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Abstract

Recen theoretical work has deweloped the Hamilton's-principle analog of
Lie-PoissonHamiltonian systemsde ned on semidirect products. The main
theoretical results are twofold:

1. Euler{P oincar® equations(the Lagrangiananalogof Lie-PoissonHamil-
tonian equations) are derived for a parameter dependert Lagrangian
from a general variational principle of Lagrange d'Alembert type in
which variations are constrained;

2. an abstract Kelvin{No ether theorem s derived for sud systems.

By imposing suitable constrairts on the variations and by using invariance
properties of the Lagrangian,asonedoesfor the Euler equationsfor the rigid
body and ideal ° uids, we cast seeral standard Eulerian modelsof geoplysical
°uid dynamics(GFD) at various levels of approximation into Euler-Poincar
form and discusstheir correspnding Kelvin{No ether theoremsand potential
vorticity consenration laws. The various levels of GFD approximation are re-
lated by substituting a sequenceof velocity decompsitions and asymptotic
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expansionsinto Hamilton's principle for the Euler equations of a rotating
strati ed ideal incompressible® uid. We emphasizethat the shared proper-
ties of this sequenceof approximate ideal GFD models follow directly from
their Euler-Poincar® formulations. Newmodi cationsof the Euler-Boussinesq
equationsand primitiv e equationsare also proposedin which nonlinear dis-
persion adaptively Iters high waverumbers and thereby enhancesstability
and regularity without compromisingeither low wavenumber behavior or geo-
physical balances.
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1 Introduction

The Eulerian formulation of the action principle for an ideal °uid castsit
into a form that is amenableto asymptotic expansionsand thereby facilitates
the creation of approximate theories. This Eulerian action principle is part
of the generalprocedureof the reduction theory of Lagrangian systems,in-
cluding the theory of the Euler{P oinca§ equations(the Lagrangian analog
of Lie-PoissonHamiltonian equations). This setting provides a sharedstruc-
ture for many problemsin GFD, with se\eral bene ts, both immediate (such
as a systematic approad to hierarchical modeling and versionsof Kelvin's
theorem for thesemodels) and longerterm (e.g., structured multisymplectic
integration algorithms).

This paper will be concernedwith Euler{P oinca® equationsarising from a
family of action principles for a sequenceof standard GFD modelsin purely
Eulerian variables at various levels of approximation. We use the method
of Hamilton's principle asymptoticsin this setting. In particular, the ac-
tion principles of these models are related by di®erert levels of truncation
of asymptotic expansionsand velocity-pressuredecompsitionsin Hamilton's
principle for the unappraximated Euler equationsof rotating strati ed ideal
incompressible® uid dynamics. This sequenceof GFD models includes the
Euler equationsthemseles,followed by their appraximations, namely: Euler-
Boussinesgequations (EB), primitiv e equations (PE), Hamiltonian balance
equations (HBE), and generalizedLagrangian mean (GLM) equations. We
also relate our approad to the rotating shallov water equations (RSW),
semigeostrophiequations(SG), and quasigeostrophiequations(QG). Thus,
asymptotic expansionsand velocity-pressuredecompsitions of Hamilton's
principle for the Euler equationsdescribing the motion of a rotating strat-
i ed ideal incompressible°uid will be usedto cast the standard EB, PE,
HBE and GLM models of GFD into Euler-Poincar§ form and thereby unify
thesedescriptionsand their properties at various levels of appraximation. See
Tables4.1 and 4.2 for summaries.

These GFD models have a long history dating badck at least to Rossly
[1940], Charney [1948] and Eliassen[1949], who used them, in their sim-
plest forms (particularly the quasigeostrophicand semigeostrophicapproxi-
mations), to study structure formation on oceanicand atmosphericmesoscales.
The history of the e®orts to establishthe proper equationsfor synoptic mo-
tions is summarizedby Pedlosky[1987]and Cushman-Roisin[1994];seealso
Phillips [1963]. One may consult, for example, Salmon [1983, 1985, 1988],
Holm, Marsden, Ratiu and Weinstein [1985], Abarbanel, Holm, Marsden,
and Ratiu [1986],and Holm [1996]for recert applications of the approad of
Hamilton's principle asymptoticsto derive approximate equationsin GFD.

Well beforeRossly, Charney and Eliassen,at the end of the 19th certury,
Poincar® [1901] investigated the formulation of the Euler equationsfor the
dynamics of a rigid body in Lie algebraic form. Poincar§'s formulation of
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the Euler equationsfor a rigid body carriesover naturally to the dynamicsof
ideal continua, asshowvn by Holm, Marsdenand Ratiu [1998a],and Poincar§'s
ideaswill form the basisof the presen study. Someof Poincar§'s other key
papersin this areaare listed in the bibliography.

Starting from the action principle for the Euler equations, the presen
work rst expresseshe variousGFD equationsin the Euler-Poincar§ form for
continuadueto Holm, Marsdenand Ratiu [1998ajand discusseshe properties
acquiredby castingthe GFD equationsinto this form. The main property so
obtainedis the Kelvin{No ether theoremfor the theory. This, in turn, leadsto
consenation of potential vorticity on °uid parcels.Domain-integrated energy
is also consened and the relation of the Euler{P oinca®$ equationsto the
Lie-PoissonHamiltonian formulation of the dynamicsis given by a Legendre
transformation at the level of the Lie algebraof divergencelessector elds.

The methods of this paper are basedon reduction of variational principles;
that is, on Lagrangianreduction (seeCendraet al. [1986,1987]and Marsden
and Sdeurle [1993a,b]),which is also useful for systemswith nonholonomic
constrairts. This hasbeendemonstratedin the work of Bloch, Krishnaprasad,
Marsdenand Murray [1996],who derived the reducedLagrange d'Al embert
equationsfor sud nonholonomicsystems.Coupled with the methods of the
presen paper, thesetechniquesfor handling nonholonomicconstrairts should
alsobe usefulfor continuum systems.In addition, it seemdikely that the tech-
niques of multisymplectic geometry assaiated variational integrators, and
the multisymplectic reduction will be exciting dewelopmerts for the presen
setting; seeMarsden, Patrick and Shkoller [1997]for the beginningsof suc
a theory.

Organization of the Paper. In x2 we recall from Holm, Marsden and
Ratiu [1998a]the abstract Euler-Poincar§ theorem for Lagrangiansdepend-
ing on parametersalongwith the assaiated Kelvin{No ether theorem. These
theoremsplay a key role in the rest of our analysis.In x3 we discusstheir
implications for cortinuum medanicsand then in x4 we apply them to a se-
guenceof modelsin geoplysical ° uid dynamics.We beginin x4.1and x4.2 by
recalling the action principlesin the Eulerian description for the Euler equa-
tions and their Euler-Boussinescappraximation, respectively. Then we show
how these standard GFD models satisfy the Euler-Poincar® theorem. These
sectionsalso introduce the scaling regime and small parameterswe usein
making asymptotic expansionsand velocity-pressuredecompsitionsthat are
usedin the remaining sections.Next, x4.3 introducesthe hydrostatic approxi-
mation into the Euler-Poincar® formulation of the Euler-Boussinesgquations
to yield the correspnding formulation of the primitiv e equations.Later sec-
tions cast further approximations of the Euler-Boussinesgequationsinto the
Euler-Poincar§ formulation, starting in x4.4 with the Hamiltonian balance
equationsand proceedingto the generalizedLagrangian mean (GLM) the-
ory for wave, mean ° ow interaction (WMFI), dueto Andrewsand Mcintyre
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[1978a,blin x5. In x6 we usethe Euler{P oincar§ theorem,including advected
parameters,to formulate a new model of ideal GFD called the EB® model
that includesnonlinear dispersion alongwith strati cation and rotation. The
EB® equationsmodify the usual Euler-Boussinescgequationsby introducing
a length scale,®. The length scale® is interpreted physically in the GLM

setting asthe amplitude of the rapidly °uctuating componert of the °ow. We
derive the Euler{P oincar® equationsfor the EB® model by making an asymp-
totic expansionof the GLM Lagrangian for WMFI in powers of ® and the
Rossly number. Thus, the EB® model is a WMFI turbulence closuremodel
for a rotating strati ed incompressible® uid. In this model, nonlinear disper-
sion (parameterizedby ®) acts to lIter the high waverumbers (k > 1=®)

and thereby enhancessolution stability and regularity without compromising
either low waverumber behavior (k < 1=®), or geoplysical balances.We also
presen the correspnding nonlinear dispersive modi cation of the primitiv e
equations, called the PE® model. The nonlinear dispersive Itering of high
wavernumber activity in the EB® and PE® modelsregularizestheseequations
and thereby makesthem good candidatesfor long term numericalintegration.

2 The Euler—Poincaré Equations, Semidirect
Products, and Kelvin’s Theorem

Here we recall from Holm, Marsdenand Ratiu [1998a]the statemeris of the
Euler{P oinca§ equationsand their assaiated Kelvin{No ether theorem. In
the next section, we will discussthese statemerts in the cortext of cortin-
uum medanicsand then in the following sectionapply them to a sequencef
modelsin geoplysical ° uid dynamics.Although there are seweral possibleper-
mutations of the corvertions, we shall state the Euler{P oincar® theorem for
the caseof right actionsand right invariant Lagrangians which is appropriate
for °uids and, in particular, for the GFD situation.

2.1 The Euler—Poincaré Equations and Semidirect Prod-
ucts

Assumptions and Notation. We shallbeginwith the abstract framework
which will be a corveniert setting for the seweral special casesof GFD to
follow.

2 Let G beaLie group and let g beits Lie algebra.We considera vector
spaceV and assumewe have a right represemation of G on V. The
group G then acts in a natural way on the right on the dual spaceV®
(the action by g 2 G on V" is the dual of the action by g * on V). We
denotethe action of g on an element v 2 V by vg and on an elemen
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a2 V® by ag. In generalwe usethis concatenation notation for group
actions. Then G alsoacts by right translation on TG and henceit acts
on TG £ V*". We denote the action of a group elemert g on a point

(Vh; @) by (vg;@)g = (Vhg; ag).

Assumewe have a LagrangianL : TG £ V° ! R that is right G{
invariant.

For eah a, 2 V°, dene the LagrangianL,, : TG! R by L (vg) =
L(vy; ag). Then L4, is right invariant under the lift to TG of the right
action of G,, on G, where G,, is the isotropy group of g, (that is, the
subgroupof elemerts of G that leave the element a, 2 V* invariant).

Right G{in varianceof L permits usto de ne the reduced Lagrangian
through the equationl : g £ V®! R by

l(vgg' 1;ag ) = L(vg; a):

Conversely this relation denes forany | : g£ V® ! R a right G{
invariant function L : TG£ V®! R.

For a curve g(t) 2 G; let »(t) := g(t)g(t)i * and dene the curve a(t) =
aog(t)' 1, which is the unique solution of the linear di®eretial equation
with time dependen coetcients a(t) = j a(t)»(t) with initial condition
a(0) = ao.

Let ad, :g! g bethe in nitesimal adjoint operator; that is, the linear

map given by the Lie algebrabracket: ad,(") = [»,"]: Let ad : g° ! ¢°
be the dual of the linear transformation ad,.

Theorem 2.1 (Euler—Poincaré reduction.) The followingare equivalent:

i

ii

iii

Hamilton's variational principle
Z,,

£ L (g);g)dt= 0 (2.1)

t1

holds, for variations #g(t) of g(t) vanishingat the endmints.
g(t) satis es the Euler{L agrangeequationsfor L,, on G.

The constrained variational principle
Z,,

+  I(»(t);a(t)dt= 0 (2.2)

t1

holdson g £ V*, using variations of the form
»="jad ="_j [»'] x@a=ja; (2.3)

wheee “ (t) 2 g vanishesat the endmints.
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iv The Euler—Poincaré equations holdon g£ V*°

dil_.aui|+i||a. (2.4)
dt» ' T ' ” '

We refer to Holm, Marsdenand Ratiu [1998a]for the proof of this in the
abstract setting. We shall seesomeof the featuresof this result in the concrete
setting of cortinuum medanics shortly.

Important Notation. Following the notational corvertions of Holm, Mars-
den and Ratiu [1998a],we let % : g ! V be the linear map given by
Y%(») = v» (the right action of » onv 2 V), and let ¥4 : V® I g° beits
dual. For a2 V*, we write

Ya=viaz2g";

which is a bilinear operation in v and a. Continuing to usethe concatenation
notation for Lie algebraactions, the g{action on g® and V° is de ned to be
minus the dual map of the g{action on g and V respectively and is denoted
by t»anda»for »2 g, * 2 g°, anda 2 V®°. The following is a usefulway to
write the denition ofv} a2 g*: forallv2 V,a2 V® and » 2 g, we have
(note minus sign)

hv] a;» = ha;v»i = | ha»vi : (2.5)

The Legendre Transformation. As explained in Marsden and Ratiu
[1994], one normally thinks of passingfrom Euler{P oincar§ equationson a
Lie algebrag to Lie{P oissonequationson the dual g° by meansof the Leg-
endretransformation. In our case,we start with a Lagrangianong £ V* and
perform a partial Legendretransformation in the variable » only, by writing

4

1 - __ - 1. = . ) . .
o h(%; @) = H; »i j 1(»;a): (2.6)
Therefore, we have the formulae .
¢ A ¢ A
th_  Cow Cd w I .
a2t e b ogrw Trad g @0

One of the points is that, consisten with the examples,we do not attempt
to usethe full Legendretransformation to make Euler{P oinca§ equations
on g £ V correspnd to Lie{P oissonequationson the dual spaceg® £ V°.
In fact, sud attempts will fail becausan most interesting examples,the full
Legendretransform will be degenerate(the heary top, compressible® uids,
etc). It is for this reasonthat we take a partial Legendretransformation. In
this case,our Euler{P oincar§ equationson g £ V"“ will correspnd to the Lige{
Poissonequationson g” £ V", We next brie®y recall the Hamiltonian setting
ong”£ V°.
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Lie—Poisson Systems on Semidirect Products. Let S= G® V bethe
semidirectproduct Lie group for right actions. Explicitly , the convertions for
S are the following: the multiplication hasthe expression

(015 V1)(G2; V2) = (9102; V2 + V1Q2); (2.8)

the identit y elemen is (e;0), and the inverseis givenby (g;v)' * = (g ;i vg 1).
The Lie algebraof S is denoteds = g©® V and it hasthe bracket operation
given by

[(™1;va); (25 v2)l = (o1 »2]; Vi i Vomr): (2.9)

Let s” denote the dual of s. For a right represemation of G on V the (+)
Lie-Poissonbracket of two functionsf;k : s ! R hasthe expression

+H 4k’ o+ Hf 4K
ff ke (@ = Y% — = i &——i ——

mH | aad (2.10)

wheref =t 2 g, and #f =ta 2 V are the functional derivativesof f . Using
the diamond notation (2.5), the correspnding Hamiltonian vector eld for
h:s"! R is easilyseento have the expression
H N l
Xn( @)= ady_.!+ —iaa (2.11)

Thus, Hamilton's equationson the dual of a semidirectproduct are given by

+h
o= fuhg=iadioati A (2.12)
+h
a = fahg= a (2.13)

whereoverdot denotestime derivative. Thus, the partial Legendretransforma-
tion (2.6) mapsthe Euler{P oincar§ equations(2.4), together with the equa-
tions a= j a(t)»(t) for a to the Lie{P oissonequations(2.12 and (2.13.

Cautionary Remark. If the vector spaceV is absen and onehasjust the
equations

dd .4

G ik (2.14)
for » 2 g onalLie algebra,onespeaksof them asthe basic Euler—Poincaré
equations. As explainedin Holm, Marsden and Ratiu [1998a],the Euler{
Poincar§ equations(2.4) are not the basic Euler{P oinca§ equationson the
larger semidirect product Lie algebrag®© V*°. This is a critical di®erencebe-
tweenthe Lie{P oissonand the Euler{P oincar§ cases.
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Advected Parameters. As we shall seein the examples,and asindicated

by the above Euler{P oincar§ reduction theorem, the parametersa 2 V* ac-
quire dynamical meaning under Lagrangian reduction. For the heavy top,

the parameteris the unit vector in the direction of gravity, which becomesa

dynamical variable in the body represemation. For strati ed incompressible
°uids, the parametersare the buoyancy b and volume D of a °uid elemen

in the referencecon guration, which in the spatial represemation become
dynamical variablessatisfying the passiwe scalaradvection equation and con-
tinuity equation, respectively.

2.2 The Kelvin—Noether Theorem

In this section, we explain a version of the Noether theorem that holds for
solutions of the Euler{P oincar§ equations.Our formulation is motivated and
designedfor cortinuum theories (and hencethe name Kelvin{No ether), but
it may be alsoof interestfor nite dimensionalmedanical systems.Of course
it is well known that the Kelvin circulation theorem for ideal ° ow is closely
related to the Noether theorem applied to cortinua using the particle rela-
belling symmetry group (see,for example,Arnold [1966]).

The Kelvin—Noether Quantity. Westart with a LagrangianL ,, depend-
ing on a parametera, 2 V* as above. We introduce a manifold C on which
G acts (on the right, as above) and supposewe have an equivariant map
K:CE V!l g™

In the caseof cortinuum theories, the spaceC will be a loop spaceand
K (c;a);ti forc2 Cand?! 2 g will be a circulation. This classof examples
also shawvs why we do not want to identify the double dual g* with g.

De ne the Kelvin—Noether quantity| : CE g£ V°! R by

‘ 4 A
I (c;»a)= K(ca);—(»a) : (2.15)
>

Theorem 2.2 (Kelvin—Noether) Fixing ¢ 2 C, let »(t); a(t) satisfy the
Euler{Poincar§ equationsand de ne g(t) to be the solution of g(t) = »(t)g(t)
and, say, g(0) = e. Let c(t) = cog(t)'  and I (t) = I (c(t);»(t); a(t)). Then
; A
El(t)— OK(c(t)'a(t))'il' a : (2.16)
dt - ’ "ta ! ' '

Proof. First of all, write a(t) = ayg(t)! ! and useequivarianceto write | (t)
asfollows: . .
é A ¢ : A

4 4 ’
K(c(t);a); L ((0;a) = Klcorao) o ((0:am) g
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The g ! pulls over to the right sideas g (and not g ') becauseof our con-
vertions of always usingright represemations. We now di®erertiate the right
hand side of this equation. To do so, we usethe following well known formula
for di®erertiating the coadjoirt action (seeMarsdenand Ratiu [1994],x9.3):

d . d. .
gl Q9] = adyt )+ 21 o)
where! 2 g°, and » 2 g is given by

»(t) = g(t)g(t)' *:

Using this and the Euler{P oincar$® equations,we get
d d ¢ 4 . A
ol T g Ka), —((t)al) o)

dt gt 15 YA

d’” 4 ’
K (Co; a0); at 5(»(0; a(t)) ot
& .
4

4 q4
C'; .

K(eiao): o1 a olt)
é .

K (Co; a0)g(t)' %
¢

A

K(c(t);at)); —ia

where, in the last stepswe usedthe de nitions of the coadjoirt action, the
Euler{P oincar§ equation (2.4) and the equivariance of the map K.

Becausethe advectedterms are absen for the basic Euler{P oincar equa-
tions, we obtain the following.

Corollary 2.3 For the basic Euler{Poincar§ equations, the Kelvin quantity
I (t), de ned the sameway as alove but with | : CE g! R, is conserval.

3 The Euler—Poincaré Equations in Contin-
uum Mechanics

In this section we will apply the Euler{P oinca®® equationsto the caseof
continuum medanical systems.
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Vector Fields and Densities. Let D be a boundeddomain in R" with
smaooth boundary @ (or, more generally a smooth compact manifold with
boundary and given volume form or density). We let Di® D) denotethe dif-
feomorphismgroup of D of an appropriate Sololev class(for example,asin
Ebin and Marsden[1970]).If the domain D is not compact, then various de-
cay hypothesesat in nity needto beimposed.Under such conditions, Di®(D)
is a smaooth in nite dimensionalmanifold and a topological group relative to
the induced manifold topology. Right translation is smooth but left transla-
tion and inversion are only cortinuous. Thus, DiI®D) is not literally a Lie
group in the naive senseand so the previous theory must be applied with
care. Newertheless,if one usesright translations and right represemations,
the Euler{P oincar§ equationsof Theorem2.1 do make senseasa direct veri-
~cation shavs. We shallillustrate suc computations, by verifying seeral key
facts in the proof aswe proceed.

Let X(D) denotethe spaceof vector elds on D of the samedi®eretiabilit y
classas Di®D). Formally, this is the right Lie algebraof Di®D), that is, its
standard left Lie algebrabracket is minus the usual Lie bracket for vector
“elds. To distinguish betweenthesebrackets, we shall resene in what follows
the notation [u; w] for the standard Jacobi-Lie bracket of the vector elds
u; w 2 ¥(D) whereasthe notation ad,w = j [u; w] denotesthe adjoint
action of the left Lie algebraon itself. (The sign corvertions will alsobe clear
in the coordinate expressions.)

We also let X(D)” denote the geometric dual spaceof X¥(D), that is,
X¥(D)" := - (D) - Den(D), the spaceof ong{form densitiesonD. If ®- m 2
- }(D) - Den(D), the pairing of ®- m with w 2 ¥(D) is given by

Z

- mwi= ®C¢wm (3.1)
D
where ® ¢w denotesthe cortraction of a ongform with a vector eld. For
w 2 X(D) and ®- m 2 X(D)" the dual of the adjoint represemation is
de ned by (note the minus sign)
z

had}, (®- m);ui = | ®¢[w;u] m
D

and its expressionis
ad), (®- m)= ($,®+ (divp,w)® - m=$,(® m); (3.2)

where divyw is the divergenceof w relative to the measurem,, which is
related to the Lie derivative by $, m = (div,w)m. Hence,if w = w' @@';
and ®= ®dx', the ongfform factor in the precedingformula for ad, (®- m)
hasthe coordinate expression
M .
@B @Y _ _ @ .
) =1 = I = = (!
W & + & + (diva,w)® dx & W®) + @

1 H @Vjﬂ

@ ™
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the last equality assumingthat the divergencas takenrelativeto the standard
measurem = d"x in R".

Configurations, Motions and Material Velocities. Throughout the
rest of the paper we shall usethe following conventions and terminology for
the standard quartities in cortinuum medanics. Elemerts of D represen
ing the material particles of the systemare denotedby X; their coordinates
XA:A = 1;::;n may thus be regardedas the particle labels. A configura-
tion, which we typically denoteby ", is an elemen of DI®(D). A motion ",
is a path in Di®(D). The Lagrangian or material velocity U(X;t) of the
cortinuum alongthe motion " is de ned by taking the time derivative of the
motion keepingthe particle labels (the referenceparticles) X xed:

d«(X) _ @ .
= = «(X);
dt @ (XD
the secondequality beinga cornveniert shorthand notation of the time deriva-
tive holding X xed.

Consistent with this de nition of velocity, the tangert spaceto Di®(D) at
~ 2 DI®(D) is given by

U((X;t) =

TDI®D)=fU :D! TDjU (X)2 T x,Dg:

Elemerts of T- Di®D) are usually thought of asvector elds on D covering
. The tangent lift of right and left translations on TDI® D) by ' 2 Di®D)
have the expressions

U' =TR (U)=U %' and "U =TL(U)=T z£U-:

Eulerian Velocities. During a motion ", the particle labeled by X de-
scribesa path in D whosepoints x(X;t) := "{(X) are called the Eulerian
or spatial points of this path. The derivative u(x; t) of this path, keeping
the Eulerian point x xed, is calledthe FEulerian or spatial velocity of the
system:

|I(%)I |

u(x;t) ;= UX;t) = “(X):

@

Thus, the Eulerian velocity u is a time depender vector eld on D: u; 2
X(D), whereu(x) := u(x; t). We also have the fundamertal relationship

x

I+

Ui = w ts

where Uy(X) := U(X;t).

The represemation spaceV”® of DI®D) in cortinuum medanicsis often
somesubspaceof ¥(D) - Den(D), the tensor eld densitieson D and the
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represemation is givenby pull bad. It isthusaright represemation of DI®(D)
on ¥(D) - Den(D). The right action of the Lie algebraXx(D) on V*® is given
by au := $ 4, the Lie derivative of the tensor eld density a alongthe vector
eld u.

The Lagrangian. The Lagrangianof a cortinuum medanical systemis a
functionL : TDI®D)E£ V™! R whichisright invariant relativeto the tangent
lift of right translation of Di®D) on itself and pull badk on the tensor eld
densities.

Thus, the LagrangianL inducesa reduced Lagrangian| : X(D) £ V®! R
de ned by

[(u;a) = L(uzx"; "a);

whereu 2 X(D) anda 2 V° % (D) - Den(D), and where” "a denotesthe
pull badk of a by the di®eomorphism” and u is the Eulerian velocity. The
ewlution of a is given by solving the equation

a=j$,a

The solution of this equation, given the initial condition ag, is a(t) = ' (sao,
where the lower star denotesthe push forward operation and ' ; is the °ow
of u.

Advected Eulerian Quantities. Thesearede nedin cortinuum medan-
icsto be thosevariableswhich are Lie transported by the ° ow of the Eulerian
velocity eld. Usingthis standardterminology, the above equationstatesthat
the tensor eld density a (which may include massdensity and other Eulerian
guartities) is advected.

As we have discussed,in many examples,V® % ¥(D) - Den(D). On a
general manifold, tensorsof a given type have natural duals. For example,
symmetric covariant tensorsare dual to symmetric cortravariant tensor den-
sities, the pairing being given by the integration of the natural cortraction
of thesetensors.Likewise,k{forms are naturally dual to (nj k){forms, the
pairing being given by taking the integral of their wedgeproduct.

The operation | betweenelemens of V and V* producing an elemein of
X(D)" introducedin equation (2.5 becomes

Z Z
vl awi= ac¢t$,v= ves, a; (3.3)
D D
wherev ¢$,, a denotesthe cortraction, as described above, of elemens of
V and elemens of V. (These operations do not depend on a Riemannian
structure.)



14 Holm, Marsden& Ratiu

For a path "y 2 DIi®(D) let u(x;t) be its Eulerian velocity and consider,
asin the hypothesesof Theorem 2.1 the curve a(t) with initial condition ag
given by the equation

at$,a=0 (3.9)

Let Lo,(U) := L(U;ap). We can now state Theorem 2.1 in this particular,
but very useful, setting.

Theorem 3.1 (Euler—Poincaré reduction for continua.) For a path *;
in DI®(D) with Lagrangian velccity U and Eulerian velcity u, the following
are equivalent:

i Hamilton's variational principle
Z,,
+  L(X;Ui(X);a(X)) dt=0 (3.5)
t1
holds, for variations £ vanishingat the endmints.
ii "¢ satis es the Euler{L agrangeequationsfor L,, on Di®(D).

iii The constrained variational principle in Eulerian coordinates
Z,,
+ l(u;a) dt =0 (3.6)

t1

holdson X(D) £ V*©, using variations of the form

tu = %i ad,w = @+ [uyw], xa=j %3 (3.7)

Q@

whee w; = £ +"| ! vanishesat the endmints.

iv The Fuler—Poincaré equations for continua

@J_rl_.dnil+4_rll_.$il+ill_ 38
CET PR R I
hold, where the | operation given by (3.2) needs to be determined on a
caseby casehasis, degending on the nature of the tensor a. (Rememler
that H=+u is a onefform density.)
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Remarks.

1. The following string of equalitiesshows directly that iii is equivalert to
iv:
Z,, Z,H 4 1
¢+

H
0 = = |(u;a)dt = — C+u + ¢ta dt
tu ta

tl_ ty -
ol ¢u@v d R ¢S, a dt
= —¢ —j a P — a
. @I uW | a W

SN + H H
= we @—i ad, — + 5: a dt: (3.9)

2. Similarly, one can deducethe form (3.7) of the variations in the con-
strained variational principle (3.6) by a direct calculation, as follows.
Onewrites the basicrelation betweenthe spatial and material velocities,
namelyu(x; t) = “("{ }(x);t). Onethen takesthe variation of this equa-
tion with respect to ~ and usesthe de nition w(x;t) = £ (("{ }(x);t)
together with a calculation of its time derivative. Of course,one can
also do this calculation using the inversemap “| ! instead of ~ as the
basicvariable, seeHolm, Marsden, and Ratiu [1986],Holm [1996].

3. The precedingsort of calculation for +u in °uid medanics and the
interpretation of this restriction on the form of the variations as the
so-calledLin constrairts is due to Bretherton [1970]. The variational
form (3.7) for the "basic' Euler{P oinca§ equations (i.e., without the
advected parametersa) is due to Marsden and Sdeurle [1993a]and
Bloch, Krishnaprasad, Marsden and Ratiu [1996]. For the full Euler{
Poincar® case this form is dueto Holm, Marsdenand Ratiu [1998ajand
for the generalLagrangian reduction case,to Cendra, Holm, Marsden
and Ratiu [1997]and Cendra, Marsden and Ratiu [1997]. Theseideas
were used for Maxwell-Vlasov plasmasby Cendra, Holm, Hoyle and
Marsden[1997].

4. The coordinate expressionsfor (H=ta) | a required to complete the
equationsof motion for GFD models are given in the next sectionfor
ao(X) in three dimensions.

5. As with the generaltheory, variations of the action in the advectedten-
sor quartities cortribute to the equationsof motion which follow from
Hamilton's principle. At the level of the action | for the Euler-Poincar§
equations,the Legendretransform in the variable u aloneis often non-
singular, and when it is, it producesthe Hamiltonian formulation of
Eulerian °uid motions with a Lie-Poissonbradket de ned on the dual
of the semidirectproduct algebraof vector elds acting amongstthem-
selesby Lie bradket and on tensor elds and di®erertial forms by the
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Lie derivative. This is a special instance of the more generalfacts for
Lie algebrasthat was discussecearlier.

The Inverse Map and the Tensor Fields a for Fluids. In the caseof
°uidsin the Lagrangianpicture, the ° ow of the ° uid is a di®eomorphisnwhich
takesa °uid parcel along a path from its initial position X, in a \reference
con guration" to its current position x in the \container", i.e., in the Eulerian
domain of °ow. As we have descriled, this forward map is denoted by

: X 7! x. The inversemap "' : x 7! X provides the map assigning
the Lagrangianlabelsto a given spatial point. Interpreted as passie scalars,
these Lagrangian labels are simply advected with the °uid “ow, X- = 0.
In the Lagrangian picture, a tensor density in the referencecon guration
a(X) (satisfying ag(X) = 0) consistsof invariant tensor functions of the
initial referencepositions and their di®eretials. Thesetensor functions are
parametersof the initial °uid referencecon guration (e.g.,the initial density
distribution, which is an invariant n-form).

When viewed in the Eulerian picture as

i 1a

a(x) == ("ww@0)(x) = ("{ a0)(X);

20(X) = (‘fa)(X) = ("s'a0)(X);

the time invariant tensordensity ag(X ) in the referencecon guration acquires

advective dynamicsin the Eulerian picture, namely

u T
a(X) = g+ $, a(t)= 0

where $, denoteslLie derivative with respect to the Eulerian velocity eld
u(x;t). This relation results directly from the well known Lie derivative
formula for tensor elds. (See,for example, Abraham, Marsden and Ratiu
[1988].)

Mapping the time invariant quanity ag (a tensor density function of X)
to the time varying quartity a; (a tensor density function of x) as explained
above is a special caseof the way we advect quartities in V* in the general
theory. Speci cally, we can view this advection of a; as being the °uid ana-
logue of the advection of the unit vector along the direction of gravity (a
spatially xed quartity) by meansof the body rotation vector in the heavy
top example.

Consistent with the fact that the heavy top is a left invariant systemwhile
cortinuum theories are right invariant, the advected tensor density a is a
spatial quartit y, while the advecteddirection of gravity is a body quartity. If
we wereto take the inversemap " i ! asthe basicgroup variable, rather than
the map “, then cortinuum theorieswould also becomeleft invariant.
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The Continuity Equation for the Mass Density. Wewill needto make
an additional assumptionon our cortinuum theory. Namely, we assumethat
amongstthe tensordensitiesbeingadvected,there is a specialone,namelythe
massdensity. This of courseis a tensor density that occursin all cortinuum
theories. We denotethis density by “6"x and it is advectedaccordingto the
standard principles discussedabove. Thus, Y2 satis es the usual cortinuity
equation:

gl/# div(¥m) = O:

In the Lagrangian picture we have “8"x = %(X)d"X, where %(X) is the
massdensity in the referencecon guration. It will alsobe conveniert in the
cortinuum examplesbelow to de ne Lagrangian masscoordinates " (X ) sat-
isfying 8"x = d"* with —_= 0. (When using Lagrangian masscoordinates,
we shall denotethe density %2asD.)

The Kelvin—Noether Theorem. Let
— a

© 1 _
C:= °:S! D ° cortinuous

be the spaceof cortinuousloopsin D and let the group Di®D) act on Con
the left by (";°) 2 DI®D) £ C7! "° 2 C,where ® = ~ %°,
Next we shall de ne the circulation map K : CE V°! X(D)™. Given
a oneform density ® 2 X° we can form a oneform (no longer a density) by
dividing it by the massdensity %2 we denotethe result just by ®%2 We let K
then be de ned by
I

®
K(°;a);® = —: .10
(i@ = o (3.10)
The expressionin this de nition is called the circulation of the ongform
®=2around the loop °.

This map is equivariant in the sensethat
K +£°;":a); «® = KK(°;a);®

for any ©~ 2 DI®(D). This is proved using the de nitions and the change of
variablesformula.
Giventhe Lagrangianl : X(D) £ V°! R, the Kelvin{No ether quartity is
given by (2.15 which in this casebecomes
I

+
[(°t;u;a) = 14

— 11
.. Vetu (3.11)

With thesede nitions of K and |, the statemert of Theorem2.2 becomesghe
classicalKelvin circulation theorem.
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Theorem 3.2 (Kelvin Circulation Theorem.) Assumethat u(x;t) sat-
is esthe Euler{Poincar® equationsfor continua (3.8):
no | no T
@ 4 H H a

- = _ 4+ —
@ +u |$u-|_-u i

and a satis es

@

—+ $,a=0:
a a

Let ", be the ° ow of the Eulerian velaity “eld u, that is, u, = (d (=dt) " *.
Dene °;:= "(x°sand|(t) := | (°t;u; a). Then

d 14

—I(t) = ——a: 3.12

dt ® ., Ya' (3.12)
In this statemen, we usea subscriptt to emphasisethat the operations are
doneat a particular t and to avoid having to write the other argumerts, asin
a(x) = a(x;t); we omit the argumerts from the notation when corvenien.
Due to the importance of this theorem we shall give here a separateproof

tailored for the caseof cortinuum medanical systems.

Proof. First we changevariablesin the expressionfor I (t):

| .
14 14° 1,, #°
)= =—-—= '8 = S

L Yra ., ' %m | . %
Next, we usethe Lie derivative formula, namely
d . .. @ .
&( (®&) ="y @®+$u® ;
applied to a ongform density |®. This formula gives
d d 1,, 4°
—1(t —_ g
dt () dt o, o ' tu q
1l
- o, Yo dt t i‘uﬂ q
1, et 4 +$“ﬂ :
WY ' @ tu Yot
By the Euler{P oincar® equations(3.9), this blecome
d 1,, 4, ° 1 4 °
—1 = g = S — :
dt (t) °01/@1: _|__ala °t]/? i'ala,

again by the changeof variablesformula.

Corollary 3.3 Since the last expressionholdsfor everyloop °;, we may write
it as u q
@ 14 14

@+$u I/t_u_ I/E_al a: (3.13)
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4 Applications of the Euler—Poincaré Theo-
rem in GFD

Variational Formulae in Three Dimensions. We compute explicit for-
mulae for the variations +a in the casedhat the setof tensorsa is drawn from
a set of scalar "elds and densitieson R2. We shall denote this symbolically
by writing

a2 fb;D d*xg: (4.1)

We have seenthat invarianceof the seta in the Lagrangianpicture under the
dynamicsof u implies in the Eulerian picture that

M 1
g"’ $, a=0;
where $, denotesLie derivative with rgspect to the velocity vector eld u.
Hence for a°uid dynamicalaction& =  dtI(u;b;D), the advectedvariables
f b;Dg satisfy the following Lie-derivative relations,
M 1
—@+$u b= 0; or @zi udr b; (4.2)
@ @
‘e ] @
—+$, D=0 or — =i r ¢(Du): 4.3
@ u @ | ( ) ( )

In °uid dynamical applications, the advected Eulerian variables b and D
represen the buoyancy b (or specic erntropy, for the compressiblecase)and
volume elemen (or massdensity) D, respectively. Accordingto Theorem3.1,
equation (3.6), the variations of the tensor functions a at xed x and t are
alsogiven by Lie derivatives,namelyta= i $, a, or

H = j$,b=jwer b;
D dx = ($,(DBX)=jr ¢Dw) d: (4.4)
Hence,Hamilton's principle with this dependenceyields
Z
0 = = dtl(u;b;D)
Z " 5
4 i 4
= dt —¢tu+ — b+ — 1D
tu 0] 1D
Z . 3 g 3 .,
- a2 e ®iadw i Twer b L o6
- . 5 6] ady w i E)W r | E r ( W)
: S @d o 4d 4 x
- dtw¢|@5|adu5|g)rb+DrE
Z -3 . K
@ H 4 H
=i dtw¢ =+$, —+—rbj Dr —— ; (4.5)

@ fu b D
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wherewe have consisterly dropped boundary terms arising from integrations
by parts, by invoking natural boundary conditions. Specically, we impose
fi ¢w = 0 on the boundary, where fi is the boundary's outward unit normal
vector.

The Euler{P oincar§ equationsfor cortinua (3.8) may now be summarized
for advected Eulerian variables a in the set (4.1). We adopt the notational
corvertion of the circulation mapK in equation(3.10 that a oneform density
can be made into a one form (no longer a density) by dividing it by the
massdensity D and usethe Lie-derivative relation for the cortinuity equation
(@@+ $,)Dd3x = 0. Then, the Euclideancomponerts of the Euler{P oincarg
equationsfor cortinua in equation(4.5) are expressedn Kelvin theoremform
(3.13 with a slight abuseof notation as

3 3

- , .
@ 14 14 _ 4 .

@ + $u 55 ¢dx + ngr b ¢dx i r E ¢dx = 0, (46)
in which the variational derivativesof the Lagrangianl areto be computedac-
cordingto the usual physical convertions, i.e., asFr@det derivatives.Formula
(4.6) is the Kelvin{No ether form of the equation of motion for ideal cortinua.
Hence,we have the explicit Kelvin theorem expression,cf. equations(3.11)

and (3.12,
+
— —— Cdx = j ——r b¢dx ; 4.7)

wherethe curve °;(u) moveswith the °uid velocity u. Then, by Stokes'the-
orem, the Euler equations generatecirculation of (%%) whenewer r b and
r (%%) are not collinear. The correspnding consenation of potertial vortic-
ity g on °uid parcelsis given by

@I+ utr q=0; where q= 1r b¢curlu—:ﬂ' (4.8)
@ ’ D tu '

Remark on Lagrangian Mass Coorginates. An alternativeway to treat
Hamilton's principle for anaction & =  dt I(u; b;D) is to perform variations
at xed x andt of the inversemapsx ! °, described by the Lagrangianmass
coordinate functions “A(x;t), A = 1;2;:::;n, which determineu, band D by
the formulae (in which one sumson repeatedindices)

a* i . @”*

@:iulDiA; b= b("*); Df—@; D = det(D}'): (4.9)
As discussedhbove, the relation of masscoordinates” to the usual Lagrangian
coordinates X is given by a simple changeof variablesin the °uid reference
conguration to make %(X)d"X = d"°. Variation of an action of the form
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R
& = dtI(u;b;D) with respectto *A with p imposing volume presenation
then yields (Holm, Marsden,and Ratiu [1986],Holm [1996]),

Z Z n h
o d1l4 1 H
—_ n Ni A Y - — == )
S = dt d'x D(D' )t 3dtD,iui + D T U
1i|b —il | +(D 10 4.10
+ —_"bh ; . . . '
D®H> 1 1D ; i D 1) ; ( )

whered=dt = @@ + u ¢r is the material derivative and we again invoke
natural boundary conditions (i ¢u = 0 on the boundary) when integrat-
ing by parts. Hence,the vanishing of the coet ciert of +# in the variational
formula (4.10 recovers the Euler{P oincar§ equationsfor cortinua (3.8) ex-
pressgdin Kelvin theoremform (3.13 or (4.7), by stationarity of the action
S = dtl(u;b;D) with respect to variations of the Lagrangian masscoor-
dinates *A(x;t). In vector notation, theseequationsare

di1d 14 - 14 4

- ¥+ — ]+ - . =0 )
dipm TDw VDo RO (4.11)
or, in three dimensions,
3 e 3 4 3 4
@ 14 14 14 H 14
— —— fFcurl —— +r t——ij — + ——r b=0:
@ D+ ' " D +u D' D +b
(4.12)

In writing the last equation, we have usedthe fundamertal vector identity of
°uid dynamics,

(ber)a+arb=j bE(r £a)+r (bta); (4.13)

for any three dimensionalvectorsa and b with, in this case,a = (%%) and

= u. Taking the curl of equation (4.12 and using advection of the buoy-
ancy b yields consenration of potential vorticity on °uid parcelsas given in
equation (4.8). For incompressible°ows D = 1 in equation (4.8). The Eu-
clideancomponert formulae (4.11), (4.12 and (4.8) are especially corveniert
for direct calculations of motion equationsin geoplysical °uid dynamics,to

which we turn our attention next.

4.1 Euler’s Equations for a Rotating Stratified Ideal
Incompressible Fluid

The Lagrangian. In the Eulerian velocity represemation, we considerHamil-
ton's principle fgr °uid motion in an three dimensionaldomain with action
functional & = dtl and Lagrangian|(u; b;D) given by
A 3 1 .
=  d3x %D(1L+ b éjuj2+ utR(x)i gz i p(Di 1); (4.14)
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where %%, = %D (1 + b) is the total massdensity, % is a dimensional con-
stant and R is a given function of x. This Lagrangianproducesthe following

variations at xed x and t
3

18 e B D= %0 Nute uer; gz
Dig ; u o ap - AP Sutt ulR 9z
H 1 ., , T
o = A0+ D Sjut+ ucRi gz i p; el (D 1): (4.15)

Hence,from the Euclideancomponert formula (4.11) for Hamilton principles
of this type and the fundamertal vector identity (4.13, we nd the motion
equationfor an Euler °uid in three dimensions,

du 1

—j ufEcurlR+ g2+ ——r p=0; 4.16

a ' " T a+n P (4.16)
wherecurl R = 2Q(x) is the Coriolis parameter (i.e., twice the local angu-
lar rotation frequency).In writing this equation, we have usedadvection of

buoyancy, @
—+udr b= 0;
@ u

from equation (4.2).

The Kelvin—Noether Theorem. From equation(4.7), the Kelvin{No ether
circulation theorem correspnding to the motion equation (4.16 for an ideal
incompressiblestrati ed °uid in three dimensionsis,

d| I
— (u+ R) ¢dx = j

———I pCdx; 4.17
dt - ) (D 0

where the curve °{(u) moveswith the °uid velocity u. By Stokes'theorem,
the Euler equationsgeneratecirculation of (u + R) around °¢(u) wheneer
the gradierts of bouyancy and pressureare not collinear. Using advection of
buoyancy b, one nds consenration of potential vorticity g, on °uid parcels,
cf. equation (4.9,

@tul
@

The constraint D = 1 (volume presenation) is imposedby varying p in
Hamilton's principle, accordingto equation (4.15. Incompressibility then fol-
lows from substituting D = 1 into the Lie-derivative relation (4.3 for D,
which givesr ¢u = 0. Upon taking the divergenceof the motion equation
(4.16 and requiring incompressibility to be presened in time, one nds an
elliptic equation for the pressurep with a Neumannboundary condition ob-
tained from the normal componert of the motion equation (4.16 ewaluated
on the boundary.

+utr ggy = 0; where gy =71 becurl(u+ R): (4.18)
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4.2 FEuler-Boussinesq Equations

The Lagrangian. The Lagrangian(4.14) for the Euler °uid motion nondi-
mensionalizesasfollows, in terms of units of L for horizontal distance,B for
vertical depth, Uy for horizontal velocity, BoUy=L for vertical velocity, fo for
Coriolis pZarameter,l/g for density and %f oL Uy for pressure:

3
2

z

= d>% D@A+Db SUs Cvs+ u CR(X) j oE | p(D i 1): (4.19)
Herewetake R(x) to behorizontal and independert of the vertical coordinate,
socurl R = f (x)2. In this nondimensionahotation, three-dimensionalectors
and gradiert operatorshave subscript 3, while horizortal vectorsand gradiert
operatorsareleft unadorned.Thus, we denote,in three dimensionalEuclidean
space,

x3= (XY;2); x=(XY;0);

uz = (U;v;w); o u= (u;v;0);
teed [ Mea,

T eea @@

d

a: §+U3¢r3: g+u¢r +Wg; (4.20)

and 2 is the unit vectorin the vertical z direction. For notational convenience,
alsowe de ne two nondimensionalvelocities

us = (U;v;w); and vs= (U;v;¥%w); (4.21)
aswell asthree nondimensionalparameters,

21 2
2:&- ?/4:§; F:fOL :

foL ' L gBO '
correspndingrespectively to Rossby number, aspect ratio and (squared)
rotational Froude number. Typically, the Rossly number and the aspect
ratio aresmall, 2; %¢, 1, while the rotational Froude number is of order unity
in atmosphericand oceanicdynamicsfor L at synoptic scalesand larger. The
nondimensional FEuler fluid equations correspndingto the Lagrangian
| in equation (4.19 are obtained from the Euler{P oincar§ equations(4.11) or
(4.12 with u! wugandr ! r 3. Namely

(4.22)

dV3 1
2—=j uf curlR+ ——%2+
at ' 2”7 (1+ b
Clearly, the leading order balancesin theseequationsare hydrostatic in the
vertical and geostrophicin the horizontal direction. In this notation, the
Kelvin{No ether circulation theorem (4.7) for the Euler °uid becomes
I I

d
O (2vs+ R) Cdxs = | =
dt °t(us) ’ : °t(us) 1/@(1-'— b)

r sp= 0: (4.23)

r ap Cxs ; (4.24)
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Likewise, consenation of nondimensional potential vorticity g, on °uid
parcelsis given by, cf. equation (4.18,

@Eul
@

+ ug Cr 30ey = 0; where gy =71 3b¢r 3£ (3v3+ R): (4.25)

Hamilton’s Principle Asymptotics. For sutciently smallbuoyancy, b=
o(?), we de ne

b
p°=p+ o and b°= o
and expandthe Lagrangian(4.19 in powersof 2 as
Z Z 3, .
leg = dt d3xD SUs Cvs+ utR(x)j b%Z | pAD i 1)+ o(?): (4.26)

Upon dropping the order o(2) term in the Lagrangianlgg the correspnding
Euler{P oincar§ equation gives the Fuler-Boussinesq equation for °uid
motion in three dimensions,namely;

2 dV3

ot | uf curlR+ b%+r 3p°= 0; (4.27)
or, in horizorntal and vertical componerts, with curl R = f (x)2,
du dw 0
2—+f2L£u+r p°=0; 2% —+Db°+ —-=0; 4.28
dt errPeEs T g g % “®
where
db® @v

E= O and r gCuz=r C¢u+ @: 0:
Even for order O(?) buoyancy, the leadingorder balancesare still hydrostatic
in the vertical, and geostrophicin the horizorntal. Equations (4.28 descrike
the motion of an ideal incompressiblestrati ed °uid relative to a stable hy-
drostatic equlibrium in which the density is taken to be constart exceptin
the buoyant force. See,for example, Phillips [1969]for a derivation of this
appraoximate systemvia direct asymptotic expansionsof the Euler equations.

The Kelvin—Noether Theorem. The Kelvin{Noether circulation theo-
rem (4.7) for the Euler-Boussinesgnotion equation(4.27) for an ideal incom-
pressiblestrati ed °uid in three dimensionsis,

I I

— (2vs+ R) ¢dx = | b%z ; (4.29)
dt °t(us) °t(us)

where the curve °{(uz) moveswith the °uid velocity uz. (The two Kelvin
theoremsin equations (4.24) and (4.29 di®er in their right hand sides.)
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By Stokes' theorem, the Euler-Boussinesgequations generatecirculation of
2v3+ R around °{(us) whene\er the gradiert of bouyancyis not vertical. Con-
senation of potential vorticity geg on °uid parcelsfor the Euler-Boussinesq
equationsis given by

% + uslr 38 = 0; where g =171 3b%¢r 5 £ (e(vz+ R): (4.30)

4.3 Primitive Equations

The Lagrangian. The primitiv eequations(PE) arisefrom the Euler Boussi-
nesgequations,upon imposingthe appraximation of hydrostatic pressurebal-
ance. Setting the aspect ratio parameter %to zeroin the Lagrangianlgg in
equation (4.26 (seeequations(4.21) and (4.22), providesthe Lagrangianfor
the nondimensionalprimitiv e equations(PE),
Z Z h, i

lpe = dt o éDjuj2 + DutR(x)j Db%; pYDj 1) : (4.31)
The Euler{P oincar® equationsfor Irg now producethe PE; namely, equations
(4.28 with %= 0,

du @°

2——+f2£u+r p°=0;b%+ = = 0; 4.32
where

db®

H:O and r 3Cuz=r ¢u+%201

Thus, from the viewpoint of Hamilton's principle, imposition of hydrostatic
balancecorrespndsto ignoring the kinetic energyof vertical motion by set-
ting %= 0in the nondimensionalEB Lagrangian (4.26).

The Kelvin—Noether Theorem. The Kelvin{No ether circulation theo-
rem for the primitiv e equationsis obtained from equation (4.29 for the Euler-
Boussinescequationssimply by setting %= 0. Namely,
I I

d

— (2u+ R) ¢dx = j b%z : (4.33)

dt -y “t(us)
wherethe curve °¢(uz) moveswith the °uid velocity uz. By Stokes'theorem,
the primitiv e equationsgeneratecirculation of 2u + R around °(us) when-
ewver the gradiert of bouyancy is not vertical. The conseration of potential
vorticity on °uid parcelsfor the primitiv e equationsis given by, cf. equation
(4.9,

%+ us ¢r 300 = 0; where gpe =1 3b%r 3£ Pu+ R): (4.34)

@
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Remark. In the limit, 2! 0, Hamilton's principle for either Igg, or Ipg gives,
f2£ u+b’2+r3p°=0; (4.35)

which encalesthe leadingorder hydrostatic and geostrophicequilibrium bal-
ances. These balancesform the basis for further approximations for near-
geostrophic,hydrostatic ° ow.

4.4 Hamiltonian Balance Equations

Balanced Fluid Motions. A °uid motion equationis saidto be balanced,

if speci cation of the °uid's strati ed buoyancy and divergencelesselocity

determinesits pressurethrough the solution of an equation which does not

cortain partial time-derivativesamongits highestderivatives.This de nition

of balancemakespressurea diagnosticvariable (as opposedto the dynamic, or

prognostic variables such as the horizontal velocity componerts). The Euler

equations (4.23 and the Euler-Boussinesgequations (4.27) for the incom-
pressiblemotion of a rotating cortinuously strati ed °uid are balancedin

this sense,becausethe pressurein these casesis determined diagnostically
from the buoyancy and velocity of the °uid by solvinga Neumann problem.
Howeer, the hydrostatic approximation of this motion by the primitiv e equa-
tions (PE) is not balanced,becausethe Poissonequation for the pressurein

PE involvesthe time-derivative of the horizortal velocity divergence which

alters the character of the Euler systemfrom which PE is derived and may

lead to rapid time dependence,as discussedin Browning et al. [1990]. Bal-

ancedappraximations which eliminate this potentially rapid time dependence
have beensough and found, usually by using asymptotic expansionsof the

solutions of the PE in powers of the small Rossly number, 2 ¢ 1, after de-
composingthe horizontal velocity u into order O(1) rotational and order O(?)

divergeri componerts, asu = 2 £ r A+ 2r A whereA and A are the stream
function and velocity potential, respectively, for the horizorntal motion. (This

is just the Helmholtz decompsition with relative weight 2.)

Balance equations(BE) are reviewed in the classicpaper of McWilliams
and Gert [1980].Succeedingnvestigationshave concernedhe well-posedness
and other features of various BE models describing cortinuously strati ed
oceanicand atmospheric motions. For example, consisten initial boundary
value problems and regimesof validity for BE are determinedin Gernt and
McWilliams [1983a,b].In other papers by theseauthors and their collabora-
tors listed in the bibliography, balancedmodelsin isertropic coordinatesare
derived, methods for the numerical solution of BE are deweloped, and the ap-
plications of BE to problemsof vortex motion on a -plane and wind-driven
ocean circulation are discussed.n studies of cortinuously strati ed incom-
pressible® uids, solutionsof balanceequationsthat retain terms of order O(1)
and order O(?) in a Rossly number expansionof the PE solutions have been
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found to compareremarkably well with numerical simulations of the PE; see
Allen, Barth, and Newberger[1990a,b]and Barth et al. [1990]. Discussions
of the relation betweenBE and semigeostropki have alsorecerily appeared,
see,e.g.,Gert, McWilliams and Srnyder [1994]and Xu [1994].

Conservation of Energy and Potential Vorticity. Onerecurring issue
in the literature is that, whentruncated at order O(2) in the Rossly number

expansion,the BE for cortinuously strati ed ° uids consene energy (Lorenz

[1960]), but do not consere potential vorticity on °uid parcels. Recettly,

Allen [1991]found a set of BE for cortinuously strati ed °uids that retains

additional terms of order O(2?) and dces conservepotential vorticity on ° uid

parcels.Allen calls thesebalanceequations\BEM equations”, becausethey

are basedon momertum equations,rather than on the equation for vertical

vorticity, asfor the standard BE. An advantage of the momertum formulation

of BEM over the vorticity formulation of the original BE is that boundary

conditions are more naturally imposedon the ° uid's velocity than on its vor-

ticity. Holm [1996]derives Hamiltonian balanceequations(HBE) in the mo-

menrtum formulation by using the 2-weighted Helmholtz decompsition for u

and expandingHamilton's principle (HP) for the PE in powersof the Rossly

number, 2 ¢ 1. This expansionis truncated at order O(?), then all terms are

retained that result from taking variations. As we have seen,an asymptotic

expansionof HP for the Euler-Boussinesq(EB) equationswhich govern ro-

tating strati edincompressiblanviscid ° uid ° ow hastwo small dimensionless
parameters:the aspect ratio of the shallov domain, % and the Rossly num-

ber, 2. Setting ¥%2equalto zeroin this expansionyields HP for PE. Setting 2

alsoequalto zeroyields HP for equilibrium solutionsin both geostrophicand

hydrostatic balance. Setting %= 0, substituting the 2-weighted Helmholtz

decompsition for u and truncating the resulting asymptotic expansionin 2

of the HP for the EB equations, yields HP for a set of nearly-geostrophic
Hamiltonian balanceequations(HBE). The resulting HBE are equivalert to

the BEM equationsin Allen [1991].

The Lagrangian. The Lagrangian for the HBE model is given in Holm
[1996],cf. equation (4.3]) for the PE action,

Z Z h i
Guee = dt  d® Dut¢R(x)j Dbzj p(Dj 1)+ 2%jui 2upj? ;
(4.36)

wherethe horizontal °uid velocity is taken in balanceequation form asu =
ur+2up = 2£ 1 A+ 2?r A The correspnding Euler{P oincar® equationsgive
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the dynamicsof the HBE model

d .
2—ug + 2Ugir up + f2E£ u+rp

at =0

N b+ @, . 2R ¢@éD = 0

with a=gb+ udr b+ ZWg) = 0
and r Cu+ . @ = O (4.37)

@
Here the notation is the sameasfor the PE, exceptthat w! 2w for HBE.
Dropping all terms of order O(2?) from the HBE model equations(4.37)
recoversthe BE discussedn Gent and McWilliams [1983a,b].Retaining these
order O(??) terms restoresthe consenation laws due to symmetriesof HP at
the truncation order O(?). As explainedin Holm [1996],the resulting HBE
model has the same order O(2) accuracy as the BE, since not all of the
possible order O(22) terms are retained. Since the HBE model sharesthe
same consenation laws and Euler{P oincar§ structure as EB and PE, and
di®ersfrom them only at order O(2?), it may be a valid appraximation for
times longerthan the expectedorder O(1=?) for BE.

The Kelvin-Noether Theorem. The HBE model (4.37) possesseshe
following Kelvin{No ether circulation theorem,
I
d
m (R + 2uR) Cdx3 = | bdz (4.38)

°t(us) °t(us)

for any closedcurve °{(uz) moving with the °uid velocity uz. We compare
this result with the Kelvin{No ether circulation theorem for PE in equation

(4.33, rewritten as
I I I

d d
a °t(us) ngZEz_u% (“X3 - d_ °t(us) f—-f fug 2 I;DE:gX? ol °\(us) bdz
(4.39)

Because
Up ¢dX3 = dA =0

the 22 term vanishes,and sothe HBE circulation integral di®ersfrom that of
PE only through the di®erencesn buoyancy betweenthe two theories.

The consenation of potertial vorticity on °uid parcelsfor the HBE model
is given by, cf. equation (4.9),

@hse
@

+ uzCr 3ge = 0; where Qe =1 3b¢r ;£ (Pur + R): (4.40)
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Combining this with advection of b and the tangertial boundary coundition
on uy yields an in nit y of consened quartities,
Z

Co= O ©(ge; b); (4.41)

for any function ©. Thesearethe Casimir functionsfor the Lie-PoissonHamil-
tonian formulation of the HBE givenin Holm [1996].

HBE Discussion. By their construction asEuler{P oincar§ equationsfrom
a Lagrangianwhich possessethe classic® uid symmetries,the HBE consene
integrated energyand consene potential vorticity on °uid parcels.Their Lie-
PoissonHamiltonian structure endovs the HBE with the sametype of self-
consistencythat the PE possesgfor the sameHamiltonian reason).After all,
the consenation laws in both HBE and PE are not accidertal. They corre-
spond to symmetriesof the Hamiltonian or Lagrangianfor the °uid motion
under cortinuous group transformations, in accordancewith Noether's the-
orem. In particular, energyis consened becausethe Hamiltonian in both
theories does not depend on time explicitly, and potential vorticity is con-
senedon °uid parcelsbecausehe correspnding Hamiltonian or Lagrangian
is right invariant under the in nite set of transformations that relabel the
°uid parcelswithout changingthe Eulerian velocity and buoyancy. See,e.g.,
Salmon[1988]for a review of theseideasin the GFD cortext, aswell asHolm,
Marsdenand Ratiu [1998a,bland the earlier sectionsof the presen paper for
the generalcortext for sud results.

The vector elds which generatetheserelabeling transformationsturn out
to be the steady ° owsof the HBE and PE models.By de nition, thesesteady
°ows leave invariant the Eulerian velocity and buoyancy as they move the
Lagrangian ° uid parcelsalongthe °ow lines. Hence,as a direct consequence
of their sharedHamiltonian structure, the steady ° ows of both HBE and PE
arerelative equilibria. That is, steadyHBE and PE ° ows are critical points of
a sum of consenred quartities, including the (constrained) Hamiltonian. This
sharedcritical-p oint property enablesone, for example,to usethe Lyapunov
method to investigate stability of relative equilibrium solutions of HBE and
PE. SeeHolm and Long [1989]for an application of the Lyapunov method in
the Hamiltonian framework to the stability of PE relative equilibria. Accord-
ing to the Lyapunos method, convexity of the constrainedHamiltonian at its
critical point (the relative equilibrium) is sut ciert to provide a norm that
limits the departure of the solution from equilibrium under perturbations.
See,e.g.,Abarbanel et al. [1986]for applications of this method to the Euler
equationsfor incompressible® uid dynamicsand Holm et al. [1985]for arange
of other applicationsin °uid and plasmatheories.

Thus, the HBE ariseasEuler{P oincar equationsand possesshe sameLie-
PoissonHamiltonian structure asEB and PE, and di®erin their Hamiltonian
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and consenration laws by small terms of order O(22). Moreover, the HBE
consenation laws are fundamertally of the samenature as those of the EB
equationsand the PE from which they descend.Theseconsened quartities
| particularly the quadratic conseredquartities | may evertually be useful
measuresof the deviations of the HBE solutions from EB and PE solutions
under time ewlution starting from idertical initial conditions.

4.5 Remarks on Two-dimensional Fluid Models in GFD

The seart for simpler dynamicsthan those of the primitiv e equationsnat-
ually leadsto considerationsof two-dimensional® uid models. This certainly
holds for applications in GFD, becausethe aspect ratio of the domain (%)
and the Rossly number (2) of the rotating ° ow are often small in theseappli-
cations. Many treatments of two-dimensionalGFD models have been given
usingasymptotic expansionmethodsin Hamilton's principle, seee.g.,Salmon
[1983,1985,1988]. Thesetreatments tend to focus especially on the rotating
shallov water (RSW) equations,their quasigeostrophiqQG) appraximation,
and certain intermediate approximations, sud as the semigeostrophiqSG)
equations (Eliassen[1949], Hoskins [1975], Cullen and Purser [1989],Holm,
Lifschitz and Norbury [1998]) and the Salmon [1985]L; model. A uni ed
derivation of the RSW, L, QG and SG equationsusing Hamilton's principle
asymptotics is given in Allen and Holm [1996]. This paper also derives as
Euler{P oincar® equationsa new classof \ extendedgeostrophic" (EG) mod-
els. The EG modelsinclude nonlocal correctionsto the ageostrophicvelocity
which could produce more accuratemodelsthan the L;, QG and SG approx-
imations of the RSW equations.

There are alsothree dimensionalversionsof the QG and SG equations,and
recerily a cortinuously strati ed L; model was derived in Allen, Holm and
Newberger [1998] through the use of Hamilton's principle asymptotics and
the Euler{P oincar§ theory. For the suite of idealized, oceanographic,mod-
erate Rossly number, mesoscale€ ow test problemsin Allen and Newberger
[1993],this cortinuously strati ed L; model producesgenerally accurate ap-
proximate solutions. Thesesolutions are not quite as accurateas those from
the BEM/HBE or BE models,but are substartially moreaccuratethan those
from three dimensionalSG or QG.

Due to their wide applicability in GFD, the properties of the two dimen-
sional QG equations have been studied extensiwely. Weinstein [1983] wrote
down a Lie-Poissonbradket for them in preparation for studying stability of
guasigeostrophicequilibria. The Hamiltonian structure and nonlinear stabil-
ity of the equilibrium solutions for the QG systemand its variants has been
thoroughly explored.For referencesseeMarsdenand Weinstein[1982],Wein-
stein[1983]and Holm et al. [1985].Seealsothe introduction and bibliography
of Marsdenet al. [1983]for a guideto someof the history and literature of this
subject. A discussionof the gealesicproperties of the QG equationsin the
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framework of Euler{P oincar® theory is given in Holm, Marsden and Ratiu
[1998a,b].A related discussionof QG in both two and three dimensionsis
given from the viewpoint of Hamilton's principle asymptotics in Holm and
Zeitlin [1997].

Formulae shaving the asymptotic expansionrelationships amongthe La-
grangiansfor the various GFD models are summarizedin Tables(4.1) and
(4.2). In the next two sections,we turn our attention to dealing with the
mean eRects of rapid ° uctuations in GFD.
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Table 1. Successive GFD approximations in Hamilton’s
principle.

7 " A !
lewer = d3x D(1+ b) F(ﬁm}l —juj + /4w

Rotation KIRGUC Energy

z

i D(1+Db T P(_D{i_l}?
| {z }  Constraint
Potertial Energy

#

lewer ! les, for small buoyancy, b= O(?).
leg ! lpe, for small aspect ratio, 3% = O(2).

lpg ! I%, for horizortal velocity decommsition,u= 2£r A+2r A=

uRr + 2up, andjuj2 ! juRjZ in |pE.

I% I' lgg, upon rearranging KE in I% and decompsing horizortal
velocity asu = uj + 2up, whereu;, = 2 £ r Awith
Z 0
Alxsit) = As(xyit) + d2°b;

z

i.e., @=@ = | bandwhereu, is the prescribed function,
3 ,

w=g(wmlr)2Euj & (Fir?JAA i fw;

with A = f1j by+r 2A The constarts ¢, ®, ~, and° arefreeparameters
and the functions f; and by denote prescribed order O(2) Coriolis and
topograpty variations.

leg ! |4, for horizontal velocity decommsition, u = u; = 2 £ r Aand
dropping terms of order O(2?) in lgg.

I; ! lgs, on dropping terms of order O(2?) in the Euler{P oincar§ equa-
tions for 1.
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Table 2. Nondimensional Euler—Poincaré Lagrangians at
successive levels of approximation via asymptotic expan-
sions.

~

s " A 2 2 ! #
lewer = d° D(1+bB) R(x)Gu+ Sjui’+ S%w’i = i pDi 1)
z " A , , ! #
leg = d3x D Réu+ éjuj2+ é%wzi te | p(Dj 1)
; " A 2 ! #
l,e = d®% D Ré¢u+ éjujzi te i p(Dj 1)
s " A 2 ! #
e = d°%x D Reu+ éjui 2upj®i k2 j p(Dj 1)

BEM

;7 " A ! #
2

lec = d°% D (R+ 2ug+ ?*u,) Gu j éjul"' “2u®i ez j p(Di 1)

z " A ! #
2

= d% D (R+?w)tui Sjuj®i bz i p(Di 1)

7 7 " A ! #
Zq 2
log=aw = d?x dz D R¢u+§u¢(1i L(2)¢ Hu j pDi 1) ;
D Zp
where
3 4 3
@ 1 @
L(zy)= =+B — —iB jF
(2) @ sQ) @' i

and B = 0 for QG.
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5 Generalized Lagrangian Mean (GLM) Equa-
tions

The GLM theory of Andrews and Mcintyre [1978a]is a hybrid Eulerian-
Lagrangian description in which Langrangian-mean®ow quartities satisfy
equationsexpressedn Eulerian form. A related set of equationswas intro-
duced by Craik and Leibovich [1976]in their study of Langmuir vortices
driven by a prescribed surfacewave eld. The GLM equationsare extended
from prescribed ° uctuation propertiesto a theory of self-consistenh Hamilto-
nian dynamicsof wave, mean- ow interaction for a rotating strati ed incom-
pressible®uid in Gjaja and Holm [1996].

GLM Approximations. In GLM theory, onedecommsesthe ° uid trajec-
tory at xed Lagrangianlabel *A, A = 1;2; 3, asfollows,

X»(‘A;t) - X(Z‘A;Zt) + ®))(X’ t), W|th ; = O and X ¢» = 01 (51)

where scaling with 2 denotesslonv Lagrangian spaceand time dependence,
and an overbar denotesan appropriate time averageat xed Eulerian posi-
tion. For example,overbar may denotethe averageover the rapid oscillation

phaseof a single-frequencywave displacemen » of amplitude ® relative to

its wavelength. Thus, the displacemeh »(x;t) ass@iated with sut waves
has zero Eulerian mean, »(x;t) = 0. Superscript » on a function denotesits

evaluation at the displacedEulerian position assa@iated with the rapidly °uc-

tuating componert of the °uid parcel displacemen Thus, e.g.,x” = x + ®»

and u”(x) = u(x”), for a function u.

The GLM operator GL averagesover parcelsat the displacedpositions
x” = x + ®» and producesslov Eulerian spaceand time dependence.This
de nes the Lagrangian meanvelocity:

T ex2) T ulxt) = wxt) = uxnh) (5.2)

whereunadornedoverbar denotesthe Eulerian averageand scalingwith 2 de-
notes slow dependence.Thus, the GLM description ass@iatesto an instan-
taneous Eulerian velocity eld u(x”;t) a unique Lagrangian mean velocity,
written (with a slight abuseof notation) asut (2x;2t), sud that whena ° uid
parcelat x” = x + ® movesat its velocity u(x”;t), a ctional parcelat x is
moving at velocity u* (2x;2t). Hence,
' @ “h i .
u(x+ ®;t) = . +at¢r  x+ ®(x;t) = u+ @ »; (5.3)

X

whereD" ~ @@ijy, + G- ¢r is the material derivative with respect to the
slowly varying Lagrangian meanvelocity, u" (2x;2t).
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In GLM theory one nds the following basic Eulerian relations and de ni-
tions,

w(x;t) " u(x”;t) = T(2x;2t) + ®ud'(x;t);
at(ex;2t) C u(x+ @b);
u'’ EL»; EL ’ @: +at¢r (5.4)
@,
R’(x) " R(x) = R (2x) + GR'(»);
R (2x) ~ R(x+ ®»);
u'= 0 =R/;

where R denotesthe vector potential for the Coriolis parameter, as before.
The basicidentity usedin deriving theseformulae is

3 — 3 @

@ e = g—x + o o fOx+ @it (5.5)

@ < @»
which holds for any di®eremiable function f . This identity may be shavn by
taking the partial time derivative at constart “# of the decompsition (5.1)
and using the chain rule, cf. Andrews and Mcintyre [1978a].

The Lagrangian. Wereturn to Hamilton's principle with Lagrangian(4.26
for the Euler-Boussinesgequations. This is expressedn terms of unscaled
(i.e., dimensional) Eulerian instantaneousquartities in the GLM notation as
Z Z ( " 1 #
CSes = dt d® D” éju”(x; 1)j?i Pgz+ w(x;t) ¢R’(x)

))i » ¢)
ipP D’ 1 (5.6)

whereg is the constart accelerationof gravity and
3 . @i 4
D7(x;t) = D(x+ ®»;t) = det & + ®—— ; (5.7)
@
which is a cubic expressionin ®. We denote the correspnding pressurede-
composition as,

X
PP(x;t) = p(x+ ®;t) = p-(>x;2t) + @ hj(x;2t)p(x;1) (5.8)

j=1

After expanding D” in powers of ®, Gjaja and Holm [1996] average over
the rapid spaceand time scalesin the action (5.6) for the Euler-Boussinesq
equationswhile keepingthe Lagrangiancoordinates *» and 2t “xed. (This is
the Lagrangian mean of the action.)
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Remark. Note that averagingin this setting is a formal operation asso-
ciated with the addition of a new degreeof freedom describing the rapid
°uctuations. Thus, averaging in itself does not ertail any appraximations.
The approximations occur next, in the truncations of the expansionsof the
averagedaction in powers of the small parameters? and ®.

The GLM dynamicsfollows upon making the decompsitionsin (5.1)-(5.3)
and (5.7)-(5.8), averaging the action (5.6) and assumingthat the rapidly
°uctuating displacemen » is a prescriked function of x and t, which satis es
the transversality condition givenin (5.10 below.

The averaged,truncated action is (taking R(x) = Q2 £ x with constan
rotation frequency$2 for simplicity)

z z (7 = 5 s .

Gom = dt dx D %jﬁLiz’f (22_%+ (@ er )»— i b A(x;t) gz
5 . #
+ U ¢(QE x) + @F % + (Tt er )» ¢QE ») (5.9)
" 3 , # 4 T
+p- 1 D+§Qv»ig- @ & p@‘
I) 2e Te Ve ' M@
+O(®%):

Note that the buoyancy b is a function of the Lagrangianlabels*# which is
held "xed during the averagireg.

The variation of Ggqy = dtLguy in equation (5.9) with respect to h;
at xed x andt yields the transversality condition,
HWTF
pl@ = O(®22) (510)

When » and p, are single-frequencywave oscillations, this condition implies

that the wave amplitude is transverseto the wave vector; hencethe name

\ transversality condition.” Gjaja and Holm [1996]shaw that this condition is

requiredfor the Euler{P oinca® equationsresulting from averagingin Hamil-

ton's principle to be consiste with applying the method of averageddirectly

to the Euler-Boussinescequations.

Next, the variation of Gg v With respectto p- at xed x andt gives
D=1+ g—@ »'C@J ﬂ@ ; (5.11)
2@ @' @

wherethe secondterm on the right sideis order O(®72), and thusis negligible

at order O(®?). This follows becausemean quartities only depend on slow

spaceand slow time, for which @@/ = 2@@2x').
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The Euler—Poincaré Equations. The Euler{P oincar® equation for the

action Sgw resultsin the GLM motion equation,
u 1

e @x D

@ =L L2 . 1 » » » . —Lh .

+@p+1u1|§u¢u|u¢(ﬂ£»)|®2p¢u =0

+ %bgz (5.12)

wherethe Lagrangian meanmomertum m is de ned as
H om
Hi-

and (leaving ®? explicit) p is the \pseudomomerum density," dened by, cf.
Andrews and Mcintyre [1978a],

£ o
=Du +(Qf x) | ®p; (5.13)

p’ i DU +R)r» and D’ det @ : (5.14)
Equations (5.11) and (5.12 (and implicitly (5.10) are the equationsof the
GLM theory for incompressible®ow discussedin Andrews and Mcintyre
[1978a].

The Kelvin—Noether Theorem. The Kelvin{Noether circulation theo-
rem for the GLM motion equation (5.12 statesthat
I

d

= melx=i 2 bdz; (5.15)

d t e—(zt) °‘(2t)
where the curve *(2t) moves with the Lagrangian mean °uid velocity u‘.
By Stokes' theorem, the GLM equations generatecirculation of m around
“(2t) wheneer the gradiert of bouyancy is not vertical. The consenation of
potential vorticity on °uid parcelsfor the GLM equationsis given by
10 e, n'
D @x @x D
The constraint D = 1 is imposedat order O(®?) in Hamilton's principle for
the action (5.9 by the slov componert of the pressure.This condition holds
at order O(®?) whenr :, ¢u- = 0, sinceD satises @ =@t + r :, ¢Du"- =

ﬁLqGLM = 0; where g = (5.16)

Alternative Derivation of the Kelvin—Noether Circulation Theorem
for GLM. The unapproximated Euler-Boussinesegequations(4.27) for a ro-
tating strati ed incompressible® uid are, in the GLM notation,

u - ﬂ >

g +u»¢$ Wi wE20(x) = | g. bo2”;  (5.17)
W=

g—x» tue @(f‘i b =0 £ tw’ =0, 20(x”) = g £ R(xX):
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Being Euler{P oincar®, these equationsadmit the following Kelvin{No ether
circulation theorem, cf. equation (4.29),
I 3 .

4 L)+ RE) =g bx:t) d2 (5.18)
dt . °(1)

for a cortour °(t) which moveswith the °uid.

The time averageof the Kelvin circulation integral is expresseds

[

1(2t) u(x”;t) + R(x») ¢dx”

(O

(@ + R+ ®u' + GR') ¢(dx + ®d»)
(1)
| .

(@ + R') ¢dx + @(u + RI) ¢d»> : (5.19)

“(3t)

where the corntour *(2t) moves with velocity u", sinceit follows the °uid
parcelsasthe averageis taken. Using equations(5.13 and (5.14), we rewrite
1(2t) as
| 3 . |
T(2t) = @+ R | @p=D Cdx= m ¢dx ; (5.20)

(%) “(?t)

which re-introducesLagrangian mean momenum m(2x;2t) and the pseudo-
momertum density of the rapid motion, p(2x;2t). In terms of thesequartities,

we may write the Lagrangianmeanof the Kelvin{No ether circulation theorem
for the Euler-Boussinesgequationsas

I ! I
d— d
—I () =2— mdédx=j g b(x”;t) dz>=j ¢ bdz: (5.21)
dt o) Rt JR

This result recovers the Kelvin{No ether circulation theorem (5.15 for the
GLM equations(5.12 which werederived above as Euler{P oincar§ equations
for the averagedLagrangian Sg v in equation (5.9).

Geometry of the Stokes Mean Drift Velocity and the Pseudomo-
mentum. The quantity p in equation(5.14) is an additional slowly varying
°uid degreeof freedomwhich emergesn the processof averagingto descrike
the recti ed eRectsof the rapidly varying componert of the °uid motion act-
ing on the slowly varying componert. The recti ed e®ectsof wave ° uctuations
in °uids are traditionally discussedn terms of another quartit y, namely, the
Stokesmeandrift velocity, de ned as

=0 | u= >0 )u + O@); (5.22)
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We de ne the analogousStokes mean drift quartity correspnding to the
rotation vector potential, R, as

R°=R | R= & tr )R + O(@): (5.23)

The time-averagedcortour integral I (2t) in equation (5.19 may be rewritten
as
I - ,
(T+ R) ¢dx + (@S + R°) ¢dx | p ¢dx
“(°t)
| .

1(2t)

Ll
3l T

(T+ R) ¢dx+ ®& »¢r (u'+ R') ¢dx+ & (u' + R') ¢d»
L 3 - 9
=

LI

(+ R) ¢dx+ & $, (u+ R') ¢dx : (5.24)

(%)
I .

(%)

Thus, the last two terms combine into the time-averagedLie derivative with
respect to » of the total °uctuation circulation (u' + R') ¢dx. This is a re-
markable formula which shows the geometricroles of the Stokes mean drift
velocity and the pseudomometum: The Stokes mean drift velocity derives
from transprt, while the pseudomometum is causedby line-elementstretch-
ing by the °uctuations. For divergen@-free ° uctuations, we haver ¢» = O,
and the Stokes mean drift velocity in the rotating frame is a higher order
term. In particular,

®u° = ® (»0r c> —®2@ » c> = 2@ @ » c> 5.25
@O Y& Y@ T % T w6

The last stepin this calculation follows becauseneanquartities only depend
on slowv spaceand slow time. Thus, the Stokes meandrift velocity (i.e., the
di®erencdetweenthe Lagrangianand Eulerian meanvelocities) is order O(?)
smallerthan the pseudomometum, for divergence-fre€ uctuations.

6 Nonlinear Dispersive Modifications of the
EB Equations and PE

In generalizingearlier work by Camassaand Holm [1993]from onedimension
to n dimensions,Holm, Marsdenand Ratiu [1998a,bjusedthe Euler{P oincar§
framework to formulate a modi ed set of Euler equationsfor ideal homoge-
neousincompressible® uids. This modi cation introducesnonlineardispersion
into Euler's equations,which is designedphysically to model nondissi@tive
unresohedrapid ° uctuations. This nonlineardispersionis foundedmathemat-
ically on the geometricalproperty that solutions of the basic Euler{P oincar§
equationsare gealesicson an underlying group when their Lagrangianis a
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metric. Here we usethe Euler{P oincar® reduction theorems(2.1) and (3.1)
including advected parametersand Hamilton's principle asymptoticsin the
EB Lagrangianin GLM notation (5.6) to formulate a modi ed set of Euler-
Boussinesgequationsthat includes nonlinear dispersion along with strati -
cation and rotation. In this new modi cation of the Euler-Boussinescequa-
tions, nonlinear dispersion adaptively lters high wavernumbers and thereby
enhancesstability and regularity without compromisingeither low waverum-
ber behavior, or geoplysical balancesHere, "high' and “low' referrespectively
to waverumbers greater, or lessthan the inverseof a fundamenal length
scale®, which parameterizeghe nonlinearly dispersionin the model. We also
presen the correspnding nonlinear dispersive modi cation of the primitiv e
equations.We leave it as an open question, whether our nonlinearly disper-
sive primitiv e equation model will have a slov manifold whendissipation and
forcing are included.

6.1 Higher Dimensional Camassa—Holm Equation.

The Lagrangian and Action Functionals. As shovn in Holm, Mars-
den and Ratiu [1998a,b],the Camassa-Holm(CH) equation (Camassaand
Holm [1993]) in n dimensionsdescrikes gealesic motion on the di®omor-
phism group of R" with respect to the metric given by the H! norm of the
Eulerian °uid velocity. This Euler{P oinca® equation follows from the La-
grangianlcy given by the H! norm of the °uid velocity u in n dimensions,
subject to volume presenation (for n 6 1), namely
Z Z Z ¥ 3 . Y

Sen = dtley= dt  d"x > jui?+ &jr uj> | p(Dj 1) ;
M
6.1)

in which the parameter® hasdimensionsof length. We denote(r u)} = u‘;j ’
@'=@, jr uj*" uj ul = tr(r utr u"), tr is the trace operation for matrices
and the superscript (97 denotestranspose.

The action Gcy in (6.1) is the order O(®?) expressionfor the mean of
the EB action in equation (5.6) in the absenceof strati cation and rotation,
namely

Z Z %3 1 a4
Scy Yo dt  d'x Déju»(x; t)j2i p(Di 1) ; (6.2)

in which we neglectthe order O(®?2) pressureand density corrections dis-
cussedin Gjaja and Holm [1996]and approaximate the mean kinetic energy
in a Taylor expansionas follows,

%ju”(x; t)j2 %ju(x + ®»;1)j2 = :—2Lju(x; t) + ® ¢r uj2+ O(GF)

= %juj2+ %»ctr uj2+ O(®") Y %juj2+ %jr uj?: (6.3)
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In the last step, we have also dropped terms of order O(®*) and assumed
isotropy of the rapid °uctuations, sothat »» ¥4I . As in GLM theory, the

length-scaleparameter ® represeis the amplitude of the rapidly °uctuating

componert of the °uid parceltrajectory (or its amplitude to length-scaleratio

in a nondimensionalformulation).

The Euler—Poincaré Equations. Varyingthe action G¢y in (6.1) at xed
x andt gives
zZ Z hH 1
1 ., ®.
+Scy = dt d"x Zjuj’+ —jruj®j p #D
" 2 2 i
i ¢
+'Duj @(divDgradyu ¢+uj (D 1)#p
Z |

+ ® dt d"i Ix (DR ¢r u ¢u); (6.4)
a

whosenatural boundary conditionson @/ are
uth=0 and (A¢r )ukf (6.5)

where k denotes\parallel to" in the secondboundary condition, which of
courseis not imposedwhen @ is absen. (Recall that +u in equation (6.4) is
arbitrary exceptfor beingtangert onthe boundary. This tangency alongwith
the secondcondition in equation (6.5) is sutcient for the boundary integral
in equation (6.4) to vanish.) By equation(4.11), the Euler{P oincar§ equation
for the action Gcy in equation (6.1) is

H q H |l
@ - 1. ., ®. .
@+ ubr v+vru+r pj éjujzi < uj> = 0; (6.6)
where _
14cy=
v uj ®¢tu= 5%_
D=1

In writing this equation, we have substituted the constraint D = 1, which as
beforeimplies incompressibility via the cortinuity equationfor D. Requiring
the motion equation (6.6) to presene divu = 0 = divv implies a Poisson
equation for the pressurep with a Neumann boundary condition, which is
obtained just as usual in the caseof incompressibleideal °uid dynamics,
by taking the normal componert of the motion equation ewvaluated at the
boundary. Of course,the n-dimensionalextensionof the CH equation (6.6)
reducesto Euler's equation when we set ® = 0. The properties of the n-
dimensionalCH equation (6.6) are summarizedin Holm, Marsdenand Ratiu
[1998a,b]land Holm, Kouranbaewa, Marsden, Ratiu, and Shkoller [1998]for
the ideal case.In particular, equation (6.6) is shavn to be the gealesicspray
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equation for gealesicmotion on the group DI® D) with respect to the metric
given by the H! norm of the °uid velocity u in n dimensions.Seealso Chen,
Foias, Holm, Olson, Titi and Wynne [1998]and Foias, Holm and Titi [1998]
for discussion®f the correspnding viscous,forced caseand its connectionto
meanturbulence closuremodels.

Discussion of the CH Equation. The essetial idea of the CH equation
is that its speci ¢ momerium (i.e., its momenium per unit mass)is trans-
ported by a velocity which is smoothed by inverting the elliptic Helmholtz
operator (1| ®¢), where ® correspndsto the length scaleat which this
smoothing becomesmportant, i.e., whenit becomesf order O(1). When the
smoothing operator (1j ®?¢) i ! is appliedto the transport velocity in Euler's
equationto producethe CH equation, its e®ect on length scalessmallerthan
® is that steep gradierts of the speci ¢ momentium v tend not to steepen
much further, and thin vortex tubestend not to get much thinner asthey are
transported. And, its e®ect on length scalesthat are considerablylarger than
® is negligible. Hence,the transport of vorticity in the CH equationis inter-
mediate betweenthat for the Euler equationsin two and three dimensions.
As for Euler vorticity, the curl of the CH speci ¢ momertum is convected as
an active two form, but its transport velocity is the smmthed, or Itered CH
speci ¢ momertum.

The e®ectsof this smoothing or Ttering of the transport velocity in the
CH equationcanbe seenquite clearly from its Fourier spectral represemation
in the periodic case.In this case,we dene vy as the k-th Fourier mode
of the specic momertum v = (1| ®%¢) u for the CH equation; so that
vii © (1 + ®jkj?)ux. Then the Fourier spectral represemation of the CH
equationfor a periodic three-dimensionaldomain is expresseds

A !
1

d % _ Y £ (mEv,) =0 (6.7)
Codtt L 1 @pP? =0 |

where | is the Leray projection onto Fourier modes transverseto k. (As
usual, the Leray projection ensuresncompressibility.) In this Fourier spectral
represemation of the CH equation, one seeshat the coupling to high modes
is suppressedy the denominatorwhen 1+ ®jpj?> A 1. Consequetly, when
jpi , O(1=®), the smaothing of the transport velocity suppresseshe Fourier-
mode interaction coetcients. In fact, the CH smoothing of the transport
velocity suppressesoth the forward and badkward cascadegor wave numbers
jpl . O(1=®), but leavesthe Euler dynamicsessetially unchangedfor smaller
wave numbers. The result is that the vortex stretching term in the dynamics
of g = curlv is molli ed in the CH model and so the vortices at high wave
numberswill tend to be \shorter and fatter” than in the correspnding Euler
casefor the sameinitial conditions.
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The Kelvin—Noether Theorem. Sincethe n-dimensional CH equation
(6.6) is Euler{P oincarg, it also has a correspnding Kelvin—Noether cir-
culation theorem. Namely,
I I
dl

i 0 where I(t)= (uj ®@¢u)tdx= v ¢dx; (6.8)

°t

for any closedcurve °; that moves with the °uid velocity u. This expres-
sion for the Kelvin{No ether circulation of the CH equation in three dimen-
sionsis reminiscert of the correspnding expression(5.20 in GLM theory
involving the pseudomometum for wave, mean- ow interaction theory. This
correspndencecon rms the physical interpretation of the ® term in the
Kelvin{No ether circulation integral asa Lagrangian mean closure relation for
the pseudomometum of the high frequency(i.e., rapidly °uctuating, turbu-
lent) componerts of the °ow. In this interpretation, ® for the CH equation
correspndsto both the amplitude of thesehigh frequencycomponerts and
the length scaleat which they becomeimportant.

Energy Conservation for the CH Equation. Legendretransforming
the action (6.1) givesthe following conserned Hamizltonian (still expressed
in terms of the velocity, instead of the momertum density m = H=tu),
Z hp i ¢ i
H = d"x > jui?+ &jr uj> +p(Dj 1) : (6.9)
M

Thus, when evaluated on the constrait manifold D = 1, the Lagrangian
and the Hamiltonian for the CH equation coincidein n dimensions.(This,
of course,is not unexpectedfor a stationary principle giving rise to gealesic
motion.)

The curl of the 3D Camassa-Holnmotion equation (6.6) yields
gq: q¢r uj udr q° [u;ql; where q  curl(uj ®¢u); (6.10)

and we have usedincompressibility and comnutativit y of the divergenceand

Laplacian operators. Thus, u is the transport velocity for the generalizedvor-

ticity q and the \ vortex stretching" term q ¢ u involvesr u, whoseL? norm

is controlled by the consenration of energyin equation (6.9). Boundednessof

this norm will be usefulin future analytical studiesof the 3D Camassa-Holm
equation;for example,in the investigation of the Liapunov stability properties
of its equilibrium solutions.

The Riemannian CH Equation. Onecanformulate the CH equationon
a generalRiemannian manifold, possibly with boundary. Although this for-
mulation will be the subject of future papers,we commern onit herebecause
of the importance of sphericalgeometry in particular, for GFD models.



44 Holm, Marsden & Ratiu

6.2 The Euler-Boussinesq ® Model (EB®)

We introduce nonlinear dispersioninto the Euler-Boussinesgequationsusing
the Euler{P oincar® framework and following the exampleof the CH equations.

The Lagrangian. To carry this out, we modify the EB Lagrangian(4.26
by simply adding the ® term (while dropping other scalefactors 2, 3; aswell
asprimes %nd subscripts)

Gege= dtlee (6.11)
Z Z h 3 @ g i
= dt d"x D éjuj2+ ?jr uj’+ utR(x)j gz i pDj 1) ;
M

This action is the order O(®?) appraximation of the mean of the EB ac-
tion in equation (5.6), using the Taylor expansion(6.3) and neglecting or-
der O(®?2) pressureand density corrections.(An order O(®?) term involving
(» ¢r u)(» ¢r R) is alsodropped, sinceit makesonly a negligiblecortribution
in the resulting motion equation.)

The Euler—Poincaré Equations. Varying this action at xed x and t

gives
z Z hH - 1
+Sgge = dt d"x éjuj2+ 7jr uj’+ utR(x)j gz p #D
M .
i Dgztbj (D 1)tp+ 'Dui @ (divDgradu ¢+u
Z I

+ ® dt d"i Ix (DR ¢r u C+u); (6.12)
av

where the natural boundary conditions are again given in (6.5. The cor-
responding Euler{P oincar§ equation for the action Sgze In equation (6.11)

is,
L @ l
@+u¢r Viu£Cur|R+Vj|’Uj+9b2
Hooy @ 7
+rpi Su?i Siru? = 0; (6.13)
where
v’ ouj ®2¢u; r ¢u= 0;
db d_"e !
G=0 g @+u¢r ; (6.14)

Again, we have substituted the constraint D = 1, which implies incompress-
ibilit y via the cortinuity equationfor D. Relative to the usual EB equations
(4.27), the EB® equation(6.13 hasa smoothed, or Itered transport velocity,

sinceu= (1j ®¢) iy,
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The Kelvin—Noether Theorem. The Kelvin{Noether circulation theo-
rem for the EB® equation (6.13 is,

| |
E (v+ R) ¢dx = j bdz; (6.15)
dt - ) ° ¢ (u)

wherethe curve °{(u) moveswith the °uid velocity u. (The two Kelvin theo-

remsin equations(6.15 and (4.29 di®er in their de nitions of v.) By Stokes'

theorem,the EB® equationsgeneratecirculation of v+ R around °{(u) when-

ewver the gradiert of bouyancy is not vertical. The conseration of potential
vorticity on °uid parcelsfor the EB® equationsis given by

@kso _ A _ .

@ ulr ggge = 0; where Gpe=Tr1 ber £ (v+ R): (6.16)

The curl of the EB® motion equation gives,

gq: i ulr q+ q¢r u+ gr b£ 2; where q  curl(uj ®¢u+ R):
(6.17)

This the usual expressionfor transport, stretching and creation of vorticity
in a buoyant °ow, exceptthat here the vortex stretching coetcient isr u,
which is moderated relative to the usual EB equations.

Energy Conservation. The EB® equations(6.13 consenre the following
Hamiltonian (found, e.g., by Legendretransforming the Lagrangianlgge in
equation (6.11). Namely,
Z h 3 1 @ . i
Hege=  d"x D Ejuj2 + ?jr uj? + Dgbz+ p(Dj 1) : (6.18)
M
The correspnding consened energyis
~ - _Z h e .
Eege = Hepe = d"x Zjujc+ —jr uj°+ gbz : (6.19)
D=1 M 2 2
Sincethe ( nite) value of this consenred energyfor the EB® model is deter-
mined by its initial conditionsand bis advected(soit hasa maximum value
in L) there is H! cortrol of the velocity u. This is the e®ect of the \ -
tering" of the solution producedby the nonlinear dispersionfor ® 6 0. This
" Itering moderatesthe growth of instabilities at waverumbersjkj , 1=®. So
if the EB® model is usedas a large eddy simulation (LES) model, onewould
choosethe value of ® to determine the size of the minimum resohed length
scale.The "ltering by the ® term also allows nonlinear Liapunov stability
conditionsto be formulated for equilibrium solutions of the EB® model. This
stability result is clear from the work of Abarbanel et al. [1986],who intro-
ducedthe notion of \ conditional” Liapunov stability for the EB model, using
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waverumber conditions that now turn out to be satis ed for the EB® model.
The Euler ° uid equations(4.23 may alsobe modi ed analogouslyto include
nonlinear dispersion. Howeer, this caseis ignored for now, aswe proceedto
discussthe modi ed primitiv e equations.

6.3 Primitive Equation ® Model (PE®)

In horizortal and vertical componerts, with v? = v vk2, vk~ (v ¢2) and
curl R = f (x)2, the the EB® equationsare expressedn nondimensionalfform
as, cf. equations(4.28 and (6.13),

2 k
2d;tp+2vjr W+ f2Eu+r ? Y= 0; 2%%+ b+ %‘E 0; (6.20)
T ’
%’ g+u?¢r?+u"g; %):0; r¢u:r?¢u?+%:o;
oy @
where Y4 pj Ejujzi ?jr ui?> ;. v’ uj ®@¢u:

Here, 2 and % are the Rossly number and aspect ratio, respectively, and
® has beenscaledin units of horizortal length scale,L. The leading order
balancesarestill hydrostatic in the vertical, and geostrophicin the horizortal.
Setting %= 0in equation(6.20 removesthe vertical accelerationand thereby
producesthe primitiv e equation ® model (PE®). We expect that the Ttering

property for ® 6 0 discussedabove for the CH and EB® equations should
make the PE® model much more regular than the ordinary PE, from the
viewpoint of gravity wave oscillations. The problematic asspects of gravity
wavesin atmosphericand oceanicnumerical simulations and data assimilation
usingthe PE model have often beenaddressedy invoking the conceptof an
idealized\slow manifold" on which gravity wavesare abser, see,e.g.,Lorenz
[1992].Howewer, the existenceof a slov manifold has never been proven for
the PE model. It is an open question, whether the new PE® model will have
a slov manifold when dissipation and forcing are included. We shall report
on this matter elsewhere.

Final Remarks

In this paper we have shovn how asymptotic expansionsgn Hamilton's princi-
ple for the Euler{P oincar§ equationsof geoptysical ° uid dynamicsprovide an
organizing principle for many GFD systemsand producea clear, uni ed un-
derstandingof their Kelvin theorems.Hamilton's principle asymptoticsin the
Euler{P oincar® setting thus explainsthe sharedpropertiesof theseGFD mod-
elsand providesa uni ed approad to making additional approximations and
creating new models. In this setting, we have introduceda new classof ° uid
models, called® models,that possessionlinear dispersionwhich smaoths the
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transport velocity relative to the circulation velocity in the Euler{P oincar§
equations.The eRect of this smaothing is to moderate the vortex stretching
processwhile preservingthe Kelvin circulation theorem for these equations.
The et cacy and utilit y of the ® modelsare yet to be determined, but initial

studies of them are promising. We expect that one can also perform the sort
of asymptotics done here on the group level rst (to get an approximating

group) and then perform Euler{P oincar§ reduction and arrive at the same
conclusions.In other words, there should be a generalprinciple for asymp-
totics in Hamilton's principle, which allows passagefrom one group and its
correspnding advected quartities to an appraximating one. Moreover, this
processshould commnute with Lagrangianand Hamiltonian reduction.
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New progress in Lagrangian averaged models

Sincethis paper was originally submitted in 1997,the Euler-Poincar§ frame-
work has inspired considerableprogressin formulating and analyzing closed
systemsof Lagrangian averagedEuler (LAE) equations. The closedmodel
LAE equationswere rst obtainedin Holm, Marsdenand Ratiu [1998a,1998b]
by using Taylor's hypothesisas a closurestep as we did in section 6 for the
EB equationsand PE. The equationsincluding the e®ects of strati cation
and rotation introduced in Gjaja and Holm [1996]in the Lagrangian °uid
speci cation by usinga WKB appraoximation for the ° uctuating vector eld
» = x”j x werelater recognizedasa self-consistehvariant of the LAE closure.
SeeHolm [1999a,1999b,2001,2002hd Marsden and Shkoller [2001a,2001b]
for further discussionsof that approad, which usesasymptotic expansionsof
Hamilton's principle for GLM to order O(j»j?) in combination with Taylor's
hypothesisin dewelopingthe closureequations.

This type of closuremethod hasrecerly beendewelopedto the point of ap-
plications asthe basisof a turbulence model (after properly including viscous
dissipation) in Chen et al. [1998,1999a,1999b,1999This LANS; ® model {
the LagrangianaveragedNavier-Stokeg ® equations{ wascomparedto Large
Eddy Simulation (LES) methodsin Domaradzkiand Holm [2001],Mohseniet
al. [2000],Holm and Kerr [2001]and in Geurts and Holm [2001].SeeShkoller
[1998,2000]Holm [1999a,1999b]Marsden, Ratiu and Shkoller [2000], Mars-
denand Shkoller [2001a,2001b&nd Foias,Holm and Titi [2001,2002for addi-
tional studiesand discussionf the mathematical properties of the LANS| ®
and Eulerj ® equations.

Of course,the Lagrangian averagedEuler-Poinca§ (LAEP) approad is
also versatile enoughto derive LA equationsfor compressible® uid motion.
This wasalready shown in the original GLM theory in Andrewsand Mcintyre
[1978a].For brevity now, we only remark that the LAEP approad presenes
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helicity consenration for barotropic compressible® ows. It alsopresenesmag-
netic helicity and cross-heliciy consenation when applied to magnetolydro-
dynamics (MHD). For more details in this regard, seeHolm[2001,2002].
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