Karapetyan [2000].

1.3. Simple Mechanical System with Symmetry

In this section we introduce some standard facts and notation. We refer the reader to
Abraham and Marsden [1978], Marsden [1992], and Marsden and Ratiu [1999] for more
details.

Recall that a simple mechanical system consists of a Riemannian manifold Q together
with a potential function V : O — R. These elements define a Hamiltonian system
on T*Q (the cotangent bundle on Q) with Hamiltonian given by H : T*Q — R,
H(py) = (pg, pg)/2 + V(g), where ((,)) is the naturally induced metric on 7, Q.
The Hamiltonian vector field Xz, which determines Hamilton’s canonical equations, is
defined by the interior product relation ix, Q = dH, where Q = Y dq' A dp; is the
canonical symplectic form on 7* Q.

Since we want to talk about systems with symmetry, we need to recall some standard
notions about group actions. Let G be a Lie group acting on a set M. The orbit of
an element x € M istheset{y € M | y = g - x forsome g € G}. The subgroup
G, :={g e G|g-x=x} C G is the isotropy subgroup of x. If the action is proper,
then G, is compact. As we mentioned before, we say that a point x € M is symmetric
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if G, # {e}. We say that the action of G is locally free at x € M if g, = {0}, where
g, denotes the Lie algebra of G,. If H is a subgroup of G, the fixed point set for H in
M is the set M7 = Fix(H, M) :={y e M | h-y = yforall h € H}. If the action of
G is (globally) free and proper, then M/G, the space of G-orbits, has the structure of a
smooth manifold.

We say that & € g (respectively, u € g*) is a regular element if the adjoint orbit of &
(respectively, the coadjoint orbit of ©) is of maximal dimension.

Let G act on the configuration manifold Q of a simple mechanical system and assume
that the metric on Q is G-invariant. Then G acts on 7* Q symplectically by the cotangent
lift. This action has an associated momentum map J : 7*Q — g* given by

(J(p). &) = (pq. 60(q)).

where & € g, p;, € T*Q. This means that J § := (J(-), &) is the Hamiltonian function of
the vector field &7+ ¢, for every £ € g. We will also make use of the Lagrangian form of
the momentum map given by

Jo:=JoFL, (1.1)

where IFL denotes the fiber derivative induced by the Lagrangian L(v,) = % {v1, v1) —

V(). Thus, (J.(vy). &) = (vg. £0()).
The locked inertia tensor is the map [ : Q9 — L(g, g*), where L(g, g*) denotes the
set of linear transformations from the Lie algebra to its dual, given by

(&, n) = (0@, 1o (@),

so that if the action is locally free at ¢, then I(g) defines an inner product on g. From
the definition of J;, it is easy to see that J;.(§o(q)) = I(¢)&.

From G-invariance of the metric and the formula (cf. Marsden and Ratiu [1999,
lemma 9.3.7])

(Adg8)o(q) = 8- E0(8™" - @), (12)
it is easy to show that for all ¢ € Q,

I(g-q)= Ad;,1 oll(g) o Adg-1. (1.3)
From this, one gets the following:
Proposition 1.1. Forall g € Q,

d(I()&.m) (q) - Solg) = (I(@)I&, ¢1. m) + ({I(g)§, [n. ¢1) -

We will also need to use an infinitesimal version of equation (1.3). Multiplying both
sides of 1.3 on the right by Ad, we get Adz,lll(q) = I(g - g)Ad,. Differentiating with
respect to g, we obtain

—ad} o l(g) = [DI(q) - £9(g)] + 1(q) o ad;. (1.4)
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1.4. Relative Equilibria

Consider a general Hamiltonian system on a symplectic manifold (P, €2) with Hamilto-
nian H and suppose that a Lie group G acts symplectically on P. We say that z, € P
is a relative equilibrium if the projection on P/G of the dynamical trajectory that
passes through z, consists of a single point. Equivalently, z. is a relative equilibrium
if Xy (z.) € T, (G - z.). Examples of relative equilibria are a rigid body moving around
one of its principal axes (G = SO (3)) and circular motion in the planar Kepler problem
(G=Sh.

In this paper we are concerned with symmetry-breaking bifurcations of relative equi-
libria. The following definition, which formalizes the concept of bifurcation adequately
for our purposes, is consistent with the standard notion of bifurcation as in Chow and
Hale [1982]. We say that a family of relative equilibria F C T Q bifurcates (respec-
tively, persists) from a given set of relative equilibria € C F if there is an open set A in a
Banach space (the parameter space), a connected FCAXT Q,and a Ay € A such that,
denoting F = {veTQ| (A, v) e F}, we have that F = UAeAfx, &= J%Ao and there
is aneighborhood V C A of Apandanopenset W C T Q, WNE # &, with the property
thatif L € V, A # Ag, then F, N W is not homeomorphic (respectively, not equal) to
.7:")\0 N W. Moreover, if there is a subgroup K C G such that the isotropy subgroup of
every element in £ is conjugate to K, then we say that F is a symmetry-breaking family
of relative equilibria bifurcating from & if the isotropy subgroup of every element in
F \ € is conjugate to a proper subgroup of K.

It can be shown that z, is a relative equilibrium if there exists a £ € g such that
dHg(z,) = 0, where Hy := H(-) — (J(-) — u, &) (where u = J(z.)) is the aug-
mented Hamiltonian. For simple mechanical systems with symmetry, with Hamiltonian
H(p,) = (( Py pq)) /2 4+ V (g), the augmented Hamiltonian criterion for relative equilib-
ria translates into two equivalent criteria: (a) a point z, = (g, p.) € T*Q is a relative
equilibrium iff p, = FL(§¢(g.)) and g. is a critical point of V¢ for some & € g, where
Ve(q) := V(q) — (I(g)&, &) /2 is the augmented potential; (b) a point (q., p.) € T*Q
is a relative equilibrium iff p, = A, (¢.) and ¢, is a critical point of V,, for some u € g*,
where V,,(q) == H (.A,L(q)) =V(g) + %(,u, ]I’l(q)u> is the amended potential. Here
A, is the one-form defined by

(A, vg) == (i, Alvg)), (1.5)

where A : TQ — gis the mechanical connection defined by A(v,) := I'(q)JyL (vg).
The difference between the amended potential and the potential is sometimes called the
amendment. Of course, the amended potential criterion for relative equilibrium is only
valid at points where the locked inertia tensor is invertible.

The mechanical connection A introduced above is a connection on the principal
bundle Q — Q/G, that is to say, A is G-equivariant and .A (EQ (q)) = &.Itis easy to
see that G-invariance of .A implies that V,, is G, -invariant.

Remark. As we have already explained in Section 1.2, the strategy of this paper is to
study the existence of branches of relative equilibria by blowing up the amended potential
around configurations where the locked-inertia is singular. It may also be possible to do
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a bifurcation analysis using the augmented potential V¢, which is defined even at points
where the locked-inertia-tensor is not invertible. We choose, however, to work with the
amended potential V), because the blown-up amended potential that we obtain in the
process of regularizing the condition dV,, = 0 can be related to the (standard) amended
potential close to the singular point. This is advantageous because V), plays in some sense
a more fundamental role than V; for simple mechanical systems on cotangent bundles.
For example, V|, appears as one of the terms in the reduced Hamiltonian (cf. Marsden
[1992, chap. 3]). Moreover, positive definiteness of the blown-up amended potential
implies, at least in the abelian case, positive definiteness of the second variation of
the standard amended potential evaluated at the bifurcating relative equilibria, close to
the singular point. This is relevant to the application of the energy momentum method
of stability analysis (cf. Marsden [1992, chap. 5]). And, as is shown in Simo, Lewis,
and Marsden [1991], the amended potential gives sharper stability conditions than the
augmented potential. Consistent with this, the converse of the energy momentum method
(in the sense of dissipation-induced instabilities (cf. Bloch, Krishnaprasad, Marsden,
and Ratiu [1994]) uses, in a crucial way, the amended potential and not the augmented
potential.

Also, V,, is related to the Routhian of reduced Lagrangian systems (which can be
viewed as a generalization of Routh’s method for reducing the degrees of freedom of
systems with cyclic coordinates). Indeed, one can see this relation by noticing that the
Routhian at momentum p induced by the Lagrangian L is given by (cf. Marsden, Ratiu
and Scheurle [2000])

RY:TQO — R, vy = L(vy) — <u,]171(q)JL(vq)),

and therefore the second term in R*(v,) restricted to J; ! (1) equals minus twice the
amendation term in the amended potential. More importantly, at least in some cases,
one can use the technique of blowing up the amended potential described in this paper
to blow up the Routhian. This blown-up Routhian defines Euler-Lagrange equations
that describe the dynamics close to the bifurcation point (cf. the remark at the end of
Section 2.1).

2. Motivation: The Double Spherical Pendulum

In this section we illustrate with an example the blowing-up method that will be discussed
in Section 3. The example consists of finding the branches of relative equilibria emanating
from the straight-down configuration of the double spherical pendulum. These branches
have been studied previously by direct calculation in Marsden and Scheurle [1993], and
our purpose in this section is only to illustrate the general method with a simple but
nontrivial example.

The double spherical pendulum is the mechanical system depicted in Figure 1 and
consists of two point masses m, m, in R® subject to the presence of a constant gravi-
tational field pointing in the negative vertical direction. The mass m is constrained to
move on a sphere of radius /;, and m, moves on a sphere of radius /, centered around
my. Thus, the configuration space of the system is Q := S? x S2.
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gravity

ny

Fig. 1. The double spherical pendulum.

The Lagrangian is given by

. 1 . . .
L@, @; 4. 4) = 3 (millliau|I* + mallli @y + Lapll?)

—g (miliqy +ma(liqi + Lq2)) - k,

where (q;, q2) € O and g is the gravitational constant.

This Lagrangian is invariant with respect to the tangent lift of the action of S' on Q
given by rotations around the vertical axis. The corresponding infinitesimal generator
for this action is given by

E0(d1, @) = (E11(—q1y. 911, 0), & b(—qay, Gax, 0))(q1’q2>,

where q; = (gix, giy, qiz) (i = 1,2)and & € R. Thus the locked inertia tensor (which in
this case is just a scalar) is given by

(=q1y, 1xs 0), (= G2y, q2x, O %
millLqi >+ mallliqi + Lay |1,

I(qi, q2)

where || || is the norm associated with the metric induced by the kinetic energy (which
can be read off from the Lagrangian), “_L” denotes projection onto the horizontal plane,
and || || denotes the usual norm in R?. The momentum map for the S'-action on Q is
computed to be given by

Jo(qi, @) = K- [m1 B (qy x @) + malliqy + hap) x Ly + Lap)].

2.1. Blowing up the Amended Potential

In preparation to writing down the amended potential, introduce the polar coordinates
{r:, 6;} defined by

1 : 2 2 .
q,~=l— ricos@;, risin;, — /I —r7), i=1,2,

i
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withO < r; <[; and 6; € S'. The potential then takes the form
V = —g(miliqy + ma(hiqi + hqo)) - k

= —mg\/I] —r} —mag <\/lf —r12+\/l§ —r22)

(mi+ma)g , mag ,
- — h.o.t.,
Ty it gt he

=V

where Vo = —g(ml; + my(l; + 1)) is the value of the potential at the straight-down
configuration. The locked inertia tensor becomes, with ¢ := 6, — 6,

I= m1r12 + mz(rl2 + r22 + 2riry cos ).

Therefore, the amended potential is given by

2

2m1r12 + mz(rl2 + r22 + 2riry cos @) ’

V,=V

which of course is not defined at (r;, r,) = (0, 0).

In order to find the relative equilibria whose configuration is close to the two pendu-
lae pointing downwards, we introduce the following rescaling to blow up the singular
straight-down configuration. (The strategy for finding the relative equilibria around the
other three symmetric states, i.e., one arm resting upwards and the other one resting
upwards or downwards, is analogous.)

Assuming that i > 0, introduce the variable t through scaling

/,L:Tz, ry =1s8, rp =1T85).

The variables 51, s, may be assumed to be bounded away from zero as T — 0. Then the
amended potential takes the form

‘/l’- = VO =+ T2W(‘[7 §1, 82, (p)’
where

1 (g(my +my) gma
Wi = 5 (S 4 S
1 2
1

(M1 + m2)s? + mas3 + 2mys)s3 oS @

>+0u%

Notice that W is smooth, even at T = 0.
It is clear that, for T # 0 fixed, the point (zsy, 752, ¢) is a critical point of V,, if and
only if (s1, 52, @) is a critical point of

W, = W(, -).

Also, if (51, 52, ¢) is a nondegenerate critical point of W, then, by the implicit function
theorem, there are functions s,(7), s2(7), ¢(7) defined on some interval [0, €] such that,
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for each 7 € [0, €], (s1(7), $2(7), ¢(7)) is a critical point of W;. Therefore, to each
nondegenerate critical point of W, we can associate a branch of relative equilibria,
parametrized by t, of the form

A2 [ (Ts1(7), 52(7), (T € T*Q, 2.1

where A4, is the associated one-form to the mechanical connection defined in (1.5) and

1 1 .
V(ry,r, @) = (l_ (r],O, -3 - r12> 7 (rz cos g, ry sing, — /13 — rzz)) € 0.

1

In other words, to each nondegenerate critical point of W, we can associate a
symmetry-breaking branch of relative equilibria emanating from the straight-down con-
figuration. Notice that the image of i restricted to {(ry, 72, ¢) | r1 > 0} consists of
configurations belonging to distinct group-orbits so that, keeping only the critical points
(51, 52, @) of W, satisfying §; > 0, the curve parametrized by 7 given in (2.1) can be
regarded as a curve of equivalence classes of relative equilibria in 7*Q/G.

We can think of W, as the blown-up amended potential. We now proceed to obtain
its critical points.

A computation shows that

aWo M2S182 sin @

dp (M7 + 2mas152 o8 @ + ma(s7 + 53))? '

If we assume that 515, # 0, then equating the right-hand side to zero gives ¢ = 0 or
¢ = m, which corresponds to qll and qj- being colinear. By allowing s; and s, to have
opposite signs, we need to consider only the case

¢ =0. 2.2)
Furthermore,
IWo _ m+ U4+ pm g(my 4+ my)s)
le =0 (m1 + m2(1 + ,0)2)2.9? ll ’
oWy m (8,051 I+p >
-— = my - ,
ds) 0=0 15y (my +my(1 + ,0)2)2813

where p = s»/s;. Equating the above expressions to zero gives
Im(l+p)—pm+p)=0 (2.3)

and

l [(1+p)
st= = —— . (2.4)
m3 g p(m+ p2+ p))
where m := (m; + my)/m, and [ := [,/l;. Equations (2.2), (2.3), and (2.4) give the
critical points of Wj.
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Stretched-out Cowboy

Fig. 2. Relative equilibria configurations for the DSP.

Since equation (2.4) is already explicit once we know p, to obtain the critical points
of W, it only remains to consider equation (2.3). This is a quadratic equation, thus giving
two possible branches of relative equilibria. One easily verifies that the two roots o1 of
this equation lie in the ranges

—-m < p_ <—1 (cowboy),

0 < py <ml (stretched-out),

which correspond to the “cowboy” and “stretched-out” types of relative equilibria. (These
ranges agree with the ones obtained in Marsden and Scheurle [1993]). These two types
are illustrated in Figure 2.

One verifies that for physical values of the system parameters, that is to say, m > 1,
I > 0, the critical points of W, obtained above are always nondegenerate. Therefore we
have obtained all the branches of relative equilibria emanating from the straight-down
configuration for the double spherical pendulum.

Remark. The blown-up amended potential W, can also give information about the
stability of the relative equilibria bifurcating from the equilibrium state. For example,
one can check that the second variation of W, evaluated at the solution of dW, = 0
that corresponds to the stretched-out relative equilibrium branch, is positive definite
for all physically meaningful values of the system parameters {/, m}. It is easy to see
that this implies that §?V,, evaluated at a stretched-out relative equilibrium close to the
straight-down equilibrium is also positive definite. From the energy momentum method
of stability analysis (cf. Simo, Lewis, and Marsden [1991], which in this simple case is
nothing but Routh’s method), this implies that the straight-down relative equilibria close
to the straight-down equilibrium are nonlinearly (orbitally) stable. This agrees with the
results in Marsden and Scheurle [1993], but it is easier to compute the second variation
working with W, than with V. For relative-equilibria bifurcating from the straight-
down equilibrium in the cowboy branch, the analysis of 8>Wj is inconclusive. In this
case, stability information can be obtained from the linearization of the Euler-Lagrange
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vector field of the blown-up Routhian, obtained using a rescaling analogous to the one
we have used to blow up the amended potential.

3. Regularization of the Amended Potential Criterion

In this section we generalize the blowing-up procedure that we applied to the double
spherical pendulum. One of the main things that we generalize is that, instead of having
an isolated symmetric point, we will consider the situation where G acts freely in some
G-invariant neighborhood of the G-orbit of a symmetric equilibrium configuration g,,
excluding the orbit itself. We will continue to restrict ourselves to the case when G is
a connected compact Lie group and G,, = § ! (However, up to Section 3.4, we only
assume that G, is a torus.)

In this setting we are interested in the following problem. Given a set of relative
equilibria £ C T Q that intersects each G-orbit only once, (a) give sufficient conditions
that guarantee the existence of a branch of (classes of) relative equilibria emanating from
E = ng(E), where 1 : TQ — (T Q)/G is the canonical projection, and (b) give a
criteria for enumerating distinct branches of relative equilibria emanating from &.

In this paper we restrict the consideration of these questions when & satisfies some
further conditions, as described in the next subsection.

3.1. Setting of the Problem

Let (O, {, »,V, G) be a simple mechanical G-system, with G a compact connected
Lie group with Lie algebra g. Let g, € Q be a symmetric configuration such that G acts
freely in some G-invariant neighborhood of the G-orbit of g, excluding the orbit itself.
Assume that g,, contains at least one regular element (which is generically true) and that
gq, is abelian. Let t be the maximal Abelian subalgebra containing g, .

With these assumptions, let £ := t-g,.. Then £ is a set of relative equilibria contained
in Fix(G,,, T O), as we show in the following remarks.

Remarks. Some immediate consequences of our assumptions are

1. The configuration g, is a critical point of the potential V. Indeed, 0,, € t-g. is a
relative equilibrium and thus (from the augmented potential criterion) an equilibrium.

2. Itis easy to see that the assumption g,, C timplies that t-g, C Fix (qu, T Q). Thus
G,, = G,, forevery v, € t- q.. Hence £ intersects each G-orbit only once. Indeed,
ifgeGandv,, g v, €&, theng, = g - q., so that g € G,, = G,, and therefore
Vo =g+ V.

3. The set &£ consists of relative equilibria. Indeed, from the augmented potential cri-
terion, if & € t, then §,(q.) is a relative equilibrium if and only if there is a
& € & 4 g, C tsuch that ¢, is a critical point of ¢ +— (I(g), &, &). We now
show that this is indeed the case for all £ € t. Since G, acts trivially on t, it follows
from (1.3) that the function Iz := (I (exp, ())&, §) defined on (g - g.)* is G,,-
invariant. Since 0 is isolated in Fix(G,,, (g - ge)t), it follows that d Iz = 0. Hence
d (I(-)&, &) (g.) - dv,, = O for every variation vy, in (g - qe)J-. It remains to show
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that the same is true for every variation dv,, in g - g.. But from Proposition 1.1 and
Lemma 3.3 below,

d (I(-)€, &) (ge) - no(qe) = 2(I(ge)§, [, n]) =0,

for all n € g. This proves the claim.

3.2. Relative Equilibria in the Associated Bundle

LetJ, : TQ — g* be the momentum map as defined in the introduction.

Proposition 3.1. ThemapfromT Q to Q xg* givenby (q, v) — (q, JL(q, v)) restricted
to the set of relative equilibria is one-to-one.

Proof. Since (Ji (£0(9)) . &) = (£0(q). §0(g)), then J . (£o(q)) = 0iff £x(q) = 0.
Therefore ker (J.|g4) = {0}. Let (g,&10(q)). (¢,&0(q)) be two relative equilib-
ria with the same momentum. Then J; (g, (§; — &)o(g)) = 0, and it follows that
(&1 — &)0o(g) = 0. Thus (¢.&10(¢9)) = (¢.620(¢)). This shows that the map under
consideration is one-to-one when restricted to the set of vertical vectors (i.e., vectors
of the form £p(q), § € g) and, in particular, when restricted to the set of relative
equilibria. O

Therefore the map (g, v) — (¢, J.(g, v)) identifies the set of relative equilibria in
T Q with a subset of Q x g*. From the formula for the action of G on infinitesimal
generators (cf. equation (1.2)), it follows that the set of relative equilibria drops to
(Q x g"/G.

For the rest of Section 3 we set the following:

Notation. Let H := G, and N := (g - q.)> C T, Q. Let ry € R" be such that exp,,
restricted to B, (0), the ball of radius 7y around 0 in 7, Q, is a diffeomorphism onto its
image. Let N' = NN B,,(0).Let] = (—1, 1) C R. Abusing notation, we will frequently
write [ instead of Toexp,, , and similarly with the potential V and the amended potential
Vi

From our assumptions it follows that H acts freely on N\ {0}. Thus Q" := G-exp,, (N
is a G-invariant neighborhood of G - ¢., and G acts freely on Q' \ (G - q.).

It is easy to see that N’ x g* can be identified with a slice at (g,, 0) with respect to
the diagonal action of G on Q' x g*. Therefore (see for example Duistermaat and Kolk
[2000, Section 2.3]),

Proposition 3.2. The map from (N’ x g*)/G,, to (Q' x g*)/G given by

(v, ulg,, > lexp,, (v), ulc

is a homeomorphism. Moreover, it is a diffeomorphism when restricted to
((N"\ {0}) x g*) /Gy,
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As a corollary we get that there is a one-to-one correspondence between equivalence
classes in 7*Q/G that correspond to relative equilibria (i.e., equivalence classes of the
form [p,] with X (p,) € g - p,) and the set

{lv, W] € (N" x g9)/Gg, | dV,(v) = 0}.

Under this correspondence, a sequence of equivalence classes of relative equilibria
in T*Q/G that approaches FL(t- g.)/G maps to a sequence {[(v;, u;)]} in (N x g*)/G,,
with the property that v; — 0 and w; approaches I(g,) - t.

3.3. Regularizing the Group Velocity

The problem arises that, since the locked inertia tensor is not invertible at v = 0, the
amended potential V,(v) = V(v) + %(,u I'(v) - ,u) is not defined at v = 0. In order
to regularize the term I~!(v) i, we will propose as an ansatz a particular blowing-up of
v and p. For this purpose, let us first introduce a particular splitting of g which in turn
will induce a splitting of g*.

For notational convenience, lety := g,, = kerI(g.). Choose £; C gacomplementary
G, -invariant subspace of £ in t. Let £, = [g, t]. Since t is a maximal abelian subalgebra,
it follows (see, e.g., Section IV.1 of Brocker and Dieck [1985]) that g = t P €&, =
R RIRR IR

On the dual of the Lie algebra, let

m; = (& @ ),

where (7, j, k) is a cyclic permutation of (0, 1, 2). It follows that g* = mo & m;  m,.
Lemma 3.3. Let t* := [g, t]°. ThenI(g,) - t C .

Proof. Letn € g,, be aregular element of the adjoint action. Since n € t, it follows (see,
e.g., Brocker and Dieck [1985]) that g, = t. Hence ker ad,, = t. Recall (see ibidem) that
t := [g, t] is a subspace orthogonal to t with respect to any G-invariant inner product
on g. Thus ad,7|ti : t+ — t* is an isomorphism.

From equation (1.4), and the fact that n9(g.) = 0, we get

ad’ 0 I(g,) = —I(q,) o ad,.
Let& €t,¢ € th. Then ¢ = ad, ¢’ for some ¢’ € t4, and

([(q)§, ¢) = (l(ge)§, ady¢') = (ad}(ge)E, ¢)
- <H(4e)adn$v C,) = 07

because ad,& = 0. O

Lemma3.4. Fori =1,2, m; = (g,)%;.
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Proof. Since ¢, = kerl(q,), it follows that (I(g.)g, &) = (I(g.)%o, g) = {0}, hence
I(g.)g C &;. Since dimI(g.)g = dim g — dim £, = dim £;, we have that

I(g.)g = &;. 3.1

In particular, I(g,)¢; C €. From Lemma 3.3 we have that I(g.)t C & = t*. Since
t =€ @ &, then I(g.)¥; = I(g.)t, and it follows that [[(¢.)€; C €5. Therefore I(g.)€; C
ENE = (B DE)° = my. Since dim ¢, = dim (8 D ¥,)°, we conclude that I(g.)€; = m,.

From equation (3.1) we have in particular that I(g.)t C §j. Since I(g.)€; C £
and I(g.) is symmetric, it follows that I(g.)€; C €]. Therefore I(g.)t; C £ N & =
(8o @ £)° = m,. As above, a dimension count shows that the contention is indeed an
equality. O

Remark. Itfollows thatlI(g,)-t = t! Nann(g,, ), which makes Lemma 3.3 more precise.
Indeed, using the definitions of ¢;,i = 0, 1,2, I(g.) - t = I(g.)(¥y D &) = 1(g.)t; =
m; = ann(k; @ &) = annk, Nannéy = t* N g, .

With this splitting of the dual of the Lie algebra, we are ready to introduce a blowing-
up that regularizes 17! (v)u. Let fiy be the unit sphere in m( with respect to some
G, -invariant inner product, and let

ViR x Mg xm xm, — g¥,
(T3 flos k1, H2) > a1+ To + T .

In this manner, for v € (g-g.)" and u = (i, (1, 12) € My X M x m, fixed, the curve
(tv, v(r, n)) approaches a point in the set {0} x J.(t- g.), which we have identified
with £.

Let € := € @ &. Since G, acts trivially on £, and €, is the complement of t in g
with respect to a G, -invariant inner product, then ¢ is a G4, -invariant complement of
by =g, ing. Let g := 1y x m; x m; and define

®:IxN xgxg, xt— g,
D (T, v, 1, %‘1 77) = ]I(‘EU) : (é + T]) - U(Ts /“l/)v (32)

where I := (—1, 1). We want to show that we can solve ® (7, v, u, &, n) = 0for &, n as
smooth functions of 7, v, u so that I"' (tv)v(z, w) is equal to £ 4 i and thus is a smooth
function of 7, v, u.

To solve ® = 0, we apply a Lyapunov-Schmidt type of analysis as follows. Let

M:g*—10)-g

be the projection induced by the splitting g* = I(0) - g + annt. (Notice that I(0) - g =
m; @ m, and anné = my.)

Step 1. Solve IT o & = 0 for n in terms of 7, v, u, &: Let

ﬁ(v) :
I(v) :

ITol(w)le,
Mol
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so that ﬁ(rv) is an isomorphism even when T = 0. Recalling that u© = (fto, 1, 42),
observe that

Mo®©0,v, 1,5 n = MIO) - & +n) —vO,w]
= 1(0) - n — p1.

Thus, letting 1, = }AI(O)’I;L], we get that IT o ®(0, v, u, &, n,) = 0. Moreover, it is
easy to see that

a A
%(H o ®)(0, v, i, §, 1) =10),

which is not singular. Therefore, by the implicit function theorem, there exists a smooth
function n(z, v, 1, &) such that n(0, v, u, §) = n, and

Mo®(z,v, 1, & n(r,v, 1, 8) =0.

The function 7 is defined in some open setin R x N’ x E‘ X g4, containing {0} x N’ x
g% X gq,-

Observe that

Proposition 3.5. The expression n,, := ]AI(O)’I/LI belongs to t.

Proof. Notice that
[O)(tN &) = Mo LO0)(t N &) = I0)(tN E) = I0)(t) = m,,

where in the second-to-last equality we have used that t = ker [(0) + (t N ¥). Since ﬁ(O)
is not singular, it follows that I(0)|«n¢) is a nonsingular linear transformation onto m;.
Therefore n, e tNE C t. o

Step 2. Let

@ :IxN/xé;‘xqueg*,
o (T,v,u,8) =0d-1II) - D (zr,v, u, &, n(r,v, 1, §)).

In particular, ¢ (0, v, u, §) = (Id — IM)(A(0)(§ + n,) — w1). Since both ImI(0) and
m; are contained in Im IT, it follows that ¢ (0, v, i, &) = 0. Therefore, the information
that we can extract from the equation ¢ = 0 will only be revealed by the first or a higher
derivative of ¢ with respect to t, evaluated at t = 0. We have that

Proposition 3.6. 9¢/07(0, v, u, &) = —(d — IT) u,.
For the proof of this proposition, we need the following lemmas. Recall that G, acts

linearly on T, Q. For & € g, v € T;, O, let £ - v denote the infinitesimal generator of &
at v.
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Lemma 3.7. Let&,n € gand q € Q. Suppose that dV:(q) = 0, where V¢ is the aug-
mented potential, and suppose that both n and &, n] belong to g,. Then d (I(-)§, n) (q)
=0.

Proof. Since dV:(q) = 0, then £y (q) is a relative equilibrium, that is to say, Xy (z4) =
&p(zq), where 7, = FL(§p(q)) and P = T*Q. Now, suppose that both n, [, §] € g,.
Then

d
np(zg) = o FL(exp(tn) - §0(q)) =FL([n,§lo(g)) =0,
=0

where we have used that g - (§0(q)) = (Adg&) (g - g). It follows that (§ + n)p(z,) =
X11(2q). and hence that 0 = d Ve (q) = dVi(q) +d (IOE. 1) (@) + 1d oI ().
The first term in the latter expression vanishes by assumption and the last one vanishes
by noticing that, since n¢(q) = 0, [lng (exp,(tv)) [I* = O(z?) for every v € T, Q.
Therefore (I(0)&, n) = 0. O

Lemma 3.8. Forall& € g,,n €t d (I()&, n) (g.) = 0.

Proof. Since g,, C t and t is a maximal abelian subalgebra, then [§,7] = 0 € g,,.
Therefore the claim follows from the previous lemma. O

Proof of Proposition 3.6. Observe that
d¢
E(O’ v, 1, §) = (Id — [ (DIO) - v) (£ + 1)
on av
+ 11(0)8—(0, v, 1, ) — —(0, W]
T aT

As above, (Id — IT) o I(0) = 0 because Im I(0) = Im IT. From Lemma 3.8,
(DI(0) - v)(t) C ann(g,,) = ImIT.

But, by Proposition 3.5 and since § € g,, C t, & + n, € t. Therefore (Id — IT)(DI(0) -
v)(& +n,) = 0. Since dv/d7(0, u) = > € ImTI, the proposition follows. O

Since @0, v, u,&) = 0dp/ot(0,v,u, &) = 0, it follows that ¢(r,v, u, &)
= rzgoz(r, v, 1, &) for some smooth function ¢,. We now wish to investigate under
what conditions the equation ¢, = 0 defines & as a function of 7, v, i. This can be the
case only if the equation

200, v, 1,8) =0 (3.3)

can be solved for & as a function of v, u. In order to be able to apply the implicit function
theorem to continue the solution for T # 0, we need to have that

a d o°
al; (O’ v, i, S(U, ,Ll,)) = ga—l’f (0’ v, W, S(U, :u'))

be nonsingular, where & (v, ) is the solution to (3.3).
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From the definition of ¢,

2
8_(;2) = (Id— H)[(Dzﬂ(fv) ~(v,v))(E +n) +2(DI(zv) - v) - on
ot at
%y 9%

Using the fact that (Id — IT) o I(0) = 0, we get

LN

an
9E0T2

= (d— n>[<DZH<o> L@, ) (Idgqe + 3

=0 i|

where Idg, is the identity operator in g, . Using that 7 is the solution to the equation
IT o @ = 0 given by the implicit function theorem, we get that

=)

=0
3%n

—+2(DH«»-v)-aSBT

M _ s -1f
85_ I(zv) " I(Tv),
and
2
07 = Iy ' (Dl(zv) - v)I(zv) (zv) = I(zv) " (DI(zv) - v).
AToE

Hence, using ﬁ(O) =0, we get

0 32 N -

A —0 and 7 :—mm*(DMm-Q.

9E |y 9EDT |, _,
Therefore,

330 _
Wr:O'g""_)annE
v, 1
is given by
¢ — ad—m| (p10
see|r =0 = W =D[ (D10 - )|

v,
-—2(DH«».vﬁ«n—‘(Dﬁ«»-u)]

and we observe that it does not depend on p. Next we note that there is a nondegenerate
pairing between annt and g, . This means that dim(ann€) = dim(g,, ) and thatif © € annt
is such that (u, &) = Oforall ¢ € g, , then u = 0, which is clear because if © € annt,
then (u, &) = O for all £ € ¢, and by definition g = g,, ® E.
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It follows that (83/d£37)|
on g, given by

_. . is degenerate at v if and only if the quadratic form
=0,v

g lig - vl? = (P10 - v) &, T0) ™ (PIO) - v) ) (3.4)
is degenerate. Next, let
Z = {v € N | the quadratic form in (3.4) is degenerate}.

Notice that Z is closed and invariant with respect to multiplication by scalars; in par-
ticular, 0 € Z. (In the two examples that we study in this paper, the double spherical
pendulum and the symmetric coupled rigid bodies, one has that Z = {0}.)

Proposition 3.9. The set Z is G, -invariant.

Proof. Let & € g, . From G-invariance of the metric it is clear that v — |[|§ - v|? is
G, -invariant. Thus it suffices to show that

V> <<Dﬁ(0) : v) £, 10)~! (DE(O) : v) E)

is G4, -invariant. Since £ is G, -invariant, we have that I(g.) - g ® annt is a G, -invariant
decomposition of g* and therefore IT is G4, -equivariant. From formula (1.3) and G-
invariance of the metric, it follows that [(% - v)€ = h-1(v)& and thus I(h- vE=nh o]NI(v)E
forallé € g4, h € G,,,andv € N’'. Therefore (DE(O) -v)€ is G, -invariant as a function
of v,forall§ € g, . Since (., ]AI(O)’1 -) is a G4, -invariant inner product on I(0)g, the claim
follows. O

Let
N' =N \Z=NNB,0)\ Z. 3.5)

‘We then have the following:

Proposition 3.10. Restricting ¢, to the domain I x N x g* x 0q. the equation
@2(t, v, 1,) =0 (3.6)

has a unique solution §(t, v, 1) € gg,, which is smooth.

Proof. From the previous discussion we know that if v # Z, then d¢,/0€ is non-
singular and hence, by the implicit function theorem, there is an open neighborhood
Vo C I x N” x g* containing {0} x N” x g* such that there exists a smooth func-
tion § : Vy — g, satisfying (3.6). Outside the set defined by the condition Tv =
0, the equation ¢,(7, v, i, &) = 0 yields a unique solution for &, namely the g, -
component of I(tv)~'v(r, u), which is a smooth function of the 7, v, u parameters.
Therefore, & is smooth and uniquely defined outside {0} x N” x g?‘ and hence on all of
I x N" x g*. O
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Remark. The previous proposition says that if we define

E(r, v, 1) :=Iv) u(r, w)

and v is bounded away from Z, then &£(z, v, 1) is smooth even in a neighborhood of
T=0.

3.4. Decomposition of the Relative Equilibrium Condition

In this subsection we show that near g, the amended potential criterion for relative equi-
libria is equivalent to two conditions, equations (3.10). These are criticality conditions
for the amended potential evaluated along slice and group directions, respectively. In the
next section we will use the blowing-up that we introduced above in order to regularize
these conditions.

Recall that Proposition 3.2 allows us to reduce the problem of finding the set of
equivalence classes of relative equilibria whose configuration is near [g,.] to the problem
of finding the set of relative equilibria [v, u] € (N x g*)/H with v close to (but different
from) zero. The regularization of the amended potential criterion that we will discuss
involves working with a convenient parametrization of (N \ {0} x g*)/H = (N\{0})/H x
g*. Our analysis, however, will be local, in the sense that instead of dealing with all of
(N \{0})/H, we will only deal with an open set in (N \ {0})/H admitting a smooth local
section. This means that we will work with a slice on N \ {0}, according to the following:

Definition 3.11. Let G be a Lie group acting freely and properly on a manifold M. We
say that S C M is a slice for the action of G on M if § is a connected submanifold of M
and

. TM=g-s®T;S Vses;
2. S intersects each G-orbit at most once.

Let S be a slice for the action of H on N , where N is the unit sphere in N. It is
guaranteed to exist because H is an isotropy subgroup; thus it is compact, and proper
actions always admit a slice (cf. Duistermaat and Kolk [2000, Section 2.3]). Then

U:={ps|pe,ry,seS}c N\{0} (3.7

is a slice for the action of H on N \ {0}. The slice U has the property that if T € (0, 1),
ueU,thentu € U.LetN = H-U.Then N C N\{0} is H-invariantand (N x g*)/H =
U x g*.

For the rest of Section 3 we will work with the slice U defined by (3.7) for a fixed
choice of a slice S for the action of H on N. (Beginning with Section 3.5 we will also
assume that S does not intersect the degeneracy set of Proposition 3.9.)

The decomposition of the amended potential criterion is based on the splitting of the
tangent space at configuration points near ¢,, as stated in the following:

Proposition 3.12. Let v(t) be a curve in g* such that g,o) = t. Let 1 : U — T, Q be
the inclusion map and ¢ := exp,, o t. Then there exists ¢ > O suchthatforall0 <t < g,

Tg(ru)Q = Bv(r) * s(tu) ® c.(Tr,U) & Tt(tu) €XPy, (S Qe)‘
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For the proof of this proposition we need the following lemma, which is a special case
of the stability of the transversality of smooth maps. (See e.g. Guillemin and Pollack
[1974].)

Lemma 3.13. Let G be a Lie group acting on a Riemannian manifold Q, q € Q, and
let & C g (subspace) such that € N g, = {0}. Let M be a subspace of T, Q such that
€. q®M =T,Q. Then there is an ¢ > 0 such that if |v|| < e,

Texp, i Q = t-exp, (v) ® T, exp, -M.

Proof of Proposition 3.12.. By definition, T, O = ¢, - g, ® £, - g. ® N. Using Lemma
313 (with € = ¢, and M = & - gq. ® N), we see that there is an ¢ > 0 such that if
0<t<e,

Tequp (t(ru))Q = E1 . eque (L('Cl/t)) ® Tt(ru) Cqu‘)(N @ EZ . qe) (38)
Since U is a slice for the action of H on N, then
N~T,,N=T,U ®¥& - (tu).

Since expy, is a (local) diffeomorphism and T, exp,, E-v)=¢&- (eque(v)) forall & € ¢,
v e T, Q, it follows that

Tz €XPy, (N) = Tw eque(Tru U)® T €XPy, (€ (tu))
(equ{,)* LT U) ® 8 0 €XPy, (t(Tu)).

Using this expression and the fact that t = €, @ €, we get from equation (3.8) that

Tg(ru)Q =t-¢(tu) ® ¢.(T:,U) ® TL(ru) €XPy, & - qe). (3.9

Since g, () tends to t as T tends to zero, we can substitute the first summand in the
right-hand side of equation (3.9) by gu(x) - exp,, (tu), for T small enough. O

As a consequence of Proposition 3.12, we have the following corollary, which gives
the desired decomposition of the amended potential criterion for relative equilibria:

Corollary 3.14. Let v(t) be as in Proposition 3.12 and let u € U. Then there is an
e € (0, 1) such that dV, (s (tu)) = 0 iff

d(c* Vo)) (tu) =0 and  d ((exp,,)" Vi) (L(‘L'u))|éz'qe =0, (3.10)

forO0 <t <e.

Proof. Since V() is g, ()-invariant then, by splitting given by Proposition 3.12,
dVy (s (tu)) = 0iff dVyi(s(tu)) - ¢u - du = d (s* Vi) (tu) - Su = 0 for all

Su € T, U and d Vo) (s () - Tyeuy €Xpy, -E0(ge) = 8 ((exp,)* Vo)) (t(tw)) - £0(qe)
for all £ € ¢,. O
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3.5. Regularization of the Relative Equilibrium Condition

In this subsection we regularize the relative equilibria conditions of the previous section,
equations (3.10). Theorem 3.15 regularizes the first condition and Theorem 3.16 the
second one.

For the remainder of Section 3 we restrict ourselves to the case dimg,, = 1. (In
Section 5 we outline the idea for extending the analysis to the case when dimg,, > 1.)
Then dimmy = 1, and the rescaling given in Section 3.3 becomes

ViR x (m @my) — g7,
(T, 1+ H12) > 1+ Tro + T, (3.11)

where u; € m;, i = 1,2, and A is a generator of my. From Section 3.3 we have that
(t, v, n) — I(zv)~'v(z, p) is a smooth function on I x N” x (m; @ m,), where N”
was defined in equation (3.5) and I = (—1, 1).

Assumption. For the rest of this subsection and the next one, we assume that the slice
S chosen in the definition of U given by equation (3.7) does not intersect the degeneracy
set Z of Proposition 3.9. It follows that U N Z = @ and thus U C N”.

We will continue using the notation ¢ : U —> T,, Q (the inclusion map) and ¢ =
exp,, o L.

Theorem 3.15. Let W' : (1 \ {0}) x U x J (g - q.) — R be given by
W (T, u, w) = 6" Vi ().
Then W' can be extended to a smooth functionon I x U x J(g - q.) and
W/ (z,u, 1) = Wow) + T W (z, u, 1)

for some smooth real-valued functions Wy, W defined over J (g-q.) and I xU xJ (g-q.),
respectively.

Proof. Letv = t(u) € N. Note that

1
S Vo (Tu) = V(zv) + 3 (v(r, ), I (Tv)v(, ). (3.12)

We have already shown that I(v) ' v(r, 1) is smooth, so that the same is true for the left-
hand side of (3.12). The remaining assertion follows from the following straightforward,
albeit lengthy, computations.

Let &y be a generator of g, . Then I(tv) " 'v(z, w) = a(r, v, We+n(t, v, a(t, v, w,
w) where o and n are smooth functions which, in the notation of equation (3.2), corre-
spond to & = a(t, v, u)& and n = n(z, v, a(r, v, u), w). Fix u € J (g - g.), v € N”,
and for brevity write «(7) = (7, v, u), n(r, «) = n(r, v, o, u). Letting I1; : g* — my
be the projections induced by the splitting g* = @;_, m;, we will use the notation
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wi = IT; . As before, let IT : g* — m; & m,. From equation (3.2),

an -

E(O’ o) = —Dg (II®)"" - D (I1P)[r=o

—a 1(0) "1 (DI(0) - v)& + (DIO) ™" - vy + 10) " s
0
%(0, ) = — D (II®)~" - D, (M®)],—o

~10)"'T(0)g =0,

since [(0)& = 0. )
From (3.12) and since &, (0, &) = 1(0)~'1; and m, annihilates ker I(0), we get

1 A
Vatean @)= = V(0) + 3 (. 80" i) (3.13)

which is independent of v. Now, differentiating (3.12) with respect to 7, we get

ad 1
8_ Vv(r,u)(rv) = dV(O) S e <,bL2, o ‘5;:0 + ’7(0, 05))
7|20 2

2

because v(0, u) = p; and 9v/d7(0, u) = wy. In the right-hand side, the first term
vanishes because we have assumed that dV (0) = 0. The second term vanishes because
aéy + n(0, @) € t and m, = t°. Using the expressions for dn/da and dn/dt obtained
above, and the fact that m; annihilates &j, we see that the third term is equal to one half
of

1 oo 0 d
4= <m, = (so + Lo, a)) + o, a)>,
T oa ot

il A -
<m, =, a)> = —a (. 107 (D10 - V%)
T

+<m, (DO~ v)m) + <m, ﬁ(O)_luz>.

Now we check that each of the terms in the right-hand side of this expression vanishes:
Let ¢ :=1(0)"'u; € & C t. Then

(11,1071 DL - v)80) = (PLO) - 0. ¢) = (DLO) - V)80, §) =0,
because of Lemma 3.7,

(11, @O vy} = (w1, =10 DLO) - IO 1)
{010 - v¢,¢) = = (D10 - v)g, ¢) =0,
since ¢ € tand thus ¢ (q.) is a relative equilibrium. Finally,

(1110 12) = (2, ) =0,
because m, annihilates t. We conclude that 8/97|;—¢V, () (tv) = 0. Thus,

Voo (Tu) = Wo(u) + T2 W (T, u, 1),

where Wy (w) is equal to the right-hand side of (3.13) and W is some smooth function. [
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Theorem 3.16. Ler X' : (I \ {0}) x U x J.(g - q.) — & be given by
(X"t u, ), &) = d ((exp,) Vo) (t(zw)) - Co(ge)-
Then X' can be extended to a smooth function on I x U X J.(g - q.) and
X'(t,u,p) =1X(t,u, 1

for some smooth function X : I x U x Jp.(g - q.) — &.

Proof. Tt suffices to show that X'(t, u, u) is a smooth function at t = 0 and that
X'(0,u, u) =0.Let v =t(u). Then

(X'(z,u, ), ¢) = d((exp,)* Vo) (V) - Co(ge)

1
dV(tv) - {o(qe) + 3 (v(z, ), (DI (20) - Lo (ge))v(z, W)

1
dV(zv) - ¢o(q.) — 3 ((DI(Tv) - ¢o(ge))E(T, v, 1), E(T, v, W),
(3.14)

where £(t, v, u) = I"'(zv)v(r, w). Since £(t, v, 1) is smooth at T = 0, then so is
(X’(r, u, i), {). Using Proposition 1.1 we see that

(X0, 1, ), £) = AV (0) - £o(0) — 2 (IO)E(O, v, ), £1, £(0, v, 1)) -
Since V is G-invariant, thend V (0)-£o(g.) = 0.Since £(0, v, u) € t,then[£(0, v, ), ¢]
€ &,. Since 1(0)t C €5, then (X’(O, u, i), {) =0. O

The expression for X (0, u, u) is relatively simple and it is worthwhile to include it
here. Recall that £(t, u, 1) := I~ (¢ (ru))v(z, ).

Proposition 3.17. Withu € U, u € J.(g - q.), ¢ € &,

(X(0,u, ), ¢) = D*V(g.) - (u, £o(qe))
—((D*1(qe) - (, £0(qe))) &, £)

0 0
= (<H(qe) [8—5 ;} ,s> + <H(qe)—§, £, ;]>) ,
T T

where & = £(0, u, u) and 0€/0t = 0£/0t (0, u, ).

Proof. We have that (X (0, u, n), ¢) = d"—r —o (X'(t, u, w), ¢). Differentiating (3.14),
we get

d ’ 2
o (X (Tv u, /'L)v g) =D V(qe) . (gQ(QE)t M)

dt 120
—((D*1(ge) - (u, £0(ge))) £(0, v, 1), £0, v, w))

a
—2<(D]I(qe) : §Q(‘]e))£(0a v, ), §(0, v, ,u)>'
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Applying Proposition 1.1 to the last term in the right-hand side, which can be rewritten
as

0
at’

gives the desired result. O

a
<(Dﬂ(qe) “£0(q0)) 5, E> =d <H(~) S> (ge) - £0(ge),

3.6. Bifurcating Branches of Relative Equilibria

In this section we apply the implicit function theorem to obtain branches of relative
equilibria bifurcating from & = t - g, (or rather, the corresponding problem in 7 Q/G).
We continue to assume that dimmgy = 1.

Definition 3.18. For (7, u, 1, n2) € I x U x my x my, let A, ,.,.u,) be the bilinear
form given by

2 2
Awgin i (Bt v), (Gu, D) = = - (Bu, Su) + PR
3<X,f[(0)—‘v) o a(x,ﬁ<0>—1u>
+—— U+ —>—-—-v
ou oLy

with the partial derivatives evaluated at (t, u, i, o).

We now show that for every (i, i1, fi2) € U x m; x m; satisfying the nondegenerate
criticality conditions

d Wo.iiy.in) () = 0,
X 0,1, (1) =0, , (3.15)
A(0,4,j1,, 1) 15 nondegenerate,

we have a branch of relative equilibria bifurcating from € :=ng(€),whereng : TQ —>
T Q/G is the canonical projection. Here W ., ..,y () = W(0, u, 1 + o) and similarly
for X.

Theorem 3.19. Suppose that (u, L1, iz) € U x my X my are data satisfying (3.15).
Then there exists an open neighborhood w, C m; containing j1; and a continuous map

o) 10, 1) x m| — TQ/G
consisting of classes of relative equilibria such that
(@) (€) = {0} x m}.

A value 0“2 (0, 1) is the unique class of relative equilibria in T Q/G corresponding
to £p(q.), where I(q.) - § = 1. Furthermore, if (u, (L2) # (i, [i,), then Imo@#) N
Imoii) c &
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Proof. Let J: g-0CTQ — 0xg" 1y = (q,J(vy)), Y1 := exp, xId :
N xg° — QOxgandi : U x g = N’ x g* be the inclusion map, where
U={tu|—-1<7t<1,ueU}and U is defined by equation 3.7. Let Uy := U U {0}.
By G-equivariance of the momentum map and H-equivariance of exp, , it follows that
the primed maps in the commutative diagram

J v i _
g-0CTQ — QO xg* <—1N’xg* «— Uxg*
b o
J v i’ -
g-Q)IGCTQOIG —— Qxgg* «——— N xygg* «—— U xg*

are well defined. Let A = (Y 0 i)~ !Im(y; 0i) NIm f). Since J is one-to-one, then it

has an inverse J ! : Im(J) — g - 0. Redefining i to be restricted to A C U x g*, we
get the commutative diagram

G 0CTO <2 Acixg
lm H , (3.16)

v, _
(§-0)GCTQIG «——r ACU xg*

where ¥, := J~' o ¢ 0@ and ¥} := (J')~' o ¢] oi’. It is easy to check that ¥, is a
continuous injection and that v}, restricted to A N (Uy x g*), is a homeomorphism onto
its image.

For a given | € mj, let

B = {(i1, fiy) € U x my | (it, i}, fio) satisfies (3.15)}. (3.17)

It follows from the implicit function theorem that there is an ¢ > 0, an open neighborhood

m) C m of w}, and, for every b := (i1, ji») € B%, continuous functions u®, u(zb),

(u(b), u(zh)) t(—&,8) xm|) — U x my,

such that (u® (0, 11}), n(0, 11})) = (@, jiz) and, for all (z, jt1) € (=&, €) x m}, both
dW/du and X equal zero when evaluated at (7, u® (z, 1), 1 + ,ugb)(t, w)).

Given b € BV, let
5% :10,e) xm] — AN (U x g%,

b
(t, u1) = (fu“’)(t,m),V(r,m,uﬁ)(t,m)))-

Let 0® := ) 0 6. Then, by the commutativity of (3.16) and the injectivity of ¥}
restricted to A N (Uy x g*), to prove the theorem it is enough to check that (a) Im(y; o
5 ®)) lies within the set of relative equilibria in T Q; (b) (¥ 0 6®)~1(£) = {0} x m]
and ¥ 0 6® (0, 1) = £o(q.) implies that 1(g,) - & = p1; and () if by # by, then



Regularization of the Amended Potential and the Bifurcation of Relative Equilibria 119

Im&® NImc®) = {0} x m| C Uy x g*. Notice that by a reparametrization we may
assume that the domain of o® is [0, 1) x m.

It is easy to check that In® < A. Theorems 3.15 and 3.16 imply that for all
(tr, 1) € [0,&) x m) the relative equilibria conditions (3.10) are both satisfied at
Im (v, 0 6®) C T Q; this shows (a).

From the definition of J it follows that if ¥, (u, u) = £0(qe), & € g, u € g*, then
u = 0and I(g,) - £ = u. Hence ¥, ' (£) = {0} x m} = 5 ® ({0} x m}). Recall that,
by definition of U, if b = (i, fi,) € B, then it # 0. Thus, by taking & smaller
and shrinking m/ if necessary, we have that Tu® (z, ;) = 0 only if T = 0. Hence
6O (t, w1) € ¥y ' (€) onlyif T = 0, and we conclude that (5 o &(b))71 (&) = {0} xm].
This settles (b).

Finally, to show (c), take (zy, y1), (12, y2) € [0, &) x m/. From the definition of &,
it follows that if 6V (zy, y1) = 6®2 (12, y2), then t2fly = t2{i0, hence 71 = 15, and
yi = y2. As (71, y1) — (0, u}) we have that u®) — b;. Since b, # b, then, by taking e
smaller and shrinking m if necessary, we have that u®’(ty, y;) # u®?(7;, y;). Hence,
&8z, y1) = 6P (11, 1) implies that t; = 0 and &8 (11, y1) = (0, y1). O

Remark. Theorem 3.19 can be interpreted as saying that every (i, fio) € B* labels a
symmetry-breaking branch of classes of relative equilibria in T Q/G bifurcating from £
and parametrized by 7 and u (with i, in aneighborhood of 11} ). Branches corresponding
to different labels are distinct, since (locally) their intersection outside & is empty.

Remark. From Theorem 3.19 it follows that the dimension of the bifurcating branches
of classes of relative equilibria in 7 Q/G, away from the set of symmetric states, is equal
to 1 4+ dim(m;) = dimg,, 4+ dim(£;) = dimt = RankG. Thus, viewing these branches
as sets in 7' Q, their dimension is equal to dim G + RankG. This agrees with the generic
dimension of the set of relative equilibria when the action is free, as discussed in Patrick
[1995].

Remark. A direct consequence of Theorem 3.19 is that if the discrete set B*") of
nondegenerate critical points defined in (3.17) has more than one element, then we can
conclude the existence of branches of relative equilibria bifurcating from £, in the sense
explained in Section 1.4. This can be seen as follows. With Q' := G - exp, (N'), given
[q] € Q'/G, let distg.,,([q]) := |n|l, where ¢ = g - n for some g € G,n € N'.
(Since N’ is a slice at g, for the G-action on Q’, this notion of distance from the orbit
G - g, is well defined.) For A € R, A > 0, let R, := Ubgg“"ﬁdiStalqe A NImo®.
Then Ry = {[£p(g.)] € TQ/G | I(q.) - § € m|,& € g}. Without loss of generality
we can assume that m] is connected and hence so is R¢. On the other hand, if A # 0
and B contains more than one point, then R, is disconnected. This follows from
the fact that distg.,, (€) = {0} and Imo®) NImo®) C £if by, by € B, by # by.
Thus Ry is not homeomorphic to R;, and we can conclude that the family of relative
equilibria R := U, ) Imo® = U, R, bifurcates from Ry C &. If the set BHD
contains only one point, then Theorem 3.19 only implies persistence of relative equilibria
from Ry.



120 A. Hernandez-Garduiio and J. E. Marsden

Remark. In Hamiltonian problems of the sort considered in this paper, it is difficult to
establish that a given method locally captures all of the solutions; that is, all of the relative
equilibria. Relative to our method, we have proved the existence of a family of relative
equilibria bifurcating from a given set of relative equilibria £. If one could prove (as we
conjecture is true) that the method captures all the relative equilibria locally, then the
preceding remark would say that the set of relative equilibria near £ literally bifurcates
from £.

4. Example: Symmetric Coupled Rigid Bodies

Here we will illustrate the application of the theory developed in the previous section
with the example of the two symmetric coupled rigid bodies moving in three-dimensional
space with zero potential. In contrast with the double spherical pendulum, the example
studied in Section 2, the set of symmetric states in the symmetric coupled rigid bodies
from which branches of relative equilibria bifurcate is not discrete.

There has been extensive mathematical study of the symmetric coupled rigid bodies.
Patrick [1990], [1989] studied the relative equilibria in this example using the augmented
potential criterion together with an explicit classification of all the group orbits, thus
achieving a complete enumeration of the relative equilibria. With a different approach,
Mittagunta [1996], [1994] gave a lower bound on the number of relative equilibria in
momentum level sets based on a Morse theoretic analysis of the topology of the reduced
spaces. Roberts and de Sousa Dias [1997] used the Marle-Guillemin-Sternberg slice
decomposition to study the bifurcation of relative equilibria nearby symmetric states in a
system consisting also of symmetric rigid bodies but requiring the presence of a potential
(to ensure a certain nondegeneracy condition).

In the analysis of the symmetric coupled rigid bodies presented in this section, we do
not attempt to obtain new results. Our objective is only to illustrate how our theory can be
applied to an example with symmetric states where the group is non-abelian and relatively
large. Applying the technique of the previous section, we are able to recover the relative
equilibria that bifurcate from the class of symmetric relative equilibria consisting of the
states where the axis of symmetry of the two bodies are aligned, each body is rotating
around its axis of symmetry with independent velocity, and the total angular momentum
of the system is different from zero. The branches of relative equilibria thus obtained
(see Proposition 4.3) break the symmetry.

4.1. Description and Preliminaries

Consider the mechanical system formed by two symmetric rigid bodies with equal mo-
ments of inertia coupled by an ideal spherical joint along their axes of symmetry and
such that the distance from the center of mass of either body to the joint is the same.
(See Figure 3.) From this description it follows that we can attach to each rigid body a

xy
coordinate system with respect to which its inertia matrix is equal to I = ( I )

for some positive real numbers /", I*. The Lagrangian of the system consists purely of
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Fig. 3. Symmetric coupled rigid bodies.

kinetic energy. After reducing by translations, the configuration space becomes
0:=50@3) xS0@3).

The physical interpretation of this configuration space is that a given (A}, Ay) € Q
represents the configuration obtained by applying the rotation A; to body i, where the
initial reference configuration consists of the two bodies aligned on top of each other,
the common center of mass lying at the origin and the common axis of symmetry being
aligned with the es-axis.

It is convenient to express elements in TQ = T(SO(3)?) in terms of the body
coordinates. These are defined by the diffeomorphism N : (SO(3) x R*)? — T(SO(3)?)
given by

(Ai; )" = (Ai; Ai).
Here (A;; ;) represents Fhe point (A1, Az; Q1, ) € SO3)? x (R)?, (A;; A)) repre-
sents the point (A, Ay; Ay, A2) € T((SO(3))?), and A : R? — s50(3) is the standard

R 0 —X3 X3
isomorphism X = | X3 0  —X; |. The inverse diffeomorphism is given by
-X2 X 0

(Ai; ADY == (A (AT ADY),

where V denotes the inverse of A.
One verifies (cf. Patrick [1989]) that the Lagrangian of the system after reduction by
translations is given by

L. 1 - 1 ~
L(A, Ay; Ay, Ay) = EQ?JQ] + 59[2-792 — BA(e3 x 1) - Ax(e3 x 25),

. N - 1
where A; = A;Q;, Q; € R3, J = ( 1 ), and the system parameters «, 8 are given
o
by
21 €
0= — p=—-—7-—,
I+ I +e I+ I+ e
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with € = (mmy)|s2/(m; + m;), where | S| denotes the distance from the center of mass
of either body to the joint. g is called the coupling constant. Observe that 0 < g < 1.

A straightforward computation shows that the fiber derivative corresponding to this
Lagrangian is given (in body coordinates) by

(FL(A1, A2)(Q1, ), (Wi, Wa)) = QT TW, + QI Jw,
—B (Ai(es x Wp) - Ax(e3 x €27)
+A(e3 x Qp)-Ax(es x Wy)). (4.1)

Now, consider the action of G := SO(3) x S' x S' on Q given by
(B.61.6,) - (A1, Ay) = (BA, exp(—6,&3), BA, exp(—6,&3)) .

Physically this corresponds to rotating each body around its axis of symmetry by angles
601, 6, and then applying the rotation B to the system as a whole. One verifies that the
Lagrangian is invariant with respect to the tangent lift of this action. Thus, G is the
symmetry group of the system.

The Lie algebra g of G is isomorphic to R* x R x R with the Lie bracket given by

[(Xv Y1, yz)s (X/7 yi7 yé)] = (X X X/v Ov O)

Forevery £ = (X, y1, y2) € R? x R x R = g, the infinitesimal generator associated with
the given action of G on Q is computed to be

Eo(A1, A2) = (A1, Ax; ATx — y1e5, ATx — yre3)". 4.2)

Identifying T*Q with SO(3)? x (R*)? via the standard inner product on (R*)? and
identifying g* with R? x R x R via the standard inner product on R* x R x R, one
computes that the momentum map J : T*Q — g* associated with the cotangent lift of
the action is given by

J(Ar, Ay, T1h, T1h) = (A1T1 + AxId,, —1I1; - e3, —I15 - €3).

4.2. Fiber over a Symmetric Point

We will now study the branches of relative equilibria emanating from a subspace of
symmetric relative equilibria in the fiber over a symmetric point. The configurations
with nontrivial isotropy are the ones in which the axis of symmetry of the two bodies
are aligned, so that the two bodies lie on top of each other or they point in opposite
directions. We will treat only the former case, since the latter is analogous.

Let g. = (1d, Id) € Q. This corresponds to a configuration consisting of the two
bodies on top of each other. Let {ei}?=1 be the canonical basis in R?. The isotropy
subgroup of ¢, is

Gy = {(exp(t&;), 1, 1)} = S'. (4.3)

Its Lie algebra is g,, = span{(es, 1, 1)}.
We now want to obtain the set R, defined as the set of relative equilibria inside the
fiber T, Q.
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The augmented potential for the SCRB is given by
Ve(Ar, Ay) = (FL(A1, Ay) - §0 (A1, A2), Ep(A1, Ay)).,
where £ (A1, Ay) is given by (4.2). Therefore V: (A1, A;) is given by (4.1) with
(Q1, Q) = (Wi, W) = (AT x — yi €5, ATx — ys €3).
A computation shows that, fori = 1, 2,
QITQ = (Alx) - J(A'x) — 2wy (ATx) - &5 + yia,
and

Aj(e3 x 1) - Azx(e3 X ) = (Are3 X X) - (Azes X X).
Collecting terms, we get that
Vi(A1, Ay) = (A]x) - J(ATx) + (ATx) - J(A]x)
—2a (y A{x+ 12 AlX) - 5 + (37 + 33)
—2B ((Are3) x x) - ((Aze3) X X).

Fori =1,2,let A; = exp(tW;), w; € R3. A computation shows that

dt

(Alx) - J(ATx) = xT[W;, J]x

t=0

= 2(l —a)(x-e3) (X X €3) - W;,

d
2| [F2e (0 Alx+ 52 ATx) 6] = 20(x x €3) - (w1 + y2wa),
t=0
7 [28 ((A1e3) X X) - ((Aze3) X X)] = 2B(x - €3) (X X €3) - (W) + W2).
t=0

Collecting terms, we obtain

2
| Vel A =23 (0 - = B)(X-€5) + oyl (X x €3)) - Wi
0

i=1

t=
It follows that d Ve (Id, Id) = 0 if and only if either

(l—a—pB)(x-e3)+ay; =0 (forbothi=1andi =2),
or

x x e3 = 0.

From this computation and the augmented potential criterion (which was recalled in
Section 1.4), it follows that the relative equilibria inside 7;, Q are given by

Ry ={5o(1d, Id) | § € [ UL},
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where

[, := span{(es, 0, 0), (0, 1, 0), (0,0, 1)},

[, := span {(el, 0,0), (es, 0,0), (Leg, -1, —1)} .
l—a—p8
Notice that for every v € [; - g, we have that G, = G,,, with G,, as in equation
(4.3). In contrast, the relative equilibria corresponding to [, - g, have trivial symmetry,
ie, Vv € [ - g, g» = {0}. (Notice that we can not adjust « so that g,, C > because
we would need o/(1 — a — ) = —1, which in turn would imply 8 = 1, which is not
possible unless the two bodies degenerate to point masses.) Let

E:=Ry N(T Q)% =1 -q,. (4.4)

Thus € corresponds to the states in which the two bodies are rotating around their common
axis of symmetry, each one with independent arbitrary constant angular velocity.

For the remainder of our discussion, we will study only the relative equilibria bifur-
cating from [ - g,.

4.3. Regularization of the Amended Potential

Recall that T : QO — L(g, g*) is the locked inertia tensor induced by the metric on Q,
as defined in Section 1.3. Consider the basis B = {Si}le for g given by &} = (e3, 1, 1),
£ =10(0,1,0),& =(0,0,1),&4 = (e;,0,0),and & = (e, 0,0). Theng =t B €&, P &y,
where

8 := kerl(g.) = span{§;},
€ = span{&, &},
£, = [g, & ® &2] = span{&y, &s}.

Notice that [} = ¥, @ ¥, is a maximal abelian Lie subalgebra and that [; - g, = €, - q..

Denote with B* the dual basis of 3. Identify g* with R* x R x R via the natural inner
product ((x, yi, y2), X, ¥1, yé)) '=X-X 4+ y1y; + )2, (where “-” denotes the standard
inner product on R?). Then B* = {v' }le , where

vl = (e3,0,0), V2 = (—e3, 1,0), V3 = (—e3,0, 1),
vt = (e1,0,0), V> = (e, 0,0). 4.5)

A calculation shows that the matrix of the locked inertia tensor at g, with respect to
the basis 53, B* is given by

(I(ge) )58+ = o . (4.6)
2(1-p8)
2(1-8)
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Thus we see that I(g,) - & = a v fori = 2, 3. Hence, I(g.) - (¢ ® £)) = L(g.) - & C
span(vl, 2,3 = £5. Therefore all the conditions of Section 3.1 hold and we can
follow the procedure described in Section 3.4 for splitting and rescaling the dual of the
Lie algebra in order to blow up the amended potential.

As in Section 3.4, the splitting g = €, @ € @ ¥, induces the dual splitting g* =
mo d my @ m,, where

my = (& @ &)° = span(v'),
(to ® £2)° = span(v?, 1),
m, = (b @ £)° = span(v*, v°).

E
I

Notice that m, = ([;)°.

Now consider the map v : R x (I(g.) - g) — g" defined in equation (3.11). For our
example it is explicitly given as follows. Let u = u; + pup with u; = X2 + x30°,
w3 = x4v* + x51°, so that u; € m; (i = 1, 2). Then

(T, W) = v(T; X2, X3, X4, X5) = ph1 + Tptg + 720!
=2+ x2v2 + X3V3 + r(x4v4 -|-)C5V5).

Since we want to consider directions transversal to the group action at g, we define
N :=(g-q.)" = span{(e, —e1)", (&2, —€2)"}.
Then G, acts irreducibly on N. It is clear that
Up == {p (e1, —e)" | p > 0}
is a (global) section of the principal bundle (N \ {0}) — (N \ {0})/G,,. Let
Io(p) =1 (exp(p (er, —€)")). 4.7)

A computation shows that the matrix representation of I with respect to the basis B, B*
is given by

2[01(—|+C(vsp)2

+(1+8) sin? p] a(l—cosp) a(l—cosp) O 0
a(l—cos p) o 0 0 asinp
I . =
[ 0()0)]6,5 a(l—cos p) 0 o 0 —asinp
0 0 0 2(1—Bcos(2p)) O
0 asinp —asinp 0 2[(]—ﬂ) cos? pta sin? p]

Let £(t, p; x;) := Io(tp)~'v(z; x;). From the remark following Proposition 3.10,
we know that £ (7, p; x;) is a smooth function even in a neighborhood of T = 0, provided
that p is away from zero. A computation shows that £(t, p; x;) =& + 1 & + O(1?) €
R? x R x R with

2 _ 2
g = ( (xz+x3)20 X2 % 0,0),
41048 p a o

(o,o,o; i xs_xzp””)). (4.8)

51 2-28 2-28
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4.4. Relative Equilibria Bifurcating from Symmetric States

We now consider relative equilibria that bifurcate from the subspace of symmetric states
in the fiber over the point g,. Theorem 3.16 guarantees the existence of a £5-valued
smooth function X such that

d Vi (exp(zo(er, —en)™)) - nolqo) = T (X (z, p, ), 1),

where n € ¥ and p := (X7, x3, x4, x5). For the symmetric coupled rigid bodies, the
formula for (X, n)|,_, given in Proposition 3.17 reduces to

(X0, p, ), m) = (Lo (0)[&1. 1, §o) + (Lo (0)&1, [£0, 1)

where &) and & are given in (4.3) and [ (0) is equal to the right-hand side of (4.6).
Using that & = span{(e;, 0, 0), (e, 0,0)}, we get, after a computation, that the
condition X (0, p, u) = 0 is equivalent to the pair of equations

(X(07 P, IJ“)’ (ela 07 0)> = (x5 - py—) f(lo’x27'x3) = O} (4 9)
(X(0, p, ), (€2,0,0)) = x4 f(p, x2,x3) =0f~ '

where f(p, x2, x3) = A/ (4(8* — 1)p?) with
A=2(1=B)+(1+38)p%yy, (4.10)
and where we have introduced the linear change of variables
Yy 1= X2 + X3, Y- =Xy — X3.
The rescaled amended potential restricted to Uy is given by
Vie (exp (z p(er, —en)")) = (v(z, w), Iy ' (zo)v(z, ).

By Theorem 3.15 we know that V,(r, (exp (r p(eyq, —el)A)) is a smooth function, even
in a neighborhood of t = 0, provided that p is away from zero. A computation shows
that its Taylor expansion with respect to t is given by

242
Vi (exp (T p(ey, _el)/\)) = % +2W(t, p, ),
with
A+ BT +xD) — (1 — By 1
e = 21— B 20+ prp?
pxsy-  (A=Pyi+4(1+p5))2)p° )
-8 D) + O(7).

Therefore,

4(1—B)+4(1+B)pds y-—((1 =By +4(1+B)y2) p*

4B = 1)p? D

ow
e 0, p, W)=
0
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From the pair of equations in (4.9) we see that X (0, p, u) = 0 if and only if either
A =0or

xs—py-=0 and x4 =0. (4.12)

If we assume that (4.12) holds, then, after substituting in (4.11), we see that the equation
oW/ap(0, p, ) = 0 is equivalent to

4 — p4 szr = 0, (413)

and thus p = /2/|x; + x3|. In summary, we have shown the following:

Proposition 4.1. Given x,, x3 such that x, + x3 # 0, let

(ﬁs£41£5) = 2/|x2 +x3| (1a 09 X2 — -x3) ) (414)

and let i = (x3, X3, X4, X5). Then

ow
X(Ovﬁ7ﬁ)zo and a_(ovﬁaﬁ):()
1%

Eliminating p?y, from equations (4.13) and A = 0 (with A given by (4.10)), we get

B(B*—1)=0.

Therefore:

Lemma4.2. If0 < 8 < 1, then the conditions p = /2/|x, + x3] and A = 0 are
mutually exclusive.

Expressing X (t, p, i) in terms of the basis of & dual to {(e;, 0, 0), (e2, 0, 0)}, we
compute from (4.9) and (4.11) that

Apy_ 0 —Ap
(X, aW/dp) O.5. i) = %y A 0 P
9(p, x4, xs5) 41 =B+ 1+ P15 0 40 +B)5y

The determinant is computed to be

(X, dW/dp) 0. 5. ) 16V2(8 — 1)A?
9 9 /‘1/ = .
d(p, x4, x5) VIxz £ x3]

Therefore, if 0 < B < 1, then it follows from Lemma 4.2 and the implicit function
theorem that the equations

X(t, p; X2, x3, X4, x5) =0

PN (4.15)
—— (7, p; X2, X3, X4, X5) = 0
ap
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implicitly define the parameters (p, x4, x5) as smooth functions of (z, x», x3). More
precisely, for every bounded open region V. C R? \ {(x2,x3) | x2 + x3 = 0}, there
exists an € > 0 and smooth functions (p, x4, x5) defined on (—e&, &) x V such that
(p, x4, x5) evaluated at (0, x,, x3) is equal to the right-hand side of (4.14) and for all
(t,x2,x3) € (—¢,e) XV,

(t, p(7, X2, X3); X2, X3, X4(T, X2, X3), X5(T, X2, X3))

is a solution of (4.15).

Recall that £ := [, - g, is the set of relative equilibria in 7,, Q with symmetry group
equal to G, (cf. equation (4.4)) and that m, := ([;)° C g*. Recall also that B* = (v }le
is the basis for g* given by equation (4.5). To facilitate notation, let A Oxgt—>T*Q0
be given by ﬂ(q, w) == A,(q), where A, is the associated one-form of the mechanical
connection introduced in Section 1.3. From the preceding remarks we conclude with the
following:

Proposition 4.3. Suppose that 0 < B < 1. For every p; = xv* + x3v3 € J(€) such
that x, + x3 # 0, there exist an € > 0 and a curve (o™, /Lé“')) 1[0, €] > R x my such
that

(09 @, 1" ©) = V232 + 53] (1, (2 = 330,

and such that, for t € [0, €], the curve
a(z) = (GXP(fp(”“')(r)(el, —e)"), T+ + w(z’“)(t)) €Qxg'

satisfies that A (oc (1) (t)) is a symmetry-breaking branch of relative equilibria emanating

from A(‘Ie» l’Ll)

Remark. In Patrick [1990] (see also Patrick [1989]), where an exhaustive classification
of the relative equilibria for the SCRB is offered, it is shown that there is a family of
classes of relative equilibria persisting from & represented by the states described in
body coordinates by

& ={(exp(fe)),exp(—0e);: e, se3) € SOB3) x (R},

where the angle 6 and the spin velocities t,, t3 are arbitrary. (Physically, states in &’
correspond to each body rotating with arbitrary angular velocity around their axis of
symmetry with these forming an arbitrary angle at the joint, and with no further overall
rotation.) The momenta of states in £ is given by 5Iy(7)& + »l(r)&;, with 6 =
T p(t, 1), Iy given by (4.7) and &;, &; the basis elements in 5 introduced above. It is
straightforward to see that I5(0)éx = O(z?)v! 4+ av* + O(r)v>. This shows that the
existence of the family of relative equilibria £ is consistent with Proposition 4.3. Thus
our method predicts one of the types of relative equilibria computed by hand in Patrick
[1990].
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5. Conclusions

In the context of simple mechanical systems with symmetry, we have given a method for
predicting the existence of symmetry-breaking branches of relative equilibria bifurcating
froma given set £ of relative equilibria with nontrivial isotropy. Although there are several
results concerning bifurcation of relative equilibria in the literature, most of them are
in the context of general Hamiltonian systems with symmetry, while in this paper we
exploit the more detailed structure that we get from working with simple mechanical
systems with symmetry. In fact, we directly relate the bifurcating branches to a study of
the blown-up amended potential, a fundamental object in the study of simple mechanical
systems on cotangent bundles.

The methods we use assume that £ = t- g, € T Q for some maximal abelian
subalgebra t C g and some equilibrium configuration g, such that g,, C t, where g is
the Lie algebra of the symmetry group which is assumed to be compact. We have also
assumed that g, is an isolated point with nontrivial isotropy in a slice through g, for the
action of the symmetry group.

The method in this paper is based on the regularization of the amended potential
criterion for relative equilibria around g,. This regularization was achieved through
a rescaling (or blowing-up) of certain directions in the dual of the Lie algebra of the
symmetry group and the directions in configuration space along a slice for the action of
the symmetry group at g,. After regularization, the bifurcating branches were obtained
by an application of the implicit function theorem. Then our bifurcation analysis was
done in shape space.

Although most of the analysis in Section 3 is done assuming that G, (the isotropy
group of ¢q.) is an n-torus, the regularization of the relative equilibrium condition
and the final bifurcation analysis (Sections 3.5 and 3.6) are done in the context of
G, = S!. We believe, however, that the methods of these sections can easily be
adapted to the more general case of G, being an n-torus. Presumably, within this
generalization, the nondegeneracy condition of Section 3.6 will still involve check-
ing that a certain R-valued bilinear map analogous to the map defined in Definition
3.18 is nondegenerate but A € y will appear as an extra parameter in the bifurcat-
ing surfaces of relative equilibria of Theorem 3.19. Here 1 is the unit sphere in the
subspace mg C g* with respect to some G, -invariant inner product, as defined in Sec-
tion 3.3. (See Birtea, Puta, Ratiu, Tudoran [2004] for an alternative approach to this
generalization.)

In the example of the double spherical pendulum, one can deduce stability of the
relative equilibria in a bifurcating branch (at least in a neighborhood of the equilibrium
configuration) from the positive definiteness of the second variation of the blown-up
amended potential; cf. the remark at the end of Section 2.1. This follows from an ap-
plication of the energy-momentum method (cf. Marsden [1992, Chap. 5]) when the
symmetry group is Abelian. Presumably a similar stability analysis can be adapted to
the general case studied in Section 3. (This idea has been successfully implemented for
toral actions in Birtea, Puta, Ratiu, Tudoran [2004].)

For non-abelian groups the stability analysis requires that we look at the second
variation of the so-called Arnold form (cf. op. cit.). It would be of interest to study
whether there is a blown-up version of this form.
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The example of the double spherical pendulum also suggests that one can try to
generalize the method of using the linearized vector field associated with the blown-up
Routhian to determine the stability type of the bifurcating branches of relative equilibria
(cf. the remark in Section 2.1). To this end one would look at the eigenvalues of the
linearized vector field of the Euler-Lagrange equations associated with the blown-up
Routhian, where the blowing-up would take place in shape space.

It would also be of interest to generalize the method of this paper to the case when
g, is not an isolated fixed point of the action of G, on the slice. It seems likely that one
could implement a series of slice decompositions that would be related with the lattice
of isotropy subgroups.
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